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ABSTRACT 

A major challenge in the aerospace design process is the balance between simulation 

fidelity and various types of resource constraints such as financial and computational.  

To develop new data analytical capabilities and improve the reliability of medium fidelity 

projects using well selected algorithms and methods, a multidisciplinary simulation and 

optimization tool is developed using MATLAB. In the process, several key areas of research are 

identified, investigated and methods of analyses are discussed. Primarily, a novel method for 

implementing a hybrid augmented Lagrangian genetic algorithm is developed and thoroughly 

tested using a variety of benchmark problems. The algorithm is then implemented to optimize 

surrogate models for an MDO case study. 

This test case is a wing model of size comparable to a Cessna 172, flying at cruising speed. 

However, the methodology presented in this thesis could be extended beyond subsonic aircraft 

wing optimization and even outside the realm of aerospace engineering. The study allows for a 

better understanding of the methods used in multidisciplinary design optimization for 

conceptual design. The proof-of-concept successfully demonstrates the versatility of the MDO 

framework and opens the project up to several future avenues of research. 
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1. INTRODUCTION 

 Background and Motivation 

As project requirements in industry increase in complexity, the need for generating 

higher fidelity simulations while maintaining costs – financially and temporally – within 

reasonable thresholds becomes increasingly important, even with advances in computing 

technologies. The technology and methods for multidisciplinary design optimization (MDO) 

were first pioneered in the 1960s with research conducted by Schmit [1]. Within the same period, 

data approximation methods such as artificial neural networks [2] and kriging [3] were being 

developed. However, only within the last few decades has research that combines MDO with 

response surface approximation methods shown attractive value to the aerospace design 

community.  

 With considerable advances in computational capabilities for conducting higher fidelity 

simulations and training more complex and accurate surrogate models, MDO is now gaining 

interest from the industry. Notably, Boeing has incorporated its use in the development of a 

blended-wing-body transport aircraft [4]. JAXA has also used MDO in the development of its 

experimental planes for the National Experimental Supersonic Transport Program, NEXST [5].  

However, the capabilities and reliability of MDO as well as the process for effective problem 
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formulation is still being understood which has been delaying its widespread adoption within 

industry [6].  

Within this context, topics that address the methodology of design decisions have been 

approached through various research thrusts. These thrusts could be split into three categories: 

those that deal with the level of simulation fidelity, those that focus on optimization 

methodologies, and those that focus on improving data analytics capabilities both prior to 

optimizing as well as post-optimization. Our aim is to develop a scalable and modular 

multidisciplinary design optimization framework that could be used to propel research efforts 

comprehensively within all three of these thrust types.   

 

 Prior Works 

i. Addressing Simulation Fidelity  

Simulations and analyses in differing tiers and combinations of fidelity have been 

performed and continue to be explored today. Data from various disciplines are also being 

modeled and optimized simultaneously to improve the quality of results.  

On the lower fidelity end, software packages such as OpenAeroStruct [7], developed by 

the MDOLab at the University of Michigan, allow for rapid structural and aerodynamic 

optimization. The ASDR Lab at the University of Alabama is working on a multi-stage multi-

fidelity design optimization framework for flexible aircrafts [8]. As for higher fidelity, ADL at 
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Stanford University is recently working on novel methods for designing and optimizing blended-

wing-body transports [9].  

 

ii. Addressing Sampling, Experimental Limitations and Data Insight Augmentation 

Different techniques to generate robust models and obtain design space insights with 

limited data are also being researched. For example, the use of surrogate modelling of nonlinear 

aerodynamics, structures, and aerostructural coupling has been reported in several recent articles 

including [10] and [11]. To effectively train these surrogate models, sampling must be performed 

efficiently and comprehensively in order to fully reflect the design space being modeled. Methods 

such as Monte Carlo sampling and the Latin Hypercube sampling (LHS) have been extensively 

documented [12]. However, since to a certain extent, minimum sampling density is problem 

specific (affected by design degrees of freedom, space levels, and data noise/uncertainty), models 

are often trained via trial-and-error at the risk of underfitting or overfitting. 

Specifically within the domain of multiobjective optimization, data mining techniques are 

being developed and finding new applications [13]. In both single and multiobjective 

optimization, methods for design sensitivity calculation is also researched [14]. 

 

iii. Addressing Optimization Methodologies 

While methods of mathematical optimizations have been investigated since the 17th 

century with the advent of calculus, novel computational methods continue to be developed even 
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today. Metaheuristic techniques such as genetic algorithms (GA) [15] are widely popular now 

due to advances in high performance computing technologies. Even within the sub category of 

genetic algorithms, various methods of implementations have been developed and shared. Since 

genetic algorithms were originally designed for optimizing functions constrained by design 

variable boundary values, a variety of different approaches have been proposed, developed, and 

tested with varying levels of success to include function-form constraints. In [16], Petridis et al. 

conceptually compiled six such methods that they found were reported in literature then. They 

proposed a fitness function varying technique, where the fitness function parameters vary 

generationally. Chehouri et al. [17] produced a GA where their proposed “violation constraint-

handling” method is implemented within the GA. Much like the previous two methods, 

MATLAB’s method of implementing constraints for its optimization search is by using an 

Augmented Lagrangian barrier function and updating the parameters after every generation 

produced by the genetic algorithm [18, 19]. Other implementations can be found in [20-22]. 

 

 Project Objective 

The objective of this project is to develop a scalable and modular multidisciplinary design 

optimization framework to conduct academic research on the engineering design process. The 

project aims to primarily address three key areas of research within this topic: the practicality of a 

medium fidelity simulation using surrogate modeling, the development of a robust and rapid 
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genetic algorithm for constrained optimization, and a study into the data analytics capabilities of 

the framework. 

Throughout the production of the software package, several smaller tests are conducted 

prior to integration in order to verify and document the effectiveness of each module 

independently. The scope of the project is limited to a medium fidelity structural model of a 

tapered wing generated in PATRAN. The aerodynamic data are estimated using NASTRAN’s 

low-fidelity doublet-lattice method. Using NASTRAN’s aeroelastic solver, aeroelastic coupling 

effects are considered as well. 

 

 Problem Statement 

The aircraft wing optimization problem is formulated as follows: 

 

 

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒 𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡 = 𝑓𝑓

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎛

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑏𝑏
𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝑐𝑐𝑟𝑟𝑖𝑖𝑡𝑡

𝑡𝑡𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝑡𝑡1
𝑡𝑡𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝑡𝑡2
𝑡𝑡𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝑡𝑡3
𝑡𝑡𝑟𝑟𝑖𝑖𝑟𝑟
𝑡𝑡𝑠𝑠𝑡𝑡𝑡𝑡𝑟𝑟1
𝑡𝑡𝑠𝑠𝑡𝑡𝑡𝑡𝑟𝑟2 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎞

 

( 1.1 ) 

s.t. 𝛿𝛿𝑟𝑟𝑖𝑖𝑡𝑡 ≤
𝑏𝑏

10
 ( 1.2 ) 

 𝜎𝜎𝐾𝐾𝐾𝐾 = 𝑔𝑔1(𝜎𝜎𝑣𝑣𝑣𝑣,𝐴𝐴𝑝𝑝𝑡𝑡𝑝𝑝𝑣𝑣.) ≤ 1 ( 1.3 ) 

 𝐿𝐿 ≥ 𝐴𝐴𝑅𝑅𝑡𝑡𝑚𝑚𝑜𝑜 𝐿𝐿
𝑊𝑊
∗ 𝑊𝑊𝐻𝐻𝑡𝑡𝑡𝑡𝐻𝐻 𝑉𝑉𝑝𝑝ℎ𝑖𝑖𝑖𝑖𝑡𝑡𝑝𝑝 ( 1.4 ) 
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where 𝑏𝑏 is the wingspan, 𝑐𝑐𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 and 𝑐𝑐𝑟𝑟𝑖𝑖𝑡𝑡 are chord lengths of the 3D wing at the root and tip, 

respectively, 𝑡𝑡𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝑡𝑡𝑖𝑖 are the thickness values used to model the panels of the wing,  𝑡𝑡𝑟𝑟𝑖𝑖𝑟𝑟 is the 

thickness of the ribs, and 𝑡𝑡𝑠𝑠𝑡𝑡𝑡𝑡𝑟𝑟𝑖𝑖 are the thicknesses chosen for the spars of the wing. For 

managing the scope of the project, the thicknesses of panel set 2 and panel set 3 are set to be 

dependent on that of panel 1. The thickness of the secondary spar is also constrained to the 

thickness of the primary spar. Details of these relationships can be found in the appendix on 

Table A.1.  

 

Figure 1.1 Wing Model – Geometric Definitions (3-Sided View) 

 

For the structural constraints, the maximum tip deflection is set to 10% of the span length 

and the maximum allowable value for the Kreisselmeier and Steinhauser (KS) aggregation 

function [23] is set to 1. The aerodynamic constraint involves a lift force greater than or equal to 

the total weight of the aircraft half model. 

The KS stress is chosen specifically for its advantages to analyzing individual von mises 

stresses. Firstly, since FEM often introduces artificial stress concentrations based on the meshing, 

some locations in a model could display high von mises stress values that could trigger a stress 
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constraint violation if the constraint criteria used for optimization is based on the maximum von 

mises stress readings. Haftka and coauthors [24] were able to avoid this issue by lumping the 

stresses in the structure as a whole, using the weighted aggregation method originally developed 

by Kresselmeir and Steinhauser. In addition, this approach allows for a smooth approximation of 

upper bound on stress and an efficient way to compute the gradient of the constraint. Equation ( 

1.5 ), which is used in the framework, has been taken from Mulani et al.’s work [25] on panel 

optimization under complex structural loads.  

 
𝜎𝜎𝐾𝐾𝐾𝐾 =

1
𝜌𝜌

ln �
1

∑ 𝐴𝐴𝑖𝑖𝑁𝑁
𝑖𝑖=1

�𝐴𝐴𝑖𝑖𝑒𝑒
𝜌𝜌𝜎𝜎𝑣𝑣𝑚𝑚𝑖𝑖/𝜎𝜎𝑦𝑦

𝑁𝑁

𝑖𝑖=1

� 
( 1.5 ) 

where the aggregation parameter  𝜌𝜌 is set to 50. This value is chosen based on the studies 

conducted by Martins et al. [26]. 

   For the aerodynamic side, a constraining condition between lift and weight is selected. 

At cruising condition, this constraint would contain a lift to weight ratio of 1. In other flight 

conditions, this constraint could be adjusted accordingly. The half vehicle model weight 

approximation is taken from [27], which assumes that wing weight is 15% of the total vehicular 

weight. While this assumption varies depending on the aircraft, as a proof of concept, 

successfully optimizing this problem would be sufficient to illustrate the effectiveness of the 

framework.  
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 Overview of Methodology 

The methodology employed for solving the optimization problem is based on the 

flowchart shown in Figure 1.2. This program first utilizes a set of commercial preprocessing 

software packages – PATRAN, and its submodule, FlightLoads – to create structural and 

aerodynamic models. Next, the model files are sent to the post-processor, NASTRAN, for static 

aeroelastic calculations.  From these first two steps, sample training data for various geometric 

and property configurations are generated and compiled.  

This process produces input-output samples that are then used to create a response 

surface. Due to the heavy computation cost associated with repeating this process, surrogate 

models are created using MATLAB’s ANN toolbox. These metamodels (cost and constraint 

function models) are then optimized using the hybrid augmented Lagrangian genetic algorithm. 

Finally, the optimum results are verified with NASTRAN, and the data is further analyzed and 

visualized. A comprehensive flowchart detailing the algorithm and the flow of data is included in 

the Appendix (Figure A.2). 
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Figure 1.2 Design Optimization Framework Architecture  
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2. THEORY AND IMPLEMENTATION 

The optimization problem calls for varying the geometric and structural properties of an 

aircraft wing at a steady flight condition. As a baseline study, a rectangular wing model is 

analyzed using PATRAN and NASTRAN via its static linear solver (SOL 101) and its static 

aeroelastic solver (SOL 144). The aerodynamic data generated by NASTRAN is predicted and 

verified via hand calculation and using XFOIL. The results are then compared to the outputs 

generated by NASTRAN’s solvers. The model dimensions and flight condition are summarized 

in Tables 2.1 and 2.2 

 

Table 2.1: Baseline Model Geometry 

Airfoil NACA 0012 
Half-Span Length (m) 5.0 
Root Chord Length (m) 1.5 
Tip Chord Length (m) 1.5 
Wing Thickness (m) 0.18 
Aspect Ratio 6.6667 

 

Table 2.2: Flight Condition 

Angle of Attack (deg.) 5.0 
Air Speed (m/s) 62.6 
Speed of Sound (m/s) 340 
Mach No. 0.1841 
Density – Air (kg/m3) 1.226 
Dynamic Viscosity – Air (kg/ms)  1.81 x 10-5 
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 Aerodynamics 

The baseline model is a rectangular wing with a moderately large aspect ratio (AR). Given 

that the wing has no taper, twist, and sweep, an elliptical lift distribution along the full span is 

assumed. In addition, the flow is assumed inviscid, incompressible, and steady. This allows us to 

use the following equations as approximations for the coefficients of lift and induced drag for a 

3D wing:  

 𝐶𝐶𝐿𝐿 =
𝑐𝑐𝑡𝑡𝑙𝑙

1 + 𝑐𝑐𝑡𝑡𝑙𝑙
𝜋𝜋𝐴𝐴𝐴𝐴 

𝛼𝛼 ( 2.1 ) 

 
𝐶𝐶𝐷𝐷𝑖𝑖 =

𝐶𝐶𝐿𝐿2

𝜋𝜋𝐴𝐴𝐴𝐴𝑒𝑒 
 

( 2.2 ) 

where 𝑐𝑐𝑡𝑡𝑙𝑙 is the 2D lift coefficient slope (assumed to be 2𝜋𝜋 based on Thin Airfoil Theory) and e is 

the planform efficiency factor equal to 1. For further reference, the results are also compared to 

values obtained from XFOIL for a 2D airfoil model (see Figure 2.1). The Reynold’s number is 

approximated using the following equation: 

 𝐴𝐴𝑒𝑒 =
𝜌𝜌𝑢𝑢𝐷𝐷𝐻𝐻
𝜇𝜇

 ( 2.3 ) 

where hydraulic diameter, 𝐷𝐷𝐻𝐻, is assumed to equal the chord length of the 3D wing at the three 

quarters span-point of the wing, and 𝑢𝑢 the freestream velocity. 
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Figure 2.1 XFOIL Output for NACA 0012 

 

Table 2.3: Aerodynamic Property Calculation at 5° Angle of Attack 

Type of Study Coefficient of Lift Coefficient of Drag 
(induced) 

Coefficient of Drag 

XFOIL (2D) 0.5783 --- 0.00549 
Elliptical 
Assumption - 3D 

0.4218 0.008493 --- 

NASTRAN SOL 144 
– 3D 

0.4832 0.04229 --- 

Derived from Load 
Balancing – 3D 

0.3275 0.000 --- 
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For additional reference, a data matrix plot can be found in Figure A.1 showing almost 

identical trends between the coefficient of lift derived from load balancing and the coefficient of 

lift derived from NASTRAN’s SOL 144 aerodynamic monitor points. While the load balancing 

method produced reliable and reasonable lift coefficient values as can be seen in Table 2.3, 

NASTRAN’s SOL 144 values are used throughout the surrogate modeling and optimization 

processes with the assumption that the data is reliable and calculates 𝐶𝐶𝐿𝐿 characteristics at a higher 

fidelity. Furthermore, this allows to maintain consistency when using the 𝐶𝐶𝐷𝐷𝑖𝑖 obtained from the 

same solver for the lift-to-drag ratio proof-of-concept optimization (see pg. 98 in the Appendix).  

 

 Structures 

i. Geometry and Coordinate Reference Frame 

In PATRAN, the structural model of the wing is developed using a parametric approach. 

A list of these parameters and their mathematical relationships can be found in the Appendix in 

Table A.1. The model is created and defined in a way that allows for up to 11 degrees of freedom 

(DOF). However, this has been reduced to 6-DOF by setting formulaic relationships between 

some of the variables. Ultimately, the final case studies analyze 3-DOF problems, where the other 

three variables are set constant (see Chapters 4 & 5).  

 The 3D geometry of the wing, the structural properties, and meshing are created via 

PATRAN Command Language (PCL) then saved and run as session files. Through MATLAB, 

the session files are modified where parametric variables could not be inserted (such as in 
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iterative processes), then executed via DOS. The internal structure of the model is shown in 

Figure 2.2.  

Since by convention, the air flow is in the positive x-direction (for aerodynamic 

calculations), the structural model is defined in such a way that the leading edge of the root is 

placed at the origin, and the trailing edge could be found in the positive x-direction. By modeling 

the wing tip in the positive y-direction, the positive lift-direction (associated with a positive angle 

of attack for 0 camber airfoils) points upwards in the positive z-direction.  

    

 

Figure 2.2 Structural Model of Wing 

 

ii. Structural Properties 

The structure is assumed to be made purely of one material for simplification purposes. 

The isotropic material chosen is Aluminum 6061 with the relevant properties listed in Table 2.4.  
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Table 2.4: Aluminum 6061 Material Properties 

Modulus of Elasticity (Pa) 68.9 x 109 

Poisson’s Ratio 0.33 
Density (kg/m3) 2700 
Yield Stress (Pa) 277 x 106 

 

The model consists of two spars of uniform thicknesses span-wise, and a set of 9 ribs 

separated equally (modeled with equal and uniform thicknesses) along the span. Three types of 

panels, each varying in thicknesses, have been defined. They are grouped in a 3:3:2 ratio, where 

the first three panels are the thickest panels near the root, the next three are mid-span, and the 

last two are the thinnest panels closest to the wing tip. The wing model is simplified to consist of 

purely thin shell elements for ease of computation. Moreover, this simplification does not 

devaluate the primary goal of the project: constraint optimization of a wing model with multiple 

degrees of freedom.  

 

iii. Aerodynamics and Aerostructural Coupling 

In FlightLoads, aerodynamic loads are computed using the Doublet Lattice Method 

(DLM), a type of panel method. Of the available methods available in PATRAN, DLM is best 

suited for modeling lifting surfaces in a low speed flight. For theoretical details on DLM, the 

reader is encouraged to consult [28].  It is important to note that as a type of panel method, DLM 

cannot compute the viscous drag. It can only estimate the induced drag due to lift generation 

[29]. 
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From a user-perspective, modeling wing aerodynamics in FlightLoads involves the 

following major steps. First, define a flat plate model (which generate aerodynamic grids) based 

on wing surface projections. Next, input flight condition data. Finally, create thin plate surface 

spline models which couple structural nodes with aerodynamic grids via interpolation. Each 

major component of the FEM model is illustrated in Figure 2.3. 
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Figure 2.3 Flat Plate (top), Structural Mesh (center), and Thin Plate Spine (bottom) models 
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 Estimating Lift 

In order to verify that lift is obtained by summing the resultant force at the single point 

constraint and gravitational load, 4 tests are run. These tests are summarized in Table 2.5.  

 

Table 2.5: Comparison of Mechanics in Z-Direction 

 Pure Static 0° Angle of 
Attack – 
E=1030 

0° Angle of 
Attack 

5° Angle of 
Attack 

Resultant Force at 
SPC (N) 

3.333 x 103 3.333 x 103 3.327 x 103 -2.657 x 103 

Gravitational (N)   -3.333 x 103 -3.333 x 103 -3.333 x 103 -3.333 x 103 
Max. Displacements 
(m) 

-5.121 x 10-3 -5.121 x 10-23 -5.106 x 10-3 6.442 x 10-3 

Calculated Lift Force 0.000 0.000 0.006 5.990 x 103 
 

The first test is a purely static (SOL 101) test, which shows that the gravitational load, 

output by NASTRAN as “OLoad,” equals the reaction force at the root. As predicted, 

deformation occurs in the negative z-direction and equilibrium is obtained.  

The second test is a static aeroelastic test using a stiff wing modeled by setting the 

modulus of elasticity value to the order of 1030. This allows to test the aerodynamic simulation of 

the wing with negligible effects of aeroelasticity. As expected, the symmetric airfoil generates no 

lift. 

The third test is a static aeroelastic test at zero angle of attack. Here, a very small amount 

of lift is generated due to aeroelastic coupling being accounted for. A slight decrease in deflection 

caused by the lift is observed. This difference occurs due to some minor localized increases in 
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angle of attack being created by the deformation of the wing due to gravity (see Figure 2.4). In 

normal flight conditions, deflection, which is typically in the positive z-direction due to lift, 

would reduce the angle of attack experienced especially near the tip. However, here, the negative 

downward deflection coupled with torsion causes an increase in angle of attack closer to the tip, 

causes a lifting force counteracting a small fraction of the gravitational force. 

Finally, the case with 5° root angle of attack is generated and illustrated in Figure 2.5. 

Here, the reaction force at the root is in the negative-z direction since lift is greater than 

gravitational load. These four cases confirm the theory that lift could be calculated directly from 

the force equilibrium equation in the z-direction using the following equations: 

 Σ𝐹𝐹 = 0 = 𝐹𝐹𝑔𝑔 + 𝐹𝐹𝑅𝑅 + 𝐹𝐹𝐿𝐿  ( 2.4 ) 

 𝐹𝐹𝐿𝐿 = −(𝐹𝐹𝑔𝑔 +  𝐹𝐹𝑅𝑅) ( 2.5 ) 

Coefficient of lift can then be estimated by using equation ( 2.6 ). 

 𝑐𝑐𝐿𝐿 =
𝐹𝐹𝐿𝐿

1
2 𝜌𝜌𝑢𝑢

2𝑆𝑆
 ( 2.6 ) 
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Figure 2.4 Stress Distribution and Deformation at 0° Angle of Attack 

 

 

Figure 2.5 Stress Distribution and Deformation at 5° Angle of Attack 
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 Surrogate Modeling 

Surrogate modelling, or metamodeling, is the process of generating a model of a model. 

This process is a powerful tool with many applications including approximating higher fidelities 

models that are otherwise significantly more computationally and/or financially expensive to 

produce and analyze. Common metamodeling techniques include polynomial equations, 

Kriging, and neural networking. 

Generating and compiling a large set of design parameters and cost function pairs from 

PATRAN is expensive and impractical as the design degree of freedom increases. Instead, using 

surrogate modeling techniques would reduce the number of data points needed to conduct 

effective design space exploration and design optimization.  

In order to create an adequate (in terms of accuracy to the real model and repeatability) 

surrogate model with as little sample points as possible, the design of experiment (DoE) must be 

executed accordingly. To aide with this process, sampling is generated near-randomly by 

considering locations of previous sample data. This guarantees variability in the design space.  

 

 

Figure 2.6 MATLAB’s Radial Basis Network’s Architecture 
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For the ANN type, an architecture consisting of two layers of radial basis neurons are 

selected (see Figure 2.6). The decision to use this RBN comes down to speed. Unlike linear 

networks and neural networks consisting of sigmoid functions, RBF networks are known to have 

good generalization with a strong tolerance to input noise. This reduces concerns for finding 

methods of accurate tuning and for having to address uncertainties of model due to noise, which 

are both beyond the scope of this study, especially in the early development phases.  

To instantiate a neural network model, a few inputs must be provided to MATLAB’s 

radial basis network function. Besides the set of sample data, creating a neural network model 

requires the specification of a spread value related to the width of the input space area each 

neuron responds to, the maximum number of neurons to approximate the response surface, and 

the maximum mean square error of network. While obtaining the optimum sets of parameters 

for efficiently generating the response surface is beyond the scope of this project, the neuron 

counts for all surrogate models are set to a quarter of the number of training data in order to 

maintain the process of approximating the response surfaces computationally light. In addition, 

the mean square error goal is set to 1% of the range of data output during sampling phase. This is 

selected to mitigate overfitting, assuming a small amount of noise exists in the FEM data. Based 

on these settings, a range of spread values are tested for each response surface generation and the 

model with the lowest MSE is taken.   
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 Optimization 

Optimization is the act of finding the best solution to a problem. The problem is either 

abstractly or mathematically defined, and solution(s) tend to be ranked relative to one another 

based on a set of one or more criteria known as objectives. Within the context of design 

engineering, mathematical definitions modeling certain aspects of the problem in question either 

analytically or numerically are optimized.  

These mathematical models consist of parameters of design that determine the values for 

the objective function(s) in certain conditions and under certain constraints. The number of 

parameters determines the dimension of the problem, or the design degrees of freedom. The 

objective function(s) and constraint(s) are modeled by principles determined from various (or a 

single) field of study.   

  

Table 2.6: Types of Design Optimization Problems 

 One Objective Function Multiple Objective Functions 
Objective Function 
in one field 

Single objective design 
optimization 

Multi-objective design 
optimization 

Objective Function 
in multiple fields 

Multidisciplinary design 
optimization 

Multi-objective multidisciplinary 
design optimization 

 

Design optimization problems is classified into 4 types, as listed in Table 2.6. Since this 

project deals with single objective multidisciplinary design optimization, techniques for solving 

multi-objective, or pareto problems, are not covered by this thesis. Single objective optimization 

problems are typically formulated as follows: 
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min. 𝑓𝑓(𝑥𝑥𝚤𝚤���⃗ ) ( 2.7 ) 

s.t. 𝑔𝑔𝑗𝑗(𝑥𝑥𝚤𝚤���⃗ ) ≤ 0; 𝑗𝑗 = 1 𝑡𝑡𝑜𝑜 𝑚𝑚𝑔𝑔 ( 2.8 ) 

 ℎ𝑘𝑘(𝑥𝑥𝚤𝚤���⃗ ) = 0; 𝑘𝑘 = 1 𝑡𝑡𝑜𝑜 𝑚𝑚ℎ  ( 2.9 ) 

 𝑙𝑙𝑖𝑖 ≤ 𝑥𝑥𝚤𝚤���⃗ ≤ 𝑢𝑢𝑖𝑖 , 𝑚𝑚 = 1 𝑡𝑡𝑜𝑜 𝑝𝑝 ( 2.10 ) 

where 𝑥𝑥𝚤𝚤���⃗ = (𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑡𝑡) is a 𝑝𝑝-dimensional vector, 𝑓𝑓(𝑥𝑥𝚤𝚤���⃗ ) is the objective function, 𝑔𝑔𝑗𝑗(𝑥𝑥𝚤𝚤���⃗ ) are 

the inequality constraints, and ℎ𝑘𝑘(𝑥𝑥𝚤𝚤���⃗ ) are the equality constraints. The domains of the elements 

of vector 𝑥𝑥𝚤𝚤���⃗  have lower and upper bound restrictions represented by  𝑙𝑙𝑖𝑖 and 𝑢𝑢𝑖𝑖  respectively. 

Numerically, optimization problems could be solved using a variety of different 

techniques, each with its advantages and drawbacks.  

 

Figure 2.7 Types of Numerical Optimization Algorithms 
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i. Unconstrained optimization 

Gradient-based techniques numerically search for the point on a graph where the 

gradient of the function approaches zero. These algorithms perform best when solving unimodal 

problems. These techniques rely on user-defined inputs, or a guess, for a starting point in their 

search. They are susceptible to converging to points of local extrema since they search for the 

closest point where the gradient of the function is zero. These errors can be mitigated by 

increasing the complexities of the algorithms to search for multiple extrema. However, defining 

multiple starting points for searches as a user can itself introduce search biases. The safest way to 

implement this feature is to add an element of randomness, which takes us to heuristic methods.  

Considering heuristic and metaheuristic methods, calculating the gradient is no longer 

very practical from the standpoint of computation cost. Hence, these methods are mostly 

gradient-free and fall under the classification of direct search methods. Within the direct search 

techniques, several stochastic techniques inspired by nature have proven to be effective for multi-

modal problems. Figure 2.7 contains examples of some of these methods. 

While the underlying search techniques vary considerably based on the various aspects of 

nature which metaheuristic methods are inspired by, the common theme is that they all employ 

some element of randomness/pseudo-randomness to drive part(s) of their search decisions. 

Furthermore, these algorithms simplify large problems by working on a sample set of the 

solutions. The tradeoffs are the reproducibility of the exact results (dependent on resolution and 
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domain size of solutions) and the need to consider the comprehensiveness of the sample space 

being searched. 

 

ii. Constrained Optimization 

To solve constrained optimization problems, several numerical techniques have been 

developed to adapt unconstrained optimization algorithms. These techniques include direct 

methods such as the sequential quadratic programming method (SQP) and indirect methods 

such as the penalty function approaches, and the augmented Lagrangian multiplier method 

(ALM).  

With direct methods, constraints are considered explicitly, while with indirect methods, 

the constrained problem is converted to a sequence of unconstrained optimization problem 

which penalizes infeasible designs. 
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3. INVESTIGATION OF OPTIMIZATION METHODS 

 

 Proposed Optimization Method 

A custom genetic algorithm which utilizes the augmented Lagrangian method to account 

for constraints is proposed then developed for the project. The genetic algorithm (GA) is selected 

based on several key advantages. Firstly, evolutionary algorithms such as GA are less affected by 

mixed design variables, the uncertainty of the model, and multimodal properties of functions. 

Given that in design optimization, multiple combinations of design variables can be selected 

from a significantly broad set of candidate design variables, it would be impractical to study and 

determine the behavior of multidimensional design spaces and customize an optimization 

algorithm for specific problems. Hence, the GA is determined to be generalized enough for the 

purposes of this project. Furthermore, a population-based approach allows for a comprehensive 

record of design spaces which is essential for design sensitivity analysis and further design space 

exploration. Finally, evolutionary algorithms have been extensively used in multi-objective 

optimization problems as well. Therefore, developing an MDO framework which could be 

adapted to multi-objective projects is advantageous from a product life-cycle standpoint.  

The genetic algorithm is coded using MATLAB.  The flowchart in Figure 3.2 illustrates 

the workflow. Since the algorithm is developed using a class-based approach, population 
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members are generated and saved as objects. Each member, or candidate solution, has a set of 

properties associated with it, namely the design variables saved under a numerical format as well 

as a binary “gene string” format, and cost function value. A detailed flowchart of the object file is 

also provided below in Figure 3.3. 

The genetic algorithm primarily consists of three sets of subroutines. The first is the 

initialization of a population set, the parent generation, which is driven by MATLAB’s built-in 

pseudorandom number generator. Members of this population are then ranked based on cost-

function evaluations. The set of top performing members are then selected and paired randomly 

with each other for the second subroutine: crossover, or breeding, routine. Each pair generates 

two new offspring, both of which have genes made up of the combination of their parents’ gene 

strings. The crossover points are selected randomly as well. The third subroutine is the mutation 

process, during which a few members of the population are selected at random for a random 

gene modification. Mutation helps reduce the risk of local convergence by introducing an 

additional opportunity to sample a point in the design space that otherwise would not be 

explored by crossover. After the population reaches a maximum point, the best member of the 

population is selected as the optimum solution.  

Genes are mutated using a custom function called BinaryGeneStrip(). This function 

generates binary strings from numerical design parameter values. The binary string format is 

essential for recreating the nature-inspired phenomena of gene crossover and mutation as shown 

in Figure 3.1.   
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Figure 3.1 Gene String Operations 
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Figure 3.2 Genetic Algorithm Flowchart  
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Figure 3.3 Genetic Algorithm Population Member Object   

The development of the genetic algorithm involved coding a procedure for converting 

between design parameter values and binary string representations of those values.  

For adapting the genetic algorithm to constrained optimization problems, a method 

which penalizes the cost function for each population member is proposed. Of all the indirect 

methods, the ALM method showed most promise. Unlike typical penalty function methods, the 

augmented Lagrangian function does not run the risk of ill-behaving near boundaries of the 

feasible set. Moreover, the ALM method possesses a faster convergence rate than other indirect 



32 
 

methods.  The augmented Lagrangian function that is optimized as the cost function is 

formulated as follows: 

  𝐿𝐿�𝑥𝑥, 𝜆𝜆𝑗𝑗 , 𝜆𝜆𝑘𝑘, 𝑠𝑠, 𝑟𝑟𝑡𝑡� = 𝑓𝑓(𝑥𝑥) + ∑ {𝜆𝜆𝑗𝑗[𝑔𝑔𝑗𝑗(𝑥𝑥) + 𝑠𝑠𝑗𝑗2] + 𝑟𝑟𝑡𝑡�𝑔𝑔𝑗𝑗(𝑥𝑥) + 𝑠𝑠𝑘𝑘2�
2

}𝑝𝑝𝑔𝑔
𝑗𝑗=1 +

                                           ∑ �𝜆𝜆𝑘𝑘ℎ𝑘𝑘(𝑥𝑥) + 𝑟𝑟𝑡𝑡[ℎ𝑘𝑘(𝑥𝑥)]2�𝑝𝑝ℎ
𝑘𝑘=1   

( 3.1 ) 

where 𝜆𝜆𝑗𝑗 and 𝜆𝜆𝑘𝑘 are Lagrange Multipliers for the inequality and equality constraints, respectively 

and, 𝑟𝑟𝑡𝑡 is the penalty term vector. This function is reduced to: 

 𝐿𝐿�𝑥𝑥, 𝜆𝜆𝑗𝑗, 𝜆𝜆𝑘𝑘, 𝑟𝑟𝑡𝑡� = 𝑓𝑓(𝑥𝑥) + ∑ {𝜆𝜆𝑗𝑗𝜓𝜓𝑗𝑗 + 𝑟𝑟𝑡𝑡𝜓𝜓𝑗𝑗2}𝑝𝑝𝑔𝑔
𝑗𝑗=1 +  ∑ �𝜆𝜆𝑘𝑘ℎ𝑘𝑘(𝑥𝑥) +𝑝𝑝ℎ

𝑘𝑘=1

                                       𝑟𝑟𝑡𝑡[ℎ𝑘𝑘(𝑥𝑥)]2�  

( 3.2 ) 

where 

 
𝜓𝜓𝑘𝑘 = 𝑀𝑀𝑅𝑅𝑥𝑥 �𝑔𝑔𝑗𝑗(𝑥𝑥),−

𝜆𝜆𝑘𝑘
2𝑟𝑟𝑡𝑡

� 
( 3.3 ) 

 

during each iteration of the ALM method, the Lagrange function is optimized and the degree of 

constraint violation, K, is checked for improvement at the proposed optimum point. Based on 

the improvements, the Lagrange multipliers and/or the penalty terms are updated using 

equations ( 3.4 ) and ( 3.5 ). 

 
𝜆𝜆𝑗𝑗

(𝒌𝒌+𝟏𝟏) =  𝜆𝜆𝑗𝑗
(𝒌𝒌) + 2𝑟𝑟𝑡𝑡 �𝑀𝑀𝑅𝑅𝑥𝑥 �𝑔𝑔𝑗𝑗�𝑥𝑥(𝒌𝒌)�,−

𝜆𝜆𝑗𝑗
2𝑟𝑟𝑡𝑡

�� 
( 3.4 ) 

 𝜆𝜆𝑘𝑘
(𝒌𝒌+𝟏𝟏) =  𝜆𝜆𝑘𝑘

(𝒌𝒌) + 2𝑟𝑟𝑡𝑡ℎ𝑘𝑘(𝑥𝑥(𝒌𝒌)) ( 3.5 ) 

The algorithm optimizes the new Lagrangian function and repeats the checks until the 

termination criteria are satisfied. An overview of the algorithm is provided in Figure 3.4 
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Algorithmically, ALM’s performance is enhanced via tuning parameters (Alpha, beta, and 

epsilon). Alpha is used to enforce a decrease in constraint violations while beta is used to magnify 

the penalty parameters when those constraints continue to be violated. Finally, epsilon is the 

maximum acceptable norm value of the gradient of the Lagrangian for termination. Further 

details of implementation can be found in [30]. 

While the ALM method is typically employed with gradient-based optimization methods, 

this thesis proves that it could be combined with the genetic algorithm as well. Several articles 

(discussed in the introduction section) have reported on the results of the hybridization of the 

two techniques. MATLAB’s GA() algorithm also uses the ALM method. 

The method developed for this project involves calling the genetic algorithm to optimize 

a cost function generated and updated using the augmented Lagrangian method. Because each 

iteration of the augmented Lagrangian method updates the cost function, the population 

generated by the genetic algorithm is reset. In order to keep track of the convergence of the 

overall optimization process, and not just the optimization of one instance of the cost function, 

the optimum design parameters after each iteration are saved and fed to the genetic algorithm to 

include in its next optimization job. This step is essential for convergence due to the stochastic 

nature of genetic algorithm. Carrying the best result from the previous optimization job to the 

next job allows for the optimizer to produce an output that is equal to or better than the last 

iteration. Once the optimum no longer improves (and constraints are not violated), the hybrid 

ALM-GA terminates.  
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Figure 3.4 Augmented Lagrangian Algorithm 
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 Validation of Feeding Back Best Previous Data 

A comparison of the global rate of convergence of the ALM-GA with and without 

feedback from previous iterations is shown below. The algorithm test uses a 2-D function with an 

inequality constraint, an equality constraint, and boundary conditions for each design variable. 

The inputs and outputs are summarized in Tables 3.1 and 3.2. The problem statement is of the 

following form: 

min. 𝑓𝑓(𝑥𝑥𝚤𝚤���⃗ ) = 𝑥𝑥14 − 2𝑥𝑥12𝑥𝑥22 + 𝑥𝑥12 + 𝑥𝑥1𝑥𝑥22 − 2𝑥𝑥1 + 4 ( 3.6 ) 

s.t. 𝑔𝑔1(𝑥𝑥𝚤𝚤���⃗ ) =
1
4
𝑥𝑥12 +

3
4
𝑥𝑥22 − 1 ≤  0 ( 3.7 ) 

 𝑔𝑔2(𝑥𝑥𝚤𝚤���⃗ ) =  −𝑥𝑥1 ≤ 0 ( 3.8 ) 

 𝑔𝑔3(𝑥𝑥𝚤𝚤���⃗ ) = 𝑥𝑥1 − 4 ≤ 0 ( 3.9 ) 

 𝑔𝑔4(𝑥𝑥𝚤𝚤���⃗ ) =  −𝑥𝑥2 ≤ 0 ( 3.10 ) 

 ℎ(𝑥𝑥𝚤𝚤���⃗ ) =
1
2
𝑥𝑥12 +

1
2
𝑥𝑥22 − 1 = 0 ( 3.11 ) 

ans: 𝑥𝑥𝑟𝑟𝑡𝑡𝑟𝑟 = (1,1),𝑓𝑓𝑣𝑣𝑖𝑖𝑝𝑝 = 3.0 ( 3.12 ) 
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Figure 3.5 GA Initializing Population Without Considering Previous Best Result 

 

x 

f(x) 
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Figure 3.6 GA Initializing Population With Previous Best Result 

 

Based on a quick visual inspection of Figures 3.5 and 3.6, the genetic algorithm that uses 

the best result achieved in the previous run clearly outperforms the one without. Therefore, only 

the latter algorithm is considered for further analysis. The inputs and outputs of the algorithm 

are provided in Tables 3.1 and 3.2, respectively. 

 

Table 3.1: Sample Input 

Lower 
Bounds 

Upper 
Bounds 

Gene 
String 
Length 

Initial 
Guess 

Initial 
Population 

Max 
Population 

Top 
Population 

[-5, -5] [5, 5] 16 [3, 2] 200 750 20% 
 

x 

f(x) 
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Table 3.2: Sample Outputs 

Iteration No. x1 x2 Cost Function 
Max Constraint 
Violation 

1 3 2 - - 
2 0.756313 0.635767 2.96495 1 
3 0.83093 0.757687 2.936045 0.396822 
4 0.875029 0.916228 2.933374 0.197426 
5 0.896849 0.995575 2.944972 0.102246 
6 0.89807 1.034943 2.953384 0.061182 
7 0.932403 1.041199 2.960811 0.030416 
8 0.937438 1.033722 2.961065 0.026314 
9 0.937438 1.031434 2.960657 0.028677 
10 0.946746 1.027314 2.96379 0.024149 
11 0.976043 1.012665 2.979607 0.010925 
12 0.984436 1.011749 2.986128 0.010006 
13 0.995422 1.001984 2.995549 0.002582 
14 1.000153 1.001373 3.000154 0.002138 
15 0.997101 1.001984 2.997158 0.001531 
16 0.999542 0.999237 2.999543 0.001373 
17 0.999542 1.00061 2.999544 0.000687 
18 1.001373 0.998932 3.001387 0.000914 
19 1.001373 0.998932 3.001387 0.000682 
20 1.001373 0.998932 3.001387 0.000307 
21 1.000153 0.999847 3.000153 2.33E-08 

 

This same test is also conducted with another ALM algorithm which uses MATLAB’s 

built-in unconstrained nonlinear programming solver, fminunc(), for comparison. The results 

are plotted in Figure 3.7. This plot shows that the custom genetic algorithm behaves similarly to 

the ALM algorithm driven by a gradient-based method. While the genetic algorithm converges 

more slowly, it has proven to reliably locate the minima of the function and behave predictably.   
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Figure 3.7 Convergence Plot of Optimization with ALM: Apex-GA vs. Matlab’s fminunc() 

 

 Benchmark Tests and Performance Analysis 

Two benchmark problems are used to test the robustness and performance of the custom 

ALM-GA algorithm. These tests are also performed on MATLAB’s built-in genetic algorithm for 

comparison using default settings. Both problems are multimodal with basins and valleys of 

varying magnitudes.  For more information on benchmark functions, the reader is encouraged to 

refer to [31]. 

Feasible Line

Optimal Point

0 0.5 1 1.5 2 2.5 3

0
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1
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2.5
Cost Function Contour
ALM-GA
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i. Eggholder Function (unconstrained optimization) 

First, an unconstrained optimization test of the Eggholder function is performed. The 

results of 50 iterations for each algorithm is plotted on a 3D contour of the Eggholder function in 

Figure 3.8. The results of these tests demonstrate that the custom ALM-GA algorithm could 

successfully optimize the Eggholder function. Furthermore, it exceeds expectations by 

performing better than MATLAB’s GA algorithm. Analyzing the data in Table 3.3 shows that the 

results generated by the ALM-GA produces outputs with significantly smaller standard 

deviations. The average minimum cost function value is also lower. However, the average 

runtime of the custom algorithm is almost twice the one measured for MATLAB’s GA. It is also 

important to note that MATLAB’s GA algorithm could be tuned to perform better by adjusting 

options such as population sizes, among many others, much like ALM-GA.  
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Figure 3.8 Surface Plot of Eggholder Function 
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Table 3.3: Output Results of ALM-GA and MATLAB’s GA for Eggholder Function Optimization 

 My ALM-GA MATLAB’s GA 
Test # x1 x2 F_min x1 x2 F_min 
1 479.6714 430.4206 -954.443 -313.972 512 -821.196 
2 475.9838 431.5144 -953.421 347.327 499.4154 -888.949 
3 511.9687 403.8577 -959.399 512 404.2318 -959.641 
4 -464.312 383.7324 -893.391 439.481 453.9774 -935.338 
5 485.484 436.1082 -954.756 347.327 499.4154 -888.949 
6 436.9832 451.8741 -934.218 347.327 499.4154 -888.949 
7 472.8119 428.4519 -947.45 283.0759 -487.126 -718.167 
8 476.7026 432.1394 -954.19 512 404.2318 -959.641 
9 485.3902 435.7332 -954.534 -465.694 385.7167 -894.579 
10 440.2333 453.2022 -933.208 347.327 499.4154 -888.949 
11 452.421 465.9212 -905.263 494.0541 -271.822 -715.98 
12 488.7496 439.2176 -949.267 -465.694 385.7167 -894.579 
13 431.6394 446.749 -924.163 482.417 432.9425 -956.917 
14 -480.031 388.4825 -869.981 -390.374 -415.09 -753.05 
15 449.7178 465.8743 -907.852 -294.668 -462.02 -704.807 
16 494.4685 444.8115 -929.413 347.327 499.4154 -888.949 
17 -463.968 383.998 -893.609 -465.694 385.7167 -894.579 
18 478.9682 429.2175 -952.77 -465.694 385.7167 -894.579 
19 -465.515 385.8106 -894.569 347.327 499.4154 -888.949 
20 452.2335 464.218 -905.659 -465.694 385.7167 -894.579 
21 440.9989 452.3741 -926.332 -294.668 -462.02 -704.807 
22 -463.874 382.998 -892.358 512 404.2318 -959.641 
23 488.0934 443.4365 -939.84 347.327 499.4154 -888.949 
24 -467.031 386.2012 -894.352 -294.668 -462.02 -704.807 
25 487.5153 438.4989 -945.623 -465.694 385.7167 -894.579 
26 479.9995 430.53 -955.877 399.5588 -367.691 -716.672 
27 438.8426 453.6241 -935.226 -465.694 385.7167 -894.579 
28 431.9675 447.3896 -925.249 439.4818 453.9783 -935.338 
29 441.4364 453.171 -928.342 486.0471 436.5777 -954.351 
30 439.4989 454.046 -935.335 347.327 499.4154 -888.949 
31 347.685 500.0154 -888.878 512 404.2318 -959.641 
32 -463.921 385.3731 -894.205 -408.72 -156.101 -507.874 
33 511.4375 403.1233 -957.271 -456.886 -382.623 -786.526 
34 440.3895 454.6241 -935.171 439.481 453.9774 -935.338 
35 485.1402 440.6395 -948.176 -465.694 385.7167 -894.579 
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36 438.2958 452.921 -935.086 439.481 453.9774 -935.338 
37 434.3269 450.9053 -928.783 479.0468 434.5073 -955.255 
38 434.2176 445.6396 -916.308 512 404.2318 -959.641 
39 471.7806 427.4362 -944.77 -465.694 385.7167 -894.579 

 

Table 3.3: Output Results of ALM-GA and MATLAB’s GA for Eggholder Function Optimization 
– continued 

 
 My ALM-GA MATLAB’s GA 
Test # x1 x2 F_min x1 x2 F_min 
40 480.5776 436.1082 -954.666 347.327 499.4154 -888.949 
41 480.8433 436.2332 -954.553 283.0759 -487.126 -718.167 
42 478.8432 429.6706 -952.515 487.3557 437.8608 -952.24 
43 -468.515 388.0294 -892.643 -390.374 -415.09 -753.05 
44 474.6869 430.0925 -951.532 -465.694 385.7167 -894.579 
45 464.7337 419.5455 -903.109 -465.694 385.7167 -894.579 
46 480.4995 430.9206 -955.962 347.327 499.4154 -888.949 
47 438.952 454.796 -933.705 -465.694 385.7167 -894.579 
48 -464.718 383.9668 -893.667 -313.972 512 -821.196 
49 450.6084 466.3899 -905.983 -390.373 -415.09 -753.05 
50 488.484 439.0458 -949.789 512 404.2318 -959.641 
Average 295.2279 432.3816 -928.937 51.21641 236.9225 -862.435 
Minimum   -959.399   -959.641 
Range 991.9995 117.0174 89.41768 977.6942 999.1257 451.7668 
Standard 
Deviation 

361.6783 27.20184 24.66221 424.1121 366.234 97.00329 

Total 
Runtime 
(s) 

68.8   38.39   

Average 
Runtime 
(s) 

1.376   0.7678   
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ii. Bird Function (constrained optimization) 

The second benchmark problem tested is the Bird function problem constrained by part 

of an ellipse. The results are shown in Figure 3.9, Figure 3.10, and Table 3.4. For this second set of 

tests, the population size of the ALM-GA algorithm is significantly reduced in order to match the 

speed of MATLAB’s GA. 
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Figure 3.9 Surface Plot of Bird Function 
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Figure 3.10 Top-down View of Bird Function Surface Plot
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Table 3.4: Output Results of ALM-GA and MATLAB’s GA for Bird Function Optimization 

 My ALM-GA MATLAB’s GA 
Test # x1 x2 F_min x1 x2 F_min 
1 -3.12428 -1.53487 -106.453 -3.13023 -1.58211 -106.765 
2 -3.12367 -1.62522 -106.504 -5.37758 -5.61779 1.487019 
3 -3.13069 -1.56938 -106.742 -5.37764 -5.61786 1.487019 
4 -3.13359 -1.56968 -106.742 -5.37755 -5.61779 1.487019 
5 -3.12169 -1.63841 -106.321 -5.37754 -5.61774 1.487019 
6 -3.1249 -1.58307 -106.76 -5.37763 -5.61786 1.487019 
7 -3.15541 -1.5671 -106.646 -5.37754 -5.61775 1.487019 
8 -3.10155 -1.57285 -106.64 -5.37754 -5.61776 1.487019 
9 -3.12245 -1.62899 -106.455 -5.37757 -5.61775 1.487019 
10 -3.12825 -1.62582 -106.503 -5.37767 -5.61786 1.487019 
11 -3.12963 -1.58188 -106.764 -5.37755 -5.61773 1.487019 
12 -3.10033 -1.58872 -106.636 -5.37756 -5.61777 1.487019 
13 -3.10491 -1.63296 -106.321 -5.37754 -5.61775 1.487019 
14 -3.12947 -1.6155 -106.612 -5.37716 -5.61723 1.48702 
15 -3.13024 -1.58178 -106.765 -5.3776 -5.61783 1.487019 
16 -3.12398 -1.61362 -106.623 -3.13024 -1.58214 -106.765 
17 -3.13359 -1.62582 -106.502 -5.3776 -5.61782 1.487019 
18 -3.12291 -1.55976 -106.689 -5.37755 -5.61777 1.487019 
19 -3.1223 -1.62582 -106.494 -5.37762 -5.61784 1.487019 
20 -3.11788 -1.58297 -106.743 -5.3777 -5.61789 1.487019 
21 -3.13115 -1.62612 -106.5 -3.13025 -1.58214 -106.765 
22 -3.12993 -1.58386 -106.764 -5.37754 -5.61775 1.487019 
23 -3.12871 -1.58218 -106.764 -5.37755 -5.61775 1.487019 
24 -3.1249 -1.62542 -106.504 -5.37766 -5.61791 1.487019 
25 -3.04158 -1.58029 -105.697 -5.37754 -5.61774 1.487019 
26 -3.14076 -1.60112 -106.7 -5.37755 -5.61775 1.487019 
27 -3.14946 -1.51037 -106.005 -5.37759 -5.6178 1.487019 
28 -3.1223 -1.58218 -106.756 -5.37765 -5.61786 1.487019 
29 -3.12917 -1.57404 -106.755 -5.37752 -5.61775 1.487019 
30 -3.10994 -1.59418 -106.688 -5.37759 -5.61782 1.487019 
31 -3.12001 -1.61392 -106.611 -5.37754 -5.61775 1.487019 
32 -3.12215 -1.58029 -106.755 -3.13026 -1.58216 -106.765 
33 -3.14168 -1.56968 -106.725 -3.13025 -1.58216 -106.765 



48 
 

34 -3.12108 -1.58188 -106.753 -5.3776 -5.61781 1.487019 
35 -3.12428 -1.57871 -106.758 -3.13024 -1.58216 -106.765 
36 -3.12062 -1.63941 -106.303 -5.37766 -5.61789 1.487019 
37 -3.12352 -1.57395 -106.749 -5.37754 -5.61774 1.487019 

 

Table 3.4: Output Results of ALM-GA and MATLAB’s GA for Bird Function Optimization –
continued 

 
 My ALM-GA MATLAB’s GA 
Test # x1 x2 F_min x1 x2 F_min 
38 -3.1249 -1.5668 -106.728 -5.37757 -5.61779 1.487019 
39 -3.12871 -1.58952 -106.757 -5.37753 -5.61777 1.487019 
40 -3.1313 -1.63782 -106.341 -5.37756 -5.61777 1.487019 
41 -3.16838 -1.56462 -106.521 -3.13025 -1.58213 -106.765 
42 -3.20912 -1.63107 -105.594 -5.37761 -5.61783 1.487019 
43 -3.12779 -1.62502 -106.512 -3.13025 -1.58215 -106.765 
44 -3.12322 -1.57732 -106.755 -3.13025 -1.58215 -106.765 
45 -3.12947 -1.58029 -106.764 -5.37753 -5.61775 1.487019 
46 -3.13924 -1.62502 -106.502 -5.37759 -5.61781 1.487019 
47 -3.14717 -1.58029 -106.725 -3.13026 -1.58213 -106.765 
48 -3.10399 -1.62502 -106.416 -5.37754 -5.61774 1.487019 
49 -3.12459 -1.58188 -106.76 -3.13024 -1.58214 -106.765 
50 -3.10353 -1.62502 -106.413 -5.37762 -5.61782 1.487019 
average -3.12649 -1.59463 -106.57 -4.88316 -4.72994 -22.3283 
minimum   -106.765    -106.765 
range 0.167544 0.129038 1.170573 2.247471 4.035797 108.2516 
standard 
dev 

0.021113 0.028848 0.2539 0.940397 1.68872 45.29808 

Total 
Runtime 
(s) 

27.37   38.39   

Average 
Runtime 
(s) 

0.5474   0.7678   
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The results show that ALM-GA outperformed MATLAB’s GA. Furthermore, this analysis 

shows that unlike ALM-GA, MATLAB’s GA is prone to falsely converging into basins such as in 

regions around coordinates (-5.3, -5.6).   

The effectiveness ALM-GA shows through solving these two test cases sufficiently prove 

that this custom algorithm is a viable and likely much better alternative to MATLAB’s built-in 

GA for design optimization.   
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4. APPLICATION OF MDO FRAMEWORK 

For the case study, the model of an aircraft wing of similar size to a Cessna 172 is 

optimized. This model undergoes two flight conditions and optimized separately according to 

each. Through these tests, the MDO framework’s versatility is demonstrated and its genetic 

algorithm is tested for consistency.  

 Case 1.1: Cruise Condition – Minimizing Wing Mass 

For the first subcase, a wing model is optimized for flight conditions at cruising speed: 

62.6 m/s.  

The optimization objective is defined as follows: 

min. 
𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡 = 𝑓𝑓 ��

𝑏𝑏
𝑐𝑐𝑟𝑟𝑖𝑖𝑡𝑡

𝑡𝑡𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝑡𝑡1
�� 

( 4.1 ) 

st. 𝛿𝛿𝑟𝑟𝑖𝑖𝑡𝑡 −
𝑏𝑏

10
≤ 0 ( 4.2 ) 

 𝜎𝜎𝐾𝐾𝐾𝐾 − 1 ≤  0 ( 4.3 ) 

 −�𝐿𝐿 − 𝐴𝐴𝑅𝑅𝑡𝑡𝑚𝑚𝑜𝑜 𝐿𝐿
𝑊𝑊
∗ 𝑊𝑊𝐻𝐻𝑡𝑡𝑡𝑡𝐻𝐻 𝑉𝑉𝑝𝑝ℎ𝑖𝑖𝑖𝑖𝑡𝑡𝑝𝑝� ≤ 0 ( 4.4 ) 

where 𝐴𝐴𝑅𝑅𝑡𝑡𝑚𝑚𝑜𝑜 𝐿𝐿
𝑊𝑊

 = 1.0 for cruising condition. A summary of the input values is included in Table 

4.1.   
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Table 4.1: Subcase 1 – Design Space Boundary 

1st 
Subcase 

Span 
Length 
(m) 

Root 
Chord 
Length 
(m) 

Tip Chord 
Length 
(m) 

Root Panel 
Thickness 
(m) 

Rib 
Thickness 
(m) 

Spar 
Thickness 
(m) 

Lower 
Bound 

5.0000 1.5000 0.8000 0.0030 0.0050 0.0100 

Upper 
Bound 

10.000 1.5000 0.0200 0.0200 0.0050 0.0100 

Constant / 
Variable 

Var. Const. Var. Var. Const. Const. 

  

 500 sample input-output pair vector sets are generated with NASTRAN and the response 

surfaces for each output is approximated. A data matrix of the sample data set is also generated as 

shown in Figure 4.1.  The histogram plots along the diagonal section of the plot matrix illustrate 

the relatively uniform distribution of data along each dimension of the input vector and the 

concentration of results for each of the outputs. The set of scatter plots has also been color coded 

into different sections. Of the four scatter plot sections, three are of interest. The purple section 

shows the distribution of each input data relative to each other. A zero-correlation value is 

achieved via the Latin hypercube sampling conducted earlier. However, some less densely 

sampled areas of the design space are observed. These areas could potentially lead to some 

modeling inaccuracies.  
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 Figure 4.1 Data Matrix Plot of 500 Samples 
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  The red section shows the changes in wing property outputs based on each input and 

comparative to the other inputs. Span length has the most impact on the vehicle’s coefficient of 

lift, based on the data. It also moderately affects the KS stress calculation and tip displacement. 

However, it has little impact on the structure’s total mass. The tip chord length seems to have 

little effect on the wing’s coefficient of lift, and barely any impact on total mass.  It mainly affects 

stress distribution and tip displacement which makes sense given that increasing taper is a 

method of reducing aircraft root stress as well as tip deflection. From an aerodynamics 

perspective, the panel thickness would not affect flight characteristics. However, given that this is 

an aeroelastic problem, it is expected that increasing wing panel thickness would improve wing 

rigidity thereby reducing the loss of lift due to tip deflection. Yet, that relationship is not very 

clear due to some other input parameter (span) having a dominant effect on this characteristic. 

Nevertheless, the other output responses are clearly correlated to and determined by panel 

thickness based on the curvilinear trend visible in the data set. 

The third section of interest is the green portion of the data matrix. This part is useful in 

showing the correlation between the various outputs obtained within the design space. However, 

it is important to note that no causal relationship could be determined from these green plots. 

Next, generating response surface models using ANN is investigated. The plots generated 

to determine the best spread value for each response surface generation can be found in the 

Appendix (see Figure A.3 - Figure A.6). A set of 20 spread values are tested and the best 

performer for each surrogate model is used. The spread values are spaced logarithmically for a 
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range between 10-2 and 101. These boundaries are selected since based on previous optimization 

attempts, a spread value of 1.0 performed adequately for all 4 response surfaces.  

The mean square error goal values are chosen to vary based on the range of possible 

response surface values for each output. 

 𝑀𝑀𝑆𝑆𝐸𝐸𝑔𝑔𝑟𝑟𝑡𝑡𝑡𝑡 = 10−4 ∗  𝑟𝑟𝑅𝑅𝑚𝑚𝑔𝑔𝑒𝑒 ( 𝑟𝑟𝑒𝑒𝑠𝑠𝑝𝑝𝑜𝑜𝑚𝑚𝑠𝑠𝑒𝑒 𝑠𝑠𝑢𝑢𝑟𝑟𝑓𝑓𝑅𝑅𝑐𝑐𝑒𝑒 ) ( 4.5 ) 

 

Table 4.2: Newrb() Parameters and Results 

 Mass Displacem
ent 

Stress CL CD CL 
Approx. 

Range of 
Data 

779.72 kg .5901 m .3244 0.1291 0.0113 0.1451 

MSE Goal 0.078 5.901 x 10-5 3.244 x 10-5 1.2913 x 
10-5 

1.1301 x 
10-6 

1.4145 x 
10-5 

Optimum 
Spread 

3.360 0.7848 0.7848 0.7848 0.7848 0.7848 

MSE 
Achieved 

0.0386 7.344 x 10-5 9.6306 x 
10-5 

1.1977 x 
10-5 

2.2219 x 
10-7 

1.4145 x 
10-5 

Neurons 
Used 

28 125 125 32 2 26 

 

A summary of the parameters used for the neural network models can be found in Table 

4.2. Next, optimization is conducted ten times to validate consistency of results. The same GA 

parameters are used all ten times and are listed in Table 4.3. The results are listed in Table 4.4.  

 

Table 4.3:  ALM-GA Parameters 

Starting Population Top Population Max Population Gene String 
Resolution 
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50 10 200 16 
 

Table 4.4: Case 1.1 – Optimization Results 

 Cost 
Function  

Spar Length Tip Chord Length Panel Thickness 

 

(kg) 

Optimu
m (m) 

Sensitivit
y 

Optimu
m (m) 

Sensitivit
y 

Optimu
m 

(m) 

Sensitivit
y 

1 102.1141 5.1664 20.456 0.8498 44.416 0.0030 23421.697 
2 96.3319 5.0051 21.369 0.8032 45.606 0.0030 22537.565 
3 99.2421 5.0011 19.258 0.8010 48.553 0.0031 25406.124 
4 98.1759 5.0786 27.829 0.8085 61.645 0.0030 25400.009 
5 96.9776 5.0051 21.369 0.8155 45.606 0.0030 22537.565 
6 97.0970 5.0004 20.456 0.8006 44.416 0.0030 23421.697 
7 97.5175 5.0133 19.258 0.8149 48.553 0.0030 25406.124 
8 97.5764 5.0361 21.292 0.8005 46.404 0.0030 22480.828 
9 100.0587 5.1762 20.456 0.8006 44.416 0.0030 23421.697 
10 97.6208 5.0199 20.456 0.8224 44.416 0.0030 23421.697 

 

These data points are plotted on the surrogate model surfaces to validate the ALM-GA’s 

effectiveness. These graphs are included in the Appendix for further reference (see Figure A.7- 

Figure A.18). Here, the graphs for the cost function and constraints are displayed below in 

Figures 4.2-4.12 since they are linear transformations (and combinations) of the surrogate 

models. Hence, they can also be used to validate the GA’s effectiveness in optimizing while also 

verifying whether or not constraints have been violated.  

The graphs are projections of 4-dimensional hyperspace into 3D, where one degree of 

freedom is held at constant at the optimum point. At first glance, several interesting information 

can be obtained about this design space. The objective function is linear with the highest rates of 
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change occurring in graphs where the panel thickness varies. Moreover, the relative difference 

between the real and surrogate optimums seems small. Since the optimum location seems to be 

at the global minimum, regardless of constraint, it is pretty clear that the design is 

overengineered for Case 1.1’s particular flight condition.  

 

 

Figure 4.2 Cost Function vs. Span and Tip C. Length 
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Figure 4.3 Cost Function vs. Tip C. Length and Panel Thickness 
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Figure 4.4 Cost Function vs. Span and Panel Thickness 

However, most of the constraint response surfaces are nonlinear and multimodal even 

when reduced to a 3-dimensional problem. This validates the early decision to use a non-

gradient based optimization method for this project. Each of these graphs represents a violation 

of constraint of designs if the output is positive. All negative values are feasible design criteria in 

the eyes of that constraint function. 

 

 

Figure 4.5 Case 1.1: Span Tip C. Length vs. Max Displacement  
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Figure 4.6 Case 1.1: Max Displacement Violation vs. Tip C. Length and Panel Thickness 

 

 

Figure 4.7 Case 1.1: Max Displacement Violation vs. Span and Panel Thickness 
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Figure 4.8 Case 1.1: KS Stress Violation vs. Span and Panel Thickness 

 

 

Figure 4.9 Case 1.1: KS Stress Violation vs. Span and Tip C. Length 
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Figure 4.10 Case 1.1: Net Lift vs. Span and Tip C. Length 

 

 

Figure 4.11 Case 1.1: Net Lift vs. Tip C. Length and Panel Thickness 
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Figure 4.12 Case 1.1: Net Lift vs. Span and Panel Thickness 

  

For validation and to test for potential improvements on surrogate modeling accuracy, 

two optimum solutions are selected from Table 4.4. The optimum solution from the second 

iteration is selected for having the best cost function value (the most minimized). The solution 

from the eighth iteration is selected for having the smallest sensitivity magnitude.    

The results for each can be found in Tables 4.5 and 4.6. Furthermore, a visual comparison 

of the optimized wing is provided in Figures 4.13 and 4.14. These graphics show a much more 

robust structure that is automatically generated by the framework. However, note that the non-

optimized wing model is simply hand-picked randomly. There are certainly other models that 

are much more robust and/or massive within the sample space and some that may be similar to 

the optimum design.  
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Table 4.5: Optimum Solution Feasibility Validation (Iteration #2) 

Span: 5.0051 Tip Chord Length: 0.8032 Panel Thickness: 0.0030 
 Total 

Mass 
Max. 
Displacement 

KS Stress CL  CD CL 
Approx. 

Surrogate 96.4651 0.0216 0.0463 0.3551 0.0315 0.4191 
Real 99.0950 0.0367 0.0463 0.7514 0.0658 0.3772 
Difference 2.6296 0.0151 0.0494 0.3964 0.0343 -0.0420 
% Error 2.65 % 41.13% 106.7% 52.75% 52.08% -11.13% 

 

Table 4.6: Optimum Solution Feasibility Validation (Iteration #8) 

Span: 5.0361 Tip Chord Length: 0.8005 Panel Thickness: 0.0030 
 Total 

Mass 
Max. 
Displacement 

KS Stress CL  CD CL 
Approx. 

Surrogate 97.7101 0.0224 -0.0045 0.3569 0.0316 0.4210 
Real 100.2100 0.0373 0.0461 0.7530 0.0659 0.3779 
Difference 2.4999 0.0149 0.0506 0.3961 0.0343 -0.0430 
% Error 2.49% 39.93% 109.70% 52.60% 52.05% -11.38% 
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Figure 4.13 Sample No. 49/500 (randomly selected and generated for surrogate modeling) 

 

Figure 4.14 Optimized Wing Related to Data in Table 4.5 

 

While the percent difference of the sensitivity magnitudes between iteration 2 and 8 is 

around 12.2%, observing the percent errors of each simulation indicates very little improvement 
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on the accuracy of the results. This shows that the result’s high error rate likely stems from some 

other issue or combination of issues related to the surrogate models themselves.   

   Another test is conducted to attempt to reduce the errors. This test involves forcing 

MATLAB’s neural network function to minimize the MSE error until all 125 neurons are utilized 

for each surrogate model. This ignored the MSE value goals we previously determined to be 

sufficient. In this case, we assumed that errors caused by overfitting would be negligible. 

However, the performance of the surrogate models shows very little change again. The data from 

this test can be found in the Appendix under Case 1.1. The only other changes which could be 

made to reduce the errors involve increasing sampling size (see Case 2) and changing the 

response surface type, which is beyond the scope of this project. However, based on the graphs 

and table data, both designs (iteration 2 and 8) would be feasible designs concluding this case 

study a successful proof of concept. 

 A different subcase included in the end of the Appendix uses the same samples and 

surrogate models for a different optimization problem. 

 

 Case 2: Maximum Velocity Condition – Minimizing Wing Mass 

For this case, the same type of wing is modeled and optimized. The same optimization 

criteria apply: 

min. 
𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑡𝑡𝑡𝑡 = 𝑓𝑓 ��

𝑏𝑏
𝑐𝑐𝑟𝑟𝑖𝑖𝑡𝑡

𝑡𝑡𝑡𝑡𝑡𝑡𝑝𝑝𝑝𝑝𝑡𝑡1
�� 

( 4.6 ) 
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st.  𝛿𝛿𝑟𝑟𝑖𝑖𝑡𝑡 −
𝑏𝑏

10
≤ 0 ( 4.7 ) 

 𝜎𝜎𝐾𝐾𝐾𝐾 − 1 ≤  0 ( 4.8 ) 

 −�𝐿𝐿𝑚𝑚𝑓𝑓𝑡𝑡 − 𝐴𝐴𝑅𝑅𝑡𝑡𝑚𝑚𝑜𝑜 𝐿𝐿
𝑊𝑊
∗ 𝑊𝑊𝑒𝑒𝑚𝑚𝑔𝑔ℎ𝑡𝑡𝐻𝐻𝑡𝑡𝑡𝑡𝐻𝐻 𝑉𝑉𝑝𝑝ℎ𝑖𝑖𝑖𝑖𝑡𝑡𝑝𝑝� ≤ 0 ( 4.9 ) 

However, 𝐴𝐴𝑅𝑅𝑡𝑡𝑚𝑚𝑜𝑜 𝐿𝐿
𝑊𝑊

 is set to 1.3. This problem assumes ascending flight with no controls 

input to adjust angle of attack or change flight dynamics in any way. Hence, the lift to weight 

ratio is higher than one, where the aircraft would experience steady level flight. Boundary 

conditions are also modified slightly (see Table 4.7) to expand the design space for a slightly 

wider search. In addition, sampling is also doubled to 999 samples to try to improve the accuracy 

of the surrogate models.   

 

Table 4.7: Subcase 2 - Upper and Lower Bound values 

2nd 
Subcase 

Span 
Length 
(m) 

Root 
Chord 
Length 
(m) 

Tip Chord 
Length 
(m) 

Root Panel 
Thickness 
(m) 

Rib 
Thickness 
(m) 

Spar 
Thickness 
(m) 

Lower 
Bound 

5.0000 1.5000 0.3000 0.0030 0.0050 0.0150 

Upper 
Bound 

12.000 1.5000 1.5000 0.0200 0.0050 0.0150 

Contant / 
Variable 

Var. Const. Var. Var. Const. Const. 
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Table 4.8: Newrb() Parameters and Results 

 Mass Displacemen
t 

Stress CL CD CL 
Approx. 

Range of 
Data 

864.46 2.5945 2.9735 0.4326 0.0379 0.2171 

MSE Goal 0.0864 0.0003 0.0003 0.0000 0.0000 0.0000 

Optimum 
Spread 

10.0 0.5456 .0100 05456 0.7848 0.5456 

MSE 
Achieved 

0.0578 0.0014 0.0023 0.0001 

 

0.0000 0.0000 

Neurons 
Used 

34 250 250 250 7 250 

 

 

When comparing radial basis parameters and model MSE values for both cases (see Table 

4.2 and Table 4.8), no noticeable differences can be found. The number of neurons is doubled to 

maintain the ratio of neurons to sample size at around 25% for each case. While the percent error 

for maximum displacement is observed to increase by a factor of two, the overall results of this 

case study indicate a significant reduction in errors compared to the previous case, particularly in 

stress data and the aerodynamics data. The graphs of the cost function and the constraints are 

provided in the appendix, which show convergence and/or constraints being satisfied. 

 

Table 4.9: Case 2 – Optimization Results 

Iteratio
n 

Cost 
Functio
n  

Spar Length Tip Chord Length Panel Thickness 
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Numbe
r 
 

(kg) 

Optimu
m (m) 

Sensitivit
y 

Optimu
m (m) 

Sensitivit
y 

Optimu
m 

(m) 

Sensitivit
y 

1 88.1685 5.1653 0.0017 0.3094 0.0047 0.0030 2.1147 
2 86.5660 5.0127 0.0017 0.3204 0.0045 0.0030 1.9517 
3 85.6340 5.0097 0.0017 0.3006 0.0045 0.0030 1.9517 
4 88.5864 5.0186 0.0017 0.3017 0.0045 0.0032 1.892 
5 85.9543 5.0578 0.002 0.3022 0.0051 0.0030 1.9035 
6 94.6384 5.0019 0.0023 0.5092 0.0066 0.0030 2.7251 
7 88.7015 5.0003 0.0017 0.3750 0.0045 0.0030 1.9517 
8 90.7442 5.0291 0.0017 0.4097 0.0047 0.0030 2.1147 
9 88.9196 5.1129 0.0017 0.3387 0.0046 0.0030 2.053 
10 85.7524 5.002 0.0017 0.300 0.0045 0.003 1.9517 

 

 

Table 4.10: Optimum Solution Feasibility Validation 

Span: 5.0097 m Tip Chord Length: 0.3006 m Panel Thickness: 0.0030 m 
 Total 

Mass 
Max. 
Displacement 

KS Stress CL  CD CL 
Approx 

Surrogate 85.7682 0.0139 0.0704 0.7294 0.0685 0.3661 
Real 88.1440 0.0738 0.0804 0.7898 0.0691 0.3964 
Difference 2.3758 0.0599 0.0100 0.0604 0.0006 0.0303 
% Error 2.70% 81.18% 12.41% 7.65% 0.930% 7.65% 
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5. CONCLUSIONS AND FUTURE WORK 

 Conclusions 

The feasibility of multidisciplinary design optimization via surrogate modeling was 

successfully demonstrated in this thesis. Through two case studies of aircraft wing models with 3 

DOF, the reliability, robustness, and speed of the methodology were analyzed and validated. 

Furthermore, this project demonstrated the framework’s ability to automatically perform 

sampling by leveraging the capabilities of a 3rd party software, rapidly generate graphs to explore 

trends within sample data, visualize the design space of multi-dimensional problems through a 

custom graphic user interface, generate surrogate models, optimize, and finally verify the results.    

In the process, a custom method for utilizing a genetic algorithm in constraint-based 

optimization was developed. The algorithm was able to significantly outperform MATLAB’s 

genetic algorithm, a commercially distributed optimization package. Based on the results 

obtained from the test-bench problems and its consistent performance in the context of the 

MDO case studies, the hybrid ALM-GA has proven to be a valuable tool for ASDR Lab’s research 

efforts and should see continued use and development.  

While the current method of applying radial basis neural networks to create surrogate 

models proved to be the primary shortcoming of the MDO framework, the results of this 
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research project have laid the groundworks to propel further leading-edge research within the 

fields of aerospace engineering and computational optimization.  

 

 Future Work and Recommendations  

Given that MDO is such a broad theme with many active research areas, the next phase of 

the project could fork into several different avenues. Pertaining to wing model fidelity, on the 

structural side, the use of elements such as rod, bar, beam, and thick shells could be used to 

improve the accuracy of the structural response data obtained from NASTRAN. For nonlinear 

structural analysis, other FEM packages such as MSC MARC, ANSYS, and Abaqus could be 

investigated.  On the aerodynamics end, interfacing with a computational fluid dynamics 

software and/or using the UVLM package [32] developed by the ASDR Lab should be considered 

due to the limitations of Nastran’s DLM with regards to estimating drag.  

Some suggestions could also be made on the topic of data processing and analysis. 

Currently, MATLAB’s radial basis neural network is used to generate a response surface with 

suboptimal accuracy. Hence, comparing the efficiency, reliability, and robustness of other types 

of ANN functions or even entirely different methods such as Kriging could help ASDR Lab 

understand current response surface capabilities and limitations within aerospace design 

engineering. For increasing data insight, visualization techniques for high dimensional space 

could be investigated and incorporated. More statistical calculations could also be applied to 

quantify the performance of sampling, surrogate model accuracy, and the search algorithm. 
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Finally, the sampling method currently used (MATLAB’s built-in LHS function) could be 

upgraded to a custom orthogonal sampling algorithm (or some other newly developed method) 

for further reducing the correlation of design variables and improving design space sampling 

uniformity. This would be important for studies with more degrees of freedom than the ones 

conducted in this thesis.  Orthogonal sampling could likely be used to improve the genetic 

algorithm’s initial population generation as well. 

While the genetic algorithm developed for this project has proven to be relatively 

efficient, reliable and robust, further improvements could be made. For one, incorporating 

parallel computing, GPU computing or TCU computing could significantly increase capabilities. 

Besides the considerable boost in speed, these technologies could augment the framework’s 

ability to conduct a wider and more comprehensive search by allowing the user to increase the 

binary resolution and the level of population combinations. Integrating hyper-heuristics into the 

current genetic algorithm would also be valuable.   

Finally, the MDO framework’s capabilities could be extended to multiobjective 

optimization. Given that the current project only considers a single objective, this knowhow 

would empower the ASDR Lab to conduct further studies with the current wing model as well as 

allow the framework to be applied in a whole new class of design problems.   
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APPENDIX  
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Figure A.1 Comparison of CL and CL Approximation Trends
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Figure A.2 Comprehensive Flowchart of MDO Framework  
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Table A.1: Sample Input (.dat) File for Rectangular Wing Study (see Chapter 2)   

 

 

Variable Name Input Type Value Units Notes 
Span Length Independent 

Design 
5.00000 (m) Technically Half-Span 

Root Chord 
Length 

Independent 
Design 

1.50000 (m)  

Tip Chord 
Length 

Independent 
Design 

1.50000 (m)  

Panel 
Thickness 1 

Independent 
Design 

0.01000 (m)  

Panel 
Thickness 2 

Dependent 0.00500 (m) (Panel Thickness 1) x 50% 

Panel 
Thickness 3 

Dependent 0.00375 (m) (Panel Thickness 2) x 75% 

Primary Spar 
Thickness 

Independent 
Design 

0.01000 (m)  

Secondary Spar 
Thickness 

Dependent 0.00500 (m) (Primary Spar Thickness) x 50% 

Primary Spar 
Location 

Independent 
Design 

25.0000 % Percent of Chord Length  

Secondary Spar 
Location 

Independent 
Design 

75.0000 % Percent of Chord Length 

Rib Thickness Independent 
Design 

0.01000 (m) Single Thickness Property Shared by All 
Ribs 

Mean Chord 
Length 

Dependent 1.50000 (m) Average of Root and Tip Chord Lengths 

Wing Area Dependent 7.60000 (m2) Mean Chord Length x Span Length 
Angle of Attack Independent 

Variable 
0.08727 (rad) Constant Flight Condition 

Velocity Independent 
Variable 

62.6000 (m/s) Constant Flight Condition 

Air Density Independent 
Variable 

1.226 (kg/m3) Constant Flight Condition 

Mach No. Dependent 0.18412 (m/s) Velocity/ (Speed of Sound) 
Dynamic 
Pressure 

Dependent 2402.20 (Pa) (Air Density) x (Velocity)2/2 
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 Case Study Data 

i. Case 1.1 

 

Figure A.3 Spread vs. MSE for Mass Response Surface 
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Figure A.4 Spread vs. MSE for CL Response Surface 

 

 

Figure A.5 Spread vs. MSE for Max Displacement Response Surface 
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Figure A.6 Spread vs. MSE for KS Stress Response Surface 
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Table A.2: Performance using Models with Exactly – Case 1 – 125 Neurons 

 Mass Displacemen

t 

Stress CL CD CL Approx. 

Range of 
Data 

779.72 kg .5901 m .3244 0.1291 0.0113 0.1451 

MSE 
Goal 

0.078 5.901 x 10-5 3.244 x 10-5 1.2913 x 10-

5 

1.1301 x 10-

6 
1.4145 x 10-5 

Optimu
m Spread 

3.360 0.7848 0.7848 0.7848 0.7848 0.7848 

MSE 
Achieved 

0.0386 7.344 x 10-5 9.6306 x 10-

5 
1.1977 x 10-

5 

2.2219  x 
10-7 

1.4145 x 10-5 

Neurons 
Used 

125 125 125 125 125 125 

 

 

Table A.3: Optimum Solution Feasibility – Case 1 – Exactly 125 Neurons 

 Total 
Mass 

Max. 
Displacement 

KS Stress CL  CD CL 
Approx 

Surrogate 96.5389 0.0213 -0.0027 0.4464 0.0315 0.4191 
Real 99.1470 0.0366 0.0464 0.7513 0.0658 0.3771 
Difference 2.6081 0.0153 0.0491 0.3962 0.0342 -0.0421 
% Error 2.63 % 41.82% 105.78% 52.74% 52.08% 11.16% 
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Figure A.7 Case 1: Cost Function vs. Span and Tip C. Length 

 

Figure A.8 Case 1: Cost function vs. Tip C. Length and Panel Thickness 
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Figure A.9 Case 1: Cost Function vs. Span and Panel Thickness 

 

 

Figure A.10 Case 1: Max Displacement vs. Span and Tip C. Length 
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Figure A.11 Case 1: Max Displacement vs. Span and Panel Thickness 

 

 

Figure A.12 Case 1: Max Displacement vs. Tip C. Length and Panel Thickness 
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Figure A.13 Case 1: Lift Approximation vs. Span and Panel Thickness 

 

 

Figure A.14 Case 1: Lift Approximation vs. Span and Tip C. Length 
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Figure A.15 Case 1: Lift Approximation vs. Tip C. Length and Panel Thickness 

 

 

Figure A.16 Case 1: KS Stress vs. Span and Panel Thickness 
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Figure A.17 Case 1: KS Stress vs. Tip C. Length and Panel Thickness 

 

Figure A.18 Case 1: KS Stress vs. Span and Panel Thickness 
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ii. Case 2 

 

Figure A.19 Case 2: Cost Function vs. Span and Tip C. Length 
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Figure A.20 Case 2: Cost Function vs. Tip C. Length and Panel Thickness 

 

Figure A.21 Case 2: Cost Function vs. Span and Panel Thickness 
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Figure A.22 Case 2: Max Displacement Constraint vs. Span and Tip C. Length 

 

Figure A.23 Case 2: Max Displacement Constraint vs. Tip C. Length and Panel Thickness 
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Figure A.24 Case 2: Max Displacement Constraint vs. Span and Panel Thickness 
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Figure A.25 Case 2: KS Stress Constraint vs. Span and Tip C. Length 

 

 

Figure A.26 Case 2: KS Stress Constraint vs. Tip Chord and Panel Thickness 
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Figure A.27 Case 2: KS Stress Constraint vs. Span and Panel Thickness 
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Figure A.28 Case 2: Minimum Lift Constraint vs. Span and Tip C. Length 

 

Figure A.29 Case 2: Minimum Lift Constraint vs. Tip C. Length and Panel Thickness 
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Figure A.30 Case 2: Minimum Lift Constraint vs. Span and Panel Thickness 

 Example of a Pitfall with Surrogate Modeling 

Case 1.2: Cruise Condition – Maximizing CL/CD   

Since optimization algorithms are built to minimize problems, the optimization problem 

is formulated for maximizing the lift to drag ratio is formulated in such a way that minimizing 

the certain expression would maximize the underlying concept. This expression could be 

constructed in two ways. Either the reciprocal or the negative of the expression is minimize. The 

author has opted for multiplying the expression by negative one due to the computational speed 

advantage of multiplication compared to division. 

min. −𝐶𝐶𝐿𝐿/𝐶𝐶𝐷𝐷 ( 0.1 ) 

st.  𝛿𝛿𝑟𝑟𝑖𝑖𝑡𝑡 −
𝑏𝑏

10
≤ 0 ( 0.2 ) 
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 𝜎𝜎𝐾𝐾𝐾𝐾 − 1 ≤  0 ( 0.3 ) 

 −�𝐿𝐿𝑚𝑚𝑓𝑓𝑡𝑡 − 𝐴𝐴𝑅𝑅𝑡𝑡𝑚𝑚𝑜𝑜 𝐿𝐿
𝑊𝑊
∗ 𝑊𝑊𝑒𝑒𝑚𝑚𝑔𝑔ℎ𝑡𝑡𝐻𝐻𝑡𝑡𝑡𝑡𝐻𝐻 𝑉𝑉𝑝𝑝ℎ𝑖𝑖𝑖𝑖𝑡𝑡𝑝𝑝� ≤ 0 ( 0.4 ) 

 

where 𝐴𝐴𝑅𝑅𝑡𝑡𝑚𝑚𝑜𝑜 𝐿𝐿
𝑊𝑊

= 1. 
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Table A.4: Case 1.2 – Optimization Results 

 Cost 
Functio
n 

Spar Length Tip Chord Length Panel Thickness 

 Optimu
m (m) 

Sensitivit
y 

Optimu
m (m) 

Sensitivit
y 

Optimu
m 

(m) 

Sensitivit
y 

1 -11.898 7.0164 0.037 1.1873 0.0214 0.0050 25.2970 
2 -11.887 7.0495 0.396 1.1795 -0.0534 0.0050 25.3783 
3 -11.902 7.0447 0.295 1.1882 2.1322 0.0050 20.5563 
4 -11.900 7.0365 0.089 1.1862 0.0141 0.0050 25.3579 
5 -11.902 7.0343 -0.156 1.1869 0.5145 0.0050 13.0398 
6 -11.901 7.0193 0.0501 1.1906 0.0496 0.0050 25.2427 
7 -11.887 7.0909 0.1522 1.2001 -0.4912 0.0050 28.6438 
8 -11.901 7.0316 0.1062 1.1882 0.0295 0.0050 25.3282 
9 -11.884 7.0204 0.0372 1.1876 0.0214 0.0050 25.2970 
10 -11.903 7.0325 0.1276 1.1994 0.1055 0.0050 25.1182 

 

Table A.5: Optimum Solution Feasibility Validation 

Span: 7.0325 m Tip Chord Length: 1.1994 m Panel Thickness: 0.0030 m 
 Total 

Mass 
Max. 
Displacement 

KS Stress CL  CD CL 
Approx. 

Surrogate 154.3702 0.1409 0.1205 0.4100 0.0347 0.4752 
Real 154.6200 0.1746 0.2400 0.8833 0.0773 0.4433 
Difference 0.2498 0.0338 0.1195 0.4733 0.0426 -0.0319 
% Error 0.16% 19.34% 49.78% 53.58% 55.06% -7.20% 

 

The results for this simulation are significantly less erroneous than subcase 1.1. This 

difference is possibly due to the accuracy of the response surface being better in certain regions of 

the curve such as well sampled locations.  The solution to this objective is also found to be closer 



101 
 

to the center of some of the response surfaces than the solutions for case 1.1 where all solutions 

are at the corners of the design space. The graphs confirmed this trend, which seemed promising.  

 

 

 

Figure A.31 Erroneous Response Surface 

However, it became apparent that the range of possible CL/CD values seemed relatively 

small so a quick check on the original data sample is performed. It turned out that the ratio of 

CL/CD is approximately 11.42 for every sample point. In other words, CL and CD are 

proportional to each other varying only by a constant.  

This is consistent with the information included in the section on Aerodynamics (pg. 11) 

which discusses how induced drag is obtained from lift. The nonlinear-type response surface 
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observed is due to errors generated by the suboptimal performance of the radial basis neural 

network function when generating surrogate models for CL and CD. 

For the specific case studies, this issue confirms that optimizing for the ratio of lift to drag 

(while possible numerically and conceptually) is in fact trivial if the aerodynamic data is 

approximated via panel methods.   

This is a solid example of how the data analytics portion of the MDO framework brings 

value to the engineering design process by helping detect errors and identifying their sources in 

the modeling process. This also reminds us of the importance of making sure the user of a 

response surface technique or other types of neural networks understands the underlying 

mechanics, physics, or other types of principles/trends he or she is trying to model. 
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