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ABSTRACT 

A smoothed particle hydrodynamics (SPH) numerical method is first developed to solve 

thermal transport problems in heterogeneous materials with finite thermal contact conductance 

and discontinuous temperature field at interfaces between individual grain-like or fiber-like 

particles.  It is applied to study thermal transport and calculate effective conductivity in a linear 

chain of powder grains, two-dimensional, and three-dimensional random powder systems 

composed of spherical grains and high-aspect-ratio spherocylinders, and in a nanocomposite 

material with carbon nanotubes and polymer matrix.  In all cases, the numerical errors are found 

to be sufficiently small at relatively large spacing between SPH particles.  

The SPH method is further developed to account for melting and solidification of the 

target material based on the enthalpy formulation and major interfacial effects, including surface 

tension force, Marangoni stresses, recoil force due to vapor pressure, mass removal, and 

evaporative cooling and is coupled with the ray tracing (RT) method to simulate the propagation, 

multiple reflections and absorption of incident laser radiation.  The SPH-RT method is used to 

investigate the melt pool expulsion mechanism during high aspect ratio laser drilling of 

aluminum, and 316L stainless steel bulk targets.  The drilling velocity is found to be non-linear 

which is dependent on the shape of the heating surface.  The simulations reveal very strong 

effect of multiple reflections of laser radiation inside the keyhole on the drilling velocity.  The 

main driving force of melt expulsion is the repulsive force produced by vapor pressure, while the 

Marangoni stresses only marginally affect the drilling velocity. The spattering of melt pool 

occurs at high laser intensities which is well captured by SPH-RT method. For small intensity a 
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steady state is achieved where the incident laser energy is balanced by the thermal conduction 

and evaporative cooling and hence the drilling stops. 

The SPH-RT method is also used to study the drilling of copper with bursts of 

nanosecond laser pulses. The ablated material, surface temperature, and cavity depth after first 

pulse match with the solution obtained with the finite-difference solution of the heat conduction 

equation. The rate of ablation increases with number of laser pulses.  
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CHAPTER 1 
 

INTRODUCTION 

1.1 Continuous wave laser drilling of metals and alloys 

Continuous wave (CW) lasers are broadly used in various industrial applications for 

welding, drilling, and cutting of metals and alloys [1].  Although the CW laser drilling is more 

than six-decades-old process, it is still a field of active research targeted at understanding of 

major physical mechanisms responsible for material removal from the laser keyhole and at 

optimization of the process parameters for new technologies, applications, and materials.  For 

instance, just recently, the CW laser systems were used for highly precise drilling of micro-holes 

in nickel-based superalloys, including Nimonic 263 [2], GH4049 [3], and Inconel 718 [4].  

Another direction of research is targeted at combining CW and pulsed lasers to enhance the 

overall throughput of laser drilling.  It has been also shown, in particular, that the efficiency of 

CW laser drilling of aluminum, 316L stainless steel [5], and Q235B steel [6]  can be 

substantially increased by assisting it with ps and ns laser pulses. Fig. 1.1 shows the hole drilled 

in aluminum using CW laser. 

Recently, the growing interest towards understanding the CW laser-metal interaction has 

been raised by introduction of 3D printing technologies such as laser powder bed fusion (LPBF) 

additive manufacturing based on selective laser melting (SLM) and selective laser sintering 

(SLS) of metal powders.  LPBF is an additive manufacturing technology based on the principle 

of material incremental manufacturing where the pre-spread metallic powders on substrate are 
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melted selectively in a layer by layer manner and allowed to re-solidify to form a single 

component (Fig. 1.2).  Most of the commercially available SLM and SLS systems uses CW 

lasers [7].  Attempts have been made to use pulsed lasers in LBPF, however, it was found that 

application of CW lasers provides much larger throughput and results in more stable melt pool, 

higher material deposition rates, smaller porosity, and better mechanical properties of fabricated 

parts compared to parts produced with pulsed lasers [7].  

 

Figure 1.1. The cross-sectional view of hole drilled in aluminum target with Gaussian laser of 
intensity 5.1 × 10  W m-2, and spot diameter 0.3 mm. [8] 
 

 

 

Figure 1.2. High-speed images for side and top views when scanning single tracks of 316L 
stainless steel (left to right scan direction) with laser power and scan speeds of (a) and (b) 50 W 
and 0.1 m s-1; (c) and (d) 100 W and 0.5 m s-1 and (e) and (f) 200 W and 1 m s-1. Inset is a 
schematic of the melt pool shape, which determines the laser plume direction [9]. 
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The understanding of the keyhole formation process during laser material melting is 

crucial to improve the efficiency and quality of outputs from both laser drilling and LPBF.  The 

computational studies can provide valuable insights into the mechanisms responsible for 

transient processes of laser melting, melt flow, solidification, and formation of various defects 

[10,11].  Multiple experimental and theoretical studies, e.g., [12,13], including high-speed x-ray 

imaging that was recently applied for in-situ characterization and time-resolved visualization of 

the keyhole formation process in LPBF [14,15], showed that the process of keyhole formation 

during SLM of metal powders shares multiple similarities with the CW laser drilling of bulk 

targets. The keyhole formation in LPBF is observed in wide range of combinations of laser 

power and scanning speed (Fig. 1.3).  The key-hole regime is found to promote the 

hydrodynamics instabilities of the molten pool [16]. The threshold for key-hole formation, 

assumed to be major contributor to the formation of defects such as pores in solidified parts.  The 

major factor for porosity formation is found to be the keyhole closure [11].  Thus, the further 

progress in understanding of CW laser drilling may also contribute to the progress in LPBF 

technologies. 

 
  

Figure 1.3. Images of cross-sectional view of keyhole formed in selective laser melting of Ti-
6Al-4V at laser powers and scan speeds of (a) 200 W and 0.8 m s-1, (b) 300 W and 0.7 m s-1, and 
(c) 500 W and 0.7 m s-1 [14]. 
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The primary mechanism of CW laser drilling is the melt expulsion from the center of 

the laser spot [8,17,18].  The drilling velocity, shape of the molten pool and geometry of the 

free surface in the keyhole are determined by a trade-off between various interfacial effects, 

including surface tension, Marangoni stresses, recoil effect of evaporation and evaporation 

cooling, as well as volumetric processes dominated by viscosity and thermal diffusivity of the 

molten material.  In particular, the theoretical estimations [19] and direct numerical simulations 

[20] predict strong effect of the recoil force due to evaporation of the target material at a 

surface subjected to laser heating.  The recoil vapor pressure was identified as the primary  

 

Figure 1.4. Ti-6Al-4V powders used in LPBF [21]. 
 

 

factor affecting the melt expulsion process based on the analysis of experimental results on 

drilling of a nickel-based superalloy [2].  The hydrodynamic simulations of CW laser melting 

of aluminum films also revealed the dominant role of the recoil effect compared to the 

Marangoni stresses [17].  At the same time, negligible effect of the recoil vapor pressure on the 
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melt flow in laser melting of thin films is reported in Refs. [22,23].  The Marangoni stresses 

are found to dominate the flow of molten material in Ref. [24], where the recoil pressure 

provides non-negligible but relatively small contribution to the interfacial stresses.  In LPBF, 

the recoil effect is identified to be the major reason for keyhole formation and spattering of 

powders, while the Marangoni stresses are found to be responsible for pore migration in the 

melt pool [15].  On the contrary, in Ref. [25], it was concluded that both the recoil pressure and 

Marangoni stresses equally contribute to the melt pool shape evolution in LPBF. Thus, the 

mechanism of keyhole formation is still not completely understood. 

In the LBPF processes, the heat released in a powder as a result of absorption of laser or 

electron beam energy is the major energy source for sintering or complete melting of individual 

powder particles and formation of a bulk material.  The redistribution of the released laser or 

electron beam energy inside the powder bed due to various thermal transport processes affects 

the effectiveness of bonding of particle material and the properties of manufactured parts, so that 

calculations of thermal transport in a powder bed is required for predictive modelling of metal 

additive manufacturing processes. The typical metal powders that are currently utilized in LPBF 

processes contain particles with sizes from a few microns to hundreds of microns (Fig. 1.4) [26].  

The powder particles have small areas of contact with each other, which serve as “bottlenecks,” 

limiting thermal transport in the powder bed.  As a result, the effective thermal conductivity of a 

powder system is significantly reduced compared to the thermal conductivity of bulk material. In 

addition, finite thermal contact conductance at interfaces between particles can further reduce the 

effective conductivity of a powder bed.  The magnitude of the thermal contact conductance 

depends on many factors, including contact pressure, interstitial defects, and surface roughness, 

and can vary in a broad range.  In the majority of works on thermal transport in powder bed 
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systems, e.g., [26,27,28], the effect of finite contact conductance at the inter-particle interfaces, 

however, was completely neglected. 

1.2 Drilling of metals with nanosecond laser pulses 

Multiple studies have focused on the process of nanosecond laser ablation owing to its 

expanding application such as precision machining [29,30], pulsed laser deposition [31,32], 

nanoparticle fabrication [33,34], synthesizing materials [35] and laser-induced breakdown 

spectrometry (LIBS) [36]. This wide range of applications is due to high flexibility and precision 

of nanosecond laser ablation which necessitates accurate control over material morphology and 

thermodynamic conditions. Therefore, the fundamental laser ablation mechanism receives lots of 

attention.  

However, most of the theoretical studies are devoted to one-dimensional laser ablation 

models, which are based on heat conduction [37,38]. With regards to the material removal 

mechanism, the concept of the Knudsen layer is used to do calculations about the state 

equilibrium of the surface evaporation atoms during the rapid phase change process of the 

material [39]. There are many studies about the thermodynamics phenomena during the laser 

processing, including atomic flux from the material, change in surface pressure and dynamics of 

the vapors, which are all based on the theory of Knudsen layer [40,41]. Additionally, multiple 

studies are focused on the mechanism of phase explosion removal [42,43]. Most of them 

concentrate on the study of nucleation rate of liquid materials, and the material is removed at the 

critical temperature. It is widely accepted that the vaporization is the main removal mechanism 

of nanosecond laser ablation under low energy density [44,45]. There are a few works, which 

focus on the surface morphology after nanosecond laser ablation. Most of these studies only 

consider evaporation for predicting the ablation depth and diameter [46,47,48]. A computational 
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fluid dynamics model is proposed, which involves melting, evaporation and gas dynamics 

model, which involves melting, evaporation and gas dynamics in the pulsed laser ablation of 

metals [49,50,51]. However, in most of computational studies,  the real melt flow is not 

simulated. A robust method for the 3D simulation of laser ablation process during drilling of 

metal with nanosecond laser pulses is still not achieved which can accurately predict the melt 

pool flow and surface morphology. 

1.3 Thermal contact conductance in powder and fiber materials 

The thermal contact resistance is a phenomenon in a thermal system, which reveals itself 

in the discontinuous temperature field at thermal interfaces between bodies at contacts.  The 

resistance to the heat flow is usually measured by the thermal contact resistance coefficient that 

is defined as the ratio of the temperature drop at the interface to the average heat flux across the 

junction [52].  The reciprocal quantity is referred to as the thermal contact conductance.  The 

overall effect of finite contact conductance in thermal transport problems is usually characterized 

by the Biot number, representing the ratio of the intrinsic material conductance to the contact 

conductance [53]. 

The contact resistance has different physical origins in nano- and macroscale systems.  At 

nanoscale, the contact or Kapitza resistance occurs at interfaces, e.g., between different 

crystalline solid materials or between solids and liquids, which represent obstacles for 

propagation of phonons or, in general, energy carrying wave packets through the interface due to 

the mismatch in the acoustic impedance [54].  This phenomenon is characteristic for thermal 

transport in cryogenic systems [55], as well as for nanoparticle and nanocomposite materials, 

e.g., graphene aerogels [56], carbon nanotubes (CNTs) [57,58] and CNT-based composites [59] 

with developed surface area between the matrix material and inclusions. 
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At macroscale, the thermal contact conductance often appears as a result of microscopic 

and macroscopic surface irregularities, which are intrinsic for engineering surfaces. When two 

engineering surfaces are brought into contact, they usually touch each other only at a few contact 

spots.  The surface area of these spots can be only a minor fraction of the whole surface area and 

limits the heat flow through the interface.  For instance, the actual area of contact for the 

majority of metallic surfaces even at relatively large contact pressures of the order of 10 MPa, is 

only about 1-2% of nominal interfacial area [60].  The magnitude of the thermal contact 

conductance coefficient is dependent on the mechanical and thermophysical properties of the 

contacting materials, the degree of roughness of the contacting surfaces, the presence of gaseous 

and nongaseous interstitial media, and overall environment of the interface [52].  The effect of 

contact conductance is potentially important for thermal transport problems in such applications 

as aircraft structural joints [61], cooling of electronic systems [62], bolted and riveted joints [63], 

as well as manufacturing processes including die-casting [64], hot forging [65], resistance spot 

welding [66], injection molding [67], and metallic powder bed additive manufacturing [68].  In 

thermal insulation applications, e.g., in low-conductivity structural supports for storage of 

cryogenic liquids [69], thermal isolation of spacecraft components [70], insulations made of 

powders [71] and aerogels [56,72], large thermal contact resistance is required to reduce the 

mass of thermal insulators.  

1.4 Ray tracing (RT) method for propagation of laser radiation 

When the flow of molten material results in the formation of cavities and keyholes, the 

modeling   of deposition of laser energy on the surface becomes non-trivial problem. The 

distribution of heat sources associated with the deposited laser energy strongly affects the mass 

and heat transfer in the molten pool. The absorption of laser radiation by the target surface 
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involves multiple reflection of laser radiations in the keyhole. In addition, most of metals and 

alloys are highly reflective, so that the intensity of radiation decreases relatively slowly with 

increasing number of reflections. The simulations of heating with shallow keyholes are often 

performed without consideration of multiple reflections [17,23]. In laser melting, it is found that 

the multiple reflections strongly increases the fraction of laser energy absorbed in the cavity and 

overall rate of melt expulsion when the cavity aspect ratio becomes greater than ~0.42 

[73,74,75], where the cavity aspect ratio is defined as the ratio of cavity depth to laser spot 

diameter. The classical method of ray tracing (RT) [76] is one of the effective tools, which 

allows one to describe the propagations of laser beams in high-aspect ratio keyholes in the 

approximation of geometrical optics. In addition, the primary application of laser melting of 

metals is LBPF where the geometry of randomly packed powder is taken into account which 

forms the non-homogeneous surface. The distribution of heat source to such non-homogenous 

surface can also be accurately achieved with the use of RT. 

In the RT method, the radiation such as laser beam is represented by a number of discrete 

rays or energy packets that travel in space and scattered and attenuated at surface elements that 

represent pieces of the interphase boundaries or inside the volume of the medium. When the rays 

come into contact of the surface elements, a part of energy is absorbed by surface element and 

remaining energy is reflected following the law of specular reflection. The absorptivity of 

radiation by material surface is described by Fresnel equations, which determine the absorptivity 

based on the angle of incidence of ray, wavelength of radiation, and refractive index and 

extinction coefficient of the target material. 

There have been efforts to use ray tracing methods to distribute laser energy by modeling 

the optical and thermal interactions between the laser and the metal or alloy targets. The ray 
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tracing method had been employed to calculate the absorptivity of the laser source for the 

application of selective laser sintering [77]. The model was 2D with a consideration of the 

multiple reflections and heat absorption, and the heat absorptivity distribution along the height 

was first calculated with the aid of the ray tracing method. An analytical model for the 

calculation of absorptivity of the laser by thin layer of powder geometry consisting of 

homogenous material is reported in Ref. [78]. The absorptivity of different metals for various 

powder size distribution and the laser heat source is calculated using RT method in [79]. The ray 

tracing method is coupled with discrete element method for the calculation of powder heating in 

[80]. These uses of ray tracing have been primarily focused on the calculation of absorptivity and 

penetration depth on the random powders. The methods do not have ability to be coupled with 

simulations of laser melting processes such as laser drilling and LBPF to incorporate the multiple 

reflection of radiations and surface morphology change with melting. Therefore, a new ray 

tracing heat source into such mesoscopic simulations is needed to simulate the accurate heat 

energy distribution.  

The ray tracing method incorporated with mesoscopic simulations generally requires 

surface reconstruction. For example, recently in Ref. [81], the ray tracing heat source model is 

used in mesoscale finite volume method to take into account the multiple reflections of radiations 

during selective laser melting process. This method requires the reconstruction of surface or 

interface using volume of fluid (VOF) method. The efficient way to use RT is to develop a 

robust numerical method capable of taking into account RT and apply it without interface 

reconstruction. 
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1.5 Smoothed particle hydrodynamics (SPH) method 

The SPH method is a Lagrangian, meshless, particle-based numerical approach for 

solving continuum equations of fluid and solid mechanics, as well as heat transfer [82,83]. In this 

approach, a medium or material is represented by a set of particles (SPH particles) interacting 

with each other by means of a “forcefield”, which is derived directly from the continuum 

equations. The difficult problems associated with grid-based methods such as free surface, 

deformable boundary, complex mesh generation, mesh adaptivity and multi-scale resolution are 

trivial in SPH method. Thus, it is best suited method for the laser melting simulation where 

transient and topologically complex free surfaces are formed in melt pool. In many meshfree 

particle methods, the meshfree nodes are only used as interpolation points and do not carry 

material properties. Whereas in SPH method, each SPH particle possesses a set of field variables 

(mass, position, density, temperature, velocity and so on) for which the evolution is determined 

by the conservation laws such as continuity, momentum, and energy equations. Already 

established SPH approximations are used for solving continuity equation, heat conduction with 

phase change, and particle acceleration by pressure gradient, viscous force, gravitational force, 

and surface tension. Other necessary SPH approximations for the calculations of recoil force due 

to vapor pressure, evaporation cooling, and thermal contact conductance are developed in this 

work. 

For the development of SPH method for thermal contact conductance, the thermal 

conduction using SPH method needs to be understood. The Fourier heat conduction in 

homogeneous materials is described by the parabolic heat conduction equation with spatial 

derivatives of the second order.  Initially, it was suggested to calculate the second order 

derivatives in diffusion-type terms by successive application of the SPH technique developed for 
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the first order derivatives [84,85]. This method, however, exhibits strong sensitivity to the SPH 

particle disorder and usually leads to large numerical errors and instability [86].  An alternative 

method suggested in Ref. [86] is based on the direct volume-average evaluation of the Laplacian. 

It is proven to be much less sensitive to the particle disorder. In Refs. [27,87], this method was 

further improved for heat transfer problems with rapidly changing material conductivity, 

including the case of discontinuous conductivity.  Another method for the SPH-based numerical 

solutions of the heat conduction equation is to first decompose it into two first order partial 

differential equations. and then use SPH approximation of first order derivatives to both the 

equations. [88].  These SPH approximations, which are developed assuming continuous 

temperature field within the material, were extended to thermal problems with phase change at 

solid-liquid and liquid-vapor interfaces [89,90], and then used to solve the purely thermal 

transport problems, e.g., [91], as well as to approximate the heat conduction term in the energy 

equation. of continuum mechanics and to solve heat and mass transfer problems also applied to 

solve the energy equation. of continuum mechanics, e.g., [92], in such applications as continuous 

wave laser drilling of bulk metal targets [73], pulsed laser ablation [93], simulation of molten 

metal droplet transfer and weld pool convection during gas metal arc welding [94], and  selective 

laser melting of metal powders [95].  

In the present work, the extension of the SPH approximation technique for heat transfer 

problems with discontinuous temperature fields is developed based on approaches suggested in 

Refs. [86,27]. In the first attempt of this work to modify the “standard” SPH approximations for 

thermal transport problems at finite contact conductance, either special massless interfacial 

particles or explicitly describe interfaces with linear elements were used [96]. Both approaches 

are difficult to implement in three dimensions or for complex interfaces specific, e.g., for thermal 
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transport in random powder or fiber systems.  Moreover, both methods utilize special 

approximations of the temperature fields close to interfaces, which does not have a form of the 

SPH approximations.  

The effort of combining ray tracing with SPH is done in Ref. [97] to simulate the laser 

welding process. In this work, the interface is regenerated with triangular elements and 

attenuation of laser power of rays are done based on the elements. Moreover, the method is only 

applied to cavity with very small aspect ratios. Recent development in SPH method for the 

simulation of laser melting of Ni-based alloy [95] was limited to shallow depression in melt pool 

and suggested the need of the RT algorithms to take into account the multiple reflections of laser 

radiation in simulations of deeper cavities from laser melting. So, a combined SPH-RT method 

in a form that does not require explicit interface reconstruction, putting no restrictions on the 

topological changes of the free surface is needed for the simulations of laser melting of metals 

and alloys with deeper cavities. 

1.6 Objectives and outline 

The major goals of this study are to (1) develop a special form of the SPH force field in 

order to describe the exchange of thermal energy through heat conduction inside a body, and to 

explicitly account for the finite thermal contact conductance and temperature jumps at interfaces, 

(2) develop a computational approach that consists of the SPH method for predicting the laser 

melting of metal target, molten material flow and formation of keyhole, and the RT method for 

propagation and absorption of laser radiation, and (3)  to apply the developed method to study 

the effects of major process parameters on heating, melting, and drilling of bulk and powder 

metal targets under conditions specific for continuous wave and pulsed lasers processing of 

metals. 
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Chapter 2 describes the SPH method for finite thermal contact conductance in its entirety. 

The SPH method for thermal contact conductance suggested here is based on the integral 

representation of the Laplacian, which includes an additional term, appearing due to the 

discontinuity of the temperature field. A similar approach was used before in order to implement 

the Neumann and Robin boundary conditions in the SPH method for heat transfer, e.g., [98,99]. 

The method used in this work includes a special approach for interpolation of the material 

temperatures around the interfaces.  This approach is shown to the essential for the robustness of 

the method and its application at arbitrary Biot numbers. The developed method is entirely based 

on the SPH approximations and can be easily applied for simulations of problems with various 

number of spatial dimensions. The developed form of the SPH force field is presented in Section 

2.1.  The convergence behavior of the developed method is studied in Section 2.2 based on 

consideration of two test cases with known solutions, namely, one-dimensional (1D) heat 

transfer through the interface between two rectangular slabs in contact and heat transfer through 

an interface between two concentric cylindrical layers.  The results obtained in both test cases 

match well with the exact solution and reveal the first order convergence of the developed 

approach with moderate sensitivity of the numerical error to the Biot number.  Then the 

versatility of the developed approach by applying it in Section 2.3 to study the thermal transport 

and calculate the effective thermal conductivity in various particulate systems, including a 

columnar structure of overlapping cylindrical particles, two-dimensional (2D) and three-

dimensional (3D) random powder and fiber systems, as well as nanocomposites with carbon 

nanotubes and polymer matrix is demonstrated.  The consideration of all test problems in 

Sections 2.2 and 2.3 is accompanied by a comprehensive analysis of the effects of major 

numerical parameters on the numerical errors and convergence behavior. 
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Chapter 3 describes the combined SPH-RT. The combined SPH-RT method for the 

simulations of laser melting accounts for all major interfacial effects in CW laser processing of 

metals.  This method enables simulations of laser-induced flows in the molten pool without any 

restrictions on the topological changes of the free surface in the course of a simulation at 

relatively low computational costs. Section 3.1 presents the complete method to accurately 

combine SPH and RT methods. The accuracy of method is measured in Section 3.2 with test 

cases consisting of 2D single cylinder, 3D single sphere, 2D triangular and 3D conical cavities, 

and 2D and 3D random powder systems. The SPH methods for two-phase solid liquid phase is 

described in Section 3.3. 

Chapter 4 contains the results obtained from laser drilling in aluminum and 316L 

stainless steel targets. The validation of combined SPH-RT method is done with previously 

published results of aluminum and 316L stainless steel with stationary and moving laser 

respectively in Section 4.2. Section 4.3 includes results of laser drilling in bulk and powder steel 

targets with discussion on mechanism of keyhole formation. Section 4.4 contains results of laser 

drilling of aluminum target with formation of keyhole of aspect ratio smaller than 10 and also 

explains the effect of multiple reflections of radiation and mechanism of through hole. Finally, 

Section 4.5 contains the results of simulation of drilling of aluminum target where keyholes of 

aspect ratio larger than 10 is achieved. This section also shows the ability of SPH-RT method to 

capture the spattering of melt pool and study laser drilling stopping process. 

Chapter 5 contains the results of the simulation of drilling of copper using bursts of 

nanosecond laser pulses. Section 5.1 discusses the model of laser radiation in bursts of 

nanosecond pulses. Section 5.2 contains added feature in SPH method for the complete 

simulation of laser drilling process with nanosecond laser pulses. The simulations parameters are 
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discussed in Section 5.2. The result obtained with single pulse is validated with finite difference 

solution of thermal conduction equation in Section 5.4. Section 5.5 contains the results and 

discussion of simulations of drilling of copper target.
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CHAPTER 2 
 

SPH MODELING OF HEAT TRANSFER IN POWDER AND FIBER MATERIALS 
WITH FINITE THERMAL CONTACT CONDUCTANCE  

2.1 SPH method for heat transfer problems in a heterogeneous medium with finite 

interfacial conductance 

2.1.1 Heat transfer problem in a heterogeneous medium 

The heat transfer in a heterogeneous quiescent medium, consisting of individual particles 

that are placed in vacuum or immersed in an ambient medium is considered (Fig. 2.1(a)).  The 

particle-particle and particle-medium interfaces divide the whole medium into homogeneous 

domains Ω( ), which are further referred to as grains, with continuous temperature fields 𝑇( ) =

𝑇( )(𝒓, 𝑡) (Here 𝒓 is the position vector and 𝑡 is the time) inside grains.  Every grain represents 

either a particle or a connected part of the ambient medium. The subscript “(𝑚)” is used to 

identify properties of an individual grain with index 𝑚.  The thermal transport in the medium 

involves heat conduction inside grains and contact heat transfer at the interfaces between them is 

assumed.  The temperature fields 𝑇( ) inside grains are governed by the heat conduction 

equation. 

 
𝜌( )𝐶( )

𝜕𝑇( )

𝜕𝑡
= −∇ ∙ 𝒒( ),           𝑚 = 1, 2, … (2.1) 

where
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 𝒒( ) = −𝑘( )∇𝑇( ) (2.2) 

is the heat flux density vector in grain 𝑚; 𝜌( ), 𝐶( ), and 𝑘( ) are the density, specific heat, and 

thermal conductivity of a material inside grain 𝑚.  The density 𝜌( ) is assumed to be a constant 

inside the grain, while 𝐶( ) and 𝑘( ) can be functions of the material temperature.  

  

Figure 2.1. Sketches illustrating the theoretical setup for computations of thermal transport in a 
heterogeneous material. In panel (a), a heterogeneous material consists of multiple grains 𝛺( ) 
(𝑚 = 1,2, ..) placed inside a surrounding medium or vacuum. At contacts or interfaces between 
grains, the temperature field is assumed to be discontinuous due to finite thermal contact 
conductance. Such an interface 𝛤( , ) with the unit normal vector 𝒏( , )  between grains 𝛺( . ) 
and 𝛺( . ) is shown by the dashed line (red online). In panel (b), two grains of a heterogeneous 
material 𝛺 = 𝛺( ) and 𝛺( ) with the interface 𝛤 = 𝛤( , ) between them are shown together with 
the support domain 𝜔(𝒓) of a point with the position vector 𝒓, which crosses the interface along 
the boundary 𝜕𝛺(𝒓) = 𝛤 ∩ 𝜔(𝒓) shown by thick solid line (red online). 𝛺(𝒓) = 𝛺 ∩ 𝜔(𝒓) is a 
part of the support domain 𝜔(𝒓), which belongs to the same grain as the point 𝒓 and 𝒏 = 𝒏( , ) 
is the unit normal to the interface 𝛤 = 𝛤( , ) directed from grain 𝛺( ) to grain 𝛺( ). 

 

In order to predict the temperature field in whole material sample, one needs to solve Eq. 

(2.1) individually for every grain with appropriate boundary conditions at grain-grain interfaces.  

All interfaces are assumed to be piece-wise smooth. In every point, where the interface Γ( , ) 
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between grains 𝑚 and 𝑙 is smooth, a unit normal vector 𝒏( , ) directed from grain 𝑚 to grain 𝑙 

(Fig. 2.1(b)) is defined.  The temperature field is assumed to be discontinuous at the grain-grain 

interfaces.  The heat flux density 𝑞( , ) through the interface Γ( , ) is then proportional to the 

difference between temperatures of grains contacting in that point of the interface [100] 

 𝑞( , ) = 𝜎( , )(𝑇( ) − 𝑇( )), (2.3) 

where 𝜎( , ) is the thermal contact conductance and all quantities are evaluated in a point of 

interface Γ( , ).  The contact conductance for different materials is determined either 

experimentally [52,61,63,66,101] or theoretically using predictive models [64,65,102,103].  

Then the Neumann boundary conditions at points of interface Γ( , ) can be formulated as 

follows: 

 𝒒( ) ∙ 𝒏( , ) = 𝑞( , ),        𝒒( ) ∙ 𝒏( , ) = −𝑞( , ). (2.4) 

In a case of a medium composed of particles placed in vacuum, at every particle-vacuum 

interface Γ( , ) of grain 𝑚 with unit normal 𝒏( , ), 𝜎( , ) = 0 is assumed, implying thermally 

insulating boundary conditions 𝒒( ) ∙ 𝒏( , ) = 0. 

The relative contributions of heat conduction inside grains and contact conductance 

between them can be characterized by the Biot number [100].  In a general case, a few Biot 

numbers are required to identify the regime of heat transfer in a heterogeneous media.  In a 

simplified case, when a heterogeneous medium can be characterized by single characteristic 

length scale of grains 𝐿 , the characteristic thermal conductivity 𝑘 , and characteristic contact 

conductance 𝜎 , the single Biot number can be defined as  

 
Bi =

𝜎 𝐿

𝑘
. (2.5) 
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For powder systems, 𝐿  can be defined, e.g., as the ratio of the volume of a particle divided to its 

surface area.  Small values of Bi (Bi ≪ 1) correspond to the regime when heat transfer is 

dominated by contact conductance and individual grains are approximately isothermal, while 

large values of Bi (Bi ≫ 1) correspond to the regime when heat transfer is dominated by thermal 

conductivity of grains and the temperature jump at the grain-grain interfaces is negligibly small.  

It is usually assumed that heat transfer is dominated by contact conductance if Bi < 0.1, heat 

conduction dominates at  Bi > 40, and in the intermediate range, 0.1 < Bi < 40, both types of 

the thermal transport processes contribute to heat transfer in the considered medium [100]. The 

exact boundaries of the ranges of Bi for the different regimes of heat transfer, however, are 

problem-specific and depend on the adopted definitions of 𝐿 , 𝑘 , and 𝜎 .  

2.1.2 SPH approximation of the heat transfer equation at zero interfacial resistance 

In this section, the SPH approximation of the heat conduction equation for a 

homogeneous medium without internal interfaces, when the temperature field is smooth is 

considered first.  Here and in Section 2.3, to simplify notation, the temperature field, heat flux 

density vector, and material properties in this medium are denoted without the grain subscript 

“(𝑚)” and the argument 𝑡 common for all considered temperature fields is not indicated.  

The SPH method is based on the integral representation of an arbitrary smooth field, e.g., 

temperature field 𝑇(𝒓), in the form 

 
𝑇(𝒓) = 𝑇(𝒓′)  𝛿(|𝒓 − 𝒓 |)𝑑𝒓 , (2.6) 

where 𝛿(𝑟) is Dirac’s delta function. For the use in the SPH method, Eq. (2.6) is first replaced by 

an approximate equation 

 
𝑇(𝒓, ℎ) = 𝑇(𝒓′)  𝑊(|𝒓 − 𝒓 |, ℎ)𝑑𝒓 , (2.7) 
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where 𝑊(|𝒓 − 𝒓 |, ℎ) is a smoothing kernel function that depends on the smoothing length 2ℎ 

and satisfies the normalization, approximation, and compactness conditions: 

 
 𝑊(|𝒓 − 𝒓|, ℎ)𝑑𝒓 = 1, (2.8) 

 lim
→

𝑊(|𝒓 − 𝒓 |, ℎ) = 𝛿(|𝒓 − 𝒓 |), (2.9) 

 𝑊(|𝒓 − 𝒓 |, ℎ) = 0    at    |𝒓 − 𝒓| > 2ℎ. (2.10) 

The last condition indicates that the smoothing length 2ℎ defines the radius of the “spherical” 

support domain around the point 𝒓 where 𝑊 ≠ 0. According to Eqs. (2.8)-(2.10), the value 

𝑇(𝒓, ℎ) in Eq. (2.7) is a weighted average of the field 𝑇(𝒓) over the support domain around point 

𝒓.  Next, continuous distribution of 𝑇(𝒓) is replaced by discrete SPH particles with position 

vectors 𝒓 , field values 𝑇 , and associated values of volume (area in the 2D case and length in the 

1D case) 𝑉  , so that the quantity 𝑇(𝒓, ℎ) can be approximately evaluated as [82,83] 

 𝑇(𝒓, ℎ) =  𝑇 𝑊( 𝒓 − 𝒓 , ℎ)𝑉 , (2.11) 

where the summation is performed over all SPH particles that are inside the support domain of 

point 𝒓.  The differentiation of Eq. (2.11) allows one to approximately calculate the gradient of 

the field 𝑇 in the point 𝒓 as  

 ∇𝑇(𝒓) = 𝑇 ∇𝑊( 𝒓 − 𝒓 , ℎ)𝑉 , (2.12) 

where 

 
∇𝑊( 𝒓 − 𝒓 , ℎ) =

𝒓 − 𝒓

𝒓 − 𝒓

𝑑𝑊

𝑑𝑟
 . (2.13) 
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The SPH approximations are used with various forms of the kernel function, including, 

cubic, quartic, and quintic splines, as well as quadratic and super-Gaussian kernels [83].  In the 

present work, the cubic spline kernel function is used [83,104]:  

 

𝑊(𝑟, ℎ) = 𝑤𝑑

⎩
⎪
⎨

⎪
⎧

2

3
− 𝑟2 +

1

2
𝑟3,   0 ≤ 𝑟 < 1;

1

6
(2 − 𝑟)3,         1 ≤ 𝑟 < 2;

0,                   𝑟 ≥ 2,

 (2.14) 

where �̃� = 𝑟/ℎ. The values of  𝑤 = 1/ℎ, 15/(7𝜋ℎ ), and 3/(2𝜋ℎ ) in one-, two-, and three-

dimensional space respectively are given by the normalization condition, Eq. (2.8). 

In order to solve Eq. (2.1) with the SPH method, one needs to associate with every SPH 

particle 𝑖 its own density 𝜌 , mass 𝑚 = 𝜌 𝑉 , specific heat 𝐶 , and thermal conductivity 𝑘 .  Then 

Eq. (2.1) for SPH particle 𝑖 can be re-written as  

 
𝜌 𝐶

𝑑𝑇

𝑑𝑡
= {−∇ ∙ 𝒒} , (2.15) 

where the quantity {−∇ ∙ 𝒒}  can be calculated, as it is suggested in Ref. [86], based on the 

integral representation of a Laplacian in the form [27]  

 
{−∇ ∙ 𝒒} = 𝑉

4𝑘 𝑘

𝑘 + 𝑘

1

𝑟

𝑑𝑊

𝑑𝑟
𝑇 − 𝑇 . (2.16) 

where 𝑟 = |𝒓 − 𝒓 | and 𝑊 = (𝑟 , ℎ). 

2.1.3 Integral representation of the Laplacian for a discontinuous temperature field 

Eq. (2.16) can be applied only if the temperature field 𝑇(𝒓, 𝑡) in the support domain of 

particle 𝑖 is the doubly differentiable function of coordinates.  This equation cannot be used if an 

interface with finite thermal contact conductance crosses the support domain, where the 

temperature field is discontinuous.  For SPH particles lying in the vicinity of the interface, Eq. 
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(2.16) should be replaced with a more general equation that explicitly accounts for the boundary 

condition at the interface given by Eqs. (2.3) and (2.4). 

Assuming that the temperature field inside grain 𝑚 is a smooth function of coordinates, it 

can be represented in the form of a Taylor series 

 
𝑇(𝒓 ) − 𝑇(𝒓) = ∇𝑇 ∙ (𝒓 − 𝒓) +

1

2
(𝒓 − 𝒓) ∙ ∇(∇𝑇) ∙ (𝒓 − 𝒓) + ⋯, (2.17) 

where 𝒓  and 𝒓 are two points placed inside the grain or on its boundary and the components of 

vector ∇𝑇 and tensor ∇(∇𝑇) are calculated in point 𝒓.  Then multiplying Eq. (2.17) by (𝑑𝑊/

𝑑𝑟)/|𝒓 − 𝒓|, where 𝑊 = 𝑊(|𝒓′ − 𝒓|, ℎ), and integrating over the part Ω(𝒓) = 𝜔(𝒓) ∩ Ω of the 

support domain 𝜔(𝒓) of point 𝒓 which is within the boundary of grain Ω, where point 𝒓 is 

located (This part is shaded by green in Fig. 2.1(b)), one can obtain 

 
𝑇(𝒓 ) − 𝑇(𝒓)

|𝒓 − 𝒓|

𝑑𝑊

𝑑𝑟
𝑑𝒓

Ω(𝒓)

= ∇𝑇 ∙
𝒓 − 𝒓

|𝒓 − 𝒓|

𝑑𝑊

𝑑𝑟
𝑑𝒓

(𝒓)

                                                        

+
1

2
∇(∇𝑇):

(𝒓 − 𝒓) ∙ (𝒓 − 𝒓)

|𝒓 − 𝒓|

𝑑𝑊

𝑑𝑟
𝑑𝒓

(𝒓)

+ 𝑂 ℎ , 

 

(2.18) 

where the double colon denotes the double scalar product of second-rank tensors.  If the inter-

grain boundary does not cross the support domain of point 𝒓 and Ω(𝒓) = 𝜔(𝒓), then the first 

term in the right-hand side of Eq. (2.18) is zero and 𝛽 = 2, otherwise 𝛽 = 1.  Since 

 
∇ 𝑊(|𝒓 − 𝒓|, ℎ) =

𝒓 − 𝒓

|𝒓 − 𝒓|

𝑑𝑊

𝑑𝑟
 , 

(2.19) 

where ∇ 𝑊 denotes the gradient of 𝑊(|𝒓 − 𝒓|, ℎ) with respect to 𝒓 , the integrals in the right-

hand side of Eq. (2.18) can be transformed as follows  
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𝒓 − 𝒓

|𝒓 − 𝒓|

𝑑𝑊

𝑑𝑟
𝑑𝒓

(𝒓)

= 𝒏𝑊𝑑𝐴

(𝒓)

, (2.20) 

 
(𝒓 − 𝒓) ∙ (𝒓 − 𝒓)

|𝒓 − 𝒓|

𝑑𝑊

𝑑𝑟
𝑑𝒓

Ω(𝒓)

= (𝒓 − 𝒓)𝒏𝑊𝑑𝐴

Ω(𝒓)

− 𝑬 𝑊𝑑𝒓

Ω(𝒓)

, (2.21) 

where 𝜕Ω(𝒓) is the part of the grain boundary lying inside the support domain of the point 𝒓 (this 

part is shown by thick solid red line in Fig. 2.1(b)), 𝒏 is the unit vector normal to 𝜕Ω(𝒓) and 

directed outwards of Ω(𝒓), and E is the Euclidean metric tensor, i.e., the Kronecker delta in 

Cartesian coordinates.  Since ∇(∇𝑇): 𝑬 = ∇ ∙ (∇𝑇), ∇(∇𝑇): (𝒓 − 𝒓)𝒏 = [∇(∇𝑇) ∙  (𝒓 − 𝒓)] ∙ 𝒏, 

and, for points 𝒓′ inside the support domain of the point 𝒓, ∇𝑇(𝒓 ) = ∇𝑇 + ∇(∇𝑇) ∙ (𝒓 − 𝒓) +

𝑂(ℎ𝟐), Eq. (2.18) transforms into 

 
𝑇(𝒓 ) − 𝑇(𝒓)

|𝒓 − 𝒓|

𝑑𝑊

𝑑𝑟
𝑑𝒓

Ω(𝒓)

= −
∇ ∙ (∇𝑇)

2
𝑊𝑑𝒓

Ω(𝒓)

 +
∇𝑇(𝒓) + ∇′𝑇(𝒓 )

2
∙ 𝒏𝑊𝑑𝐴

Ω(𝒓)

+ 𝑂(ℎ). 

(2.22) 

Taking into account that ∇𝑇(𝒓) = ∇𝑇(𝒓 ) + 𝑂(ℎ) inside the support domain and for constant 

thermal conductivity 𝑘 inside the grain, the last equation can be used to find the right-hand side 

of Eq. (2.1) in the form 

 

∇ ∙ (𝑘∇𝑇) = 2 𝑘
𝑇(𝒓) − 𝑇(𝒓 )

|𝒓 − 𝒓|

𝑑𝑊

𝑑𝑟
𝑑𝒓

Ω(𝒓)

+ 2 𝑘∇𝑇(𝒓 ) ∙ 𝒏𝑊𝑑𝐴

Ω(𝒓)

𝑊𝑑𝒓

Ω(𝒓)

+ 𝑂(ℎ). 

                                                                                                                                                                        (2.23) 
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At 𝜕Ω(𝒓), the quantity −𝑘∇𝑇(𝒓 ) ∙ 𝒏 is given by Eq. (2.3).  Then the term in the right-

hand side of Eq. (2.1) can be written as 

 
−∇ ∙ 𝒒( ) =

1

Ψ( )(𝒓)
𝐼( )(𝒓) + 𝐵( )(𝒓) + 𝑂(ℎ), (2.24) 

where 

 
Ψ( )(𝒓) = 𝑊𝑑𝒓

Ω( )(𝒓)

, (2.25) 

 

 

 

𝐼( )(𝒓) = 2 𝑘
𝑇(𝒓) − 𝑇(𝒓 )

|𝒓 − 𝒓|

𝑑𝑊

𝑑𝑟
𝑑𝒓′

Ω( )(𝒓)

, (2.26) 

 
𝐵( )(𝒓) = −2 𝜎( , )(𝒓 ) 𝑇( )(𝒓 ) − 𝑇( )(𝒓 ) 𝑊𝑑𝐴

( )(𝒓)∩ ( )

, (2.27) 

 

and Ω( )(𝒓) = 𝜔(𝒓) ∩ Ω( ).  In final Eqs. (2.24)-(2.27), the grain subscripts “(𝑚)” and “(𝑙)” 

are restored to further use these equations in the case of multiple grains.  The SPH approximation 

of the “internal” term 𝐼(𝒓) given by Eq. (2.26) can be constructed in a form that is similar to Eq. 

(2.16).  The “boundary” term 𝐵(𝒓), where summation is performed for all grains 𝑙, whose 

interfaces Γ( , ) with grain 𝑚 cross the support domain of point 𝒓, can be written in the SPH 

form if it is approximated by a volume integral.  The volume integral form of Eq. (2.27) is 

obtained in Section 2.2.4.  
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2.1.4 Evaluation of the boundary integral 𝐁(𝐫) 

The boundary term given by Eq. (2.27) can be transformed into the form of a volume 

integral using, e.g., the continuous surface force (CSF) method [105].  In the CSF method, a 

surface integral over an interface between two media is approximated by a volume integral with 

a smooth integrand over a “transition layer” of finite thickness 𝐻 surrounding the interface.  Here 

this idea is used to reduce the surface integral in the right-hand side of Eq. (2.27) to a volume 

integral.  For simplicity, only two grains Ω( ) and  Ω( ) separated by a smooth interface Γ( , ) is 

considered.  Moreover, an assumption is made that the small piece 𝜕Ω(𝒓) of the interface Γ( , ) 

inside the support domain 𝜔(𝒓) can be considered as a part of a plane with the unit normal 𝒏(𝒓) 

directed from Ω( ) to Ω( ) (Fig. 2.1(b)).  Then the transition layer  Λ( , ) is represented by a 

cylinder with basement 𝜕Ω(𝒓)  and height 𝐻.  The consideration of a plane interface is 

completely sufficient for the purpose of this work, since any piece of the interface inside a 

support domain can be practically considered as a flat surface.  At the same time, the final 

representation obtained for 𝐵(𝒓) can be straightforwardly applied for a non-flat smooth interface 

as well.  

Then, using the CSF method, a surface integral of arbitrary function 𝑓 (𝒓) , which is 

assumed to be defined not only at the interface, but also everywhere around it, can be represented 

in the form of a volume integral as follows [105] 

 
𝑓 (𝒓′)𝑑𝐴

Ω(𝒓)

= lim
→

𝑓 (𝒓 )
∇�̃�( , )(𝒓′)

[𝑐( , )]
𝑑𝒓′

( , )

. 
(2.28) 

where  

 
�̃�( , )(𝒓) = 𝑐( , )(𝒓 )𝕊(|𝒓 − 𝒓|, 𝐻)𝑑𝒓′ (2.29) 
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is the mollified color function, 𝑐( , )(𝒓) is the color function 

 
𝑐( , )(𝒓) =

𝑐( ), 𝒓 ∈  Ω( );

𝑐( ), 𝒓 ∈  Ω( );

(𝑐( ) + 𝑐( ))/2, 𝒓 ∈  Γ( . ),
 (2.30) 

𝑐( ) and 𝑐( ) are the color indices assigned to the grains Ω( ) and  Ω( ), [𝑐] = 𝑐( ) − 𝑐( ), and 

𝕊(𝑟, 𝐻) is a differentiable weight function with the bounded support such that 𝕊(𝑟, 𝐻) = 0  at 

𝑟 ≥ 𝐻/2 and ∫ 𝕊(|𝒓 − 𝒓|, 𝐻)𝑑𝒓′ = 1.  The gradient of the mollified color function defines the 

direction of the normal to the interface: ∇�̃�( , )/ ∇�̃�( , )(𝒓′) → 𝒏( , ) at 𝐻 → 0. 

 

Figure 2.2. The ratio of quantities 𝐵  and 𝐵  given by Eq. (2.31) versus ratio 𝐻/ℎ, where 𝐻 is 
the thickness of the interfacial layer in the CSF method and ℎ is the size parameter of the 
support domain in the SPH method. 
 

At finite 𝐻, the surface integral can be approximated as 

 
𝑓 (𝒓′)𝑑𝐴

Ω(𝒓)

= 𝑓 (𝒓 )
∇�̃�( , )(𝒓′)

[𝑐( , )]
𝑑𝒓′

( , )

. 
 

(2.31) 

The obtained equation allows one to approximate boundary term 𝐵(𝒓) in Eq. (2.27) in the form 

containing volume integrals.  For this purpose, 𝕊(𝑟, 𝐻) is defined as 
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𝕊(𝑟, 𝐻) = 𝑊 (𝑟, 𝐻/4) 

 

(2.32) 

and apply Eq. (2.31) for 𝑓 (𝒓 ) = 𝜎( , )(𝒓 ) 𝑇( )(𝒓 ) − 𝑇( )(𝒓 ) 𝑊:  

 
𝐵( )(𝒓) = −2 𝜎( , )(𝒓 ) 𝑇( )(𝒓 ) − 𝑇( )(𝒓 )

∇�̃�( , )(𝒓 )

𝑐( , )

𝑊𝑑𝒓

( , )

. (2.33) 

Unfortunately, Eq. (2.33) is difficult to use in the SPH method for the heat transfer problems 

with finite interfacial conductance because of two reasons.  First, Eq. (2.33) requires calculations 

of the grain temperature 𝑇( ) in points belonging to another grain 𝑚.  Second and more 

important, the approximation of 𝐵(𝒓) in the form given by Eq. (2.33) can be sufficiently accurate 

only if 𝐻 ≪ ℎ.  The last conclusion can be illustrated in calculations of quantities  

 
𝐵 (𝒓) = −2 𝑊𝑑𝐴

( , )

 (2.34) 

and 

 
𝐵 (𝒓) = −2

∇�̃�( , )(𝒓 )

𝑐( , )

𝑊𝑑𝒓

( , )

, (2.35) 

obtained for the straight interface, dividing grains 𝑚 and 𝑙 and lying inside the support domain 

𝜔(𝒓) of the point 𝒓. Eqs. (2.34) and (2.35) can be obtained from Eqs. (2.27) and (2.33) assuming 

that grain 𝑚 has interface only with grain 𝑙 inside the support domain of point 𝒓 and 

𝜎( , ) 𝑇( ) − 𝑇( ) = 1.  Fig. 2.2 shows values of the ratio 𝐵 /𝐵 , where both 𝐵   and 𝐵  are 

calculated numerically using trapezoidal rule, against the ratio 𝐻/ℎ in a case, when the straight 

interface passes through the point 𝒓 and 𝐻 is gradually increased at constant ℎ.  It is observed 

that 𝐵 /𝐵  is close to 1 when 𝐻/ℎ ≤ 0.2.  Thus, for the accurate evaluation of 𝐵(𝒓) based on 
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the CSF method, the interface layer thickness 𝐻 should be at least 10 times smaller than the 

radius 2ℎ of the support domain.  This condition is practically impossible to satisfy in the SPH 

method, since such a thin transitional layer cannot contain sufficiently large number of SPH 

particles for reliable calculations. 

As an alternative to the “standard” CSF method, a way is suggested to approximately 

replace Eq. (2.27) with  

 
𝐵( )(𝒓) = −2 𝜎( , ) 𝑇 ( )(𝒓) − 𝑇 ( )(𝒓) 𝑊𝑑𝐴

(𝒓)∩ ( , )

, (2.36) 

where 𝜎( , ) is the average contact conductance at the interface between grains 𝑚 and 𝑙, and 

𝑇 ( )(𝒓) is the average interface temperature at the side of grain 𝑘 inside the support domain of 

point 𝒓.  Then, by applying the Gauss divergence theorem, the integrals in the right-hand side of 

Eq. (2.36) can be reduced to ∇�̃�( , )(𝒓) , so that  

 𝐵( )(𝒓) = −2 𝜎( , ) 𝑇 ( )(𝒓) − 𝑇 ( )(𝒓) ∇�̃�( , )(𝒓) . (2.37) 

where �̃�( , ) is given by Eq. (2.29) calculated with 𝐻 = 4ℎ and 

 
𝕊(𝑟, 𝐻) = 𝑊 (𝑟, ℎ). 

  

(2.38) 

In order to use Eq. (2.37) in simulations, the interface temperatures 𝑇 ( )(𝒓) (𝑘 =  𝑚, 𝑙) 

must be additionally defined.  For this purpose, the temperature distribution inside every grain is 

assumed to be linear. For grain 𝑚, this distribution as a function of 𝒓′ can be written as  

 𝑇( )(𝒓 , 𝒓) = 𝑇 ( )(𝒓) + ∇𝒏𝑇( )(𝒓) (𝒓 − 𝒓) ∙ 𝒏( , ) − 𝛿( )(𝒓) , (2.39) 

where 𝛿( )(𝒓) is the distance from the point 𝒓 to the interface, and  
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∇𝒏𝑇( )(𝒓) =

1

Ψ( )(𝒓)
𝒏( , ) ∙ ∇𝑇( )(𝒓 ) 𝑊𝑑𝒓′

( )(𝒓)

 (2.40) 

is the average derivative of temperature in the direction normal to the interface.  After integrating 

Eq. (2.39) over Ω( )(𝒓), one can find that 

 𝑇 ( )(𝒓) = 𝑇( )(𝒓) − ∇𝑇( )(𝒓)𝐷( )(𝒓), (2.41) 

where 

 
𝑇( )(𝒓) =

1

Ψ( )(𝒓)
𝑇( )(𝒓 )𝑊𝑑𝒓′

( )(𝒓)

 (2.42) 

is the average temperature and 

 
𝐷( )(𝒓) =

1

Ψ( )(𝒓)
𝒏( , ) ∙ (𝒓 − 𝒓)𝑊𝑑𝒓

( )(𝒓)

  − 𝛿( , )(𝒓). (2.43) 

Quantity 𝛿( )(𝒓) can be found from the solution of a model problem, where the support domain 

𝜔(𝒓) is crossed by a single straight interface (Fig. 2.3(a)).  In this problem, Ψ( )(𝒓) is a 

monotonously increasing function of 𝛿( )(𝒓) and one can find such function 𝜓(𝛿)  

 
𝜓(𝛿/(2ℎ)) = 𝑊(|𝒓 − 𝒓|, ℎ)𝑑𝒓

(𝒓, )

 (2.44) 

(here 𝜔(𝒓, 𝛿) is the part of the support domain of the point 𝒓 cut by a planar interface at the 

distance 𝛿 from the point 𝒓; this part is shaded in Fig. 2.3(a)) that Ψ( )(𝒓) = 𝜓(𝛿( , )(𝒓)/(2ℎ)).  

Since 𝜓(𝛿/(2ℎ)) is a monotonously increasing function, one can find the inverse function 

𝜓 (Ψ) such that  

 𝛿( )(𝒓) = 2ℎ 𝜓 Ψ( )(𝒓) .  (2.45) 
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The function 𝜓(𝛿/(2ℎ)) is found numerically in the tabulated form by integrating Eq. (2.44) and 

then converting it into the tabulated function 𝜓 (Ψ).  The plots of 𝜓 (Ψ) in 1D, 2D, and 3D 

cases are shown in Fig. 2.3(b).  This tabulated function is used to calculate 𝛿( )(𝒓) in Eq. (2.43) 

based on Eq. (2.45).  The equation for 𝑇 ( )(𝒓) in Eq. (2.37) can be obtained by swapping indices 

𝑚 and 𝑙 in Eqs. (2.40)-(2.43) and (2.45). 

  

Figure 2.3. (a): Sketch for the calculation of the interface temperatures, 𝑇 ( )(𝒓), given by Eq. 
(2.41) at the interface Γ crossing the support domain of point 𝐫. These temperature are calculated 
assuming 1D distributions of temperature 𝑇( . )(𝑥 , 𝒓), and 𝑇( . )(𝑥 , 𝒓) in the direction of normal 
𝐧 to the interface placed at distance 𝛿 from the point 𝒓, and (b): Relative interface distance 
𝛿/(2ℎ) plotted as a function of quantity ψ(𝛿) given by Eq. (2.44) and calculated as an integral 
of the kernel function over the volume shaded by green in (a) in the 1D (solid curved, red 
online), 2D (dashed curved, green online), and 3D (dash-dotted curve, blue online) cases. 

 

The simple choice 𝑇 ( )(𝒓) = 𝑇( )(𝒓) that implies that the interface temperature is equal 

to the temperature in the point 𝒓 leads to unsatisfactory results when the Biot number is 

relatively large.  It occurs since in the limit of infinitely large Biot number the temperature 

distribution must be continuous at the interface and 𝐵(𝒓) = 0, while Eq. (2.37) with 𝑇 ( )(𝒓) =
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𝑇( )(𝒓) predicts non-zero 𝐵(𝒓).  As it is shown in Section 3.3, this issue practically precludes 

using that simple approach in the heat transfer problems at large Biot numbers.  

The form of 𝐵(𝒓) given by Eq. (2.37) is used in the present work for calculations of the 

interfacial heat transfer in the SPH method.  All quantities in the right-hand side of this equation 

can be calculated through a number of volume integrals in Eqs. (2.40), (2.42), and (2.43).  These 

integrals can be approximated using the standard SPH technique. 

2.1.5 The SPH approximation of the heat conduction equation at finite thermal interfacial 

conductance 

The right-hand side of Eq. (2.15) for SPH particle 𝑖 comes from Eq. (2.25): 

 
{−∇ ∙ 𝒒} =

𝐼 + 𝐵

Ψ
. (2.46) 

The internal term 𝐼 = 𝐼( )(𝒓 ) given by Eq. (2.26) can be approximated in the form of Eq. 

(2.16) with the only difference that the summation now must be performed only over the SPH 

particles belonging to the domain Ω( )(𝒓𝒊) = 𝜔(𝒓𝒊) ∩ Ω( ) (here 𝒓𝒊 ∈ Ω( ) is assumed), i.e., in 

the form  

 
𝐼 =

4𝑘𝒊𝑘𝒋

𝑘𝒊 + 𝑘𝒋

1

𝑟

𝑑𝑊

𝑑𝑟
𝑇 − 𝑇 𝑉 .

𝒋,𝒓𝒋∈Ω( )(𝒓𝒊)

 (2.47) 

The boundary term 𝐵 = 𝐵( )(𝒓 ) given by Eq. (2.37) can be approximated with the SPH 

method as 

 𝐵 = −2 𝜎( , ) 𝑇 ( ) − 𝑇 ( ) ∇�̃�( , ) , (2.48) 

where the gradient of the color function is given by [106,107] 
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∇�̃�( , ) =

1

𝑉
𝑉 𝑐 + 𝑉 𝑐 ∇ 𝑊 , (2.49) 

and 𝑐  (𝑘 = 1, … , 𝑁) is a set of color indices assigned to SPH particle 𝑖, such that 𝑐 = 1 if 

particle 𝑖 belongs to grain 𝑘 and 𝑐 = 0 othewise.  The interface temperatures in Eq. (2.48) are 

calculated according to Eq. (2.41) as 

 𝑇 ( ) = 𝑇( ) − ∇𝒏𝑇( ) 𝐷( ) , (2.50) 

where 𝑇( ) , ∇𝒏𝑇( ) , and 𝐷( )  are defined by the one-side weighted SPH interpolations [83] 

 𝑇( ) =  𝑇 𝑉 𝑊

𝒋,𝒓𝒋∈Ω( )(𝒓𝒊)

Ψ , (2.51) 

 ∇𝑇( ) = (𝑇 − 𝑇 )𝑉 ∇ 𝑊

𝒋,𝒓𝒋∈Ω( )(𝒓𝒊)

(𝒓 − 𝒓 )𝑉 ∙ ∇ 𝑊

𝒋,𝒓𝒋∈Ω( )(𝒓𝒊)

, (2.52) 

 𝐷( ) =  (𝑥′ − 𝛿 )𝑉 𝑊

𝒋,𝒓𝒋∈Ω( )(𝒓𝒊)

Ψ , 
(2.53) 

 Ψ = 𝑉 𝑊

𝒋,𝒓𝒋∈Ω( )(𝒓𝒊)

, (2.54) 

where 𝑥′ = 𝒓 − 𝒓 ∙ ∇�̃�( , ) ∇�̃�( , )⁄  and 𝛿 = 2ℎ 𝜓 Ψ .  In Eq. (2.46), Ψ  is required to 

have the value equal to 1, when the support domain is not intercepted by interfaces. In order to 

satisfy this requirement, the value given by Eq. (2.54) is rescaled as, 

 Ψ = Ψ  𝑉 𝑊

𝒋 

. (2.55) 

In all problems further considered in Sections 3-5, the individual SPH particles are placed 

in nodes of a Cartesian mesh with equal spacing ∆ in all coordinate directions.  With exception 

of Section 3.1, only steady-state problems are considered, when the steady-state temperature 
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field is obtained as result of the solution of the unsteady heat conduction equation in the limit 

𝑡 → ∞, and the integration of Eq. (2.15) in time is performed with the explicit Euler method  

 
𝑇 = 𝑇 +

{−∇ ∙ 𝒒}

𝜌 𝐶
∆𝑡, (2.56) 

where 𝑇 = 𝑇 (𝑡 ), {−∇ ∙ 𝒒} = {−∇ ∙ 𝒒} (𝑡 ), 𝑡 = 𝑛∆𝑡, and ∆𝑡 is the integration step size. 

Then the numerical problem contains only three numerical parameters: ℎ, ∆, and ∆𝑡.  The 

integration time step is chosen based on the stability conditions suggested in Ref. [27]  

 
∆𝑡 ≤ ∆𝑡 , = 0.1 max

𝜌 𝐶

𝑘
ℎ . (2.57a) 

In simulations with finite interfacial conductance, the additional empirical condition limiting the 

time step is used 

 
∆𝑡 ≤ ∆𝑡 , = 0.1 max

𝜌 𝐶

𝜎( , )
ℎ , (2.57b) 

so that the simulations at finite contact conductance are performed with the time step ∆𝑡 equal to 

the minimum of ∆𝑡 ,  and ∆𝑡 , .  In steady-state problems, the temperature is sought by 

integration of Eq. (2.56) in time until the convergence condition max |𝑇 − 𝑇 | ≤ 10  is 

satisfied.  

2.2 Test problems 

2.2.1 One-dimensional unsteady heat conduction in a homogeneous material 

In this section, a 1D unsteady heat transfer problem in homogeneous material is 

considered, which is identical to one of the test cases considered in Ref. [27].  The goal of these 

computations is to verify the computational code in the case of no internal interfaces, when 

𝐵(𝐫) = 0, compare the results with the previously reported results, and to make a conclusion 
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about the rate of convergence of the numerical solution to the exact solution with decreasing 

spacing between SPH particles. 

A material is considered that consists of two semi-infinite slabs that are initially retained 

at temperatures 𝑇  (at 𝑥 < 0) and 𝑇  (at 𝑥 > 0) and divided by a thermally insulating gap at 𝑥 =

0. Both slabs are composed of the same material with constant density 𝜌, specific heat 𝐶, and 

thermal conductivity 𝑘. At time 𝑡 = 0 these two slabs are brought in contact with each other, so 

that the temperature distribution evolves as  

 
𝑇(𝑥, 𝑡) =

𝑇 + 𝑇

2
+

𝑇 − 𝑇

2
erf

𝑥

2√𝛼𝑡
, (2.58) 

where 𝛼 = 𝑘/(𝜌𝐶) is the thermal diffusivity and erf(𝑥) is the error function. Following Ref. 

[27], the case is considered, when 𝑇 = 0, 𝑇 = 1, 𝜌 = 1000, 𝐶 = 1, and 𝑘 =  1.  The problem is 

solved numerically for a slab corresponding to the interval −𝐿/2 ≤ 𝑥 ≤ 𝐿/2 of length 𝐿 = 1. 

The time step ∆𝑡 is determined as the maximum value satisfying the stability condition given by 

Eq. (2.57a). 

The root-mean-square (RMS) error of the numerical solution is calculated as  

Δ𝑇 (𝑡) =
(𝑇(𝒓 , 𝑡) − 𝑇 (𝑡))

𝑁
, (2.59) 

where 𝑇(𝒓 , 𝑡) and 𝑇 (𝑡) are the exact and numerically determined temperature of SPH particle 

𝑖 at time 𝑡, and 𝑁 is the total number of SPH particles in the slab at |𝑥| < 𝐿/2.  In this and 

further sections, Δ𝑇  is systematically analyzed as a function of the inverse inter-particle 

spacing 𝐿/∆, where ∆ is the spacing between SPH particles placed in nodes of a Cartesian mesh. 

𝐿/∆ can be viewed as the number of SPH particles along a line of length 𝐿. 
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Figure 2.4. (a): Sketch for the calculation of the interface temperatures, 𝑇 ( )(𝒓), given by Eq. 
(2.41) at the interface 𝛤 crossing the support domain of point 𝒓. These temperature are 
calculated assuming 1D distributions of temperature 𝑇( . )(𝑥 , 𝒓), and 𝑇( . )(𝑥 , 𝒓) in the 
direction of normal 𝒏 to the interface placed at distance 𝛿 from the point 𝒓, and (b): Relative 
interface distance 𝛿/(2ℎ) plotted as a function of quantity 𝜓(𝛿) given by Eq. (2.44) and 
calculated as an integral of the kernel function over the volume shaded by green in (a) in the 1D 
(solid curved, red online), 2D (dashed curved, green online), and 3D (dash-dotted curve, blue 
online) cases. 

 

For the first test, one-dimensional formulation of the SPH method is used, when the 

support domain represents an interval of length 4ℎ along the axis 𝑂𝑥.  The SPH particles are 

distributed in the slabs with equal spacing ∆ and 𝑉 = ∆. Like Ref. [27], the temperatures of the 

boundary SPH particles with |𝑥| ≥ 𝐿/2 are kept equal to their initial temperatures, so the 

integration is performed during time when the temperature negligibly changes in the vicinity of 

boundaries, and the predictor-corrector method of the second order of approximation is used for 

time integration of Eq. (2.15). Δ𝑇  at 𝑡 = 0.6 is shown in Fig. 2.4 as a function of 𝐿/∆ at fixed 

ℎ/∆. At ∆/2 < ℎ < ∆, the support domain of every particle includes only two neighbor particles, 

so the numerical “stencil” in the SPH calculations resembles the three-point central finite-

difference scheme for second order derivative.  At ℎ = ∆, the support domain includes four 
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neighbors, but the farthest two neighbors lie exactly at the boundary of support domain and give 

zero contributions.  The coefficients in this stencil are exactly equal to the coefficient in the 

central finite-difference formula of the second order only at ℎ/∆= 1 and only in this case the 

SPH method demonstrate the second order convergence with respect to variation of ∆.  The 

numerically defined rate of change of the RMS error reduces from 2.02 to 0.063 when ℎ/∆ 

decreases from 1 to 0.6. 

  

Figure 2.5. RMS error Δ𝑇  versus inverse inter-partcile spacing 𝐿/Δ obtained based on the 
2D formulation of the SPH method in the 1D unsteady test problem considerd in Section 3.1. In 
panel (a), the results of calculations at 𝑡 = 0.3 and ℎ/Δ = 1 in the present work (triangles, green 
online) are compared with the results obtained in Ref. [27] (squares, red online) under the same 
conditions.  In panel (b), the results obtained in the this work at 𝑡 = 0.6 are shown for various 
ℎ/Δ: ℎ/Δ = 0.9 (bold squares, red online), 1 (bold triangles, green online), 1.05 (bold gradients, 
blue online), 1.08 (bold circles, cyan online), 1.0871 (bold diamonds, magenta online), 1.09 
(open circles), and 1.1 (open triangles). The dashed curve is obtained based on the central finite-
difference formula for the Laplacian of the second order. The symbols correspond to the 
calculated values, while the curves are drawn only to guide the eye. 

 

Then the same problem is solved using the 2D formulation of the SPH method.  In this 

case, the computations are conducted in the square domain of size 𝐿 on the plane 𝑂𝑥𝑦.  The 

periodic boundary conditions are used in the direction of the axis 𝑂𝑦.  This domain is divided 
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into SPH particles placed in nodes of a Cartesian mesh with square cells of size ∆, so that 𝑉 =

∆ .  The first series of simulation is performed at ℎ/∆= 1 in a range of ∆/𝐿  and under 

conditions identical to those in Ref. [27].   

The RMS error in these calculations demonstrates nearly the second order of convergence 

and agrees with the error reported in Ref. [27] (Fig. 2.5(a)).  Then the calculations are extended 

to smaller ∆/𝐿 and found that the RMS error at ℎ/∆= 1 does not demonstrate the second order 

convergence in the broader range of ∆/𝐿 (triangles in Fig. 2.5(b)).  In order to reveal the reason 

for such behavior of the RMS error, in the Appendix, a comparison of coefficients of the SPH 

“stencil” is performed which is used for approximation of the 2D Laplacian according to Eq. 

(2.16), with coefficients of 9- and 13-point stencils for central finite-difference second order 

approximation of the 2D Laplacian. This analysis shows that the 13-point SPH approximation 

matches the finite-difference approximation of the second order only when ℎ/∆= 1/𝜉∗, where 𝜉∗ 

is a root of Eq. (A.5) derived in the Appendix. This root is approximately equal 1/𝜉∗  ≈ 1.0871. 

The results of direct numerical calculations shown in figure (Fig. 2.5(b)) agree with this 

conclusion: The SPH solutions demonstrate the second order convergence only at ℎ/∆ ≈

1.0871 , while, for both larger and smaller ℎ/∆ , the RMS error deviates from the quadratic 

scaling law at sufficiently large 𝐿/∆.  This convergence behavior, illustrated in Fig. 2.5(b) only 

for 𝑡 = 0.6, is retained for longer time as well, but the magnitude of the error decreases to zero 

with approaching the steady state. In the steady state, the analysis presented in the Appendix 

shows that the considered SPH approximation of the Laplace equations has second order at 

ℎ/∆> 1/2.  
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2.2.2 One-dimensional steady-state heat conduction with discontinuous temperature field 

In this test case, 1D steady-state heat transfer problem is considered, which is similar to 

the unsteady 1D problems considered in Section 3.1. Now, however, the plane 𝑥 = 0 is assumed 

to be a thermal interface with finite contact conductance 𝜎, where the temperature field is 

discontinuous. The heat transfer problem is solved assuming that the material temperatures are 

equal to 𝑇  and 𝑇  at 𝑥 = −𝐿/2 and 𝑥 = 𝐿/2 respectively. The contact conductance 𝜎( , ) = 𝜎 

in Eq. (2.3) is assumed to be temperature independent. The medium at both sides of the interface 

is assumed to have the same temperature-independent material properties.  Then the temperature 

distribution is given by the equation 

 

𝑇(𝑥) =
𝑇 + (𝑇 − 𝑇 )

2𝑥

𝐿
,          𝑥 < 0 ;

𝑇 + (𝑇 − 𝑇 )
2𝑥

𝐿
, 𝑥 > 0 ,

 (2.60a) 

where 𝑇  and 𝑇  are temperature at the interface 

 
𝑇 =

(1 + Bi)𝑇 + 𝑇

(1 + Bi) − 1
, (2.60b) 

 
𝑇 =

(1 + Bi)𝑇 + 𝑇

(1 + Bi) − 1
, (2.60c) 

Bi = 𝐿𝜎 (2𝑘)⁄ , i.e., 𝐿 = 𝐿/2 in Eq. (2.5), and 𝑘 = 𝑘( ) is the thermal conductivity.  The heat 

flux through the system is equal to 𝑞 = 𝜎(𝑇 − 𝑇 ). This problem is considered at 𝑘 =  1 W m-1 

K-1, 𝑇 = 300 K, and 𝑇 = 280 K. The value of 𝜎 is varied in order to obtain results in a range 

of Bi. 

The problem is solved numerically in the 2D square domain of size 𝐿 on the plane 𝑂𝑥𝑦 

with the 2D formulation of the SPH method developed in Section 2.5.  The periodic boundary 

conditions are used in the direction of the axis 𝑂𝑦. The domain is divided into SPH particles 
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placed in nodes of a Cartesian mesh with square cells of size ∆, so that 𝑉 = ∆ . The cell number 

𝐿/∆ is kept odd integer value in order to ensure that the interface at 𝑥 = 0 goes through the 

middle of the central cell. To implement the boundary conditions, the additional “boundary” 

SPH particles in two rectangular domains of thickness 𝐵 = 0.05𝐿 placed at −𝐿/2 − 𝐵 < 𝑥 <

−𝐿/2 and 𝐿/2 < 𝑥 < 𝐿/2 + 𝐵 are used. The temperatures of these boundary particles are equal 

to temperatures predicted by Eq. (2.60a).  All calculations are performed at ℎ = ∆. 

 

Figure 2.6. Relative RMS error 𝜀  versus inverse inter-particle spacing 2𝐿/𝛥 obtained with 
the 2D formulation of the SPH method in the 1D steady-state test problem with the discontinuos 
temperature field considred in Section 3.2 at 𝐵𝑖 = 600 (squares, red online), 𝐵𝑖 = 500 
(triangles, green online), 𝐵𝑖 = 50 (gradients, blue online), 𝐵𝑖 = 0.5 (diamonds, cyan online), 
and 𝐵𝑖 = 0.005 (circles, magenta online). These results are obtained with 𝑇 ( ) = 𝑇( ) . The 
symbols correspond to the calculated values, while the curves are drawn only to guide the eye. 

 

The developed SPH method is found to provide the exact solution of the problem 

independently of 𝐿 ∆⁄  and Bi, when the interface temperatures are calculated based on Eq. (2.50). 

In particular, the relative RMS error 𝜀 = 100% × Δ𝑇 𝑇⁄ , where 𝑇 = 0.5(𝑇 + 𝑇 ) 

and Δ𝑇  is given by Eq. (2.59), is of order 10-10 for 𝐿 ∆⁄  varying from 51 to 801, and for Bi 

varying from 0.005 to 500.  
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At the same time, the numerical calculations reveal the importance of terms associated 

with temperature gradients ∇𝒏𝑇( )  in Eq. (2.50). In Fig. 2.6, the relative RMS errors are obtained 

with 𝑇 ( ) = 𝑇( ) , i.e., when the corrections for the position of the interface with respect to the 

center of the support domain are not accounted for. In this case, although 𝜀  demonstrates the 

first order convergence for all considered Bi, the magnitude of the error strongly increases with 

Bi and reaches 96% for 2𝐿/∆= 51 at Bi = 600. For larger Bi,  the solutions of Eq. (2.56) do not 

converge at 𝑡 → ∞. Thus, the simple estimate  𝑇 ( ) = 𝑇( )  does not allow to obtain accurate 

results at large but finite Biot numbers even in the considered, essentially 1D test problem. 

2.2.3 Two-dimensional steady-state heat conduction with discontinuous temperature field 

The analysis of the test problem considered here is aimed at evaluation of the accuracy of 

the developed SPH method for heat transfer problems with finite interfacial conductance at 

curved interfaces. For this purpose, radial heat transfer between two coaxial cylindrical layers 

Ω( . ) and Ω( . ) divided by the interface Γ( , ) of radius 𝑅  with the interfacial conductance 𝜎 

(Fig. 2.7) is considered.  The material properties, including thermal conductivity 𝑘( ) = 𝑘 in Eq. 

(2.1) and contact conductance 𝜎(, , ) = 𝜎 in Eq. (2.3) are assumed to be temperature-independent 

and same for the materials at both sides of the interfaces. The Biot number is defined as Bi =

𝜎𝑅 /(2𝑘), i.e., assuming 𝐿 = 𝑅 /2 in Eq. (2.5).  If the temperature is equal to 𝑇  at 𝑟 = 𝑅  and 

to 𝑇  at 𝑟 = 𝑅  (here 𝑟 is the radial coordinate), then the steady-state temperature distribution 

𝑇(𝑟), and heat flux density 𝑞 through the interface are given by the equations 

 
𝑇(𝑟) =

𝑞𝑅

𝑘
ln

𝑅

𝑟
+

𝑇( . ), 𝑟 ≤ 𝑅 ;

𝑇( . ) 𝑟 ≥ 𝑅 ,
 (2.61a) 

 
𝑞 =

𝜎(𝑇 − 𝑇 )

1 − 2 Bi ln(𝑅 /𝑅 )
, (2.61b) 
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where 𝑇( ) is the interface temperature at a side of layer Ω( ): 

 
𝑇( . ) =  

𝑞𝑅

𝑘
ln

𝑅

𝑅
+ 𝑇 , (2.61c) 

 
𝑇( . ) =  

𝑞𝑅

𝑘
ln

𝑅

𝑅
+ 𝑇 . (2.61d) 

This temperature field is discontinuous at 𝑟 = 𝑅 . 

 

Figure 2.7. Sketch of the computational domain for 2D test problem. The material in two 
concentric cylindrical layers 𝛺( . ) (red and green dots) and 𝛺( . ) (yellow and blue dots) is 
divided by the interface 𝛤( , ) with finite contact conductance placed at 𝑟 = 𝑅 . The 
temperature is assumed to be equal to 𝑇  at 𝑟 = 𝑅  and to 𝑇  at 𝑟 = 𝑅 . The material inside 
layers is divided into SPH particles shown by dots and placed in nodes of a Cartesian mesh 
with equal spacing. Numerical solutions for the steady-state temperature field 𝑇(𝑥, 𝑦) is sought 
assuming that the temperatures of SPH particles placed at 𝑟 ≤ 𝑅  (red dots) and at 𝑟 ≥ 𝑅  
(blue dots) are given by Eq. (2.61). 

 

This steady-state problem is solved numerically using the 2D formulation of the 

developed SPH method. The SPH particles are placed in the nodes of a Cartesian mesh with 

square cells of size ∆.  The boundary SPH particles placed outside the cylindrical layer 𝑅 <

𝑟 < 𝑅  are used to implement the boundary conditions.  For this purpose, these boundary 

particles are placed inside the internal, at 𝑅 /4 ≤ 𝑟 ≤ 𝑅 , and the external, at 𝑅 ≤ 𝑟 ≤

10𝑅 /9, layers and assume that their temperatures are given by Eq. (2.61).  These layers further  
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Figure 2.8. Numerical errors in calculation of the discontinuous temperature field in the 2D 
steady-state problem considered in Section 3.3: (a), Relative RMS error 𝜀  versus inverse 
inter-particle spacing 2𝑅 /𝛥 at 𝐵𝑖 = 50 for ℎ/𝛥 = 0.8 (square, red online), ℎ/𝛥 = 1 (triangles, 
green online), and ℎ/𝛥 = 1.2 (circles, blue online); (b) Relative RMS error 𝜀  versus Biot 
number 𝐵𝑖 calculated at ℎ/𝛥 = 1 and 2𝑅 /𝛥 = 201 calculated based on Eq. (2.50) (squares, red 
online) and 𝑇 ( ) = 𝑇( )  (circles, green online); and (c), Scaled RMS error 𝜀 /√𝐵𝑖 versus 
relative support domain size parameter ℎ/𝛥 obtained at 2𝑅 /𝛥 = 201 for 𝐵𝑖 = 0.005 (squares, 
red online), 𝐵𝑖 = 50 (triangles, green online), and 𝐵𝑖 = 5000 (circles, blue online). The symbols 
correspond to the calculated values, while the curves are drawn only to guide the eye. 
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denoted as Ω  and Ω , thus, serve as heat baths with fixed temperatures. The calculations are 

performed for 𝜌 = 1000 kg m-3, 𝐶 = 500 J kg-1 K-1, 𝑘 =  1 W m-1 K-1, 𝑇 = 300 K, 𝑇 = 280 K, 

𝑅 = 0.3 m,  𝑅 = 𝑅 /3, and 𝑅 = 1.5𝑅 , while ℎ, ∆ and, 𝜎 vary. 

The relative RMS error 𝜀 = 100% × Δ𝑇 𝑇⁄ , where 𝑇 = 0.5(𝑇 + 𝑇 ) and 

Δ𝑇  is given by Eq. (2.59), is plotted in Fig. 2.8 as a function of 2𝑅 /∆, Bi, and ℎ/∆. Unlike 

the unsteady problem considered in Section 3.1, here the numerical error demonstrates the first 

order convergence independently on ℎ/∆ (Fig. 2.8(a)). The magnitude of the error, however, 

strongly depends on ℎ/∆ (Fig. 2.8(c)). As one can see, the minimum error is realized in a range 

1 ≲ ℎ/∆≲ 1.1 independently on the Biot number. Based on this result, the value ℎ/∆= 1 is 

chosen for all further 2D and 3D simulations considered here and in Sections 4.1-4.6.  At fixed 

2𝑅 /∆, the magnitude of the error also increases with increasing Biot number (squares in Fig. 

2.8(b)).  The error remains roughly constant at ~1 ≤ Bi ≤ ~100. It decreases very fast with 

decreasing Bi at Bi <  1 and only moderately increases with Bi at Bi >  100.  The error in this  

case remains limited even at Bi → ∞. If the interface temperatures in Eq. (2.48) are defined as 

𝑇 ( ) = 𝑇( )  and Eq. (2.50) is not used (triangles in Fig. 2.8(b)), then the error remains close to 

those obtained based on Eq. (2.50) at Bi <  100. With increasing Bi beyond 100, the error raises 

very fast without bound.  It makes the method based on the interfacial temperatures in the form 

𝑇 ( ) = 𝑇( )  unacceptable in a range of large Biot number. These results show that calculations 

of the interface temperatures based on Eq. (2.50) is essential for accuracy and robustness of the 

developed SPH method.  

The fields of the local relative numerical error of temperature 𝜀 = 100% × (𝑇 −

𝑇(|𝒓 |))/𝑇(𝑟 ), where 𝑇(𝑟) is given by Eq. (2.61), are shown in Fig. 2.9 for Bi = 50 and various 

2𝑅 /Δ. One can conclude that the fields of the local error are radially symmetric and, thus, the  
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Figure 2.9. Fields of the local relative numerical error 𝜀  (%) of the temperature field in the 2D 
steady-state problem considred in Section 3.3 calculated at Bi = 50 for 2𝑅 /∆= 201 (a), 
2𝑅 /∆= 401 (b), and 2𝑅 /∆= 801 (c). The dashed circle marks the position of the interface, 
where the temperature field is discontinuous. 
 

developed method provides local errors that do not depend on the orientation of the interface 

with respect to the grid lines of the mesh of SPH particles. The maximum local error is realized 
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close to the interface.  This maximum error remains small under all considered conditions. Its 

magnitude drops from 0.01 % to 0.002 % when 2𝑅 /∆ increases from 201 to 801.  

  

 

Figure 2.10. Relative RMS error 𝜀  (a), maximum relative local error 𝜀  (b), and relative 
error of heat flux density 𝜀  versus inverse inter-particle spacing 2𝑅 /∆ obtained in the 2D 
steady-state problem considred in Section 3.3 at 𝐵𝑖 = 5000 (squares, red online), 50 (triangles, 
green online), 0.5 (gradients, blue online), and 0.005 (circles, cyan online). The symbols 
correspond to the calculated values, while the curves are drawn only to guide the eye. 
 

In order to further characterize the numerical errors, we calculate the relative RMS error 

𝜀 , relative maximum error 𝜀 = max |𝜀 |, and relative error in the heat flux density 𝜀 =
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100% × (𝑞 − 𝑞 ) 𝑞⁄  are calculated, where 𝑞 is the exact value given by Eq. (2.61b) and 

𝑞 = |𝑄 |/𝐴  is the numerical heat flux density calculated based on the total heat flux 𝑄  

through the area 𝐴 = 2𝜋𝑅  of a heat bath Ω  (𝐻𝐵 = 𝐻, 𝐿) 

 𝑄 = 𝑉 {−∇ ∙ 𝒒}

𝒓 ∈

. (2.62) 

Here {−∇ ∙ 𝒒}  is given by Eq. (2.46) and summation is performed for all boundary SPH particles 

belonging to a corresponding heat bath. All these numerical errors reveal the first-order 

convergence of the developed method with decreasing ∆ independently of Bi (Fig. 2.10). The 

method demonstrates the first-order convergence because the integral representation of the 

Laplacian for a discontinuous temperature field in the form given by Eq. (2.24) has a residual  

𝑂(ℎ). The values of 𝜀  in Fig. 2.10(b) are somewhat smaller than values of 𝜀  in Fig. 

2.10(a), since different normalizations are used to calculate these relative errors.  The magnitudes 

of these errors remain sufficiently small and do not exceed 0.6% for all conditions considered in 

Fig. 2.10.  The error in calculation of the heat flux is about order of magnitude smaller than 𝜀  

and 𝜀 . 

2.3 Effective thermal conductivity of powder and fiber systems 

The purpose of calculations presented in Sections 4.1-4.6 is to demonstrate that the 

developed SPH method for thermal transport problems in inhomogeneous materials with finite 

contact conductance at interfaces can be effectively used to predict the thermal transport 

properties of random powder and fiber systems in practical applications. The discussion of 

results in Sections 4.1-4.6 is intended to reveal the accuracy of the developed method for real 

problems, but it does not pretend on comprehensive discussion of the effects of various physical 

parameters. 
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2.3.1 Two-dimensional heat transfer between cylinders arranged into a linear chain 

In this section, the developed SPH method is applied to predict 2D steady-state heat 

transfer in a linear chain of partially overlapping cylinder “grains” (Fig. 2.11). For spherical 

grains, corresponding axisymmetric linear chain can be considered, e.g., as a simple geometrical 

model of an aerogel formed by agglomerated chains of quasi-spherical grains [72]. 

 

Figure 2.11. Sketch of the columnar stucture of overlapping cylindrical particles of radius 𝑅 
with the distance 2𝑅(1 − 𝜒) between their centers. The temperature fields in this structure is 
sought with the qusi-periodic boundary conditions gven by Eq. (2.63), so that it is suffient to 
consider only a quasi-periodic computational cell that includes halfs of two grains 𝛺( . ) and 
𝛺( . ). This cell is shown by the green rectangle. Every pair of neighbor grains is divided by the 
interface with finite contact conductance, which is drawn in the middle between the grain 
centers. For grains 𝛺( . ) and 𝛺( . ), this interface is denoted as 𝛤( , ). 

 

In this system, for a pair of neighbor circular cylinders Ω( . ) and Ω( . ) of radius 𝑅 with 

the center-to-center distance 𝐿 = 2𝑅(1 − 𝜒), where 𝜒 is a dimensionless parameter controlling 

the degree of overlap (0 < 𝜒 < 1), the interface Γ( , ) with finite contact conductance is placed in 
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the middle between the grain centers. The temperature field inside grains 𝑇(𝑥, 𝑦) and heat flux 𝑄 

through the interface are sought with quasi-periodic boundary conditions 

 
𝑇(𝑥, 𝑦) = 𝑇(𝑥 − 𝐿, 𝑦) + 𝐿∇ 𝑇, (2.63) 

where ∇ 𝑇 is the imposed temperature gradient.  Then, in order to fully describe the temperature 

field in the chain, it is enough to consider heat transfer in a quasi-periodic cell of length 𝐿 along 

axis 𝑂𝑥 shown by rectangle in Fig. 2.11 which includes half of every grain 1 and 2.  The free 

surfaces of grains are assumed to be thermally insulated. In the SPH method introduced in 

Section 2.5, no additional equation is required to implement thermally insulated boundary 

conditions at free surfaces as Eq. (2.46) “automatically” account to thermally insulated condition 

with Ψ < 1 and 𝐵 = 0. 

Calculations are performed for grains of radius 𝑅 = 0.5 mm composed of SHKH15 steel 

with 𝑘 = 40 W m-1 K-1 [26].  The Biot number is defined by Eq. (2.5) with 𝐿 = 𝑅/2, and the 

temperatures of the left- and right-hand-side boundaries of the quasi-periodic cell in Fig. 2.11 are 

equal to 293 K and 290 K, so that ∇ 𝑇 = 3/𝐿 K m-1. The overlap parameter 𝜒 varies in the range 

from 0.002 to 0.2. The numerical solutions are obtained for SPH particles placed in a Cartesian 

mesh with square cells of size ∆ at ℎ = ∆. 

In these calculations, 𝜒 is considered as a model parameter, which can describe real 

compression of grains due to applied pressure along the chain axis 𝑂𝑥 in Fig. 2.11, or as a 

parameter introduced to describe a model material composed of actually non-spherical particles 

with large contacts. Correspondingly, the contact conductance (or Biot number) is considered as 

a variable parameter that depends, e.g., on the applied pressure and roughness of grain surfaces. 

If contacts between parallel cylinders with ideally smooth surfaces are formed due to applied 
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pressure 𝑝 that induces elastic deformation, when 𝜒 = 1 − 1 − (𝑟 𝑅⁄ ) , where 𝑟 =

[4𝐹𝑅 (1 − 𝜇 )/(𝜋𝑙𝐸)] /  is the Hertzian contact radius, 𝜇 and 𝐸 are Poisson’s ratio and  

 

Figure 2.12. Temperature field inside two cylindrical grains separated by an interface with 
finite conductance at 𝑥 = 0 and calculated with quasi-periodic boundary condition given by Eq. 
(2.63) at 𝐵𝑖 = 0.5 and 𝜒 = 0.002 (a), 𝜒 = 0.02 (b), and 𝜒 = 0.2 (c).  The simulations are 
performed with 2𝑅/∆= 201.  Other simulation parameters are given in the text of Section 4.1. 
 

Young’s modulus of the cylinder material, 𝐹 is the contact force, and 𝑙 is the length of the 

cylinders [108].  The contact force 𝐹 can be related to the maximum compressive pressure at the 
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contact 𝑝 as 𝑝 = 2𝐹 (𝜋𝑟 𝑙⁄ ). For steel powders, the typical values of 𝜇 and 𝐸 are 0.3 and 200 

GPa, correspondingly [109]. Then for cylinders of 0.5 mm radius and unit length, pressure 𝑝 is 

equal to  6.95 GPa at 𝜒 ≈ 0.002 , 21.87 GPa at 𝜒 ≈ 0.02, and 65.93 GPa at 𝜒 ≈ 0.2.  Thus, for 

steel cylinders, the considered range of 𝜒 correpsonds to the stresses that are beyond a typical 

yield stress of 450 MPa for steels and implies plastic deformation of particles. 

The temperature fields obtained for Bi = 0.5 at 𝜒 = 0.002, 0.02, and 0.2 are shown in 

Fig. 2.12. With decreasing 𝜒 and, correspondingly, contact area, the temperature field gradually 

becomes homogeneous inside each grain and the strong temperature changes occur only in a 

small vicinity of interfaces. The degree of homogeneity of the temperature field, however, 

depends on both 𝜒 and Bi.   

  

Figure 2.13. Reduced effective thermal conductivity of the 2D quasi-periodic linear powder chain 
scaled as 𝑘 /𝑘 (a) and 𝑘 /(𝑘𝐵𝑖) (b) calculated at 2𝑅/∆= 801 for 𝜒 = 0.002 (circles, red online), 
𝜒 = 0.02 (squares, green online), and 𝜒 = 0.2 (triangles, blue online). In panel (b), the dash-
doted lines correspond to values predicted at 𝐵𝑖 → 0 by Eq. (2.66). The symbols correspond to 
the calculated values, while the solid curves are drawn only to guide the eye. 

The effective thermal conductivity 𝑘  is calculated based on the Fourier law as 

 𝑄/(2𝑅) = −𝑘 ∇ 𝑇, (2.64) 
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where 𝑄 is the total heat flux through any cross section at 𝑥 = 𝑐𝑜𝑛𝑠𝑡.  The heat flux 𝑄 can be 

calculated using an equation that is similar to Eq. (2.62), where, instead of a heat bath, one can 

consider a “layer” of leftmost SPH particles belonging to the quasi-period cells with coordinates 

𝑥 = 𝑋 = 𝑐𝑜𝑛𝑠𝑡. Since all such SPH particles are far from the interface, 𝐵 = 0, Ψ = 1, and 

 
𝑄 = 𝑉 𝑉

4𝑘𝒊𝑘𝒋

𝑘𝒊 + 𝑘𝒋

1

𝑟

𝑑𝑊

𝑑𝑟
𝑇 − 𝑇 . (2.65) 

The effective thermal conductivity calculated at 2𝑅/∆= 801 is plotted in Fig. 2.13(a) as a 

function of Bi for various 𝜒. As expected, with increasing Biot number, the values of 𝑘  increase 

and approach horizontal asymptotes that correspond to the limit of infinitely small contact 

resistance and continuous temperature field.  The asymptotic values of 𝑘 /𝑘 at Bi → ∞ depend 

on 𝜒, since the degree of the overlap affects the contact area between two grains and distribution 

of temperature gradient at the contact surface.  At small Biot numbers, Bi < 0.1, numerically 

calculated values of 𝑘 /𝑘 vary proportional to Bi.  It occurs since in the limit Bi → 0 the 

temperature field inside every grain becomes homogeneous, and the solution of the heat transfer 

problem is independent of 𝑘, so that 𝑄 → −2𝜎𝑟 𝐿∇ 𝑇 and  

 𝑘

𝜎𝑅/2
=

𝑘

𝑘

1

Bi
→ 4(1 − 𝜒) 1 − (1 − 𝜒) . (2.66) 

Numerically calculated values of 𝑘 /(𝜎𝑅/2)  are compared with values calculated based on Eq. 

(2.66) in Fig. 2.13(b). This comparison confirms that the developed method is capable of 

predicting the exact values of the effective thermal conductvity in the limit of small Bi.  

The values of 𝑘  calculated at 2𝑅/∆= 801  are taken as master values to find the relative 

errors in conductivity at smaller values of 2𝑅/∆  shown in Fig. 2.14 for Bi ≤ 5. All curves in 

Fig. 2.14 reveal essentially first order convergence of the considered method. The error increases 

with increasing Bi and decreasing 𝜒.  At 𝜒 = 0.2, the error is below 1% at 2𝑅/∆≥ 51. At 𝜒 =
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0.002, the error is smaller than 1% at 2𝑅/∆ ≥ 81. The contact area between grains decreases 

with decreasing 𝜒. For smaller 𝜒, smaller values of ∆ and, correspondingly, larger number of 

SPH particles are required to accurately calculate the temperature field with large gradients 

around the interfaces, e.g., the temperature field shown in Fig. 2.12(a). As it is apparent from the 

trends in variation of the relative error illustrated in Fig. 2.14, at small Biot number, Bi ≪ 1, the 

effective conductivity can be found with an error smaller than 1% in calculations when 2𝑅/

∆~10, and, thus, the number of SPH particles is small, even at small values of the overlap 

parameter, 𝜒 ≲ 10  and, correspondingly, small contact area. 

 

Figure 2.14. Relative error of the effective conductvity 𝑘  versus inverse inter-particle spacing 
2𝑅/∆ calculated for the 2D quasi-periodic linear powder chain at 𝜒 = 0.002 (circles) and 𝜒 = 
0.2 (squares) for Bi = 5 (bold symbols) and 0.05 (open symbols). The symbols correspond to 
the calculated values, while the curves are drawn only to guide the eye. 
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2.3.2 Generation of 2D and 3D random powder and fiber samples 

The random samples composed of overlapping cylinder-like grains in a 2D square 

domain (Fig. 2.15) and overlapping spherical grains in a 3D cubic domain of size 𝐿 are generated 

by an acceptance-rejection algorithm.  For simplicity, here all grains of the same radius 𝑅 are 

considered, although the sample generation algorithm and SPH method can be straightforwardly 

applied to powder systems with random particle radii.  Individual particles are added one-by-one 

to the sample until a desired value of the density parameter 𝜂 = 𝑁𝜋𝑅 /𝐿  in a 2D sample and 

𝜂 = 𝑁(4/3)𝜋𝑅 /𝐿  in a 3D sample is achieved, where 𝑁 is the total number of grains in the 

sample. The samples are generated assuming periodic boundary conditions in all coordinate 

directions with exception of the direction of the applied temperature gradient along the axis 𝑂𝑥. 

For new “candidate” grain 𝑘, random position of its center 𝒓( ) is chosen first and then this grain 

is added to the sample only if the condition 𝒓( ) − 𝒓( ) > 2𝑅(1 − 𝜒) is satisfied for every 

grain 𝑚 with the position vector 𝒓( ) already existing in the generated sample, where 𝜒 is a fixed 

overlap parameter. If the particle position 𝒓( ) does not satisfy this criterion, then new random 

position 𝒓( ) is generated until exactly 𝑁 particles is placed inside the sample. The considered 

model of the powder system, therefore, corresponds to the so-called hard-core random contact 

model, which is broadly used to study percolation and transport problems in random systems, 

e.g., [110]. 

The sketch in Fig. 2.15 illustrates the actual 2D sample obtained at 𝜂 = 0.74, 𝜒 = 0.13, 

and 𝐿/𝑅 = 16. The structure of generated powder samples strongly depends on parameters 𝜂 and 

𝜒. The degree of the sample porosity decreases with increasing 𝜂 and decreasing 𝜒 as it is 

apparent from the comparison of the sample structures shown in Fig. 2.16. With decreasing 𝜂 

and increasing 𝜒, the degree of connectivity reduces, and the samples gradually disintegrate into  
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Figure 2.15. Sketch of the computational domain for simulations of thermal transport in 2D and 
3D random powder systems.  The 2D and 3D samples have the shape of a square or cube with the 
face length 𝐿.  The temperature gradeint is applied along the axis 𝑂𝑥. Two layers or heat baths of 
thickness 𝐵, where the powder material has fixed temperatures 𝑇  and 𝑇  are introduced at the 
sample faces normal to the axis 𝑂𝑥.  The particle material in these layers is shadowed green and 
red. In the part of the sample with thickness 𝐿 − 2𝐵, placed between the heat baths and shown 
blue, the temperature field is calculated numerically.  For this pupose, the entire powder material 
is divided into SPH particles placed in nodes of a Cartesian mesh as illustrated in the inset. For 
calculations of the effective conductivity 𝑘  based on Eq. (2.66), the whole same is divided into a 
1D mesh of cells of size ∆𝑥 and in every cell the mass-average value of temperature 𝑇  is 
determined. The distribution of the average temperature 𝑇 (𝑥) is used to calculate the temperature 
gradient 𝛻 𝑇  in the central part of the sample according to the equation shown in the figure. The 
2D sample shown in this figure is generated at 𝜂 = 0.74 and 𝜒 = 0.13. 



56 
 

loosely connected clusters of grains. In every generated sample, the percolating clusters 

connecting left- and right-hand side boundaries of the sample along the axis 𝑂𝑥 are identified. 

Only samples containing at least one percolating cluster are used for further calculations of heat 

transfer.  

The generated powder sample is then discretized into SPH particles placed in nodes of a 

Cartesian mesh with constant spacing ∆. A unique color index 𝑐( ) = 𝑚 is assigned to every 

SPH particle depending on the index 𝑚 of grain that the particle belongs to.  For SPH particles 

belonging to volume where two or more grains overlap, the color index is assumed to be equal to 

the index of such grain that correspond to the minimum distance from the SPH particle to the 

grain center.  This approach results in interfaces between overlapping grains that are shown for 

2D powder samples in Fig. 2.16.  In the subsequent heat transfer simulations, the information 

about the exact interfaces between particles is not used, and the interfaces are determined based 

solely on color indices of individual SPH particles. 

The similar approach is used for generation of samples with random networks of straight 

fibers in 3D cubic domains.  Random fiber samples are assumed to be composed of partially 

overlapping fibers in the form of spherocylinders, i.e., cylinders of radius 𝑅  and length 𝐿  

capped with two hemispheres of radius 𝑅 , e.g., [111].  Individual fibers are added one-by-one to 

the sample until a desired value of the density parameter  

 
𝜂 =

𝑁

𝐿

4

3
𝜋𝑅 + 𝜋𝑅 𝐿  (2.67) 

is achieved.  For every new “candidate” fiber, the position of its center and direction of its axis 

are chosen at random. Then the minimum distance is calculated between any point on the fiber 

axis and any point on axes of fibers already included into the sample. In calculations of this 

distance, only points lying on the axes of spherocylinders within their cylindrical parts are 
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considered. The candidate fiber is included into the sample if this minimum distance is greater 

than 2𝑅 (1 − 𝜒), otherwise the fiber is rejected, and new random fiber position and direction are 

generated. The color indices 𝑐( ) of SPH particles inside overlapping volumes of fibers are 

chosen to be equal to the fiber index 𝑚 of such fiber that corresponds to the minimum distance 

from the SPH particle to the fiber axis within the cylindrical part of a spherocylinder. 

2.3.3 Computational setup for calculations of the effective thermal conductivity of random 

powder and fiber systems 

To calculate the effective thermal conductivity of random powder samples, two layers or 

“heat baths” of thickness 𝐵, where the powder material has fixed temperatures 𝑇  and 𝑇 , are 

introduced at the sample faces normal to the axis 𝑂𝑥.  These heat baths are shaded by red and 

green in Fig. 2.15.  The steady-state temperature field in the part of the sample with thickness 

𝐿 − 2𝐵, which is placed between the heat baths and shown blue in Fig. 2.15, is calculated 

numerically based on the SPH method suggested in Section 2.5. 

Once the steady-state temperature distribution is found, the total heat flux 𝑄 through any 

cross section 𝑥 = 𝑐𝑜𝑛𝑠𝑡 of the sample is constant. The heat flux 𝑄 can be calculated, e.g., in the 

form given by Eq. (2.62) as an absolute value of the heat flux |𝑄 | through the boundary 

between either the left or right heat bath and the central part of the sample. Then the effective 

thermal conductivity 𝑘  is calculated based on the Fourier law as 

 𝑄

𝐴
= −𝑘  ∇ 𝑇 , (2.68) 

where 𝐴 = 𝐿 in the 2D case, 𝐴 = 𝐿  in the 3D case, and ∇ 𝑇  is the gradient of the average 

temperature along the axis 𝑂𝑥.  In order to calculate ∇ 𝑇 , a sample is divided into a 1D mesh of 

cells along the 𝑥-direction. The average temperature of each cell 𝑇 ( ) is calculated by taking the 
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mass average of temperatures of all SPH particles belonging to that cell: 𝑇 ( ) = ∑ 𝑚 𝑇 / ∑ 𝑚 .  

Assuming linear distribution of average temperature 𝑇 (𝑥) in a central part of the sample 

between 𝑥 = 𝑥∗ and 𝑥 = 𝐿 − 𝑥∗, the gradient is then calculated as ∇ 𝑇 = [𝑇 (𝐿 − 𝑥∗) −

𝑇 (𝑥∗)]/(𝐿 − 2𝑥∗) as it is illustrated in Fig. 2.15. 

The calculations of the effective thermal conductivity of 2D and 3D random powder 

samples, as well as 3D fiber samples, are performed for SHKH15 steel powders with 𝜌 = 7780 

kg m-3, 𝐶 = 500 J kg-1 K-1, and 𝑘 = 40 W m-1 K-1.  The powder particle radius 𝑅 is equal to 0. 5 

mm. The radius of fiber is 𝑅 = 0.5 mm and length 𝐿 = 10 mm.  The numerical parameters 

take the following values: 𝑇  = 300 K, 𝑇  = 280 K, 𝐿/𝑅 = 16 for 2D powder systems, 𝐿/𝑅 = 8 

for 3D powder systems, 𝐿/𝐿 = 2 for 3D fiber systems, and ℎ = ∆. Values of 𝐵/𝐿 = 0.075 and 

𝑥∗/𝐿 = 0.15 are chosen based on results of preliminary simulations. Values of  𝜂, 𝜒, 𝜎, and Δ 

vary in calculations. 

2.3.4 Thermal transport in 2D random powder systems 

Three 2D samples shown in Fig. 2.16 are generated at 𝜒 = 0.13,  0.2, and 0.49. The 

density parameter is chosen to be at maximum for every random sample and is equal to 𝜂 =

0.81, 0.908, and 1.718 respectively.  It means that every considered sample contains the 

maximum possible number of powder particles.  

 The temperature fields shown in Fig. 2.16 are obtained for Bi = 0.5 at 2𝑅/∆= 201.  One 

can conclude that the temperature field strongly depends on the degree of connectivity, which 

increases with increasing 𝜒. At relatively small 𝜒 (Fig. 2.16(a)), the temperature in a given point 

of the sample strongly depends on the random structure of the sample.  In this case, every 

individual powder particle tends to have nearly homogeneous temperature that is defined, to  
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Figure 2.16. Temperature fields calculated at Bi = 0.5 in 2D random powder samples generated 
with 𝜂 = 0.74, 𝜒 = 0.13 (a), 𝜂 = 0.91, 𝜒 = 0.2 (b), and 𝜂 = 1.72, 𝜒 = 0.49 (c). The calculations 
are performed with 2𝑅/Δ = 201. The black curves enclosing the powder particles are shown only 
to give an idea of interface locations.  In calculations, the positions of interfaces between the 
powder particles are solely defined based on color indices assigned to individual SPH particles. 
 

large extent, by connections of this particle with its neighbors.  At relatively large 𝜒 (Fig. 

2.16(c)), when the degree of porosity is small, even at moderate Bi,  the temperature weakly 
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depends on the random structure of the sample, so that the contour lines of constant temperature 

are roughly straight lines perpendicular to the direction of the imposed temperature gradient. 

 

   

 

 

Figure 2.17. Temperature fields calculated at Bi = 0.5 in 2D random powder samples generated 
with 𝜂 = 0.74 at χ = 0.13 (a), 𝜒 = 0.2 (b), and 𝜒 = 0.49 (c). In panel (d), the effective thermal 
conductivity 𝑘 /𝑘 is plotted as a function of the Biot number Bi for three sampels shown in 
panels (a) (squares, red online), (b) (triangles, green online), and (c) (circles, blue online). The 
dashed lines indicate the values of conductivity 𝑘 /𝑘 calculated at zero contact resistance at 
interfaces between individual powder particles, i.e., at Bi → ∞.  The values correspoding to the 
dashed cuves are obtained based on Eq. (2.16). The symbols correspond to the calculated values, 
while the curves are drawn only to guide the eye. All calculations are performed with 2𝑅/Δ =
201. 
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The effective thermal conductivity 𝑘  as a function of the Biot number is shown in Fig. 

2.17 for three random samples generated with 𝜒 = 0.13, 0.2, and 0.49 at 𝜂 = 0.74. 

Qualitatively, the shape of these curves closely resembles the shape of the curves for the 

effective conductivity of linear chains of grains shown in Fig. 2.13(a). With increasing Biot 

number, the conductivity of random powder samples approaches a limit corresponding to 

infinitely small contact resistance and continuous temperature field at interfaces between grains. 

These limit values equal to 0.14 at 𝜒 = 0.13, 0.22 at 𝜒 = 0.2, and 0.18 at 𝜒 = 0.49 and 

calculated numerically based on Eq. (2.16) are shown by horizontal dashed lines in Fig. 2.17.  At 

Bi ≪ 1, the reduced conductivity 𝑘 /𝑘 varies proportionally to Bi, since in the limit Bi → 0, 𝑘  

becomes independent of 𝑘. In this limit, like in Eq. (2.66), 𝑘 /(𝜎𝑅/2) → 𝑐𝑜𝑛𝑠𝑡.  

  

Figure 2.18. Relative error in the effective thermal conductivity 𝑘  versus inverse inter-particle 
spacing 2𝑅/𝛥 calculated for 2D random powder systems. In panel (a), the results are obtained at 
𝐵𝑖 = 0.5 for three samples shown in Fig. 2.16 and generated with 𝜂 = 0.74 and 𝜒 = 0.13  
(squares, red online), 𝜂 = 0.91 and 𝜒 = 0.2 (triangles, green online), as well as 𝜂 = 1.72  and 
𝜒 = 0.49 (circles, blue online). In panel (b), the results are obtained for the sample shown in Fig. 
2.16(b) generated with 𝜂 = 0.91 and 𝜒 = 0.2 at 𝐵𝑖 = 5 (squared, red online),  𝐵𝑖 = 0.5 
(triangles, green online), and 𝐵𝑖 = 0.005 (circles, blue online).  The symbols correspond to the 
calculated values, while the curves are drawn only to guide the eye. 
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The temperature distributions of powder system at 𝜂 = 0.74, Bi = 0.5 at 𝜒 = 0.13, 𝜒 =

0.2, and 𝜒 = 0.49 are shown in Fig. 2.17(a)-(c) respectively. The plots in Fig. 2.17(d) shows the 

effective thermal conductivity is higher for 𝜒 = 0.2 than for 𝜒 = 0.49. For 𝜒 = 0.49, the density 

parameter for the sample shown in Fig. 2.17(c) is much smaller than the maximum attainable 

density parameter, so the large voids appear in the sample. These voids restrict the paths for heat 

transfer from high- to low-temperature heat bath and result in decreased 𝑘  compared to the case 

of 𝜒 = 0.2.  

The values of effective thermal conductivity calculated for 2𝑅/∆= 401 are taken as the 

master values to find the relative error at smaller values of 2𝑅/∆.  The plots of the relative error 

versus 2𝑅/∆ demostrates essentially first order convergence in all considered cases (Fig. 2.18). 

The magnitude of the error tends to be large with decreasing 𝜒 (Fig. 2.18(a)) and increasing Bi 

(Fig. 2.18(b)). The general trend in variation of the error for random powders is similar to the 

trends illustrated in Fig. 2.14 for the linear chain of grains.  For both systems, the error rapidly 

decreases with decreasing Biot numbers, enabling accurate calculations of the heat transfer with 

2𝑅/∆~10 at Bi ≪ 1.  At the same time, the magnitude of the error for random powder system is 

somewhat higher than that for the linear chain, especially at small 𝜒.  In particular, the 

calculations show that at moderate 𝜒~0.1 and at Bi ≤ 5, the error in the effective thermal 

conductivity of 2D random powder systems is smaller than 1% at 2𝑅/∆≥ 101. 

2.3.5 Thermal transport in 3D random powder systems 

The temperature field in a 3D powder samples generated at 𝜒 = 0.2 and 𝜂 = 0.65 is 

shown in Fig 2.19(a) for Bi = 0.5. Like in the case of 2D powder systems, the value of the 

effective thermal conductivity calculated for this sample at 2𝑅/∆= 401 is taken as the master 
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value to find the relative error at smaller values of 2𝑅/∆.  The calculated values of the error 

shown in Fig. 2.19(b) demostrate super-liner convergence when erros varies as 𝐶(2𝑅/∆) . .  

This result is obtained since in this 3D case the master value of conductivity obtained at 2𝑅/∆=

401 is characterized by larger error compared to 2D case.  It is expected that, if the master value 

would be calculated with 2𝑅/∆ larger than 401, then the relative numerical error will 

demonstrate the first order convergence.  It is worth noting that, although the developed SPH 

method is characterized by increasing errors with increasing spatial dimension of the problem, it 

requires only minor adjustments when the dimension chnages. Practically, to switch from 1D to 

2D and then to 3D problem, in the computaional code just the normalization constant 𝑤  in Eq. 

(2.14) needs to be changed.  

 

 

 

Figure 2.19. Temperature field calculated at Bi = 0.5 in a 3D random powder system generated 
at  𝜂 = 0.65 and 𝜒 = 0.2 (a) and relative error in the effective thermal  conductvity 𝑘  of this 
sample versus inverse inter-particle spacing (b).  In panel (a), the parts of the sample belonging 
to heat baths are not shown. In panel (b), the symbols correspond to the calculated values, while 
the curves are drawn only to guide the eye. 
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2.3.6 Thermal transport in 3D fiber systems  

  

Figure 2.20. Temperature field in 3D random fiber system: (a), 3D view of the computational 
sample obtained with 𝐿 /𝑅 = 10, 𝜂 = 0.312, 𝜒 = 0.2, and 2𝑅 /Δ = 40; (b), cross-sectional 
view of the same sample cut by the plane z = 0. The temperature field is obtained at Bi = 0.5. 
 

The considered fiber samples composed of fibers with the aspect ratio 𝐿 /𝑅 = 20 are 

generated with 𝜂 = 0.312 and 𝐿/𝑅 = 40.  The structure of the random sample generated with 
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𝜒 = 0.2 and temperature filed at the fiber surface calculated at Bi = 0.5 are shown in Fig. 2.20. 

The number of SPH particles in this sample is equal to ~153 × 10   (2𝑅 /∆= 40). The 

numerical error based on master values in this case are not calculated, however, the effective 

conductivity demonstrates only marginal dependence on 2𝑅 /∆ if 2𝑅 /∆> 40. For instance, at 

Bi = 0.5, the calculated value of 𝑘  changes only in ~1.5% when 2𝑅 /∆ increases from 21 to 81 

(Fig. 2.21(a)). The variation of physical parameters much strongly affects the simulations results. 

For example, variation of the overlap parameter 𝜒 from 0.1 to 0.4 results in more than two-fold 

increase of the effective conductivity (Fig. 2.21(b)). This increase is explained mostly by 

increasing the area of thermal contacts between fibers.  

  

Figure 2.21. Effective thermal conductivity of 3D random fiber samples versus inverse inter-
particle spacing 2𝑅/𝛥 at 𝜒 = 0.2 (a) and versus overlap parameter 𝜒 at 2𝑅 /𝛥 = 40 (b). All 
calculations are performed at 𝐿 /𝑅 = 20, 𝜂 = 0.312, 𝜒 = 0.2, 𝐵𝑖 = 0.5. The symbols 
correspond to the calculated values, while the curves are drawn only to guide the eye. 
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2.3.7 Thermal transport in a carbon nanotube-polymer composite material 

As the final step in validation of the developed method, it is applied to a problem, where 

individual fiber-like particles are immersed into a surrounding medium. For this purpose, 

consider thermal transport and calculate effective conductivity of CNT nanocomposite material 

with a polymer matrix under conditions previously solved in Ref. [59]. The calculations of the 

thermal conductivity of the CNT-polymer nanocomposites are performed with the off-lattice 

random walk Monte Carlo method. The conditions of these simulations, including structural 

parameters of the in silico generated material sample and physical properties of CNTs and 

polymer matrix material are chosen to match the corresponding parameters of samples 

considered in Ref. [59] as close as possible. At the same time, since the samples have random 

structures and ensemble averaging is not performed, the results of these simulations are expected 

to be somewhat different from the results reported in Ref. [59].  

The random distribution of CNTs is generated based on the approach previously used to 

generate fiber samples in Section 2.3.6 with 𝜒 = −2ℎ to ensure no overlap and direct heat 

transfer between individual nanotubes. Periodic boundary conditions are applied in all directions 

perpendicular to the applied temperature gradient (𝑥-direction in Fig. 2.22). The single-walled 

nanotubes are considered as solid spherocylinders with the cross-sectional area 𝜋𝑅  (𝑅  is the 

CNT radius). The SPH particles are assumed to be placed in nodes of a Cartesian mesh of cubic 

cells. All SPH particles placed inside spherocylinders corresponding to the generated CNTs are 

assumed to represent the CNT material. All remaining SPH particles represent the polymer 

matrix. 

In Ref. [59], the individual CNTs have infinitely large intrinsic thermal conductivity. In 

this limit, every individual CNT is isothermal. This assumption is justified by the fact that the 
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conductivity of CNTs is two-three orders of magnitude higher than the conductivity of a polymer 

matrix. To reproduce this assumption in the simulations, an additional temperature 

homogenization procedure applied at the end of every time step is added. During this 

homogenization, mass-average temperature is calculated for every individual CNT and assign 

this temperature to all SPH particles belonging to this CNTs. It effectively makes every CNTs 

isothermal in the steady state. Other details of the computation setup for calculations of the 

effective thermal conductivity is exactly the same as in the case of 3D powder and fiber systems 

considered in Sections 4.5 and 4.6. 

  

Figure 2.22. Temperature field in 3D CNT-PMMA nanocomposite sample. Panel (a) illustrates 
the whole sample with  the temperature field at the faces of the considered cubic material 
sample, while panel (b) shows the same sample where all matrix material is blanked and 
nanotube material is colored according to its local temperature. The sample of size 192 × 192 ×
192 nm3 contains 389 CNTs of radius 𝑅 =1.2 nm and length 𝐿 = 96 nm. The heat transfer 
problem is solved at 𝐵𝑖 = 83.1. 

 

For comparison the sample generated in Ref. [59] is chosen, which consists of 55 

randomly oriented CNTs of radius 𝑅 = 1.2 nm and length of 96 nm with dimensions of 

100 × 100 × 100 nm3. In the simulations, the computational domain size is increased to 
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192 × 192 × 192 nm3 and, correspondingly, number of CNTs is increased to 389. Every 

spherocylinders representing a CNT has a length 𝐿  of cylindrical part equal to 93.6 nm to make 

the total spherocylinder length equal to CNT length considered in Ref. [59].  The matrix material 

is PPMA with density 𝜌  = 1190 kg m-3, specific heat 𝐶  = 1470 J kg-1 K-1, and thermal 

conductivity 𝑘  = 0.21 W m-1 K-1 [59]. The linear density of each CNT is 𝜌 = 2𝜋𝑅 𝑛 𝑚 , 

where 𝑛 ≈ 38.1 nm-2 [112] is the number density of carbon atoms on the surface of a single-

walled CNT and 𝑚 = 12 Da is the mass of a carbon atom. The simulations results do not 

depend on the adopted thermal conductivity and specific heat of CNTs, so values of 𝑘 =

1000 W m-1 K-1 and 𝐶 = 1000 J kg-1 K-1 are used in simulations. The numerical simulations 

are performed with h = ∆, 2𝑅 /∆= 10, and 𝐵/𝐿  = 0.3.  Then the generated sample includes 

~12 × 10  SPH particles representing CNTs and ~500 × 10  particles representing the matrix 

material. The structure of CNTs in the generated sample is shown in Fig. 2.22(b). 

Like Ref. [59], the thermal transport problem is solved with various values of CNT-

PPMA contact conductance equal to 𝜎 = 18.2 MW m-2 K-1, 181.8 MW m-2 K-1, and 454.5 MW 

m-2 K-1. They correspond to the values of the Biot number based on the matrix conductivity, 

Bi = 𝜎(𝐿 + 2𝑅 )/𝑘 ,  is equal to 8.31, 83.1, 207.8.  Thus, under conditions of thermal 

transport in typical CNT-polymer nanocomposites, the heat transfer between CNTs and polymer 

occurs in a transitional regime where both conduction in the matrix material and contact 

conduction at CNT-matrix interfaces are important. The temperature field obtained at Bi = 83.1 

at faces of the simulations box is shown in Fig. 2.22(a), while Fig. 2.22(b) illustrates the 

temperature field only in the nanotube material. 

The calculated values of the reduced effective conductivity 𝑘 /𝑘  obtained in this work 

are compared with the results obtained in Ref. [59] in Fig. 2.23. This comparison reveals decent 
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agreement between these two series in simulations. In particular, at Bi = 83.1, the simulations 

predict the value of 𝑘 /𝑘  which is only 4% larger than the value obtained in Ref. [59]. 

 

Figure 2.23. Effective thermal conductivity of CNT-PMMA composite 𝑘 /𝑘  as a function of 
Biot number Bi obtained in Ref. [59] based on the off-lattice random walk Monte Carlo method 
(squares, red online) and in this work based on the developed SPH method (triangles, green 
online). The values shown by triangles are calculated for the sample shown in Fig. 2.22. The 
symbols correspond to the calculated values, while the curves are drawn only to guide the eye. 

 

Contrary to the simulation approach developed in Ref. [59], the SPH method considered 

in the present work can be easily applied in the case of finite intrinsic conductivity of individual 

CNTs. For this purpose, the conductivity 𝑘  of SPH particles associated with the nanotube 

material is defined from the equation 2𝜋𝑅 𝛿 𝑘 = 𝜋𝑅 𝑘 , where 𝛿 = 0.34 nm is the 

equilibrium inter-layer thickness in graphene usually used as the effective thickness of a CNT 

wall and 𝑘 = 1000 W m-1K-1 is the typical nanotube thermal conductivity, e.g., [113].  Then, 

in calculations at Bi = 83.1, the effective conductivity is only 1.7% smaller than 𝑘  previously 

calculated in this work based on the model with infinitely large intrinsic conductivity of 

nanotubes. Although this result suggests only marginal effect of finite intrinsic conductivity of 

CNTs, it is likely to be obtained only because the length of individual CNT is relatively small in 
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the considered sample. The effect of the intrinsic conductivity is expected to become more 

important with increasing length of nanotubes [114]. 
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CHAPTER 3  
 

COMBINED SMOOTHED PARTICLE HYDRODYNAMICS - RAY TRACING 
METHOD FOR MODELING OF LASER PROCESSING OF METALS 

 

3.1 Combining the smoothed particle hydrodynamics (SPH) and ray tracing (RT) methods 

3.1.1 SPH method to calculate the surface normal 

The surface normal, 𝒏 , for each SPH particle 𝑖 is calculated following the method 

described in Refs. [106,107] which is based on the continuous surface force (CSF) method [105], 

 
𝒏 =

∇𝐶

|∇𝐶 |
 , (3.1) 

 where ∇𝐶  is the gradient of a color index 𝐶  of particle 𝑖 belonging to phase 𝑘 which has a unit 

jump across the interface. The gradient of the color function is calculated as  

 
∇C =

1

𝑉
𝑉 𝐶 + 𝑉 𝐶 ∇ 𝑊 , (3.2) 

where 𝑉  is the volume and 𝐶  (𝑘 = 1, … , 𝑁) is a set of color indices assigned to SPH particle 𝑖, 

such that 𝐶 = 1 if particle 𝑖 belongs to phase 𝑘 and 𝐶 = 0 otherwise [106].
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Figure. 3.1. A semi-circle divided into (a) SPH particles and (b) linear elements. In (a) the SPH 
elements which are close to the surface are directly used as surface elements and the red circle 
represents the support domain of SPH particles. Number of SPH particles and linear elements 
shown here is only for demonstration, much larger numbers are used in real calculations. 

 

To combine the RT method with SPH method, the surface normal should be calculated 

accurately. For the characterization of error in the test cases, the ray tracing in the target body is 

done by two approaches. The first one is the study case where the target body is divided into 

number of SPH particles for which the calculated surface normal is 𝒏. The second case is the 

reference case in which the surface of the target body is divided into number of linear elements 

and the surface normal, 𝒏 , of such linear elements are calculated analytically. Fig. 3.1 shows 

the representation of surface by SPH particles and the linear elements. Simple geometries are 

taken in test cases for which the surface normal can be accurately calculated, for examples 2D 

cylinders, spheres, and inclined straight surfaces. Then the error in the ray tracing is 

characterized as the absolute error in the angle of surface normal in degrees, 

 𝜀 = cos 𝒏 ∙ 𝒏 , (3.3) 

where 𝒏  is the surface normal calculated in SPH particles and 𝒏  is the corresponding 

accurate surface normal vector. 
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3.1.2 Ray tracing method 

The propagation of radiation is simulated based on the ray tracing method, when the 

radiation is represented by a number of discrete rays or energy packets that travel in space and 

scattered and attenuated at surface elements that represent pieces of the interphase boundaries or 

inside the volume of the medium. The main objective is to use SPH particles as the surface 

elements without any surface reconstruction. The RT method is used in a case of non-

participating medium, assuming that individual rays are scattered and attenuated only due to 

reflections from the SPH particles with |𝛻𝐶 | ≠ 0, which are located in the vicinity of the liquid-

vapor interface. Fig. 3.2 shows a simple sketch of attenuation of laser beam from a SPH particle. 

 

Figure 3.2. Sketch illustrating the scattering of a ray on a single SPH particle. 

 

The incident radiation is divided into a number of rays. Considering the source of 

radiation to be laser beam, each ray 𝑘 is associated with a part ∆𝐴  of the beam area and 
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transfers power ∆𝑄 , which is initially equal to the incident laser power 𝐼(𝑟 )∆𝐴  corresponding 

to area ∆𝐴 , where 𝐼(𝑟) is the laser intensity and 𝑟  is the initial distance of ray 𝑘 from the beam 

center. When ray 𝑘 crosses the support domain of SPH particle, 𝑖, the part of its energy  

 ∆𝐸 = 𝛼 (𝜃 )∆𝑄  (3.4) 

is assumed to be absorbed by that particle, where 𝛼 (𝜃 ) is the absorptivity coefficient of SPH 

particle 𝑖, which depends on the angle of incidence 𝜃  of ray 𝑘. The attenuated ray with energy 

∆𝑄 = ∆𝑄 − ∆𝐸  is reflected from the boundary of the support domain of SPH particle 𝑖 

following the law of specular reflection,  

 𝒅′ = 𝒅 − 2 𝒅 ∙ 𝒏 𝒏 , (3.5) 

where 𝒏  is the unit normal to the liquid-vapor interface associated with SPH particle 𝑖, 𝒅  and 

𝒅′  are the unit vectors defining the direction of propagation of ray 𝑘 before and after reflection, 

and 𝒅 ∙ 𝒏 = cos 𝜃 . The intersection between ray and SPH particle 𝑖 occurs at the boundary 

of support domain, 2ℎ (Fig. 3.2). The ray is traced until its energy ∆𝑄  falls below some 

threshold value or it escapes the system. The total laser power ∆𝐸  absorbed by SPH particle 𝑖 is 

calculated by summation of ∆𝐸  given by Eq. (3.4) for all rays that are incident to the particle. 

The absorptivity of the target material is described by Fresnel equations. For a light beam 

falling on the material interface at an incident angle 𝜃, the absorptivity is equal to [115] 

 

𝛼 (𝜃) = 1 −
cos𝜃 − (𝑛 − sin 𝜃)

cos𝜃 + (𝑛 − sin 𝜃)
, (3.6) 

 
𝛼 (𝜃) = 1 −

𝑛 cos𝜃 − (𝑛 − sin 𝜃) /

𝑛 cos𝜃 + (𝑛 − sin 𝜃) /
, (3.7) 

where the subscripts “S” and “P” denote values obtained when the electric field is either 

perpendicular (S) or parallel (P) to the plane of incidence, and 𝑛 is the complex index of 
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refraction of the target material which includes the refractive index and extinction coefficient. In 

this work, following to common approach, when the polarization of the incident radiation is 

unknown, the laser radiation is assumed to be circularly polarized and absorptivity is assumed to 

be equal to an average of 𝛼 (𝜃) and 𝛼 (𝜃): 

 
𝛼 (𝜃) =

1

2
[𝛼 (𝜃) + 𝛼 (𝜃)]. (3.8) 

 

3.1.3 Improving the accuracy of surface normal 𝒏 calculated using SPH method 

The accuracy of the RT method is highly sensitive to calculation of 𝒏. It has direct impact 

on scattering of rays after attenuation, Eq. (3.5). Moreover, it also has effect on the correct 

absorption of radiation by SPH particle, Eq. (3.4) as the absorptivity of radiation by a metal 

target depends on angle of incidence of ray with surface. The accuracy of angle of incidence is 

completely dependent on 𝒏.  

In the SPH method, it is common practice to arrange SPH particles in Cartesian mesh of 

cubic cells of size ∆. This distribution can only accurately represent straight surface parallel to 

𝑥 −, or 𝑦 − axis of Cartesian coordinates system. Even the straight surface but not parallel to 

these axes have “staircase steps” like distribution of SPH particles representing the surface. On 

the other hand, generally the smoothing length close to the size of ∆ is used in SPH calculations. 

For such support domain size, the shape of the interface or surface cannot be accurately captured 

by Eq. (3.2) and leads to the error in the calculation of surface normal [116]. The straightforward 

remedy to this problem is the distribution of SPH particles to smoothly represent the surface, for 

example arranging SPH particles in cylindrical co-ordinates to represent cylinder, and in 

spherical coordinates to represent spheres. However, it is not easy to smoothly distribute SPH 

particles in complex or irregular shaped surfaces. In addition, for a robust system, a general 
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approach needs to be developed which can be used for any geometrical shapes. Thus, the study is 

further continued to find a method which can reduce the errors with general and easiest approach 

of distribution of SPH particles which is arranging them in Cartesian mesh with cubic cells. 

Another solution to reduce the error is the smoothing of surface normal by global 

averaging method which is to recalculate the surface normal from already calculated normal in 

an iterative manner. The averaging of gradient of color function is done iteratively as below, 

 
∇𝐶′ =

∑ 𝑉 ∇𝐶 𝑊

∑ 𝑉 𝑊
, (3.9a) 

 ∇𝐶 = ∇𝐶′  (3.9b) 

where 𝑖 ∈ 𝑗 for 𝑛 iterations. This method is similar to the correction equation suggested in Ref. 

[116] which is equivalent to Eq. (3.9) if 𝑛 = 1. The approximation is found to be better when 

𝑛 = 1 [116] with errors in 𝒏 still sufficiently large, and can be further improved with increasing 

value of 𝑛. One major problem with this iterative method is it is highly computationally 

expensive in parallelized simulation. The information of surface normal needs to be passed 

through multiple subdomains at each iteration. So, this method fails the requirement of having a 

method which can be applied to large scale parallel simulations. 

These two alternatives despite of having capability to improve the approximation cannot 

be used in an efficient and robust SPH method. The use of smaller ∆ cannot significantly 

improve the calculation as ℎ is directly related to ∆. However, the result can be improved if ℎ is 

made larger. With larger support domain, each SPH particle can interact with larger number of 

neighboring SPH particles and can better capture the surface topology but increase in ℎ increases 

the computational time significantly.  

Thus, a method is proposed which is here called as local increment of support domain of 

surface SPH particles. In this method, the support domain of only those SPH particles are 
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increased which represent the surface. It is easy to identify the SPH particles which forms the 

surface. SPH particles which have ∇𝐶 ≠ 0, from Eq. (3.2) lie at or close to the surface. So, first 

∇𝐶  is calculated for ℎ ≅ ∆ using Eq. (3.2) and then the support domain of SPH particles with 

non-zero ∇𝐶  is increased and the normal is recalculated using the same Eq. (3.2). After studying 

the improvement in accuracy with increasing support domain (Section 3.2.1), it is found that the 

acceptable range of accuracy is obtained when the local increment of support domain is done by 

8 times, i.e. ℎ = 8∆. This local increment in support domain is adopted in all the results 

presented in this paper. All these four methods are applied in the test case in Section 3.1.1 and 

the errors are quantified from each method. 

3.2 Test simulations of radiation propagation, scattering, and absorption with the 

combined SPH-RT method 

3.2.1 Radiation scattering by a single cylinder 

In this test case, the 2D cylinder which is a circle is divided into SPH particles, 𝑖, placed 

in the nodes of a Cartesian mesh with square cells of size ∆. The unit vector normal to the 

surface is calculated for each SPH particles using Eq. (3.2). The rays of size 𝐷  is made to fall on 

the circle in vertically downward direction. The distribution of ray scattering after coming into 

the contact of SPH particles is studied. For the comparison, the accurate surface normal of the 

circle, 𝒏 , is calculated by dividing the circle into sufficiently small linear elements and the 

distribution of rays scattered in this case is taken as the accurate solution. The error is calculated 

using Eq. (3.3). The diameter of the circle and the size of the ray beam are equal, 𝐷 = 𝐷 = 0.1 

mm. 
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Figure 3.3. Ray scattered after reflection from 2D cylinder, vectors showing calculated surface normal, 
and aboslute errors in surface normal in SPH particles arranged in (a) Cartesian mesh, (b) cylindrical co-
ordinates, and (c) Cartesian mesh with global averaging method repectively. Green rays show the 
incident rays and red rays show the reflected rays. 

 

For the calculation of unit vectors normal to the surface, 𝒏 , the commonly used method 

in SPH is used which is based on the gradient of color function ∇𝐶  given by Eq. (3.2). The 
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calculations are done for ℎ = ∆ = 0.33 μm, and the beam is divided into 1000 rays. The cylinder 

is assumed to be completely reflective, i.e. absorptivity 𝛼 = 0. This is done because in this 

section the interest in only in the distribution of reflected rays. Fig. 3.3(a) shows the scattering of 

rays, the calculated unit vectors normal to surface, and error in the angle of surface normal. The 

position of SPH particles in bottom row of Fig. 3.3 are the angles measured from horizontal 

plane (parallel to 𝑥- direction) in the counterclockwise direction.  

 

 

Figure 3.4. Ray tracing in 2D cylinder where the surface is represented by (a) SPH particles with 
support domain ℎ/∆= 8 and (b) linear elements. Green rays show the incident rays and red rays 
show the reflected rays. 

 

The distribution of rays in Fig. 3.3(a) is found to be localized at seven certain angles. 

This result is supported by distribution of surface normal where it can be seen that the orientation 

of most of the surface normal is at these seven angles with horizontal. This is due to the fact that 

the normal is calculated based on the size of the support domain. For ℎ = ∆, the distribution of 
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SPH particles have huge effect in the calculation of surface normal. Since the SPH particles are 

distributed in a square mesh, the curvature of circle is not accurately captured. The curvature is 

non homogenous, where the curvature is straight in some places and has “staircase steps” like 

structure in others. This effect does not vanish with decrease in value of ∆ as ℎ is dependent on 

∆. So even with decrease in ∆, the 𝜀  remain similar and have large magnitudes which are as 

large as 43°. 

 

Figure 3.5. Absolute errors in calculated surface normal with support domain sizes of (a) ℎ/∆=
2, (b) ℎ/∆= 4, (c) ℎ/∆= 8, and (d) ℎ/∆= 16.  
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The second approach discussed in Section 3.1.3 is to distribute SPH particles such that 

the smooth surface topology can be represented. In circle this surface reconstruction can be 

easily achieved by distributing SPH particles in cylindrical co-ordinates as shown in Fig. 3.3(b). 

In this case, the calculated unit normal are homogenous with errors up to 0.62°. The accuracy 

significantly increases but as discussed in Section 3.1.3, the specific distribution of SPH particles 

in any surface shape is very difficult task. 

The third approach is the global averaging method (Section 2.3). Fig. 3.3(c) show the 

results obtained for global averaging method at 𝑛 = 16. The errors 𝜀  is highly reduced where 

the maximum error is around 9° and most of the errors are below 4°. The errors further decrease 

with increasing 𝑛, but the global averaging method is highly computationally expensive in 

parallelized simulation. 

The final approach in Section 2.3 is to use the local increment of support domain of SPH 

particles representing the surface. The distribution of rays after interacting with SPH particles 

with local increment of support domain, ℎ = 8∆, forming a 2D cylinder matches closely with 

that of case with linear elements (Fig. 3.4). Fig. 3.5 shows the errors for four different support 

domain sizes of (a) ℎ = 2∆, (b) ℎ = 4∆, (c) ℎ = 8∆, and (d) ℎ = 16∆. The errors decrease with 

increasing support domain size where most of the errors are below 10° at ℎ = 2∆, 5° at ℎ = 4∆, 

1° at ℎ = 8∆, and 0.4° at ℎ = 16∆. The reason is with larger ℎ, larger number of SPH particles 

take part in calculations of surface normal which can better capture the surface topology. There 

is negligible compromise in the computational expense in both serial and parallelized 

computation. Thus, the method of local increment of support domain of SPH particles close to 

the surface is used in all the following sections. 
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3.2.2 Radiation scattering by a single sphere 

The method of local increment of support domain is applied in sphere. The calculations 

method is identical to that of cylinder where the SPH particles are distributed in Cartesian mesh 

of cube cells of size ∆. Similar to cylinder case, 𝐷 = 𝐷 = 0.1 mm.  The calculation is done for 

ℎ = ∆ = 0.33 μm except the SPH particles close to the surface where ℎ = 8∆. Fig. 3.6(a) shows 

the rays distribution of reflected rays. Fig 3.6(b) shows the errors in surface normal which is 

below 0.55° where θ and ϕ are spherical co-ordinates of surface SPH particles. The error is 

calculated using Eq. (3.3). For n acc, the surface of sphere is divided into sufficiently small 

triangular surface elements. 

 

Figure 3.6. Ray tracing in sphere: (a) scattering of rays after reflection from sphere, (b) absolute 
errors in calculation of surface normal. Green rays show the incident rays and red rays show the 
reflected rays. 
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3.2.3 Radiation propagation in 2D and 3D high-aspect-ratio cavities 

The ray tracing becomes significant in the cavities where multiple reflections of rays are 

observed. To investigate the accuracy, the test cases of conical cavities are taken and results from 

combination of SPH and RT methods with and without local increment of support domains of 

SPH particles representing surfaces are observed and compared. In 2D and 3D cases, the sample 

is a square and cube of size 0.4 mm respectively. Each sample has a conical cavity of height 0.39 

mm and vertex with angle of 45°. The SPH particles are distributes in Cartesian mesh of square 

cells in 2D and cubic cells in 3D of size ∆ = 1 μm. The planar beam of size 0.2 mm is used in  

  

Figure 3.7. Ray tracing in 2D triangular cavity with (a) ℎ/∆= 1 and (b) ℎ/∆= 8 for SPH 
paticles at the surface. Green rays show the incident rays and red rays show the reflected rays. 

 

2D case which is divided into 100 rays each carrying 2 J energy. In 3D, the cylindrical 

beam of diameter 0.2 mm is taken which is divided into 7854 rays each carrying 2 J of energy. 

The absorptivity of sample is taken as 1% so that the ray tracing stops after the energy of ray  
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Figure 3.8. Ray tracing in 3D conical cavity with (a) ℎ/∆= 1 and (b) ℎ = 8∆ for SPH paticles at 
the surface. Green rays show the incident rays and red rays show the reflected rays. Panel (c) and 
(d) are contours of absolute errors in calculated surface normal at ℎ/∆= 1 and ℎ = 8∆ for SPH 
particles at the surface. 
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drops below 10-6 J. This is necessary because in accurate conditions for conical cavity the 

focusing of ray is observed approaching the vertex, but at the same time allows large number of 

reflections of rays. The number of rays is taken small so that the propagation of rays can be 

observed in the result. The analysis of error is not dependent on the number of rays but on the 

calculations of unit vectors normal to the surface. 

Fig. 3.7 shows the distribution of rays falling vertically downward in the triangular 

cavity. Fig. 3.7(a) shows the scattering of ray where the support domain of surface SPH particles 

are not increased while Fig. 3.7(b) shows the scattering of ray when the local increment of 

support domain is done by eight times. The errors are colored in the walls of the cone. In Fig 

3.7(a), almost all the rays leave the cavity after multiple reflections as the errors in the 

calculation of surface normal is up to 22.5°. Whereas, focusing of rays towards the vertex is 

observed in Fig. 3.7(b) as the errors are only up to 0.5°. Thus, the method is found to produce 

accurate propagation of rays in 2D triangular cavity. 

The results are consistent in 3D case compared to 2D case where the errors are highly 

reduced when the support domain of SPH particles representing the surface is increased. Similar 

to 2D case, the rays are dispersed when the local increment of support domain is not done (Fig. 

3.8(a)) and focusing of rays towards the vertex of cone is observed with increment in the support 

domain (Fig. 3.8(b)). The maximum error of 39.9° when the local increment is not done is 

reduced to 0.55° with local increment of support domain. The contour plots of errors for both the 

cases are shown in Fig. 3.8(c) and (d), where x-axis represents the cylindrical angle in the xy-

plane measured from horizontal plane parallel to the x-axis in counterclockwise direction. 



86 
 

3.2.4 Radiation propagation and absorption in 2D random powder bed 

The random samples composed of cylindrical powders in a 2D domain and spherical 

powders in a 3D domain are generated by an acceptance-rejection algorithm identical to Section 

2.3.2. Two samples of random powder beds with domain of size 𝐿 × 𝐵 is generated containing 

mono-sized cylindrical powders of size 𝑅. Periodic boundary conditions are applied along x-

direction. The powders are divided into SPH particles distributed in Cartesian mesh of square 

cells of size ∆. The local increment of support domain is done for all the SPH particles close to 

the surface, ℎ = 8∆, while for all other SPH particles ℎ = ∆ and the discretization of SPH 

particles is at 𝑅/∆= 75. The radiation propagation is compared with the system where every 

powder is represented by circles of radius 𝑅 and the surface normal at any point in the 

circumference is calculated analytically. This system is referred to as accurate system in this 

section. 

The first sample has a square domain with 𝐿/𝑅 = 𝐵/𝑅 = 16 and volume fraction, 𝑓 =

0.43. 𝑓 is defined as the ratio of total volume of powders to the volume of the domain size. Then 

the planar beam of size 𝐷 /𝑅 = 15 is made to fall on the sample from the top as shown in Fig. 

3.9(a). The beam is divided into 20000 rays. The absorptivity of the powders is taken as 𝛼 = 0, 

so that all the rays exit the system after multiple reflections. The number of rays leaving the 

systems are compared with accurate system and is plotted versus exiting angle (Fig. 3.9(c)). 

Exiting angle is the angle between the rays exiting the system and positive y-axis. Separate 

curves are plotted for rays exiting from top and bottom of the system. The positive sign 

represents the rays which have positive x and y-components of normal vector, and negative sign 

represents rays with negative x and positive y component of unit normal vector for the rays 

exiting from top surface. For rays exiting from bottom surface, positive sign is for the unit 
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normal vector having positive x and negative y component, and negative sign represents rays 

with negative x and y components of unit normal vector. Comparing the results from SPH 

method and accurate system in Fig. 3.9(c), close match is found in the number of rays. The 

difference in curves can be attributed to small sample size which have larger effect of errors in 

calculation of surface normal as rays undergo large number of multiple reflections. 

 

Figure 3.9. Ray tracing in 2D random powder system in (a) small sample size with 𝑓 = 0.43, 
and (b) large sample with 𝑓 = 0.44. Both samples have mono-sized powders of identical 
diameters. Panels (c) and (d) are the plots of number of rays leaving the system from top and 
bottom boundaries in small and large sample respectively compared with the system where the 
surface normal is accurately calculated. 
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Thus, to see if the agreement gets better for larger sample, second sample larger than 

previous sample is taken with domain of size 𝐿/𝑅 = 64, and 𝐵/𝑅 = 96 with 𝑓 = 0.44. The 

powder size remains the same. Again in this sample, the planar beam of size 𝐷 /𝑅 = 95 is made 

to fall on the sample as shown in Fig. 3.9(b). Fig. 3.9(d) shows very close agreement in the 

number and angle of rays exiting the system from both bottom and top boundaries. In both the 

samples the number of rays exiting from the top boundary is much larger than the bottom 

boundary as only few rays can penetrate the whole system. The penetration depth of rays in the 

random powder systems is studied in following section. 

3.2.5 Radiation propagation and absorption in 3D random powder bed 

The larger sample from the previous system is taken for the study of penetration depth. 

The penetration depth, 𝜆, is defined as the depth up to where the laser ray can propagate before 

all the radiation energy is absorbed or radiation energy drops below some threshold value which 

is considered as 1% of its initial intensity. Again, the result from SPH method is compared with 

that of accurate system. The source of radiation is taken as flat-top laser beam with constant laser 

intensity, 𝐼, throughout the laser beam spot size, 𝐷 . The laser beam of size 𝐷 /𝑅 = 95 is taken. 

The laser power of such planar beam is calculated as 

 𝑃 = 𝐼𝐷 . (3.10) 

The intensity of laser is taken as 105.26 W m-2 so that 𝑃 = 10000 W m-1. The powders are 

considered to be 316L stainless steel whose material and optical properties are given in Table 1. 

The absorptivity is calculated using Fresnel equation. 

The laser beam is divided into 100000 rays. The propagation of laser rays is in vertically 

downward direction into the powder system (Fig. 3.10(a)). Fig. 3.10(a) only shows a part of 
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sample for clear visualization. The total absorbed energy flux or laser power is 5820 W m-1 

where remaining energy flux, 4180 W m-1 is reflected out of the system. The penetration is found 

to be only up to around 𝜆/𝑅 = 9. The laser radiation absorbed at different depth matches well 

with that of accurate system as observed in Fig. 3.10(b). 

 

Figure 3.10. (a) Ray tracing in 2D random system containing mono-sized 316L stainless steel 
powders at 𝑓 =  0.44 (only a part of whole system shown here), (b) absrobed energy versus 
powder depth compared with the system where the surface normal is accurately calculated, (c) 
ray tracing in 3D radom system containing mono-sized 316L stainless steel powders at 𝑓 =  
0.35, and (d) absrobed energy versus powder depth compared with the system where the surface 
normal is accurately calculated. 
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For the 3D system, a sample of random powder bed with domain of size 𝐿 × 𝐵 × 𝐻 is generated 

with powders of radius 𝑅. The size of domain is 𝐿/𝑅 = 𝐵/𝑅 = 64, 𝐻/𝑅 = 32 with 𝑓 = 0.35.  

Similar to 2D case, the cylindrical flat-top laser beam is taken with spot diameter 𝐷 /𝑅 = 63 

and 𝐼 = 0.16 W m-2. The laser power is then 𝑃 = 𝐼𝜋𝐷 /4 = 494.8 W. The laser beam is divided 

into 126000 rays and propagated into 3D random system containing 316L stainless steel powders 

(Fig. 3.10(c)). The absorptivity is calculated using Fresnel equation where the laser beam of 

wavelength of 10.6 μm is used. A laser energy flux of 144.49 W is reflected out of the system, 

and remaining energy could penetrate to 𝜆/𝑅 ≅ 10. The distribution of absorbed energy flux at 

different penetration depths matches well with that of accurate system (Fig. 3.10(d)). 

3.2.6 Radiation penetration depth in 316L stainless steel powder bed 

The developed approach is used in order to predict the laser radiation absorption by a 

316L stainless steel powder composed of particles with random distribution of particle diameters 

typical for steel powders used for selective laser melting and powder bed additive manufacturing.  

As an input for the sample preparation, the differential volume of particles of various sizes (red 

squares in Fig. 3.11(a)) measured for 17-4 stainless steel particles in Ref. [117] is used. The 

diameters 𝐷(0.1) = 24.4 μm ± 0.6 μm and 𝐷(0.9) = 54.5 μm ± 0.8 μm (here 𝐷(𝛼) is such 

diameter of particles that the volume fraction of particles with diameters 𝐷 < 𝐷(𝛼) is equal to 𝛼) 

measured in in Ref. [117] agree well with diameters 𝐷(0.1) = 25 μm and 𝐷(0.9) = 56 μm 

measured in Ref. [118] for 316L stainless steel powder.  The experimental values of the 

differential volume are transformed into the values of the number probability density function 

(PDF) 𝑓 (𝐷) of particle diameter (∫ 𝑓 (𝐷)𝑑𝐷 is equal to the fraction of the number of powder 

particles with random diameters smaller than 𝐷; red squares in Fig. 3.11(b)).  It was suggested in  
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Figure 3.11. (a) Differential volume of powder particles versus particle diamter 𝐷 according to 
experimental data of  Ref. [117] (red squares) and calculated based on Eq. (3.11) (green circles); 
(b) Number probability density function (PDF) of powder particle diameters calculated based on 
experimental data of Ref. [117] (red squares) and Weibull distribution in Eq. (3.11) (green 
curve); (c), initial powder sample with particle volume fraction 𝑓 = 0.2; and (d), powder sample 
with 𝑓 = 0.63 obtained after compacting the powder sample shown in panel (c).  In panels (c) 
and (d), individual powder particles are colored acording to the particle diameter 𝐷.  The random 
diamter of each particle is generated based on Eq. (3.11).  

Eq. 
(3.11) 

Ref. 
[117] 

Eq. (3.11) 

Ref. [117] 
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multiple works, e.g., [119], to approximate the PDF of powder particle size distribution by the 

shifted Weibull distribution, which can be written in the form 

 
𝑓 (𝐷) =

𝑘

𝜆

𝐷 − 𝐷

𝜆
exp −

𝐷 − 𝐷

𝜆
, (3.11) 

where 𝐷 ≥ 𝐷 , and 𝐷 , 𝜆, and 𝑘 are the parameters of the distribution.  Since there were no 

particles with 𝐷 < 17 µm in the experimental sample of Ref. [117], it is assumed that 𝐷 = 17 

µm.  Then values of parameters 𝜆 = 16.62 µm and 𝑘 = 1.81 smaller are found by the least 

square fitting of the PDF in Eq. (3.11) to the experimental data points in Fig. 3.11(b).   The 

obtained number PDF of particle diameters is shown by the green curve in Fig. 3.11(b).  Finally, 

these PDF is used to predict the differential volume of various fraction of particles. The values of 

the differential volume predicted based on Eq. (3.11) are shown by green circles in Fig. 3.11(a). 

The obtained number PDF is used to generate a powder sample with random particle 

diameters and positions.  The acceptance-rejection method is used to randomly distribute non-

overlapping spherical particles at a volume fraction of 𝑓 = 0.2 (Fig. 3.11(c)). The periodic 

boundary conditions are applied in the plane normal to the vertical direction in Fig. 3.11(c).   

This sample has dimensions of 400 µm × 400 µm × 1200 µm and consists of 2703 particles.  

Finally, this sample is compacted by doing granular gas dynamics simulations based on an in-

house computation code that implements the force field with both Hertzian elastic contact forces 

and dissipative forces suggested in Ref. [120].  To compact the powder, a uniform external 

(gravity) field is applied in the vertical direction in Fig. 3.11(c). The final state of the sample 

compacted to the volume fraction of 𝑓 = 0.63 is shown in (Fig. 3.11(d)). In addition, the degree 

of the sample compactness is further tried to increase by applying harmonic vibrations to 

substrate that constrains the particle motion from the bottom. It is found, however, that such 
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acoustic excitation only marginally increases the volume fraction in the in silico generated 

sample. 

The cylindrical flat-top laser beam is taken with spot diameter 𝐷 = 400 µm and 𝐼 =

2.5 × 10  W m-2 which is equivalent to the laser power of 𝑃 = 𝐼𝜋𝐷 /4 = 314.16 W. The laser 

beam is allowed to fall into the sample along negative z-axis (Fig. 3.12(a)). The powders have 

the material properties of 316L stainless steel and the absorptivity is calculated using Fresnel 

equation where the laser beam of wavelength of 10.6 μm is used. Only 153.2 W of energy flux is 

absorbed by the powder sample and the rest is reflected outside of the powder sample (Fig. 

3.12(b)). The penetration is calculated to be 𝜆 = 18.53 µm. This penetration depth is much 

smaller compared to the random powder systems in previous section due to smaller gap between 

the powders. 

  

Figure 3.12. (a) Ray tracing in 3D powder system (b) absorbed energy versus powder depth 
compared with the system with the system where the surface normal is accurately calculated. 
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CHAPTER 4  
 

DEEP DRILLING OF METAL TARGETS WITH CONTINUOUS WAVE LASERS 
 

4.1 SPH method for two-phase solid-liquid flows with phase changes 

4.1.1 Model of laser radiation and interfacial effects 

In simulations, a three-dimensional (3D) metal workpiece of size 𝐿 × 𝑊 × 𝐻 along 𝑥, 𝑦, 

and 𝑧 directions in Cartesian coordinates (Fig. 4.1) is considered.  The CW laser beam is 

assumed to propagate along the 𝑧 direction and to be normal to the top sample surface.  The 

distribution of the laser intensity 𝐼(𝑟) in the laser beam is assumed to be Gaussian [121] 

 
𝐼(𝑟) = 𝐼 exp − (ln 2)

2𝑟

𝐷
, (4.1) 

where 𝐼  is the laser intensity at the spot center, 𝐷  is the full width at half maximum (FWHM) 

spot diameter, and 𝑟 is a radial coordinate counted along the irradiated surface from the spot 

center placed at 𝑥 = 𝑦 = 0.  The lateral surfaces parallel to the 𝑥𝑧 and 𝑦𝑧 planes and the bottom 

surface are assumed to be thermally insulated.  The spot diameter at 1 𝑒⁄  level, 𝐷 ⁄ , is another 

popular way to represent spot size which is related to 𝐷  as 𝐷 ⁄ = 2 (ln 2)⁄ 𝐷 . 

During the laser drilling to create the keyhole in target, high temperature is created at the 

spot diameter and for small spot diameters strong temperature gradient is created along the 

surface of melt pool. This creates strongly non-homogeneous distribution of vapor pressure at the 
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free surface. The dependence of the vapor pressure 𝑝  on temperature 𝑇 is described by the 

Clapeyron-Clausius equation [11] 

 
𝑝 (𝑇) = 0.54𝑝 exp

𝐿 𝑀

𝑘 𝑁

1

𝑇
−

1

𝑇
 , (4.2) 

  

Figure 4.1. The computational domain used in 3D simulations of CW laser drilling of metal 
targets: (a) Sketch with the side view of the computational domain, (b) 3D view of a real 
computational sample used in simulations.  The initial computational sample has size 𝐿 in the 𝑥-
direction, 𝑊 in the 𝑦 direction, and 𝐻 in the 𝑧 direction.  The bottom (𝐴𝐵)  and side (𝐵𝐶 and 
𝐴𝐷) boundaries of the computational sample are assumed to be thermally insulated, while the 
top surface (𝐶𝐷) is irradiated by the laser.  The blue regions represent the solid material and red 
regions represent the molten pool.  The laser beam propagates along the 𝑧 axis.  The laser 
radiation propagation, absorption, and scattering at the top material surface are described by the 
ray tracing method with discrete rays shown schematically by green lines in panel (a). 
 

where 𝑘 , 𝑁 , and 𝑀 are the Boltzmann constant, Avogadro constant, and molar mass of the 

target material respectively, 𝐿  is the latent heat of boiling, and 𝑝  is the saturated vapor 

pressure at a reference temperature 𝑇  (Table 4.1). The net mass flux density of the evaporated 

material 𝐹  is calculated based on the Hertz-Knudsen model of evaporation [11,17] 

𝐿 

𝐻 

(b) 

(a) 
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𝐹 (𝑇) = 0.82

𝑝 (𝑇)

2𝜋𝑘 𝑁 𝑇/𝑀
 .  (4.3) 

The coefficient 0.82 in Eq. (4.3) suggests that 18% of the vapor condenses back to the surface as 

predicted by the Knudsen layer models [11]. 

4.1.2 SPH method 

Additional variable 𝜙(𝑇) equal to the volume fraction of liquid material is assigned to 

every SPH particle. In the initial state, before onset of irradiation of the target with a CW laser, 

all SPH particles represent solid material and 𝜙 = 0 for every particle. Melting and solidification 

are described based on the enthalpy formulation approach [122] as a variation of the liquid 

volume fraction due to consumption or release of the latent heat of fusion. In the present work, a 

simplified approach is used, where the formation of the mushy zone is neglected, and it is 

assumed that all SPH particles with 𝜙 ≥ 0.5 represent molten material, while other particles 

belong to the solid part of the sample. This approach is justified by relatively small thickness of 

the mushy zone obtained in the preliminary simulations, where the finite thickness of the mushy 

zone was taken into account.  For solid material, only the heat conduction equation is solved. 

Molten material is considered as a weakly compressible fluid. The method of calculation of the 

fluid volume fraction adopted in the present work is identical to the method used in Ref. [17]. 

The variation of density 𝜌  of SPH particle 𝑖 is calculated based on the SPH 

approximation of the continuity equation [82] 

 𝑑𝜌

𝑑𝑡
= 𝑚 𝒗 ∙ ∇ 𝑊 , (4.4) 

where 𝑚  is the particle mass, 𝒗𝒊 is the particle velocity, 𝒗 = 𝒗 − 𝒗 , and ∇ 𝑊  is the gradient 

of the kernel function with respect to coordinates of particle 𝑖. 
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The momentum equation of SPH particle 𝑖 accounts for accelerations due to pressure 

gradient 𝒇 , viscous force 𝒇 , gravitational force 𝒇 , surface tension force 𝒇 , and recoil force 

due to vapor pressure 𝒇 : 

 𝑑𝒗

𝑑𝑡
= 𝒇 + 𝒇 + 𝒇 + 𝒇 + 𝒇  . (4.5) 

The particle acceleration caused by pressure gradient is calculated as [123] 

 
𝒇 = − 𝑚

𝑝

𝜌
+

𝑝

𝜌
∇ 𝑊 , (4.6) 

where 𝑝 = 𝑝(𝜌 ) is pressure in particle 𝑖. The acceleration due to viscous force is defined in the 

form [82] 

 
𝒇 = 𝑚

𝜇 + 𝜇 𝒗

𝜌 𝜌 𝒓
∙ 𝒓 ∇ 𝑊 , (4.7) 

where 𝒓 = 𝒓 − 𝒓 , and 𝜇 is the dynamic viscosity constant. The term 𝒇  is defined as −g𝒋, 

where g is Earth’s gravity acceleration and unit vector 𝒋 has a direction opposing the direction of 

incident laser beam. 

The terms in the right-hand side of Eq. (4.5) that correspond to surface forces at the 

liquid-vapor interface are calculated based on the continuous surface force (CSF) method [105]. 

The SPH particle acceleration due to surface tension is represented in the form [106,107] 

 
𝒇 = 𝑚

Γ

𝜌
+

Γ

𝜌
∙ ∇ 𝑊 , (4.8) 

where 

 
Γ = 𝜎(𝑇)

1

𝑑
𝑰 − 𝒏 𝒏 |∇𝐶 | , (4.9) 
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𝑑 is the spatial dimension, ∇𝐶  is the gradient of a color index 𝐶  of particle 𝑖 which has a unit 

jump across the interface, 𝑰 is the unit tensor, and 𝒏  is the unit normal to the surface. 

A representation of the particle acceleration due to recoil effect of vapor pressure also 

based on the CSF method [105] is used in the form 

 
𝒇 = −

𝑝 (𝑇 )

𝜌

𝛻𝐶

[𝐶]

𝐶

⟨𝐶⟩
 , (4.10) 

where [𝐶] is the color index jump across the interface which is equal to 1, ⟨𝐶⟩ = 0.5 is the 

average color index value at the interface, and vapor pressure 𝑝 (𝑇) is given by Eq. (4.2). The 

magnitude of the gradient of the color index |𝛻𝐶 | = 0 for all SPH particles which are away from 

the interface. It ensures zero recoil force for such particles even if they have high temperatures. 

The energy equation for SPH particle 𝑖 is represented in the form  

 𝑑𝑇

𝑑𝑡
=

1

𝜌 𝑐
𝑞 + 𝑞 − 𝑞 , (4.11) 

where 𝑐  is the specific heat, 𝑞  is the heat source due to absorption of laser radiation, 𝑞  is the 

heat transfer rate due to heat conduction, and 𝑞  is the heat transfer rate due to the cooling effect 

of evaporation. The conduction term in Eq. (4.11) is calculated as [27] 

 
𝑞 =

𝑚

𝜌

4𝑘𝒊𝑘𝒋

𝑘𝒊 + 𝑘𝒋

𝒓 ∙ 𝛁 𝑊

𝒓
𝟐 (𝑇 − 𝑇 ), (4.12) 

where 𝑘𝒊 is the thermal conductivity of material in SPH particle 𝑖. The equation for the 

evaporative cooling term using again the CSF method [105] is obtained in the form 

 
𝑞 = 𝐿 𝐹 (𝑇 )

|∇𝐶 |

[𝐶]

𝐶

〈𝐶〉
, (4.13) 

where the mass flux density 𝐹  of evaporated material is calculated using Eq. (4.3). The laser 

heating term is represented in the form 
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 𝑞 =
𝑚

𝜌
∆𝐸  , (4.14) 

where ∆𝐸  is the energy absorbed by SPH particle 𝑖 per unit time. This energy ∆𝐸  is calculated 

using the ray tracing method described in Eq. (3.4).  

The local increment of support domain (Section 3.1.3) is done to accurately calculate the 

direction of surface normal or the unit vector normal to the surface needed for accurate 

absorptivity using Fresnel equation and scattering of rays. In this section, the values of |∇𝐶 | in 

Eqs. (4.9) and (4.13), and 𝛻𝐶  in Eq. (4.10) are taken which are obtained without local increment 

of the support domain as the support domain size  also represents the thickness of surface and 

considering thicker surface leads to larger error in the simulations of surface phenomena such as 

surface tension, recoil force due to vapor pressure, and cooling effect due to evaporation. Thus, 

∇𝐶  is approximated with increased support domain for the calculation of unit surface normal and 

for all other calculations ∇𝐶  is approximated without the local increment of support domain. 

Pressure 𝑝 in Eq. (4.6) is given by the equation of state [82] 

 
𝑝 =

𝜌 𝑐

𝛾

𝜌

𝜌
− 1 , (4.15) 

where 𝛾 = 7, 𝑐 is the speed of sound in the material, and subscript “0” denotes reference 

quantities. The explicit Euler method for the time integration of Eqs. (4.4), (4.5), and (4.11) is 

used. Then value of 𝑐 affects the maximum integration time step that is determined by the 

Courant-Friedrichs-Lewy (CFL) stability condition, 

 
∆𝑡 ≤ ~0.25

ℎ

𝑐
 . (4.16) 

To perform integration with large time step, it is beneficial, therefore, to use smallest possible 

value of 𝑐 in Eq. (4.16). At small values of 𝑐, however, the effect of fluid compressibility 

becomes pronounced. Preliminary simulations of continuous wave laser drilling were performed, 
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where it was found that the variation of the molten material density predicted by Eq. (4.4) is 

below 1% if 𝑐 = 1000 m/s. This value is used in all simulations described below. The 

determined threshold of compressibility agrees with the analysis presented, e.g., in Ref. [124]. 

The other time-step size conditions also need to be checked to obtain numerical stability. These 

are CFL condition based on the viscous condition [125] 

 
∆𝑡 ≤ 0.125

ℎ 𝜌

𝜇
 , (4.17) 

surface tension condition [105] 

 
∆𝑡 ≤ 0.25

𝜌ℎ

2𝜋𝜎
 , (4.18) 

and the conductivity condition [27] 

 
∆𝑡 ≤ 0.1

𝜌𝑐 ℎ

𝑘
 . (4.19) 

4.1.3 Sequence of application of RT and SPH methods per time step 

Every time step of the computational algorithm includes two sub-steps, implementing the 

RT and SPH methods. First, the RT method is applied to calculate ∆𝐸  for every SPH particles in 

Eq. (4.14). The RT calculations are based on the distribution of SPH particles obtained at the end 

of the previous time step of the computational algorithm. The RT calculations are followed by 

SPH method which results in updating the density, velocity, and temperature of every SPH 

particle by integrating Eqs. (4.4), (4.5), and (4.11). Finally, the enthalpy formulation approach is 

used to update fluid volume fraction and temperature of every SPH particle. The simulations are 

performed with an in-house C++ computational code that implements both SPH and RT parts of 

the combined method and is parallelized based on the MPI communication library. No 

commercial software is used to get any part of the solution throughout this dissertation work. 



101 
 

 The simulations are performed for 316L stainless steel and aluminum targets and a CO2 

laser of 10.6 µm wavelength.  The material properties adopted in simulations are listed in Table 

1. The material properties adopted in simulations are listed in Table 1. 

4.2 Model validation 

To validate the combined SPH-RT computational model, it is applied for simulations of 

laser melting with stationary and moving CW lasers under conditions considered in Refs [13,17].  

In both cases, the simulations are performed with material properties and simulation conditions 

that were used in the original simulations reported in Refs  [13,17]. 

(a) 

 

(b) 

 

Figure 4.2.  Cavity shapes and temperature fields in an aluminum target of thickness 0.2 mm 
heated by a stationary Gaussian laser beam at 𝐷 = 0.2 mm and 𝐼 = 3 × 10  W cm-2 obtained 
at 𝑡 = 222 μs in the 3D SPH-RT simulations in this work (a) and in 2D axisymmetric 
simulations in Ref. [17] (b).  The black contour is the solid-liquid interface. 
 

In the first case, laser drilling of a 0.2 mm thick aluminum film is considered with a 

Gaussian beam at 𝐷 = 0.2 mm, and 𝐼 = 3 ∙ 10  W cm-2.  Since in [17] the coefficients 0.54 in 

the equation for 𝑝  and 0.82 in the equation for 𝐹  were not used, these coefficients were also 

omitted in SPH-RT simulations.  In addition, a constant reflectivity 0.97 of aluminum was 

adopted following to Ref. [17].  The cavity shapes and temperature fields obtain in the present 

work and in Ref. [17] are compared in Fig. 4.2.  One can conclude that the results obtained based 

on SPH-RT numerical model are in good quantitative agreement with results obtained in Ref. 
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[17] based on the two-dimensional axisymmetric numerical solution of two-phase hydrodynamic 

equations with a high-order upwind finite difference method.  

In the second case, laser melting and keyhole formation in a 316L stainless steel target  

heated by a moving CW laser beam at 𝐷 = 31.8 μm, 𝐼 = 1.75 × 10  W cm-2, and a scan speed 

of 1.5 m s-1 is considered.  In Fig. 4.3, the keyhole shape and temperature fields obtained in 

SPH-RT simulations are compared with the computational results obtained in [13]  based on the 

arbitrary Lagrangian-Eulerian (ALE) computational framework.  As one can see, SPH-RT 

simulations closely reproduce the results reported in Ref. [13] both in terms of the cavity shape 

and temperature distribution.  In particular, in both cases, the predicted depth of the keyhole at a 

time of 33 µs is equal to 40 μm. 

(a) 

 

(b) 

 

 

Figure 4.3.  Cavity shapes and temperature fields in a 316L stainless steel bulk target heated by 
a Gaussian laser beam at 𝐷 = 31.8 μm and 𝐼 = 1.75 × 10  W cm-2 moving at a speed of 1.5 
m s-1 obtained at 𝑡 = 33 μs  in the 3D SPH-RT simulations result in this work (a) and in Ref. 
[13] (b). 

 

4.3 Simulation of drilling of 316L stainless steel target 

4.3.1 Bulk target 

The simulations of deep laser drilling of a 316L stainless steel target are performed for a 

material sample of size 0.2 × 0.2 × 0.4 mm heated by a CW laser with the beam diameter 𝐷 =
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31.8 μm (𝐷 ⁄ = 54 μm) and intensities varying from 6.56 ∙ 10  W cm-2 to 1.75 ∙ 10  W cm-2.  

The target is divided into 2 ∙ 10  SPH particles which are initially placed in nodes of a Cartesian 

mesh with cubic cells of size ∆𝑥 = 2 μm.  The time step is equal to ∆𝑡 = 10 ns, which is about 

four times smaller than the maximum time step satisfying the stability condition of the SPH 

method [126].  The laser beam is divided into 250,000 rays which are distributed with equal 

spacing in the cylinder of radius 𝐷 . 

        

Figure 4.4.  Cavity shapes and temperature fields in a 316L stainless steel target heated by a 
CW laser of intensity 𝐼 = 8.75 ∙ 10  W cm-2 (a), 1.31 ∙ 10  W cm-2 (b), and 1.75 ∙ 10  W cm-2 
(c) at a time of 250 μs. 

 

The cavity shapes and temperature fields in the target obtained at 𝑡 = 250 μs in 

simulations with intensities of 8.75 ∙ 10  W cm-2, 1.31 ∙ 10  W cm-2, and 1. 75 ∙ 10  W cm-2 are 

shown in Fig. 4.4(a)-(c).  At 𝐼 = 8.75 ∙ 10  W cm-2, the maximum temperature at the center of 

the laser beam reaches ~3700 K.  It corresponds to the saturated vapor pressure of ~15 bar, 

which provides strong repulsive effect on the melt pool in the center of the laser spot.  The large 
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pressure difference between the center and periphery of the molten pool enhances tangential 

velocity of the molten material close to its free surface.  The temperature gradient across the free 

surface induces the Marangoni stresses that also drive the melt from the lower surface tension 

region in the spot center to the higher surface tension region at the spot periphery.  

With increasing intensity of laser radiation, the temperature in the spot center also raises, 

e.g., up to ~3800 K at 𝐼 = 1.31 ∙ 10  W cm-2 and to ~3950 K at 𝐼 = 1.75 ∙ 10  W cm-2.  It 

increases the vapor pressure in the spot center, enhances the melt expulsion, and increases the 

overall drilling velocity. Here the drilling velocity is defined as a rate of change of the keyhole 

depth at the spot center.  At 𝑡 = 250 μs, the cavity depth is equal to 114 μm, 185 μm, and 249 

μm for intensities 8.75 ∙ 10  W cm-2, 1.31 ∙ 10  W cm-2, and 1.75 ∙ 10  W cm-2.  With 

increasing intensity and rate of melt expulsion, the melt pool thickness at the spot center 

decreases.  

At the considered conditions, the direct removal of the target material remains relatively 

small even at the tip of the keyhole, where the temperature is maximum.  The rate of evaporation 

on the major part of the keyhole surface is negligible, since the surface temperature inside cavity 

drops quickly which approaching to the target surface.  For instance, at 𝐼 = 1.75 ∙ 10  W cm-2, 

the surface temperature in the keyhole tip is ~3950 K which corresponds to an ablation rate of 

0.0914 μm μs-1 or ablation depth of 22.85 μm at an exposure time of 250 μs.  Here the ablation 

rate is calculated as 𝐹 (𝑇)/𝜌, where 𝐹 (𝑇) is the mass flux density of evaporated material 

predicted by the Hertz-Knudsen model.  In this case, the average temperature along cavity 

surface is ~3200 K, which corresponds to an ablation rate of 0.0061 μm μs-1 or ablation depth of 

1.525 μm at an exposure time of 250 μs.  Thus, the primary mechanism of the keyhole 

formation is the expulsion of the molten material.  The evaporation from the melt surface, 
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however, remains important, since the recoil effect of evaporation is the major mechanism 

driving the material expulsion form the keyhole. 

The variation of the cavity depth and drilling velocity with time for different laser 

intensities is shown in Fig. 4.5.  In order to investigate the effect of multiple reflections inside the 

keyhole, an additional simulation at 𝐼 = 1.75 ∙ 10  W cm-2 is considered, assuming that every 

discrete ray representing the laser beam contributes to the laser heating only during a single 

interaction with the target surface and then is excluded from further calculations (solid magenta 

curve in Fig. 4.5(a)).  The simulations with and without multiple reflections result in the same 

cavity depth when the cavity aspect ratio, i.e., the ratio of the cavity depth to 𝐷  is smaller than 

0.4.  When the cavity aspect ratio becomes larger, multiple reflections of radiations increases the 

total absorbed laser energy and the drilling velocity becomes larger.  

Figure 4.5.  Cavity depth (a) and drilling velocity (b) versus time obtained in simulations of laser 
drilling of a 316L stainless steel target with a CW laser at intensity 1.75 ∙ 10  W cm-2 (red solid 
purple curves), 1.31 ∙ 10  W cm-2 (greed dashed curves), 8.75 ∙ 10  W cm-2 (blue dash-dotted 
curves), and 6.56 ∙ 10  W cm-2 (orange dash-double-dotted curve).  In panel (a), the purple curve 
is obtained assuming that every ray representing a part of the laser beam undergoes only single 
reflection from the targeted surface and then is excluded from further consideration, so that the 
effect of multiple reflections of rays from the cavity wall is not accounted for. 
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The drilling velocity demonstrates fast increase during initial ~50 µs of drilling 

independently of laser intensity and then it starts to decrease slowly (Fig. 4.5(b)).  The 

simulations, thus, predict the saturation of the cavity depth due to gradual increase in the area of 

the keyhole surface with increasing depth and, correspondingly, reducing the flux density of the 

absorbed laser energy. 

4.3.2 Effect of Marangoni stresses and recoil force due to vapor pressure 

  

Figure 4.6.  Cavity depth (a) and surface temperature in the spot center (b) versus time obtained 
in simulations of laser drilling of a 316L stainless steel target with a CW laser of intensity 𝐼 =
6.56 ∙ 10  W cm-2 (red curves) and 1.31 ∙ 10  W cm-2 (blue curves) with (solid curves) and 
without (dashed curves) the Marangoni stresses. 

 

To reveal the effect of the Marangoni stresses, additional simulations are carried out at 

laser intensities of 6.56 ∙ 10  W cm-2 and 1.31 ∙ 10  W cm-2 with a constant value of the 

coefficient of surface tension equal to 1.769 Nm-1 that corresponds to the melting temperature.  

The results of these simulations are compared with the results obtained based on the temperature-

dependent coefficient of surface tension in Fig. 4.6.  The differences between the cavity depths 

and surface temperatures in the spot center obtained in simulations with and without the 
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Marangoni stresses are small for all considered intensities, so that the melt expulsion is 

dominated by the recoil effect of evaporation.  At the same time, it is found that the crown or rim 

formed around the keyhole is much smoother when effect of temperature on the coefficient of 

surface tension is not accounted for, since in this case the surface tension at a relatively cold free 

surface of the rim at a periphery of the laser spot is overestimated. 

Table 4.1. Material properties of aluminum [17,24,121,127,128] and 316L stainless steel 
[10,129] used in simulations of CW laser drilling.  Optical properties are chosen for a laser 
wavelength of 10.6 μm.  T is temperature in K. 

Parameter                                 Value  

Aluminum 316L stainless steel 

Density  2700 kg m-3 7500 kg m-3 

Viscosity  0.00135 kg m-1 s-1 0.00642 kg m-1 s-1 

Specific heat of solid material  900 J kg-1 K-1 462.656 + 0.1338𝑇 J kg-1 K-1 

Specific heat of liquid material  1000 J kg-1 K-1 776 J kg-1 K-1 

Conductivity of solid material  238 W m-1 K-1 9.248 + 1.571 ∙ 10 𝑇 W m-1 K-1 

Conductivity of liquid material  107 W m-1 K-1 12.41 + 3.279 ∙ 10 𝑇  W m-1 K-1 

Melting Temperature  933 K 1700 K 

Latent heat of fusion  4.1∙105  J kg-1 2.7033∙105  J kg-1 

Reference boiling temperature 𝑻𝟎𝒆 2730 K 3086 K 

Reference boiling pressure 𝒑𝟎𝒆 105 Pa 105 Pa 

Latent heat of boiling 𝑳𝒃 10.75∙106  J kg-1 7.46∙106  J kg-1 

Coefficient of surface tension 𝝈 1.05 − 2.74 ∙ 10  

 × (𝑇 − 300) N m-1 

3.282 − 8.9 ∙ 10 𝑇 N m-1 

Molar mass 𝑴 0.027 kg mole-1 0.056 kg mole-1 

Reflectivity  0.97 0.66 

Refractive index - 3.27 + 4.48𝑖  

 

The attenuation and scattering of individual rays from the stainless steel surface are 

described by the Fresnel equations, when reflectivity depends on the angle of incidence.  The 
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Fresnel equations give a reflectivity of about 0.66 for 316L stainless steel in the range of angles 

of incidence from 0 to 85o [130].  Additional simulations are performed with fixed reflectivity 

equal to 0.66 and it is found that the cavity depth and the temperature filed in these simulations 

are only marginally different from the case when reflectivity is calculated based on the Fresnel 

equations.  It indicates that simulations of the deep laser drilling can be performed with the 

material reflectivity independent of the angle of incidence.  

4.3.3 Powder target 

The main objective of this section is to study the difference in laser drilling of bulk target 

and metallic powder bed. A multilayered bed of 316L stainless steel powders of diameter 30 µm 

arranged in face-centered cubic lattice system is heated by laser of intensity 𝐼 = 1.75 × 10  W 

cm-2 and spot diamter 𝐷 / = 54 μm. The melt pool depth and size is compared with the results 

obtained from the simulations of drilling of bulk 316L stainless steel target [73] with identical 

laser parameters (Fig. 4.7).  

The drilling occurs faster in powder target compared to bulk target (Fig. 4.8). The 

multiple reflections of radiations occur from the start of laser heating process due to non 

homogenous surface formed by powders compared to flat surface of bulk target. The gaps 

between the powders also aids in faster drilling process. The cavity shape also differs as the melt 

pool flows through the gaps. The cavity shape in bulk metal is parbolic in nature whereas the 

cavity shape in powder target is more conical. The formation of rim on the surface is observed in 

the bulk material while this rim like structure is not seen in powder target as the melt pool on the 

surface also slides into the gaps between the powders. The cavity depth ontained at 𝑡 = 40 µs in 

powder target is around 15% larger than that of bulk target. 
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Figure 4.7.  Cavity shapes and temperature fields in 316L stainless steel target, bulk (a) and 
powder (b) heated by a CW laser of intensity 𝐼 = 1.75 × 10  W cm-2.   
 

 

Figure 4.8.  Cavity depth versus time obtained in simulations of laser drilling with a CW laser 
at intensity 𝐼 = 1.75 × 10  W cm-2 of 316L stainless steel powder (red solid curves), and bulk 
targets (blue dashed curves). 
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4.4 Simulation of drilling of aluminum target with aspect ratio less than 10 

Simulations of laser drilling of an aluminum target are performed for a sample of same 

size and for the same spot diameter that are used in simulations with the stainless steel sample in 

Section 4.3.1 at the laser intensities 1.8 ∙ 10  W cm-2 and 3 ∙ 10  W cm-2.  In these simulations, 

the numerical parameters are also identical to those used in simulations with the stainless steel 

target.  Based on the results of preliminary study of reflectivity variation with the angle of 

incidence, a constant reflectivity coefficient of 0.97 is adopted for aluminum. 

The cavity shapes and temperature fields obtained in simulations with the both 

considered laser intensities are shown in Fig. 4.9(a)-(f). At 𝐼 = 1.8 ∙ 10  W cm-2, the cavity 

depth is equal to 11 μm, 182 μm, and 342 μm at times 30 μs, 50 μs, and 70 μs, correspondingly.   

At this laser intensity, the melt temperature at the laser spot center reaches ~3200 K and the 

vapor pressure raises up to 2 bar.  At 𝐼 = 3 ∙ 10  W cm-2, the cavity depth is equal to 12 μm, 

193 μm, and 370 μm at times 10 μs, 20 μs, and 30 μs.  In this case, the melt temperature in the 

spot center increases up to ~3500 K.  The corresponding vapor pressure is equal to 7 bar.  As a 

result, the melt layer is very thin in the tip of the keyhole.  The time required for the through hole 

formation in 0.4 mm-thick aluminum film is equal to 77.67 μs at 𝐼 = 1.8 ∙ 10  W cm-2 and 

32.75 μs at 𝐼 = 3 ∙ 10  W cm-2. 

The shape of the cavity in Fig. 4.9(f) is qualitatively similar to the cavity shape in the 

experimental picture of high-aspect-ratio cavity in an aluminum target adopted from Ref. [8] and 

shown in Fig. 4.9(g).  In both experimental picture and simulation snapshots, the disturbances of 

the cavity cross section induced by instability of the free-surface melt flow are clearly visible.  In 

these simulations, the magnitude of these disturbances increases with increasing laser intensity.  
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Figure 4.9.  Cavity shapes and temperature fields obtained in an aluminum target heated by a 
CW laser at laser intensities 𝐼 = 1.8 ∙ 10  W cm-2 (a-c) and 3 ∙ 10  W cm-2 (d-f) for various 
times.  Panel (g) shows a shape of a high-aspect-ratio cavity obtained in experiments on CW 
laser drilling of aluminum [8].   

0.5 mm 

(g) 
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The comparison of results shown in Figs. 4.4 and 4.9 reveals a difference between the 

cavity shapes for aluminum and stainless steel targets.  In the stainless steel target, the keyhole 

has a conical shape and the cavity diameter gradually decreases with depth.  In the aluminum 

target, the keyhole is roughly cylindrical with wider opening close to the target surface. Such 

cavity shapes qualitatively match the experimentally observed cavity shapes in stainless steel 

[131] and aluminum [8,18] targets.  The difference in the cavity shapes is attributed mainly to the 

difference in thermal diffusivities of these materials.  With increasing thermal diffusivity, the 

temperature distribution along the cavity depth become more homogeneous and, consequently, 

the cavity diameter exhibits smaller variations.  The thermal diffusivity of aluminum is higher 

than the thermal diffusivity of stainless steel, so that the cavity in the aluminum target attains 

more cylindrical shape. 

4.4.1 Effect of multiple reflections of radiation 

The variation of the cavity depth, absorbed laser power, drilling velocity, and surface 

temperature in the spot center with time is shown in Fig. 4.10.  In order to make a conclusion 

about the effect of multiple reflections, the simulation at 𝐼 = 3 ∙ 10  W cm-2 is repeated without 

multiple reflections (green dash-dotted curves in Fig. 4.10(a)-(b)).  The results shown in Fig. 

4.10 reveals two distinct time intervals or regimes of laser drilling.  

In the first regime, the cavity depth increases relatively slowly.  It happens since during 

this time the target surface remains roughly flat and multiple reflections are infrequent.  

Consequently, the absorbed laser power found in calculations with and without multiple 

reflections is nearly the same and small, since only 3% of the incident laser energy is absorbed. 

At both considered intensities, this regime lasts until the cavity aspect ratio raises up to ~0.4. It 

occurs at 9.9 μs at 𝐼 = 3 ∙ 10  W cm-2 and 28.8 μs at 𝐼 = 1.8 ∙ 10  W cm-2.  During this initial  
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Figure 4.10.  Cavity depth (a), absorbed energy flux (b), drilling velocity (c), and surface 
temperature in the spot center (d) versus time obtained in simulations of laser drilling of an 
aluminum target with a CW laser at intensity 𝐼 = 3 ∙ 10  W cm-2 (red solid curves and greed 
dash-dotted curves) and 1.8 ∙ 10  W cm-2 (blue dashed).  In panels (a) and (b), the green dash-
dotted curves are obtained assuming that every ray representing a part of the laser beam 
undergoes only one reflection with the targeted surface and then excluded from further 
consideration, so that the effect of multiple reflections of rays from the cavity wall is not 
accounted for.  The red and blue curves are terminated after through hole is formed in the 
simulation. 
 

time, the drilling velocity for the aluminum target is much smaller than that for the stainless steel 

target at comparable irradiation conditions, since the absorptivity of   the aluminum target is in 
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order of magnitude smaller than that for the stainless steel target and the effect of multiple 

reflections during the considered initial time is marginal. 

In the second regime of drilling of the aluminum target, the cavity depth increases with 

an order-of-magnitude higher rate.  It is caused by rapid increase in the amount of multiple 

reflections and, correspondingly, in the fraction of laser energy absorbed in the cavity as the 

cavity aspect ratio increases (solid and dashed curves in Fig. 4.10(b)).  It occurs when the cavity 

becomes deep enough to enable multiple reflections of laser radiation at least near the cavity tip.  

In simulations without multiple reflections, the absorbed laser energy only marginally depends 

on the cavity aspect ratio and remains constant through the simulation (dash-dotted curves in Fig.  

4.10(b)).  The drilling velocity increases rapidly up to 20.2 m s-1 for 𝐼 = 3 ∙ 10  W cm-2 and 

10.05 m s-1 for 𝐼 = 1.8 ∙ 10  W cm-2 when the cavity aspect ratio increases from 0.4 to 3.1.  As 

the cavity aspect ratio further increases, the laser energy is distributed over larger surface area of 

the cavity.  It induces a moderated decrease in the drilling velocity (Fig. 4.10(c)).  The surface 

temperature in spot center remains roughly constant in this regime (Fig. 4.10(d)), which 

continues until the though hole is formed. 

These simulations show that the effect of multiple reflections becomes strong when the 

cavity aspect ratio equal to 0.4 for both stainless steel and aluminum targets.  This value is in 

agreement with the corresponding threshold cavity aspect ratio, corresponding to the onset of 

strongly enhancement of absorption of laser energy due to multiple reflections of  laser radiation 

from the cavity wall, which is found to be equal to 0.42 in Ref. [24].  At the same time, in the 

case of the stainless steel target, the simulation results do not demonstrate distinct two-regime 

behavior with order-of-magnitude changes in the drilling velocity when the cavity aspect ratio 
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exceeds 0.4.  This difference between stainless steel and aluminum targets is explained by the 

difference in reflectivity of these materials. 

4.4.2 Mechanism of though hole formation 

       

Figure 4.11.  Cavity shapes and temperature fields in an aluminum target heated by a CW laser 
with intensity 𝐼 = 3 ∙ 10  W cm-2 at 𝑡 = 32 µs (a), 33 µs (b), and 34 µs (c).  In this simulation, 
the through hole is formed between 32 µs and 33 µs. 

 

The through hole is formed when the cavity depth in Fig. 4.10(a) increases up to the 

thickness of the considered material sample.  The formation of the through hole is illustrated in 

Fig. 4.11 for 𝐼 = 3 ∙ 10  W cm-2.  First, a thin layer of melt with concave shape is formed.  The 

recoil force due to evaporation pushes this layer down and breaks it up between 32 μs and 33 μs.  

Breaking of this layer results in the fast drop of temperature in the bottom part of the through 

hole wall.  Tapered through hole is formed with larger entry hole of diameter 67.62 μm and 

smaller exit hole of diameter 34.86 μm.  Formations of such tapered cavities and tapered holes is 
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observed experimentally [8,131,132].  As the process of laser heating continues, the upper 

diameter of the hole continues to slowly increase. 

4.5 Simulation of drilling of aluminum target with aspect ratio greater than 10 

 

 

Figure 4.12.  Ratio of cavity depth to height of sample in an aluminum target heated by a CW 
laser of intensity 𝐼 = 6 × 10  W cm-2, and spot diameter 𝐷 / = 270 μm respectively at a 
time of 100 μs versus initial inter SPH particles spacing ∆/𝐷 / . 

 

The simulations of deep laser drilling of an aluminum target are performed for two 

sample sizes, two laser intensities and two spot diameters. The aluminum target size of 2 × 2 × 4 

mm is used for spot size, 𝐷 ⁄ = 270 μm and target size of 0.4 × 0.4 × 0.8 mm is used for spot 

size, 𝐷 ⁄ = 54 μm. The target is divided into SPH particles which are initially placed in nodes 

of a Cartesian mesh with cubic cells of size ∆ = 2 μm. The time step is equal to ∆𝑡 = 10 ns 

which satisfies all the stability conditions in Eqs. (4.17)-(4.19). The laser beam is divided into 𝑘 



117 
 

rays such that each ray has an associated area of ∆𝐴 = 0.0117 μm2. Two laser intensities used 

are 1.2 × 10  W cm-2 and 6 × 10  W cm-2. The value of ∆ is determined by repeating the 

simulation with different ∆ (Fig. 4.12), where the cavity depth at 𝑡 = 100 µs is compared. For 

this study, the most extreme case of 𝐷 ⁄ = 270 μm and 𝐼 = 1.2 × 10  W cm-2 is used. The 

difference in calculated cavity depths is less than 1% after 𝐷 ⁄ /∆= 135 or ∆= 2 μm. 

4.5.1 Spot size of 270 μm  

The cavity shapes and temperature fields in the target obtained at 𝑡 = 210 μs in 

simulations with intensities of  𝐼 = 6 × 10  W cm-2, and 𝐼 = 1.2 × 10  W cm-2 for spot 

diameter 𝐷 / = 270 μm respectively are shown in Fig. 4.13(a)-(b). At 𝐼 = 6 × 10  W cm-2, 

the temperature in the spot center reaches ~3150 K (Fig. 4.14(c)). It corresponds to the saturated 

vapor presure of ~3 bar which provides strong repulsive effect on the melt pool in the center of 

laser spot. A large temperature gradient in the surface of melt pool along the cavity is observed, 

which produces highest vapor pressure in the center and decreases exponentially with decreasing 

temperature. The increased pressure difference between the center and periphery of the molten 

pool enhances tangential velocity of the molten material, especially close to the free surface. 

With the intensity of laser at spot center doubled, 𝐼 = 1.2 × 10  W cm-2, the maximum 

temperature in the spot center rises up to ~3900 K (Fig. 4.14(c)) where vapor pressure reaches 

~25 bar. Thus, there is larger repulsive force from the vapor pressure which results in much 

increased cavity depth. 
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Figure 4.13.  Cavity shapes and temperature fields in an aluminum target heated by a CW laser 
of intensity (a) 𝐼 = 6 × 10  W cm-2, and (b) 𝐼 = 1.2 × 10  W cm-2 and spot diameter 𝐷 / =

270 μm respectively at a time of 210 μs. 
 

This difference in maximum temperature at spot center for these two intensities has direct 

effect on cavity depth and drilling velocity (Fig. 4.14(a)-(b)). Here, the drilling velocity is 

defined as a rate of change of the keyhole depth at spot center. The drilling velocity in both the 

cases is slower at the beginning which is due to the flat surface when most of the incident laser 

intensities are reflected. As the cavity aspect ratio becomes ~0.4, the multiple reflection of 

radiations within the cavity increases the absorbed laser energy which tremendously increase the 
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laser drilling process. The maximum drilling velocities obtained at 𝐼 = 6 × 10  W cm-2 and 

1.2 × 10  W cm-2 are 6.2 m s-1 and 10 m s-1 respectively. After attaining the maximum velocity,  

  

 

Figure 4.14.  Cavity depth (a), drilling velocity (b), and surface temperature in the spot center 
(c) versus time obtained in simulations of laser drilling of an aluminum target with a CW laser at 
intensities, 𝐼 = 1.2 × 10  W cm-2 (red solid curves), and 𝐼 = 6 × 10  W cm-2 (green dashed 
curves) with spot diameter 𝐷 / = 270 μm. In (a) the blue dash-dotted curve is obtained 
assuming that every ray representing a part of laser beam undergoes only single reflection from 
the targeted surface and then is excluded from further consideration, so that the effect of multiple 
reflections of rays from the cavity wall is not accounted for. 
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the drilling velocity starts to decrease very slowly. The decreasing trend of velocity is attributed 

the formation of larger cavity depth where the laser radiations are distributed over larger surface 

area of cavity. To understand the effect of multiple reflections of radiations during laser drilling, 

one more simulation is carried out at 𝐼 = 6 × 10  W cm-2 where the reflection of radiation from 

the target surface is not allowed. The evolution of cavity depth with time remains similar when 

the target surface is close to flat shaped. As the cavity aspect ratio approaches ~0.4, the evolution 

of cavity depth with time becomes faster when the multiple reflections of radiations are 

considered which shows the multiple reflections significantly increases the absorbed laser 

energy. Thus in simulations of laser heating of cavities with aspect ratio greater than 0.4, 

multiple reflections of radiations become one of the most important processes and the calculation 

of absorbed energy is highly under estimated if multiple reflection is not taken into account. 

4.5.2 Spattering of melt pool  

The intensity of 1.2 × 10  W cm-2 is large enough to create the spattering in the melt 

pool. Due to the very high recoil force created by vapor pressure, the melt pool comes out of the 

melt pool with high speed which causes the breaking of melt pool into tiny droplets. One of the 

main advantages of SPH based method is it can capture the complex and huge surface 

deformation. The mechanism of spattering is shown for different 𝑡 in Fig. 4.15, where the melt 

pool breaks into tiny droplets. This droplets form from the melt pool at the surface and are 

ejected out of the system. 
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Figure 4.15.  Spattering of melt pool in an aluminum target heated by a CW laser of intensity 
𝐼 = 1.2 × 10  W cm-2 and spot diameter 𝐷 / = 270 μm respectively at the time of 60 (a), 120 
(b), 180 (c), and 240 (d) μs. 

 

4.5.3 Spot size of 54 μm  

The simulations are repeated with smaller spot size of 𝐷 / = 54 μm. For the intensity 

𝐼 = 6 × 10  W cm-2, the temperature at spot center reaches ~2500K which yields a maximum 

vapor pressure of just 0.17 bar which is not sufficient for the melt expulsion and formation of 
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cavity. The continuous application of laser cannot further increase the temperature and forms a 

stagnant melt pool on the target. A steady state condition is achieved in this case when the 

thermal energy from the laser and thermal conduction within the target are counterbalanced and 

the melt pool properties do not change as long the laser heating is applied. Thus, the drilling does 

not occur in this case. 

 For the larger intensity, 𝐼 = 1.2 × 10  W cm-2, the maximum temperature at the center 

of the laser beam reaches ~2950 K which coresponds to the saturated vapor pressure of ~1.4 bar. 

This recoil pressure is sufficient to start the laser drilling process. The laser drilling process 

follows the trend similar to the cases with larger spot diamter initially. The cavity depth increases 

with time up to 120 µs and then the cavity depth starts to decrease (Fig. 4.16). This is because 

the recoil force due to vapor pressure is not sufficient enough to push the melt pool out of the 

cavity and the melt pool starts falling back to the center of the cavity. Hence the drilling velocity 

goes to negative.  

4.5.4 Stopping of cavity depth growth during laser drilling  

The drilling process does not continue for longer time. The drilling velocity falls to zero 

at 𝑡 = 130 µs and after that attains negative values. The negative drilling velocity continues up to 

230 µs after which there is oscillation in the drilling velocity and aproaches to zero. The steady 

state is achieved after 350 µs where the drilling velocity becomes close to zero and no change in 

melt pool is observed if the laser is kept on (Fig 4.17). The achievement of steady state is similar 

to that of 𝐼 = 6 × 10  W cm-2, the thermal energy from the laser is balanced by the thermal 

conduction and evaporative cooling in the target. 
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Figure 4.16.  (a) Cavity depth (red slolid line) and (b) drilling velocity (green dashed line) 
versus time obtained in the simulation of laser drilling of aluminum target at 𝐼 = 1.2 × 10  W 
cm-2 and 𝐷 / = 54 μm. 
 

  

Figure 4.17.  The relative difference in total laser power absorbed by the aluminum target and 
power used for the thermal conduction and evaporative cooling versus time at 𝐼 = 1.2 × 10  W 
cm-2 and 𝐷 / = 54 μm. 
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CHAPTER 5  
 

SIMULATION OF DRILLING OF METAL WITH MULTIPLE NANOSECOND LASER 
PULSES 

5.1. Model of laser radiation 

In simulations, a three-dimensional (3D) metal workpiece of size 𝐿 × 𝑊 × 𝐻 along 𝑥, 𝑦, 

and 𝑧 directions in Cartesian coordinates is considered similar to Section 4.1 (Fig. 4.1). The laser 

propagation direction and the boundary conditions remain the same as Section 4.1. The 

distribution of the laser intensity 𝐼(𝑟) in the laser beam is assumed to be Gaussian [133] which is 

given by Eq. (4.1). The laser beam has Gaussian temporal shape with intensity, 

 
𝐼(𝑡) = 𝐼 exp −0.5

𝑡𝑡 − 𝑡

𝑡
2√2 ln 2 , (5.1) 

where, 𝑡  is the full width at half maximum time, 

 
𝑡𝑡 =

𝑡,                                 0 < 𝑡 ≤ 𝑡                                   

𝑡 − 𝜏 𝑛,                    𝑡 < 𝑡 < 𝑡 + (𝑁 − 1)𝜏

𝑡 − 𝜏 (𝑁 − 1),        otherwise                                      
 (5.2) 

𝜏  is the peak to peak separation, 𝑡  is the time up to which laser radiation is applied, 𝑁 is 

the number of pulses, 𝑛 is the index of current pulse such that 0 < 𝑛 ≤ 𝑁,  𝐼  is the maximum 

laser intensity and is given by,
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𝐼 =

2√ln 2 𝐹

√𝜋𝑡
, (5.3) 

where, 𝐹  is the laser fluence, and 𝑡  is the time when the laser intensity reaches FWHM 

value. Fig. 5.5(a) shows the variation of laser intensity along the spot diameter (Gaussian 

distribution) and Fig. 5.5(b) shows the variation of laser intensity along time following Eq. (5.1). 

10 pulses are shown in Fig. 5.5(b) with laser parameters 𝐹 = 4 J cm-2, pulse duration 𝜏 = 10 

ns, and a peak to peak separation of 𝜏 = 50 ns. 

Figure 5.1. Typical incident Gaussian laser intensity in burst of pulses (a) laser intensity versus 
distance from the laser spot center, and (b) laser intesity at center of laser versus time. Panel (a) 
shows the spatial variation of intensity where spot diameter at FWHM for this case corresponds 
to 𝐷 = 31.8 μm. Panel (b) illustrates the definitions ot the major time constants that determine 
the temporal variation of laser intensity in burst of pulses including pulse duration 𝜏  and peak to 
peak separation time 𝜏 . The laser intensity shown in panel (b) corresponds to 10-pulse burst 
with parameters 𝐹 = 4 J cm-2, 𝜏 = 10 ns, and 𝜏 = 50 ns. 

 

5.2. SPH method for material ablation 

The SPH method combined with RT method used for the simulation of drilling using 

nanosecond pulsed laser is identical to the method used for CW laser drilling, with an addition of 
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SPH equation to calculate the material ablation. The evaporated material is significantly higher 

in nanosecond pulsed laser drilling compared to that of the CW laser drilling. So, it is must for 

the method to have the capability to calculate the ablated mass and subsequently remove the 

evaporated material from the system. The rate of ablated mass, 𝑀, is calculated for every SPH 

particle 𝑖  using the CSF method [105] and is given by, 

 
𝑀 =

𝑚

𝜌
𝐹

|∇𝐶 |

[𝐶]

𝐶

〈𝐶〉
 . (5.1) 

where 𝑚 is the mass, 𝜌 is the density, ∇𝐶 is the gradient of color index 𝐶 and is calculated using 

Eq. (2.49), [𝐶] is the jump in value of color indices which in this work is taken to be equal to 1, 

〈𝐶〉 = 0.5 is the average color index value at the interface, and 𝐹  is the mass flux density of 

evaporated material which is calculated based on Hertz-Knudsen model of evaporation (Eq. 

(4.3)). The total mass ablation of the system is simply calculated by summing all 𝑀 . Addition of 

this feature makes the combined SPH-RT method complete for the accurate simulations of laser 

drilling of metal with burst of nanosecond laser pulses. The simulations are performed with an 

in-house C++ computational code that implements both SPH and RT parts of the combined 

method and is parallelized based on the MPI communication library. 

The ablation process of copper target when heated by burst of nanosecond pulses is 

studied. The complexity of molten pool flow, evolution of cavity depth, and temperature field are 

investigated. The effect of varying fluence and number of pulses are also studied.  

5.3. Simulation parameters 

The target material is divided into SPH particles arranged in the Cartesian mesh of cubic 

cells of size ∆. The size of ∆ used for all the simulations in this chapter is discussed in Section 

5.4. The simulations of drilling of a copper target are performed for a material sample of size 
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0.1 × 0.1 × 0.002 mm heated by bursts of nanosecond laser pulses with beam diameter 𝐷 =

31.8 µm and laser fluence varying from 2 to 8 J cm-2. The time step is equal to 0.01 ns which 

satisfies all the equations satisfying the stability condition of the SPH method (Eqs. (4.17)-

(4.19)). The laser beam is divided into 10  rays which are distributed with equal spacing in the 

cylinder of radius 𝐷 . The laser has a pulse duration of 𝜏 = 10 ns with peak to peak separation 

of 𝜏 = 50 ns. 

5.4. Method validation 

The combined SPH-RT method to simulate the drilling of metal with nanosecond pulses 

is validated with 1D thermal model of the irradiated target solved with finite difference solution 

of heat conduction equation (HCE). The simulation result depends on the size of the SPH 

particles or the initial distance between SPH particles, ∆. A series of simulations of copper target 

with varying ∆ are carried out at 𝐹 = 4 J cm-2. The values of ∆ considered are 500, 250, 125, 

and 62.5 nm and the calculated ablated mass from the target material is compared with HCE 

(Fig. 5.2) for the first laser pulse. The values of ablated mass approaches the value of the finite 

difference solution result with decreasing values of ∆. This shows the convergence of result with 

decreasing value of ∆. The change in calculated result is below 1% when ∆ ≤ 125 nm. Hence, 

∆ = 125 nm is used in all the simulations in this chapter. The difference in the results from HCE 

and SPH-RT method is attributed to the melt pool flow. The melt pool flow does not occur in 

HCE whereas the SPH-RT method captures the melt pool flow which results in decrease in the 

surface temperature (Fig. 5.3(b)) which results in lesser mass ablation. Due to the temporal 

distribution of laser intensity, it takes time to heat the target surface and consequently no material 

ablation is observed initially. The mass ablation starts to occur once the temperature of the 

surface reaches higher than 4000 K.  
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Figure 5.2. Ablated mass versus time for different SPH particle size compared with finite 
difference solution of heat conduction (HCE) at 𝐹 = 4 J cm-2 and 𝐷 = 31.8 μm after the first 
pulse. 

5.5. Drilling of copper target 

The mechanism of drilling using nanosecond laser pulses is smilar to that of drilling with 

CW laser. Here, the copper is used as the target material and the properties are listed in Table 

5.1. The laser heating increases the temperature of the surface which gives rise to strong vapor 

pressure. The vapor leaving the system has strong recoil force in the melt pool which drives the 

melt pool out of the cavity. The drilling is also assisted by evaporation of melt pool. The 

temperature at the surface is sufficient enough to evaporate significant material which is called 

ablated material (Fig. 5.2). The variation of temperature along the surface for the first pulse 

matches closely with that of HCE (Fig 5.3(b)). The temperature from the SPH method is slightly 

smaller than the HCE because in the SPH-RT method, the flow of molten pool is allowed and 
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hence the rise in temperature is slower. The cavity depth remains somewhat constant in finite 

differnce solution again because the flow of melt pool is not solved for. While in SPH-RT 

method, the cavity depth continues to increase even in between the gap of two succesive pulses 

as the strong recoil force due to vapor pressure continues to move the molten material outside of 

the cavity. 

Table 5.1. Material properties of copper used in simulations of multiple nanosecond laser 
drilling [134,135,136]. Optical properties are chosen for a laser wavelength of 266 nm. 

Parameter Value 

Density  8960 kg m-3 

0.0035 kg m-1 s-1 

420 J kg-1 K-1 

494 J kg-1 K-1 

380 W m-1 K-1 

170 W m-1 K-1 

1358 K 

2.04579∙105  J kg-1 

2836 K 

101325 Pa 

4.796 ∙106  J kg-1 

1.5 N m-1 

0.039948 kg mole-1 

0.38 + 4.27𝑖  

Viscosity  

Specific heat of solid material  

Specific heat of liquid material  

Conductivity of solid material  

Conductivity of liquid material  

Melting Temperature  

Latent heat of fusion  

Reference boiling temperature 𝑻𝟎𝒆 

Reference boiling pressure 𝒑𝟎𝒆 

Latent heat of boiling 𝑳𝒃 

Coefficient of surface tension 𝝈 

Molar mass 𝑴 

Refractive index 

 

With succesive application of multiple nanosecond laser pulses, more material is ablated 

from the cavity which further assists the laser drilling process. More material ablated in 𝑛th pulse 

compared to (𝑛 − 1)th pulse (Fig. 5.4). The total mass ablated after first, second, third, fourth,  
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Figure 5.3. Cavity depth (a) and surface temperature at spot temperature (b) versus time at 𝐹 =
4 J cm-2 after 1 pulse with spot diameter 𝐷 = 31.8 μm compared with results obtained from 
HCE. 

 

Figure 5.4. Ablated mass versus time showing the amount of mass ablated after each pulse for 
the first five pulses.  

 

 

and fifth pulse is respectively 5.48 × 10 , 3.86 × 10 , 9.74 × 10 , 1.82 × 10 , and 

2.88 × 10  mg. Thus the larger number of pulses is required to obtain deeper cavity.  
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The laser fluence has major role in the cavity shape. The cavity shapes obtained at 𝑡 =

0.46 µs for 𝐹  of 2, 4, 6, and 8 J cm-2 are shown in Figs. 5.5(a)-(d). The cavity shapes also 

qualitatively matched with the cavity shapes obtained experimentally in Ref. [137] (Fig. 5.5(e)-

(f)). At 𝐹 = 2 J cm-2, the cavity and melt pool are smooth while from 𝐹 = 4 J cm-2 the melt 

pool has surface instabilities which attributes to the boiling of melt pool in the cavity due to high 

temperature. This causes formation of waves in the melt pool as shown in Figs. 5.5(b)-(d). 

 

 

Figure 5.5. Cavity shapes and temperature fields in a copper target heated by a nano-pulsed laser 
of fluence (a) 𝐹 = 2 J cm-2, (b) 𝐹 = 4 J cm-2, (c) 𝐹 = 6 J cm-2, (d) 𝐹 = 8 J cm-2 at 𝑡 = 0.46 
µs with spot diameter 𝐷 = 31.8 μm. Panels (e) and (f) show shapes of cavities obtained in 
experiments on drilling with bursts of nanosecond pulses [137]. 

 

 

  

(c) 

(b) 

(a) 

(d) 

(e) 

(f) 
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CHAPTER 6  
 

CONCLUSIONS AND SCIENTIFIC CONTRIBUTIONS 
 

6.1. Conclusions 

The developed computational method extends capabilities of the SPH technique to 

thermal transport problems in heterogeneous materials with discontinuous temperature field at 

interfaces between individual material grains or fibers with finite thermal contact conductance.  

The method is based on an integral representation of the Laplacian, where the boundary integrals 

are represented in the form of volume integrals and calculated using standard SPH 

approximations. The method also includes a special procedure to calculate temperature jumps at 

interfaces. With this procedure, the developed method is capable of accurate prediction of the 

temperature field at arbitrary Biot number. Thus, it can be used in any heat transfer regime, from 

the regime dominated by interfacial heat transfer to the regime dominated by heat conduction.  

The method for thermal contact conductance is applied to solve a series of steady-state 

test problems, from 1D heat transfer through a plane interface to thermal transport in random 

powder and fibers systems.  In all considered test problems, the method demonstrates the first 

order convergence with decreasing spacing ∆ between SPH particles placed in nodes of a 

Cartesian mesh. At the same time, this investigation shows that both local error in the 

temperature field and global errors in the heat flux or effective material conductivity remain 

sufficiently small even at relatively large inter-particle spacing.   
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The study of the numerical errors as functions of the major numerical parameters in the 

considered test problems in thermal contact conductance allows one to formulate the 

recommendations on the choice of the numerical parameters for practical calculations based on 

the developed method.  In the steady-state problems, the smallest numerical error is achieved if 

the smoothing length of the SPH kernel function ℎ varies from ∆ to ~1.1∆. This choice, 

however, does not guarantee the convergence of the method in unsteady problems.  The 

maximum inter-particle spacing, which allows one to find a numerical solution of a thermal 

transport problem with local and global relative errors not larger than, e.g., 1%, depends on the 

Biot number Bi, characteristic radius of curvature 𝑅 of interfaces of individual particles that 

compose the considered material, and on the characteristic linear scale 𝑙 of spot-like contacts 

between particles.  At very small Biot numbers, Bi < 0.01 − 0.1, calculations with relative 

errors of ~1% are possible at large spacing ∆/𝑅~0.1 − 0.3 even at small contact areas when 

𝑙/𝑅 ≪ 0.1. At small Biot numbers, Bi < ~1 and at 𝑙/𝑅 > ~0.1,  the calculations at the same 

level of numerical accuracy require ∆/𝑅~0.05 − 0.1. At moderate Biot numbers, ~1 < Bi <

~100 and at 𝑙/𝑅 > ~0.1, the calculations with the numerical errors of ~1% can be performed at 

∆/𝑅~0.01 − 0.05.  Accurate calculations at large Biot numbers, Bi > 100, or with interfaces of 

relatively small size, 𝑙/𝑅 ≪ 0.01, may require more than 100 SPH particle per radius of 

curvature.  Thus, the developed method enables efficient large-scale simulations of thermal 

transport in heterogeneous materials with random structure at small and moderate Biot numbers, 

when heat transfer is dominated by contact resistance at interfaces. 

The computational methodology combining the SPH method for molten material flow 

and RT method for the radiation propagation and absorption is found to be a computationally 

effective and robust tool to study deep drilling of metals with CW lasers.  The approach based on 
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the local variation of the support domain size improves the accuracy of the calculation of surface 

normal by SPH method and hence makes SPH-RT method makes highly accurate.  The 

developed RT method is used to predict the effective penetration depth of laser radiation in 

powder targets. 

It is found that the melt expulsion from high-aspect ratio cavities in aluminum and 

stainless steel targets is driven mainly by the recoil effect of evaporation.  The Marangoni 

stresses have marginal effect on the keyhole depth, but the simulations with the temperature-

dependent coefficient of surface tension produce realistic non-smooth rims around the cavity 

holes.  The multiple reflections significantly increase the laser energy absorbed by the target 

materials and strongly enhance the drilling velocity.  The multiple reflections become significant 

when the cavity aspect ratio exceeds 0.4. The stopping of the cavity growth during laser drilling 

occurs due to the thermal balance of applied laser energy by thermal conduction and evaporative 

cooling in the target material. The simulations of CW laser drilling of powder targets reveal 

faster drilling speed compared to CW drilling of bulk targets. 

The SPH-RT method is also found to be capable of simulating drilling of metal target 

with bursts of nanosecond laser pulses. For the first pulse, the simulations produce the results 

that matches the results obtained based on the numerical solution of the heat conduction 

equation. The ablated mass is significant when drilling with bursts of nanosecond pulses and rate 

of mass ablation increases with increasing number of pulses.  In the burst regime, the melt pool 

becomes agitated and waves are formed when drilled with high fluence laser due to the high 

temperature achieved at the surface of target material. 
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6.2. Scientific contributions 

This dissertation has provided original and significant contributions towards the 

understanding of effect of thermal contact conductance in the effective thermal conductivity, 

effect of multiple reflection of laser radiations inside the cavity while laser drilling, mechanisms 

of formation of keyholes in drilling with CW laser and bursts of nanosecond pulses. The 

contributions are on both development of novel numerical methods based on combination of 

SPH and RT methods and application of these methods for obtaining wide range of results 

helping to understand the overall process undergoing in laser material interaction. All the 

methods are implemented in an in-house C++ code parallelized based on the MPI 

communication libraries to get all the results presented in this dissertation. The scientific 

contributions of this work are described in the following subsections. 

6.2.1 Development of the SPH-based method for thermal transport with finite thermal 
contact conductance 

To the author’s knowledge, this is the first work, where the SPH method is developed for 

thermal transport problems in heterogeneous materials with finite thermal contact conductance, 

which provides finite numerical errors at arbitrary Biot number. The contribution to the 

development of SPH method for thermal contact conductance can be listed as: 

1. A SPH based method is developed for the first time which incorporates the effect of the 

thermal contact conductance in thermal transport simulations. 

2. The method is self-adaptive and automatically calculates for the thermal conduction 

when the SPH particle is far from the interface and calculates for both thermal conduction 

and heat flux density through the interface due to contact conductance. 
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3. The method is tested to work from macro-scale to nano-scale samples containing 

arbitrary shapes of particles with very high accuracy. 

4. The method now makes it possible to accurately simulate the thermal transport in sample 

at arbitrary Biot numbers. 

5. The recommendation on the choice of numerical parameters of the SPH method for 

thermal transport problems with finite interfacial conductance are formulated. 

6. The developed method is used to study the thermal transport problems and to calculate 

the effective thermal conductivity of various powders and fibers systems with finite 

effective contact conductance, from one-dimensional chain of powder particles to a three-

dimension nanocomposite material with a polymer matrix and random network of carbon 

nanotubes. 

6.2.2 Combination of SPH and RT method for simulations of laser-induced molten material 
flows 

To the best of author’s knowledge, this is the first work to combine SPH method with RT 

method for the accurate simulations of high aspect ratio keyhole formation during laser-material 

heating. The following are key contributions in combining SPH and RT methods: 

1. The simulation of laser radiation propagation is done by using RT method where the laser 

is attenuated to the target material described by Fresnel equation. The simulation of 

heating of target material is done by the SPH method. 

2. Combination of these two methods allow to accurately simulate any aspect ratio keyhole 

formation in the target due to laser heating. The addition of RT method on SPH method 

make it possible to accurately simulate the multiple reflections of radiation inside the 

keyhole. This overcomes the limitation of other methods where other methods are only 
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limited to do the simulation of formation of shallow cavities as they cannot capture the 

multiple reflection of laser inside deep cavities. 

3. A special approach is developed to accurately reproduce the direction of the interface 

normal in the SPH method at small computational cost. 

4. The developed SPH method is used to calculate the effective penetration depth of laser 

radiation into powder targets. 

5. The developed SPH method account for all major interfacial phenomena specific for laser 

drilling of materials, including laser radiation absorption and scattering, recoil force due 

to vapor pressure, Marangoni stresses, cooling effect due to evaporation, and removal of 

mass due to evaporation.   

6.2.3 Study of drilling of materials with CW and nanosecond pulsed lasers 

The SPH-RT method has been found to be very effective tool for the simulation of 

drilling of materials with CW and nanosecond pulsed lasers. The method shows very close 

agreement in published result and is robust to simulate high aspect ratio keyhole formation 

during drilling. The key contributions from these simulations can be listed as: 

1. Simulations of CW drilling of aluminum and 316L stainless steel show agreement with 

experimentally observed cavity shape. In the stainless steel target, the keyhole has a 

conical shape and the cavity diameter gradually decreases with depth. In the aluminum 

target, the keyhole is roughly cylindrical with wider opening close to the target surface. 

Such cavity shapes qualitatively match the experimentally observed cavity shapes in 

stainless steel [138] and aluminum [8,18] targets. The difference in the cavity shapes is 

attributed mainly to the difference in thermal diffusivities and reflectivity of these 

materials. 
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2. The drilling rate is non-linear and depends on the target surface. The drilling rate is 

slower at flat surface and increases significantly when the cavity aspect ratio becomes 

larger than 0.4. This is attributed to multiple reflections of laser radiation inside the cavity 

which significantly increases the energy absorbed by target material from laser radiation. 

3. The SPH-RT method is robust and can be used for the simulation of through hole drilling 

at bulk targets. The dominant mechanism for the keyhole formation is the recoil force due 

to vapor pressure while the Marangoni stresses has the negligible effect during laser 

drilling.  

4. It is found that the developed SPH-RT method is capable of predicting multiple regimes 

of laser drilling in a broad range of irradiation parameters, from finite-depth drilling al 

low irradiation intensity to the drilling with fragmentation of the molted pool and 

spattering at high intensities. 

5. The mechanism of stopping of laser drilling at relatively low laser radiation intensity is 

described. The stopping of drilling occurs due to the achievement of steady state due to 

thermal balance of applied laser radiation by the thermal conduction and evaporative 

cooling. 

6. Simulation of drilling of copper target with bursts of nanosecond laser pulses proves the 

capability of SPH-RT method to be used for simulation with short pulsed lasers. The 

cavity shapes obtained at different fluences qualitatively matches with experimental 

results [137]. 
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APPENDIX. 

Evaluation of the order of SPH approximation for the Laplacian in 2D unsteady heat 
transfer problems based on 9-point and 13-point stencils 

It is found that the convergence behavior of the SPH approximation given by Eq. (2.16) 

for the right-hand side of the 2D unsteady heat conduction equation is sensitive to ℎ/∆ (Fig. 

2.5(b)).  In particular, one can conclude that the second-order convergence is achieved only at a 

single specific value of ℎ/∆ ≈ 1.0871, while at other values of ℎ/∆, this numerical scheme does 

not converge at all.  In order to reveal the reason for such a convergence behavior, the 

coefficients in the nodes of the 2D SPH “stencil” corresponding to the approximation given Eq. 

(2.16) on a Cartesian mesh is compared with equal spacing ∆ with corresponding coefficients of 

the central finite-difference approximations of the second order for the 2D Laplacian. 

At 1/√2 < ℎ/∆≤ 1, the support domain of every SPH particle includes eight neighbor 

particles.  The central finite-difference approximation of the Laplacian on a symmetric nine-

point stencil can be written as 

 
{∇ ∙ (∇𝑇)} , = 𝛼

𝑇 , + 𝑇 , + 𝑇 , + 𝑇 ,

∆
 

+𝛼
𝑇 , + 𝑇 , + 𝑇 , + 𝑇 ,

∆
− 4(𝛼 + 𝛼 )

𝑇 ,

∆
. 

 

(A.1) 

This equation is usually used with coefficients 𝛼 = 2/3 and 𝛼 = 1/6 when it provides 6th 

order of approximation of Laplace’s equation.  Eq. (A.1) provides the second order of 

approximation for arbitrary 𝛼  and 𝛼  if 𝛼 + 2𝛼 = 1.  In the case of the SPH approximation, 
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value of {∇ ∙ (∇𝑇)} ,  given by Eq. (2.16) at 1/√2 < ℎ/∆≤ 1 also reduces to an equation in the 

form of Eq. (A.1), where the coefficients 𝛼  and 𝛼  must be replaced by coefficients 

 
𝛼 , = −2

∆

𝛽

𝑑𝑊

𝑑𝑟
∆

,   𝑘 = 1,2  (A.2) 

with 𝛽 = 1 and 𝛽 = √2 (𝑘 = 1,2).  Then, for the kernel function given by Eq. (2.14), the 

condition 𝛼 , + 2𝛼 , = 1 reduces to 

 𝜉 √2 − 3/2 𝜉 − 2𝜉 + 2√2 = 7𝜋/30,   (A.3) 

where 𝜉 = Δ/ℎ.  This equation has a real root 𝜉∗ ≈ 0.9581, which is outside of the allowable 

range 1 < 𝜉 ≤ √2 for the nine-point stencil.  It means that the second order of approximation 

cannot be achieved at ℎ/∆≤ 1. 

At 1 < ℎ/∆≤ √5, the support domain of every SPH particle includes twelve neighbors.  

The central finite-difference approximation of the Laplacian on a symmetric thirteen-point 

stencil can be written as 

 
{∇ ∙ (∇𝑇)} , = 𝛼

𝑇 , + 𝑇 , + 𝑇 , + 𝑇 ,

∆
 

+𝛼
𝑇 , + 𝑇 , + 𝑇 , + 𝑇 ,

∆
 

+𝛼
𝑇 , + 𝑇 , + 𝑇 , + 𝑇 ,

∆
− 4(𝛼 + 𝛼 + 𝛼 )

𝑇 ,

∆
 . 

 

(A.4) 

Eq. (A.4) provides the second-order convergence for arbitrary 𝛼 , 𝛼  and 𝛼  if 𝛼 + 2𝛼 +

4𝛼 = 1.  At 1 < ℎ/∆≤ √5, Eq. (2.16)  also reduces to an equation in the form of Eq. (A.4), 

where the coefficients 𝛼  must be replaced by coefficients 𝛼 ,  (𝑘 = 1,2,3) given by Eq. (A.2) 
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at 𝛽 = 1, 𝛽 = √2, and 𝛽 = 2.  For the kernel function given by Eq. (2.14), the condition 

𝛼 , + 2𝛼 , + 4𝛼 , = 1 reduces to 

 𝜉 √2 + 5/2 𝜉 − 10𝜉 + 4 + 2√2 = 7𝜋/30.   (A.5) 

Eq. (A.5) has a real root 𝜉∗ ≈ 0.9199 which corresponds to ℎ/∆= 1/𝜉∗ ≈ 1.0871.  Only at this 

ℎ/∆, the SPH approximation of the 2D Laplacian given by Eq. (2.16) results in the second-order 

approximation with respect to ∆.  This result completely agrees with the results of numerical 

investigation of the convergence behavior of the test problem considered in Section 2.3.1, which 

are shown in Fig. 2.5(b). 

 It is worth noting that both Eq. (A.1) and (A.4) result in the second-order approximation 

of the steady-state heat conduction equation, i.e., the Laplace equation, at arbitrary coefficients 

𝛼 .  Correspondingly, Eq. (2.16) provides second-order convergence of the temperature field in 

steady-state problems independently of ℎ/∆ if ℎ/∆> 1/2. 
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