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ABSTRACT

The objective of this study was to develop and evaluate unsteady

state models for liquid-liquid extraction with axial dispersion. A

general model with axial dispersion in both phases was developed, and a

methodology for evaluating the model’s utility and estimating its

A less general unsteady state model withparameters was discussed.
axial dispersion only in the continuous phase was also developed, and

its parameters were estimated by fitting Fourier transformed pulse test
Data analysisdata to this dispersion model in the frequency domain.

using the dispersion model compares favorably with previously-published

data with regard to estimated mass transfer coefficients and heights of
The derived model not only accounts for dispersion,a transfer unit.

but is a means for accurately estimating the dispersed phase holdup,

indirectly, the specific interfacial area available for mass trans-and,
fer (which is usually grouped with and considered a part of experimentally-
determined mass transfer coefficients). Accurate estimates of dispersed

phase holdup and its effect on overall coefficients and HTU’s is a
salient feature of the model presented, even for systems approaching

The estimated overall mass transfer coefficients based on theplug flow.
dispersed (organic) phase ranged from .018 to .0835 sec and overall

HTU’s ranged from .13 to 1.07 ft. for a 3 inch diameter column, packed
The values of packed5.63 ft. in length with 3/8 inch Raschig rings.

column Peclet numbers indicated that the system approached plug flow.
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The model appeared to be more applicable (as indicated by better data

fits) for large extraction factors, where dispersed phase mass transfer

resistance is minimized. Averaged estimates of the individual heights

of a transfer unit were .461 ft. for the continuous (aqueous) phase and

.018 ft., for the discontinuous (organic) phase, in the range of large

extraction factors where the best data fits to the dispersion model
were obtained.

Parameters estimated from spray tower pulse tests (prior to packing
the column) indicated excessive dispersion, low dispersed phase holdup,

and small overall mass transfer coefficients when compared with packed

tower operations at similar phase flow rates. The overall coefficients

and overall HTU's ranged from 3.7 toranged from .00046 to .056 sec
26.2 ft. for representative spray tower pulse tests evaluated.

It was found that the dispersion model used in deriving the dis

continuous (organic) phase transfer function predicts a time domain

response whose shape is radically different from measured data curves,
the extent of the difference depending on the degree of dispersion.
Determining whether or not this predicted phenomenon is actually the
case in a real-life situation would require a much faster measurement
device than titration of averaged concentrations in organic samples
taken Intermittently during pulse testing.
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CHAPTER I

INTRODUCTION

Reported studies of distributed parameter models for liquid-liquid

extraction, other than plug flow or single-phase dispersion models, have
been extremely limited. In addition, there is a real need for definitive
extraction models with both axial dispersion and mass transfer represented,
particularly for extraction processes having automatic control, or other
cases where a good correlation of the process dynamics is needed. This
study was designed to advance the methodology of modeling such systems
with as realistic a model as possible, within the limitations of the
digital computer available.

The experimental portion of this study included pulse testing of both
spray and packed columns. The length of the column used for mass transfer
(i.e., the length from dispersed phase distributor at the column bottom
to the interface level at the column top) was 171.5 cm (67.5 in.) and
the cross-sectional diameter was 7.62 cm (3 in.). The packed column had
the same dimensions and was packed with 3/8 inch Raschig rings. The
fractional void volume of the packed column was 0.555.

The specific objectives of this study were: (1) to develop frequency
domain extraction models for various assumptions concerned with mixing
in each phase, (2) to determine the goodness of fit of the most realistic
model within the confines of computer limitations, and (3) to estimate the
parameters of the model chosen.

1



2

The model that was selected to be most representative of these

an axial dispersion mechanism in the con-

This is thetinuous phase and plug flow in the discontinuous phase.

model that was experimentally verified and subsequently used for

theoretical basis for the moreparameter estimation.
general case treating dispersion in both phases is also discussed.

Previously-reported extraction studies have used the assumptions

The problem with this approach is that thetransfer coefficients.
mass transfer coefficients so determined are not corrected for axial

Thus, if axial dispersion exists in a system, the calcu-dispersion.
lated mass transfer coefficient would be smaller (due to the con
centration gradient breakdown caused by axial dispersion) than for a

As a result, if one attempts to extrapolate theplug flow system.
experimental data of a short column to the design of a long column,
the calculated number of transfer units would be significantly in

The model proposed in this study is an attempt to overcomeerror.
such scale-up problems.

of plug flow and steady state for determining experimental mass

requirements is based on

However, a



CHAPTER II

LITERATURE REVIEW

Axial mixing is a common phenomenon in flow processes, but its

significance in two-phase counter-current flow was not fully realized

until researchers such as Geankoplis and Hixon (20) began reporting the

effects of axial dispersion on extractor efficiency.

Brutvan (3), in an early report, determined axial dispersion co

efficients of the continuous phase in a simulated spray tower using

spherical glass beads to simulate the dispersed phase droplets. The

localized Peclet numbers reported by Brutvan (3) and also by Hazelbeck

and Geankoplis (24) on a methyl isobutyl ketone-water spray tower ex

tractive system were based on the Danckwerts time domain solution (13)

step input using simplified boundary

conditions. No attempt was made to determine dispersion coefficients

and mass transfer coefficients simultaneously.

For steady state systems, mathematical relationships describing the

axial mixing effect on extraction in counter-current systems were derived

by Miyauchi and Vermeulen (34). They presented a generalized steady state

mathematical treatment for the axial dispersion model in an extraction

column, with a solution given for the exit raffinate concentration in

(1) number of mass transfer units,terms of four independent parameters:

(2) extraction factor, (3) continuous phase Peclet number, and (4) dis

continuous phase Peclet number. In addition, simpler solutions for

3

of the axial dispersion model for a
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special cases were offered where there are fewer degrees of freedom. For

example, a solution was presented for the three-parameter steady state

Sleicher (46) attempted to relate the above four parameters to ex

traction efficiency. The generation of extraction efficiency values, if

accurate, can then be the basis for more meaningful design calculations.

Clements (5), in the first of a series of related theses from

Vanderbilt University, studied the dynamics of a packed column using pulse
testing methods. Clements suggested that unsteady state data could be

fit to a plug flow model, and the mass transfer coefficient could thus be
determined. Although he was not able to actually analyze his data in
this manner due to computer limitations, his work does represent the first

attempt to use frequency domain results to determine model parameters for
extraction. Clements also used a dispersion model for axial mixing

without mass transfer in a determination of the dispersion characteristics
in the aqueous phase of an extraction system. Later, Hays, Clements,
and Harris (23) gave theoretical justification for the frequency domain
evaluation of dynamic model equations, pointing out that Parseval’s
theorem is the key to These

matters are discussed further in Chapter VII.

Justice (26) and Elkins (17) continued the work of Clements, providing
frequency response data from pulse tests of both spray and packed columns.
Elkins first obtained estimates of Peclet number, based on the single
phase dispersion model without mass transfer. Then, using an analog
computer, with mass transfer coefficients varied slightly from the plug
flow model, a comparison was made between the data and the equation for

a correct parameter evaluation algorithm.

case where axial dispersion is absent in one phase.
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time response. Good agreement was not obtained, and Elkins concluded
that the analog used was not suitable for the analysis due to its
limitations. None of the above investigations yielded satisfactory ex

perimental and theoretical response comparisons when mass transfer was

present.

Clements (6) presented a convincing argument, based on comparisons of
the standard error of estimate for least squares fits of the dispersion

model, for preferring the least squares estimation of parameters over
that of the method of moments. He pointed out that the tail of a tracer

response curve is weighted most heavily in the moments-calculation,
although it is the least precisely recorded portion of the Also,curve.
the method of moments assumes prior knowledge that the model will fit.

Clements used the Marquardt nonlinear least squares algorithm (31,32) for
estimating parameters in the model, and presented the case for a fre
quency domain adaptation of the.Marquardt algorithm when the time domain
solution is not convenient or possible for the model being investigated.

Clements, in his thesis (5), also-fitted his models'in the Laplace
domain, The primary un
certainty in the Laplace domain modeling approach is the lack of theoretical

is available in the frequency domain through
Parseval’s theorem.

Jeffreson (25) discussed errors' in.frequency domain analysis and con
cluded, as did Clements (6), that moments analysis is less accurate than
frequency domain least squares fitting. He also pointed out that tailing
introduces error to both methods, and proposes a feedback control of the
inlet variable upstream of the point.of tracer injection to reduce tailing.

as did Williams and Adler in related work (52).

basis for model error, as
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A study of procedures for Fourier transformation of the data was pro

vided by Clements (5), Clements and Schnelle (7), and Pollock and Johnson
(38). These studies help to assure accurate comparison of data to a

frequency domain model through the use of efficient pulse testing and

pulse reduction methods.

Sater and Levenspiel (41) used pulse testing to determine dispersion

coefficients and holdup of two-phase flow in packed beds. Moment

analysis was used to determine dispersion coefficients. No attempt was

made to determine dispersion and mass transfer coefficients at the same
time.

transfer coefficients simultaneously, steady state axial concentration

profiles being required as experimental data for parameter estimation.

The disadvantage of his procedure lies in the difficulty of the experi

mental determination of reliable axial concentration profiles necessary
for evaluation of accurate dispersion coefficients.

Considerable work has been done on a backmixing model that is essen
tially the same as a dispersion model except that it is a lumped
parameter description of the mixing process rather than a distributed
parameter description. This model was discussed by Miyauchi and

Vermeulen (35), Li and Ziegler (30) and Mecklenburgh and Hartland (33).

The model consists of perfectly mixed stages with specified stage height,
each having the same volume. Exchange of material between two adjacent
stages is due to bulk flows of main streams and to an additional back

flow of the mixed phases, which occurs in each direction and is the
The back flow model can be shown tosum of individual phase back flows.

Brittan (2) reported a method for determining dispersion and mass
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be equivalent to the dispersion model when the total number of mixing

cells approaches infinity.

An attempt by Doninger and Stevens (16) to simplify the dynamics of

a packed column still further, using a lumped parameter model assuming

perfect mixing cells in series, was unsuccessful. However, they were

able empirically to determine correction factors for the magnitude ratio

and phase angle.

Pollock and Johnson (39) examined the use of a variable mass

transfer coefficient expressed as

position) along the column. Concentration profile data and related mass
transfer coefficients were reported. Good discussions of possible

boundary conditions for dispersion models were given by Fan and Ahn (18) ,

Levensplel and Bischoff (28), Sheridan (43) and Wehner and Wilhelm (50).

An excellent historical review of reported axial dispersion studies

in extraction columns and resultant conclusions were given by Pollock

and Johnson (37).

fer coefficients for a methyl isobutyl ketone-acetic acid-water system

that are used for comparison in this study. Their experimental column
3.5 inches in diameter and 54 inches in packed length, not toowas

different from the 3 inch diameter, 67.5 inch packed length of the
column used in the present study. Their volumetric rates were also in
the same range. They used the well-known plug flow steady state

derivation (47) for determining the mass transfer coefficients. Although,

a function of concentration (or

as previously discussed, the experimentally determined mass coefficients

Sherwood, Evans and Longcor (44) reported experimental mass trans-

are usually too small if axial dispersion is present, there have been a
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systems, such as those reported by Garner and Hale (19), Karr and
Scheibel (27) and Lewis (29) . This phenomenon is commonly called the

Marangoni effect, and is due to a spontaneous turbulent activity at

the interface. This interfacial instability has increased mass trans
fer rates as much as tenfold or more over what would normally be ex
pected .

number of unusually large mass transfer rates reported for extraction



CHAPTER III

THEORY

Restrictions and Assumptions of Models

(1) The
parameters (particularly Peclet number and mass transfer coefficient) do

not vary with position or concentration along the column; (2) Drop

dynamics of the organic phase are adequately described by the same

mathematical considerations given to the continuous phase; (3) Radial

turbulence is enough to assure uniform concentration radially (flat

profile in the radial direction); (4) Mass is transferred according to
the Whitman two-film theory (50); (5) Equilibrium exists at the interface;
(6) The equilibrium relationship between the two phases is linear.

The plausibility of these assumptions is discussed at this point.
The first assumption is not true, since it is known that the mass
transfer coefficient is a function of concentration. However, the
variation of this coefficient is not appreciable, particularly for the
small.' range of concentrations used in the experimental portion of this

The use of an effective column Peclet number is a common practicestudy.

for convenience.
The second assumption can best be explained by Figure 1. Thus, the

model is based on two continuous phases separated by a plane interface.
One can deduce that if there is a uniform distribution of the dispersed
phase droplets (no channeling) both radially and longitudinally in the

9
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11
column, then the interfacial area associated with the droplets at a

particular point in the column may be considered to be the same as that

at any other point in the column, and a plane Interface is a convenient
analog representation. For the general model, where axial dispersion is

assumed in both phases, it can only be said that a dispersive flow term

superimposed on bulk flow to account for discontinuous phase longitudinal

mixing is a convenient analog of the true mechanism whereby drops

coalesce, collide, and are buffeted by the continuous phase in the axial

direction. For lack of a better approach, it is a means of representing
deviation from plug flow in the discontinuous phase. For the more re
strictive of those models to be considered later, in which plug flow be

havior in the discontinuous phase is assumed, the discontinuous dispersive

term is zero, thus removing the approximation just described.

The third assumption, that of a flat concentration profile, is true
for the highly turbulent flow patterns existing in most of the experi

mental runs made.

Assumptions 4 and 5 can be considered simultaneously, since assumption

5, equilibrium at the interface, is a part of the Whitman two-film theory,
As Treybal (47) notes, the "two-film” theory should actuallyassumption 4.

be called the ”two-resistance" theory, since the film theory of mass

transfer coefficients is not necessary or required. The Whitman theory
merely contends that the only resistances to mass transfer are within the
phases themselves. Thus, at the interface, the concentrations of both
phases are at the equilibrium values, since there is no resistance to solute

transfer across the interface separating the phases. There has been
considerable evidence that assumption 5, that of equilibrium at the
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Treybal also noted (47) .

Assumption 6, that of a linear equilibrium relationship, is true for

the methyl isobutyl ketone-acetic acid-water system over the concentration

range used. A linear least squares fit of the data given by Scheibel and

Karr (42) yields the following equilibrium relationship (see Appendix A)

(The data for runs evaluated in this thesis is

well below this maximum).

(1)C* = -0.00663 + 0.525Ca

Justice (26) has found that the distribution curve for this system

is fairly insensitive to temperature variations over the temperature

Hence, the distribution coefficient,range used in this study.

steady state values, within the range for which the equilibrium data

exhibits a linear characteristic.

Axial Dispersion in Both Phases, Model I
This model incorporates the most general of the various approaches

It is based on a differential element cut along x, thediscussed.
A mass balance is made on the solute in eachdirection of bulk flow.

phase, as illustrated in Figure 1.
For the aqueous phase, the following pertinent terms are listed:

Input Dispersion Flow = -D^h^GC’^/Sx)

for £a 5 -733 g- mol./I.

Input Bulk Flow = QAC’A

+ (9C’A/9x)dx)Output Bulk Flow = Qa(C’a

interface, is true for ordinary situations, as

m = .525, is used for models predicting deviations in concentration from
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Output Dispersion Flow

hA(ac'A/at)dxAccumulation

Note that mass transfer from the aqueous phase to the organic phase

is always assumed. The fractional void volume,

operations and less than 1.0 for packed columns.

Next, using the conventional material balance relationship,

Accumulation = Input - Output,

(2)

Ka is replaced by k for convenience, since it is not convenient to separate

the interfacial area per unit active volume of the column from the overall
mass transfer coefficient. It should also be noted that the overall mass

in accordance with Equation 1.
A similar material balance on solute for the dispersed phase will

yield

(3)

transfer coefficient is based on the dispersed phase, and thus C'* isB

- c'b>

Output Mass Transfer to Organic Phase = KaSe(C'* - C' )dx
D D

- c'b>

we arrive at the aqueous phase partial differential equation (note that

deviations from steady state concentrations are used).

expressed in terms of C’A

2,/9x ) - kSe (mC’ . • A

e, is 1.0 for spray tower

2 hB(9C B/9t) = QB(9C’b/9x) “ hBDB(9 C'b‘

9 9
hA(9C'A/9t) “ -QA(9C’A/ax) - DAhA<3 C’A/3x ) " kSE(mC'A

-DAhA(3C’A/3x) "
^(DAhA3C,A/3x)dx
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At this point, dimensionless length and concentration parameters

are introduced:

Z = x/L (4)

(5)

(6)

The substitution of Equations 4, 5 and 6 into Equations 2 and 3
yields the following two equations:

(7)

(8)

where

(9)= hAL/(k

= VA (10)B' B

(11)

= kSeL/QB = NaQa/Q] (12)
■B

(13)

(14)

PeA “ LQA/DAhA

- CB>

2 20A(3CA/3t) = -3CA/3Z + ca/3Z ~ NA(mCA " CB)

‘ HoB

CA

NB

®A

PeB

- L/N 
15

= LQ /D h 
D 15 15

2 2eBOcB/at) = acB/az + (i/PeB) ozcB/azz) + NB(mcA

CB

SB

= c./c cA ref

“ C’B/Cref

Na = kSeL/QA
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Laplace transformed with respect to time with initial conditions equal

to zero, yielding two ordinary differential equations:

(15)

= dCB/dZ + (l/PeB)(d2CB/dZ2) + (NaQa/Qb)(mCA - Cfi) (16)

where s is the independent variable of the Laplace transform with
respect to time.

Equations 15 and 16 are now transformed with respect to the dimen

sionless distance variable Z:

(17)

(18)A

where q is the independent variable of the Laplace transform with re
spect to Z.

one obtains the
following fourth degree characteristic equation:

(19)

= -^A

- CB>

Combining Equations 17 and 18 by eliminating C ,

0ASCA

+ q2CB/PeB + NA(mCA

+ (l/PeA)q2CA - NA(mCA - CB)

6BSCB

9- l/PeB) + qz(-ai/PeB - a2/PeA - 1)

2+ q(a2 - ax) + a^ - NA QAm/QB = 0

= -dC./dZ + 1/Pe.(d2C./dZ2) - N (mC - C_) 
A A A A A B

4 3q4/PeAPeB + qJ(l/PeA

= qCB

0AsCAA A

0BSCB

At this point, the two partial differential equations 7 and 8 are
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where

(20)

(21)

At this point, a solution of the fourth degree characteristic

equation with complex coefficients would yield the Laplace domain

solution,

(22)

are the roots to the characteristic equation, andwhere andPl’ p2> P3
The coefficients can be determinedP P, and P

Cin(0,s) ’ CA(°’S) ’ d/PeA)dCA(ots)/dZ (23)

(24)

(25)

(26)

These boundary conditions can be derived by performing material
balances across the system’s boundary planes, with the assumption that
dispersion is negligible upstream of the inlet organic and aqueous feed
streams and also negligible downstream of the aqueous and organic exit

p4
are the coefficients.

al = 0AS + NAm

+ P3ep3 + P4eP4,

a2 = eBs + naqa/qb

Ca(L,s) = P^l + P2eP2

C„(17s) + (1/Pe )dC(l,s)/dZ = 0 
D ■ D D

dCA(lts)/dZ = 0

dC (0,s)/dZ = 0
D

1’ ?2’ P3 ““ r4
by applying the following transformed boundary conditions:
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points. The method of solution for and estimation of parameters for

Model I in the frequency domain will become obvious after reading the

next section treating Model II. The approach is the same for both
models. Model I is not evaluated experimentally in this study, for

reasons explained in the justification of Model II.

Axial Dispersion in Continuous Phase Only, Model II

The general model, previously developed, would be difficult to use

in data fitting and estimation of parameters because of the large number

of parameters, and also would be time consuming for computer calculations
due to the necessity of solving a fourth degree characteristic equation
with complex coefficients. Moreover, there is justification for simpli

fication, since there is some evidence that the discontinuous phase
Peclet number is considerably larger than the continuous phase Peclet
number, as noted by Vermeulen et al. (49) and Burge (4). One is saved
the difficult attempt to justify a dispersive coefficient for the
discontinuous phase as was done previously, if it can be assumed that

the discontinuous phase is in plug flow. This is the added restriction
that distinguishes Model I from Model II.

One can perform a similar derivation, as was done for Model I, to
arrive at two partial differential equations that can be manipulated
to arrive at a third degree characteristic equation for Model II that
is analogous to the fourth degree characteristic (Equation 19) for
Model I.
Equation 19. The resultant equation is

However, a simpler, faster approach is to let Pe_. “ in
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(27)

Writing Equation 27 more concisely,

(28)+ eq + f = 0

where

(29)

(30)

(31)

TheEquation 27 has complex coefficients and complex roots.

solution of this characteristic equation is

CA(l,s) = B1eml' (32)

are functions of s.

The frequency domain form isfrequency domain by substituting jw for s.

discussed later.
The appropriate boundary conditions include one boundary condition

for the plug flow organic phase:

(33)

e = PeA(a2 - a^

d = -(a2 + PeA)

where roots m^’, m2’, and m^’
The above Laplace domain equations can be transformed into the

c (i7s) = 0D

2f = Pe/a^ - Na QAm/QB)

3 2 2q /PeA + q (~a2/PeA - 1) + q(a2 - a^ + a^ - NA QA>n/QB = °

3 
q + dq2

+ B2em2' + B3em3',
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Model II boundary conditions for the aqueous phase are the same as

those for Model I aqueous phase boundary conditions, since the continuous

phase dispersion mechanism is the same for both models. These boundary

conditions (Equations 23 and 24) are repeated here for clarity.

C.n(0,s) = CA(0ts) - (l/PeA)dCA(0%)/dZ (23)

(24)

The Laplace transformed equation that is descriptive of Model II

aqueous phase solute behavior is the same as that for Model I (Equation
15) and is repeated here:

(15)

The Laplace transformed equation that is descriptive of Model II
organic phase solute behavior is the same as that for Equation 16, except

there is no dispersive coefficient or Peclet number term since the
Thus the solute behavior for the plugorganic phase is in plug flow.

flow organic phase for Model II is described by the transformed equation

(34)

developing the aqueous phase characterisitic equation, Equation 27, or

-CB>

As mentioned previously, Equations 15 and 34 can be the basis for

“ dCB/dZ + (NAQA/QB)(mCA

dC (lts)/dZ = 0

= -dCA/dZ + l/PeA(d2CA/dZ2) - NA(mCA - Cj

°° in Equationone can arrive at Equation 27 by taking the limit as Peg

0AsCAA A

9nsCn
b D
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19. These two equations are summarized at this point, since Equation 15

is the basis for determining the organic phase frequency domain solution.

The aqueous phase frequency domain solution is obtained from Equation
32 after substituting s = jw:

(35)

where are functions of w.”1’ m2
The organic phase frequency domain solution is obtained from

Equation 15 after its transformation to the frequency domain. Letting

s ■ jw:

CB(0,jw) = (NAm + jeAw)CA(0,jw) + dCA(0,jw)/dZ

(36)

where

(37)■2m2

and

(38)+ A.+ A.

The roots
in a later section.

2 2 
'2m2

2 
‘3m3d2CA(0,jw)/dZ2 = A.

CA(l,jw) = A^eral + A2em2 + A2em3,

dCA(0,jw)/dZ = A^tn^ + A. + A3m3

and m^

- (l/PeA)d2CA(0,jw)/dZ2

m^, m^ and m^ are found by a numerical technique described
After the boundary conditions (Equations 23, 24 and
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transformed into the frequency domain, substitutions of

Equations 35, 37 and 38 into these boundary conditions yield three
These'2

solved simultaneously to determine the coefficients.

Since a scaling transformation was required to avoid excessive overflows

and underflows in computations involving large Peclet numbers and mass

will also be discussed in a later section.

Normalization of Transfer Functions Using Steady State Solutions

The characteristic equation, Equation 28, can be easily solved for
Whenthe steady state form for the limiting case as t

the coefficient "f", defined in Equation 31, is zero. Therefore,w = 0,

Equation 39 is the steady state characteristic equation, where d ands
evaluated at w = 0.are the same as d and e in Equations 30 and 31,eg

(39)

) = zero, and the steady state

aqueous phase output response is

(40)+ A.

where

(41)m2s,3s

3 q

2 
s

m2s

and A3.

transfer coefficients, the details of the computer solution for A^,

three equations are

00 or w -*■ 0.

- 4es) /2

(1,0) - Als

Obviously, one of the roots (m^

CAs

and A^

+ A2se

33) are

2+ dgq + egq = 0

= -(d /2) + /(d 
S — ’

m3s 
3se

equations that are linear in the coefficients A^, A,
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The organic phase output response is obtained from Equation 36

with w = 0:

CB(0,0) = NAmCA(0,0) + dCA(0,0)/dZ

(42)

The procedure of normalization involved the solution for the co
efficients of A. (0,0) and the division ofand A.

There
were also some scaling requirements for large values of the root “2s ’
which will be discussed later.

(l,jw) and
(0, jw) .

Determination of the Roots of the Aqueous Phase Characteristic Equation

As discussed previously, Equation 28, the aqueous phase characteristic
equation, has complex coefficients and complex roots. One approach to

In his technique, three
and m , of a desired rootarbitrary estimates, m m

The next estimate (an improvement over the three initialfirst selected.

, F (m
,F(m )], and finding that next best estimate m which is a root

This iterative process is continued until

,F(m
(3)

of the quadratic Lagrangian formula.
(0)

finding the roots is suggested by Muller (36).
<0) ^(2)

divided by Ga(1,0) and Gg(0,0), respectively, to obtain G^

gbn

Finally, GA(l,jw) and Gg(0,jw) were

2— 2- (1/Pe )d C (0,0)/dZZ A A

polation equation to the points [m 
[m<2) — (2)

in terms of C.inA «Is’ 2s 3s
C (1,0) and C (0,0) by C (0,0) to obtain G (1,0) and G (0,0).a B m A B

m^ are

dropping m 
and m(3)

and repeating the quadratic fit for the points
(4) to yield nr

estimates) is determined by fitting a second degree Lagrangian inter-
<°> and

The iteration is continued by
m , m
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(i-1) | is as small as one desires. Once the root is found, the

associated linear factor is divided into the polynomial, and, in the

case of Equation 28 with three roots, the remaining two roots are

found explicitly from the remaining quadratic expression.

The use of Muller’s method for determining the roots of Equation
28 was attempted in this study. Initially, the algorithm appeared
adequate, based on preliminary tests, for determining the roots. Later,

however, it was found that packed column runs having high Peclet numbers

and high organic holdup resulted in some large roots that produced

The basis for evaluating theconvergence and inaccuracy problems.

accuracy of the root finding technique was calculation of the left side

of Equation 28 with each of the estimated roots, to see how closely the

Although use of double precision arithmeticmagnitude approached zero.

might have improved the method to an acceptable degree, it was decided
to take an entirely different approach, as discussed below.

For the characteristic equation,

(28)+ eq + f - 0,

and f are complex coefficients, another polynomial, F*(q), was

formed, in which all the coefficients of F(q) were replaced by their
Then the two polynomials F(q) and F*(q) were multipliedconjugates.

coefficients.
method, discussed in detail by Ralston (40), could be used to find the
roots.

|m

together to form a sixth degree polynomial, Fr(q), with only real o
Since the new polynomial has real coefficients, Bairstow’s

where d, e

x 3F(q) = q ' 2 + dq

(i) n,— m

After the six roots of the new polynomial are found, the
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computer algorithm picks the three roots out of the six that most

nearly meet the requirement |F(q) | - 0. It was found that at least two

estimated roots were excellent approximations to the actual roots of

F(q), but for some frequencies and parameter values the third estimated

root was not much better than.the other three roots of the sixth degree
polynomial in approaching |F(q)| = 0. An additional refinement was

added to the algorithm that resulted in three unique and extremely

This refinement involves forming the third degreeaccurate roots.

and'i> q “ m2
Thus, the unknown root m^ is explicitly determined by

equating like coefficients of F(q)- and the third degree polynomial
are given by Bairstow’sm2

method. It is believed that large magnitude differences in the real and

imaginary parts of some of the coefficients of F(q) were the cause for
the needed refinement of Bairstow’s method. The details of the computer
algorithm will now be discussed.

The complex roots of a polynomial with real coefficients occur in
conjugate pairs, each pair being the solution of a quadratic equation:

(43)+ Hq + J = 0

where H and J are real numbers. Thus, the process of finding the roots
of the sixth degree polynomial

(44);3q4

(q-mp (q-mp (q-m^) = 0, where and

:5q2

polynomial by multiplying the three linear factors q - m.

+ C4q + C6q

q - tn^ together.

+ C2q

F2(q) = q2

+ C7F6(q) = c/ 5 + C 3 + c
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can be regarded as equivalent to finding quadratic expressions which

Bairstow's method involves taking a trial quadratic

expression, using trial values of H and J, to form Equation 43; dividing

Equation 43 into Equation 44; and.obtaining a fourth degree equation and

the corresponding remainder. The fourth degree equation would be

(45)+ D

The remainder is of the form

(46)R(q) = r^q + r2

The algorithm is designed to choose successive values of H and J until
into aThis is done by expandingbecome zero.

Taylor series and truncating after the linear term:

r^H + AH,J + AJ) r^H.J)

+ (3r1/3H)4H + (3^/31)41 (47)

r2(H + AH,J + AJ) = r2(H,J)

(48)

The partial derivatives can be found by first forming the sixth de

gree polynomial in the form

2 
'3q

4
F4(q) = I^q + + D4q

and r2

+ D5D2q3

and r2

are factors of F^(q).

+ (3r2/3H)AH + (3r2/3J)AJ
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(49)

where the right side of Equation 49 is obtained by combining Equations
43, 45 and 46 and the left.side is Equation 44. By comparing like co

efficients of the left side and right side of Equation 49, one can determine

the partial derivatives of It is
desired that r£ be zero. Therefore, Equations 47 and 48 are set
equal to zero, and AH and AJ are solved for simultaneously to readjust H

and J to successively better values until

Once the quadratic term is found, it is divided into theto zero.

polynomial to reduce its degree, and the procedure is repeated until three

quadratic factors and thus six complex roots are found.
As previously stated, a computer algorithm was developed for picking

three roots out of the six that most nearly approach the requirement
|F(q)| = 0. This was done by finding the absolute values of the devia
tion of |F(q)| from zero, and picking the three smallest absolute values.

in magnitude. The third root, however, was not

always significantly better than the other three roots of the sixth de-
These remaining roots, when

substituted in F(q), resulted in |F(q)| being much greater than unity

It was decided to form the third degree polynomialin most cases.

(50)

-where the complex roots

(q-m1)(q-m2)(q-m^) = F(q)

gree polynomial in approaching |F(q)| = 0.

F6(q) = + R(q>

Typical estimated values of |F(q) | for at least two of the roots were of 
-11 the order of 10

r^ and
r^ and in Equations 47 and 48.

r^ and are arbitrarily close



27

(51)”1 = "Rl + Jmn

(52)m2 = "R2 + JmI2

are found by Bairstow's method.

The remaining root defined as

(53)

is found by comparing like coefficients of Equations 28 and 50. For

clarity, Equation 28 is repeated here.

(28)+ eq + f

The real and imaginary parts of the root m^ = m^ + are

(54)mR3 ~ “ ™R1 " “r2 "

and

(55)ml3 “ “ll ” mI2

An examination of the

Bairstow’s method third root and the third root obtained from Equation

With this refinement, it was found that all three estimated roots of F(q) 
produced |F(q)| values of the order of 10

dI>

m3 = ”R3 + jD,I3

are the real and imaginary parts of d, respectively.

dR

where d K

+ dq23 F(q) = q

and dj
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54 and 55 revealed that-the imaginary part of the largest positive root

was in' error when computed by Balrstow's method, although the real part

apparently Introduced inaccuracy in the Bairstow method computation.

Determination of Characteristic Equation Coefficients

Once the roots of the characteristic equation are determined, the

next step in the computer algorithm for model frequency response computa

tion is the determination of the coefficients of the characteristic

The boundary conditions, transformed into the

frequency domain, are stated below.

(56)

(57)

(58)

and

Thus the first boundary condition can be rewritten as

+ A.

+ m3A3)/PeA (59)

Upon grouping terms,

By use of Equations 35 and 37 one can convert the three boundary
conditions into linear equations expressing the coefficients A^, A^
A3‘

(0,jw) = CA(0,jw) - (l/PeA)dCA(O,jw)/dZ

C_(l,jw) = 0
D

dCA(l,jw)/dZ = 0

(0,jw) = Ax ■3 - (m^ + m2A2+ A2

was correct. The large difference in the magnitudes of mR3 and m^

equation In terms of

Cin

Cin
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(O,jw) (60)

Equations 57 and 58 can be placed into a similar form,

A. (61)= 0

5m3 = 0 (62)

Equation 62 is obtained by a direct application of Equation 36, with the

It should be noted that the solution of the above coefficients at

“) is the same as for the unsteady state, exceptsteady state (when t
they are evaluated as w ■+• 0.

Thus, the solution of the coefficients in terms of 0^(0,jw) from

Once the coefficients are obtainedEquations 59, 60 and 61 is obvious.
(0,jw), they are substituted into Equations 35 and 36.

transfer functions

(0,jw) (63)

Gg(0,jw) = CB(0,jw)/Cin(0,jw) (64)

are determined.
Similarly, the steady state solutions are

.^m^e™! + A^e'

Ax(l -

im2 + A.

A1(a

GA(l,jw) = CA(l,jw)/Cin

ml^I>eA^ + A2^ ~ + Aj(l - m3/PeA) = Cin

organic response evaluated at C (l,jw).

+ m3 - m32/PeA)e'

+ m^ - m12/PeA)e“1l + A^a.^ + m2 - m22/PeA)em2

+ A3(ax

in terms of C.in
Then, with both sides of Equation 35 and 36 divided by Cin(0,jw), the

^m^em3
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(65)

Gb(0,0) = CB(0,0)/Cln(0,0) (66)

(67)

(68)

Exponential overflows initially occurred in the computation which
applied the Marquardt algorithm to the model. Diagnostic procedures re

vealed that the problem was due to a large positive root in the steady

state solution, and a correspondingly large real part of a positive root
in the transient solution of the model for some parameter estimates.

is a negative coefficient, one can see
that the addition of the square root term in calculating m2s>

r (d 4e j /2, s s (69)m2s =

always.being positive and considerably larger than m^.
The three boundary condition equations for the steady state that are
analogous to.the three boundary conditions (Equations 60, 61 and 62) for
the transient state are

Scaling Transformations for Boundary Condition Equations 
and Transfer Functions

(0,jw) = G (0,jw)/G (0,0) 
.D D

Then the normalized transfer functions are

-(ds/2) +

G (1,0) = C (l,0)/C (0,0) 
a a in

gbn

results in zs

From Equation 41, in which d^

G^U.jw) = GA(l,jw)/GA(l,0)
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(70)

0 (71)

(72)

Note that is zero, as previously shown for the steady state

solution.

From the previous discussion of Equation 69, the definition of

coefficient A.‘2 s

Hence a new coefficient was defined,terms with small roots.

(73)

Thus Equations 70, 71 and 72 can be rewritten as

(74)2s + A.

(75)

(76)

AlsNAm + A2s(NAm +

A2sm2s + A3sTn3sem3s = °

;m2s

mls

jm3s -

, associated with the large positive root m2s> must be very 

small for this term to be of the same order of magnitude as the other

m£s> it can be assumed that exponential overflow problems would occur 

because of large values of

If one examines Equations 71 and 72, it can be reasoned that the

‘3s(1 " *3s'^ = Cin(0’0)

m3s ’ m3s2

‘3s(1 - ‘ Cin(0’0)

2 m2s " m2s /PeA)

/PeA)em3s = 0

A2s

d - m2s/PeA) + A.

A2sm2seI"2s + A3sm3se'

A-Is

A-Is

= A2se

+ A2s

+ A3s(NAm +

+ A3s(NAm +

AlsNAm + A2s(NAm +

+ A2s(1 - m2s/PeA)e’m:

m2s - m2s2/PeA)e,"2s

m3s " m3s2/PeA)em3s = 0
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At this

point it should be noted that the second term on the left-hand side of

is large, because of the negative ex

ponential containing the large positive number m2g.

exponential underflow if An arbitrary value ofis too large.

was picked (40 in the

which the second term of Equation 74 is considered significant. For

greater than this arbitrary number, the second term is set

equal to zero. Diagnostic printouts during parameter estimation

calculations confirmed the insignificance of the second term in Equation

In any case, with A'74 for large values of m2s> removed from Equations'2s
74 and 76 by substitution of Equation 75, A. can be determined

is subsequently determined.

(0,0) (77)

(78)

The second term on the right side of Equation 78 was found to be
exponential term, andinsignificant for large values of m^

greater than 40.thus eliminated for values of The division bywas

in each of the numerator terms.

Gb(0,0) = [AlsNAm + A'2s(NAm +

”2s

o+ A3s(NAm + m3s - m3s /PeA) ] / [1^(0,0) ]

2 
m2s ’ m2s '*eA> e

case of this study) as the maximum value at

From Equation 75, A’ zs

Is 
(0,0) and then, of course, A^s

‘in

”3s^Cin+ A2s

lg due to the

+ A3se

Also, there is an

The steady state transfer functions are

m2s

GAd.°) = Uls

values of mn zs

and A_3s

Equation 74 is very small if

in terms of C.m

m2s
(0,0) in Equations 77 and 78 simply cancels 0^(0,0), a linear factor

is determined in terms of A. , and A 's is 3s 2
consequently removed from Equations 74 and 76 by substitution.
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As one might suspect, the occurrence of exponential overflows in

computations involving the steady state solutions were always followed

by exponential overflows in the transient solutions. The source of the

overflow was a large positive real part of one of the roots for some

parameter values. The root finding technique, previously described,

yields three roots not necessarily arranged in order of decreasing or

increasing magnitude. Therefore, a computer algorithm was developed

for ordering the three roots, with the largest positive real part

designating the first root. A new coefficient

was defined,

(79)1

Consequently, Equations 60, 61 andwhere

+ A3(l - m3/PeA) = C, (80)

“2 + A. (81)

(82)

Using the same logic for the transient boundary conditions
(Equations 80, 81 and 82) that was applied to the steady state boundary

A3mie^nlIl

A| = A^e^l,

+ A2m2e .3m3em3 = 0

= 0

"r1
62 can be rewritten as

This root is then A^.

is the real part of m^.

A^(l -

+ A3(a1 + m3 ~ m32/PeA)em3

+ m2 - m22/PeA)eD122
+ “1 ” ml ^PeA^e

ln(°.Jw)

A1

■jmn + a2(31Al(al

m1/PeA)e-mRl + A2(l - m2/PeA)
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conditions (Equations 74, 75 and 76), the first term of Equation 80 was

set equal to zero when

exponential underflows. can be determined in terms

are:

CA(l,jw) = [Aje’ (83)

ll

(84)

The first term of Equation 84 is set equal to zero when large

are encountered, to prevent exponential underpositive values of “El
flows.

m^i was a large positive number to eliminate 

Then A], A

+ A3em3]/Cin(0,jw)

°f Cin(0,jw).

+ 2
+ m2 - m2 /PeA)/PeA)e-mRl + A2(a;L2

" ”1

■jmIl + A2enl2

1’ rt2 and A3
The subsequent unsteady state transfer functions

+ A3(a]_ 2 —+ m3 - m3Z/PeA)]/[NACln(0 jw) ] .

GB(0,jw) = [A3(a.



CHAPTER IV

EXPERIMENTAL APPARATUS

Description of System

The experimental system layout and flow diagram for the spray

tower operation is shown in Figure 2. The packed column assembly and

flow paths were the same as for the spray column, except, of course,

the column was packed as described below.

The list of equipment used can be described under the four follow-

(1) Pyrex glass column, either empty or packed with 3/8ing headings:

inch Raschig rings; (2) Feed stream polyethylene lines and storage

tanks; (3) On-line continuous composition measurement for aqueous phase;

(4) Off-line high precision micro-buret and attendant titration

equipment.

Column and Packing

The column was constructed from sections of three-inch I.D. Pyrex

glass pipe. The sections were connected by standard glass pipe couplings,

with Teflon gaskets used for sealing purposes. The active column lengths,
defined as the distance between distributor nozzles for the spray

column and defined as the length of packed volume for the packed column,

were equivalent for the spray and packed operations. This was achieved
by maintaining the interface of the continuous aqueous phase just below
the aqueous phase nozzle for both packed and spray columns, and with the

interface located just above the column packing in the packed column runs.

35
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(The location of the interface just above the packing improved the

visual observation of interface movements, and thereby improved inter
face level control). The active length of the column as defined above
was 171.5 cm (5 ft. 7.5 in.).

mesh having 5/16 inch openings and
constructed from stainless steel. The packing used was 3/8 in. Raschig

Treybal (48) provides an empirical equation for calculatingrings.

(85)

As noted from the variables, the critical packing size is a

function of the raffinate-extract pair used, which is methyl isobutyl

ketone-water for this investigation. The minimum calculated packing

size for this pair is .205 in., safely below the 3/8 inch size used.

Treybal (47) contends that packing sizes below this minimum result in

drops of dispersed phase trapped by the interstices of the packing being
unable to move forward except for random jostling by other drops and

consequent, coalescing and growth of the drops. Unusual and unpredictable

hydrodynamic phenomena in systems involving small packings have been

reported by Ballard and Piret (1).
The column was packed by dumping the Raschig rings into a liquid-

filled tower to improve randomization and settling,

Treybal (48) and Gray (21). The column was operated several times, and

liquid was drained each time to determine porosity until porosity
When this had occurred, the column packing wasappeared constant.

a minimum critical packing size:

The packing support was a

as recommended by

dFC
0 5= 2.42(u/g Ap)u*°
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considered to be stable enough so that the system could be used further

for dynamic testing. The void fractional volume of the packed column

The nozzles used to distribute both aqueous and organic feed

streams were 3/8 in. I.D. stainless steel tubes inserted vertically into

the top and bottom of the column respectively.

Attendant Equipment

Centrifugal pumps (see Figure 2) were used for supplying both the

dispersed organic phase (methyl isobutyl ketone) and the continuous

phase (water) flow. Polyethylene piping provided the transport from

feed tanks to the column and from the column to product tanks. Needle

valves for flow control were located in the aqueous feed and exit lines
Thermometers for temperature measurementand in the organic feed line.

were located in aqueous and organic feed lines, and a tracer injection

port was positioned just upstream of the column entrance in the aqueous

feed line.

Aqueous -Phase Composition Measurement
An electrical conductivity cell devised by Clements (8) was used in

the aqueous exit line to monitor acetic acid concentration. The cell is

made by inserting two platinum wires into a Teflon tube union, the

wires being sealed at the point of entry by epoxy resin. The platinum

surfaces exposed to the flowing stream were coated with platinum black,

using a procedure recommended by Clements (9). The cell is first
Next, the platinum wire ends arecleaned by filling with aqua regia.

connected through wire leads to a source of about 3 volts direct current.

was £ = .555.
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The direction of the current is reversed periodically over a 1-2 minute

period. Then the cell is drained and rinsed thoroughly with distilled

The cell is then immersed in a platinizing solution (3 gramswater.

of chloroplatinic acid and 0.02 grams of lead acetate per 100 cc. of

distilled or deionized water) and the cell leads are connected again to

The direction of the current is
reversed every 15 seconds until a uniform coating of platinum black is

deposited on both electrodes. This process usually takes about three
minutes. The electrodes are then rinsed in running water for about 45
minutes and stored overnight in distilled water, the water being

drained and the cells refilled for two consecutive 24 hour periods

before the cells are used. Thereafter, the cells are kept rinsed and

filled with distilled water when the cells are not in use. Cells whose
platinized surfaces become damaged or contaminated by deposits from the

electrolytes in which they have been used should be recleaned with aqua

regia, rinsed, and replatinized by the previously-described procedure.

The conductivity cell was inserted in the aqueous exit line just

downstream of the column. The cell was connected through lead wires to

a transducer that converts the conductivity measurement of the cell into
a D.C. voltage of sufficient magnitude to accurately monitor with an

electronic recorder. This transducer, also developed by Clements (8),

was found to be accurate and reliable for sustained on-line monitoring.
The complete circuit diagram for the transducer is given in Figure 3.
A phase shift oscillator, operating at 1 kHZ, feeds a power amplifier.
The amplifier is transformer-coupled to the measuring circuit, which

consists of the conductivity cell and a series resistance Rs. The

a 3-volt direct current source.
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= 100 ohms by Clements, since the

for most tracer work done in the University of

mhos. These values are based on Clements’

recommendation that the highest value of L multiplied by R(c
approximate .01 for optimum linearity of calibration.

departure from linearity was observed at low tracer concentrations, since

the small conductance values produced output voltages in the nonlinear

range of the 1N191 diodes characteristic Consequently, acurve.

polynomial fit of the data as described in the next section was per

formed to correlate accurately the conductance as a function of millivolt
output.

Honeywell Electronik-19 strip-chart recorder.

Organic Phase Composition Measurement

Organic extract samples containing dilute concentrations of acetic

acid were collected at discrete time intervals during test periods. The

samples were titrated with standard base, using a precision micro-buret
with a 10 ml capacity and a platinum micro-tip for close control of
standard solution drop size. Titrating procedure will be described later.

Calibration of Measurement Devices
There are three types of calibrations or correlations required for

the aqueous phase composition measurement. (1) DeterminationThese are:
of the conductivity cell constant; (2) Determination of the best mathemati
cal relationship between actual conductance (reciprocal of resistance)
and the transducer output signal, and (3) Correlation of aqueous phase

should s

The output voltage of the transducer was recorded using a

transducers were designed with Rg

measured conductance Lc
Alabama Chemical and Metallurgical Engineering Department was expected

4to be less than 10

However, some



acetic acid composition versus specific conductance with solution

temperature as a parameter.

With the described relationships, the transducer output can be

related to the conductance of the eletrolyte solution between the

electrodes of the conductivity cell. The specific conductance then is
determined by multiplying the cell constant by the cell conductance (or

dividing by the cell resistance) . Finally, the composition is found

from a correlation of composition versus specific conductance with

temperature as a parameter.

Conductivity-Cell Calibration

The- cell constant was determined by placing the flow cell in its

line position downstream of the aqueous exit point and filling the ex

traction column as well as the cell with a standard solution of diluted

The voltage from the transducer was recorded. Then aacetic acid.
decade box connected to the transducer was used to determine the

resistance (or reciprocal conductance, L ) that corresponded to thec
A portion of the standard solution drained from therecorded voltage.

cell was placed into a previously-standardized Leeds and Northrup con

ductivity cell to determine the specific conductance of the solution.

From Daniels et al. (14) the specific conductance of the solution is:

(86)

= cell constant for standard cell

— K cs

L cs

L s /L cs

where K cs
= reciprocal resistance of standard cell



43

Then the unknown cell constant can be determined:

(87)

Several standard solutions with different acetic acid concentrations

were used to obtain a good average value of the cell constant. This
calibration process was repeated periodically during the months of

It was also done whenever there was reason to believe the

cell constant may have changed, such as when the cell was replatinized.

The calibration of the cell while located in its actual position in the

system insured that the measured constant was not in error due to stray

current paths present in the apparatus.

Transducer Calibration

Although the previously-described transducers are normally stable

and reliable, failure of time-worn electrical components and recorder

instability resulted in three different transducers and four different
The transducers are labeled #5,transducer calibrations being used.

#6 and #7. The #6 transducer was recalibrated after being turned on

inordinately long time. Since this was done after the spray

column tests and before the packed column tests, the calibrations are
The #7 transducer was used for the last twolabeled accordingly.

However, it was determined that the Honey-packed column pulse tests.
well recorder was the source of instability, and the recorder was

The calibrations were checked periodically to determinealso replaced.
Figure 4 is a calibration curve for theif calibration shifts occurred.

= L s

for an

cell usage.

K c cf Lcf = L /R _ s cf
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#6 transducer used for packed column tests, and is given as an example

of the characteristic nonlinear relationship between cell conductance

and transducer millivolt output for the low concentration range used.

millivolt output signal from the conductivity transducer were made, with

the fitted polynomials ranging in degree from 2 to 8. Consequently,

fifth degree polynomial least squares fit re

produced very accurately the data for the range used in experimentation.

The constants of the fitted equations are given in Appendix B. The

transducers used for the specific tests are listed also in Appendix B.
Clements (5) gathered data for acetic acid composition versus

solution specific conductance for a range of temperatures from 21°C

to 33°C in two degree steps. He then developed a computer algorithm

The algorithm alsothat computed composition from specific conductance.

interpolated for solution temperatures that were in between those for

This computer algorithmwhich the experimental measurements were made.

The previously-described correla

tions -of conductance versus transducer millivolt output and the

measured cell constant were used to generate specific conductance
values that could then be converted to solution compositions by the

Hand calculations confirmed the validity of thecomputer algorithm.
computer algorithm.

was modified for use in this study.

it was decided that a

A series of polynomial least squares fits of cell conductance versus



CHAPTER V

DETAILS OF THE EXPERIMENTAL INVESTIGATION

Pulse Test Procedure

packed columns. The following list of steps was employed during
testing.

(1) A steady state flow rate was established for both continuous

(aqueous) and discontinuous (organic) feed streams, with an interface

level just below the continuous phase distributor and just above the

column packing (for packed columns) at the top of the column. The

approximate flow rate desired for a given test run was determined by

valve position.

(2) Flow rates were calibrated using an electric timer and

graduated cylinder.

(3) By monitoring the interface level and aqueous phase conduc

tivity cell response, steady state interface level and concentrations

could be determined. Sometimes, for low flow rates, or when Interface
level control difficulties were Initially experienced, three to four

hours were required to reach steady state. After steady state was

reached, samples of aqueous and organic phase feed and exit streams
were taken.

(4) After steady state samples were taken, 3 to 5 cubic centi

meters of glacial acetic acid were Injected rapidly with a hypodermic

46

The pulse testing procedure was the same for both spray and
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needle into the aqueous feed line just upstream of the column.

(5) Immediately upon injection, the electric timer circuit was

closed, and sampling of the extract was begun. The sampling intervals

were 10 seconds initially; then increased to 15 seconds, 30 sec., 60

sec., 2 min., and 3 min., as the length of time since Injection in

creased .

(6) During the sampling period, an eye was also kept on the con

ductivity transducer output recorder, and the time at which the leading

edge of the acetic acid tracer cloud reached the conductivity cell was

noted. This determined the dead time for the aqueous phase response.

(7) When steady state conditions were again achieved, as indi

cated by the conductivity transducer output returning to the original

Samples of the organic andpoint, flow rates were again checked.

aqueous phase exit streams were again taken.

(8) The three needle valves in the aqueous feed, aqueous exit,

and organic feed streams were simultaneously closed.

(9) The column contents were dumped into a cylinder and the holdup

of each phase was recorded.

Titration of Organic Phase Samples

The procedure for titrating organic phase samples was developed
An obvious problem was the lowafter considerable experimentation.

solubility of aqueous solutions in methyl isobutyl ketone. Acetone has

been suggested additive to keep the solution being titrated as a
it was found that methanol was superior tosingle phase. However,

acetone, since less methanol was required, and the sharpness of the

as an
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end point was increased. The latter improvement may have been in part

due to the fact that methanol was used to dissolve the phenolphthalein

indicator.

It was found initially that a maximum of 6 ml of methanol added to

quired to keep the solution in a single phase for spray column opera

tions. However, 8 ml of methanol was required for some of the samples

taken during the packed column pulse tests, since the increased

efficiency of the packed column increased the acetic acid concentration

in some samples. Water-saturated solutions of acetic acid-free methyl

isobutyl ketone were titrated to determine blank error (i.e., the

excess amount of base required beyond the end point to visually see a

color change). For the 6 ml methanol addition, the blank error was

.19 ml, and for 8 ml, of methanol, the blank error was .33 ml. The
corrected titrated volume is the volume of base less the volume of the

blank, and was the volume used in calculating sample normalities.

Experimental Data
During packed column pulse tests, 25 dual sets of continuous phase

and discontinuous phase (run numbers PW-1 to PW-25, run numbers PM-1

to PM-25) response data were collected. The aqueous phase data sets were

converted to concentration units by the procedures discussed in Chapter

During spray tower operation, there were also 36 aqueous phaseTV.

pulse tests (run numbers SW—1 to SW-36), 25 of these accompanied by

discontinuous phase measurement response data collection (run numbers

SM-12 to SM-36).

a 10 ml pipetted sample of methyl isobutyl ketone-rich solution was re-
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(l,jw) and G

were used to fit data from pulse tests of both packed and spray tower
operations.

all mass transfer coefficient based on the organic phase, k; (2) frac

tional aqueous holdup, f^; and (3) continuous (aqueous) phase Peclet

The input data used to fit the model were unsteady state

vs. t) and steady state volumetric
rate data, Q and Q . The unsteady state concentration-time data were!A B
transformed into the frequency domain by the technique described in

Chapter VI. The least squares fit in the frequency domain (see Chapter
VI) yielded good estimates of the three parameters k, f andA
hence, because of strong functional dependence upon these parameters

as follows:

(134)

(135)

and height

were calculated from Equation 12. Finally,of a transfer unit HoB
representative model predictions were inverted back to the time domain
for comparison with the time domain data.

It should be noted that six of the packed column pulse tests did

allowed good estimates of 0^,

and Pe^,

and h_.B

number, Pe. .A

Also for completeness, the number of transfer units Ng

were previously defined in Equations 9 and 10, and

pressing G^ >BN(0,jw), previously described in Chapter III,

were calculated from f.A

hA = f.SeA

hB

and h B

The residence times 6.A0B> hA

= Se - h^

and 0 B

concentration-time data (C.A

The aqueous and organic phase transfer function model equations ex-

Three parameters were estimated in the data fits, (1) over-

or C' B
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not yield good fits of the model, for reasons discussed in Chapter

Five of the spray tower aqueous phase data sets were fitted toVIII.
the model for comparison with the packed column operation.



CHAPTER VI

DATA TRANSFORMATION INTO THE FREQUENCY

DOMAIN AND FOURIER INVERSION

The data collected in the experimental tests, after conversion

to concentration units as previously described, must be transformed to

the frequency domain to accomplish the least squares fits.

The Fourier transform is defined as

(88)dt

and can be expanded using Euler's equation to obtain

(89)

or

(90)F(jw) = R(w) + j(I(w))

where

(91)

(92)
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• CO

f (t)sln(wt)dt

>00

f (t)sin(wt)dt

F(jw) =
0'

F(jw) = 
o

I(w) =
O'

f(t)cos(wt)dtR(w) =
O'

>00

f (t)cos(wt)dt - j
0

f(t)e“jWt1
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Earlier investigators such as Clements and Schnelle (7) determined

the Fourier transform directly using quadrature formulas. However,

another more recent technique by Hays, Clements and Harris (23), that is

demonstrably more efficient and flexible, has been used in this study,
and is described below.

This technique approximates the f(t) curve by a series of poly

nomial segments. A discontinuity is allowed between segments. The time
domain equation for the pulse test curve is equivalent to the summation

of all the polynomial segments connected by a series of step functions.

Parabolic segmentation was used in this study, although the technique

was derived using polynomial segmentation of arbitrary degree.

For parabolic segmentation of the pulse curve, the summation of

all parabolic segments is

(93)

The equation is then Laplace transformed to give

'iS (94)

Fourier transformation is achieved by substituting jw for s in

Equation 94. This yields

(95)

Using Euler’s equation, substituting into Equation 95, and

n 2
F(s) = J (^/s + B^s +

F(jw) = X (^/(jw) +.B±/(-w2) + 2C1/(-jw3))e‘

3 "T 2C1/sJ)e

-JwTi

n ,
f(t) = [ u(t - T1)(A± + B^t - T±) + C^t - T±)z)
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R(w) (96)

(97)

For a given value of w, the real and imaginary parts are calculated

from Equations 96 and 97. A computer program was developed by Clements

(10) to perform the previously-described Fourier transformation. The

program was used in this study to determine the best frequency range for

least squares fitting. Then, for this range of frequencies, the output

of the algorithm supplied the input frequency domain data to the least

squares program (12) as described in the next chapter.

The frequency domain least squares program by Clements (12) also

provides for optional use of a Fourier inversion algorithm to generate

tabulated and graphical comparisons of observed data to the model

prediction.

The definition of the inverse Fourier transform for a real time

function, f(t), is

(98)

where f(t) = 0 for t < 0.

It can be shown that f(t) can also be expressed in terms of the
the imaginary part alone (23). Thus,

• CO

F(jw)e^Wtdw,f(t) = (1/tt)
O'

- Z (A /w + 2(\/w )sin(wT ) - \ (B /w )cos(wT.) 
i=l 1 i=l 1 1

real part alone or

collecting terms, the real and imaginary parts are

n q n ,
I(w) - Z (“A,/w + 2(\/w )cos(wT ) + \ (B./w )sin(wT ) 

i=l 1 1=1 1 1
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(99)

(100)

As pointed out by Hays, Clements and Harris (23) the integrals

expressed in Equations 99 and 100 are exactly the same form as the

integrals used for the direct Fourier transform expressed by Equations

91 and 92, except that t and w are interchanged. Of the two Equations,

99 and 100, Equation 100 is preferred for converting the frequency

spectrum back to the time domain, since f(0) = 0 for data and models

involved in this study (11,23). Therefore, using Equation 97, f(t) is

computed as

(101)

■00

R(w)cos(tw)dw

•00

I(w)sin(tw)dwf(t) = -(2/r)
O'

f(t) = (2/tt)
O'

+ (2/tt) I (B!/t2)sin(tW ).
i-1

f(t) = -(2/tt) I (-A^/t - 2C|/t3)cos(tWi) 
1=1



CHAPTER VII

MODEL VERIFICATION AND PARAMETER ESTIMATION

USING NONLINEAR LEAST SQUARES

Response Surface Search' Techniques

These types of techniques are required when a model is nonlinear

in its parameters, and when it is not desirable or possible to rearrange

the model equation algebraically so that it becomes linear in all its

Two recognized iterative methods for minimizing a functionparameters.

(1) Taylor series linearization, and (2) steepest descent.are:

Marquardt (32) combined both into one algorithm, for reasons explained
below.

The method of linearization involves expanding the model,

= y(t,u,v) for example, into a Taylor series. For simplicity, the

two parameters u and v.

particular values of u and v, then a Taylor seriesIf

AvAu
= uqu= UQu
= VQV

(102)
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and vq givesaround u^

yp
example model is chosen to have a single independent variable, t, and

uq and vq are

= v°
+ (terms of higher degree in Au and Av)

yp(t,uo + Au, vo + Av) = yp(t,uo»vo) 

ay? 
9V

3y .
+ 3^

expansion of
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The linearization of the above expansion is accomplished by

truncation of the series beyond the linear terms.

For brevity, let

(103)
u = UQ

= VQ

t = ti

and

(104)
u = UQ

V = VQ

t = t i

Also,

= (105)

and
(106)

The usual method of least squares involve the minimization of the

This procedure for avalues of y by readjustment of the parameters.
number, n, of discrete data points, is accomplished by minimizing <p, where

3y]
8v

3y]
3u

sum of the squares of the differences between the observed and predicted

ypi + U Au + V±Av= ypoi

ypoi

Vi

Ui
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(107)oi

for the model used as an example,or,

(108)1

where

(109)= yoi ’ ypoi-

The partial derivatives of <f> with respect to Au and Av yield the two

normal equations:

(110)

n n « n
( [ UiV±)Av - ( y up Au = y UR 
1=1 1=1 1=1

(111)

Salving for Au and Av simultaneously from Equations 110 and 111 gives

the next approximation to the parameters,

(112)

(113)

Thus the linearization algorithm for two parameters is:

(1) vq, for the parameters.

n* = 1 (y,

n
* = I (R. 

i=l '

First make initial guesses, uq and

v^ = v^ + Av

u^ = uq + Au

Ri

9
- U.Au - V Av) 

i i

n ? n n
( J Up Au - ( J UiV1)Av = £ U1Ri.2
1=1



58

are derived

from differentiation of the equation being fit, or from numerical

differentiation if analytical partial derivatives are difficult to obtain.

(3) Solve for Au and Av from the simultaneous Equations 110 and

111.

(4)

(5) Substitute

until there is no further change in the parameters between successive

trials.

There are refinements to the linearization method to improve con

vergence, such as halving the correction vector (Au,Av) if <f> > $1
Theoretically, as shown by Hartley (33) , thisdoubling it if <f>

However, in practice, nonlinearitiesmethod should always converge.

in the model and poor parameter estimates can prevent convergence.

The steepest descent method involves concentrating on the sum of

squares function, <f>, and use of an iterative process to find the

For the example model, the basic idea is tominimum of this function.
move from an initial point (u ,v ) along the vector with componentso o

— 9<j)/3u , — 3<$>/3v

One way ofthe path is followed.

achieving this in practice, without evaluating functional derivatives,
is to estimate the vector slope components at various places on the

surface <f> by fitting planar approximation functions, as detailed by

Davies (15) .

for v , and repeat steps 1 and 2

whose values change continuously as

or o

Compute and v^- from Equations 112 and 113.

and(2) From these guesses, the expressions for

u^ for.u^ and
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While the steepest descent method will theoretically converge, it

may do Slow convergence

is particularly likely when the path of steepest descent zigzags slowly

up a narrow ridge of the <f> contour, each iteration bringing only a slight

reduction in <t>. Such contours are common in physical models.

The Marquardt algorithm uses steepest descent at the outset and

linearization in the final stages, and thus attempts to utilize the best

features of both methods; rapid minimization Initially via steepest

descent, and avoidance of slowdown due to ridges by use of the

linearization methods.

Frequency Domain Nonlinear -Least Squares

The Marquardt nonlinear least squares technique is useful when a

It has also beentime domain solution of a proposed model is practicable.

adapted to the frequency domain as described by Hays, Clements and Harris

As noted by Clements (6), Parseval's theorem ensures that the(23).
results obtained in the frequency domain procedure are the same as would

be obtained by a least squared analysis in the time domain.
The following discussion is based on notes and impressions gathered

from a graduate course in mathematical modeling taught by Dr. Clements

(11), and is an attempt to.clarify the relationship between $' in the

time domain and <t>' in the frequency domain.
For a continuous data response curve, can be described by

2 (114)(yn(t) - y„(t)) dt<t>' o p

so very slowly after some rapid initial progress.
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Note that negative time is allowed to make the discussion completely

general. By substituting

(115)

then

<P' = (116)

Replacing
one obtains

•CO

e(t)(l/2r) ' (117)dw dt
— CO

The order of integration is reversed in the above double integral,

giving

(118)<j>» = 1/2tt

—CO

The inner integral is the definition of E(-jw). Thus,

(119)<(>' = l/2r
—CO

(120)If E(jw) = R(w) + jl(w),

then

(121)E(-jw) = R(w) - jl(w).

•00

E(jw) E(-jw)dw

.00 . X
e(t)e^Wtdt dw■“E(iw)[ f

> —00

one of the e(t) functions by its inverse Fourier transform,

e(t) •= y0(t) - yp(t)

E(jw)e^Wti

.00 2e (t)dt
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Thus

2
\/k(w)+I2(w)E(jw) E(-jw) - (122)

or

|E(Jw) I 2 =■ E(Jw) E(-jw) (123)

Then

(124)

Since the above equation- is obviously an even function of w,

(125)

The definition of |E(jw)|is

|E(jw)| - |YQ(jw) - Y (jw)|. (126)

(127)Since E(jw)

Then

(128)

(129)where

*00

♦ ' = (l/t)l |E(jw)|2dw
o

AR = R (w) - R (w) o p

« R (w) + jl (w) - R (w) - jl (w) o o p p

(1/2tt) J”|E(Jw)| 2dw

|E(jw)|2 - (AR)2 + (Al)2,
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and

(130)

Thus the frequency domain expression for <£' ;

*' = (1/ir) (131)

which is a special form of Parseval's theorem, allows the integral

squared error function to be computed from frequency domain information.

In the computer algorithm by Clements (12), the observed values

of R (w) and I (w), usually obtained from Fourier transformation of theo

A user-supplied subroutine calculates R (w) and I (w) fromprogram.

the model equations being fitted.

integration, using the trapezoidal rule.
One has the alternative choices in frequency domain modeling of

to Y (jw), whichever is desired.fitting data either to G (jw) Foror

PPo

(132)Y (jw)P

where X(jw) is the transform of whatever forcing function was used to
This is muchexcite the dynamics of the process when it was tested.

easier than numerical convolution, which would be required for direct

o'"
pulse data, are used as input data to the least squares portion of the

P'P
Then $>' is calculated by numerical

2+ (Al) ]dw,

G (jw)X(jw) ,

Al = Iq(w) - I (w).

P 
fitting Y (jw) data to Y (jw),

time domain calculation of y^(t).

[(AR)2 
o

p'
one can calculate Y (jw) from
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Alternately, one could Fourier transform y(t) and x(t) data, and

calculate the frequency response function

(133)

is unity, G (jw) = Y (jw) for an impulse test. An impulse input can be

traction column if the tracer pulse size is sufficiently large enough

to allow accuracy in monitoring the output response, and if one can at

significant change in flow rates or in concentration-dependent parameters

such as the distribution coefficient or the mass transfer coefficient.

An impulse response was the experimental disturbance used in this study.
Therefore, only the output response data for y(t) were required to

determine Gq(Jw).

Then one can fit the observed GQ(jw) to the predicted G^Cjw).

Since the normalized frequency content of a Dirac impulse function

G0(jw) = YQ(jw)/Xo(jw) .

o'J ' o
closely approached in an experimental test upon a large capacity ex-

the same time limit the pulse size to prevent nonlinearities such as a



CHAPTER VIII

RESULTS AND CONCLUSIONS

Analysis of Characteristic Equation Roots

Exemplary sets of values of determined by the pre

value of F(q) for each of the determined roots over a range of

frequency values are listed in Table 1. There are several points

worth noting. For all of the sets of determined roots over the range

of operating conditions of.the system under study, one root always had

negative real and imaginary parts and two roots always had positive

real and imaginary parts. Also, one of the positive roots always had

The magnitude of this positive real

transfer coefficients and frequencies. As previously discussed, this

large root, as a result of its increasing magnitude with changes in

the parameters, introduced exponential overflows in computation of both

the steady state and unsteady state roots. Diagnostic printouts

indicated the steady state positive root and the unsteady state real

part of the largest positive complex root were identical. Scaled

boundary conditions and transfer functions, as previously discussed,

brought calculations of the frequency domain model transfer function

back within the range of computer capabilities. It is interesting to

64

”1- m2’ W3’ 
viously discussed root finding algorithm, and the resultant calculated

a predominately large real part.

part became increasingly larger with increasing Peclet numbers, mass

observe that the steady state set of roots (Chapter III) includes one
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Table 1

Examples of Characteristic Equation Roots

w
(Rad/Sec) Real

0.001 .338.818

-.427-.156
-.444(10.183101.01

.01 -2.17-.780

1.2751.409

1-.-833101.04

-3.726.02 -1.01

3.477101.13

2.0321.554

0-5.475.03 -1.22

5.291101.28
2.9061.61

“Ri 
(i= 1 to 3)

mIi 
(i= 1 to 3)

-12)-12 -.284(10 )
-12 .754(10 1 )

.681(10-10)

-1 4 -.333(10 1 )
•511(10-14)

-.217(1O-10)

-14 .355(10 )

r12)

-10-.125(10 ±u)
-10 .119(10 iu)

•817(10-13)
-13 .675(10 )

.293(1O-10)

F(q)
Imaginary

.114(10
-.122(10-8)

-.322(10-10)

.568(10-13)

-.169(10-9)
-11-.978(10 )

-13.568(10 )
.17O(1O-12)

-.108(10-11)
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positive, one negative, and one zero root. The root that is zero at

steady state develops positive real and imaginary parts as w is in

creased from zero, because the coefficient, f, in the characteristic

equation, Equation 28, possesses real and imaginary parts, and hence

becomes significant in the characteristic equation solution. Finally,

the estimated roots, a necessary requirement for judging the performance

of the root-finding algorithm.

Packed Column—Aqueous Phase

Elkins (17) and Justice (26) have previously shown that pulses of

acetic acid with volumes similar to this study can be injected into spray

and packed column systems with even smaller capacities than the current

investigation and still achieve linearity of dynamic response (constant

flow rates, interface level, and other parameters). Therefore, it is

concluded that the assumption of linearity is acceptable for the current

study, lending support to the model's reliability in predicting the

experimental system's dynamic response.

Nineteen data sets were fitted to the aqueous phase transfer function

(l,jw). For illustration, the reduced concentration data versus time

The
Fourier transformed data for the same four pulse tests, used as input

data to the frequency domain least squares data fitting and parameter

estimation program, are listed in Appendix D as examples of the Fourier
transformation technique described in Chapter VI. Note that the largest

normalized magnitude of - .02. This value was arrived at by Hays,

frequency used is dependent on

gan
after injection for four pulse tests are listed in Appendix C.

the maximum frequency associated with a

one can note in Table 1 that |F(q) | is very close to zero for each of
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For normalized magnitudes much lower than .02, there is acontent.

loss of significant digits in the calculation of frequency content,

introducing error in the transformation calculations.

The estimated parameters k, f , Pe^, integral squared error, <p';

are listed in Table

2 for the 19 fitted data sets.

Values of i' may be comparedare listed in Table 3.

or correlation coefficients, because the same number of samples of the

frequency spectrum was used in all data fits.

An indication of the reproducibility of the data fits to the

model is given in Table 4. Comparisons of the percent differences in

The duplicate pulse tests show anoperating conditions) are given.

average of 7% difference in the value of k and 6% difference in the

These differences are small considering that some flow

rate and interface level variabilities are inherent, and any two pulse

tests with truly duplicated operation conditions are not possible. The

There

fore, Pe^ does not significantly affect the response of the model. The

worst data fits to the model were PW-5 and PW-17, and from Table 4, it

is shown that these pulse tests had similar operating conditions. It

estimated even for poor data fits, although k variability is large
unless good data fits of the model are achieved. The significance of

’ hA>

values of Pe^

parameter Pe^

hB>

value of f..A

estimated parameters, k and f^» of duplicated pulse tests (similar

can be noted that the fractional phase holdup (f^) can be precisely

was not used for comparison since the packed column

are so large that the system approaches plug flow.

and CL, and extraction factor mQ_/Q.B BAflow rates

0A and 0_B

Clements, and Harris (23) as an optimum range for determining frequency

The estimated parameters Ng,

between runs here, rather than comparing standard errors of estimate
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Table 3

Packed Column Aqueous Phase Fitted Parameters

Test No.

PW-1 
PW-2 
PW-5 
PW-7 
PW-8 
PW-9 
PW-10 
PW-11 
PW-12
PW-13 
PW-15 
PW-16 
PW-17 
PW-18 
PW-19 
PW-20 
PW-21 
PW-2 3 
PW-2 5

29.70 
10.01 
11.00
42.50 
11.35 
14.85
12.80 
18.00 
18.70
15.80
14.10
18.20

7.80
20.60
14.10
15.4
21.4
5.25 

11.00

.189 

.561 

.511 

.132 

.497 

.379 

.440 

.313 

.302 

.356 

.400 

.308 

.721

.273 

.398 

.366 

.297 
1.075

.511

16.61
0.91
0.40

17.67
16.08
12.61
9.86
9.21

12.41
5.61
9.21

11.06
0.31
7.51
0.21

12.66
14.11
2.31

12.61

143 
790 
346 
260 
318 
219 
268 
290 
158 
242 
290 
284 
384 
287 
402 
284 
237 
503 
286

234 
9 
6 

462 
261 
143 
101 
94 

105 
94 

119 
169

6 
165

6 
169 
245 
26 

144

8.7
24.4
24.9
7.64
9.23
12.70
15.45
16.10 
12.90 
19.7
16.1
14.25 
25.0
17.8
25.1
12.65
11.20 
23.0 
12.70

nb hA
a2 (cm )

HoB 
(ft.) x (cm )

®B
(sec)

®A 
(sec)
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Table 4

% Difference in kRuns in Replicate Pairs

9.17.45

0.06.00

9.44.55

.20125.6

28.634.2

Percent Differences in Estimated Parameters 
For Replicate Runs

PW-23
PW-25

PW-5
PW-17

PW-11
PW-12

PW-9
PW-10

PW-7
PW-19

Comparison of Replicate Runs With 
Poor Data Fits to The Model 

(Large Values of $')

Comparison of Replicate Runs With 
Good Data Fits to The Model 

(Small Values of <j>')

Comparison of Replicate Runs Where 
Interfacial Instability Was Possible 

(Qb/Qa > 2)

Z Difference in f.A
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large parameter estimate variability seen in duplicate runs PW-23

and PW-25 is discussed later in this section.

seven data sets that were best fits to the model (lowest values of $').

These seven "best fit" pulse tests were run numbers PW-8, PW-10, PW-11,

PW-12, PW-16, PW-20, and PW-21. Large dispersed phase holdups could

have been anticipated, since for all these "best fit" tests Qg/Q^ > 1,

with some values of Qg/Q^ very much greater than 1.

Pulse tests PW-23 and PW-2, surprisingly enough, display low

dispersed phase holdup, as estimated with the model, even though

The discrepancy may be due to the fact that there exists a

potential for unstable and unpredictable phase holdups and interfacial

area, possibly within incipient flooding, for volumetric ratios <0.5

duplicate pulse tests PW-23 and PW-25 are compared.

Sherwood, Evans, and Longcor (44) reported overall mass transfer

the organic phase for the methyl isobutyl

for a 5 ft. packed column with 3.5 inch diameter

and packed with 1/2 inch rings. Flow rates used were comparable to

Computed overall heights of a transfer unit,those in the present study.
based on the organic phase, ranged from .59 to 1.56 ft. for the same

The overall mass transfer coefficients in the current investiga-data.
, and the heights of a transfer unittlon ranged from .018 to .083 sec

coefficients based on

> 2'

It is significant that large dispersed phase organic holdups hB
(or fractional dispersed phase holdup 1-f^) were characteristic of the

ketone-acetic acid-water system, their coefficients ranging from 
.0055 to .0244 sec"1

parameter estimates for Qg/Q^ > 2 can be seen in Table 4 where

or >2.0, as noted by Treybal (46). The degree of unpredictability in
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ranged from .13 to 1.07 ft. The agreement of this study with that of

Sherwood et al. is very good, particularly in the light of mitigating

circumstances. For example, the effects of the active aqueous and

organic phase holdups (particularly unsteady state effects) and resultant

residence times, estimated with the dispersion model, are not adequately

accounted for in conventional steady state plug flow models as used by

Sherwood et al . Also, it could be postulated that their 1/2 inch rings,

being slightly larger than the 3/8 inch rings in this study, could have

resulted in less dispersed phase holdup, reduced interfacial area, and

increased dispersed phase resistance to mass transfer. The latter

possibility is discussed in more detail later in this section.

Mass transfer coefficients, assuming a dilute solution (47) , plug

flow, and constant m,

seven data sets previously fitted .to the dispersion model, and these

values for mass transfer coefficient, number of transfer units and

heights of It can be notedtransfer unit are listed in Table 5.a

that these coefficients much smaller than the coefficients esti-are

mated from the dispersion model.. The very small steady state concentra

tions used to assure dilute solutions and constant m resulted in very
This wouldsmall concentration differences to be measured by titration.

suggest that the mass transfer coefficient calculation for the steady

state may be Inaccurate due to the increased significance of experimental

error in computing differences of small concentrations.
There is also the possibility that the assumption of a constant mass

transfer coefficient, one independent of concentration, is not a valid

assumption when comparing the low concentration steady state mass transfer

were calculated in the current investigation for
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Table 5

k
(sec )Test No.

17.9P-8 .000767 .315
.000403 48.7P-10 .115
.001140 19.2.293P-11

21.2P-16 .000665 .265
24.4.000671 .227P-20
21.2.000605 .265P-21
42.5.000472 .132P-23

Transfer Coefficients and Related Parameters 
Based on Steady State Plug Flow Equation

NB HoB 
(ft.)
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higher concentration levels. A phenomenon that could also be a factor

is Interfacial turbulence, known as the Marangoni effect (19) , during

unsteady state pulsing of the concentration. The Marangoni effect, as

previously discussed, can cause unusually large mass transfer rates.

However, this possibility is discounted if it can be assumed that the

comparable steady state data of Sherwood et al. was not obtained under

the influence of the Marangoni effect.

Large Peclet numbers for packed column operation were also expected.

The very high Peclet numbers obtained may have been due to the length of

the column and the large L/S ratio, reducing the significance of end

effects and column diameter that contribute to the degree of dispersion.

Short packed columns.with large-diameters have higher degrees of dis

persion, as verified by-comparing - reported dispersion coefficients of

Hazelbeck and Geankoplis (23), obtained from a short column with a

large diameter,-with the coefficients reported by Elkins (17), obtained

from a longer column and shorter diameter.

The significance of . the effect of organic holdup on the mass trans

fer coefficient is.seen.in the data of Table 3, where mass transfer co-
Theare large.

the salient features of the dispersion model presented. The term

"active" holdup is used to differentiate it from the commonly-mentioned
term,-normal holdup, that is .obtained by stopping the flow of liquids to

the column, allowing the dispersed phase to settle, and measuring the

coefficient with the mass transfer coefficient obtained from runs at

efficients are obviously.larger when organic holdups hfi 

ability to estimate good values for the "active" organic and aqueous
phase holdups and to determine their effects on mass transfer is one of
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drained volumes. By contrast, the active holdup is the actual holdup

available for mass transfer, and is a function of the degree of dispersion

and other factors such as the packing size, drop size and the potential

of the phases for the packing material. Also, the amount

and composition of the material that does not drain from the column (a

factor in active holdup) has an unknown significance on subsequent ex

traction runs. Estimation of phase holdups using the dispersion model

developed in this study could be important in determining the active

phase holdups and studying their effect on the system's variables

affecting column performance. Large organic holdups for the packed column

operations provided long enough residence times in the organic phase for

organic holdup as possible

can be easily shown by an equation defining the interfacial area per

unit volume for a packed column,

(136)

) and volume (irdsurface (ird

Thus, it is evident thatphase holdup and void volume of the column.

maintaining as large as possible

in optimizing extraction processes. Conventional methods of obtaining

a value for the fractional organic phase

The importance of maintaining as high an

a dispersed phase drop, assuming

effective mass transfer to occur.

holdup, (1-f^), within the limitations of stability, is most essential

(1-f^) by dumping and measuring the column contents do not adequately

affinity of one

The above equation can be derived by taking the ratio of the
2 3I ) and volume (nd /6) of P P

the drop is spherical, with .corrections for the fractional dispersed

a = 6e(l-fA)/dp
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described previously. Design techniques

based on a correlation by Zenz (53) have been given for estimating the

slip velocity and resultant relationship between Q , QA B
these computations are very approximate. It is believed that the dis

persion model, developed and evaluated in this study, would be most use

ful in giving the designer more realistic computations of (1-f.) and

systems approaching plug flow.

The dispersion model with the estimated parameters was inverted to

These comparisons in tabular form for four evaluated test runs that

were especially good fits to the model are given in Appendix E for

illustration. A graphical display, comparing the observed data and

model predictions, is given in Figures 5 through 8.

There were six aqueous phase response pulse tests (run numbers

PW-3, PW-4, PW-6, PW-14, PW-22, and PW-24) in which adequate fitting

The reason may have been due toof the model was not obtained.

unusual topology of the response surface, <p', that could possibly be

overcome if an exhaustive range of initial parameter estimates were

istried.

considerably less than 1 for all of these pulse tests (see Table 6) .

It was previously stated that the best fits for the 19 other data sets

of the model.

(47) can be stated as

specific interfacial area than have been previously available, even for

and (1-f^), but

were withQ^/Q^ > 1.
ratio.Qb/Qa, is most likely the significant factor affecting the fitting 

The equations for the overall heights of a transfer unit

measure the active holdup as

The extraction factor mQB/QA> rather than the

predict in the time domain and compare it with the observed data.

However, it is hardly coincidental that the ratio Qfi/QA
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Table 6

mQB/QA
Test No.

.2316.1513.93PW-3

.262PW-4 13.92 6.95

.3486.159.28PW-6

.47512.60PW-14 13.93

.3555.387.95PW-22

.3485.02PW-24 7.58

Very-Difficult-To-Fit Pulse Tests 
and Their Operating Conditions

QB 
(cm/sec)

QA 
(cm/sec)
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(137)

and

(138)

One can see from Equations 137 and 138 that large values of the

(mQg/Q^) increase the significance of the aqueous phaseextraction factor

resistance and reduce the significance of the organic phase resistance.

can see a positive slope trend that is indicative of the behavior of

are negligible. The other 12 fits,
mostly at low values of extraction factor, show scatter for changes

The increased scatter at low

creasingly significant in the overall resistance to mass transfer for

small-extraction factors. An estimate of the individual resistances

can be obtained from the slope and intercept of Figure 9; the slope is

From Figure 9, the dispersed phase re

sistance, H. - .018 ft., and the continuous phase resistance, H‘A’B’
- .461 ft. for large extraction factors in the system studied. Usually

one.cannot separate the overall resistance into individual resistances

in solvent extraction by the above method, since the H 
j * i

versusoB
However, for purposesline tends to curve near the intercept.

with each other, the
The assumption of linearity may be more validtechnique is used here.

are so small.

in mQB/QA» and are not shown in Figure 9.

= ha + <Wb-

+ (h>Qb/QA)HA

values of extraction factor is an indication that Hg variability is in-

of comparing the relative values of H
-D

ha

Equation 137 if changes in H_B and H.A

and H.A

in this study also, since the values of HQg

versus mQg/QA for the seven best fits (Figure 9) one

= hbH „ oB

mQB/QA

If one plots.HQg

H . oA

and the intercept is H&.
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Figure 9 also shows, for comparative purposes, a plot of data from

Sherwood et al. (44). One can see, by comparing slopes, that Sherwood's

was in the same range as that

two lines representing the two data sets, it is concluded that their

in this investigation. The differences in the dispersed

phase resistance, H^, may be due to the fact that the packing used by

1/2 inch rings, compared with 3/8 inch rings used
in this study. Larger packing would tend to reduce the dispersed phase

holdup and interfacial area, thereby increasing dispersed phase re

sistance to mass transfer. Note also that Sherwood's data deviate

slightly less from the linear relationship diagrammed in Figure 9.

This does not necessarily indicate that his data are more accurate, but

it does imply that the variabilities of the individual resistances,

parison.with the data from the dynamic pulse tests analyzed in this

thesis.

Most previous investigators such as Treybal (48) and Sherwood and

Pigford (45) have recommended large values of extraction factor to in-

Thls recommendation is supported here,crease extraction efficiency.

since the 19 data sets show higher mass transfer coefficients for in

creasing values of the ratio Qg/Q^. Since the value of m ■ .525 for

the liquid system under study is relatively low, the importance of

It would be interesting to study other liquid systems withsystems.
maintaining high Qg/Q^ ratios may be more important here than for other

individual aqueous phase resistance, H^, 

obtained in this study, but by noting the contrasting intercepts of the

ha

average HB

Sherwood et al. was

individual dispersed phase resistance, was much larger than theB

and Hg, were less over the range .of his steady state studies in com-
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values of the distribution coefficient different than .525 to see if the

significance of the effect

is altered.

There is a possibility that the assumption of plug flow in the

sistance in the discontinuous phase caused by maintaining large ex

traction factors increases the applicability of the model. Additional
study in this area should clarify whether or not it is (1) a limitation

of the model or (2) bad data or (3) unusual response surface topology

< 1.

Packed Column—Organic Phase

Six organic phase data sets from pulse tests, whose aqueous re-

TheB
results are seen in Tables 5 and 6. A comparison of the aqueous phase

and organic phase data fits (comparing Tables 2 and 3 with Tables 7

and 8) indicate.that the organic phase fits were not as good as the

aqueous phase fits when one compares values of <t>’. One can also see

poor comparison between estimated parameter

values for the two phases. The mass transfer coefficients are smaller

and the Peclet numbers much smaller for the organic phase response
fits.

For additional comparison with data, the organic phase model

solution was inverted into the time domain, using the parameters de

termined in the aqueous phase data fit. Then the predicted concentra

tion versus time points computed from the model were superimposed upon

that there is generally a

or the sensitivity of the model to the ratio

and

that caused the difficulty in fitting the model for Qg/Q^

of QhJD

organic phase for a packed column is not valid when is significantly 

greater than Qg. One can also postulate that reduced mass transfer re-

were fitted to G (0,jw).sponse G^(l,jw) was previously evaluated,
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Table 7

mQB/QA

.800PM-10 15.15.00777 5.500 .300 4.193 9.94

.63116.90PM-11 .00250 0.323 .730 13.580 14.08

.578PM-16 .652 9.87 10.85.00486 7.678 5.518

.88112.80.646 7.63PM-20 .00196 0.213 7.220

.6409.908.12PM-21 8.385.00260 4.712 .702
1.03215.407.82PM-2 3 .501 8.047.01010 2.010

Packed Column Organic Phase Fitted 
Parameters and Operating Conditions

Test
No.

k
-1 sec

PeA 4>’ CIO4) 3QA 
(cm /sec)

fA 3Qb 
(cm /sec)
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Table 8

Packed Column Organic Phase Fitted Parameters

Test No.

20113117.727.592.522.23PM-10
692256.8118.508.780.641PM-11

1402888.8116.502.901.94PM-16
1163748.7116.608.490.663PM-20
1303767.5117.804.941.14PM-21
13027912.6112.701.982.84PM-23

(sec)
NB

(cmZ)
HoB 
(ft) 2(cm ) (sec)
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The results for a representative

organic phase data set are shown in Figure 10. One can see that a

cyclic pattern resembling an underdamped oscillation appears to be the

phase fit. The predicted and observed curves do generally agree near

The cyclic nature of the

difficult to observe with the existing experimental system, where finite

sample volumes were collected at time intervals and titrated. It would

be particularly difficult to monitor the initial portion of the organic

pulse curves by sample collection if the predicted large amplitudes

and high frequency cycles were truly characteristic of the system

during this period.

A least squares fit of the organic response, inverted into the time

domain, is shown in Figure 11. If one compares the inverted organic

response of the fitted model with the inverted organic response using

aqueous phase response parameters,

Peclet numbers of the fitted model alter the characteristic shape of
Thethe response curve, tending to produce a smoother pulse curve.

marked difference between fitted organic phase models and the inverted

organic response using aqueous phase response parameters was typical

for the other five organic phase pulse responses examined, also.

It should be noted that there was considerable uncertainty con

cerning when to terminate the tail of the organic phase pulse, since the

concentrations (measured by titrating) were not significantly greater

than the experimental error in the tailing portion of the data. One can

therefore not positively determine whether the organic phase model

equations, evaluated at the parameters obtained from least squares fits

predicted curve (if, perchance, it were the true response) would be most

the peak and .the tail of the observed curve.

the organic phase data pulse curve.

nature of the organic response model using parameters from the aqueous

one can observe that the lower
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dynamics, because of uncertainties in the measuring technique. Addi

tional testing, using a method of continuously recording the organic

phase acid concentration, would be needed to clarify the above points

and to obtain more definite conclusions concerning the modeling of the

organic phase response.

Spray Column—Aqueous Phase

Five representative data sets were fitted to the aqueous phase

transfer function equation giving G (l,jw) for the spray tower opera

tion.

A comparison with packed column parameters (Tables 2 and 3)values.

is given below.

The Peclet numbers for the five representative spray column pulse

tests range from 1.5 to 8.5, very much smaller in value than those

estimated for the packed column, indicating much more axial dispersion

These results agreed with the previously-reportedin the spray column.

observation (4,17) that axial dispersion is excessive in

and is one of the major reasons that industrial use of the spray column

in extractive systems has been limited in recent years. However, the

spray column still has economic advantages for dirty liquids (or those

containing dispersed solids), and when extraction efficiency is not

too important.

The spray column mass transfer coefficients are much smaller than

in the spray tower operation (except for run SW-17, discussed

below). These coefficients are not small because of the lower Peclet

a spray column,

of aqueous phase data, are representative of the dispersed phase

those for the packed column operation, ranging from .00046 to .0056 
sec 1

AN
See Tables 9 and 10 for representative spray column parameter
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Table 9

16.67 .6011.4889 14.55SW-9 .850.000458 6.94
.71817.9813.131.6932SW-7 .927.00565 1.69
.62016.8SW-23 14.25.978 2.1172.00257 4.64
.66012.19.6SW-14 .9365.922.000654 1.51
.39210.5514.1.607 .00148SW-17 .0000463 8.52

Spray Column Aqueous Phase.Fitted 
Parameters and Operating Conditions

Test
No.

k
-1 sec-

*'(io4)PeA 3QA 
(cm /sec)

fA 3QB 
(cm /sec)

mVQA
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Table 10

Spray Column Aqueous Phase Fitted Parameters

SW-7 312.460 42.4 3.2 5522.29
SW-9 457 706.80.216 26.2 38.8
SW-14 750 513.642.00.423 13.3

200SW-17 33717.927.70.035 159.0
536 10SW-23 1.03.66 44.61.54

Test
No.

hA
2 (cm )

NB x (cm )
HoB 
(ft)

% 
(sec)

9A 
(sec)
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numbers of the spray.tower, since, at least in theory, the coefficients

their determination. Rather, the low values of the mass transfer co

efficients reported in.Table 9 are probably due to inadequate inter

facial area available for mass transfer, as indicated by low values of

organic phase holdup, h , or high values of f and resultant lowB A
organic phase residence time 6. The fractional organic holdup

for spray column test SW-9, both having comparable volumetric phase

flow rates; similarly, (1-f.) - .437 for PW-16 and (1-f.) = .078 forA'

One should keep in mind that the rate of mass transfer is much

the drop formation characteristics in a spray tower

For a packed column, the packingoperation than for a packed column.

of the dispersed phase. Burge (4) discussed the drop formation

range of flow rates between 10 to 12 cm /sec., the discontinuous phase

spray tower is in a transition state from unhindered upward

droplet movement to

the drops. This transition results in marked changes in the axial

dispersion characteristics of the phases. Since the volumetric flow

rate of the organic phase in run SW-17 is in the range of this

') and low f (.607) were due to inter-A
instability caused by transition of the droplet formation

— —■‘"A*

SW-14, again at comparable phase flow rates.

spray tower operation, and noted that, in the
3. ....

characteristics of a

facial area

a state of continuous collision and coalescing of

more dependent on

of a

transition state, one

B‘

(1-f^) > for example, .is .363 for packed column test PW-11 and .150

might conclude that the very low mass transfer 

coefficient (.000046 sec.

are corrected for dispersion effects by use of the dispersion model in

characteristics are more important than the drop size characteristics
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to a new type of discontinuous phase flow pattern, and hence is not

characteristic of general spray tower operations outside of the transi

tion range.



CHAPTER IX

RECOMMENDATIONS

Based on the previously-discussed data analysis, additional study

to clarify the aqueous phase model's applicability with regard to the

extraction factor should be explored further. A good area of research

would be to test the model for systems having comparatively large

extraction factors, in addition to a large distribution factor, m, but

Such exploratory study should confirm whether or not< 1.

the organic phase's resistance to mass transfer, as concluded in

Chapter VIII. If this tentative conclusion is proved invalid by

further testing, then the assumption of plug flow in the discontinuous

1 is suspect, and the dispersive mechanism should be

Experimental comparisons

methods and by parameter estimations using the dispersion model, would

also be

It was reported in Chapter VIII that the dispersion model, when

used to derive the discontinuous (organic) phase transfer function,

predicts a time domain response whose shape is highly variable, de

Attempts should be made to developpending on the degree of dispersion.

(in place of the conventional averaged concentration measurements

96

a nearly instantaneous concentration measurement for the organic phase

a good subject for future investigations.

with qb/qa

the model's performance is dependent on the relative significance of

phase for Qfi/QA

used to describe discontinuous phase mixing.

of the interfacial area per unit volume as determined by conventional
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obtained using analysis of intermittent samples) to determine whether

the previously-described cyclic response actually occurs in an ex

traction column.

Studies of the model using optimum-seeking algorithms to find the

best combination of transfer coefficients, phase holdups, Peclet

numbers and phase rates (not all independent, of course) to achieve

maximum yield in the extract phase at minimum cost would be a useful

purpose for the model that was developed in this study.

Frequency domain modeling of the general unsteady state model

derived in Chapter III would also be an area of commendable and

worthwhile study, if the mathematical techniques needed to obtain the

frequency domain solution can be developed.
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TABLE OF NOMENCLATURE

a

Complex variable defined in Equation 20al

Complex variable defined in Equation 21a2

Coefficient defined in Equation 79

Coefficient defined in Equation 73
A

Si
b'

Real coefficients shown in Equation 44

Dimensionless concentration of aqueous phase

Concentration of the aqueous phase, M/L
3Equilibrium concentration of organic phase, M/L

102

Specific interfacial area per unit of active 
extractive volume, 1/L

Constant in parabolic line segment equation used to 
approximate F(jw)

Constant in parabolic line segment equation used to 
approximate f(t)

Complex coefficients of the frequency domain solution 
to the third degree characteristic equation, 
Equation 28

Dimensionless concentration of organic phase
3

Bl’ B2>

—A

V
A2s

CA

Al

CB

AnIs

Al’ A2’ A3

’ A2s , A-> 3s

B3

C1

Coefficients of the Laplace domain solution to the 
third degree characteristic equation, Equation 28

Steady state coefficients of the frequency domain 
solution to the steady state characteristic equation, 
Equation 39

Constant in parabolic line segment equation used to 
approximate time functions

Constant in parabolic line segment equation used to 
approximate F(jw)

through C?
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aqueous

3

C

3Reference concentration, M/L

d Coefficient in Equation 29

Steady state coefficient in Equation 39

Dispersed phase drop diameter, L

Real part of coefficient d defined in Equation 29

Imaginary part of coefficient d defined in Equation 29

Dispersion coefficient of organic phase, L /T

Coefficients in Equation 45

Constant in parabolic line segment equation used to 
approximate F(jw)

Laplace transform with respect to time and 2 of the 
aqueous phase concentration variable, M/L

d s

Constant in parabolic line segment equation used to 
approximate f(t)

Dispersion coefficient of aqueous phase, L /I 
... . . . . . 2

Concentration'of aqueous phase, deviation from steady 
Qstate, M/L

Concentration of organic phase, deviation from steady 
state, M/LJ

<A

CB

c;

CA

da

CB

DB

dP
dR

dFC

Cref

dI

through D^

C. in

D1

Laplace transform with respect to time of the organic
3

phase concentration'variable, M/L

Laplace transform with respect to time of the
3

phase concentration variable, M/L

Minimum critical packing size defined in Equation 85, L
. 2

Laplace transform with respect to time of the aqueous 3 feed concentration, M/L

Laplace transform with respect to time and Z of the 
3 organic phase concentration variable, M/L
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Coefficient defined in Equation 30e

Steady state coefficient in Equation 39

E(jw)

f Coefficient defined in Equation 31

F(q) Function defined in Equation 28

F*(q)

m m

for finding roots

Quadratic function defined in Equation 43

Fourth degree function defined in Equation 45

Sixth degree function defined in Equation 44

Fourier transform of f(t)

g

F(m

F(m
F(m

Function formed by replacing all the coefficients of 
F(q) with' their conjugates

Error between observed and predicted time 
function, yQ(t) - yp(t)

Fourier' transform of e(t)

e^ 

e(t)

F/q)

F6(q)

F(jw)

(o)^

(1>)
(2))

CQ(jw)

Fractional aqueous holdup = h^/Se (dimensionless)

Time function in Fourier transform operations

GAN

ga Aqueous phase concentration transfer function, equal
to CA(l,jw)/Cin(0,jw)

Organic phase concentration transfer function, equal

to CR(0,jw)/C. (0,jw)

Normalized aqueous phase concentration transfer function, 
equal to [CA(1,jw)/CA(l,0)]/[C±n(0,jw)/Cin(0,0) ]

Normalized organic phase concentration transfer function,
equal to [C (0,jw)/C (0,0)]/[C (0,jw)/C (0,0)] r? d in ui

Frequency response function computed from a dynamic test, 
equal to Yo(jw)/XQ(jw)

GB

fA 
f(t)

gbn

2 Acceleration due to gravity, L/T

Calculated values of left side of Equation 28 
for trial roots m^\ m^ in Muller method
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2

Holdup of organic phase per unit length of column, L'

H Real coefficient in Equation 43

i Counting integer

I(w) Imaginary part of Fourier transform

Imaginary part of Y (jw)

P

Real coefficient in Equation 43J

Overall mass transfer coefficient, equal to K^a.l/Tk

L Length of column, L

Measured conductance, mhos

Cell constant for electrical conductivity cell used 
in dynamic testing, 1/L

Cell constant for Leeds and Northrup standard 
electrical conductivity cell, 1/L

Individual height of a transfer unit, based on 
dispersed (organic) phase, L

Measured conductance of experimentally determined 
conductivity cell, mhos

K cs

L c
L s Specific conductance of solution being measured, 

mhos/L

Overall mass transfer coefficient based on organic 
phase, L/T

Individual height of a transfer unit, based on 
continuous (aqueous) phase, L

HA

Gp(jw)

Io(u)

!p(W)

kb

hA

HoB

K c cf

Lcf

HB

hB

Overall height of a transfer unit based on dispersed 
(organic) phase, L

o " ’ 

Imaginary part of Y (jw) 
(-1)1/2

Frequency response function predicted from a model 
solution, equal to Yp(jw)/X(jw)

Holdup of aqueous phase per unit length of column, L
2
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Slope of equilibrium linem

Real parts of m^, m^, m^, respectively

Imaginary parts of m^, m^, m^, respectively

Trial roots in Muller method for finding roots

M Transducer millivolt output signal

Number of data pointsn

Number of organic phase transfer units, kSeL/Q.B

Pl’ p2’.p3’ p4

4

Steady state frequency domain roots of the third 

degree steady state characteristic equation, 
Equation 39

"r1
"r2
“R3

Laplace domain roots of the third degree characteristic 
equation defined in Equation 28

Frequency domain roots of the third degree 
characteristic'equation defined in Equation 28

Measured conductance of standard electrical 
conductivity cell, mhos

L cs

PeB

Coefficients of the Laplace domain solution to the fourth 
degree equation, Equation 19

Laplace domain roots of the fourth degree characteristic 
equation defined in Equation 19

m2*

Dimensionless aqueous phase Peclet number, equal to 
LQA/DAhA
Dimensionless organic phase Peclet number, equal to 
L(’B/DBhB

“1> ™3m2>

m3

NB

na

PeA

“is
“2s
m3s

“ll 
mI2 
"13
“v

P3« P

m(0), 
m<2>

p p1’ 2*

JD m , 
m(3) m

Number of aqueous phase transfer units, kSeL/Q^ 
(dimensionless)
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q

3

Volumetric flow rate of organic phase, L /I

Coefficients in Equation 46rl’ r2

R(q) Remainder factor defined in Equation 46

Series resistance in electrical conductivity transducer

, ohms

R(w) Real part of Fourier transform

Difference between

s

S

t Time, T

Time point between parabolic line segments

Parameter of example model in Chapter VIIu

Initial estimate of parameter uuq

Corrected parameter estimate given by Equation 112U1

Ui Parameter defined in Equation 103

Parameter of example model in Chapter VIIv

Initial estimate of parameter v

Corrected parameter estimate given by Equation 113

Parameter defined in Equation 104

Radian frequency, radians per unit timew

R s

V o

Independent variable of the Laplace transform with 
respect to Z, 1/L

%

Step function occurring at time T^

yoi
Real part of YQ(jw)

Rp(w)

“(t-Tp

Real part of Y^Cjw)

Independent variable of the Laplace transform with 
respect to time, 1/T

and y .poi

Reciprocal ofR c cf

V1

Ri

Ro(w)

Ti

Vi

2Cross-sectional area of column, L

Volumetric flow rate of aqueous phase, L/T
.......... - 3,_
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Frequency point at intersection of parabolic line segments

Length coordinate, Lx

X(jw) Fourier transform of- arbitrary forcing function

Fourier transform of observed input response

Observed time domain response at data point 1yoi

yo(t) Observed time domain response

Predicted time domain response

Greek Letters
and MCoefficients in polynomial used to correlate L‘cf'5

Al

AR

Au

Correction for new estimate of vAv

in density of aqueous phaseAp

e

o

Absolute value of diff< 
and organic phase, M/L

grence

I (w) - I (w) o p
R (w) - R (w) o p
Correction for new estimate of u

*
*0

*1

Fourier transform of yQ(t)

through a

XQ(jw)

yp(t)

Yo(jw)

Yp(jw)

Z

Fourier transform of yp(t)

Dimensionless length’variable, X/L

ypi

W.
1

ypoi

Fractional void volume = 1 for spray column and < 1 
for packed column (dimensionless)
Sum of’ squared error
Initial sum of squared error
Sum of squared error after correction of parameter estimates
Integral square error

2
Interfacial tension shown in Equation 85, M/T
Aqueous phase residence time, h^L/Q^
Organic phase residence time, h^L/Q^

0A 
%

Predicted time domain response for data point i, defined 
in Equation 106

Predicted time domain response for data point i, defined 
in Equation 105
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APPENDIX A

DETERMINATION OF DISTRIBUTION COEFFICIENT
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The distribution coefficient, m, was computed from the data shown

in Table Al.

Table Al

Equilibrium Data From Scheibel and Karr (42)

Methyl Isobutyl Ketone — Acetic Acid — Water

28°C

A linear least squares fit of the above data yields:

C* - -0.00663 + .525 C

with Standard Error of Estimate = .00236 g. mole/liter

Correlation Coefficient = .9999

.482

.733

g. mole/liter

.1569

.233

g. mole/liter

.0772

.1155

.244

.380
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A comparison of the predicted and observed equilibrium organic

phase concentrations is tabulated in Table A2 below.

Table A2

Observed

C*, g. Mole/liter

.1569 .0758.0772

.233 .1157.1155

.482

.733

Although the above correlation used data at 28°C, Justice (26)

found that the temperature sensitivity of the distribution coefficient,

m, for the methyl isobutyl ketone — acetic acid — water system is

invetigation.

Comparison of Observed and Predicted 
Equilibrium Organic Phase Concentrations

.244

.380

Predicted
C*, g. mole/liter

.247

.378

£a, g. mole/liter

minimal over the range of temperature that is applicable to this
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APPENDIX B

TRANSDUCER CALIBRATIONS
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and conductivity cell

in the pulse tests.

versus millivolt output M from the transducers was made with the fitted

polynomials ranging in degree from 2 to 8. Consequently, it was

decided that

accurately for the range used in the experimentation.

The polynomial used in fitting the data was:

(139)
31

The six estimated coefficients for each of the transducers used

and the pulse tests for which the correlations are applicable are listed

below.

“4m4

a fifth degree polynomial fit reproduced the data very

3 
+ a,M +

(io4)

As discussed in Chapter IV and illustrated in Figure 4, a non-

+ a5M5

linear relationship between cell conductance L , cf
transducer millivolt output existed for the range of concentrations

A series of polynomial least squares fits of

(104)L_f " “o + “1M + “2^
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#5 Transducer — Spray Column Tests

Correlation Coefficient ■» .99990
Standard Error of Estimate

SW-24 to SW-27

= + .73280(10 )

= + .128180

- .15957(10 )

+ .14217(10 )=

.62257(10 )

= + .10407(10 )

Spray Column Pulse Tests:

SW-1 to SW-11

a o

“4

.82298(1O-3) mhos(104)

a3

“5

“2

“1
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#6 Transducer — Spray Column Tests

,4.-3.

SW-28 to SW-36

= + .81292(10 )

= + .10313

- .11113(10 )

= + .89663(10

+ .56794(10

a o

Correlation Coefficient = .99995 
-3 4Standard Error of Estimate = .53256(10 ) mhos (10 )

Spray Column Pulse Tests:
SW-12 to SW-23

“4

a2

- .36323(10 )
F6)

“3

“1

“5
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#6 Transducer — Packed Column Tests

Correlation Coefficient = .99993

Packed Column Pulse Tests:

PW-1 to PW-23

= + .78855(10

)= + .94665(10

a o

“5

- .10093(10 1)

-3 4Standard Error of Estimate = .54906(10 ) mhos(10 )

“4

“3

“1

“2

= + .81953(10 )

= t .33556Q0-4)

= + ,53146(10-6)
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#7 Transducer — Packed Column Tests

Correlation Coefficient = .99991

PW-24 , PW-25

= + .77602(10 )

)= + .88551(10

.94452(10 )

= + .75527(10

)

a o

°)
4,

a4

“3

-3 4Standard Error of Estimate = .57487(10 ) mhos(10 )
Packed Column Pulse Tests:

“5

“2
“1

= - .29826(10 )
= + .44895(1O-6
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APPENDIX C

SAMPLE PULSE TEST RESPONSE DATA
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I DENTIFICATI ON Pi-I-10

INPUT DATA

POINTS 31
0.0
0 .69999998E-03
0.20999998E-01

242.00000

0.0
0.23480708D-04 
0.258570510-04 
0.391065110-04 
0.75699936D-04 
0.138581850-03 
0.214435380-03 
0.341763950-03 
O.45231497D-03 
0.54279249D-03 
0.58218697D-03 
0.607004850-03 
0.623979840-03 
0.63099386D-03 
0.630993860-03 
0.621977500-03 
0.608000670-03 
0.58317650D-03 
0.544754320-03 
0.489131550-03 
0.428181140-03 
0.322666020-03 
O.239484510-03 
0.179831140-03 
O.133479440-03 
0.107069570-03 
0.87559660O-U4 
0.63718864D-04 
U.4499389o0-04 
0.283283300-04 
0.0

0.0
12.000000
24.000000
36.000000
60.000000
84.000000
108.0000U
144.00000
180.00000
216.00000
240.00000
264.00000
288.00000
312.00000
336.00000
360.00000
384.00000
408.00000
456.00000
516.00000
576.00000
696.00000
816.00000
936.00000
1056.0000
1176.0000
1296.0000
1536.0000
1776.0000
2016.0000
2256.0000

NUi-iP-ER OF TIME
INITIAL FREQUENCY 
FREQUENCY INCREMENT 
FINAL FREQUENCY 
DEAD TIME

C&, g. moles/liter 
PULSE URO INaTES

t, sec.
TI HE
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I DEr: T I F I C ATI ON PW-12

INPUT DATA

25
0.0
0.10700000E-02
0.31999998E-01
119.00000

0.0
0.11165703D-03 
0.144856570-03 
0.254679010-03 
0.52710134D-03 
0.89520961D-03 
0.121191310-02 
0.14408522D-02 
0. 15820577D-02 
0.161860530-02 
0.164001850-02 
0.164614850-02 
0.164001850-02 
0.16277726D-02 
0.159726180-02 
0.15035740D-02 
0.14319359D-02 
0.124685140-02 
0.10430261D-02 
0.895209610-03 
0.79514598D-03 
0.679620540-03 
0.45031914D-03 
0.221586040-03 
0.0

0.0
24.000000
48.000000
72.000000
96.000000
120.00000
144.00000
168.00000
192.00000
204.00000
216.00000
228.00000
240.00000
252.00000
264.00000
288.00000
312.00000
360.00000
420.00000
480.00000
540.00000
600.00000
720.00000
840.00000
912.00000

NUi-iRER OF TIi-iE POIimTS 
INITIAL FREQUENCY 
FREQUENCY INCREMENT 
FINAL FREQUENCY 
DEAD TIME

t, sec.
TI ME

C^, g. moles/liter
PULSE ORDINATES
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IDENTIFICATION PW-16

INPUT DATA

0.0
0.78519792D-04 
0.17630379D-03 
0.31839381D-03 
0.512638830-03
0.637424180-03 
0.862182580-03 
0.10058568D-02 
0. 109315800-02
0.111856710-02 
0.110583710-02 
0.108052950-02 
0.103053920—02
0.986265480-03 
0.850539890-03 
0.71435049D-03 
0.519035850-03
0.36027771D-03 
0.22580006D-03 
0.115130900-03 
0.634131570-04
0.430018260-04 
0.32262746D-04 
0.311470500-04 
0.0

25
0.0
0.73999981E-03
0.22200000E-01
224.00000

0.0 
30.000000 
54.000000 
78.000000 
102.00000 
126.00000 
174.00000 
210.00000 
234.00000 
258.00000 
282.00000 
306.00000 
330.00000 
354.00000 
414.00000 
474.00000 
594.00000 
714.00000 
834.00000 
954.00000 
1074.0000 
1194.0000 
1314.0000 
1554.0000 
1794.0000

NUMBER OF TIME POINTS 
INITIAL FREQUENCY 
FREQUENCY INCREMENT 
FINAL FREQUENCY 
DEAD TIME

t, sec.
TIME

C^, g. moles/liter
PULSE ORDINATES
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PW-20IDENTIFICATION

INPUT DATA

POINTS

sec.

0.0
24.000000
48.000000
84.000000
132.00000
192.00000
252.00000
312.00000
348.00000
384.00000
420.00000
456.00000
492.00000
528.00000
564.00000
624.00000
684.00000
804.00000
924.00000
1044.0000
1224.0000
1404.0000
1584.0000
1824.0000
2064.0000
2304.0000
3012.0000

27
0.0
0.47999993E-03
0.14399998E-01
253.00000

0.00.17544735D-04 
0.19970859D-04 
0.34015437D-04 
0.80964004D-04 
0.1731766 ID-03 
0.25934470D-03 
0.33898349D-03 
0.36929338D-03 
0.38716709D-03 
0.39253570D-03 
0.397907340-03 
0.39253570D-03 
0.387167O9D-O3 
0.38001337D-03 
0.35858434D-03 
0.32653171D-03 
0.26461505D-03 
0.21923269D-03 
0.18666768D-03 
0.12745311D-03 
0.90959205D-04 
0.75410135D-04 
0.56996374D-04 
0.47286230D-04 
0.41556879D-04
0.0

t,
TI ME

NUMBER OF TIME 
INITIAL FREQUENCY 
FREQUENCY INCREMENT 
FINAL FREQUENCY 
DEAD TIME

C&, g- moles/liter
PULSE ORDINATES
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APPENDIX D

FOURIER TRANSFORMATION SAMPLE DATA
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I DEPTIFICATI UN PW-10

0.44559881AREA UNDER PULSE =

PHASE ANGLE
(DEG)

RADIAN 
FREQUENCY

TRANSFORM
MAGNITUDE

PHASE ANGLE LESS DEAD 
TIME (DEG)

t'ORPALIZED
hAGMTUDc

0.44559881 
0.42550110 
0.37291058 
0.30809526 
0.25433367 
0.22156389 
0.19931357 
0.17420662 
0.14526304 
0.12044459 
0.10447769 
0.92784818D-01 
0.79963504D-01 
0.67148309D-01
0.58390654D-01 
0.533001520-01 
0.47838059D-01 
0.40812233D-01 
0.34672418D-01 
0.31090515D-01 
0.28363294D-01 
0.24817223D-01 
0.21277762D-01 
0.19103545D-01 
0.176861330-01 
0.15795463D-01 
0.13682991D-01 
0.12278938D-01 
0•11344497D—01 
0.999261600-02
0.831413450-02

l.OOOOuOO 
0.95489731 
0.83687pl« 
0.69141850 
0.57076629 
0.49722730 
0.44729376 
0.39094948
0.32599513 
0.27029628 
0.23446?63 
0.20622301 
0.17945179 
0.15069230
0.13103662 
0.11961467
0.10735679 
0.9156Q637u-<>l 
0.778106400-01 
0.697724370-01 
0.636520860-01 
0.556940950-01
0.4775O941U-01 
0.42b71624b-Ol 
0.396907090-01 
O.35447724D-O1 
0.307069740-01 
n.27556u39d-01
0.2545:’9920-01 
0.27425141D-O1 
0.1865''3410-01

0.0 
-34.739227 
-67.336853 
-95.641357 
-118.76579 
-139.38919 
-161.39902 
-184.81674 
-206.76035 
-225.16721 
-241.86075 
-260.04395 
-279.00610 
-295.66040 
-309.73364 
-325.09766 
-343.04126 
-360.36084 
-374.34473 
-387.34424 
-402.85815 
-419.19458 
-432.89648 
-444.93237 
-459.30444 
-475.34912
-489.44092 
-501.76978 
-516.45386 
-533.23535 
-547.37207

0.0 
-25.033325 
-47.925049 
-66.523651 
-79.942184 
-90.859680 
-103.16364 
-116.87544 
-129.11313 
-137.81412 
-144.80174 
-153.27921 
-162.53535 
-169.48390 
-173.85109
-179.50919 
-187.74704 
-195.36049 
-199.63864 
-202.93216 
-208.74031 
-215.37076 
-219.36664 
-221.69676 
-226.36281 
-232.70158 
-237.08757 
-239.71042 
-244.68874
-251.76436 
-256.19507

0.0
0.69999998D-03 
0.14000000D-02 
0.20999999D-02 
0.27999999D-02 
0.34999999D-02 
0.41999999D-02 
0.489999980-02 
0.55999998D-02 
0.629999980-02 
0.69999998D-02 
0.76999997D-02 
0.83999997D-02 
0.90999997D-02 
0.97999997D-02 
0. 10500000D-01 
0.11200000D-01 
0. 11900000D-01 
0.12600000D-01 
0.13300000D-01 
0.14000000D-01 
0. 14699999D-01 
0.15399999D-01 
0. 16099999D—01 
0.167999990-01 
0. 17499999D-01 
0.181999990-01 
0. 18899999D—01 
0.195999990-01 
0.202999990-01 
0.20999999D-01
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I DENTIFICATI ON PW-12

0.72243856AREA UNDER PULSE =

RADIAN 
FREQUENCY

0.72243856 
0.70668252 
0.66109504 
0.59055034 
0.50265579 
0.40712758 
0.31519481 
0.23902336 
0.18958263 
0.16907675 
0.16519449 
0.16229058 
0.15228733 
0.13428994 
0.11153235 
0.89284492D-01
0.73066701D-01 
0.65486244D-01 
0.63489140D-01 
0.61620157D-01 
0.566120540-01 
0.48030280D-01 
0.37374226D-01 
0.27469202D-01 
0.219712060-01 
0.22207292D-01 
0.24549616D-01 
0.25547865D-01 
0.24095966D-01 0.20484316D-01 
0.15763632D-01

TRANSFORM
MAGNITUDE

PHASE ANGLE 
(DEG)

PHASE ANGLE 
LESS DEAD 
TIME (DEG)

NORMALIZED 
MAGNITUDE

0.0 
-30.572586 
-60.837875 
-90.423096 
-118.80009 
-145.14111 
-168.11610 
-185.89561 
-197.65166 
-207.08212 
-220.14908 
-238.21991 
-259.33643 
-281.17310 
-301.52466 
-318.17432 
-329.94214 
-339.57813 
-352.41870 
-370.20142 
-391.21826 
-412.92358 
-432.22583 
—444.63184 
-447.04321 
-449.46143 
-462.38843 
-483.01318 
-506.80615 
-530.47876 
-550.48193

0.0
—23.277130 
-46.246948 
-68.536697 

--89.618225 
-108.66377 
-124.34328 
-134.82732 
-139.28792 
-141.42293 
-147.19441 
-157.96973
-171.79097 
-186.33202 
-199.38815 
-208.74239 
-213.21474
-215.55522 
-221.10025 
-231.58751 
-245,30890 
-259.71875 
-271.72559
-276.83618 
-271.95215 
-267.07471

- -272.70630 
-286.03564 
-302.53296 -318.91016 
-331.61792

0.0
0.10700000D-02 
0.21400000D-02 
0.32100000D-02 
0.428000000-02 
0.535000000-02 
0.64200000D-02 
0.74900000D-02 
0.8 56000000-02 
0.963000000-02 
0.10700000D-01 
0. 11770000D-01 
0.12840000D-01 
0. 13910000D-01 
0.14980000D-01 
0. 16050000D—01 
0.17120000D-01 
0.18190000D—01 
0.19260000D-01 
0.2O33OOOOD-O1 
0.21400000D-01 
0.224700000-01 
0.23540000D-01 
0.246100000-01 
0.2 5680000D-01 
0.26750000D-01 
0.278200000-01 
0.288900000-01 
0.299600000-01 
0.31030000D-01 
O.321OOOOOD-O1

1.0000000
0.97819047
0.91508824
0.81744023
0.69577652
0.56354630
0.43629289
0.33085632
0.26242041
0.23403617
0.22866233
0.22464275
0.21079624
0.18588424
0.15438316
0.12358766
0.10113898
0.90646108D-01
0.878817150-01
0.852946670-01
0.783624480-01
0.66483550D-01
0.517334320-01
0.38022890D-01
0.304125600-01
0.307393510-01
0.33981597D-01
0.353633740-01
0.333536550-01
0.283544050-01
O.2182OO31D-O1
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IDENTIFICATION pw-r*

0.57359156AREA UNDER PULSE =

RADIAN 
FREQUENCY

0.57359156 
0.56073912 
0.52544321 
0.47623473 
0.42338620 
0.37425673 
0.33030390 
0.28859428 
0.24660986 
0.20582097 
0.1713 1005 
0.14758257 
0.13361226 
0.12357111 
0.11280234
0.10086763 
0.898546250-01 
0.810923780—01 
0.735828540-01 
0.655 116120-01 
0.563963480-01 
0.474298320-01 
0.401694180-01
0.349490190-01 
0.30 7893490-01 
0.26842821D—01 
0.231900560-01 
0.202005830-01 
0.17663051D—01 
0.14987468D-01 
0.120875570-01

TRANSFORM
MAGNITUDE

PHASE ANGLE 
(OEG)

PHASE ANGLE
LESS DEAD
TIME (OEG)

NORMALIZED 
MAGNITUDE

1.0000000 
0.97759304 
0.91605813 
0.83026802 
0.73813185 
0.65247950 
0.57585209 
0.50313551 
0.42993984 
0.35882846
0.29866208 
0.25729558 
0.23293973 
0.21543398 
0.19665969 
0.17585271
0. 15665263 
0.14137652 
0.12828441 
0.11421300 
0.983214410-01 
0.826892080-01
0.700313970-01 
0.60930148D-C1 
0. 536781 77D-01 
0.46797796D-01 
0.404295620-01 
0.352 17714D-01
0.307937780-01 
0.261291640-01 
0.210734580-01

0.0 
-19.041763 
-37.287064 
-54.077286 
-69.116043 
-82.681839 
-95.467194 
-107.92314 
-119.68974 
-129.65167 
-136.72757 
-141.34926 
-145.90327 
-152.23265 
-159.90102 
-167.41925 
-173.98657 
-180.27873 
-187.48833 
-195.68153 
-203.60146 
-209.72229 
-213.67743 
-216.88045 
-220.76334 
-225.00903
-228.54187 
-231.48482 
-235.11620 
-239.43489 
-241.85910

0.0 
-28.539093 
-56.281754 
-82.569305 
-107.10542 
-130.16856 
-152.45126 
-174.40454 
-195.66849 
-215.12776 
-231.70102 
-245.82005 
-259.87134 
-275.69800 
-292.86377 
-309.87939 
-325.94385 
-341.73340 
-358.44043 
-376.13086 
-393.54834 
-409.16650 
—422.61890 
-435.31934 
-448.69946
-462.44263 
-475.47266 
-487.91309 
-501.04175 
-514.85767 
-526.77930

0.0
0.7399998 ID-03 
0.14799996D—02 
0.22199994D—02 
0.295999930-02 
0.3699999 ID—02 
0.44399989D-02 
0.51799987D—02 
0.591999850—02 
0.665999830-02 
0.73999981D—02 
0.813999800-02 
0.887999780-02 
0. 961999760-02 
0. 103599970—Cl 
0. 11099997D—01 
0.118399970-01 
0. 12579997D-01 
0. 13 319 99 70—01 
0. 140599960-01 
0. 147999960-01 
0.155399960-01 
0. 162799960-01 
0.170199960-01 
0.17759996D—01 
0.184999950-01 
0.192399950-01 
0. 199799950-01 
0.207199950-01 
0.2 1459995D—01 
0. 22199994D—01
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PW-20IDENTIFICATI ON

0.38949017AREA UNDER PULSE =

RADIAN 
FREQUENCY

TRANSFORM
MAGNITUDE

PHASE ANGLE 
(DEG)

NORMALIZED
MAGNITUDE

0.38949017 
0.37342407 
0.33041413 
0.27469618 
0.22489212 
0.19383407 
0.17773682 
0.16278332 
0.14139635 
0.11640635 
0.95703655D-01 
0.83607920D-01 
0•7615808 ID—01 
0.67688699D-01 
0.57599745D-01 
0.49229500D-01 
0.44689797D-01 
0.41945006D-01 
0.38300287D-01 
0.33676037D-01 
0.29600223D-01 
0.26573764D-01 
0•2343201ID—01 
0.19314980D—01
0.1496316 ID-01 
0.12021233D-01 
0.10882352D-01 
0.10150098D-01 
0.91256525D-02 
0.84706581D-02 
0.85932861D-02

PHASE ANGLE 
LESS DEAD 
TIME (DEG)

1.0000000 
0.95875094 
0.84832469 
0.70527114 
0.57740128 
0.49766102 
0.45633197 
0.41793949 
0.36302931 
0.29886851 
0.24571520 
0.21465990 
0.19553274 
0.17378795 
0.14788498 
0.12639472 
0.11473922 
0.10769208 
0.98334414D-01 
0.86461840D-01 
0.75997355D-01 
0.682270460-01 
0.601607240-01 
0.49590416D-01 
0.38417301D-01 
0.30864021D-01 
0.27939992D-01 
0.26059960D-01 
0.23429738D-01 
0.21748066D-01 
0.22062909D-01

0.0
-24.463028
-47.148926
-66.083115
-79.770721
-89.629211

- -100.18855
-113.58527
-127.91371
-139.91353
-147.58284
-153.10257
-160.61192
-170.14001
-178.48584
-183.47858
-187.41757
-194.03503
-202.90361
-211.25758
-218.01324
-225.20906
-234.50467
-243.97180
-249.17920
-247.65694
-245.34221
-247.17961
-249.20242
-248.30904
-249.36356

0.0 
0.47999993D-03 
0 .95999986D—03 
0. 14399998D-02 
0.19199997D-02 
0.23999996D-02 
0.28799996D-02 
0.33599995D-02 
0.38399994D-02 
0.43199994D-02 
0.47999993D-02 
0.52799992D—02 
0.57599992D-02 
0.62399991D-02 
0.67199990D-02 
0.71999989D-02 
0.76799989D-02 
0.81599988D-02 
0.86399987D-02 
0.91199987D-02 
0.95999986D-02 
0.10079999D-01 
0.105599980-01 
0.11039998D—01 
0.11519998D-01 
0.11999998D—01 
0.12479998D-01 
0. 12959998D-01 
0.13439998D-01 
0. 139199980—01 
0.14399998D-01

0.0 
-31.421021 
-61.064911 
-86.957108 
-107.60271 
-124.41919 
-141.93654 
-162.29124 
-183.57768 
-202.53548 
-217.16280 
-229.64052 
-244.10786 
-260.59375 
-275.89771 
-287.84839 
-298.74536 
-312.32080 
-328.14746 
-343.45947 
-357.17310 
-371.32690 
-387.58057 
—404.00562 
-416.17114 
-421.60669
-426.25000 
-435.04541 
-444.02612 
-450.09082 
-458.10327
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APPENDIX E

TIME DOMAIN COMPARISON OF

SAMPLE DATA AND MODEL PREDICTIONS
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IDENTIFICATION PW-10

t, sec.

TIME

DATA
POINT
INDEX

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

g. mole«/lit«r
DATA 

IMPULSE KESP.

g. aoles/liter
CALCULATED Impulse resp.

o.o
12.000000
24.000000 
36.000000 
60.000000
84.000000
108.00000
144.00000
180.00000
216.00000
240.00000
264.00000 
288.00000 
312.00000
336.00000
360.00000
384.00000
408.00000 
456.00000 
516.00000
576.00000
696.00000
816.00000
936.00000 
1056.0000 
1176.0000
1296.0000
1536.0000
1776.0000
2016.0000 
2256.0000

0.0
0.23480708D-04 
0.25857051D-04 
0.391065110-04 
0.756999360-04 
0.138581850-03 
0.21443538D-03 
0.341763950-03 
0.45231497D-03 
0.5 4 2 79 2 4 90 -03 
0.582186970-03 
0.607004850-03 
0.62397984D-03 
0.630993860-03 
O.63099386D-03 
0.62197750D-03 
0.60800067D-03 
0.58317650D-03 
0.54475432D-03 
0.48913155D-03 
0.42818114D-03 
0.32266602D-03 
0.23948451D-03 
0.179831I4D-03 
O.13347944D-03 
0.107069570-03 
0.875596600-04 
0.637188640-04 
0.44993896D-04 
0.28328330D-04 
0.0

0.0
0.2762901oD-04 
0.55456932D-04 
0.836674720-04 
0.141810810-03 
0.202723140-03 
0.266120590-03 
0.36272338D-03 
0.453728410-03 
0.529274290-03 
0.566823660-03 
0.592373290-03 
0.605698370-03
0.60773253D-03 
0.600377020-03 
0.586155610-03 
0.567786920-03 
0.54775ao90-03 
0.509601570-03 
0.470214600-03 
0.431244560-03 
0.33131513D-03 
0.257372190-03 
0.20224766D-03 
0.14728620D-03 
0.119288090-03 
0.864156280-04 
0.53063805D-04 
0.31882716D-04 
0.169568610-04
0.82655835D-05

c;> ci-
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PW-12IDENTIFICATION

TIME

DATA
POINT
INDEX

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

Calculated
IMPULSE RESP.

0 .0
24.000000
48.000000
72.000000
96.000000
120.00000
144.00000
168.00000
192.00000
204.00000
216.00000
228.00000
240.00000
252.00000
264.00000
288.00000
312.00000
360.00000
420.00000
480.00000
540.00000
600.00000
720.00000
840.00000
912.00000

0.0
0.111657030-03 
0.144856570-03 
0.25467901D-03 
0.527101340-03 
0.89520961D-03 
0.12119131D-02 
0.14408522D-02 
0.158205770-02 
0.16186053D-02 
0.164001850-02 
0.16461485D-02 
■0.16400185D-02 
0.16277726D-02 
0.15972618D-02 
0.150357400-02 
0.143193590-02 
0.12468514D-02 
0.10430261D-02 
0.895209610-03 
0.79514598D-03
0.67962054D-03 
0.45031914D-03 
0.221586040-03 
0.0

0.0
0.54217816D-04 
O.15352687D-O3 
0.325444480-03 
0.56935232D-03 
0.856961950-03 
0.114317880-02 
0.13825132D-02 
0.15442147D-02 
0.15925549D-02 
0.16203377D-02 
0.162989790-02 
0.162436770-02 
0.160728160-02 
0.15821801D-02 
0.152009880-02 
0.145542680-02 
0.132811310-02 
0.111609880-02 
0.87299874D-O3 
0.704485190-03 
0.569377640-03 
0.32613356D-03 
0.19370834D-03 
0.13378138D-03

g. moles/liter Cj, g. moles/liter 
DATA 

IMPULSE RESP.

c;>11 Sec.



131

IDENTIFICATION PW-16

TIME

DATA
POINT
INDEX

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

0.0 
0.133081100-03 
0.244655110-03 
0.363263880-C3 
01488600310-03 
0.617531380-03 
0.861991410-03 
0.100453790-02 
0.106822670-02 
0.110307020-02 
0.11093300D-02 
0.109027890-02 
0.105150480-02 
0.999828220-03 
0.856083920-03 
0.735562770-03 
0.524431390-03 
0.32106376D-03 
0.223069150-03 
0.128077670-03 
0.85655529D-04 
0.540446780-04 
0.276993890-04 
0.650137890-05 
0.218863740-05

0.0 
30.000000 
54.000000 
78.000000 
102.00000 
126.00000 
174.00000 
210.00000 
234.00000 
258.00000 
282.00000 
306.00000 
330.00000 
354.00000 
414.00000 
474.00000 
594.00000 
714.00000 
834.00000 
954.00000 
1074.0000 
1194.0000 
1314.0000 
1554.COOO 
1794.0000

0.0
0.785197920-04 
0.176303790-03 
0.3183938 ID-03 
0.512638830-03 
0.637424180-03 
0.862182580-03 
0.100585680-02 
0.10931580D-02 
Jba 11856710-02
0.11058371D-02 
0.108052950-02 
0.10305392D-02 
0.986265480-03 
0.850539890-03 
0.714350490-03 
0.519035850-03 
0.36027771D-03 
0.225800060-03 
0.115130900-03 
0.634131570-04 
0.430018260-04 
0.322627460-04 
0.31147050D-04 
0.0

C^, g. moles/liter
DATA 

IMPULSE RESP.

C&, g. moles/liter
CALCULATED 

IMPULSE RESP.

t, sec.
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IDENTIFICATION PW-20

TIME

DATA
POINT
INDEX

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

g. moles/liter
DATA 

IMPULSE RESP.
0.0
0.17544735D-04 
0.199708590-04 
0.34015437D-04 
0.80964004D-04 
0.17317661D-03 
0.25934470D-03 
0.33898349D-03 
0.36929338D-03 
0.387167090-03 
0.39253570D-03 
0^197907340-03 
0.39253570D-03 
0.387167090-03 
0.38001337D-03 
0.358584340-03 
0.3265317 ID-03 
0.26461505D-03 
0.21923269D-03 
0.18666768D-03 
0.1274531ID-03 
0.90959205D-04 
0.754101350-04 
0.569963740-04 
0.472862300-04 
0.415568790-04
0.0

0.0
0.264119470-04 
0.531342910-04 
0.943537140-04 
0.15202945D-03 
0.227048520-03 
0.29924397D-03 
0.35927363D-03 
0.385835120-03 
0.40390602D-03 
0.413290670-03 
05.414640770-03 
0.409316830-03 
0.399131450-03 
0.386030230-03 
0.362314970-03 
0.34044943D-03 
0.30297083D-03 
0.259395710-03 
0.21172759D-03 
0.16421739D-03 
0.12360458D-03
0.895648890-04 
0.622585280-04 
0.397420050-04 
0.25382226D-04 
0.643893410-05

0.0
24.000000
48.000000
84.000000
132.00000
192.00000
252.00000
312.00000
348.00000
384.00000
420.00000
456.00000
492.00000
528.00000
564.00000
624.00000
684.00000
804.00000
924.00000
1044.0000
1224.0000
1404.0000
1584.0000
1824.0000
2064.0000
2304.0000
3012.0000

CA’ C^, g. moles/liter
CALCULATED 
IMPULSE RESP.

t, sec.
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IDENTIFICATION PM-10 Figure 10 Data

TIME
DATA
POINT
INDEX

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

Cg, g. moles/liter
DATA 

IMPULSE RESP.

0.0
5.0000000
10.000000
15.000000
20.000000
26.000000
30.000000
37.000000
42.000000
50.000000
65.000000
80.000000
95.000000
115.00000
125.00000
155.00000
185.00000
215.00000
245.00000
275.00000
335.00000
395.00000
525.00000
695.00000
821.00000

0.0
0.72180000D-03 
0.97369000D-02 
0.21894600D-01 
0.30736900D-01 
0.31759200D-01 
0.32936900D-01 
0.33202800D-01 
0.31736900D-01 
0.28872000D-01 
0.25263000D-01 
0.22036900D-01 
0.17036900D-01 
0.16120200D-01 
0.13836900D-01 
0.10105200D-01 
0.733830000-02 
0.52932000D-02 
0.37293000D-02 
0.29369000D-02 
0.18045000D-02 
0.12030000D-02
0.72180000D-03 
0.12030000D-03 
0.0

0.0 
0.61672041D-01 
0.94029727D-01 
0.88046694D-01 
0.589737790-01 
0.28389419D-01 
0.221092460-01 
0.294729690-01 
0.31816075D-01 x 
0.181309290-01 
0.142221910-01 
0.75935708D-02 
0.984525270-02 
0.253736880-02 
0.755952990-02 
0.596181150-02 
0.46292207D-02 
0.34289972D-02 
0.23346336D-02 
0.136124480-02 

-0.111305800-03 
-0.826635920-03
0.66011383D-03 
0.608344920-03 

-0.44476284D-03

C', g. moles/liter 
D 
CALCULATED

IMPULSE RESP.

t, sec.
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PM-10 Figure 11 DataIDENTIFICATION

t, sec.

TIME

DATA
POINT
INDEX

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

0.0
5.0000000
10.000000
15.000000
20.000000
26.000000
30.000000
37.000000
42.000000
50.000000
65.000000
80.000000
95.000000
115.00000
125.00000
155.00000
185.00000
215.00000
245.00000
275.00000
335.00000
395.00000
525.00000
695.00000
821.00000

0.0
0.72180000D-03 
0.97369000D-02 
0.21894600D-01 
0.30736900D-01 
0.31759200D-01 
0.32936900D-01 
0.33202800D-01 
0.31736900D-01 
0.288720000-01 
0.25263000D-01 
0.220369000-01 
0.170369000-01 
0.16120200D-01 
0.13836900D-01 
0.10105200D-01 
0.73383000D-02 
0.52932000D-02 
0.37293000D-02
0.29369000D-02 
0.18045000D-02 
0.120300000-02 
0.72180000D-03 
0.12030000D-03 
0.0

0.0
0.15454694D-01 
0.257791280-01 
0.290722100-01 
0.273991900-01 
0.242729680-01 
0.235696980-01 
0.24487648D-01 
0.246053840-01 
0.221022640-01 
0.198389420-01 
0.17262107D-01 
0.159510110-01 
0.130763370-01 
0.12943230D-01 
0.105758'830-01
0.85862633D-02 
0.701039690-02 
0.591580830-02 
0.455060800-02 
0.179547210-02 
0.26430196D-03 

-0.226357090-03
0.51699652D-03 
0.175607260-04

C', g. moles/liter 
DCALCULATED
IMPULSE RESP.

C', g. moles/liter 
D

DATA 
IMPULSE RESP.


