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ABSTRACT 

The active hydrogen maser atomic frequency standard is widely used in modern radio 

science astronautics research due to its outstanding short-term frequency stability. Short-term 

frequency stability is critical to radio science applications because the accuracy and resolution of 

spacecraft range and Doppler measurements are directly associated with the stability of the 

communication system’s timing reference. Due to the design of the hydrogen maser and the 

sensitivity of the hydrogen ground state hyperfine transition, the achievable frequency stability 

of the hydrogen maser is degraded by temperature fluctuations in its operating environment. This 

temperature sensitivity results from the influence of Doppler shifts, cavity pulling, and wall 

shifts associated with the temperature of the maser microwave cavity. Modern hydrogen masers 

are designed to compensate for temperature sensitivity through the use of a precision thermal 

control system.  

This thesis details the development of a reduced-order multiphysics model of a precision 

thermal control system intended to mimic the internal regulated thermodynamics of a hydrogen 

maser. The developed electro-thermal model includes individual components representing the 

thermal plant, temperature sensors, and the associated temperature controller. The model is tuned 

to agree with empirical measurements from a simplified vacuum testbed, and it is empirically 

validated in both the time and frequency domains. The validated model is also leveraged to 

analyze the performance of the precision thermal control system within the Microchip MHM-

2010 hydrogen maser. Analysis of this controller demonstrates that while the existing design 

meets performance specifications, there exists room for improvement in both the dynamic and 
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steady-state tracking performance of this system. Overall, the proposed methodology presents a 

powerful approach for analyzing and improving the performance of a precision thermal control 

system. 
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CHAPTER 1: 

INTRODUCTION 

Thermal control is a critical consideration in technologies spanning a wide variety of 

disciplines and applications. From extreme thermal cycling conditions in the space environment 

to ambient temperature fluctuations in manufacturing facilities, temperature gradients and 

transient perturbations arise that engineers must anticipate and account for in their system 

designs to meet performance requirements. Thermal control techniques vary significantly in 

capability and complexity, ranging from passive open-loop thermal bridges to active and 

computationally demanding nonlinear optimization controllers. The controller complexity 

necessary within a particular thermal control system is determined by design constraints and 

operational requirements, often with capability being directly proportional to complexity. The 

work of this thesis is motivated by the thermal control requirements of atomic frequency 

standards. These systems require effective steady-state tracking and robust dynamic controller 

performance in order to sustain stable frequency output in the presence of ambient temperature 

fluctuations. However, the methodology utilized in modeling and improving controller 

performance for these systems can be extended to any application with tight temperature stability 

requirements. 

As such, the work of this thesis consists of creating a concise, repeatable methodology for 

development of a dynamic, multiphysics model of a regulated thermal system with precision 

control requirements. A model created within this methodology is then leveraged to assess the 

performance of the thermal control system of a commercial hydrogen maser, specifically the 
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Microchip MHM-2010. Upon analysis, this thermal controller was found to meet published 

specifications in mitigating the sensitivity of the hydrogen maser’s frequency stability to ambient 

temperature fluctuations. However, room for improvement has been identified in the dynamic 

and tracking performance of this controller design. The model utilized to identify these areas for 

improvement can be further leveraged to perform a model-based controller design that 

incorporates the open-loop frequency-domain behavior of the system. Thus, the established 

methodology for assessing the performance of a thermal control system presents a powerful tool 

capable of quantifying existing capabilities, identifying areas for improvement, and facilitating 

formation of alternative controller designs. Furthermore, this approach equips engineers with 

newfound insight into parameters of sensitivity and associated influence on figures of merit 

within the context of precision thermal control. 

1.1. Thermal Management 

Thermal management describes the engineering processes associated with the 

manipulation of heat transfer and thermodynamics within a system in order to maintain certain 

components within a specified temperature range. Heat is a form of energy, and energy in any 

environment trends toward equilibrium. This characteristic causes heat to flow from hot to cold, 

or from areas of higher energy to areas of lower energy. Heat flow is achieved through three 

distinct transport phenomena, namely conduction, convection, and radiation. Conduction 

describes heat flow at the molecular level and informs the nature of heat flux through a still 

medium. Convection describes heat flow resulting from bulk motion and informs the nature of 

heat flux in the presence of internal or external flow. Radiation describes heat flow achieved 

independent of a transport medium and informs the nature of heat flux as it pertains to the 

electromagnetic spectrum [1]. Engineers utilize these thermal transport phenomena to steer the 
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direction of heat flow within a system and control temperature gradients. The operation of many 

engineering systems is inherently associated with the generation of heat or exposure to external 

thermal loads, both of which create temperature gradients that must be properly managed to 

ensure the system continues to meet performance requirements. Thus, the etymology of the term 

“thermal management” can be attributed to the inevitable nature of thermal loads and the 

necessity of managing their influence on sensitive components and circuitry. It is for this reason 

that various thermal management approaches are implemented in systems across virtually all 

engineering disciplines, from compact electronics enclosures [2] to rocket launching systems [3]. 

If left unaddressed, thermal management impediments are capable of degrading system 

performance or even causing system destruction. The performance demands of compact mobile 

devices such as smart phones and gaming systems require innovative cooling systems to prevent 

overheating and associated hardware damage [4]. Automotive vehicles rely on convective 

cooling to prevent powertrain components from exceeding critical temperature thresholds [1]. 

Semiconductor packages must withstand thermal loads caused by electrostatic discharge stresses 

[5]. An extreme example of an engineering failure associated with inadequate thermal 

management is the Challenger Space Shuttle disaster in 1986. Launching at an ambient 

temperature outside of the accepted launch commit criteria range caused rubber O-rings in the 

motor case joint to lose resiliency and leak combustion flames [6]. This leakage resulted in an 

explosion that ultimately killed the seven crew members of the mission. This event has been 

recognized as one of the greatest engineering tragedies in US History, and the cause of the 

failure was linked to poor thermal management. The stakes may vary, though the fundamental 

principle remains unchanged: systems that experience large thermal loads depend on effective 

thermal management to maintain reliability and performance. 
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While thermal failures can be caused by temperature-dependent material properties and 

changes of state, thermal failures are most commonly associated with mechanical, stress-based 

failure modes. Dynamic thermal loads influence mechanical connections via thermal expansion, 

in which physical components expand or contract due to fluctuations in temperature [7]. As 

different materials and components expand at different rates, mechanical stresses emerge that 

produce failure [8]. Thermal loads are often cyclical in nature, whether due to HVAC regulation 

routines or dynamic eclipse conditions for orbiting satellites. Therefore, small thermal stresses 

become a greater concern when alternating stress conditions are considered [9]. 

Due to the cyclical nature of thermal loads, thermal management requirements are often 

driven by considering worst-case thermal conditions. These conditions consider both the 

operating environment of the system as well as the heat generation of internal components and 

subsystems. For example, designers may plan for the hottest and coldest cases, and assume that 

any design that performs well within these extremes will perform well on a continuum between 

them. Upon identifying the thermal loads and system temperature requirements, passive heat 

transport mechanisms such as heat pipes and heat sinks may be implemented to ensure the 

desired operating conditions are maintained [10]-[12]. While this level of analysis is sufficient 

for many classes of applications, there exist other applications for which higher fidelity thermal 

control is required. 

1.2. Precision Thermal Control 

Precision thermal control, a subset of thermal management, introduces the notion of 

temperature specificity. This approach is distinct from traditional thermal management in that the 

traditional techniques are typically intended only to avoid critical temperature thresholds. When 

systems require thermal regulation at a particular temperature, different dynamic and steady-state 
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design parameters must be considered. By isolating temperature-sensitive components with 

protective equipment such as multilayer insulation (MLI), large temperature fluctuations 

resulting from cyclical thermal loads can be filtered such that their influence on the interior 

thermal environment is mitigated [13]. Additionally, active thermal control techniques 

incorporate sensors and feedback control to regulate a variable thermal load to maintain the 

system at the desired operating temperature. Precise temperature stability is generally achieved 

through a combination of both thermal isolation and feedback control, simultaneously 

compensating for interior and exterior thermodynamics. 

The effectiveness of an active thermal control design can be gauged by its sensitivity or 

insensitivity to ambient temperature fluctuations. These systems are designed to maintain set 

operating conditions regardless of environmental disturbances. Therefore, introducing step 

changes in the ambient temperature can provide insight into the regulation capabilities of the 

design in question. As such, the common figures of merit for precision thermal control are the 

damping ratio of the dynamic response, settling time, steady-state tracking error, and the root 

mean square error (RMSE) of the regulated body’s temperature gradient with respect to the 

temperature set-point. Improvements with regards to these performance criteria can often be 

achieved through altering the design of the controller, altering the placement and configuration 

of the sensors and actuators, and altering the design and material properties of the components 

being regulated. 

Precise thermal control is a crucial capability for biomedical engineering [14], internal 

combustion engine mapping [15], semiconductor manufacturing [16]-[18], and advanced fields 

of metrology such as atomic frequency standards development [19]-[21] and optical system 

alignment [22]. These applications rely on tight thermal control, which in some cases require 



 

6 

accuracy on the order of a milliKelvin. On this scale of precision, traditionally negligible 

interactions and effects become increasingly prominent parameters of sensitivity. 

Meeting such stringent stability specifications necessitates integrated design of both the 

mechanical and electronic hardware [21], [23]. An integrated design approach allows for both 

steady-state and dynamic analysis of the control scheme in question and avoids artificial 

limitations induced by a sequential design approach. However, integrated design also requires 

simultaneous consideration of the physical phenomena associated with both the thermal and 

electrical domains within the system considered [23]. In order to anticipate and characterize the 

interactions between multiple physical domains, engineers utilize multiphysics modeling 

techniques. 

1.3. Multiphysics Modeling 

Multiphysics modeling, also referred to as multiphysics simulation, describes the 

coupling of multiple physical domains that simultaneously influence a particular system. A 

common example is a hydro-electrical model that relates water flow to the generation of 

hydroelectric power. In addition to incorporating multiple physical processes, the individual 

components of these systems often operate on widely varying timescales. Thus multiphysical 

models must frequently implement multiscale methods as well [24]. The challenges associated 

with developing the numerical methods and computational techniques capable of capturing these 

multidimensional phenomena have been a subject of devoted academic inquiry [25]. In addition, 

many modern engineering research and development companies consider multiphysics 

simulation to be an indispensable asset to contemporary product development [26]. However, 

despite recent developments, there remains a lack of standardization in the methodology 

associated with the initial development of a multiphysics model. Thus, individual science and 
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engineering disciplines have adopted different approaches [24]. For the majority of multiphysics 

modeling applications, researchers and designers utilize commercial simulation software, such as 

ANSYS and COMSOL Multiphysics. These programs utilize various finite element analysis 

(FEA) techniques to solve coupled systems of partial differential equations for multiple physical 

domains. Alternatively, many applications rely on open-source modeling software designed for 

capturing interactions between specific physical fields [27]. For situations in which no suitable 

software exists between physical fields of interest, researchers will often utilize cosimulation 

techniques in which alternate simulation environments are used in tandem to model the 

comprehensive system behavior [28]. While cosimulation modeling methods are capable of 

adequately representing multiphysical behavior, utilizing multiple simulation environments 

introduces uncertainty propagation and modeling discrepancies that must be considered [29]. 

This obstacle can also lead to undesirable model complexity. 

In order to avoid cosimulation model complexity and mitigate the computational 

demands associated with commercial multiphysics simulation software, designers frequently 

employ model order reduction (MOR) techniques. These techniques involve a method of 

metamodeling (i.e. the modeling of models) by representing high-dimensional phenomena within 

a reduced mathematical space through a variety of established procedures [30]. This 

simplification is particularly useful in design and control optimization applications in which 

multiple model evaluations are necessary for varying parameter configurations. The reduced 

model can be employed in large simulation studies which would otherwise incur prohibitively 

large computational costs. To ensure that the reduced model faithfully captures the system 

dynamics of a more complete model, the model developers often compare the reduced model 

output against a known object response across a series of excitations. The resulting set of object 
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responses is known as the test set, and it can be created through controlled physical or numerical 

experiments [31]. Tunable parameters within the reduced model can then be adjusted by fitting 

simulation results to a particular response from the test set, and the response is labeled the 

generating set. Additional responses from the test set may be used to gauge the error of the 

reduced model. The physics of the model need not be removed or degraded by this fitting 

process as the physical relations between individual components is maintained within the model 

topology [32]. 

Although a wealth of MOR techniques have been developed, surrogate models typically 

fall into one of three categories: data-fit models, hierarchical models, or projection-based 

reduced-order models [33]-[34]. Data-fit models employ non-physics-based approximations 

which estimate the behavior of the full model through methods such as interpolation or linear 

regression. As such, the data-fit models range drastically in complexity from simple behavioral 

models to neural networks within adaptive learning models. While data-fit models can 

adequately reproduce the desired system behavior with varying levels of complexity, the 

predictive performance is often achieved at the expense of insight into the underlying physics of 

the system due to the associated “black-box” analysis approach. Hierarchical models utilize 

simplified physics with coarser discretization and idealizing assumptions to create a lower-

fidelity physics-based model capable of approximating the behavior of a full model. The 

predictive performance of hierarchical models can be highly dependent on the validity of the 

associated assumptions, which in turn can be influenced by variations in the system’s initial 

conditions and boundary conditions. Thus, designers working with reduced models of this type 

often require a collection of hierarchical models to properly model a single system’s behavior for 

different operating conditions. Projection-based reduced order models apply various 
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decomposition methods that ultimately generate a projection of a high-dimensional system onto a 

small set of generalized coordinates. The projection-based modeling approach is typically the 

most mathematically rigorous of the aforementioned MOR techniques. However, this approach 

essentially retains the fundamental structure of the original model and has been demonstrated in 

the literature to produce at times better predictive qualities than even the data-fit methods [34]. 

This thesis details the development of a hierarchical reduced-order multiphysics model 

capable of adequately reproducing the electrical and thermal dynamic behavior of physical 

precision thermal control system. The physical system was created to reflect the internal 

thermodynamics of a hydrogen maser and consists of a small test mass that is suspended within a 

vacuum environment and regulated with an external hydrogen maser temperature controller. This 

model avoids excessive complexity without compromising physical understanding of the 

relationships between individual model parameters. To illustrate how this work is differentiated 

from the previously discussed multiphysics modeling approaches, a qualitative plot of model 

complexity against physical basis is shown in Figure 1. 

 

Figure 1: Qualitative plot of typical multiphysics model characteristics 
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All of the discussed approaches to multiphysics modeling have been demonstrated in the 

literature as effective means for simulating real-world system behavior. However, it is believed 

by the author that a hierarchical reduced-order model is ideal for modeling precision thermal 

control systems. The hierarchical model structure facilitates efficient simulations that consider 

the electrical and thermal domains of the system in question without omitting the underlying 

physics. In addition, the modest computational burden of this approach facilitates detailed 

evaluations of parameters of sensitivity within the system. Parametric studies of this type 

represent a critical tool for identifying areas of improvement in precision thermal control 

systems. 

1.4. Literature Review 

The temperature sensitivity of the active hydrogen maser has been a well-known 

phenomenon within the precise time community since the instrument’s invention by N. Ramsey 

in 1959 [35]. This sensitivity can be primarily attributed to the construction of the hydrogen 

maser, as detailed by Vanier and Tomescu in [36]. Further treatment of the cause of this 

sensitivity as well as details regarding the design and operational theory of the hydrogen maser is 

given in Chapter 3 of this thesis. For many years, designers of the hydrogen maser have sought 

to reduce its temperature sensitivity through different techniques. Early iterations of the 

hydrogen maser incorporated glass-ceramic materials within the cavity to achieve low thermal 

conductivity, reduced thermal expansion, and reduced temperature sensitivity. However, such 

designs were sensitive to daily frequency perturbations associated with wall shift and long-term 

mechanical settling of the cavity [37]. 

In 1984, H. Peters developed a novel hydrogen maser design that reduced the temperature 

sensitivity of the system and avoided the influence of long-term wall shifts through a cavity auto-
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tuning technique [38]-[39]. This approach incorporates a copper microwave cavity with an 

output frequency that is electrically steered by a switching servo system. In contrast to the earlier 

iterations of the hydrogen maser, the copper cavity design results in a higher thermal 

conductivity and increased thermal expansion. However, the temperature of the cavity is actively 

compensated through a feedback control system. This active compensation approach improves 

dynamic frequency stability within fluctuating environmental conditions. Empirical 

measurements to evaluate temperature and other environmental sensitivities for an auto-tuned 

cavity maser were performed by T. Parker in 1999 [20].This study concluded that the 

sensitivities of this system are manageable if the instrument operates within a controlled 

environment such as an environmental chamber. 

Improvements in temperature sensitivity have also been achieved in the case of the 

passive hydrogen maser. For example, Chen et al. were able to demonstrate reduced temperature 

sensitivity of the passive hydrogen maser by implementing geometrical adjustments to the 

microwave cavity [40]. Similar improvements were reported by Hürlimann et al. as a result of 

implementing cryogenic cooling methods [41]. Furthermore, the space-based, passive hydrogen 

maser clock (HMC) from the Smithsonian Astrophysical Observatory has been identified as a 

textbook example of precision thermal control in the context of high-fidelity spacecraft thermal 

management [21]. The HMC project highlights the role of MLI in filtering dynamic thermal 

loads as well as the need for integrated design that considers the subtleties of the regulated 

geometry and its interactions with the analog thermal controller components. Despite the 

emphasis in the literature on the thermal control techniques for the passive hydrogen maser, very 

little has been published regarding the application of thermal control techniques to the active 

hydrogen maser. 
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Thermal control techniques aside, the internal thermodynamics of an active hydrogen 

maser have been thoroughly studied by K. Miskell [42]. In his work, K. Miskell presented the 

thermal network approach as an ideal candidate for effectively modeling the thermodynamics of 

a maser microwave cavity. Thermal equivalent networks have been leveraged to model heat 

transfer since long before the development of any computer simulation methods [43]. In 

addition, modern literature on thermal modeling recognizes the computational complexity 

associated with FEA techniques and identifies thermal networks as computationally 

advantageous alternatives [44]-[46]. The primary thermal network topologies described in the 

literature to capture dynamic thermal behavior are the Cauer and Foster network models. L. 

Codecasa presents a detailed review of these models in [47]. Illustrations of sample Cauer and 

Foster network configurations are shown in Figure 2. In these circuits, the current source 

symbols represent heat flow rate sources (within the blue enclosures); the capacitor symbols 

represent discrete thermal capacitances that collectively model a thermal mass (within the yellow 

enclosures); the resistor symbols represent thermal resistances (within the red enclosures); and 

the ground symbols represent temperature references (within the green enclosures). 
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Figure 2: Example topologies for Cauer and Foster thermal network models 

The literature refers to both of these topologies under the umbrella terms “distributed” or 

“ladder” RC networks. Both approaches incorporate collections of thermal resistance and 

capacitance that combine to produce a series of RC time constants collectively modeling the 

diffusion of heat through the system [48]. The components of the Cauer network correspond to 

lumped volumes of isothermal behavior within a thermal mass, while the Foster network is a 

reflection of the system’s thermal transfer function that has been linearized between defined 

isothermal nodes [42]. Thus, the Cauer network approach is more suited for modeling nonlinear 

heat transfer mechanisms such as radiation and time-varying convection. A study of the 

frequency-domain modeling capabilities of the Cauer and Foster networks is presented by Ma et 

al. in [49]. This study found that an expanded Cauer network significantly outperformed its 

Foster network counterpart in modeling the frequency-dependent thermal gain of power 
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semiconductor devices. Expanding a Cauer model by increasing the number of RC nodes is 

comparable to decreasing the mesh size within a finite element model. Thus, the Cauer approach 

can be mapped to model order reduction procedures employed in modern simulation techniques 

[32], [44]. For the modeling of precision thermal control systems, this thesis extends the work of 

K. Miskell [42] and leverages the Cauer network approach for modeling thermal domain 

behavior. 

The control techniques found in the literature for precision thermal control generally 

consist of either proportional-integral-derivative (PID) or linear quadratic Gaussian (LQG) 

control schemes [15]-[18], [50]-[51]. PID control schemes regulate temperature by heating or 

cooling the system with a controller output determined by the difference between the measured 

system temperature and the temperature set-point. LQG controllers are optimization controllers 

that consist of a Kalman filter (also known as a linear quadratic estimator) and a linear quadratic 

regulator. This type of system regulates temperature by considering the measured system 

temperature, temperature set-point, system history, and external disturbances associated with the 

operating environment. Precision thermal control systems are typically based on a variation of 

one of these two primary control schemes, and the literature frequently employs the lumped, 

Cauer network model to evaluate the regulated system’s dynamic thermal performance [14]-[15], 

[50]. The literature often recognizes the characteristics of sensors and actuators as parameters of 

sensitivity in controller performance. However, few sources identify the electronic hardware 

associated with practical controller implementations as similarly influential. Thus, this thesis 

aims to introduce a methodology for modeling precision thermal control systems that considers 

both the dynamic states of the thermal domain as well as the instrumentation necessary for 

implementing an analog thermal controller. 
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1.5. Thesis Structure 

This thesis focuses on modeling precision thermal control systems associated with atomic 

frequency standards such as the active hydrogen maser. In order to contextualize the relevance of 

this work within the aerospace industry, Chapter 2 discusses the role of radio science (and 

precision timing) in astronautics. Chapter 3 details the physics of the hydrogen maser and the 

origins of its environmental sensitivity, including quantitative measurements on a particular 

hydrogen maser’s frequency-temperature coefficient. Chapter 4 explains the development of the 

reduced-order multiphysics model leveraged to evaluate thermal controller performance. Chapter 

5 details the empirical validation process for the developed model. Chapter 6 presents several 

brief examples of model analysis that quantify controller performance in order to enable future 

model-based controller design. Chapter 7 summarizes the contribution of the thesis and identifies 

possible areas for continued research. 
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CHAPTER 2: 

THE ROLE OF RADIO SCIENCE IN ASTRONAUTICS 

Radio science is instrumental in modern astronautics research and applications; however, 

its importance is not readily apparent. This chapter motivates the development of modeling 

methods in support of the design of thermal control systems for atomic frequency standards by 

presenting a brief overview on the role of radio science in deep space navigation and space 

weather observations. The space industry directly benefits from the use of radio science in 

studying both the near and the far, and the capabilities of radio science measurement techniques 

are heavily determined by the frequency stability of atomic frequency standards such as the 

active hydrogen maser. 

2.1. Radio Science Measurement Techniques 

Radio waves consist of oscillating electric and magnetic fields that travel at the speed of 

light in a vacuum. Engineers and scientists encode information into these oscillations to enable 

long-range, light-speed communications and measurements. Radio transmitters first produce an 

AC signal oscillating at a specified radio frequency (commonly referred to as the carrier wave) 

and then modulate that signal so that it can contain the desired information. The three primary 

methods of radio wave modulation are phase modulation (PM), amplitude modulation (AM), and 

frequency modulation (FM) [52]. Regardless of modulation method, the information signal is 

“attached” to the carrier wave, amplified, and applied to the antenna. The resulting AC signal 

produced by the electrons within the antenna creates the aforementioned oscillating electronic 

and magnetic fields that allow the radio wave to propagate through space. The antenna of a 
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receiver can then sense these oscillating electric and magnetic fields and demodulate the received 

signal to retrieve the encoded information. This methodology for wireless communication allows 

for two distinct measurement techniques: in-situ measurement and remote-sensing observations. 

In-situ measurement, or “on-sight” measurement, involves instrumentation configured 

directly at the location of scientific interest and in contact with the subject matter of interest [53]. 

A recent example of in-situ radio science utilized in the context of space exploration and 

planetary science is the Saturn ring density research carried out by the US National Aeronautics 

and Space Administration (NASA) with the Cassini-Huygens space probe during the mission’s 

grand finale in 2017. The Cassini probe was instrumented with Radio and Plasma Wave Science 

(RPWS) antennas that vaporized particles within Saturn’s rings, turning them into clouds of 

plasma. As the Cassini probe passed through the planet’s rings, these plasma clouds created 

small impulse voltages that the RPWS antennas could detect. These measurements were 

reassembled into a specialized format to provide researchers with a visual representation of the 

particle density at various points along the ring thickness. The results of this analysis at two 

different orbits (R = 2.49 Rs and R = 1.05 Rs where Rs is the planetary radius of Saturn) are 

shown in Figure 3 [54]. In this figure, the horizontal axis is time in the “hh:mm:ss” format; the 

vertical axis is the measured frequency in kHz; and the spectral density is given by the color bar 

in V2/m2-Hz. For the December 2016 crossing (R = 2.49 Rs), a clear rise in spectral density can 

be seen in red as the probe passes through the rings at the higher orbit. Conversely, a clear rise in 

spectral density at the point of the ring plane crossing is not observed in the April 2017 crossing 

(R = 1.05 Rs). This finding led to the conclusion that notable gaps exist between different layers 

of Saturn’s rings, and the cause of this phenomenon remains a subject of scientific inquiry. 

Nevertheless, the Cassini observations associated with the data presented in Figure 3 provide an 
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excellent demonstration of in-situ radio science measurement in the context of planetary science 

given that the Cassini probe was physically in contact with Saturn’s rings at the time of 

measurement. 

 

Figure 3: Comparison of Cassini ring crossings (NASA) [54] 

While in-situ measurement can employ radio science techniques, radio wave-based 

measurement is ordinarily utilized in the context of remote-sensing observations. The principal 

advantage of remote-sensing over in-situ measurement is that remote-sensing techniques allow 

instrumentation to be configured far away from the subject of interest. Thus, remote-sensing 
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techniques do not directly affect the objects or phenomena of scientific interest. Remote-sensing 

methods rely on radar, lidar, or acoustic sounding to measure subtle characteristics of radio, 

optical, or mechanical wave propagations. These characteristics inform the observer of the 

location and direction (among other parameters) of various objects or physical phenomena [53]. 

Radar measurement approaches typically measure the backscattering of radio waves, operating at 

frequencies as low as 50 MHz in the VHF band (commonly used for long-range surveillance) to 

as high as 40 GHz in the Ka band (commonly used for airport surveillance and high resolution 

mapping). A recent example of remote-sensing radio science utilized in the context of space 

environment research is the capture of a radar movie of Asteroid 2011 UW158 in 2015. Using a 

radar imaging technique known as bi-static observation, an Earth-based radio telescope at the 

Goldstone, California station of NASA’s Deep Space Network (DSN) beamed a radar signal at 

the asteroid. This signal was reflected and recorded by a radio telescope at the National Radio 

Astronomy Observatory in Green Bank, West Virginia. This process was utilized to create a 

series of images that collectively captured the rotational dynamics of Asteroid 2011 UW158, an 

example of which is shown in Figure 4 [55]. This footage revealed that the celestial body 

completes a full rotation about its rotating axis approximately once every half hour. This study 

revealed that the asteroid possessed greater mechanical strength than typical asteroids of its size, 

as this rotation rate would ordinarily cause such a structure to split apart. Analyses of this nature 

allow material scientists to investigate the possible composition and mechanical strength of 

different asteroids. Thus, the bi-static observation technique provides an excellent example of 

remote-sensing radio-science applied to modern astronautics research. Whether through in-situ 

measurement techniques or remote-sensing observations, radio science is a powerful tool for 

scientific discovery within the space environment. 
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Figure 4: Radar image of Asteroid 2011 UW158 (NASA) [55] 

2.2. Deep Space Navigation 

The term “deep space” is generally used to describe all portions of space outside of 

Earth-lunar orbit. NASA monitors satellites and probes operating in this region through a series 

of ground stations that collectively make up the DSN with Deep Space Communications 

Complexes (DSCCs), which are located in Canberra, Australia, Madrid, Spain, and Goldstone, 

California. While DSN DSCCs are also used heavily for radio astronomy, this section focuses 

specifically on their role in radiometric navigation. As a spacecraft dives into deep space, it can 

be idealized as a fixed point in the sky relative to the daily rotation of the Earth. The DSCCs are 

radially separated on the Earth’s surface by approximately 120 degrees, thus enabling line-of-

sight contact with the distant probe from at least one DSN station at all times [56]. The 

capabilities of this international observation and tracking system have enabled ambitious deep 

space exploration missions such as the Voyager missions to interstellar space, the Cassini-

Huygens mission to Saturn, and the New Horizons mission to Pluto. 

The individual complexes of the DSN operate multiple radio telescopes instrumented 

with parabolic dish antennas and ultrasensitive receiving systems [57]. These assemblies are 



 

21 

designed for two primary purposes: transmitting beamed signals to distant spacecraft (uplink), 

and receiving extremely weak signals from distant spacecraft (downlink). These capabilities 

allow for both orbit determination and guidance of interplanetary spacecraft. Both uplink and 

downlink functions require an ultrastable RF carrier wave modulated to send and receive 

spacecraft telemetry. A detailed overview of the design and operation of these systems is 

provided in [57]. A photograph of the 70-meter antenna radio telescope at the DSCC in 

Goldstone, CA is shown in Figure 5. 

 

Figure 5: 70-m antenna radio telescope at Goldstone, CA DSCC 

The principle techniques utilized for radio navigation are range and Doppler 

measurements. Range measurements simply measure the round-trip transit time of a ranging 

signal transmitted and eventually received by a DSN station. This process can be deconstructed 

into a seven step sequence as follows [58]:  
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1) Modulating the ranging signal onto the uplink carrier wave 

2) Receiving the uplink signal at the spacecraft through a phase-locked reference signal 

coherent to the uplink carrier wave 

3) Demodulating the uplink signal with the reference signal to extract the original ranging 

signal 

4) Phase modulating the extracted ranging signal onto the downlink carrier wave 

5) Receiving the downlink carrier wave at the DSN station through a phase-locked reference 

signal coherent to the downlink carrier wave 

6) Demodulating the downlink signal with the reference signal to extract the phase 

modulated ranging signal 

7) Comparing the range code of the received ranging signal with a model of the originally 

transmitted range code to calculate the total transit time 

Doppler measurements are performed by differencing the received reference signal 

against the frequency reference of the DSN station. The frequency difference measured between 

the uplink and downlink carrier waves produces a Doppler tone. The phase change of the 

Doppler tone can be recorded with a cycle counter. This phase change can in turn be used to 

measure the range change of the spacecraft over the count interval. Thus, Doppler measurements 

provide the spacecraft dynamics while range measurements simply determine the spacecraft 

coordinates. Specific mathematical expressions that relate transit time and Doppler shift 

measurements to topocentric range and range rate are provided in [58]. 

Both range and Doppler measurement techniques require extensive radio science 

capabilities. The radio signal transit time for a particular deep space mission determines the 
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necessary radio science capability requirements, and figures of merit associated with these 

capability requirements are discussed in Section 2.4 of this thesis. 

2.3. Space Weather Observations 

A broader application of radio science within the field of astronautics is its utility in 

measuring and modeling space weather. Space weather is a subject of significant economic 

interest as well as academic interest. Space weather is defined as both the physical and 

phenomenological states of the space environment determined by the coupling of multiple 

complex phenomena [59]. The primary source of space weather is variable solar activity, with 

solar fluctuations impacting space and ground-based technologies as well as human activities and 

health. When solar activity is at a maximum, the sun’s magnetic field can break through the solar 

surface and cause sunspots, solar flares, and coronal mass ejections (CMEs) [60]. Of these three 

phenomena, CMEs have been demonstrated to be the primary correlation between heliophysics 

and the space weather of the near-Earth environment [61]. A photograph of a halo CME recorded 

by NASA Goddard Spaceflight Center with a coronagraph in 2012 is shown in Figure 6 [62]. 

 

Figure 6: Coronagraph image of halo CME (NASA) [62] 
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Failure to adequately anticipate the dynamic conditions of the upper Earth atmosphere 

resulting from solar activity leads to decreased orbital lifetime for LEO and GEO satellites [63]. 

Molecules in the upper atmosphere are often photo dissociated, and atomic particles resulting 

from photodissociation often become ionized. This phenomenon changes the composition of the 

upper atmosphere and the total amount of absorbed energy (corresponding to increasing 

temperature), which influences the atmospheric density of the thermosphere. This change in 

atmospheric density in turn influences the torque experienced by spacecraft due to atmospheric 

drag. The photodissociation and ionization of the upper atmosphere is a function of space 

weather conditions, and thus spacecraft torque requirements become a function of space weather 

conditions as well. It has even been demonstrated that the uncertainty in atmospheric drag 

calculations due to the influence of space weather significantly outweighs the uncertainty 

associated with drag coefficient estimates of spacecraft [63]. Therefore, orbital mechanics 

models must consider variations in space weather to accurately predict spacecraft dynamics. 

Space weather is commonly described by the states of plasma, and plasma is intrinsically 

associated with ionized particles at excited energy states such that ions and electrons do not 

readily recombine. Given this consistent state of energy, free electrons within a medium of 

plasma begin to oscillate at a natural frequency (a function of the recombining and re-ionization 

cyclical process). This oscillation produces a measurable, electromagnetic wave known as the 

plasma electron frequency [64]. In order for an electromagnetic wave to propagate through a 

given medium of plasma, the frequency of the electromagnetic wave must be greater than the 

electron plasma frequency. Radio waves traveling at frequencies equal to or less than the 

electron plasma frequency will either be absorbed or reflected by the plasma medium. 

Knowledge of the physical attributes of the plasma electron frequency coupled with 



 

25 

measurements of reflected frequencies enable scientists to deduce plasma conditions in the upper 

Earth atmosphere and the near-Earth environment. 

The minimum frequency needed for an electromagnetic wave to pass through Earth’s 

ionosphere is often referred to as the ionospheric critical frequency. This value is routinely 

measured across portions of the “radio sky” to characterize space weather in Earth’s upper 

atmosphere. The critical frequency varies with altitude and scientists have conceptually divided 

portions of Earth’s atmosphere into a series of discrete layers with common characteristics. In 

order of increasing altitude, these layers are the D, E, F1, and F2 layers [64]. By routinely 

measuring the relative thickness of these layers with radio interferometry, fluctuations in the 

upper atmosphere can be incorporated into space weather models. If the results are updated 

frequently, such models can be leveraged to improve the capability of spacecraft to withstand 

space-weather related events. Thus, radio science becomes a vital tool in characterizing 

spacecraft performance in addition to measuring spacecraft dynamics. 

2.4. Precise Time 

Virtually all space-oriented radio science applications require extreme frequency stability 

in both the generation and measurement of signals. In radiometric navigation, clock instability is 

known to be a significant contributor to error in range and Doppler measurements. The offsets 

between a tracking station’s frequency reference and the actual frequency transmitted by the 

radio telescope can be directly translated into range rate measurement errors by Equation 1 [58]: 

∆�̇� = 𝑐
∆𝑓

𝑓
(1) 

where 𝜌 is the range; 𝛥�̇� is the range rate error; c is the speed of light; f is the nominal frequency; 

and Δf is the frequency offset of the transmitted signal. The sensitivity of this error is a function 

of the station frequency reference. Frequency offsets greater than 1 part in 1013 typically produce 
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unacceptable measurement errors by modern Doppler system standards. Observational radio 

science experiments such as those used for radio astronomy and planetary science can require 

even greater frequency stability [65]. Radio science systems rely on atomic frequency standards 

and precise time instrumentation to achieve such stringent frequency stability requirements [66]. 

Precise time refers to the branch of metrology that focuses on developing, maintaining, 

and applying stable and synchronized frequency and timing systems. Atomic frequency sources, 

also referred to as atomic clocks, are the primary means of realizing precise time signals. These 

frequency sources rely on intrinsic radiation properties of various atoms (typically alkali metals) 

to quantify the duration of time corresponding to a second. According to the International Bureau 

of Weights and Measures, the second is formally defined by the duration of 9,192,631,770 

periods of transition between two hyperfine energy levels of the ground state of a cesium 133 ion 

[67]. Since the 1950s, a variety of atomic frequency standards have been designed using 

properties of different atoms. Vanier and Tomescu cite the cesium beam standard, the hydrogen 

maser, and optically pumped rubidium standards as the “classical” atomic frequency standards 

[36]. However, a variety of novel clock designs have recently been developed, such as linear ion 

trap standards (LITS) and the NASA deep space atomic clock [68]. 

Three standardized metrics utilized to characterize the performance of a given frequency 

standard are frequency instability, phase noise, and standard Allan deviation [69]. Precision 

frequency sources produce sine wave output voltage signals of the following form [70]: 

𝑉(𝑡) = (𝑉𝜊 + 휀(𝑡)) sin(2𝜋𝑣𝜊𝑡 + 𝜙(𝑡)) (2) 

where 𝑉(𝑡) is the output voltage at time t; 𝑉𝜊 is the nominal peak amplitude; 휀(𝑡) is the deviation 

from the nominal peak amplitude; 𝑣𝜊is the nominal frequency; and 𝜙(𝑡) is the deviation from the 
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nominal phase defined by 2𝜋𝑣𝜊𝑡. Frequency stability is typically described by fractional 

frequency, which is defined by Equation 3: 

𝑦(𝑡) =
𝑣(𝑡) − 𝑣𝜊

𝑣𝜊
=

∆𝑓

𝑓
(3) 

where 𝑦(𝑡) is the instantaneous frequency instability and 𝑣(𝑡) is the instantaneous frequency. 

The performance of any particular frequency standard is inevitably measured with some other 

particular frequency standard or ensemble. The performance of an individual frequency standard 

cannot be determined in isolation. Thus, all real-world frequency stability measurements reflect 

not only the stability of the instrument being tested but the stability of the test reference as well. 

Phase instability is customarily measured in the frequency domain and defined by the 

one-sided spectral density (one-sided in that the Fourier frequency f ranges from 0 to ∞). Phase 

noise is defined as one-half the measured phase instability, where phase instability is the one-

sided spectral density of instantaneous phase departure from some nominal phase [70]. This 

relationship is shown with Equation 4: 

ℒ(𝑓) =
1

2
𝑆𝜙(𝑓) (4) 

where ℒ(𝑓) denotes phase noise and 𝑆𝜙(𝑓) denotes phase instability [70]. Monitoring phase 

noise is essential to frequency stability analysis. Identifying the type and magnitude of noise 

components is a critical step in characterizing the stability of a frequency source. 

Allan deviation, also known as the two-sample deviation, is defined by the square root of 

the two-sample variance. Allan deviation is defined mathematically in Equation 5 for time-

averaged samples captured during two adjacent time intervals of constant length with no dead 

time [70]-[71]. 
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𝜎𝑦(𝜏) = √
1

2
〈(�̅�𝑘+1 − �̅�𝑘)2〉 (5) 

where 𝜎𝑦(𝜏) is the Allan deviation; 𝜏 is the sampling interval; and �̅�𝑘is defined by Equation 6: 

�̅�𝑘 =
1

𝜏
∫ 𝑦(𝑡)𝑑𝑡 =

𝑥𝑘+1 − 𝑥𝑘

𝜏

𝑡𝑘+𝜏

𝑡𝑘

(6) 

Here, t denotes the time of measurement and 𝑥𝑘 is the time residual measurement made at time 

tk. This metric provides a standardized, long-period assessment of frequency stability within the 

time domain, which in turn allows frequency standards to be compared against International 

Atomic Time (TAI) or Universal Coordinated Time (UTC). TAI and UTC are maintained by 

state-of-the-art timing laboratories across the globe that utilize an ensemble of various frequency 

standards to create a high-fidelity time scale. These references are well-suited for quantifying the 

performance of a particular frequency standard, particularly over a long measurement interval. A 

plot of typical frequency stability performance for different types of frequency standards is 

shown in Figure 7 [72]. In this plot, the vertical axis is a logarithmic scale of the standard Allan 

deviation and the horizontal axis is a logarithmic scale of the averaging time of the measurement. 
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Figure 7: Examples of Allan deviation measurement for assorted frequency standards [72] 

To contextualize the results presented in Figure 7, a study by the National Institute of 

Standards and Technology (NIST) found the Allan deviation of quartz wrist watches to be on the 

order of log(𝜎𝑦(𝜏)) = -8 for a 100 second averaging time [73]. This Allan deviation is outside of 

the vertical axis range in Figure 7, as shown by the blue annotation. In comparison, Figure 7 

shows that the active hydrogen maser achieves an Allan deviation of 1 part in 1014 for a 100 

second averaging time. Figure 7 also demonstrates the varying stability behavior exhibited by 

many frequency standards over a range of averaging intervals. These stability metrics are utilized 

to determine performance requirements for precise time instrumentation in astronautics and radio 

science applications. Published examples of frequency stability requirements of deep space 

probes are available in [74]. 

Radio science applications in the context of deep space communications require systems 

capable of effectively communicating across the solar system. The time delay for a radio signal 
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traveling from Earth to the outskirts of the solar system is on the order of 85,000 seconds (1 day). 

Therefore, deep space radio science applications require frequency standards with excellent 

short-term frequency stability characteristics. As demonstrated in Figure 7, one such frequency 

standard is the active hydrogen maser. As will be shown later in this thesis, the frequency 

stability of the active hydrogen maser is directly influenced by the performance of its internal 

precision thermal control system. 
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CHAPTER 3: 

THE HYDROGEN MASER 

While the duration of a second is formally defined by properties of the cesium atom, 

timing observatories around the globe maintain precision time scales by relying on active 

hydrogen masers due to their outstanding short-term frequency stability [36],[69]. In the context 

of space exploration, short-term frequency stability is important due to the relatively short time 

intervals associated with sending and receiving radio waves across the solar system. Individual 

NASA DSCCs often utilize a single active hydrogen maser as the primary frequency standard in 

radiometric navigation and radio science operations [75]. A photograph of a modern hydrogen 

maser is shown in Figure 8 [76]. 

 

Figure 8: Photograph of an active hydrogen maser [76] 

The word “maser” is an acronym for microwave amplification by stimulated emission of 

radiation (similar to the acronym “laser,” except microwaves are amplified rather than light). A 



 

32 

hydrogen maser utilizes the radiation resulting from the transition between two hyperfine energy 

levels of a hydrogen atom to produce a frequency reference. For active hydrogen masers, the 

process is continuous and allows for outstanding short-term frequency stability. Modern timing 

observatories have found the maximum frequency instability for an active hydrogen maser to be 

3.0 parts in 1015 after 1000 seconds of operation [77]. The short-term stability of a hydrogen 

maser relative to a cesium beam standard is demonstrated in Figure 9. This plot was created by 

measuring two Symmetricom 5071A cesium beam standards against one another and measuring 

two Smithsonian Astrophysical Observatory (SAO) masers against one another, both for 

approximately one week [78]. This plot reveals that, on average, the masers achieve an Allan 

deviation that is two orders of magnitudes lower than the Allan deviation of the cesium 

standards. This result is consistent with the data shown in Chapter 2 of this thesis. 

 

Figure 9: Short-term Allan deviation for cesium beam and hydrogen maser [78] 
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Given that radio science activities typically operate at time intervals less than 100,000 

seconds (as discussed in Chapter 2 of this manuscript), the hydrogen maser is often the primary 

frequency standard utilized for space navigation and research applications. Furthermore, while 

hydrogen masers can be utilized directly in ground-based remote-sensing applications of radio 

science, they are also used indirectly with in-situ radio science applications. In these 

applications, spacecraft instrumentation frequency stability capabilities are quantified and 

calibrated against hydrogen masers in frequency and timing laboratories. 

This chapter details the underlying physics of the hydrogen maser and elaborates on the 

cause of the instrument’s temperature sensitivity. The temperature sensitivity of the hydrogen 

maser directly influences the instrument’s achievable frequency stability, and addressing this 

sensitivity is one of the key motivations for the model development presented in this thesis. 

Furthermore, long-term temperature sensitivity measurements of a particular hydrogen maser 

performed by the author at the Frequency Standards Testing Laboratory (FSTL) of the NASA Jet 

Propulsion Laboratory (JPL) during the summer of 2019 are provided [78]. These two topics, in 

tandem with the concepts presented in Chapter 2, illustrate that the performance of the hydrogen 

maser’s thermal control system directly influences the capabilities of modern spacecraft tracking 

systems. 

3.1. Physics of the Hydrogen Maser 

The hydrogen maser is designed to generate ultrastable microwave frequencies by 

recording the radiation associated with the hydrogen ground state transition. The interaction of 

the unpaired electron and the proton nucleus of the hydrogen atom creates two hyperfine energy 

levels, denoted by F=0 and F=1. The energy separation between these levels corresponds to a 

frequency of 1420.405 MHz in the L band of the microwave spectrum. A magnetic field can be 
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applied to the system to split the F=1 state into three levels, denoted by mF=-1, mF=0, mF=1. The 

maser ultimately operates on the transition between the F=1, mF=0 state and the F=0, mF=0 state 

[36]. 

The maser theory of operation is fairly straight forward, and the process utilized to record 

the frequency of the aforementioned hydrogen transition can be described by a sequence of 

simple steps. A visualization of the entire process is provided in Figure 10. 

 

Figure 10: Visualization of basic hydrogen maser operation [78] 

Trace amounts of molecular hydrogen first pass into a vacuum system through a control 

valve. The molecular hydrogen is then dissociated into atomic hydrogen through RF discharge 

within the dissociation bulb and a collimator focuses the atoms into a narrow beam. The beamed, 

atomic hydrogen is passed through a magnetic state selector which filters the atoms such that the 

desired excited states are passed into the storage bulb while the undesired states are removed. 

The storage bulb is coated with an elastic material such as Teflon so that collisions with the bulb 
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surface do not perturb the excited states of the atoms. This provides a longer timeframe for the 

hyperfine transition to occur. The storage bulb is configured within a microwave cavity that has 

been finely machined such that the cavity resonance is at the hydrogen transition frequency. This 

increases the lifetime of the hydrogen coherence. The hydrogen atoms emit energy through 

stimulated emission of radiation. The phase of the radiation emitted combines with the existing 

radiation and causes the energy to be amplified. If the losses of the resulting microwave signal 

are sufficiently small and the relaxation time of the atoms is sufficiently long, then a continuous 

oscillation occurs and the maser is considered an “active” maser. The microwave signal is 

recorded with a pick-up coil or antenna; however, the hydrogen transition frequency is not 

directly usable in most applications. Thus, the microwave signal is typically processed through a 

digital system that ultimately phase locks the hydrogen frequency to a quartz crystal oscillator 

with a nominal frequency of 10 MHz [36], [79]. 

The maser oscillation frequency can be perturbed by a variety of factors. In a paper 

detailing the fundamental sources that contribute to systematic frequency shifts, H. Peters 

identifies second-order Doppler shifts, cavity and spin exchange pulling, magnetic field 

variations, and wall shifts of the storage bulb as the most significant contributors to these 

perturbations [80]. The Doppler shift is a consequence of the special relativity time dilation 

effect, and the magnitude of this error is determined by the velocity of the atoms and the 

operating temperature. Cavity and spin exchange pulling are associated with the resonance of the 

microwave cavity and this error can be corrected by altering the electromagnetic environment or 

the geometry of the cavity. Variations or inhomogeneities in the applied magnetic field also 

depend on geometry of the maser; however, this sensitivity is less significant for masers with 

proper magnetic shielding [36]. Wall shift is caused by interactions between the hydrogen atoms 
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and the walls of the storage bulb, and the magnitude of this error is influenced by the operating 

temperature and is directly proportional to the surface-to-volume ratio of the storage bulb. 

Additional environmental sensitivities include barometric-pressure and relative humidity [20]. Of 

these categories, Doppler shifts, cavity pulling, and wall shifts are influenced by the temperature 

of the microwave cavity. 

In many masers, a precision feedback thermal control system compensates for the effects 

of cavity pulling. In order for the microwave cavity to maintain resonance with the hydrogen 

transition frequency, the cavity must maintain tight volumetric tolerances. Fluctuations in the 

ambient temperature can cause the cavity to expand and contract. Thus, the thermal control 

system is responsible for actively regulating the temperature of the cavity such that ambient 

temperature perturbations do not alter the resting temperature of the cavity. By maintaining a 

temperature set-point, the cavity maintains a fixed volume and the resonance characteristics are 

not changed in spite of ambient temperature fluctuations. Therefore, the frequency stability 

achieved by the maser is directly associated with the performance of its precision thermal control 

system. 

3.2. Environmental Sensitivity Analysis 

As identified in the previous section, the achievable stability of an atomic frequency 

standard is impacted by fluctuations in the standard’s operating environment. Before hydrogen 

masers are configured for a particular application, the instruments often undergo a rigorous 

testing process in order to characterize and calibrate their environmental sensitives. During a 

summer internship with NASA JPL, the author of this thesis oversaw this testing process for a 

particular hydrogen maser, Microchip Maser 300, prior to its installation at a DSCC. For this 
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project, the test maser’s sensitivity to temperature, humidity, pressure, and magnetic field were 

thoroughly characterized. 

In these environmental evaluations, the maser’s frequency stability is continuously 

measured while the instrument is subjected to a specific environmental disturbance. A 

visualization of this approach for the temperature sensitivity evaluation is presented in Figure 11, 

in which the maser frequency-temperature relationship is represented through an abstracted 

block diagram of the maser thermal control system. In this figure, a feedback control loop 

regulates the temperature of the maser’s microwave cavity. The temperature of the microwave 

cavity is determined both by the output of the thermal control system and by disturbances in the 

ambient temperature (within the red enclosure). The temperature of the microwave cavity, in 

concert with other environmental factors, influences the cavity frequency. Fluctuations in the 

cavity frequency, in turn, influence the measured frequency stability of the maser. The JPL FSTL 

monitors the performance of different frequency standards using a machine called the frequency 

standard stability analyzer (FSSA) (within the green enclosure). 

 

Figure 11: Abstracted black diagram of maser frequency-temperature relationship 
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The temperature control loop shown in Figure 11 is designed to regulate the temperature of the 

maser such that the steady-state temperature is unchanged by ambient temperature disturbances. 

If the steady-state temperature of the maser cavity remains constant, then the cavity 

temperature’s influence on the maser frequency should also remain constant. Therefore, the 

steady-state frequency recorded by the FSSA should be constant regardless of the ambient 

temperature of the operating environment. In reality, ambient temperature fluctuations will 

slightly alter the temperature gradient of the microwave cavity, regardless of the performance of 

the thermal control system. Thus, hydrogen masers, like most frequency standards, have a 

published frequency-temperature coefficient that defines how a change in ambient temperature 

will change the maser frequency. However, these published frequency-temperature coefficients 

typically define the worst-case scenario and are usually prescribed for the production model of 

the frequency standard rather than for each individual unit. Due to subtle variations in 

construction, the exact frequency offset created by a known environmental disturbance must be 

determined empirically for each maser. This non-ideality is why the JPL FSTL performs 

environmental sensitivity analyses before installing masers at a DSCC. The isolation of the 

relationship between a single environmental disturbance and frequency stability introduces a 

major assumption in that the environmental disturbance is assumed to influence the frequency 

stability independently of other disturbances. However, this assumption is reasonable if all other 

disturbances and parameters are held constant by placing the maser in a regulated environmental 

chamber. For JPL’s environmental sensitivity evaluations, the environmental chamber approach 

is utilized to isolate the influence of specific environmental disturbances on the test maser’s 

performance. 
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The following subsections present the testing configuration, testing procedure, 

experimental results, and analysis associated specifically with the temperature sensitivity 

evaluation of Microchip Maser 300. Aside from preparing this maser for use in the DSN, this 

evaluation was performed with an additional interest of exploring the linearity of the hydrogen 

maser frequency-temperature coefficient. Linearity of the frequency-temperature coefficient 

would suggest the presence of steady-state error in the implementation of the thermal control 

system. If present, this phenomenon could potentially be corrected by altering the existing 

controller design. Thus, exploring the linearity of the hydrogen maser frequency-temperature 

coefficient could identify room for improvement in the maser’s temperature sensitivity, 

potentially increasing the robustness of the instrument and providing a more stable frequency 

reference for DSN applications. 

3.2.1. Testing Configuration 

For the temperature sensitivity evaluation, Maser 300 was configured in an 

environmental chamber capable of cyclically adjusting the ambient temperature. A photograph of 

the test maser within the environmental chamber is shown in Figure 12. 
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Figure 12: Test maser configured in environmental chamber [78] 

The sensitivity of the maser thermal control system was assessed by performing a series 

of ambient temperature step-changes over a range of temperature set-points. By varying the 

magnitudes and set-points of the ambient temperature step-changes and monitoring the 

associated fluctuations in the frequency output, the linearity of the test maser’s frequency-

temperature coefficient can be evaluated. 

During these tests, the test maser’s frequency stability was constantly measured against 

three other FSTL hydrogen masers: SAO 16, SAO 18, and SAO 26. It is worth noting that during 

these tests, Maser SAO 26 acted as the house reference (the primary frequency standard of the 

FSTL) and Maser SAO 16 was driven by a linear ion trap standard (LITS). It should also be 

noted that ion pump glitches began occurring in SAO 26 beginning on 7/20/2019. As a result, the 
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final round of temperature tests measured against SAO 26 contain frequency anomalies unrelated 

to the temperature experiments. 

3.2.2. Testing Procedure 

The testing procedure for the temperature sensitivity evaluation started and ended with a 

22°C ambient temperature soak. Recording the output frequency at these temperature conditions 

allowed the influence of the daily frequency drift of the maser to be removed with a linear 

correction factor. Subsequent to the initial 22°C soak, a series of long-term ambient temperature 

step changes were performed with the environmental chamber. Due to the large thermal time 

constants associated with the microwave cavity, the maser was given two days to reach steady-

state at each ambient temperature set-point. In total, three eight-day temperature experiments 

were performed in the environmental chamber. Each experiment consisted of two cycles of a 

temperature step change, with each experiment implementing a different step magnitude. By 

performing these experiments, it was possible to evaluate the relationship between the maser’s 

frequency stability and the response of the thermal control system to a transient temperature 

disturbance. The structure of this evaluation is detailed in Table 1. For each temperature step 

change, the environmental chamber was given six hours to ramp to the specified ambient 

temperature set-point and the chamber was then maintained at the specified temperature for 42 

hours. This process gave the maser roughly one day to achieve steady-state and another day to 

record the frequency output at the new steady-state condition. 
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TABLE 1 

PROCEDURE FOR TEMPERATURE SENSITIVITY ANALYSIS 

Test # Date Time Action 

NA 7/2/2019 12:00 Hold chamber at 22°C 

1 7/3/2019 0:00 Ramp chamber to 17°C 

1 7/3/2019 6:00 Hold chamber at 17°C 

1 7/5/2019 0:00 Ramp chamber to 24°C 

1 7/5/2019 6:00 Hold chamber at 24°C 

1 7/7/2019 0:00 Ramp chamber to 17°C 

1 7/7/2019 6:00 Hold chamber at 17°C 

1 7/9/2019 0:00 Ramp chamber to 24°C 

1 7/9/2019 6:00 Hold chamber at 24°C 

2 7/11/2019 0:00 Ramp chamber to 21°C 

2 7/11/2019 6:00 Hold chamber at 21°C 

2 7/13/2019 0:00 Ramp chamber to 24°C 

2 7/13/2019 6:00 Hold chamber at 24°C 

2 7/15/2019 0:00 Ramp chamber to 21°C 

2 7/15/2019 6:00 Hold chamber at 21°C 

2 7/17/2019 0:00 Ramp chamber to 24°C 

2 7/17/2019 6:00 Hold chamber at 24°C 

3 7/19/2019 0:00 Ramp chamber to 15°C 

3 7/19/2019 0:00 Hold chamber at 15°C 

3 7/21/2019 6:00 Ramp chamber to 25°C 

3 7/21/2019 0:00 Hold chamber at 25°C 

3 7/23/2019 6:00 Ramp chamber to 15°C 

3 7/23/2019 0:00 Hold chamber at 15°C 

3 7/25/2019 6:00 Ramp chamber to 25°C 

3 7/25/2019 0:00 Hold chamber at 25°C 

NA 7/27/2019 6:00 Ramp chamber to 22°C 

NA 7/27/2019 0:00 Hold chamber at 22°C 

 

Similar to the FSSA system used to monitor frequency stability, the temperature gradient 

within the environmental chamber was constantly measured with thermocouples affixed in 

several locations within the chamber. The temperatures recorded by these thermocouples for the 

entirety of the experiment is shown in Figure 13. Channel 20 is the control point temperature of 

the chamber; Channel 22 measures the temperature at the rear of the test maser; Channel 24 
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measures the temperature at the front of the test maser, and the remaining channels record the 

temperature at other miscellaneous locations in the chamber. 

 

Figure 13: Thermocouple measurement of chamber temperature [78] 

As Figure 13 demonstrates, there was an observable temperature gradient within the 

environmental chamber during the temperature sensitivity evaluations. However, the control 

point measured with Channel 20 was found to be within a tenth of a degree of the chamber set-

point for all experiments. 

3.2.3. Test Results 

As expected from past internal JPL maser performance records, the temperature 

sensitivity evaluation found that the test maser settled to different output frequencies for different 

ambient temperatures. In other words, shifts in the temperature set-point of the chamber 

produced corresponding frequency shifts in the test maser’s fractional frequency recorded by the 
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FSTL FSSA. The frequency shifts recorded with the test maser measured against SAO 26 for the 

first temperature sensitivity experiment are shown in Figure 14 and Figure 15. The normalized 

fractional frequency is shown with two different averaging periods in these two figures in order 

to provide the reader with a comprehensive presentation of the observed frequency-temperature 

relationship. 

 

Figure 14: Maser 300 temperature sensitivity experiment I, 1024s averaging period [78] 
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Figure 15: Maser 300 temperature sensitivity experiment I, 10240s averaging period [78] 

The result of this sensitivity experiment is consistent with the results published in [20]. 

This finding prompted continued analysis of the frequency-temperature relationships recorded by 

the other frequency references. The final results from the temperature sensitivity evaluation are 

shown in the three subsequent dual plots (Figure 16-Figure 18). In these plots, each data point 

corresponds to the average, steady-state fractional frequency of Maser 300 for the 24 hour period 

associated with a particular steady-state ambient temperature. The vertical axes denote the 

fractional frequency output of Maser 300 and the horizontal axes denote the ambient temperature 

of the environmental chamber. For each dual plot, the top subplot shows the average fractional 

frequency directly recorded from the FSSA in red, and the bottom subplot shows the same 

fractional frequency compensated for the daily frequency drift of Maser 300 in green. Daily drift 

was assumed to be linear, and a daily correction factor was applied such that the fractional 
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frequencies measured at the two 22°C set-points were assumed to be equal. Each of the three 

dual plots show the observed frequency-temperature relationship of Maser 300 as measured by a 

specific frequency reference. As such, the frequency-temperature relationships recorded with 

Maser 300 measured against SAO 26, SAO 18, and SAO 16 are shown in Figure 16, Figure 17, 

and Figure 18, respectively. Recall that ion pump glitches in SAO 26 impacted its measurements 

for the 15°C and 25°C test cycle (shown with the blue annotations in Figure 16). 

 

Figure 16: Temperature sensitivity results for Maser 300 vs. SAO 26 [78] 
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Figure 17: Temperature sensitivity results for Maser 300 vs. SAO 18 [78] 

 

Figure 18: Temperature sensitivity results for Maser 300 vs. SAO 16/ LITS [78] 
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3.2.4. Analysis of Test Results 

Of the masers used to measure Maser 300, SAO 16/LITS should be the most stable, 

because the LITS has greater long-term stability than a hydrogen maser. Consequently, the data 

recorded from SAO 16 in Figure 18 exhibits the most linear behavior of the three examples. The 

SAO 18 measurements in Figure 17 become more linear when drift correction is accounted for, 

but it is difficult to discern a clear trend. Apart from the measurements influenced by the ion 

pump glitches, the data recorded by SAO 26 in Figure 16 also demonstrates relatively linear 

behavior. The three sets of drift-compensated data were analyzed with the curve-fitting tool in 

MATLAB in order to evaluate their linearity. However, the erroneous portion of the SAO 26 

data was omitted from this analysis. For each reference maser measuring Maser 300, the drift-

compensated dataset was fit with a first-order polynomial. The slope of this first-order 

polynomial corresponds to the temperature coefficient of Maser 300. The results of this curve-

fitting analysis are summarized in Table 2. In this table, the R-squared value denotes the 

coefficient of determination and the SSE value denotes the sum of squared estimate errors. A 

perfect fit would correspond to an R-squared value of 1 and an SSE value of 0. 

 

TABLE 2 

STATISTICAL LINEARITY OF MASER 300 TEMPERATURE COEFFICIENT 

Reference Slope R-Squared SSE 

300 vs. SAO 16/LITS 1.26E-15 0.6011 0.01838 

300 vs. SAO 18 1.23E-15 0.3501 0.04872 

300 vs. SAO 26 1.29E-15 0.7429 0.003832 

 

Table 2 demonstrates that while the statistical linearity of Maser 300’s temperature 

coefficient varies between references, the calculated temperature coefficient was consistently 

found to be (1.26±3)*10-15 fractional frequency per °C. This result agrees with the published 
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frequency-temperature coefficient specifications for this maser presented in [76], which states 

that the frequency-temperature coefficient is less than 1*10-14 fractional frequency per °C. 

Furthermore, the curve-fit polynomial for the SAO 16/LITS data was found to fall within the 

error bars of each measurement. This fit is shown in Figure 19. The error bars used in this 

analysis were approximated using the noise floor of the FSSA machine. 

 

Figure 19: Frequency-temperature linearity analysis [78] 

This analysis led to the conclusion that the temperature coefficient of Maser 300 is 

approximately linear. In order to support a claim that the temperature coefficient is linear for all 

Microchip masers, much more data would be required. Nevertheless, these findings prompted 

further analysis into the implementation of the thermal control system within the MHM-2010. 

These investigations sought to understand whether the observed linearity of the frequency-

temperature coefficient is linked to steady-state error in the MHM-2010 thermal control system. 
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Reducing steady-state error in the control system would not only improve the frequency stability 

of the hydrogen maser, but would also improve the radiometric tracking capabilities of the 

NASA DSN. The next chapter of this thesis details the development of a multiphysics model as a 

means to thoroughly assess the performance of the existing MHM-2010 thermal control system. 
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CHAPTER 4: 

MODEL DEVELOPMENT 

Effective evaluation of the performance of a hydrogen maser thermal control system 

requires an integrated analysis of both the geometry of the microwave cavity and the 

characteristics of the temperature controllers [21]. However, accurately characterizing the time 

constants of the full physics package and implementing the associated ensemble of temperature 

controllers within a comprehensive model would be a time-consuming and arduous process. In 

an effort to concentrate the work of this thesis, the dynamic behavior of the MHM-2010 thermal 

control system was studied by first evaluating the dynamic behavior of a single control-loop 

within the system. Evaluation of this isolated subsystem was achieved by creating a simple 

vacuum testbed designed to mimic the environmental conditions present in the maser physics 

package during operation. 

The vacuum testbed consists of a thermal test mass regulated by an external temperature 

controller and suspended by thermally insulating wire within a small vacuum chamber. This 

testbed can be considered a physical model of the maser thermal control system in that it 

functions as a representation of the regulated microwave cavity within an isolated, vacuum 

environment. An image of the vacuum testbed is shown in Figure 20. 
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Figure 20: Photograph of vacuum testbed 

In Figure 20, the thermal test mass can be seen under the glass lid of the vacuum 

chamber. Two thermistors are affixed to the test mass for feedback to the temperature controller 

(within the yellow enclosures), and a thermocouple is also utilized to independently monitor the 

achieved temperature of the test mass. The vacuum pass-through (within the light blue enclosure) 

allows the test mass to be regulated by a temperature controller external to the vacuum 

environment. The temperature controller measures the difference between the temperature set-

point and the thermistor temperature and uses the resulting error signal to drive a voltage output. 

The voltage output of the controller is delivered to heater windings wrapped around the test 
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mass, injecting heat flow into the system. Conceptually, the critical components of this vacuum 

testbed can be divided into four functions within a block diagram. This block diagram is shown 

in Figure 21. 

 

Figure 21: Block diagram of vacuum testbed 

Figure 21 illustrates the division between the electrical and thermal domains of the 

vacuum testbed. The controller subsystem is fully contained in the electrical domain; the test 

mass is fully contained in the thermal domain; and the thermistor and heater winding subsystems 

straddle the boundary between the two domains. In order to consider the interaction of both 

physical domains present in the vacuum testbed, an electro-thermal model was developed within 

MATLAB Simulink using the Simscape toolbox. Simulink was identified as an ideal platform 

for this model due to its user-friendly multiphysics modeling features and its utility in frequency 

domain analysis. The following subsections detail the implementation and inner workings of the 

thermal domain, thermistor subsystem, and electrical domain of this hierarchical multiphysics 

model. 
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4.1. Thermal Domain 

As expected from a vacuum environment, the primary modes of heat transfer within the 

vacuum testbed are conduction and radiation. For conduction heat transfer, the heat flux from hot 

to cold portions of a given medium can be described by Fourier’s Law [1]: 

�⃗� = −k∇T = −k (
𝜕𝑇

𝜕𝑥
+

𝜕𝑇

𝜕𝑦
+

𝜕𝑇

𝜕𝑧
) (7) 

where �⃗� is the heat flux; k is the thermal conductivity of the conducting medium; and ∇T is the 

temperature gradient of the conducting medium. This relationship is mathematically equivalent 

to the three-dimensional representation of Ohm’s law: 

𝐽 =
𝐼

𝐴
= −γ∇V = −γ (

𝜕𝑉

𝜕𝑥
+

𝜕𝑉

𝜕𝑦
+

𝜕𝑉

𝜕𝑧
) (8) 

where 𝐽 is the flux of electrical charge (also known as the current density); 𝐼 is the vectorial 

electrical current; 𝐴 is the area normal to the current vector; γ is the electrical conductivity of the 

conducting medium; and ∇V is the voltage gradient of the conducting medium. Thus heat flux is 

analogous to the flux of electrical charge; thermal conductivity is analogous to electrical 

conductivity; and temperature is analogous to voltage. 

This relationship can be extended further by considering the one-dimensional form of 

Fourier’s law: 

�⃗� = −k∇T = −k (
𝜕𝑇

𝜕𝑥
) →  𝑞 =

𝑘∆𝑇

𝐿
(9) 

where q is the one-dimensional heat flux; ΔT is the temperature difference from hot to cold; and 

L is the thickness (or length) of the thermal path. If the rate of heat transfer is considered, rather 

than the heat flux, then Equation 9 can be rewritten as: 

𝑄 =
∆𝑇

𝐿/𝑘𝐴
(10) 
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where Q is the rate of heat transfer, or simply heat flow; and A is the area normal to the thermal 

path. This expression is mathematically equivalent to the traditional representation of Ohm’s 

law, presented in Equation 11. 

𝐼 =
𝑉

𝑅
→ 𝑄 =

∆𝑇

𝐿/𝑘𝐴
=

∆𝑇

𝑅𝑡,𝑐𝑜𝑛𝑑

(11) 

Thus electric current, I, is analogous to heat flow; voltage potential, V, is analogous to 

temperature difference; and electrical resistance, R, is analogous to the quantity L/kA. This 

quantity is often described as a thermal conduction resistance and is denoted with Rt,cond in units 

of Kelvin per Watt. This relationship forms the basis of what is commonly referred to as the 

thermal circuit analogy. Engineers often utilize this analogy to create equivalent thermal circuits 

of physical systems in order to evaluate heat transfer conditions. Equation 11 demonstrates that 

heat flow is proportional to the temperature difference and inversely proportional to the thermal 

resistance. 

While the thermal resistance in Equation 11 is only formally defined for conduction heat 

transfer, the analogy can be extended to account for thermal resistances associated with 

convection and radiation heat transfer as well. The expression for thermal resistance due to 

convection or radiation is presented in Equation 12: 

𝑅𝑡,𝑐𝑜𝑛𝑣/𝑟𝑎𝑑 =
1

ℎ𝐴
(12) 

where ℎ refers to the convection heat transfer coefficient in the case of convection heat transfer 

and to the radiation heat transfer coefficient in the case of radiation heat transfer. This 

relationship can be leveraged to produce excellent models of multimodal heat transfer. However, 

both the convection and radiation heat transfer coefficients are highly non-linear with respect to 
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temperature [1]. Therefore, resistances calculated for convection and radiation boundary 

conditions are typically only valid within a limited temperature range. 

The concept of thermal resistance presents a powerful tool for calculating steady-state 

thermal conditions. However, for transient thermal analysis, an element of thermal energy 

storage must be introduced. Thermal energy storage can be modeled by incorporating thermal 

capacitance (also known as thermal mass) into a thermal circuit. As the name suggests, this 

quantity is analogous to electrical capacitance, and is defined by Equation 13: 

𝐶𝑡 = 𝜌𝑉𝑐𝑣 𝑜𝑟 𝜌𝑉𝑐𝑝 (13) 

where 𝐶𝑡 is the thermal capacitance; 𝜌 is the density of the material; 𝑉 is the volume of the 

material; and 𝑐𝑣 and 𝑐𝑝 are specific heat values evaluated at constant volume and constant 

pressure, respectively. If the heat transfer medium is considered incompressible, then 𝑐𝑣 and 𝑐𝑝 

are equivalent by definition. Equation 13 demonstrates that thermal mass is proportional to the 

mass and specific heat of the material in question. As discussed in Section 1.4 of this thesis, the 

primary thermal network topologies that incorporate thermal mass are the Cauer and Foster 

network models. The vacuum testbed model employs a Cauer network due to its prevalence in 

the literature for precision thermal controls and due to its physical interpretation of internal 

isothermal behavior. This modeling framework utilizes a distributed-parameter modeling 

approach, in which each thermal capacitance segment of the Cauer network represents a small 

volume with a state described by an idealized uniform temperature. The temperature of each 

element of the network is characterized by a lumped capacitance assumption. In the vacuum 

testbed, the total thermal capacitance of the test mass is constant. However, as the test mass is 

modeled with increasingly discretized elements of isothermal behavior, the model achieves finer 

resolution for the development of internal temperature gradients. This characteristic of the Cauer 
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topology allows the thermal network model to be considered as a reduced-order approximation 

of a finite element method. The thermal capacitance can be related to heat flow through Equation 

14: 

𝑄𝑆𝑡𝑜𝑟𝑒𝑑 = 𝐶𝑡

𝑑𝑇

𝑑𝑡
(14) 

where 𝑄𝑆𝑡𝑜𝑟𝑒𝑑 denotes the heat flow resulting from stored thermal energy within the test mass. 

This relationship demonstrates that the rate change of temperature with respect to time is 

proportional to the thermal capacitance defined in Equation 13. Therefore, the inclusion of 

thermal capacitance in the Cauer network allows for the consideration of transient thermal 

behavior.  

The total heat transfer of the vacuum testbed can be calculated from the first law of 

thermodynamics: 

∆𝑈 = 𝑄 − 𝑊𝑘 = 0 → 𝑄𝑆𝑡𝑜𝑟𝑒𝑑 + 𝑄𝑂𝑢𝑡 = 𝑄𝐼𝑛 (15) 

where ∆𝑈 refers to the change of internal energy; 𝑊𝑘 refers to the work performed by the 

system; 𝑄𝑂𝑢𝑡 denotes the heat flowing out of the system; and 𝑄𝐼𝑛 denotes the heat flowing into 

the system from the output of the temperature controller. The vacuum testbed produces no work 

and there is no internal energy generation. Therefore, the heat input must be balanced by the flow 

of heat from stored thermal energy and the heat output. 

The thermal domain of the vacuum testbed model as implemented in MATLAB Simulink is 

shown in Figure 22. In this figure, the total thermal capacitance of the test mass is segmented 

into five discrete thermal masses via the Cauer network topology. Each thermal mass is 

separated by an internal thermal conduction resistance (R_Conduct), and each thermal mass is 

connected to an ambient temperature source by an external, ambient thermal resistance 

(R_Amb). The ambient temperature source can be thought of as a thermal reference, as it 
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functions similarly to voltage potential in an electric circuit. A controlled heat flow rate source, 

which is analogous to a controlled current source in the electrical domain, drives heat flow into 

“Thermal Mass 1.” 

 

Figure 22: Thermal domain of vacuum testbed model in MATLAB Simulink 

Appropriate values for R_Conduct and R_Amb can theoretically be determined by a first-

principles analysis of the heat transfer in this closed system. However, non-idealities such as the 

thermal contact resistance at various material interfaces and the low-density molecular 

conductivity of residual air in the vacuum environment make such an analysis impractical. 

Therefore, the R_Conduct and R_Amb thermal resistance values are left as tunable parameters 

that can be adjusted to match model predictions with the measured behavior of the physical 

vacuum testbed. 

4.2. Thermistor Subsystem 

Thermistors are temperature sensors that change electrical resistance as a function of 

temperature through a non-linear relationship. These devices are exceedingly sensitive to small 
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temperature perturbations, and thus they are often the sensor of choice for precision thermal 

control applications. There are two prominent methods employed to model modern thermistors, 

namely the beta parameter method and the Steinhart-Hart method. The beta parameter method 

involves a two-point calibration model with a temperature-resistance relationship defined by 

Equation 16 [81]: 

𝑅 = 𝑅0𝑒
𝛽(

1
𝑇

 − 
1
𝑇0

)
(16) 

where 𝑅 is electrical resistance; 𝛽 is an empirically-determined material constant; 𝑅0 denotes the 

reference resistance; and 𝑇0 denotes the reference temperature. This method is utilized in the pre-

packaged thermistor block in Simulink. However, high-fidelity thermistors are often modeled 

with the Steinhart-Hart three-point calibration model. The Steinhart-Hart resistance-temperature 

relationship is shown in Equation 17 [82]. 

1

𝑇
= 𝑎 + 𝑏 ln(𝑅) + 𝑐(ln(𝑅))3 (17) 

where empirical constants a, b, and c are known as the Steinhart-Hart coefficients. To ensure that 

the model faithfully represents the characteristics of the sensors employed in the vacuum testbed, 

a thermistor subsystem incorporating the Steinhart-Hart model was developed within the 

Simulink environment. 

The thermistor subsystem was designed such that a temperature signal measured from the 

thermal domain of the vacuum testbed model could be manipulated into an appropriate electrical 

resistance signal within the electrical domain. Equation 17 describes the conversion of a 

measured resistance to its associated temperature. However, in order to relate a measured 

temperature to its associated resistance, Equation 17 must be manipulated to produce the inverse 

Steinhart-Hart equation. The inverse Steinhart-Hart relationship is presented in Equation 18: 
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𝑅 = 𝑒
[(𝑥−𝑦)

1
3−(𝑥+𝑦)

1
3]

(18)
 

where 𝑦 and 𝑥 are intermediate parameters defined by Equations 19 and 20, respectively. 

𝑦 =
1

2𝑐
(𝑎 −

1

𝑇
) (19) 

𝑥 = √(
𝑏

3𝑐
)

3

+ 𝑦2 (20) 

The block diagram of the signal manipulation utilized to implement these equations 

within the Simulink environment is shown in Figure 23. 

 

Figure 23: Thermal signal manipulation for inverse Steinhart-Hart equation 

The measured temperature signal appears at the left side of Figure 23. This signal is inversed, 

subtracted from the a Steinhart-Hart coefficient, and multiplied by the quantity 1/2c to generate 

the 𝑦 parameter shown in Equation 19. A similar process is utilized to generate the 𝑥 parameter 

from Equation 20, and the two parameters are combined in accordance with Equation 18 to 

produce the electrical resistance value corresponding the measured temperature. 

The functionality of the signal manipulation subsystem shown in Figure 23 was verified 

by means-of a Simulink-based simulation test harness, which is shown in Figure 24. 
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Figure 24: Thermistor subsystem simulation test harness 

In Figure 24, a ramped temperature signal (within the red enclosure) is applied to the signal 

manipulation subsystem shown in Figure 23 (within the green enclosure). The temperature signal 

is converted into an electrical resistance signal, and the electrical resistance signal is used to 

control a signal-defined resistor element in the electrical domain of the test harness (within the 

purple enclosure). The dynamic resistance of the signal-defined resistor is measured using 

Ohm’s law (within the yellow enclosure). This test harness provided a means for the Simulink 

implementation of the Steinhart-Hart relationship to be evaluated over a range of temperatures. 

The performance of this subsystem was assessed by plotting the simulated thermistor resistance 

as a function of temperature and then comparing these results with values from the analytical 

expressions of both the original and inverse Steinhart-Hart equations. This comparison is shown 

in Figure 25. 
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Figure 25: Verification of Steinhart-Hart signal manipulation in Simulink 

Figure 25 demonstrates, good agreement between the original Steinhart-Hart equation (shown in 

the red trace), the inverse Steinhart-Hart expression (shown in dashed green trace), and the 

Simulink thermistor implementation (shown in the dotted blue trace). This result indicates that 

the Steinhart-Hart temperature-resistance relationship is properly implemented within the 

Simulink environment. 

In addition to the temperature-resistance relationship, the thermistor subsystem includes 

an internal time delay representing the time constant of the physical thermistor element. The 

thermal time constant of a thermistor is distinct from thermal contact resistance in that it 

represents the thermistor material’s intrinsic latency to heat propagation. Empirical 

measurements performed on the specific thermistors implemented within the vacuum testbed 

found this time constant to be approximately 30 seconds. This latency was implemented within 
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the Simulink environment by creating a first-order thermal network with a time constant of 30 

seconds. 

4.3. Electrical Domain 

The vacuum testbed model was created to evaluate the control capabilities of a particular 

temperature controller within the active hydrogen maser produced by Microchip. However, due 

to the proprietary nature of this controller implementation, a simplified controller design is 

considered in this thesis. This section details the implementation of a simple proportional 

controller within the developed modeling framework. The configuration of this example 

controller as implemented within the Simulink environment is shown in Figure 26. 

 

Figure 26: Example proportional controller implemented in Simulink 

In Figure 27, the set-point for the controller is defined by the resistance of the signal-

defined R* resistor (within the green enclosure). The Wheatstone bridge (within the blue 
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enclosure) compares the resistance of the thermistors (within the red enclosure) and the R* set-

point by measuring the voltage between nodes A and B (within the black circles). The 

proportional amplifier amplifies the difference in voltage between these two nodes. The gain of 

the proportional amplifier is proportional to the ratio of resistor R3 and the R* resistance by the 

following relationship:  

𝐺 =
−𝑅3

𝑅∗
(21) 

where 𝐺 is the closed-loop gain of the proportional amplifier. The amplified error signal from the 

proportional amplifier drives the gate of a P-Channel MOSFET, which scales the voltage applied 

to the heater winding (within the yellow enclosure). The dynamic performance of the controller 

can be assessed by measuring the voltage applied to the heater winding (within the maroon 

enclosure) as this voltage controls the power applied to the thermal domain of the model. The 

model of the heater winding, as implemented in the Simulink environment, is shown in Figure 

27. 

 

Figure 27: Heater winding implementation in Simulink 

In Figure 27, the voltage output of the controller (within the yellow enclosure) is applied 

to the heater winding (within the green enclosure). A power sensor (within the purple enclosure) 
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monitors the current through the heater winding to calculate the associated power output. The 

resulting power signal drives a signal-defined heat flow rate source to warm the thermal domain 

of the model (within the red enclosure). The heating of the thermal domain influences the 

resistance of the thermistors, thus closing the control loop. The system achieves steady state 

when the resistance of the thermistor subsystem is equal to that of the specified R* resistance. 

This notional example demonstrates that virtually any temperature control scheme can be 

implemented within this general-purpose modeling framework. 

4.4. Performance Examples 

The complete vacuum testbed model, using the proportional controller detailed in Section 

4.3, is shown in Figure 28. The orange signal wires correspond to the thermal domain, the blue 

signal wires correspond to the electrical domain, and only the thermistor and heater winding 

subsystems straddle the domain boundary. The thermal domain employs a series of elements that 

collectively model the thermal test mass. The thermistor subsystem measures the temperature at 

the leftmost thermal mass and converts that temperature signal into the appropriate ohmic 

resistance value via the inverse Steinhart-Hart relationship. The resulting thermistor resistance is 

compared against a specified resistance value that corresponds to a particular temperature set-

point. An error signal produced from the measured difference in resistance drives the output 

voltage of the temperature controller. The temperature controller output voltage is applied to a 

heater winding, resulting in a power output that produces heat flow back into the thermal 

domain. As the temperature of the leftmost thermal mass fluctuates, so too does the resistance of 

the thermistor. 
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Figure 28: Simulink vacuum testbed model with proportional controller 

As discussed in Section 4.1, there are two resistance elements in the thermal domain of 

the vacuum testbed model that are identified as tunable parameters. The values of these 

resistance elements can be adjusted to calibrate the model against empirical data. To illuminate 

the influence of these parameters on the dynamic behavior of the vacuum testbed model, 

parametric sweeps are presented for the R_Amb and R_Conduct elements in Figure 29 and 

Figure 30, respectively. For these figures, the voltage applied to the heater winding is shown as a 

function of time as the thermal domain warms from the ambient temperature to the temperature 

set-point of the controller. Subsequent to reaching steady-state, a step change of the temperature 

set-point is performed at 1000 seconds into the simulation. This set-point serves to demonstrate 

the dynamic response characteristics of the closed-loop system. In these figures, a 10 Ω change 

in the R* value is used to implement the controller set-point change, and the ambient temperature 

is fixed at 296.5 K (22.5°C, nominal room temperature). 
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Figure 29: Parametric sweep of ambient thermal resistance 

 

Figure 30: Parametric sweep of conduction thermal resistance 
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Figure 29 demonstrates that an increase in the R_Amb thermal resistance value primarily 

decreases the steady-state value of the heater winding voltage. Figure 30 demonstrates that an 

increase in the R_Conduct thermal resistance value increases both the period and the amplitude 

of the controller dynamic response. Therefore, when tuning these parameters to achieve 

agreement with the measured behavior of the vacuum testbed, the R_Amb parameter is adjusted 

to influence the desired steady-state voltage and the R_Conduct parameter is adjusted to 

influence the desired amplitude and period of the controller dynamic response. The predictions 

of this modeling framework compared are to the measured behavior of the vacuum testbed in 

Chapter 5 of this thesis. 
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CHAPTER 5: 

MODEL VALIDATION 

A series of measurements was performed with the physical vacuum testbed in order to 

empirically validate the Simulink model detailed in the previous chapter of this thesis. Given that 

the proposed methodology is concerned with leveraging the reduced-order model to enable 

future model-based controller design, it is necessary to evaluate the model’s representation of the 

physical vacuum testbed’s time-dependent and frequency-dependent behavior. As such, time-

domain empirical validation and frequency-domain empirical validation for the vacuum testbed 

model are presented in Sections 5.1 and 5.2, respectively. For these evaluations, a hydrogen 

maser temperature controller (rather than the generic proportional controller discussed in Chapter 

4) is used to regulate the test mass in the physical testbed. 

5.1. Time-Domain Empirical Validation 

Performing time-domain empirical validation of the vacuum testbed model required the 

creation of a test set, that is, a series of measured responses of the thermal control system to 

known excitations. As discussed in Chapter 4 of this thesis, the values of the thermal resistance 

elements in the thermal domain of the model were left as free parameters intended for use in 

calibrating the model against empirical data. Accordingly, the tunable parameters of the model 

were adjusted to agree with a subset of responses from the test set (known as the generating set). 

This procedure allows the accuracy of the model to be gauged by comparing the tuned model’s 

agreement with the remaining responses of the test set. A block diagram for the hardware setup 

utilized to create the test set is shown in Figure 31. 
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Figure 31: Block diagram for time-domain validation hardware setup 

In Figure 31, the R* set-point corresponds to the temperature set-point of the controller (as 

discussed in Chapter 4 of this thesis). The controller compares the R* set-point and thermistor 

resistance to produce an output voltage. The output voltage drives the heater winding 

surrounding the test mass to inject heat flow into the thermal domain of the vacuum testbed. The 

performance of the closed-loop system can be assessed by measuring the voltage applied to the 

heater winding, shown in the “Applied Voltage Measurement” block in Figure 31. While the 

voltage applied to the heater allows for a relatively simple measurement, it only reflects the 

performance of the actuator and not the control variable itself. The control variable, the 

temperature of the test mass, can be evaluated indirectly by measuring the resistance of the 

thermistors. The resistance of the thermistors can in turn be evaluated indirectly by measuring 

the voltage potential across the thermistors and the associated current through the thermistors. 

These measurements are indicated by the “Thermistor Voltage Measurement” and “Thermistor 

Current Measurement” blocks in Figure 31. The resistance of the thermistors can be calculated 
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by dividing the voltage measurement by the current measurement via Ohm’s law, and the 

temperature measurement can be calculated by applying the Steinhart-Hart equation to the 

measured thermistor resistance (Equation 17). 

A photograph of the experimental setup for time-domain empirical validation of the 

vacuum testbed model is shown in Figure 32. In this figure, a vacuum pump (in the purple 

enclosure) pumps down the vacuum testbed (in the yellow enclosure) to approximately 5 Pa. 

Within the vacuum testbed, the test mass is suspended by thermally insulating wire and regulated 

with the hydrogen maser temperature controller (in the light blue enclosure), which is configured 

external to the vacuum chamber. The controller is powered by a DC power supply (in the red 

enclosure) and the temperature set-point is defined by the R* resistance value created with a 

decade resistor box (in the green enclosure). The voltage applied to the heater winding and the 

voltage across the thermistors are measured with ground-referenced voltage probes connected to 

a high-resolution 16-bit oscilloscope (in the maroon enclosure). For these measurements, the 

oscilloscope uses a sampling rate of 500 Hz. While this type of oscilloscope can also be used to 

measure current, the available current probes were found to have poor resolution for measuring 

the low currents amplitudes passing through the thermistors (<< 1 mA). To circumvent this 

obstacle, a precision digital multimeter was utilized for the current measurement (in the dark 

blue enclosure). In order to synchronize the dynamic current measurements with the oscilloscope 

voltage measurements, a function generator was utilized as an external trigger for the multimeter 

(in the pink enclosure). The function generator was configured to produce a 2 Hz sampling rate 

for the thermistor current measurements. 
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Figure 32: Experimental setup for time-domain empirical validation 

The test set was created by performing multiple experiments at different temperature set-

points. For each experiment, the test mass begins at steady-state with a regulated temperature 

corresponding to the first R* set-point. Shortly after the experiment begins, an R* step change is 

enacted in order to evaluate the closed-loop system’s dynamic response to a known excitation. A 

summary of the experiments performed to create the test set is shown in Table 3. In this table, 

R*i denotes the initial value of the R* set-point and R*f denotes the final value of the R* set-

point. 
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TABLE 3 

EXPERIMENTS FOR TIME-DOMAIN VALIDATION PROCESS 

Experiment # R*i (kΩ) R*f (kΩ) ΔR* (Ω) 

1 12.66 12.65 10 

2 12.65 12.66 10 

3 12.66 12.64 20 

4 12.64 12.66 20 

5 13.67 13.66 10 

6 13.66 13.67 10 

7 11.68 11.67 10 

8 11.67 11.68 10 

 

The data recorded from experiment 1 is shown as an example in Figure 33. As Table 3 

indicates, this experiment was performed by enacting a 10 Ω R* step change, starting with a 

resistance of 12.66 kΩ and ending with a resistance of 12.65 kΩ. This resistance step change 

corresponds to a temperature rise of approximately 20 milliKelvin (0.02°C). 

 

Figure 33: Sample step response recorded from vacuum testbed 
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The thermal resistance elements within the thermal domain of the vacuum testbed were 

tuned by visual comparison such that the dynamic response of the vacuum testbed model 

produced good agreement with the measured behavior of the physical vacuum testbed. This 

fitting process was performed specifically using the data recorded from experiment 1 in Table 3. 

This process determined the ambient thermal resistance value to be 6.27 K/W and the internal 

conduction resistance value to be 0.07 K/W. Thus, experiment 1 acted as the generating set, and 

the overall performance of the model can be demonstrated by evaluating the agreement of the 

tuned model against other responses from the test set. 

The agreement between the model and the measured behavior of the vacuum testbed for 

experiment 1, incorporating the aforementioned tuned parameters, is shown in Figure 34. In the 

upper subplot of Figure 34, the simulated dynamic response of the voltage applied to the heater 

winding is shown with the red trace while the measured response of the physical testbed is 

shown with the cyan trace. In the lower subplot of Figure 34, the simulated dynamic response of 

the thermistor temperature is shown with the black trace while the measured response of the 

physical testbed is shown with the green trace. 
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Figure 34: Time-domain vacuum testbed model agreement for experiment 1 

The temperature measurements shown in Figure 34 have a magenta error bar of approximately 

±7 milliKelvin based on the measurement error associated with the multimeter. The simulated 

temperature response lies within the error bounds of the measured temperature response, 

indicating adequate model agreement with the empirical vacuum testbed behavior. The 

agreement of this tuned model against additional responses from the test set is shown in the 

appendix of this thesis. 

A close examination of the heater winding voltage agreement across the range of 

evaluated temperature set-points reveals that the model deviates from the measured behavior of 

the vacuum testbed for temperatures outside of the initial calibration range of the tuned 

parameters. Given that the steady-state heater voltage is primarily determined by the ambient 

thermal resistance, this trend likely indicates that there is a temperature-dependence associated 
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with the ambient thermal resistance that is not currently considered in the model. This conclusion 

is not surprising given that the ambient thermal resistance for the vacuum testbed is at least 

partially associated with radiation heat transfer, which is influenced by temperature raised to the 

fourth power via the Stefan-Boltzmann equation [1]. However, the slight offsets observed in the 

simulated heater voltage only minimally influence the simulated temperature of the thermistors, 

and the temperature agreement for all 8 experiments lies within the error bounds of the measured 

temperature. These results demonstrate that the tuned vacuum testbed model is a good 

representation of the physical testbed for temperatures within a range of approximately 30 to 

35°C. 

5.2. Frequency-Domain Empirical Validation 

For controller analysis and design, validation of the frequency-domain behavior of the 

system in question can be as important as validation of the time-domain behavior. For linear-

time-invariant (LTI) control systems within the single-input-single-output (SISO) topology, 

frequency-dependent behavior can be described with transfer functions. A transfer function is 

defined as the ratio of the Laplace transform of the system output to the Laplace transform of the 

system input. This ratio provides a mathematical representation of a given system’s dynamics in 

the form of an algebraic expression of the complex Laplace variable, s [83]. 

In classical control theory, a transfer function is traditionally utilized to create a family of 

Bode diagrams for the control system in question. Bode diagrams are a common frequency-

domain analysis tool that utilize the open-loop behavior of a system to inform closed-loop 

system characteristics. These diagrams typically consist of two plots, the first of which is the 

unitless gain of the open-loop system in decibels and the second of which is the open-loop phase 

shift in degrees. Modern Bode diagram analyses are typically computed analytically from known 
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transfer function parameters. However, Bode diagrams can also be created “manually” by 

sweeping the input signal of a given system through a range of frequencies and measuring the 

gain and phase shift of the output signal relative to the input signal for each considered 

frequency. In the case of a voltage signal, the unitless decibel gain can be calculated using 

Equation 22 [83]: 

𝐺𝑑𝐵 = 20 log10 (
𝑉𝑝𝑝𝑂𝑢𝑡

𝑉𝑝𝑝𝐼𝑛
) (22) 

where 𝐺𝑑𝐵 is the unitless system gain in decibels; and 𝑉𝑝𝑝𝑂𝑢𝑡 and 𝑉𝑝𝑝𝐼𝑛 are the peak-to-peak 

amplitudes of the output and input waveforms in volts, respectively. Likewise, the time delay 

between the input and output waveforms can be utilized to determine the frequency-dependent 

phase shift of the controller. The phase shift, in degrees, is calculated using Equation 23: 

𝜙 =
∆𝑡

𝑇
∗ 360° (23) 

where 𝜙 is the phase shift in degrees; ∆𝑡 is the time difference between zero-crossings of the 

input and output waveforms; and 𝑇 is the period of the input waveform (which is equivalent to 

the period of the output waveform, provided that the LTI assumption holds true). If performed 

correctly, the “manual” Bode diagram created through this process should align with a Bode 

diagram created in the traditional manner using simulation software and the system transfer 

function. However, care must be taken to ensure actuator saturation is not encountered over the 

range of frequencies evaluated. It is noted that the “manual” Bode plot generation process can be 

performed either in simulation or in experiment. Performing this process empirically with a real-

world system provides a mechanism for frequency-domain validation of the simulation model in 

question. This process was used to validate the frequency-domain behavior of the vacuum 

testbed described in this thesis. 
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This process was first performed with a simplified version of the hydrogen maser 

temperature controller used in the vacuum testbed. Specifically, an integrator amplifier was 

utilized to drive the actuator for the output voltage applied to the heater winding during this first 

evaluation. A block diagram detailing the specific measurement points for the empirical Bode 

analysis of this controller is shown in Figure 35. For this experimental setup, the connection 

between the thermistors and the controller is broken and a sinusoidal input stimulus is applied in 

place of the thermistor feedback. The connection between the output of the integrator amplifier 

and the actuator is also broken, thus removing any influence of the thermal domain in this 

analysis. The input stimulus and controller output waveforms are directly measured in order to 

calculate the gain and phase of the controller at each considered frequency. 

 

Figure 35: Block diagram of experimental setup for empirical Bode analysis of temperature controller 

The experimental setup utilized for the empirical Bode analysis of this controller is 

shown in Figure 36. In this figure, the input stimulus is produced with a function generator (in 

the pink enclosure) and applied to the temperature controller (in the light blue enclosure). The 
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controller is powered by a DC power supply (in the red enclosure) and the temperature set-point 

is defined by the R* resistance value created with a decade resistor box (in the green enclosure). 

The waveforms associated with the input stimulus and controller output are measured with 

ground-referenced voltage probes connected to a high-resolution 16-bit oscilloscope (in the 

maroon enclosure). 

 

Figure 36: Experimental setup for empirical Bode analysis of temperature controller 

Due to the sensitivity and high gain of the integrator amplifier, it is very difficult to avoid 

saturation of the output signal during this analysis. To avoid output saturation, the AC input 

signal must be applied with a specific DC offset and a limited peak-to-peak amplitude. 

Particularly at low frequencies, the amplitude of the input signal must be limited to a few 

millivolts to avoid output saturation. In order to measure the system response under these 

conditions, high-resolution instrumentation is required. Thus, the Tektronix MSO5 series mixed 

signal oscilloscope was chosen for this analysis due to its 16-bit resolution and large acquisition 

window size. 

A sample measurement from this empirical Bode analysis is shown in Figure 37. This 

specific measurement was performed using an operating frequency of 1 mHz over a testing 
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interval of 2000 seconds. In this example, the period of 1000 seconds is shown by the time 

difference across two zero crossings in both the input and output waveforms. The amplitude of 

the input waveform in this example (𝑉𝑝𝑝𝐼𝑛) is 1.20 millivolts; while the amplitude of the output 

waveform in this example (𝑉𝑝𝑝𝑂𝑢𝑡) is 14.0 volts. By applying Equation 22, the gain of the system 

at this frequency is found to be approximately 80 dB. Likewise, the time difference between the 

first zero crossing of the input waveform and the first zero crossing of the output waveform is 

approximately 250 seconds. By applying Equation 23, the phase shift of the system at this 

frequency is found to be approximately -90⁰. 

 

Figure 37: Example waveforms for empirical Bode analysis of temperature controller 

This process was repeated across a range of frequencies to produce an empirical Bode 

plot of the integrator amplifier of the temperature controller. The results of this process for each 

frequency evaluated are summarized in Table 4. 
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TABLE 4 

MEASUREMENTS FOR EMPIRICAL BODE ANALYSIS OF TEMPERATURE CONTROLLER 

Test Frequency VPP(In) VPP(Out) Δt Gain Phase 

1 mHz 1.20 mV 14.0 V -251 s 81.3 dB -90.2° 

10 mHz 9.17 mV 10.8 V -24.7 s 61.4 dB -89.0° 

100 mHz 85.8 mV 10.4 V -2.42 s 41.7 dB -87.2° 

1 Hz 421 mV 4.80 V -233 ms 21.1 dB -84.0° 

10 Hz 316 mV 513 mV -14.0 ms 4.20 dB -50.3° 

100 Hz 321 mV 329 mV -0.230 ms 0.210 dB -8.28° 

 

The empirical Bode diagram produced for the integrator amplifier of the temperature 

controller is shown in Figure 38. In this figure, the green trace shows the Bode plot computed 

analytically in Simulink from the transfer function of the integrator amplifier in the vacuum 

testbed model. The magenta points show the discrete gain and phase values calculated from the 

empirical measurements listed in Table 4. The agreement observed in this figure between the 

simulation-predicted frequency response and the empirically observed frequency response 

suggests that the Simulink simulation is an accurate representation of the physical system under 

consideration. 
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Figure 38: Empirical Bode diagram of integrator amplifier of the temperature controller 

Subsequent to the integrator amplifier analysis, the empirical Bode process was repeated 

such to validate the frequency-dependent behavior of the thermal domain of the vacuum testbed 

model. A block diagram detailing the specific measurement points for the empirical Bode 

analysis of the thermal domain of the vacuum testbed is shown in Figure 39. For this 

experimental setup, the connection between the controller and actuator is broken and a sinusoidal 

input stimulus is applied in place of the controller output voltage. The connection between the 

thermistors and the controller is also broken, thus removing any influence of the controller in this 

analysis. For the thermal domain analysis, three measurement points were utilized: the input 

stimulus waveform, the actuator output waveform (the voltage applied to the heater winding), 

and the thermistor output waveform (the voltage output of the thermistors). While each of these 

are voltage measurements, the actuator output voltage can be used to determine the power 
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flowing into the thermal domain of the vacuum testbed, and the thermistor voltage can be used to 

determine the temperature of the test mass. It is noted that the intermediate actuator waveform 

measurement was performed for informational purposes and is not used in the empirical Bode 

plot generation process. 

 

Figure 39: Block diagram of experimental setup for empirical Bode analysis of thermal domain 

The experimental setup utilized for the empirical Bode analysis of the thermal domain of 

the vacuum testbed is shown in Figure 40. In this figure, a vacuum pump (in the purple 

enclosure) pumps down the vacuum testbed (in the yellow enclosure) to approximately 5 Pa. An 

input stimulus is produced with a function generator (in the pink enclosure) and applied to the 

actuator portion of the temperature controller (in the light blue enclosure). The controller 

actuator applies a voltage to the heater winding surrounding the test mass, which is suspended 

within the vacuum chamber. The heater winding causes heat flow into the test mass, ultimately 

influencing the voltage output of the thermistors used to quantify the test mass temperature. The 

controller is powered by a DC power supply (in the red enclosure) and the temperature set-point 
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is defined by the R* resistance value created with a decade resistor box (in the green enclosure). 

The waveforms associated with the input stimulus, actuator output, and thermistor voltage are 

measured with ground-referenced voltage probes connected to a high-resolution 16-bit 

oscilloscope (in the maroon enclosure). 

 

Figure 40: Physical testing configuration for empirical Bode analysis of thermal domain 

A sample measurement from this empirical Bode analysis is shown in Figure 41. This 

specific measurement was performed using an operating frequency of 1 mHz over a testing 

interval of 4000 seconds. In this figure, the top subplot is the input stimulus signal, the middle 

subplot is the heater winding voltage, and the bottom subplot is the output voltage of the 

thermistors. In this analysis, the input to the transfer function is the stimulus signal from the 

function generator, and the output signal from the transfer function is the thermistor voltage 

signal. 
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Figure 41: Unfiltered example waveforms for empirical Bode analysis of thermal domain 

At the frequencies considered in this empirical Bode analysis, the gain of the thermal 

control system is small. The noise observed in the thermistor voltage trace in Figure 41 suggests 

that this measurement is near the noise floor of the high-resolution 16-bit oscilloscope. 

Furthermore, the long thermal time-constant associated with the thermal mass in this system, 

combined with the high sensitivity of the thermistors employed, means that long-term 

measurements are susceptible to small drifts in ambient temperature. To address this issue, the 

raw data recorded for each measurement was filtered in order to extract the desired information 

more accurately. Specifically, the signal-to-noise ratio was increased by applying a decimation 

factor of 1000 to the raw data and the slope of the thermistor voltage waveform was removed by 

applying a linear correction factor. Additionally, the vertical axis of each waveform was shifted 

such that zero-crossings aligned at 0 V in order to streamline the phase calculation procedure. 
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The data shown previously in Figure 41 is plotted with the aforementioned corrections applied in 

Figure 42. It is clear by inspection that the signal-to-noise ratio of the data shown in Figure 42 is 

improved with respect to the unfiltered data shown in Figure 41. 

 

Figure 42: Filtered example waveforms for empirical Bode analysis of thermal domain 

This process was repeated across a range of frequencies to produce an empirical Bode 

plot of the thermal domain of the vacuum testbed. The gain of the thermal domain decreases 

rapidly as the frequency of the input stimulus signal increases. As such, only a limited bandwidth 

of the frequency-dependent behavior of the thermal domain could be evaluated with the available 

instrumentation. The results of the empirical Bode analysis for the thermistor voltage waveform 

relative to the input stimulus waveform are summarized in Table 5. 
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TABLE 5 

MEASUREMENTS FOR EMPIRICAL BODE ANALYSIS OF THERMAL DOMAIN 

Test Frequency VPP(In) VPP(Out) Δt Gain Phase 

1 mHz 600 mV 21.5 mV -785 s -28.9 dB -102° 

25 mHz 600 mV 7.80 mV -342 s -37.7 dB -128° 

50 mHz 600 mV 3.25 mV -185 s -45.5 dB -154° 

75 mHz 600 mV 1.83 mV -139 s -50.4 dB -195° 

100 mHz 600 mV 1.2 mV -109 s -53.5 dB -215° 

 

The empirical Bode plot produced for the thermal domain of the vacuum testbed is shown 

in Figure 43. In this figure, the red trace shows the Bode plot computed analytically in Simulink 

from the transfer function of the thermal domain in the vacuum testbed model. The black points 

show the discrete gain and phase values calculated from the empirical measurements listed in 

Table 5. The agreement observed in this figure between the simulation-predicted frequency 

response and the empirically observed frequency response suggests that the Simulink simulation 

is an accurate representation of the physical system under consideration. 

 

Figure 43: Empirical bode plot of the thermal domain of the vacuum testbed 
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Between the agreement with the electrical domain of the vacuum testbed model shown in 

Figure 38 and the agreement with the thermal domain of the vacuum testbed model shown in 

Figure 43, the complete vacuum testbed model has been empirically validated in the frequency 

domain. The results demonstrate that the vacuum testbed model is a good representation of both 

the time-domain and frequency-domain characteristics of the physical vacuum testbed.
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CHAPTER 6: 

MODEL ANALYSIS 

The thorough empirical validation of the vacuum testbed model presented in Chapter 5 of 

this thesis provides the foundation for a quantitative analysis of both the internal characteristics 

of the regulated test mass and the performance of the temperature controller. For example, the 

frequency-domain behavior of the vacuum testbed model can be used for an analysis of internal 

heat diffusion within the test mass. Likewise, the time-domain behavior of the vacuum testbed 

model can be used for an analysis of the dynamic and steady-state tracking performance of the 

temperature controller. Brief examples of these analyses are presented in this chapter. 

Collectively, these examples demonstrate the utility of the proposed multiphysics reduced-order 

modeling approach as it pertains to thermal control system design. 

6.1. Heat Diffusion Characterization 

As discussed in Chapter 4 of this thesis, the Cauer network topology is based on the 

concept of using lumped capacitance elements to represent thermal mass elements with 

isothermal behavior. For thermal models leveraging the Cauer network approach, a homogenous 

thermal mass is typically represented with a single lumped thermal capacitance element. 

However, the validity of this lumped capacitance association depends on whether the 

homogenous thermal mass is characterized by isothermal behavior. This determination can be 

gauged by computing the Biot number for the homogenous thermal element. The Biot number is 

a dimensionless quantity utilized to characterize internal isothermal behavior for a thermally 
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conducting medium with surface convection boundary conditions [1]. Mathematically, this 

quantity is defined by Equation 24: 

𝐵𝑖 =
ℎ𝐿

𝑘
(24) 

where 𝐵𝑖 is the medium’s dimensionless Biot number; ℎ is the convection heat transfer 

coefficient; 𝐿 is the length of the conducting path; and 𝑘 is the thermal conductivity of the 

medium. While this quantity is formally defined for systems with internal conduction and surface 

convection boundary conditions, the quantity can be extended to include systems with radiation 

boundary conditions by understanding the Biot number qualitatively as a ratio of internal to 

external thermal resistance. The right-hand-side of Equation 24 is mathematically equivalent to 

the ratio of conduction thermal resistance to convection thermal resistance (defined in Chapter 4 

of this thesis). In fact, this ratio is utilized in the formal derivation of the Biot number [84]. A 

large Biot number describes systems in which internal conduction becomes the dominant mode 

of heat transfer and a small Biot number describes systems in which surface convection becomes 

the dominant mode of heat transfer. As linearized radiation thermal resistance is mathematically 

equivalent to convection thermal resistance (Equation 12), the Biot number can be extended to 

describe the behavior of systems with radiation boundary conditions. Therefore, in the case of 

the vacuum testbed model, the Biot number can be determined by the ratio of the empirically 

validated R_Conduct and R_Amb parameters. In Chapter 5, these parameters were found to be 

0.07 and 6.27 K/W, respectively. Thus, the Biot number for the vacuum testbed considered in 

this thesis is approximately 0.0112. 

The lumped capacitance model is considered an accurate representation of the internal 

thermal behavior of systems for which external modes of heat transfer are dominant. Traditional 

heat transfer textbooks specifically define the lumped capacitance method as valid for systems in 
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which the Biot number is less than 0.1 [1], [84]. In the case of the vacuum testbed, this guidance 

suggests that the thermal behavior of the test mass can be accurately described by a single 

thermal mass in the thermal domain of the model. However, this arrangement was found to be 

insufficient for accurately modeling the dynamic behavior of the vacuum testbed. To illustrate 

this point, a parametric sweep of the discretization of the test mass in the thermal domain of the 

vacuum testbed model is shown in Figure 44. This figure shows the dynamic response of the 

heater winding voltage for experiment 1 from Chapter 5 of this thesis. This figure provides a 

comparison between the measured behavior of the testbed (the cyan trace) and the simulation 

prediction for four different configurations of the thermal mass ranging from a single lumped 

element (the green trace) to a distributed network implemented with ten lumped elements (the 

black trace). 

 

Figure 44: Parametric sweep of test mass discretization 
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Figure 44 demonstrates that the dynamic response of the model produces better agreement with 

the measured behavior of the vacuum testbed as the test mass is modeled with an increasing 

number of thermal mass elements. The model agreement is particularly poor when the test mass 

is represented by a single lumped thermal capacitance in the model. The agreement improves 

significantly with the addition of a second lumped thermal capacitance, which introduces the 

possibility of modeling internal conducted heat transfer within the test mass. However, further 

discretization of the test mass yields diminishing returns, as demonstrated by the difference 

between the five-element model and ten-element model in Figure 44. It should be noted that all 

four configurations of the model shown in Figure 44 produce good agreement with the steady-

state behavior of the vacuum testbed. 

Figure 44 demonstrates that the traditional approach for assessing the validity of the 

lumped capacitance method is insufficient for characterizing the dynamic behavior of the test 

mass in the vacuum testbed. As of the time of this writing, it is unclear whether this finding is 

applicable to all vacuum systems or whether the vacuum testbed has particular properties that 

make it an exception to the established approach. Regardless, the literature on thermal 

management and precision thermal control does not identify a generally accepted method for 

discretizing isothermal volumes within a homogenous conducting medium. The underexplored 

nature of this problem can likely be attributed to the prevalence of finite element methods in 

modern transient thermal analysis. When employing these methods, the need to identify discrete 

isothermal elements is avoided by implementing a small mesh size. However, this issue must be 

addressed in the case of reduced-order modeling methods, in which model reduction is 

prioritized for increased computational efficiency. 
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Figure 44 also shows that increasing the discretization of the test mass can improve the 

accuracy of the reduced-order model, but excessive discretization is unnecessary and could 

subvert the utility associated with model order reduction. In fact, the diminishing returns 

associated with increasing the segmentation of the test mass from a five-element model to a ten-

element model suggests that a finite element modeling approach would do little to improve this 

model’s predictive capabilities. This finding affirms the reduced-order modeling approach as an 

efficient and accurate method for representing the dynamics of this precision thermal control 

system. 

In order to balance computational efficiency and fidelity to the measured dynamic 

behavior of the vacuum testbed, the five-element model was selected for the work of this thesis. 

The relative performance of this model is shown by the red trace in Figure 44. By implementing 

a five-element Cauer network topology, the model assumes that there exist five volumes of 

isothermal behavior that collectively represent the transient temperature gradient of the test mass. 

The validity of this assumption can be assessed by monitoring the temperature at different points 

within the test mass. Thus, adjusting the control point (i.e. moving the location of the 

thermistors) provides a means for examining the characteristics of the internal transient heat 

diffusion. While time-domain analysis can assess these characteristics for specific excitations, 

frequency-domain analysis enables a more comprehensive assessment of the system behavior 

over a range of operating frequencies. 

To evaluate this concept, the empirical Bode analysis for the thermal domain of the 

vacuum testbed presented in Chapter 5 was repeated. However, while the test described in 

Chapter 5 was performed with the thermistors affixed near the center of the test mass, the 

repeated test was performed with the thermistors attached near the outer edge of the test mass 
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and closer to the heater winding. The result of this analysis is shown in Figure 45. In this figure, 

the 5 traces present the frequency-dependent gain and phase of the thermal domain of the 

vacuum testbed model for different thermistor placements within the Cauer network. The 

thermistor placement for each trace in Figure 45 is shown by the schematic in Figure 46. 

Thermal mass 1 (TM 1) is the element closest to the heater winding, and thermal mass 5 (TM 5) 

is the element farthest from the heater winding. In Figure 45, the black points show the empirical 

trend measured with the thermistors placed at the center of the test mass (far from the heater 

winding) and the red points show the empirical trend measured with the thermistors placed at the 

outer edge of the test mass (close to the heater winding). 

 

Figure 45: Empirical Bode results alternate thermistor placement 
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Figure 46: Thermistor placement schematic for Figure 45 

The vacuum testbed model predicts that the frequency-dependent phase of the thermal 

domain varies based on the location of the thermistors. This trend reflects the difference in heat 

diffusion associated with the instrumented thermal mass in the Cauer network. The measured 

behavior of the vacuum testbed with the outer thermistor configuration closely aligns with the 

frequency-dependent phase behavior of thermal mass 3 in simulation. For control system design, 

the trend shown in Figure 45 indicates that altering the thermistor placement on the test mass 

directly influences the system phase-margin. 

Examining the frequency-dependent phase behavior of the regulated mass introduces a 

novel method for characterizing lumped volumes of isothermal behavior and identifying the level 

of discretization necessary to model a given system. The five-element Cauer model reveals that 

the location of the sensor is a parameter of sensitivity for the system under consideration. This 

detail is lost entirely in the cases of the one-element and two-element Cauer models. However, 

the number of elements required for accurate characterization of the isothermal volumes within a 

conducting structure will depend on the geometry and material properties of that structure. Thus, 

the identification of an alternative method for assessing the validity of a lumped capacitance 

modeling approach remains a subject open to further research. 
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6.2. Dynamic Controller Performance 

There exist a variety of figures of merit to quantify the dynamic performance of a given 

control system. Three prominent examples include overshoot, settling time, and damping ratio. 

Overshoot and settling time can be approximated for a given dynamic response by inspection. 

However, calculating the damping ratio of a dynamic response requires slightly more nuance. 

The damping ratio of a second-order system, represented by the parameter zeta (휁), is defined by 

the ratio of the actual damped response to the critically damped response. As the value of zeta 

approaches unity, the system becomes critically damped. Conversely, a system is overdamped if 

zeta is greater than unity and a system is underdamped if zeta is less than unity. The damping 

ratio of the vacuum testbed for a given excitation can be calculated by applying the logarithmic-

decrement algorithm to the dynamic response of the temperature controller. The logarithmic-

decrement algorithm calculates the zeta parameter based on the amplitudes and separation 

between successive peaks in the oscillatory response of the controller [83]. The equations 

utilized for this algorithm are presented with Equation 25 and 26. The algorithm first calculates 

an intermediate parameter, the logarithmic decrement (𝛿), defined by the following relationship: 

𝛿 = (
1

𝑛
) ln (

𝑥(𝑡)

𝑥(𝑡 + 𝑛𝑇)
) (25) 

where 𝑥(𝑡) is the amplitude of the peak at time 𝑡 and 𝑥(𝑡 + 𝑛𝑇) is the amplitude of the peak 𝑛 

periods away from 𝑡. This intermediate parameter is used to calculate zeta with Equation 25: 

휁 =
1

√1 + (
2𝜋
𝛿

)
2

(26)
 

The dynamic response of the voltage applied to the heater winding for experiment 1 from 

Chapter 5 of this thesis was analyzed using this algorithm. The result is shown in Figure 47. This 
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analysis found the damping ratio and resonant natural frequency of the controller dynamic 

response to be 0.297 and 3.73 mHz, respectively. 

 

Figure 47: Example of logarithmic-decrement calculation for dynamic response of heater voltage 

Thus the logarithmic-decrement method allows for the quantification of the existing 

dynamic control capabilities of the vacuum testbed. Moreover, the evaluation shown with Figure 

47 demonstrates room for improvement in the design of the temperature controller in that the 

damping ratio of the dynamic response is underdamped and significantly less than unity. The 

validated vacuum testbed model can be utilized to adjust various parameters, within both the 

electrical and thermal domains of the model, and examine how they influence the dynamic 

performance of the control system. Therefore, the model can be leveraged in model-based 

controller design for future iterations of the thermal control system. 
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6.3. Steady-State Tracking Controller Performance 

In classical control theory, the steady-state tracking performance of a given controller is 

defined by the presence (or absence) of steady-state error. Steady-state error describes a 

regulation problem distinct from the controller dynamic response. The presence of steady-state 

error implies that some offset exists between the desired set-point and the physically achieved 

set-point of the controller. The error describes the difference between the desired and achieved 

set-point, and the nature of this error is determined by the system type [83]. For unity feedback 

control systems, system type is defined by the number of integrators in the forward path. This 

description manifests itself mathematically by the number of poles at the origin in the system’s 

Laplace domain transfer function. Thus, a “Type 1” system has one pole at the origin and a 

“Type 0” system has no poles at the origin. A system-type description can be extended to a non-

unity-gain feedback control system by conversion to a unity-gain feedback system 

representation, which is possible for all SISO systems. 

The magnitude of the steady-state error is proportional to the type and magnitude of the 

input signal. A summary of steady-state error formulations for a variety of system types and 

input signals is presented in Table 6 [83]. For this table, A represents the magnitude of the input 

signal; KP represents the position error constant; KV represents the velocity error constant; and KA 

represents the acceleration error constant. 
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TABLE 6 

STEADY-STATE ERROR BY SYSTEM TYPE 

System 

Type 

Step Input 
r(t) = A 

Ramp Input 
r(t) = A*t 

Parabolic Input 
r(t) = (A/2)*t2 

Type 0 A/(1+KP) ∞ ∞ 

Type 1 0 A/KV ∞ 

Type 2 0 0 A/KA 

 

In the author’s experience, system type is sometimes ambiguous and can be dependent 

upon the operating frequency of the system. In these situations, system type can be identified by 

determining the input signal for which a finite, non-zero steady-state error is produced. Analysis 

of the hydrogen maser temperature controller in the vacuum testbed led to the hypothesis that 

this system exhibits “Type 0” behavior at low operating frequencies. If this is true, then long-

term ambient temperature changes would be expected to produce a non-zero steady-state error 

between the temperature set-point and the achieved temperature of the hydrogen maser cavity. A 

bias between the set-point temperature and the achieved temperature of the microwave cavity 

would directly influence the frequency output of the hydrogen maser. Thus, the presence of 

steady-state error in the thermal control system would increase the frequency-temperature 

coefficient of the hydrogen maser. 

This hypothesis served as the motivation for the hydrogen maser temperature sensitivity 

experiments detailed in Chapter 3 of this thesis. For the Chapter 3 temperature sensitivity 

analysis, the controlled changes to the ambient temperature served as a surrogate for the system 

input signal. It should be noted that the set-point of each thermal controller within the test maser 

was held constant for all of the experimental procedures in Chapter 3. Under this condition, each 

ambient temperature step applied environmental chamber can be considered a step input to the 
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system. The system response to these input signals can be utilized to characterize the system type 

of the thermal control system by referencing Table 6. 

In Chapter 3, the steady-state frequency of the maser was shown to vary linearly with the 

ambient temperature of the maser environment. The trend shown in Figure 19 of Chapter 3 

supports this claim. It was also speculated that steady-state error in the thermal control system 

would contribute to the existence of this trend. However, the experiments described in Chapter 3 

only indirectly evaluated the performance of the hydrogen maser thermal control system by 

analyzing the relationship between frequency output and ambient temperature. 

The validated vacuum testbed model provides a means to directly assess the steady-state 

tracking capabilities of the hydrogen maser temperature controller. To evaluate the possibility of 

steady-state error in the temperature controller, the steady-state behavior of the vacuum testbed 

model was evaluated at each of the ambient temperatures utilized in the temperature sensitivity 

experiments detailed in Chapter 3 (Table 1). For this analysis, the R* parameter was set to a 

fixed resistance of 13.67 kΩ, which corresponds to a temperature set-point of approximately 

30°C. The ambient temperature of the testbed and the steady-state temperature of the test mass 

were recorded for each simulation, and a summary of the results of this analysis is shown in 

Figure 48. In this figure, the horizontal axis shows the ambient temperature of the simulation and 

the vertical axis shows the achieved steady-state temperature of the test mass. Figure 49 

demonstrates a linear relationship between the ambient temperature and the achieved 

temperature of the test mass with a slope of approximately 7 milliKelvin per Kelvin. This 

corresponds to a finite, nonzero steady-state error associated with a step input, which suggests 

that the vacuum testbed model behaves as a “Type 0” system at low operating frequencies. Given 

the extensive empirical validation of the model presented in Chapter 5 of this thesis, it is likely 
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that this behavior also describes the physical vacuum testbed and thus the performance of the 

hydrogen maser temperature controller. 

 

Figure 48: Test mass temperature vs. ambient temperature for steady-state error analysis 

This finding complements the results of the temperature sensitivity analysis presented in 

Chapter 3. Both evaluations support the hypothesis that the current implementation of the 

hydrogen maser temperature controller exhibits non-zero steady-state error. This observation 

introduces new possibilities for improving the performance of the thermal control system and for 

improving the frequency stability of the hydrogen maser itself. 

This chapter has demonstrated the analytical power of the modeling methodology 

proposed in this thesis. The vacuum testbed model serves as an example to demonstrate that this 

type of model can be used to identify critical performance characteristics in real-world thermal 

control systems. The identification of steady-state error in the tracking performance of the 

hydrogen maser temperature controller underscores this utility. Overall, the proposed modeling 

approach is expected to be a power tool for future model-based control design of such systems. 
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CHAPTER 7: 

CONCLUSION 

7.1. Conclusion 

This thesis proposes a methodology for developing reduced-order multiphysics models 

for precision thermal control systems. Consideration for the subtleties associated with accurately 

and efficiently modeling sensors, actuators, and internal thermal diffusion of the thermal plant 

are included with this approach. An example of applying this techniques to practical thermal 

control systems is included, and the resulting model is demonstrated to agree with the measured 

behavior of the physical system with milliKelvin accuracy. The strong agreement affirms the 

reduced-order modeling approach as an efficient alternative to traditional FEA, particularly for 

control system analysis. A notable contribution of this work to the broader field of precision 

thermal control is the use of frequency-domain analysis to characterize lumped volumes of 

isothermal behavior in a thermal plant. The empirical Bode plot creation procedure detailed 

herein can be employed to identify the level of discretization necessary within a distributed-

parameter thermal model. Furthermore, the proposed modeling approach facilitates the analysis 

of the dynamic and steady-state tracking capabilities of arbitrary thermal control systems. By 

leveraging the techniques demonstrated in this thesis, the analytical power of this modeling 

methodology can be used in future model-based controller design for similar systems. 

The proposed model was specifically leveraged in this thesis to quantify the performance 

of the precision thermal control system of a Microchip hydrogen maser. Analysis on this system 

using the methodology detailed herein led to the identification of steady-state error in the 
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existing controller implementation. It is expected that the existing design of this controller could 

be improved by utilizing the proposed modeling framework. Reducing the steady-state error of 

this controller implementation would likely improve the frequency stability of the hydrogen 

maser. Improving the frequency stability of the hydrogen maser directly translates to improved 

performance in radiometric tracking and navigation systems. Therefore, the proposed 

methodology represents an important tool for enhancing the performance of critical 

infrastructure supporting modern astronautics applications. 

7.2. Proposed Future Work 

A common figure of merit used in the literature for precision thermal control is the 

RMSE of the temperature gradient of the regulated body with respect to the temperature set-point 

of the controller. Reductions in the thermal gradient of the regulated thermal mass could be 

accomplished by considering the relocation of controller actuators and incorporating additional 

sensors. Neither of these approaches were considered in this body of work. As such, a natural 

extension of this thesis would be to incorporate additional sensor and actuator configurations in 

order to assess their influence on the performance of a precision thermal control system. 

Furthermore, many instruments with precision thermal control requirements incorporate 

an ensemble of independent temperature controllers that collectively regulate the temperature of 

the system in question. Modeling one such ensemble and evaluating the possibility of unwanted 

emergent behavior between different controllers presents an additional future research path. This 

extension would be particularly beneficial for modeling the thermodynamics associated with a 

complete hydrogen maser. 

Finally, this work has not included a detailed error estimation or uncertainty 

quantification analysis. Instead, the error associated with the predictions of the vacuum testbed 
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model was assessed by comparing the tuned model against different responses of the test set with 

varying magnitude step-changes and temperature set-points. This work could be extended by 

performing a detailed analysis of the uncertainty associated with the thermal resistance 

parameters and the thermistor Steinhart-Hart calibration parameters. Quantifying these 

uncertainties and identifying the relative sensitivity of these parameters could further increase the 

robustness of this modeling framework and allow the model to be utilized reliably outside the 

boundary conditions for which it was empirically validated. 
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APPENDIX 

This appendix contains a collection of plots that demonstrate the performance of the 

tuned vacuum testbed model against additional responses of the test set. The agreement between 

the model and the measured behavior of the vacuum testbed for experiment 2 is shown in Figure 

49. This experiment was performed by enacting a 10 Ω R* step change, starting with a resistance 

of 12.65 kΩ and ending with a resistance of 12.66 kΩ. This resistance step change corresponds 

to a temperature drop of approximately 20 milliKelvin (0.02°C). 

 

Figure 49: Time-domain vacuum testbed model agreement for experiment 2 
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The agreement between the model and the measured behavior of the vacuum testbed for 

experiment 3 is shown in Figure 50. This experiment was performed by enacting a 20 Ω R* step 

change, starting with a resistance of 12.66 kΩ and ending with a resistance of 12.64 kΩ. This 

resistance step change corresponds to a temperature rise of approximately 40 milliKelvin 

(0.04°C). 

 

Figure 50: Time-domain vacuum testbed model agreement for experiment 3 
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The agreement between the model and the measured behavior of the vacuum testbed for 

experiment 4 is shown in Figure 51. This experiment was performed by enacting a 20 Ω R* step 

change, starting with a resistance of 12.64 kΩ and ending with a resistance of 12.66 kΩ. This 

resistance step change corresponds to a temperature drop of approximately 40 milliKelvin 

(0.04°C). 

 

Figure 51: Time-domain vacuum testbed model agreement for experiment 4 
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The agreement between the model and the measured behavior of the vacuum testbed for 

experiment 5 is shown in Figure 52. This experiment was performed by enacting a 10 Ω R* step 

change, starting with a resistance of 13.67 kΩ and ending with a resistance of 13.66 kΩ. This 

resistance step change corresponds to a temperature rise of approximately 20 milliKelvin 

(0.02°C). 

 

Figure 52: Time-domain vacuum testbed model agreement for experiment 5 
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The agreement between the model and the measured behavior of the vacuum testbed for 

experiment 6 is shown in Figure 53. This experiment was performed by enacting a 10 Ω R* step 

change, starting with a resistance of 13.66 kΩ and ending with a resistance of 13.67 kΩ. This 

resistance step change corresponds to a temperature drop of approximately 20 milliKelvin 

(0.02°C). 

 

Figure 53: Time-domain vacuum testbed model agreement for experiment 6 



 

117 

The agreement between the model and the measured behavior of the vacuum testbed for 

experiment 7 is shown in Figure 54. This experiment was performed by enacting a 10 Ω R* step 

change, starting with a resistance of 11.68 kΩ and ending with a resistance of 11.67 kΩ. This 

resistance step change corresponds to a temperature rise of approximately 20 milliKelvin 

(0.02°C). 

 

Figure 54: Time-domain vacuum testbed model agreement for experiment 7 
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The agreement between the model and the measured behavior of the vacuum testbed for 

experiment 8 is shown in Figure 55. This experiment was performed by enacting a 10 Ω R* step 

change, starting with a resistance of 11.67 kΩ and ending with a resistance of 11.68 kΩ. This 

resistance step change corresponds to a temperature drop of approximately 20 milliKelvin 

(0.02°C). 

 

Figure 55: Time-domain vacuum testbed model agreement for experiment 8 


