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CHAPTER I

OVERVIEW AND STATEMENT OF THE PROBLEM

Attitudes toward mathematics play an important
though ambiguous role in mathematics education. Mathe
matics seems especially vulnerable to development of
negative attitudes since the usual mathematics program
consists of seven to nine years of somewhat uninteresting
arithmetic drills. Attitudes toward arithmetic may be

1960) though these attitudes are usually more positive
than negative in elementary school (Stright, 1960) . How-

favorable as children progress through school (Anttonen,
1968), with the late elementary and the junior high school
years usually regarded as being critical in the develop-

1970) .
The new mathematics curriculum was partially

designed to eliminate the overemphasis on arithmetic and
to develop better attitudes toward mathematics. However,
student boredom persists as a problem for both the old

The result is a pervasiveand the new mathematics.

1

formed as early as

ever, attitudes toward learning mathematics become less .

ment of mathematical attitudes (Callahan, 1971; Taylor,

the third grade (Fedon, 1958; Stright,
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distaste for mathematics among the population (Lazarus,

dis-In fact,
liking mathematics and admitting mathematical incompetence
are very much in vogue. While few people admit to being
poor in other subjects, a professed ignorance or dislike
of mathematics is quite acceptable. The teacher of
mathematics must attempt to eliminate this culturally
entrenched feeling for mathematics by developing positive
attitudes among students.

Introduction to the Problem
Despite vast curricular and methodological changes

during the past 25 years, negative mathematical attitudes
have remained a major concern. The importance of develop
ing positive attitudes toward mathematics has been empha
sized by various mathematics educators. Johnson and Rising
(1972) argued that positive attitudes should be instilled
to encourage further study of mathematics in the future.
The same authors stated that attitudes were a major
factor in retention of mathematics. Butler and Wren (1965)
wrote that creating and maintaining interest, thus develop-

mathematics teachers.
Various mathematics educators have espoused the

need for more research in the affective domain. Recently,
the Conference Board of the Mathematical Sciences formed

ing positive attitudes, was one of the important duties of

1974, 1975; Poffenburger & Norton, 1959).
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the National Advisory Committee on Mathematical Education
(NACOME) to study mathematics education over the past 20
years.
listed the following among their recommendations for
improving mathematics education:

a)

b)
(p. 142)

Kline (1973), a foremost critic of the new mathe
matics curriculum, made an even more sweeping challenge
by stating that
cent of the high school graduates can honestly say that
they like mathematics and appreciate its significance,
then we shall have attained a large measure of success
in the teaching of mathematics If (p. 170).

Several other educators have made similar recom
mendations . Because of the anxiety some children have

teachers should strive to change mathematical attitudes
to a more positive inclination. Anttonen (1968) suggested
that actual attempts to change student attitudes in a more
positive direction to bring about better performance

Smithson (1974) commented thatshould be investigated.

"when we reach the stage where fifty per

we need not concern ourselves with curricular changes as

that the affective as well as cognitive 
domains in mathematics should be the 
subject of constant and programatic 
attention,
that basic research into the affective 
domain specifically vis-a-vis mathematics 
should be pressed.

After an extensive two-year study, NACOME (1975)

when working with mathematics, numerous writers (Corcoran
& Gibb, 1961; Proctor, 1965; Tulock, 1957) thought that
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appreciation of mathematics. Silverman (1974) recommended
that we develop units in mathematics that can effect
changes in attitude.

Statement of the Problem
While the development of positive attitudes has

been accepted as an educational goal, the selection of
materials, content, and methods to achieve this goal have
been less successful. Mathematical materials that may
improve student attitudes or stimulate interest have

However,
there is a paucity of research to determine what specific
materials actually do develop a more positive attitude
toward mathematics. specific materials thatTherefore,
develop better attitudes toward a particular mathematical
discipline have not been recommended.

Purpose of the Study
This study was devoted to the sole mathematical

topic of geometry at the eighth-grade level. The purpose

for eighth-grade general mathematics students to improve
mathematical attitudes and achievement. In particular,
the study attempted to determine if supplementary materials
that stressed the relationship of geometry to art and nature
developed better attitudes toward mathematics. In addition,

much as with finding reforms to ultimately develop an

been available in a wide variety of sources.

was to develop and to test supplementary geometry materials
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the effect of the units on achievement and the relation
ship between attitude change and achievement change were
investigated. This study also fulfilled the need for a
readily available source of ideas for geometry which
could be easily integrated into existing programs.

Methodology
The supplementary units for this study were de

signed for eighth-grade general mathematics students. Ten
units were made for incorporation into existing programs
on a regular basis during the three to five weeks of geo-

The presentation of two units formetry instruction.
Thisevery three days of instruction was suggested.

tive way of attaining the affective goals of instruction

(p. 260).

These demonstrations wereto student manipulations.
designed for teachers using traditional methods of
instruction (lecture/discussion/homework).

appreciation of geometry by stressing the relationship of
geometry to other disciplines.
calculations was included to allow students to see the
non-numerical aspects of geometry.

"an effec-

The general goal of the units was to develop an

day-to-day instruction"
is an enrichment program that is part of the regular

All units were teacher demonstrations, as opposed

Therefore, a minimum of

followed Johnson and Rising's (1972) idea that
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One major topic for the supplementary units was

the relationship between geometry and nature. Kline
(1973, 1976) argued that reform in mathematics should
be in the direction of relating mathematics to the
sciences and to nature. historically,He stated that,
mathematics developed with the study of nature. There

in natural phenomena. Two units demonstrated the angles
and mathematical principles involved in soap film config
urations . Two units about snowflakes and honeycombs
showed the efficiency of the hexagonal pattern in nature.

a slightly more abstract
treatment of the branching patterns in nature.

The second major topic for the units was the
relationship between geometry and art. Justification for
including units on art came from Johnson and Rising's
(1972) suggestions for building positive attitudes. They
stated that "to develop appreciation of the elegance,

and structure of mathematics . . illustrate thepower,
harmony,
(p. 264).
geometric patterns in art.
showed the role of geometric figures in altering perception.

trated the aesthetic appeal of certain geometrical con-
A final unit on shapes in the environmentfigurations.

showed how certain figures may elicit different emotions.

A fifth unit, networks, was

symmetry, and beauty of mathematical patterns"

One unit, geometric illusions,
Therefore, five units were constructed to show

Units on line designs, string art, and tessellations illus-

fore, five of the units stressed the mathematics inherent
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Johnson and Rising also suggested that any

lesson should be organized as follows: objectives,
motivation for the lesson, techniques and activities,

The ten unitsand evaluation.
tested in the study followed this pattern closely by
including seven sections: title,
information, classroom procedure, materials needed,
optional student activities, and sources.

These units were not original works but were a
composition of extant ideas. Providing objectives for
direct incorporation into the classroom and testing the
collection of ideas to determine attitude change have
not been previously attempted.

Since some of the mathematical principles

While not definitivean introduction to the given topic.

investigate the topic further.
To test the supplementary units, eighth-grade

The eighthgeneral mathematics classes were selected.
grade was chosen since some researchers have found that
the junior high school years are critical in developing
attitudes toward mathematics (Callahan,

Eighth-grade classes in pre-algebra and Algebra I1968) .
not included since these classes generally had onlywere

involved were quite complex, the units served only as

materials, assignment,

works, the units hopefully served to stimulate pupils to

1971; Dutton,

objectives, teacher
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the academically advanced pupils and since the content

differ significantly.

Geometry content within the general mathematics

students had significantly better attitudes toward
mathematics in general than toward geometry. While the
sample in the Solheim study was high school students, the
results clearly implied the need for improvement in the
geometry curriculum.

Five teachers of general eighth-grade mathematics
in the four junior high schools of the Tuscaloosa County
School System volunteered to use the supplementary units.
These five teachers taught a total of 18 classes comprised
of approximately 450 students. The teachers attended a

in which all ten supplementary units were demonstrated by
Directions for administering achievementthe researcher.

to ensure uniformity among teachers.
The attitude instrument used in this study was the

Attitude Toward Mathematics scale (Suydam & Trueblood,
The scale was revised by the School District of1969) .

Philadelphia for the purpose of assessing attitudes toward
It has been used at levels ranging from grademathematics.

Reliability coefficients have variedthree to college.

for pre-algebra, Algebra I, and general mathematics

between .87 and .96 for the levels tested.

tests, attitude tests, and supplementary units were given

three-hour instructional meeting in early February, 1977,

curriculum was selected since Solheim (1971) found that
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The achievement test chosen was the Mathematics

Basic Concepts test of the Sequential Tests of Educational
Developed by the Educational Testing

Service in 1969, the 50-item test had an administration
time of 40 minutes. The two forms of the test were divided
into three cognitive levels: recall facts and/or perform
mathematical manipulation; demonstrate comprehension of
mathematical concepts; and exercise ingenuity or higher
mental processes. Five content areas were measured with
reliability coefficients for the test ranging from .79

. 82.to
In most schools geometry within the general mathe-

Attitude and achieve-matics classes began in April, 1977.
ment tests were administered by each of the teachers prior
to the geometry instructional period. To help control

each teacher was assigned experimental andteacher effect,
All ten units were used with the experi-control groups.

mental groups during the instructional period of approxi
mately three weeks.

classroom environment were taken by the teachers in an
attempt to detect intervening variables that might have
affected the outcome of the experiment. Posttests on
achievement and attitudes were administered after the
instructional period.

implementation of units, student reactions, and the general
Notes of the content, the order of

Also, teachers subjectively

Progress, Series II.
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evaluated the effect of the supplementary units on the
experimental groups.

The test results were used to analyze five
experimental hypotheses. Analysis of variance and
correlational techniques were the statistical procedures
employed.

Limitations of the Study
Limitations of this study are listed below:
Results of this study could be generalized only

to comparable junior high school mathematics classes in
which traditional modes of instruction predominate.

Since the study included rural and suburban
generalization of results to urban schools with-schools,

out further testing should be attempted with caution.

their willingness to use the supplementary materials may
have biased the results in favor of the experimental groups.

General eighth-grade classes were selected while
omitting pre-algebra and Algebra I classes.

A purely random sample was not taken since adminis
trative control of scheduling was not feasible.

The geometry content in the eighth-grade mathe
matics classes was predetermined by the participating

the amount of time devoted to the studyAlso,teachers.
of geometry could not be dictated by the researcher.

All teachers volunteered for this study, hence,
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under strict control.
as in much of educational research,Finally, a

change from the ordinary classroom routine may havemere
had an effect on the dependent variable.

Definitions
The major term in need of definition is attitude.

An attitude in the context of this study is an enduringII

emotional set or predisposition to react in a character-

tion" A positive attitude
toward mathematics is a favorable predisposition toward
mathematics while a negative attitude toward mathematics

an unfavorable predisposition toward mathematics.is

Attitudes toward mathematics in this study are indicated
by the score obtained on the attitude test. A positive
or favorable attitude is denoted by average score ofan
3.50 through 5.00 on a 1 to 5 scale. A neutral attitude
toward mathematics is indicated by a score of 2.50

A negative or unfavorable attitude isthrough 3.49.
indicated by an average score of 1.00 through 2.49.

Negative attitudes towardof mathematics are synonymous.

of mathematics are also synonymous.

For purposes of this study, positive attitudes

idea, or situa-istic way toward a given person, object,

mathematics, disliking mathematics, and no appreciation

toward mathematics, liking mathematics, and appreciation

Hence, the length of the instructional period was not

(Johnson, D.A., 1957, p. 114).
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Supplementary units are the ten lessons relating

geometry to nature and art that were developed for the
All units are included in the appendix.study.

Organization of the Study
This study contains the following chapters.

the general nature of the study and the methodology. Chap

literature relating mathematical attitudes and achievement.
Attempts to develop better attitudes toward mathematics
are also reported in the chapter.

employed in the study. Chapter IV,
tains the statistical treatment of the data obtained from
the study.
mendations, includes a general summary of the study, con-

recommendations for improvement and further study.

descriptions of the instruments, and statistical techniques

Chapter I, Overview and Statement of the Problem, describes

elusions derived from the analysis of the data, and

Chapter V, Summary, Conclusions, and Recom-

Analysis of Data, con

fer II, Review of Related Literature, summarizes important

Design, includes hypotheses tested, sample for the study,
Chapter III, Research
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REVIEW OF RELATED LITERATURE

The primary concern of this study was to determine
if mathematical attitudes improved through the use of
supplementary geometry units. A secondary consideration

achievement in mathematics.
has been completed relative to the mathematics materials
that actually do develop better attitudes toward mathe
matics . The scant research available usually regarded
mathematical attitudes as secondary to achievement.

review of pertinent research in the area
of mathematical attitudes should help clarify the present
study.

The review of literature reported the views of
authorities in mathematics education and specific research
findings in the area of mathematical attitudes. One
section of the chapter summarized research of the relation
ship between mathematical attitudes and mathematical

A second section reviewed attempts to improveachievement.
Since the amount of research tomathematical attitudes.

improve attitudes was very limited, some studies conducted

13

was the effect of these supplementary materials on

Nevertheless, a

Unfortunately, little research
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relating to mathematics attitudes were included.

Development of favorable attitudes has long been
a major concern of mathematics educators. Attitudes are
thought to be highly involved in retention of mathematics,

(Johnson, A., 1957; Johnson & Rising, 1972). AttitudesR.

instruments used (Bassham, 1964).
and validity of attitude tests are questionable (Aiken,

Despite these problems,
which lead to difficulties in the interpretation of

various correlational studies of mathematicalresults,
attitudes and achievement have been conducted. While
some of these studies report no relationship between
attitudes and achievement (Demars, 1972),

but statistically significant,generally there is a small,
positive correlation between mathematical attitudes and
achievement.

and .4 (Neale, 1969).

Relationship Between Attitudes 
and Achievement

achievement, because of the self-reporting types of

In fact, despite a variety of attitude and

1972; Wardrop,

further study of mathematics, and vocational choices

1970; Corcoran & Gibb, 1961).

Thus, the reliability

tends to be surprisingly consistent, usually between .2

at the elementary, secondary, and collegiate levels

achievement instruments, the correlation coefficient

are not as amenable to research as other areas, such as
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(1963) , who reported a significant correlation between
performance in mathematics and both anxiety and attitudes
toward mathematics.
in the seventh grade. Burbank (1970) also conducted a

lationship between attitudes and achievement. He found
there was a significant correlation between mathematical
attitudes and achievement in mathematical reasoning,

achievement.

remedial seventh- and eighth-grade mathematics classes to
determine differences in mathematical attitudes. The mean
attitude score was significantly higher for the accelerated
group than both the regular and remedial classes. He con
cluded that attitude scores could be used in conjunction
with achievement scores for placement into classes. In a
similar study of 22 eighth-grade high achievers and 22 low
achievers in mathematics, Degnan (1967) found that the
high achievers had more positive attitudes toward mathe
matics even though the high achievers were generally more
anxious than the low achievers.

In a more comprehensive study of 755 students in
junior and senior high schools to determine mathematical

study of 411 seventh-grade students to determine the re

Alpert, et al., surveyed 270 students

mathematical computations, and overall mathematical
achievement in mathematical concepts, achievement in

Stephens (1960) compared accelerated, regular, and

Specific research findings included Alpert, et al.
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attitudes (Ellingson,
correlations were found between attitude scores and each
of the following: mathematics standardized test scores,
teachers' grades, and overall grade point average.
Students in college preparatory classes had somewhat
more positive attitudes than those students in terminal
or general mathematics classes.

Significant correlations between mathematical
attitudes and achievement have been reported not only
at the junior high school level but at all levels of
mathematics. Low positive correlations between mathe
matical attitudes and achievement have been found at
the elementary (Anttonen, 1962), high school (Solheim,
1971; Spickerman, 1970), and college undergraduate

M. , 1973).J.
Despite this pervasive correlation between

attitudes and achievement in mathematics, one must not
assume any cause-effect relationship (Knaupp, 1973;

Positive attitudes may cause achievement
an equally tenable alternative isincreases. However,

that increased achievement causes development of better
Since correlational studies do not revealattitudes.

cause or effect, Neale maintained that the role of

levels (Aiken & Dreger, 1961; Dreger & Aiken, 1957;
Edwards, 1972; Fenneman, 1974; Whipkey, 1970; Wilson,

Neale, 1969).

1956), significant positive
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mathematical attitudes in mathematics achievement is
modest.
and compliance may be more important than attitudes in
determining mathematical achievement.

Due to the important role of attitudes in mathe-

develop better attitudes or to modify negative attitudes
toward mathematics. Studies of curricular changes,
methodological changes, and instructional aids or materials
have been conducted.
research were reported in this section.

Of course the more widespread and publicized
attempt to change student attitudes over the past 25 years

the creation and implementation of the new mathematicswas
Although many factors contributed to the needcurriculum.

for developing the new curriculum, it was hoped that
attitudes toward mathematics would improve as a result of

Overemphasis on drill andthe new mathematics programs.
rote learning were considered to be major factors in
developing negative attitudes toward mathematics (Bernstein,

M. , 1961) .1964; Wilson, G.
matics programs generally emphasized mathematical under
standing and logical reasoning ability. Bernstein believed
that such an organization of content would improve

Development and Modification 
of Attitudes

In fact, Neale argued that obedience, patience,

matics education, various attempts have been made to

Thus, these three important areas of

Consequently, the new mathe-
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attitudes toward mathematics.
have usually shown that new or modern mathematics pro
grams have not improved attitudes among students.

developed at Stanford University. A comprehensive pro

materials. One of the first studies to determine the
effect of SMSG materials on student attitudes was by

(1963). They compared SMSG and non-SMSG
seventh-grade classes involving 270 students. Alpert,
et al., found that the SMSG curriculum did not improve
student attitudes over the academic year, either abso
lutely or in comparison with the non-SMSG curriculum.

constant from fall to spring, attitudes of the SMSG
pupils actually decreased over the same period. They
also found that a highly theoretical orientation on the
part of the teacher led to positive attitudes in SMSG
classes but not in non-SMSG classes. Therefore, placing
a theoretical teacher in modern mathematics classes was
suggested.

Osborn (1965) tested pupils who had studied SMSG
materials for zero to three years

Although achievement scores favoredand ninth grades.

The most influential modern mathematics program

In fact, while attitudes of non-SMSG students remained

Alpert, et al.

in seventh, eighth,

project included new content, instructional methods, and
gram from elementary through junior high school, the

Unfortunately, studies

was the School Mathematics Study Group (SMSG) curriculum
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tudes toward mathematics as the number of years of SMSG
study increased.

Other SMSG curriculum studies included Phelps (1964) ,
who found no significant differences between eighth-grade
SMSG student attitudes and the mathematical attitudes of
students in the traditional program. Hungerman (1967)
obtained similar results at the sixth-grade level. In a
more comprehensive study involving over 3500 pupils in the

found that
the use of SMSG materials did not produce a more positive
attitude toward mathematics than the conventional mathe
matics materials.

Another modern mathematics program with diverse
appeal was created by the University of Illinois Committee
on School Mathematics (UICSM). Comley (1967) compared
mathematical attitudes of 338 college students who had the
UICSM program in public school with those who had tradi
tional mathematics. The UICSM group had significantly
more positive attitudes toward mathematics than the

In addition, the UICSM students tooknon-UICSM group.
significantly more college mathematics than non-UICSM
students.

Ryan (1967) compared three modern mathematics

The general result was that the modernfive-state area.
UICSM) involving 126 pairs of ninth-grade classes in a

fourth, sixth, and eighth grades, Woodall (1967)

the SMSG students, there was a decrease in positive atti-

programs in secondary mathematics (Ball State, SMSG, and
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mathematics programs had little effect on attitudes and
interests of students over the academic year when compared
to traditional programs. There was a tendency for the
Ball State program to be associated with less favorable
attitudes in comparison with the traditional program.
The UICSM program was related to slightly more positive
attitudes than was the conventional program.
UICSM studies have not found such positive results.
Demars (1972) investigated the effect of a UICSM program
on low achieving seventh-grade students. In addition to
finding no significant correlation between attitudes and

improve attitudes or achievement when compared to con
ventional programs even though the means favored the
UICSM group.

One factor to consider in the studies of the modern
versus the traditional curriculum is that students in
experimental programs may have been chosen because of their
positive attitudes toward mathematics or because of their

This selection possibly wouldhigher achievement levels.
have biased the results.

abstraction of modern mathematics may have been the reason

More recent reports indicate thatventional programs.
for such poor attitudinal changes in comparison with con-

As Osborn (1965) suggested, the increased level of

achievement, the UICSM program did not statistically

However, some



21
perhaps the new mathematics programs were not really
implemented to any great extent nationally and that lack
of proper teacher training adversely affected the modern
mathematics programs (Hill, For

positive attitude changes have not developed as a result
of studying modern mathematics.

The second major area of attempts to change

changes.
suggested as a part of the modern mathematics programs
while others were subsequently developed. Therefore,
the effect of these instructional procedures on mathe
matical attitudes of students was investigated.

As noted previously, rote learning and excessive
drill led to negative attitudes toward mathematics.
What happened to student attitudes when more meaningful
methods of instruction were used? Lyda and Morse (1963)
tested the effect of a more meaningful method of teaching
arithmetic on attitudes toward mathematics in elementary

Their method stressed the concept of numbers,school.
the understanding of the numeration system and place

arithmetic a system of thinking. The experiment resulted

Some of these instructional changes were
student attitudes toward mathematics was instructional

of computational forms, and relationships which make

whatever reasons, it seems clear that the anticipated

value, the use of fundamental operations, the rationale

1976; NACOME, 1975).
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gains in reasoning and computation for students receiving
meaningful instruction.

Discovery methods of teaching mathematics were
introduced to allow students to draw their own conclusions
and to discover new concepts with the aid of the teacher.

(1972) used the discovery method to teach a unit ofKeese
mathematics to 31 eighth-grade students. The control
group studied the same unit for an equivalent time-period
of 12 days. The attitudes of students taught by discovery
methods were significantly better after the instructional
period than the attitudes of students taught by traditional
or expository methods. Howitz (1966) compared discovery
and expository methods in ninth-grade general mathematics

Discovery methods were used in six classes forclasses.
the entire school year. Howitz found no significant
differences in attitude changes between the experimental
and control groups.

Studer (1972) investigated the relation-have been found.
ship of discovery methods in mathematics to creative
thinking and to mathematical attitudes of fourth-grade
and sixth-grade students.
noted that inner city school pupils had more positive
attitudes toward mathematics than non-inner city pupils
regardless of the teaching method and that inner city
classes using expository methods had the most positive

in positive attitude changes and significant achievement

Among the conclusions, Studer

In the intermediate grades, similar mixed results
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attitudes of all the groups. The discovery method clearly
did not have any effect on student attitudes toward
mathematics. Robertson (1971), in a study ofHowever,

had a significantly better attitude change than the
expository group after seven months of instruction.

While the previous methods have not been investi-

has been the subject of many studies. Results of research
on the effect of individualized instruction on attitudes
were ambiguous because of improper or inconsistent
definitions. A good general description of individualized
instruction and traditional instruction was given by

(1960):

result of individualized instruction were
(1960),generally neutral or negative.

evaluated changes in attitudes and achievement of
ninth-grade junior high school algebra students when taught

changes as a

Individualized instruction is defined as that 
in which each pupil participates in setting 
his own goals, works at his own rate (either 
alone or as a member of a small group) . . . 
and participates in evaluating his own progress. 
Traditional instruction is defined as all 
methods in which pupils are taught as a class. 
It includes homogeneous or heterogeneous 
grouping and does not preclude the use of 
audio-visual aids, committee work, or any 
other techniques traditionally used by 
teachers to help students learn. (p. 4)

At the junior high school level, attitudinal

Crosby, et al.

gated to any great extent, individualized instruction

Crosby, et al.

374 fourth-grade pupils, found that the discovery group
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by individual or conventional methods. They reported that
attitudes for both the experimental and control groups
dropped, with no significant differences found between
the groups. Beul (1974) combined team teaching and
individualized instruction in eight classes of seventh-grade
students for one semester. Beul found that attitudes were
higher at the beginning for the experimental group receiving
team teaching and individualized instruction but that the
attitudes decreased significantly over the testing period.

expository methods.
Corbin (1974) compared individualized instruction

and traditional methods in seventh- and eighth-grade
There were no significantclasses involving 204 pupils.

differences in attitudes toward mathematics between the
experimental and control groups, for either the seventh

Horvath (1976) conducted a more compre-or eighth grade.
and ninth-grade

In a comparisonstudents over 30 months of instruction.
of groups taught by individual methods and traditional

mathematical attitudes or achievement.
(1973) tested the effectiveness of .an indi-Malcom

and
The individualized approach wasninth-grade pupils.

more effective in developing positive attitudes than the

There were no attitude changes in the seven groups using

hensive study including seventh-, eighth-,

vidualized mathematics program on seventh-, eighth-,

methods, there were no significant differences in either



25
traditional program for the seventh and ninth grades.

eighth grade. Nix (1970) analyzed differences between
three eighth-grade classes receiving individualized
instruction and three classes receiving group instruction.
According to Nix, "students developed a more favorable
attitude toward school and mathematics . . . when taught
general mathematics under the individualized method than
under the group-oriented method" (p. 3367A).

Similar conflicting results, have been found in
the intermediate grades. Broussard (1971) and Scharf
(1971) found that an individualized program had
positive effect on attitudes than a traditional approach.

(1972) found that the attitudes of sixth-gradeThomas
students increased significantly under an individualized
program while the attitudes of fifth-grade pupils remained

Williamsconstant in a comparable individualized program.
(1974) found no attitude changes among fourth-,
sixth-grade students who participated in an individualized
program.

In a comprehensive review of the subject of

"individualized instruction has a limited effect on
attitudes toward mathematics" (p. 350). He also noted
that positive attitudes declined as the number of years
of individualized instruction increased. Schoen (1976)

a more

individualized instruction, Miller (1976) concluded that

fifth-, and

However, no attitudinal differences were found for the
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similarly concluded that individualized instruction had

a neutral effect on attitudes for students above the

fourth-grade level.

the laboratory approach.
are required to become involved in learning by using
manipulative devices or completing activities in class.

E. Johnson (1970) constructed activity-orientedR.
lessons on number theory, rational numbers, and geometry

for seventh-grade students. Johnson compared attitudes

of students using the text only.

a combination of activities and text. No statistical
differences were detected between the attitudes of the
three groups but it was suggested that laboratory lessons
in geometry might be appropriate for low and middle

At the same level, Simpson (1974)ability students.
compared the effects of a laboratory program with a

Students thattraditional teacher-centered approach.

laboratory or the traditional program for 101 school
A significant difference was found in attitudedays.

according to sex after the instructional period. That
males in the experimental and control groups hadis,

laboratory and conventional instruction.treatments,

The final instructional method investigated was

more positive attitudes than females.

were identified as slow learners participated in the

However, no differ-

With this approach, students

activities only, and

ences in attitudes were found according to the two
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laboratory units written by teachers for general mathe
matics . The study involved three groups using the
laboratory lessons and three control groups taught by
conventional means. Significant differences were found

groups while differences were not significant in the
other two cases.
eighth-grade students (Smith, 1973), the experimental

two times per week instead of attending class. After
the instructional period, no significant differences
existed between experimental and control group attitude

From these results, Smith concluded that attitudesscores.
played a limited role in mathematics achievement of middle
school students.

Beal (1973) tested laboratory materials developed
by teachers at the National Science Foundation Conference
for Secondary Teachers of Low Achievers in Mathematics.
The units were designed to aid students in attaining 26
mathematical competencies and to help develop better

Thirteen teachers in three different statesattitudes.

students with these materials. Each of the teachers
instructed both experimental and control classes. The

in the affective measure in one of the three experimental

group of 82 pupils attended 40-minute laboratory sessions

experiment resulted in a significant increase in attitudes

taught twelfth-, ninth-, eighth-, and seventh-grade

In a study of sixth-, seventh-, and

At the ninth-grade level, Finnell (1973) tested
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control classes. Attitudes were significantly better

ponding control group taught by the same teacher. Thus,
Beal concluded that the results did not sufficiently

of laboratory activities.
Investigations of laboratory procedures at the

intermediate grade level lend further support to the
claim that laboratory lessons have a neutral effect on
student attitudes toward mathematics (Kujawa, 1976; Nowak,

D. , 1971).J.
The third major area of attempts to develop better

mathematical attitudes was supplementary materials. Supple
mentary or instructional aids and materials included

approaches, and units emphasizing relevancy or applications.
Proctor (1965) recommended that mathematics be

made more enjoyable to help build confidence within students.

Thus, Burgess (1970) hypothesizedand games was suggested.
that a game strategy would motivate low achieving secon
dary students and result in improved attitudes without

Games for the 248 subjects in thereducing achievement.
experimental group were developed for teaching concepts and

Pencil and paper activityskills with rational numbers.

support the claim that attitudes increased as a result

in four of 15 experimental classes and three of 15

in two of the 15 experimental groups than the corres-

The use of laboratory materials, manipulative materials,

1972; Ropes, 1973; Wilkinson,

teacher demonstrations, games, enrichment, interdisciplinary
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sheets related to the text were used by the 240 pupils
in the control group. Each class received half a period
a day of normal instruction and half a period a day of
games or activity sheets for eight weeks. Posttest
attitude scores yielded significant differences in
attitudes favoring the experimental group. Therefore,

Burgess concluded that the game strategy improved the
attitudes of low achieving mathematics students. In the

reduce the learning of addition and subtraction concepts
but that they may reduce learning in concepts dealing
with division and multiplication.

Bryson (1972) investigated the effects of teacher
designed materials and activities on the achievement and
attitudes of ninth-grade pupils. Contract units which
included educational games and field trips were designed
for use in experimental classes. The control group used
no games but participated in the field trips. Two
teachers instructed one control and one experimental group

A decrease in attitudeseach for a period of 18 weeks.
found for the experimental group though not statis-was

tically significant.
The achievement for

both the control and experimental groups increased
At the college level, Addleman (1972)significantly.

A significant increase in attitudes
was found for the control groups.

achievement area, Burgess concluded that games did not
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also concluded that games and discovery experiences had
a neutral effect on attitudes.

In a study of eighth- and ninth-grade pupils con
ducted by Ray (1961), teachers of experimental groups
devoted four days to regular classroom activities and
one day to enrichment activities. The enrichment
activities included reading days, committeeoral reports,

field trips, and guest speakers.

developed greater achievement than control students in
working with the four operations with decimal fractions,
similar and right triangles, and algebra. While no

enrichment activities including oral and written reports
felt they had a better chance to express their ideas in
mathematics.

developed higher achievement than regular students in
work concerning similar and right triangles. Students

reports, and reading days developed higher achievement
than regular students in the four operations with decimal
fractions and in work concerning similar and right

Wilkinson (1971) studied the effectivetriangles .

attitudes of eighth-grade pupils. After the experimental

films, oral reports, committee days, and reading days

G. G.

In the achievement area, students with

with projects, guest speakers, field trips, written

overall attitude change was calculated, students with

After two years, students with enrichment activities
work, films, projects,

ness of mathematical objects, filmstrips, and films on
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period of 46 days, Wilkinson found that students taught
with supplementary materials did not have a significant
gain in attitudes. he concluded that theHowever, use
of the supplementary materials did produce a significant
gain in achievement.

Small group discovery lessons were the supple
mentary materials tested by Jordy (1976). The experi
mental and control groups for this study were both
participating in a modern mathematics program designed
for the top 15 to 20 percent of secondary school students.
The ten small group discovery lessons written for use by
eighth-grade students pertained to sets and groups. The
four units written for the ninth-grade experimental
group involved matrices and linear algebra. In the two

were used in conjunction with the text. The two control
groups used the textbooks only. For the eighth grade,
the experimental group expressed significantly higher
attitudes than the control group after the units were

there was no significant effect on atti-used. However,
tudes of ninth-grade pupils in the experimental group.
Jordy suggested that the difference between the results
for eighth- and ninth-grade pupils may have been due to
the small number of units constructed for the ninth

On the achievement test, the eighth-gradegrade.

experimental groups, the small group discovery lessons
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though not significantly.
ment scores for the experimental group were significantly

Positive
results in the area of attitudes have been found at the
intermediate grade level by Silverman (1974) in a study
of the effect of a measurement unit on attitudes.

matical applications, and relevancy were also investigated.
Higgins (1969) related mathematics and science to determine
the effectiveness of the interdisciplinary units on atti
tudes of eighth-grade students. Pretest scores were used
to separate students into eight attitudinal groups. After

scores of the groups on
and attitudes were compared.

No significant differences were found for any of these
Higgins concluded that the formation of cohesivescales.

attitude groups was not a major factor for consideration
in the design of interdisciplinary mathematics units.

To determine the effectiveness of an applications

A series of applications of mathe-general mathematics.
matical knowledge was related to four areas of student

intellectual curiosity. Students completed all four units,

experimental group scored lower than the control group,

better than scores for the control group.

the experimental period, mean
ability, algebra achievement,

The effects of interdisciplinary study, mathe-

For the ninth grade, achieve-

interest: automobiles, farming, social utility, and

approach, Holtan (1963) chose 136 ninth-grade boys in
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which dealt with mathematical inequalities. Holtan
found that interest in the mathematics applications did
make a significant differences in achievement in learning
mathematics. For example, those that expressed interest
in automobiles did better in that unit than those students
with no interest in automobiles.

Wajeeh (1976) implemented a program of relevant
and meaningful mathematics at the ninth-grade general
mathematics level. Detroit inner city pupils participated
in the program for 15 weeks. Wajeeh found that, after the
instructional period, students in the experimental group
had significantly higher attitude scores than the control

she concluded that if general mathematicsHence,group.
In

ficantly higher scores than students in the control group.
At the college level, McNerney (1970) found that relevancy
of materials had no effect on attitudes.

Summary
The purpose of this chapter was to review the

literature related to the areas of mathematical attitudes
One section reported the relationshipand achievement.

between attitudes and achievement in mathematics. At all
significant positive correlation has been foundlevels, a

between attitudes and achievement.
cause-effect relationship has been determined.

is made relevant and meaningful, attitudes increase.

However, no

achievement, students in the experimental group had signi-
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last section of the chapter reported threeThe

major areas in which attempts have been made to improve
attitudes. It was found that curricular changes
generally had neutral or negative effects on attitudes
when compared with the traditional curriculum. Attempts
to change attitudes by using different methods of instruc
tion were found to be similarly neutral. Studies of the

and laboratory methods did not
support the claim that teaching strategies change student
attitudes to any great extent. One notable exception was
that attitudes increased when a meaningful method of
instruction was used. Conflicting results were found
when using various supplementary materials to develop
better attitudes. No clear advantage was found for using

or games in mathematics
when supplementary units were relatedclasses. However,

to student interests or when applications were used,
attitudes toward mathematics increased. In addition,
significant achievement increases were generally found
for the experimental groups using various types of
supplementary units.

enrichment exercises, films,

discovery, individualized,



CHAPTER III

RESEARCH DESIGN

The purpose of this study was to determine the
effect of supplementary geometry units on student atti
tudes toward mathematics. A secondary consideration was
the effect of these units on student achievement. This
chapter describes the research design used and the pro
cedures followed in testing the supplementary units.

Characteristics of the Participants
The units were tested in all four junior high

schools in the Tuscaloosa County School System. While
two other schools in the system included both the junior

ninth-grade students. These four schools were selected
for two reasons.
tion were used by all eighth-grade mathematics teachers
in the Tuscaloosa County School System. Since the geo
metry units were designed especially for this type of
teacher-directed instruction, it was necessary to select a
school system in which traditional methods were prevalent.

35

high school and the senior high school, the four schools

First, traditional methods of instruc-

in this study housed only seventh-, eighth-, and
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The second reason for choosing schools from only the
Tuscaloosa County School System was to ensure that the
mathematical content for the eighth-grade classes was
equivalent. Since all teachers in the system used the
1971 edition of Key Ideas in Mathematics 2 published
by Harcourt Brace Jovanovich, the geometry content was
equivalent for all the students. In addition, regular
in-service meetings of the Tuscaloosa County schools
allowed participating teachers to plan and coordinate
the mathematical content for the eighth grade.

In these four junior high schools, five of the
seven general eighth-grade mathematics teachers volun
teered to use the units in their classroom. The five
teachers ranged from 25 to 37 years of age. Four of
the instructors had taught four to seven years while
the fifth teacher had 14 years of experience. The
highest degree for three of the teachers was the Bachelor
of Science in Education while the other two had received
a Master of Arts degree in Secondary Education.

The five junior high school mathematics teachers
taught a total of 18 heterogeneously grouped classes.

SinceThe average number of students per class was 25.
administrative control of scheduling was not feasible,

purely random sample of students was not possible.a
classes for each teacher were randomly selectedHowever,
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to serve as experimental groups.
was assigned both experimental and control classes in
an attempt to control for teacher effect.

Conducting the Investigation

seven general eighth-grade mathematics teachers in the
Tuscaloosa County School System. Five of the teachers
expressed an interest in using supplementary geometry
units to motivate pupils to study mathematics. Due to
this positive response, the researcher developed 10
supplementary geometry units during the following three

The units were submitted to the teachers inmonths.
December for correction and revision.

was held with the five teachers who agreed to use the
units. After the researcher demonstrated each of the

Finally,an eighth-grade classroom were given.into
directions for administering the attitude and achievement

The geometry section of the eighth-grade mathe
matics classes began in March or April in the four schools.
After the classes for each teacher were randomly assigned

pretests in attitudesto an experimental or control group,
and achievement were administered by each of the teachers.

tests were given to ensure uniformity among teachers.

Thus, each teacher

In late February, 1977, an instructional meeting

In September, 1976, the researcher interviewed

Since the five teachers used the same textbook, the

ten units, specific instructions concerning implementation
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equivalent for all students. Major topics included
basic geometric definitions, angles,

The number of days of geometry
instruction varied from 15 to 25 for the experimental
group and from 14 to 23 for the control group. Each
teacher devoted approximately 12 to 18 minutes of class
time to each of the 10 supplementary units. After the
geometry section was completed, the teacher administered
attitude and achievement posttests.

Instrumentation
Two instruments were used to gather data for this
The attitude instrument used was Attitude Towardstudy.

Mathematics developed by Suydam and Trueblood (1969).
These two authors constructed the attitude instrument by
combining original items with questions from other atti-

These questions were submitted totude scales. seven
judges who sorted the items on an 11-point scale ranging

A preliminary versionfrom
of the scale was then constructed and given to prospective

After an item analysis was completed, the testteachers.
The final result, the Attitudewas further revised.

Toward Mathematics scale, consisted of 26 items with
Likert-type response scales which required students to
express an opinion or feeling about mathematics. Thirteen

I

geometry content during the instructional period was

"not important" to "vital."

circles, and polygons.
perimeter, area,
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statements were worded positively while 13 were worded
negatively. The possible responses for each of the 26

No time limit was suggested for the final form
of the test. Data from subsequent testing of 3000 students
indicated that the internal reliability coefficient was
approximately .95 (Suydam, 1974).

The achievement test chosen was the Mathematics
Basic Concepts test of the Sequential Tests of Educational

Series II. Developed by the Educational TestingProgress,
Service in 1969, the 50-item test had an administration
time of 40 minutes. The two forms of the test were

recall facts and/ordivided into three cognitive levels:
perform mathematical manipulation; demonstrate comprehen-

Five content areas were measured:higher mental processes.
number and operation;
proof; algebraic relations, and inequiali-

and probability and statistics. Formties; application;
3A of the test contained 17 items in the geometry section
while Form 3B contained 16 geometry items. For grade

first.

I■f

"strongly

Form 3A was given first and .79 when Form 3B was given

geometry, measurement,

items ranged from "strongly disagree" to
agree."

sets, equations,
logic, and

sion of mathematical concepts; and exercise ingenuity or

the reliability coefficients for the test were .82 when
eight, the Educational Testing Service determined that
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Test Administration and Scoring

The attitude instrument was administered by
each teacher before the achievement test was given. I
Specific instructions were given to the students re
garding the completion of the answer sheet. Students
responded to each of the 26 statements by marking the
appropriate box on the OPSCAN answer sheet. No time
limit was imposed for completing the test.

In the actual marking of the answer sheet for the
attitude instrument, the student selected response A if
he strongly disagreed with the given statement. A numeri
cal value of 1 was assigned to such a response. The
student selected response B if he disagreed with the

A numerical value of 2 was assigned to thisstatement.
response.

if he agreed with the statement, and E if he strongly
Numerical values of 3,agreed with the item. 4, and 5,

of the negatively stated items had to be reversed.scores
For example, if the student marked response A (strongly
disagree) for the statement
his reversed score for that item was 5. Strongly dis-

■

agreeing with such negative statements indicated

I

!

I

i

"I am afraid of mathematics,"

respectively, were assigned to each of these responses.

Similarly, the student marked C if he had

Before obtaining a total attitude score, the

neutral feelings or no opinion about the statement, D
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for score reversals. After reversing the scores of the
negatively stated items,
derived by adding the scores of all 26 items.

To differentiate between negative,
positive attitudes toward mathematics, the researcher
devised the following scheme. A total score of 26 through

each item, indicated negative attitudes toward mathematics.
Scores from 65 through 90, corresponding to an average of
2.50 through 3.49 for each item, indicated neutral atti
tudes toward mathematics. Scores from 91 through 130,
corresponding to an average of 3.50 to 5.00 for each item,
indicated positive attitudes toward mathematics.

All answer sheets for the attitude test were sub
mitted to the University of Alabama Testing Service. The
Testing Service obtained a punched computer card for each
answer sheet by running the sheet through an OPSCAN

The researcher then submitted the punched cardsmachine.
to a statistical program that reversed the scores of the
appropriate items and printed the total attitude score
for each subject.

The achievement test also was administered by
Since a standardized test wasthe classroom teacher.

specific written instructions were provided in theused,
Teachers adhered strictly to the 40-minutetest manual.

f

i

a total attitude score was

favorable attitudes toward mathematics, hence the need

neutral, and

64, corresponding to an average of 1.00 through 2.49 for



42
Itime limit. Students marked answers on an OPSCAN answer

sheet. The completed answer sheets were then submitted
to the University of Alabama Testing Service. The
Testing Service punched cards for each of the answer
sheets and graded the test. The researcher then checked
the scores by submitting the punched cards to a statisti
cal program that graded the tests and printed the scores
for each subject.

Statistical Treatment of Data
After scoring the pretest and posttest for both

attitudes and achievement, the following data were key
punched on computer cards for each of the subjects in
the experiment:

Identification number1.
Attitude pretest score2.
Attitude posttest score3.
Attitude change score (the posttest attitude4 .

the pretest attitude score)minusscore
Achievement pretest score5.
Achievement posttest score6.
Achievement change score (the posttest7.
achievement score minus the prestest achieve
ment score).

Only those students who completed the entire

■

i
i

.■

battery of four tests were included in the final analysis.
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279 subjects.
The results were used to test the following five

experimental hypotheses: I
There will be a significant difference inHi:
attitude improvement among students in the
experimental and control groups.
When the experimental group is divided into

and positive attitude
subgroups by pretest scores, there will be
a significant improvement of attitudes
within each subgroup.

and high achievement subgroups by pretest
scores, there will be a significant differ
ence in improvement of attitudes within
each experimental and control subgroup.
There will be a significant correlation
between attitude change scores and achieve
ment change scores for all subjects.
There will be a significant difference in
improvement of achievement among students
in the experimental and control groups.

r
■

1

H5:

H3:

H2:

H4:

When subjects are placed into low, average,

negative, neutral,

Hence, the experimental group contained 133 students and
the control group contained 146 students, for a total of
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In order to test the first hypothesis, an

analysis of variance was made using a Lindquist Type I
design. The independent variables were treatment group
(experimental and control) and repeated measures of
attitude (pretest and posttest). The dependent variable

a Lindquist Type I design again was
employed to complete the analysis of variance. Indepen
dent variables were attitude level (negative, neutral,
and positive attitudes) and repeated measures of attitude.

For this

II
considered.

utilizing a Lindquist Type III design. The three inde-

The dependent variablerepeated measures of attitude.
was the attitude score.

A Pearson product moment correlation coefficient
The gain or

loss in both achievement and attitudes for all subjects
A correlation coefficient

between attitude change and achievement change was then
idetermined.

!

I
i I;

I ,

!
!

II
ij

For H2,

I

i

I

was the attitude score.

The dependent variable was the attitude score.

was calculated for the fourth hypothesis.

in the study was computed.

pendent variables were treatment group, achievement level

To test H3, an analysis of variance was completed

hypothesis, only students in the experimental group were

(low, average, and high pretest achievement scores), and
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The last hypothesis was tested by an analysis

of variance using a Lindquist Type I design. Independent
variables were treatment group and repeated measures of
achievement. The dependent variable was the achievement
score.

Summary
In this chapter, characteristics of the partici

geometry units in the classrooms were described. Charac
teristics of the instruments used to measure attitudes
and achievement were given.
how the tests were administered was included. Subse-

study were stated.
used to test the five hypotheses were outlined.

Also, a thorough account of

Finally, the statistical procedures
quently, the five experimental hypotheses tested in the

pating schools, teachers, and students were reviewed.
Next, the procedures followed in testing the supplementary



CHAPTER IV

ANALYSIS OF DATA

The purpose of this study was to determine the
effectiveness of geometry units in terms of attitude and
achievement change. Five hypotheses were formulated
prior to the instructional period. This chapter reviews
the method of data collection and analyzes the results
in terms of the null hypotheses.

Collection of Data
During the spring of 1977, the subjects completed

attitude and achievement pretests. Classroom teachers
administered the pretests prior to the instructional

period. Fifteen to 25 days of geometry instruction,
within the general eighth-grade mathematics classes,

Posttests in attitude and achieve-followed the pretests.
ment were given by the teachers when the geometry section

Students marked responses for the attitudewas completed.
and achievement instruments on separate answer sheets.
The University of Alabama Testing Service punched computer
cards for each of the answer sheets and graded the

The researcher checked the achievementachievement tests.

46
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scores by submitting the punched cards to a statistical

Attitude scores were obtained by submittingprogram.
the punched cards to a similar statistical program.
Thus, there were four separate scores for each subject:
attitude pretest, achievement pretest, attitude posttest,
and achievement posttest. The researcher then punched

computer card with the following information for eacha
individual: an identification number, four test scores,
an attitude change score, and an achievement change

These data were used in the subsequent analysis.score.

There will be no significant difference

This hypothesis was tested by using a 2 x 2
Lindquist Type I statistical design (see the ANOV77

The treatment group

The other independent variable was repeatedvariable.
The dependent variable was themeasures of attitude.

attitude score.

experimental and control classes had to be homogeneously
grouped.

in attitude improvement among students 
I

in the experimental and control groups.

Analysis of Variance for 
Null Hypothesis 1

HOjj

To check for homogeneity, Hartley's F-max test

either experimental or control, served as an independent

Before beginning the analysis of variance, the

program, Barker & Barker, 1977).
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of group variance was applied. The variance of pretest
attitude scores for the experimental group was calcu
lated to be 284.07. The variance of pretest attitude

for the control group was 329.97.scores
computed F-max value was 1.16, which was not signifi-

experimental and control groups were homogeneously
grouped according to pretest attitude scores.

An assumption that needed validation was that
experimental and control groups were essentially equal
in pretest attitudes. From an inspection of pretest

ences existed between pretest attitude scores for the
Verification of this was incorporated intwo groups.

the actual statistical analysis.

TABLE 1
Attitude Means for Treatment Groups

Group n

83.14 82.01Experimental 133
81.23 80.78146Control

Minimum score possible = 26.Note.
Maximum score possible = 130.

Pretest
Mean

Posttest
Mean

cant, F-max (2,60) = 1.67, Therefore, the

Thus, the

p = .05.

means (TABLE 1), it appeared that no statistical differ-
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Analysis of the results (see TABLE 2) began

with the interaction component. The obtained F value

This showed that neither group changed invalue.
attitudes more than the other. Neither of the main
effects was significant. The nonsignificant F ratios
for the treatment group main effect and the interaction
component verified the aforementioned assumption of
equal pretest scores for experimental and control

The lack of statistical differences was moregroups.

understandable after an inspection of TABLE 1. Neither
group made substantial gains in attitude. Actually,
attitudes decreased slightly for both groups.

hypothesis of no significant attitude improvement for
the experimental group could not be rejected. As

the control group.

When the experimental group is dividedHo2:

attitude subgroups by pretest scores,
there will be no significant improvement
of attitudes within each subgroup.

Analysis of Variance for 
Null Hypothesis 2

From this analysis, it was clear that the null

into negative, neutral, and positive

expected, there was no significant attitude change for

of .28 was substantially less than the required table
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This hypothesis was tested by using a 3 x 2

Lindquist Type I statistical design. Only students in
the experimental group were included in this hypothesis.
The independent variables were pretest attitude level

repeated measures of attitude. The dependent variable
was the attitude score.

To divide the experimental group into three pre-

through 64 on the attitude pretest were placed into the
negative-attitude group; subjects who scored from 65
through 90 on the attitude pretest were placed into
the neutral-attitude group; and subjects who scored
from 91 through 130 on the attitude pretest were placed
into the positive-attitude group.

F-max test of group variance was applied. The variance
for each of the three attitude subgroups was:

The computed F-max value waspositive-attitude, 46.81.
Therefore,

the three experimental attitude subgroups were homo
geneously grouped according to pretest attitudes.

Analysis of results (see TABLE 3) began with the
Since the obtained F ratio forinteraction component.

interaction was significant, the individual cell means

To check for homogeneity of groupings, Hartley's

(negative, neutral, and positive pretest attitudes) and

not significant, F(3,66) = 1.82, p > .05.

test attitude levels, subjects who scored from 26

negative-attitude, 25.75; neutral-attitude, 44.42; and
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varied according to the pretest attitude level. There-

By looking at the cell means (TABLE 4), it appeared that
statistical differences between pretest scores did exist.
However, this was expected since the groups were formu
lated by such an attitude difference.
important t tests to perform were between pretest and
posttest for each of the attitude levels. By referring

only statistical differences were between pretest and
posttest attitude scores for the positive-attitude group.

decreased significantly.
The F ratio between levels of attitude was also

significant.
the three subgroups were formulated originally by such

attitude differences.
other main effect of repeated measures was not signifi
cant .

improvement in attitudes for each subgroup could not be
rejected.
scores occurred for those in the positive-attitude group.

In fact, a significant decrease in attitude

From this analysis, the null hypothesis of no

Finally, the F ratio for the

Hence, the only

However, this was of no consequence since

with positive pretest attitudes, the attitude score

to TABLE 4, the results of the t test showed that the

That is, for those subjects in the experimental group

fore, inspection of individual cell means was justified.
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and high achievement subgroups by pretest
scores, there will be no significant
difference in improvement of attitudes
within each experimental and control
subgroup. j

This hypothesis was tested by using a 2
Lindquist Type III statistical design (see the ANOVIO

Barker & Barker, 1977). The three independentprogram,
variables were treatment group (experimental and control),

■

ment scores), and repeated measures of attitude. The
dependent variable was the attitude score.

One of the constraints placed on the Lindquist
Type III design is that the number of subjects per cell

To accommodate this restraint,must be equal. the normal
curve was used to initially separate the subjects into

By referring to thethree numerically equal subgroups.
.44 of a standardthe range of scoresnormal curve,

deviation above and below the mean contains 34% of all
scores.
the achievement pretest was 19.93 with a standard

.44deviation of 6.86.
of a standard deviation above and below the mean was

Analysis of Variance for 
Null Hypothesis 3

Ho3:

x 3 x 2

When subjects are placed into low, average,

Therefore, the range of scores

In this case, the mean for all 279 subjects on

achievement level (low, average, and high pretest achieve-
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16.91 to 22.95. Since fractional scores were not
possible for individuals on the achievement test, the
range of scores was 17 through 23 for those subjects in
the average achievement subgroup. Students in the high
achievement subgroup, which included 33% of all subjects,
had pretest achievement scores of 24 or above. Students
in the low achievement subgroup/ which included 33% of
all subjects, had pretest achievement scores of 16 or
below.

After the range of scores for each of the
three achievement subgroups was determined, each sub
group was divided into experimental and control subjects.
The least number of subjects in any of the six resulting

Subjects for the other cells were randomlycells was 36.
selected so that the number of subjects in each cell was
36.
were included.

F-max test of group variance was applied to the pretest
The variances for the six groups rangedattitude scores.

The computed F-max value of 1.92from 205.51 to 394.85.
was not significant, F-max(6, .05. Thus,
the six achievement level subgroups were homogeneously
grouped according to pretest attitude scores.

To test for homogeneity of groupings, Hartley's

30) = 2.91, p =

Therefore, in the subsequent analysis, 216 subjects
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presented in tabular form (TABLE 5 and TABLE 6) due to
the complexity of the Lindquist Type III design. None
of the interaction components were significant. Neither

TABLE 5

Treatment group

Experimental Control

Low
76.47 79.28Pretest
76.69Posttest 77.81

Average
83.56 80.58Pretest
83.81 81.83Posttest

High
91.28 89.06Pretest
88.36 85.92Posttest

n = 36 for each cell.Note.
the treatment group main effect nor the repeated measures

The only significant F ratio waseffect was significant.
this wasfor the achievement level main effect. However,

of no consequence in this experiment since it applied to

Achievement 
level

Pretest and Posttest Attitude 
Means for Subjects Grouped by 
Pretest Achievement Scores

The means and the results of the analysis are
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the combined means of pretest and posttest attitude
scores for both treatment groups at each of the three
levels of achievement.

attitude improvement for each achievement level of the
experimental group could not be rejected.

There will be no significant correlationHo4:

between attitude change scores and achieve
ment change scores for all subjects.

the attitude change scores and the achievement change
scores for all subjects.

Therefore,

the null hypothesis of no correlation between attitude
change scores and achievement change scores could not

be rejected.

There will be no significant difference in
improvement of achievement among students
in the experimental and control groups.

This hypothesis was tested by using a Lindquist
The independent variables were treatmentType I design.

Analysis of Variance for 
Null Hypothesis 5

Correlational Study for 
Null Hypothesis 4

Ho5:

was not significant, F(l,277) = 1.01, p> .05.

From this analysis, the null hypothesis of no

program, Barker & Barker, 1977) was calculated between

The calculated r value of .06

For this hypothesis, a Pearson r (see CORROl
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group and repeated measures of achievement. The dependent
variable was the achievement score.

Hartley's F-max test of group
employed to test homogeneity of the experimental and
control groups on pretest achievement Thescores.

variance for the control group was 43.57. The computed
F-max was not significant, F-max(2, 145) = 1.17, > .05.P

the experimental and control groups were homogeneousHence,
according to pretest achievement scores.

The pretest achievement means had to be equivalent
for the experimental and control group before analysis.
Inspection of these means (see TABLE 7) indicated that

Statistical verifi
cation of this was incorporated in the analysis.

TABLE 7

Group n

19.87 19.74133Experimental
18.94146 19.99Control

M = 29 and SD = 12.Individual norms:Note.

Achievement Means for Treatment 
Groups

Pretest 
mean

Posttest 
mean

variance was

the means were essentially the same.

variance for. the experimental group was 50.77 while the
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The analysis of variance (see TABLE 8) began with

the interaction component. Since the F value for inter
action was not significant, neither group changed in
achievement more than the other. Neither of the main

significant. The nonsignificance verified the afore
mentioned assumption of equivalent pretest achievement
means.
significance was obvious since only slight decreases
occurred in the achievement means.

improvement in achievement could not be rejected.

Summary
The method of data collection was reviewed in this

chapter.
tested by using analysis of variance and correlational
techniques.
the null hypotheses could be rejected.
five experimental hypotheses previously stated were
rejected.

By inspecting the means in TABLE 7, the lack of

From the results of these analyses, none of

From these results, the null hypothesis of no

Using these data, five null hypotheses were

effects, treatment group and repeated measures, was

Therefore, the
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CHAPTER V

AND RECOMMENDATIONS

The first section of this chapter includes a summary
of the literature related to attitudes and achievement and

The second section includes the
conclusions that were drawn result of the study. The
last section lists recommendations for further study.

Summary
The literature concerning mathematical attitudes

and mathematical achievement indicated that, generally,
there was a significant positive correlation between the
two.
mathematical attitudes and achievement has been found.
The literature dealing with actual attempts to change

Curricular attempts toattitudes was then reviewed.

effects on attitude in comparison with the traditional
Similarly, attempts to change attitudes bycurriculum.

neutral effect.
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as a
an overview of the study.

using various instructional methods were found to have a

Group program, have usually resulted in neutral or negative

However, no cause-effect relationship between

SUMMARY, CONCLUSIONS,

Discovery, individualized, and laboratory

change attitudes, such as the School Mathematics Study
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methods have not changed student attitudes to any great
extent. When supplementary materials were used to
develop better attitudes, conflicting results were
found. No advantage was found for using enrichment
exercises, or films in mathematics classes. How-games,
ever, when the supplementary materials were related to
student interests or when applications were used, atti
tudes toward mathematics improved. In addition, the
effect of these supplementary materials on achievement
has been favorable, with the experimental group generally
attaining equivalent or significantly higher scores than
the control group.

To further investigate the effect of supplementary
materials on student attitudes and achievement, the present
study tested the effectiveness of supplementary geometry
units on mathematical attitudes and achievement of

The primary concern was to determineeighth-grade students.
if mathematical attitudes improved by relating geometry to

Hence, 10 supplementary units wereart and to nature.
written from extant materials to demonstrate how geometric
principles relate to artistic designs and natural phenomena.
Five of the units relating geometry to nature included two
soap film experiments and teacher presentations about

The other five units,

shapes that may elicit different emotions.
illusions, line designs, string art, tessellations, and
which related geometry to art, included geometrical
honeycombs, snowflakes and networks.
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To test the ten supplementary geometry units

used in this study, eighth-grade general mathematics
classes were selected. Five teachers were randomly
assigned both experimental and control groups. The units

varied from three to five weeks. Each teacher adminis
tered both the attitude and achievement pretests and

After the instructional period,posttests. all tests
were mechanically scored. These data were used to test
five experimental hypotheses:

There will be a significant difference inHl =
attitude improvement among students in the
experimental and control groups.
When the experimental group is divided into

and positive attitude
subgroups by pretest scores, there will be
a significant improvement of attitudes
within each subgroup.

H3:
and high achievement subgroups by pretest

each experimental and control subgroup.
There will be a significant correlation be
tween attitude change scores and achievement
change scores for all subjects.

H4:

H2:

ence in improvement of attitudes within

were used during the geometry instructional period, which

negative, neutral,

When subjects are placed into low, average,

scores, there will be a significant differ-
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There will be a signfiicant difference in
improvement of achievement among students
in the experimental and control groups.

The analysis of the data included correlational
and analysis of variance techniques. The analyses for
hypotheses 1,
ences or correlation.

experimental group who had positive pretest attitudes.
For hypothesis 3, one significant F ratio was determined
but was inconsequential in this study.
basis of these results, all five of the experimental
hypotheses were rejected.

Conclusions
From the analysis of hypothesis 1, it was obvious

that no attitude changes occurred for either the experi
mental or control groups. Hence, the supplementary
geometry units were ineffective in improving mathematical
attitudes in the experimental group.

From the analysis of hypothesis 2, no improvement
in attitudes was evident for any of the three attitude
levels within the experimental group.

the mean attitude score was found for those experi-in
mental students in the positive-attitude group. However,
similar investigation of the other treatment group
revealed that attitudes decreased significantly for the

H5:

score decreased significantly for those students in the

Thus, on the

For hypothesis 2, the attitude

In fact, a decrease

4, and 5 revealed no significant differ-
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positive-attitude control group as well. Therefore,

conjectures concerning the effect of the units on the
positive-attitude group must be made with caution.

From the analysis of the remaining hypotheses,
it was obvious that the units were ineffective in pro
ducing attitude improvements even though various levels
of achievement were considered.
correlation between attitude and achievement change as
a result of using the units.
not produce any improvement in achievement for the
experimental group.

Recommendations
a

result of the knowledge gained from this study:
Mathematical attitude instruments should be

constructed to reflect student attitudes toward a
particular discipline,
trigonometry.

The length of time for future studies of atti
tude improvement should be extended to at least one

semester.
Through a subjective evaluation of the effect

felt that attitudes did improve for some students.
further study is needed to determine whichTherefore,

students benefit most from such materials. Future

such as geometry,

The following recommendations are made as

algebra, or

of the units, the participating teachers in this study

Finally, the units did

Also, there was no
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studies should concentrate on one specific subgroup of

attitudes, to determine attitude improvement.
Achievement tests in future studies should test

only the content presented during the instructional
period.

Other units that relate mathematics to various
disciplines should be constructed and tested.

students, such as low achievers or those with neutral
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ATTITUDE TOWARD MATHEMATICS

booklet.

blacken the

1.
1. A B C D E

2.
2. A CB D E

3.
3. A CB D E

Mathematics often make me feel 
irritable and angry.

I think my mind works well 
when doing mathematics 
problems.

I usually feel happy when 
doing mathematics problems.

Place your name in the upper right hand 
Do not write on this

M M
o 
<

M a
o
cn
H 
Q

J

D W

W 
g 0
X
0 
o 
(X
CQ

W W 
Ct 
0
0 H 
Q
X
0
O
cn

INSTRUCTIONS: 
corner of the answer sheet.

Use pencil only.
This is to find out how you feel about mathematics. 

You are to read each statement carefully and decide how you 
feel about it. Then indicate your feeling by marking on 
the answer sheet as follows:
If you STRONGLY DISAGREE with a statement, blacken the 
letter A on the answer sheet for that item.
If you DISAGREE with a statement, blacken the letter B 
on the answer sheet for that item.
If your feeling about a statement is NEUTRAL, blacken 
the letter C on the answer sheet for that item.
If you AGREE with a statement, blacken the letter D on 
the answer sheet for that item.
If you STRONGLY AGREE with a statement, 
letter E on the answer sheet for that item. 
(Note that the numbers on the answer sheet go across the 
page from left to right.)
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4.

4. A B C D E

5.

5. A B C D E

6.

6. CA B D E

7.
7. A CB D E

8.

8. A CB D E

9.
9. A B C D E

10.

10. B C DA E

I am afraid of mathematics. 11.11. A CB D E

Mathematics is fun. 12.12. A B C D E
13.

13. A B C D E
14.

14. A B C D E

My mind goes blank and I am 
unable to think clearly when 
working mathematics problems.
Mathematics is a stimulating 
and interesting subject.
I sometimes feel like running 
away from my mathematics 
problems.
I feel sure of myself when 
doing mathematics.

I avoid mathematics because 
I am not very good with 
numbers.

M M PS u 
cn 
H 
Q
X J O z o PS Eh 
CQ

M W OS o
X 
1-0 u z o OS Eh cn

M
u
cn
H
Q

£
W

W
u

Mathematics problems often 
scare me.

I like anything with numbers 
in it.

When I cannot figure out a 
verbal problem, I feel as 
though I am lost in a mass 
of words and numbers and 
cannot find my way out.

When I hear the word mathe
matics, I have a feeling of 
dislike.
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I feel good toward mathematics.15. 15. A B E
16 .

16. A B C D E
17.

17. CA B D E
18.

18. A C EB D
I have always liked mathematics. 19.19. EA B C D

20.
20. B C D EA

21.
21. A B C D E
22.Mathematics is easy for me. C EA B D22.
23. CA B D E23.

24.I dread mathematics. CB D EA24 .
25.

25. A B C D E

26.
26. A B C D E

I usually feel calm when doing 
mathematics problems.
I think about mathematics 
problems outside of class and 
like to work them out.
Mathematics tests always seem 
difficult.

Trying to work mathematics 
problems makes me nervous.

Time drags in a mathematics 
lesson.

M M
u
cnHQ

o
o Pi Em

w N Pi u
D

Pi e
>M
u z o PiEm cn

w § 0
CQ Hi 
Q

£ Em O W Z
c

Mathematics class stimulates 
me to look for ways of 
applying mathematics to 
solving practical problems.

I feel especially capable when 
doing mathematics problems.

I would rather do anything else 
than do mathematics.
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SOAP FILM I

Objective.I.

The teacher will conduct an experiment to illus
trate to students the natural angles and minimum configura
tions formed by soap film in two-dimensional space.

Teacher Information.II.
Soap film and soap bubbles can be a source of

fascination for any age group. Who would think that the

governed by mathematical principles? In fact, the complex
mathematical and scientific principles underlying soap
film configurations may not be understood by either the
eighth-grade student or by the teacher.
should not prevent the teacher from exploring these
principles. the following basic principlesTherefore,
concerning soap films will be investigated.

A system tends to stay in a formation with the least1.
In a soap filmenergy or least surface stress.

surface area.
formation with minimum area.
Soap film surfaces meet in only two ways:2.

Three surfaces meet along a smooth curve or straighta.
line at angles of 120 degrees with respect to one
another.

soap bubbles many children use for entertainment are

That is, a soap film stays in the

However, this

system, this condition is synonymous with least
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Six surfaces, which form four curves or lines,b.
meet at a single vertex. These four curves meet

at the vertex at angles close to 109 degrees.
Before performing the actual experiment in class,

try the experiment to make sure the soap solution is of
the correct consistency. The soap solution itself can be
bought commercially or it can be made by mixing equal
portions of dishwashing detergent and water.

The two soap film units have been artificially
separated only to accommodate class time. Since both
experiments in one class period may take too much time,
two separate experiments are suggested. SOAP FILM I
emphasizes two dimensional concepts while SOAP FILM II
readily illustrates their three dimensional equivalents.

Classroom Procedure.III.
Get students interested at first by simply blowing

Explain briefly what the demonstration is about.bubbles.
After students are gathered around the demonstration table,
perform the following experiments:

with points up, between the twoPlace three tacks,1.
glass panes so that an equilateral triangle is formed.
Dip into soap solution, making sure all three tacks

Observe the film formation
Ask students why thisfrom the top of the glass.

FIGURE 1 shows threeparticular figure developed.
Thepossible ways of combining the three tacks.

are joined by soap film.
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structure with the three-way joints (1A) uses less
material than any other configuration, thus principle
one is observed. Make sure to point out that the
angles formed are 120 degrees.

2. Place three tacks in various positions between the
panes to show that a three-way joint forms. Show also
that the only exception to this rule is when the three
tacks themselves form a 120-degree angle

3. Ask students how four tacks will be joined by the film.
Place four tacks in a square between the panes and dip
into the solution. Observe that two triple joints are
formed since this figure requires less materials to
join the four tacks than any other figure (see FIGURE

3A requires less soap film to connect the four3;
Distribute four tacks intacks than 3B or 3C).

irregular shapes; two triple joints emerge. The
exception is when 120-degree angles are already

Noticeformed by the tacks themselves (FIGURE 4).
that principle 2 is always being observed.
Place five tacks in a regular pentagon shape and4.

FIGURE 5 shows one possibility.note the triple joints.
Place six tacks in a regular hexagon shape and note5.

(This figure, while it does notthe triple joints.
represent the least material in joining six tacks,
does require the least energy to maintain. In

These

as in FIGURE 2.

FIGURE 6, 6B requires less material than 6A.
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and more complicated figures are governed by networks

joining points and overall length.
for an excellent treatment of this phenomena.)

6. Place many tacks between the panes in an irregular
fashion. Again, triple joints that require the
least amount of energy to maintain are formed.

Conclude with the statement that the foregoing
experiments show that mathematical principles are inherent
in soap film systems.

Materials Needed.IV.
Two sheets of glass (approximately 15 x 15 cm),

towels,
and soap solution are needed.

Optional Student Activities.V.
Measure or calculate the length of the lines in

FIGURES 1 and 3 to show that 1A and 3A are the least
length.

Sources.VI.
Almgren,

R.

New

Mathematics

The geometry of soap 
Scientific American,

Minimal surfaces rediscovered.
1976, 69, 146-152.

Courant, R.,
York:

Ehrmann, R. M.
Teacher,

Courant, R. Soap film experiments with minimal surfaces. 
American Mathematical Monthly, 1940, 47, 167-175.

F. ,' Jr., & Taylor, J. E. 
films and soap bubbles. 
1976, 235 (1), 82-93.

eight to ten thumb tacks, demonstration table,

& Robbins, H. What is mathematics? 
Oxford University Press, 1941.

that must meet the two constraints, directness in
See Stevens * book
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Little, Brown,Stevens, P. S. Patterns in nature. . Boston: 
and Co., 1974.

Experiments leading to figures of maximum 
Mathematics Teacher, 1975, 68, 356-363.

Moulton, J. P. 
area.
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SOAP FILM I

FIGURE 1

1A IB
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SOAP FILM I

FIGURE 2
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SOAP FILM I
FIGURE 3

3B3A

3C
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SOAP FILM I

FIGURE 4

4A

4B
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SOAP FILM I

FIGURE 5
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SOAP FILM I

FIGURE 6

6A

6B
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SOAP FILM II
Objective.I.

The teacher will conduct an experiment to
illustrate to students the natural angles and minimum
configurations formed by soap film in three-dimensional
space.

Teacher Information.II.
This second soap film exercise demonstrates the

These laws are again

listed for convenience.

1. A system tends to stay in a formation with the least
energy or least surface stress. In a soap film

this condition is synonymous with leastsystem,
surface area. That is, a soap film stays in the
formation with minimum area.
Soap film surfaces meet in only two ways:2.

Three surfaces meet along a smooth curve ora.
straight line at angles of 120 degrees with
respect to one another.

with form four curves or lines,Six surfaces,b.
These four curvesmeet at a single vertex.

meet at the vertex at angles close to 109 degrees.
With the materials listed in section IV, make

Make a circle with thread andthe following structures.
Tie the thread circle to the wire circleone with wire.

with two pieces of thread as illustrated in FIGURE 1.

same laws as the first experiment.
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Make an egg-shaped structure with three wires forming
approximately 120-degree angles with each other (see

2) . Make a tetrahedron with wire as shown inFIGURE
3. illustrated inFIGURE

Be sure all wire structures can be completely4 .FIGURE
submerged in the soap solution.

Classroom Procedure.III.

observed that soap films maintain a figure that requires
the least energy. The following experiments show that
soap film systems tend toward a least area configuration.

Dip the circles into a soap solution. With a needle,1.
prick the soap film inside the thread circle (see

The film should burst so that the threadFIGURE 1) .
Ask students why a circle isforms a perfect circle.

One reason is that with the circular struc-formed.

equalized. Also,

of the soap film in observance of principle 1.

minimized.
Dip the egg-shaped wire structure in the soap solution.2.

Make a cube with wire as

a circle has the maximum area for
a given perimeter, thus minimizing the surface area

since in all cases soap film area (stress) is
Principle 1 also holds in experiments 2, 3, and 4

In the first soap film demonstration, it was

ture, the pressure at each point of the thread is

In observance of principle 2a, three soap film surfaces
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Inform the

students that the angle formed by any two of the
planes is 120 degrees.
Ask students to speculate as to the film formation3.
for the tetrahedron. Dip the tetrahedron into the
solution. In accordance with principle 2b, the six
surfaces and four lines meet at one vertex. Tell
the students that the angle formed by two lines is
approximately 109 degrees. A bubble may form in the
center of the tetrahedron but note that the same
principle holds.
Again,4. ask students to speculate about formations for

Then place the cube in soap solution.the cube. A
rectangular bubble or a plane surface forms in the
middle of the cube in adherance to principle 2b.
This structure is not only a fascinating combination
of all the foregoing soap film principles but is
aesthetically pleasing as well.

End with a review of how mathematical principles
inherent in soap film systems.are
Materials Needed.IV.

Optional Student Activities.V.
Make other wire structures to show these same

principles hold.

meet in a curved or straight line.

Demonstration table, towels, pliable wire, needle
or pin, thread, pliers, and soap solution are needed.
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Sources.VI.

R.

New

MathematicsM.

1975,
Little,Boston:Patterns in nature, 

and Co., 1974.

Courant, R. Soap film experiments with minimal surfaces. 
American Mathematical Monthly, 1940, 47, 167-175.

The geometry of soap 
Scientific American, 1976,

Almgren, F., Jr., & Taylor, J. E. 
films and soap bubbles. 
235(1), 82-93.

Stevens, P. S.
Brown,

Moulton, J. P. 
area.

Experiments leading to figures of maximum 
Mathematics Teacher, 1975, 68, 356-363.

Ehrmann, R. M. Minimal surfaces rediscovered.' 
Teacher, 1976, 69, 146-152.

Courant, R. , & Robbins, H. What is mathematics? 
York: Oxford University Press, 1941.
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SOAP FILM II
FIGURE 1

Wire

Thread

Prick soap 
film here
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SOAP FILM II

FIGURE 2

(
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SOAP FILM II

FIGURE 3
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SOAP FILM II

FIGURE 4

I
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HONEYCOMBS

Ob j ective.I.
The teacher will show students how the regular

hexagon contributes to the efficiency and strength of
the honeycomb.

Teacher Information.II.
Articles dating back to the nineteenth century

attest to the fact that honeycombs have long been a
source of fascination for man. The most controversial
topic was whether the hexagonal pattern of the honeycomb
was due to inherent intelligence of the bee or to natural
forces acting on the structure. one can studyHowever,
the mathematical principles involved and appreciate the
efficiency of the hexagonal patterns without debating
the intelligence/nature problem.

The major problem is why the honeycomb is composed
Why is it not composed of squares,of regular hexagons.

The two main prin
ciples involved in the explanation are close-packing

Both principles should be thoroughlyand maximizing area.
explained to the students.

The suggested placement for this unit is after
the study of area and perimeter of polygons.

circles, or some irregular figure?
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Classroom Procedure.III.

Introduce the subject by stating that the
honeycomb constructed by bees is composed of regular
hexagons. Encourage students to propose reasons why
the hexagon is used.

To begin the explanation of the advantages of
the hexagonal shape in the honeycomb, consider the
polygon that encloses the most area for a given peri-

As an example, if the perimeter of a quadrimeter .
lateral is 12 units, what quadrilateral will enclose
the most area? any other
quadrilateral with perimeter 12 will not have as much
area.
sides, the regular polygon contains the greatest area
for a specified perimeter.

The next question is which regular polygon
contains the greatest area for a given perimeter? The
following figures help to answer this question.

This equilateral triangle has aShow FIGURE 1.
perimeter of 12 units and an area of 6.9 square units.

This square has a perimeter ofShow FIGURE 2.
12 units and an area of 9 square units.

This regular hexagon has aShow FIGURE 3.
area of 10.4 square units.perimeter of 12 units and an

Do not concentrate on how to find the area of these
figures since students should already know this.

The answer is a 3 x 3 square;

The major point is, for any given number of
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it may be simpler to find the area by first dividing the
hexagon into triangles.

Show FIGURE 4.
sides) has a perimeter of 12 units and an area of 11.5
square units.

Of these four figures with perimeter 12, which
contains the greatest area? One would think that the
bee would be well advised to build the honeycomb with
circular cells, thus storing a maximum amount of honey
while expending the least amount of wax to make the
walls.
Bees must construct many cells close together to store

honey.

Packing the circles close togetherShow FIGURE 5.

tween the cells.
Now the question is what regular polygon can be

closely packed together without wasting space between?
With a little drawing and speculation, one may soon dis
cover that there are only three regular polygons that

figures.
Explain that equilateralShow FIGURE 6.

triangles can be packed together with no wasted space.
Squares can also be packedShow FIGURE 7.

together with no wasted space between figures.

This circle (a polygon with n

as in FIGURE 5A or FIGURE 5B will waste too much wax be-

can be packed together without wasted space between the

However, a second principle has to be considered.

However, if explanation is needed for the regular hexagon,
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Show FIGURE 8. This demonstrates that regular

hexagons can be packed closely together.
Considering the first principle, the regular

hexagon structure is the best choice for the honeycomb
since it contains more area than the triangle or square
for a given perimeter and it can be closely packed
together. the mostHence,
efficient figure in terms of maximizing honey storage
and minimizing wax production.

As additional information, tell students that
another property that adds strength to the honeycomb is

there are only three walls meeting.
The hexagon is the only figure for which this is true

This 3-way joint not only
adds strength but is very common in other natural

On the other end of each honeycombphenomena as well.
the six sides meet in a configuration of threecell,

The cells interlock perfectly with the otherrhombuses.

side of the honeycomb adding further to its structural

soundness.

Materials Needed.IV.
An overhead projector and transparencies of

FIGURES 1 through 8 are needed.
Optional Student Activities.V.

Show that a regular pentagon with perimeter 12
less area than a regular hexagon of the samecontains

(see FIGURES 6, 7, and 8).

that, at each vertex,

the bee has "selected"
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perimeter (this may be very difficult for eighth-graders
but it will show that another triangle area formula may
be needed).

Honeycomb cells end with 3 rhombuses that fit
together perfectly with the other side of the honeycomb.
Build several cells from wire and paper to show how they
interlock to add to the structural stability.
VI. Sources.

London:J. Longman,

F.

Mathematics

New York: OxfordH.

Toth,

Vogel, L.

Two dimensional honeycombs.
1965, 72, 969-973.

Construction of a honeycomb, 
and Mathematics, 1937, 37,

Steinhaus, H. Mathematical snapshots. 
University Press, 1960.

Siemens, D. F. The mathematics of the honeycomb. 
Mathematics Teacher, 1965, 58, 334-337.

L. F.
know.
Society,

School Science 
386-387.

Siemens, D. F.
Teacher,

Of bees and mathematicians.
1967, 60, 758-761.

What the bees know and what they do not 
Bulletin of the American Mathematical 

1964, 70, 468-481.

Experiments leading to figures of maximum 
Mathematics Teacher, 1975, 68, 356-363.

Moulton, J. P. 
area.

Pettigrew, J. B. Design in nature.
Green, and Co., 1908.

Bleicher, M. N., & Toth, L. F.
American Mathematical Monthly,
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A

Perimeter = 12
Area = 6.9

HONEYCOMBS
FIGURE 1
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HONEYCOMBS
FIGURE
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= 9



100

2

2

Area

Perimeter = 12
= 10.A

HONEYCOMBS
FIGURE 3
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Area
= 1.9Radius

Perimeter = 12
= 11.5

HONEYCOMBS
FIGURE A
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HONEYCOMBS
FIGURE 5

5 A
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honeycombs
FIGURE 6
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HONEYCOMBS
FIGURE 7
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HONEYCOMBS
FIGURE 8
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SNOWFLAKES

Obj ective.I.
The teacher will demonstrate to the students

the hexagonal patterns and symmetry of snowflakes.
The shapes and patterns that exist in nature

today tend to be the most efficient possible under the
given circumstances. For example, the honeycomb is

the most efficient form in which to store honey, given

restrictions on stability and volume (see HONEYCOMBS

for further explanation) . The best possible configura

tion usually appears in nature only after many years of

evolution.

patterns to occur repeatedly in natural phenomena.
Spiral patterns, branching

quite frequently in nature.
Another figure commonly found in nature is the

The 120-degree joint of the regularregular hexagon.
hexagon tessellation is demonstrated in SOAP FILM I.

ThisThe hexagon is also shown in the honeycomb unit.
unit on snowflakes is another example of the hexagon
shape in nature.

Snowflakes develop in various forms:
columns or long needles, or as compound structures.

the flat snowflake or a cross section of aHowever,

Thus, one might expect the more efficient

flat, as

patterns, 120-degree joints, and pentagonal shapes occur
Indeed, such is the case.
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columnar flake is almost always hexagonal in shape.
The main consideration in determining the form of the
snowflake is air temperature. However, the hexagonal
shape arises from the unique triangular arrangement of
water molecules within the snowflake. Complex scientific
principles governing the growth of crystals are involved

but are not to be presented here.

The main points to be presented to the students

of the snowflake.

flakes have been found to be exactly alike can be

mentioned.

The suggested placement for this unit is after

the study of polygons or as an introduction to symmetry.

It may be beneficial to present this lesson in conjunction

with the soap film and honeycomb units so that comparisons

can be made.

Classroom Procedure.Ill.
Begin the presentation to students with a dis

cussion of the most prevalent patterns in nature. Ask
students if they have noticed any particular shape that

frequently in nature.occurs
Tell students that one of theShow FIGURE 1A.

most common figures in nature is the regular hexagon.
The snowflake shown in 1A has the characteristic

are the characteristic hexagonal shape and the symmetry
In addition, the fact that no two
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hexagonal shape. Turn the figure through 60 degrees to

show that the original shape is maintained. Ask the

students what mathematical property is demonstrated by

the result of this rotation.

Show FIGURE IB. Point out the hexagonal shape

to students. Ask students what shape occurs if the
figure is rotated 60 degrees.

Show FIGURE 1C. Stress the hexagonal shape.

or compound structures) .

number of different snowflakes designs is possible.

While almost every snowflake has this hexagonal shape,

no two snowflakes have ever been found to have exactly

the same design.

Emphasize the characteristicShow FIGURE ID.

Ask students ifhexagonal shape and the symmetry.

there are any lines of symmetry or points of symmetry.

it is obvious from these examples thatHence,
the regular hexagon is one of the most important polygons

in nature.

Materials Needed.IV.

and a transparency

of FIGURE 1 are needed.

Optional Student Activities.F.

Find out what line symmetry means if you do not
Draw all lines of symmetry possible for aalready know.

Mention the various forms of snowflakes (flat, columnar,

Also, state that a very large

An overhead projector, paper,
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regular hexagon. Determine the points of symmetry for
the regular hexagon.

Sources.VI.
W. New

Knight, Scientific

ScientificMason,

Snow crystals.
1962.

growth of snow crystals.
1961, 204(1), 120-134.

C. , & Knight, 
American,

Quander, D. D.
Science and Children,

Bentley, W. A. , & Humphreys, W. J. 
York: Dover Publications,

B. J. The 
American,

Snowflakes--an introduction to symmetry.
1970, 8(4), 22-24.

N. Snow crystals. 
1973/ 228 (1), 100-107.
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SNOWFLAKES
FIGURE
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NETWORKS

Objective.I.

be analyzed to predict the branching patterns in nature.
Teacher Information.II.

We observed one of nature's basic laws in the

soap film experiments, namely that natural systems tend

toward a least area configuration. In general, objects

in nature tend toward a pattern with the least energy

motion). The object of this unit is to try to predict

The basic problempatterns are most probable in nature.

analogous to determining the best or most efficientis

Since this unit is ratherway of connecting points.

it should be presented after the other fourabstract,
units on nature.

This lesson is extremely simplified for incorpora-
An excellent andtion into an eighth-grade classroom.

thorough treatment of this subject is given in Stevens'

Classroom Procedure.III.

Begin by reminding students that soap film

systems tend toward the figure with the least

there a way to predictleast length.
what configurations in nature may be preferred?

area or

The teacher will show students how systems can

Mathematically, is

mathematically, in a slightly abstract form, what

book, Patterns in Nature.

(e.g., least area, lowest altitude, tightest fit, least
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Consider the problem of trees. What is the most

efficient way to get water from the trunk to the outermost
That is,leaves? what pattern requires the least amount

of wood and connects the wood to the leaves in the most
direct way?

Show FIGURE 1A. Suppose the middle point is the
trunk of the tree and the six outermost points are leaves.
What is the best way to get water to all the leaves? How
can the points be connected with the least distance and
in the most direct way?

Place FIGURE IB over 1A. This shows one way to
connect the points. How much length (or how much wood)
is required? Measure each line segment to show the length
of each is 5 the total length of theTherefore,cm.

This pattern of six branches connectingsystem is 30 cm.
six leaves is the most direct way to get water to the

leaves or to connect the system.

be appropriate for tree growth since a tree cannot sustain

each of its leaves with a separate branch.

Are there any other ways to connect the points?

Allow students to offer suggestions.

Remove FIGURE IB and place FIGURE 1C over 1A.

This shows another way to connect the points which is

not as direct but requires the same length of 30 cm. In

However, it would not

this figure, one branch sustains all six leaves.
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Remove FIGURE 1C and place FIGURE ID over 1A.

This more efficient way to connect the points.
This branching pattern is composed of 120-degree angles.

Each segment measures 3 cm, for a total distance of 27

Therefore, this pattern requires less wood thancm.

the other two patterns and is reasonably direct. Three

main branches sustain the six leaves. Even by increasing

the number of points, the 3-way joints and 120-degree

angles are the best choice in terms of connecting points

directly and overall length.

One might think then that nature would be well

advised to adopt this 3-way joint branching pattern.

in the soap film experiments and the honeycombs. Actual

tree growth is very similar to this though the angles
made in branching vary from 75 to 90 degrees (instead of

However the 3-way120) due to frictional resistance.
This 3-wayjoints in tree growth are quite prevalent.

branching also occurs in distribution of blood through
inthe blood vessels,

through the use of mathematics, figuresTherefore,
be analyzed to predict which patterns actually docan

prevail in nature.

Materials Needed.IV.

transparencies of FIGURES 1A through ID are needed.

lightning streaks, and in rivers.

shows a

An overhead projector, a transparent ruler, and

In fact, this pattern is very common in nature, as seen
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Optional Student Activities.V.

Make a square arrangement with four dots. Sketch

the diagonals to locate the center point. Draw a figure

so that 3-way joints connect the five points at 120-degree

Measure the total distance of the lines drawn.angles.
Is it shorter than the length of the two diagonals added
together?

Sources.VI.
Smith,

Little,Boston:

C. S.
In G.
science.

Patterns in nature, 
and Co., 1974.

Structure, substructure, superstructure.
Kepes (Ed.), Structure in art and in

New York: George Braziller, 1965.
Stevens, P. S.

Brown,
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NETWORKS
FIGURE 1 A
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FIGURE
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GEOMETRICAL ILLUSIONS

Obj ective.I.

The teacher will show students how certain

geometric configurations alter perception and illustrate

the necessity of accurate measurement.

Teacher Information.II.

People seem to have enough confidence in their
optical judgments that the old adage
is usually accepted. The major point of this unit is to
refute this adage by showing we cannot rely solely on our
judgments but must make accurate measurements and compari-

The optical illusions included offer vivid proofsons.

that our visual estimates of area, angle, length, and

curvature are often false.

One important property of our visual sense is that

Hopefully this introduction toto its surroundings.

simple geometric illusions will encourage students to

think anew of the relationship between their environment

and geometry.
Classroom Procedure.III.

Before beginning the unit, make sure there is

keystoning (distortion) with the overhead projector.no

Distortion will certainly destroy some of the illusions.
Keystoning is prevented by projecting the image perpen
dicular to the screen.

"seeing is believing"

we assess the size and dimensions of an object in relation
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Begin by stating that geometric configurations

The following examples illustrate the necessity of
accurate measurement.

Show FIGURE 1. Which appears longer, the height

or the width of the hat (AB or CD) ? After allowing
students to speculate, measure the distances AB and CD
with a transparent ruler. While the height does indeed
appear to be longer than the width, actually the height

7.5 cm and the width measures 8.8measures cm.
Show FIGURE 2. Is the monument itself longer

than the base on which it stands? While the monument
appears longer than the base, careful measurement shows
that in fact both are equal.

FIGURES 1 and 2 show that vertical distances
usually appear to be greater than equal horizontal
distances. Tell the students the following practical
implications of this phenomena. An architect must be

illusion so that if he desires the heightaware of this
inof a monument to appear to be equal to the base,

actuality he will have to build the base longer than
the height.

skinny can may not necessarily contain more thantall,
a short, bulky can.

in certain settings can alter our perception of objects.

Also, when purchasing canned products, a
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Show FIGURE 3. Are the four horizontal lines

parallel? By using rulers, you can verify that the lines
though they do not appear to be.

Show FIGURE 4. Do the two center lines bulge

in the middle? Though the lines seem to curve, they

are parallel. In both of these figures, an illusion is
created by the setting in which the lines appear.

Show FIGURE 5. Which of the three lines F, E,
a continuation of D? It appears as though F

would be the correct choice. However, careful placement
of a straight-edge reveals that E is the correct choice.

/Which drawing is larger?Show FIGURE 6.

Although equal in area, the bottom picture appears larger

top figure.
Allow students time to interpretShow FIGURE 7.

Is it a cube in the corner of a room? Iswhat they see.
small cube attached to the front corner of a large

Is it a large cube with a chunk removed from thecube?
Focus of attention determines perception infront part?

this case.
This is a drawing of a bridgeShow FIGURE 8.

sidewalk fading into the distance (perspectiveor
Which of the three towers is the tallest?drawing).

Only through precise measurement can you see that the

are parallel even

or C is

since it is positioned close to the narrow part of the



122
towers are equal, though the third tower appears to be
the largest. Since artists use perspective in paintings,

they must be aware of this size distortion.

Thus, it can be seen that the setting, positioning,

and focus of attention alter our perception of objects.

Only through accurate measurement and comparison can false

judgment be avoided. From these illusions,

the important role that geometry plays in the perception

of our surroundings.

Materials Needed.IV.
An overhead projector, a transparent ruler, paper,

and transparencies of FIGURES 1 through 8 are needed.

Optional Student Activities.V.
Draw a vertical line, call it A. Perpendicular

to the base of the line, draw a horizontal line (B)
■bisected by A so that the horizontal line appears to be

Now measure the linesequal to the vertical line.
accurately to check your estimates.

How do you judge the size of three dimensional
How can a particular settingobjects on the TV screen?

in
of the size of objects?
VI. Sources.

G.Brandes, L. G. An introduction to optical illusions. 
Portland, Maine: J. Weston Walch, 1956.

one can see

a TV show or commercial affect your interpretation

Brandes, L. G. Optical illusions: A presentation for 
high school mathematics students. School Science 
and Mathematics, 1954, 54, 557-566.
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MacMillan,Optical illusions. New York:

Their causes, 
New York:

charac-
D. Van

Luckiesh, M. Visual illusions:  
teristics, and applications. 
Nostrand Co., 1922.

Tolansky, S.
1964 .
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SHAPES AND FEELINGS

Objective.I.

The teacher will demonstrate to the students the

geometric shapes that may elicit certain emotional

reactions.

Teacher Information.II.

Geometric shapes surround us in our everyday
living. The most obvious example of this is in the

architecture of our man-made environment. Buildings,

and other physical structures usually formmonuments,
some basic geometric figure. In our natural environment,
hexagons, pentagons, and spirals are among the most
common shapes.

One purpose of this unit is to show some of the

simplest geometric figures that occur in nature. However,

the main objective is to show how three of the shapes in

For example, sharp angles areinfluence our emotions.

What feelings or emotions developtainous regions.
Usually, angles elicitwhile looking at sharp angles?

even masculinity.
The second geometric shape in this unit is
horizontal lines, which may be either straightsmooth,

What emotion is elicitied when sand dunes,or curved.

our environment (straight lines, angles, and curves)

common in our natural surroundings, especially in moun-

feelings of violence, unrest, ruggedness, and perhaps
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grassy meadows, rolling hills, or other gradual curva

tures are encountered in nature? The feeling usually

Finally, what emotions are elicited by looking

at a spiral design? Curves that continually change

direction usually stimulate one to be active and give

Students might well be hesitant to participate

when asked to display reactions to the pictures provided.

emotions they may have.

Since this unit includes the most elementary of

to geometry.

Classroom Procedure.Ill.
Ask students what geometric shapes surround them

Ask if they havein their classroom and in their home.
associated any feeling with any particular shape that

Ask students if any particularShow FIGURE 1A.
Try to get as many reactions asemotion comes to mind.

After ample time ispossible from various students.
allowed for responses, tell students what emotions are
usually elicited with sharp angles.

This picture shows one exampleShow FIGURE IB.

Ask studentsof sharp angles as they occur in nature.

is common in their everyday life.

a feeling of motion.

geometric designs, it may serve as a good introduction

However, encourage students to communicate any ideas or

elicited is one of contentment, restfulness, and ease.
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if the emotions discussed with the previous picture are

actually elicited here. Ask for other examples in the

environment where sharp angles can be seen.

Show FIGURE 2A. Ask if any feeling comes to
mind from looking at smooth curves such as those in 2A.

are usually elicited when smooth curves are observed.
Show FIGURE 2B. This picture of smooth, rolling

hills shows one example in nature. Ask if the emotions
discussed earlier are actually elicited here. Ask for

further examples in our natural environment where

gradually changing curves can be seen.

Ask students what emotional reShow FIGURE 3.

After suggestionsactions they have to the spiral pattern.

Ask for examples of spiralswhen spirals are observed.
in our natural environment.

Summarize the lesson and discuss how other changes
in the environment may elicit emotions.

Materials Needed.• IV.

Pictures of mountain and farm scenery, sketches

of angles and curves, and a drawing of

Optional Student Activities.V.

How might an interior decorator use angles and
the design of a room to create certain moods?

a spiral are needed.

Galaxies, sea shells, torna-

curves in

After student suggestions are made, tell what emotions

from students, tell what feelings are usually elicited

does, and whirlpools may serve as examples.
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What other spiral patterns are in your home or

environment?
Sources.VI.

New York: VikingA.Ravielli, A. Adventure in geometry. 
Press, 1957.
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SHAPES AND FEELINGS

FIGURE 3
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LINE DESIGNS

Objective.I.

The teacher will demonstrate to students how

aesthetically pleasing designs can be produced by using

only straight lines.

Teacher Information.II.

By using a simple geometric figure, the line, and

by following a minimum number of rules, artistic figures

can be drawn. Even non-artists can create original designs
easily by using this method. The basic idea is to create
a curved figure by using straight lines only.

Since all line designs follow the basic pattern

figure is made. This unit may be given at any point during
the instructional period.

Classroom Procedure.III.

Begin by stating that one of the most basic con

state that the process does not require artisticdesigns.

all that is needed is a pencil and ruler.talent;

In this figure, only straightShow FIGURE 1.

How can you develop alines are used to create a curve.

draw any sizeFirst,curved figure from straight lines?
Divide both sides into the sameangle with equal sides.

Number the points as shown innumber of equal parts.

shown in FIGURE 1, make sure students understand how this

cepts in geometry, the line, can be used to create complex
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FIGURE 1. Connect equal numbers with a line segment

and a curve appears. The curve can be altered by the

size of the angle, the number of equal parts, and the

size of each division. Tell students that they must

understand this procedure since all other designs

follow this basic pattern.

Show FIGURE 2A. Three equal segments are divided
into 14 equal parts. By following the same rule as

Connect 2 or '4 points with
line segments as shown before to demonstrate the proce-

Place FIGURE 2B over FIGURE 2A.dure. This shows the

final figure of three curves.

Starting with an equilateralShow FIGURE 3.

triangle, mark off 16 equal parts on each side. If the

midpoint of each side is considered the starting point,
Explain this bythree curves can be drawn as shown.

showing how one of the curves is constructed.
Begin with a square with theShow FIGURE 4.

Each side and each diagonal is divideddiagonals drawn.

Make a curve in each of the eightinto 20 equal parts.

angles formed around the outside of the figure. For

easier explanation to students, cover the figure so

After students seethat only one angle is revealed.

constructed, reveal the entire figure

to show all eight curves completed.

how one curve is

before, make three curves.
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Show Figure 5. How many angles are involved in

this figure? How is the overlapping illusion created?
Which figures were drawn first? This is an advanced
example so you need not explain the tedious step-by-step
process to the students. Students will be able to draw
this type of figure with practice.

artistic designs can be created with simpleThus,
geometric figures. The basic idea is simple but by using
different geometric figures, backgrounds, and colors,
striking art works can be created.

Materials Needed.IV.

and transparencies of FIGURES 1 through 5 are needed.

Optional Student Activites.V.

Create other line designs using various polygons

as the base.

VI. Source.

ArithemticE.

L. , & Snider J.  
Creative Publications,

Ogletree, E. Geometry: 
Teacher, 1969, 16,

Seymour, D., Silvey, 
Alto, California:

An artistic approach.
457-461.

Line designs. Palo
1974.

An overhead projector, transparent ruler, paper,
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LINE DESIGNS
FIGURE 2A



146

LINE DESIGNS
FIGURE 2B
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LINE DESIGNS
FIGURE 4
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STRING ART

Objective.I.

The teacher will show students how aesthetically

pleasing designs can be made by using a simple geometric

figures.

Teacher Information.II.

This unit is

designs . While line designs are basically concerned

with two-dimensional figures, string art allows the

construction of three-dimensional objects using the

same principles. By using multicolored thread, more

vivid designs are possible. Since actual construction
of these figures may involve a great deal of time, only
the end product will be presented to the students. String

art examples vary in construction and a step-by-step

explanation for each design is a lengthy, tedious

a brief explanation of the basicTherefore,process.

construction is left to the individual teacher.

The teacher will have to construct the string

designs before presenting the lesson to the class. They

may be constructed by drawing outlines on cardboard and
Anotherstitching the pattern with needle and thread.

an extension of the line design

variation is to make a design in a piece of plywood

unit, hence, it should be presented after the line
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with nails and wind the thread around the nails. The

books listed in section VI give detailed instructions

for complex designs.

be constructed by using

only the principles in the line designs unit. For

example, FIGURE 1 shows how the square can be used as

a basic outline, while FIGURE 2 shows a pentagon.

The directions given in the next section are

necessarily general, since specific instructions vary

according to the particular string designs constructed.

Classroom Procedure.III.

Review the basic procedure of how to construct
line designs. Add that more complex, multicolored designs

can be constructed with thread.

Show a string art design that is similar to the

Explain the basic construction

to the students.

Show a string art design that is similar to the

Stress that the same principlesone shown in FIGURE 2.

are used as in constructing line designs.

Show a string design similar to the one shown

Tell students that only straight lines arein FIGURE 3.
used to form the circles inside the perimeter.

shown in FIGURE 4.

Some string figures can

one shown in FIGURE 1.

Show a string art structure similar to the one
For complex string designs such as
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stress the aesthetic qualities but not the tediousthis,

step-by-step construction.

Any other string art designs similar to those

in FIGURES 1 through 4 can also be shown.

From these examples, one can see that geometrical

figures can be used to create beautiful artistic designs.

Materials Needed.IV.

String art designs similar to those shown in

FIGURES 1 through 4 are needed.

Optional Student Activities.V.

Create a three-dimensional string art design.

Sources.VI.

ArithmeticE.

Winter,

An artistic approach. 
457-461.

Palo Alto, California: 
1972 .

L., & Snider, 
California:

Seymour, D., Silvey, 
Palo Alto, 
1974 .

Ogletree, E. Geometry: 
Teacher, 1969, 16,

J. Line designs. 
Creative Publications,

J. String scultpure.
Creative Publications,
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STRING ART

FIGURE 1
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STRING ART

FIGURE 2
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STRING ART

FIGURE 3
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STRING ART

FIGURE 4
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TESSELLATIONS

Objective.I.

The teacher will show students how to draw
tessellations using only one polygon.

Teacher Information.II.

A tessellation is a polygonal design that complete

ly fills a space with no overlapping. One example is the

honeycomb structure mentioned in the unit entitled HONEY-

The honeycomb is a tessellation of regular hexagonsCOMBS.

positioned so that none of the figures overlap. In addi

tion , there are no spaces between the individual hexagons.

Another example of a tessellation is the tile floor found

in most classrooms. Square tiles form a tessellation

that covers a complete space (the floor) with no over

lapping .

Tessellations do not have to be made from only
tessellation can be made fromone figure.

squares and triangles, hexagons and triangles, or many

other combinations.
tessellations made from one polygon are included in this

unit.

Tessellations are used frequently to form

original artistic designs.

Probablyquite often in the form of a tessellation.

the best known artistic use of tessellations can be

His use of symmetryfound in the works of M. C. Escher.

to form complex works of art is unique.

Stained-glass windows are

For example, a

However, for simplicity, only
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The object of this lesson,

how one polygon can be arranged to form artistic designs.

polygons. Present the lesson after the honeycomb unit

tessellation.

exactly the size of the small triangle in FIGURE 1A. Then

cut a quadrilateral exactly the size of the small one shown

in FIGURE 2A. These will be used as templates when the

lesson is presented to the students.

Classroom Procedure.III.

Begin by telling students that artistic designs

can be made from simple geometric figures. For example,

the following designs are made from triangles and quadri

laterals .

Demonstrate the procedure forShow FIGURE 1A.

constructing this array by tracing additional triangles

with the triangle template previously constructed.

Emphasize to students that only one triangle is used to

With a magic marker, color everycomplete the design.

The result should be similar to theother triangle.
design in FIGURE IB.

students that any type of figure canTell the

mosaic.be drawn inside the triangles to create a unique

or after the study ofThe unit can be used either during

so that the honeycomb can be used as an example of a

then, is to show

Before beginning the unit, cut a paper triangle
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overlays.

Place FIGURE 10 over FIGURE 1A. This, along with

the added color, makes an original design.

Show FIGURE 2A. Demonstrate the method for drawing

this figure by tracing additional quadrilaterals with the

template. Stress that even though the quadrilateral is

not regular, it can still be used to completely fill a

With a magic marker, color every other quadrispace .

lateral to form a colorful mosaic similar to the one

shown in FIGURE 2B.
Original sketches can be made in the quadrilaterals

to form another mosaic. As an example, combine overlays

of FIGURES 2C and 2A.

This, along with thePlace FIGURE 2C over 2A.

color added previously, makes an original design.

in these examples of tessellations,

original artistic designs can be drawn from very simple

geometric figures.
Materials Needed.IV.

jector, and transparencies of FIGURES 1A through 1C and

2A through 2C are needed.

Optional Student Activities.V.

Encourage students to draw more complex figures by using

more than one polygon.

As an example, use the following combination of

Thus, as seen

Create other designs by selecting other polygons.

Scissors, paper, magic markers, an overhead pro-



160

Sources.VI.
Escher, New

Haak,
1976,

Mathematics

1974,

The graphic work of M. C. Escher. 
Ballantine Books, 1973.

S.
M. C. Escher. 
647-652.

M. C.
York:

Designs with tessellations.
1974, 67, 335-338, 360.

Teeters, J. L. 
type.

Maletsky, E. M.
Teacher,

How to draw tessellations of the Escher 
Mathematics Teacher, 1974, 67, 307-310.

Transformation geometry and the artwork of 
C. Escher. Mathematics Teacher, 1976, 69,
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TESSELLATIONS
FIGURE IB
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TESSELLATIONS
FIGURE Ik
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FIGURE 2 B
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FIGURE 2C
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