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ABSTRACT 
 

Uncertainty Quantification (UQ) deals with the study of variation in the response due to 

the presence of uncertainties in input parameters and governing models. Among the prevalent 

probabilistic techniques for UQ, non-intrusive Polynomial Chaos Expansion (PCE) has become 

more popular recently due to its mean square convergence property and ability to integrate 

deterministic codes as black-box. However, the number of basis terms in the expansion increases 

exponentially with the number of random inputs - ‘curse of dimensionality,’ and demands a huge 

number of function evaluations. Hence, this dissertation has attempted to extensively explore 

new robust algorithms for PCE while maintaining a proper balance between accuracy and 

computational efficiency.  

At first, a new non-intrusive method for PCE called Polynomial Chaos Decomposition 

with Differentiation (PCDD) is developed. The PCDD utilizes higher-order sensitivities of the 

responses and requires samples equal to the number of basis terms only. Secondly, the PCDD is 

utilized to develop a stochastic multi-scale modeling framework for composite structures since 

the response of composites is hugely influenced by the uncertainties existing at different scales 

such as micro-scale and macro-scale. Another framework for stochastic progressive failure 

analysis (PFA) of composites is also developed that allows performing global sensitivity analysis 

(GSA) to identify the relative importance of random inputs as a post-processing step. To further 

reduce the number of samples and make the stochastic problem more tractable, an adaptive 2L -

minimization algorithm that allows basis adaptivity along with sequential adaptive sampling is 
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developed. Finally, an adaptive algorithm to obtain sparse PCE models with 1L -minimization 

and sequential sampling is also proposed for high-dimensional problems. The 1L -minimization is 

capable of solving the under-determined system when the number of samples is minuscule. It is 

also advantageous in terms of computational storage and memory because of its ability to 

provide sparse solution. 

In general, the overarching goal of obtaining high-fidelity stochastic response models 

while maintaining a balance between accuracy and computational cost was successfully achieved 

by the novel algorithms developed in this dissertation. Furthermore, the invaluable information 

obtained with PCE for composite structures highlighted the benefits of its implementation in 

engineering problems. 
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1 CHAPTER 1 

 INTRODUCTION 

1.1 Background 

The term ‘uncertainty’ is derived from the Greek word stochos, which means uncertain and it 

has several connotations such as error, variability, lack of inaccuracy, lack of knowledge, and so 

on. The incapability of predicting something with absolute certainty is observable in our daily 

lives (for example, predicting the outcome of tossing a coin, roulette wheel) to complex 

engineering problems (for example, predicting the failure of structures, and forecasting the 

weather).  

The study of probability and likelihood of an event dates back several centuries ago. The 

game of chances was explored by Blaise Pascal and Pierre de Fermat in the 17th century [1]. 

Similarly, Pierre Simon, Marquis de Laplace (1749-1827) wrote a commentary on general 

intelligence in which he mentioned that the principal means of ascertaining truth - induction and 

analogy- are based on probabilities, and the theory of probabilities is common sense reduced to 

calculus [2]. In the first half of the 19th century, the developments in probability were contributed 

mainly by the physicists and mathematicians such as J. W. Gibbs (1903), Einstein (1905), and 

Heisenberg (1927). The implementation of probabilistic simulation, known as Monte Carlo 

Simulation, also found its use during World War II for the development of nuclear weapons. 

The structures community realized the potential of the probabilistic approach later on and 

started implementing it for the reliability estimation of structures. As discussed by Madsen et al. 

[3], the progress of probabilistic approaches in structures can be divided into three eras. The first 
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era which lasted from 1920 to 1960 mostly saw the use of statistical process control and 

development of statistical models such as for fatigue. The second era which lasted from 1960 to 

1980 saw rapid progress in structural reliability, but its application was limited to analytical or 

semi-analytical approaches only. Also, the concept of risk-based design was introduced by 

Freudenthal in this era [4, 5]. Finally, the third era which started from 1984 and is ongoing now 

was propelled by the tremendous technological advancements that made the application of 

numerical approaches such as Finite Element Methods (FEM) to complex engineering problems 

possible. Some of the significant contributions in this era were the development of Perturbation 

Stochastic Finite Element Method (PSFEM) [6, 7, 8] and Spectral Stochastic Finite Element 

Method (SSFEM) [9]. These computationally efficient and high accuracy structural reliability 

methods were developed in large part to consider the intricate design of modern structures that 

are hugely influenced by a large number of uncertainties in material properties, manufacturing 

process, environmental conditions, and so on. The application of these methods in the 

composites structures community is also in high demand in recent years. 

In general, the superiority of these reliability methods can be better understood by comparing 

with the traditional deterministic approach, which uses the concept of safety factor (SF) to ensure 

the safety of a structure. By using the supply and demand approach in which the supply implies 

the resistance, capacity, or strength and the demand implies the design load; safety factor can be 

defined as the ratio of the supply (R) to the demand (S) [10]. Using this SF approach, the 

structure is considered to be safe when the value of SF is higher than one. However, when both R 

and S are random, the values of R can be smaller than the values of S (SF less than one), and it 

indicates the failure of a structure. To better account for the uncertainties, a higher SF value is 

used in the deterministic approach; however, this ultimately leads to a conservative design that in 
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turn leads to a substantial increase in weight. Therefore, the reliability methods are preferred 

over the deterministic approach.   

However, despite the development of these probabilistic methods, there has been little 

progress towards its implementation in real engineering problems. The catastrophic failure of 

space shuttles in 1986 and 2003 as well as the critical damage of an Aloha Airlines Flight in 

1988, which had passed the rigorous structural tests, suggested the dire need for implementation 

of reliability methods in the real world for enhancing the safety and avoiding substantial 

financial loss and human lives. Furthermore, the use of deterministic safety factor is still 

prevalent in aerospace companies which is due to the enormous computational cost required for 

reliability analysis with a probabilistic approach. This lack of shift from the traditional 

deterministic approach to probabilistic approach stems from the complexity and substantial 

computational cost required for the development of probabilistic models.  

Hence, the current status of the probabilistic approach demands further refinement of the 

prevalent methods and development of new ultra-efficient probabilistic techniques so that it can 

be applied to large-scale problems.     

1.2 Sources of Uncertainty 

The uncertainty exists in a system due to many reasons and requires different approaches to 

handle them. Therefore, based on the classifications by Haldar et al. [10] and Oberkampf et al. 

[11], the different sources of uncertainties can be classified into quantitative sources and 

qualitative sources as below: 

1.2.1 Quantitative Sources of Uncertainty 

The quantitative sources of uncertainty are also defined as non-cognitive sources which can 

be further divided into different classes as below: 
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1.2.1.1 Aleatoric Uncertainty 

The aleatory uncertainty is also known as random or objective uncertainty which is due to the 

inherent randomness in a system. This kind of uncertainty is irreducible and prevalent in any 

experiments or observations. For example, the buckling load of beams made by the same 

manufacturer using the same manufacturing process and material will have some variations even 

though rigorous quality control is implemented. 

1.2.1.2 Epistemic Uncertainty 

The epistemic uncertainty is also known as subjective uncertainty which stems from the lack 

of data or knowledge. It is reducible as more data or information about the quantity of interest is 

available. For example, during the parameter estimation of a random response such as 

compressive strength of a beam, a sample size of 10 may yield inaccurate information about the 

randomness of the compressive strength. However, as the number of samples is increased to 

hundreds or several thousand, the behavior of the compressive strength is known better. 

1.2.1.3 Modeling Uncertainty 

In computational mechanics, the mathematical models are used to represent the real physical 

phenomenon by using governing equations that are further implemented using numerical 

methods such as Finite Element Methods (FEM), Boundary Element Methods (BEM), 

Computational Fluid Dynamics (CFD), and so on. In this process, several assumptions are made 

to simplify the process which leads to inaccuracy in the mathematical models as compared to 

actual governing physics. Also, several discretization schemes which are implemented to 

decrease the computational time introduce truncation errors. Furthermore, the finite precision of 

computing machines introduces numerical errors as well. However, this kind of modeling error is 
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reducible by using a statistical description based on the computational model and actual 

behavior. 

1.2.2 Qualitative Sources of Uncertainty 

This kind of uncertainty is also called cognitive sources of uncertainty which stems from the 

vagueness of problem arising the partial understanding of reality. As mentioned by Haldar et al. 

[10], this type of uncertainties arise from: 

i). Different definitions of parameters and different criterion for defining the failure or          

survival 

ii). Human factors  

iii). Definitions of the interrelationship among the parameters of the problems. 

However, most of the time the research is focused on reducing the quantitative sources of 

uncertainty and some of the methods are discussed in the next section. 

1.3 Methods for Modeling of Uncertainty/ Uncertainty Quantification 

The study of variation in the responses of a system due to randomness in input parameters or 

variables is known as uncertainty quantification (UQ). Based on the available information about 

the variability and sources of uncertainty, there are two methods for performing UQ: 

probabilistic and possibilistic. The probabilistic approach is used when there is enough 

information available about the uncertain input variables and can be represented using 

probability density functions or histograms. It uses the concept of random variables, random 

processes, and random fields to represent uncertainty. On the other hand, the second approach is 

called possibilistic or non-probabilistic approach and is used when the only information known 

about the random input variables are the upper and lower bounds.  
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1.3.1 Probabilistic Approach 

As mentioned above, this approach assumes that there is sufficient information about a 

random variable, and it is based on the concept of probability density function (PDF) and 

cumulative distribution function (CDF). Also, based on the information of response provided by 

the probabilistic techniques, it can be further classified into three different categories: i) 

structural reliability methods, ii) response variability methods, and iii) stochastic finite element 

methods [12]. 

The structural reliability methods concern with calculating the probability of failure which is 

based on the chances of exceeding a performance criterion (also known as a limit-state function) 

[13].  It involves finding the area below the PDF near the tail region of the limit-state functions. 

It also introduces the concept of reliability index,   which defines the shortest distance from the 

origin to the limit-state function. Some of the methods that are popular for structural reliability 

includes the moment based methods (FORM and SORM) [3, 10, 14] and sampling methods [10]. 

The moment-based methods use first order and second order Taylor series approximation of the 

response to get the mean and variance of the response and estimates the probability of failure. 

However, the accuracy of these methods is affected when the coefficient of variation of the input 

random variables is greater the 0.1, and these methods are also computationally intensive for a 

large number of variables. On the other hand, the sampling approaches such as direct Monte 

Carlo Simulation (MCS) are easier to implement but the convergence of these approaches is too 

slow, which means it requires a large number of simulations for desirable accuracy. Hence, some 

of the variance reduction techniques (VRT) such as importance sampling, stratified sampling, 

and antithetic variates are preferred over the direct MCS [15, 16, 17]. 
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The response variability methods include the calculation of the mean and covariance of the 

response of the system. Two of the popular techniques in this category are the perturbation 

approach [7, 18, 19] and the weighted integral method [20, 21, 22]. However, the perturbation 

approach is restricted to random fluctuations with a coefficient of variation less than 0.2, and the 

weighted integral method is computationally expensive. Furthermore, these techniques do not 

provide the explicit relation of the response with the random input variables. 

Finally, the stochastic spectral finite element (SSFEM) is a more recent method that was 

initially proposed by Ghanem and Spanos in the 1980s [9]. In this approach, the spectral 

expansion techniques such as Karhunen-Loève Expansion (KLE) and Polynomial Chaos 

Expansion (PCE) are utilized to represent random fields/processes and random responses, 

respectively [23, 24, 25, 26]. The SSFEM is capable of providing an explicit relationship 

between the random response and random input variables. It also captures the randomness of the 

response in PCE coefficients due to which the problems that pertain to the first two category in 

the probabilistic approach can be solved during post-processing of SSFEM. Furthermore, the 

PCE can handle random inputs with larger variation and has a mean-square convergence 

property which is not displayed by other probabilistic techniques. Hence, improving the accuracy 

and computational efficiency of PCE even further has been the major topic of interest of many 

researchers in the UQ community.   

1.3.2 Non-Probabilistic Approach 

The non-probabilistic approach is also known as a possibilistic approach, which is used when 

there is a lack of information about the random input variables. This approach involves 

calculations based on the information about the range of random variables, and some of the 
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popular methods are interval analysis [27, 28], convex modeling [29], fuzzy set theory [30], and 

evidence theory [31, 32].  

The interval analysis concerns determining the lower and upper bounds for the response based 

on the available information about the lower and upper bounds of the random input variables. In 

this technique, the domain of the input variables is defined by a hypercube and the interval 

algebra is implemented to perform the calculations.  

On the other hand, the definition of the random input variables is adjusted in convex modeling 

so that the domain of the random input variables is defined by a hyperconvex region instead of a 

hypercube region as in interval analysis. This decreases the domain of the random input variables 

that lead to a reduction in the computational cost as compared to interval analysis. 

In fuzzy set theory, the random input variables are defined by the membership functions and 

are defined by the level of  -cuts. A random variable is considered to be deterministic when

1  , and it can take any value in between the range of the random input variable when 0  . 

The implementation of the fuzzy set theory requires interval analysis at a different level of  -

cuts, and it increases the computational cost substantially. So, the fuzzy set is less preferred for 

large-scale problems with many random input variables.  

Finally, the evidence theory which is also known as Dempster–Shafer theory (DST) is used 

when there is a presence of both the aleatory and epistemic uncertainty [32, 33]. In this case, the 

information about the random variables are available in terms of evidence and the lower and 

upper bound are expressed as Belief and Plausibility, respectively. This method has been used for 

reliability estimation of structures in [31, 34, 35]; however, numerical instability occurs when the 

evidence comes from different resources.  Furthermore, when the information of the evidence 

about uncertainty is imprecise, the Bayesian approach should be used [36]. The implementation 
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of the Bayesian approach has also generated much interest among researchers, and it has been 

applied to the reliability estimation of the structures as well [37, 38, 39]. 

1.4 Steps for Modeling Uncertainty 

This dissertation research deals with UQ assuming that enough information about the random 

input variables is available, and therefore the probabilistic approach is extensively considered 

here. Also, this dissertation is focused on implementation of UQ to composite structures. 

Therefore, a summary of the main steps involved in UQ process are described below: 

1.4.1 Problem Definition: 

The first step in uncertainty analysis involves defining the problem, identification of random 

inputs and outputs, and building a deterministic model.  

1.4.2 Obtain information of the random inputs:  

The second step is to gather information about the random input variables and represent them 

using probability density functions based on their distribution. 

1.4.3 Generate samples and perform deterministic simulations: 

This step involves generating a set of the design of experiments (sampling points) for random 

inputs and obtaining samples of the response through deterministic simulations of the model. 

1.4.4 Uncertainty propagation using a mathematical model: 

The samples generated from Step 3 are used in this step to build a functional relationship 

between the random inputs and the output so that the uncertainty in inputs can be propagated to 

the output. It also involves estimation of the first few moments (such as mean and standard 

deviation) and the probability density function (PDF) of the output. The accuracy analysis is also 

carried out in this step, and Steps 3-4 are repeated until the desired accuracy is achieved. 
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1.4.5 Post-processing and design decision: 

Once the accurate moments or high-fidelity stochastic response model is obtained, the post-

processing can be performed to extract valuable information such as a probability of failure, the 

relative importance of the random input variables on the variance of the output using global 

sensitivity analysis (GSA) [12, 40], and so on to assist decision making. If the stochastic analysis 

indicates the response is less susceptible to variation in inputs and also satisfy the requirements 

set by the designer, the design can be accepted with high confidence. On the other hand, the 

design needs to be revised and Steps 1- 4 needs to be repeated if the design is hugely affected by 

the variation in inputs. 

1.5 Problem definition of this dissertation 

As described in Section 1.4, performing UQ is a very challenging problem both in terms of 

the development of the framework and its implementation due to a huge computational cost 

associated with it. In fact, this has hindered the application of the UQ to many engineering 

problems.  

Mainly, the UQ involves building a response model for a physical phenomenon that can 

capture the variation of response due to the randomness in input parameters. To this end, two 

approaches can be utilized - intrusive and non-intrusive. The intrusive formulation requires the 

modification of the governing equations and existing deterministic codes which becomes 

infeasible for large-scale problems. On the other hand, the non-intrusive formulations do not 

require modification of the existing codes or governing equations and allow for the integration of 

deterministic codes/commercial software as black-box in the UQ process.  

In recent years, the rapid progress in non-intrusive techniques for PCE such as Projection and 

Collocation have made the UQ process somehow easier. Nevertheless, the implementation of 
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non-intrusive PCE formulation is severely hampered when the number of random inputs is 

excessively large, and the complexity of the problem is much involved.   

Two of the main factors that affect the implementation of non-intrusive PCE for UQ are: 

i). Computational efficiency 

ii). Accuracy 

Computational Efficiency 

The computational efficiency can be defined in terms of the processing time it takes to run the 

algorithm and the number of function evaluations required to build a stochastic response 

model. 

In PCE, the number of basis terms increases exponentially with the increase in PCE order as 

well as the size of random inputs. This leads to an enormous number of basis terms thereby 

increasing the processing time as well the required number of samples. Although the 

computational cost associated with processing time of the algorithm has been dealt with for a 

small number of random variables (about ten random variables), there has been little success 

while dealing with problems that include a large number of random inputs even with 

advanced computing power. For example, problems with random fields that include tens to 

hundreds of random variables.  

Furthermore, in many cases, even a single function evaluation of the response can be very 

costly. These expensive function evaluations may include the non-linear finite element 

analysis, Navier-Stokes problem in CFD, molecular dynamics problem, and so on which 

requires many hours for a single run. Thus, performing UQ with a large number of such 

function evaluations becomes computationally exhaustive. So, there is a pressing need to 
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explore alternative strategies to make the stochastic problems more tractable and also reduce 

the number of function evaluations required for UQ using PCE.  

Accuracy 

Another desirable feature for a non-intrusive technique to be considered for UQ is the 

resulting accuracy of stochastic response models. The spectral techniques such as PCE are 

truncated using a finite number of terms in the response model to make the problems 

affordable, which further introduces truncation error. The error in the response model 

eventually leads to an inaccurate PDF thereby making the efforts of PCE for UQ less 

effective. Hence, a remedy to these accuracy problems requires the development of novel 

high-fidelity models that are capable of adding important higher order polynomials and also 

extract the maximum amount of information from the given set of samples as much as 

possible. 

Most importantly, a proper balance should be maintained between the two abovementioned 

factors while implementing a non-intrusive PCE for UQ. It is because of the possibility of 

incurring additional computational cost while striving for higher accuracy and contrarily the 

possibility of degrading the accuracy while trying to reduce the computational cost.   

Furthermore, composite structures have found an exponential growth in its applications in 

aerospace, automotive, marine, civil engineering, sports, and so on due to its superior 

performance compared to traditional materials such as metals in recent decades. Nevertheless, 

the response of a composite structure is massively affected by the uncertainties that are 

unwantedly introduced during fabrication, manufacturing, quality control, transportation, and 

environmental factors among others. While the effects of these factors are generally considered 

using the safety factor or knockdown factors, it generally leads to the underestimation or 
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overestimation of the effects of uncertainties so that the benefits of composites are not fully 

exploited. Hence, the composites design demands for a shift from a traditional design using a 

safety factor approach to the stochastic modeling approach that can incorporate the effects of 

uncertainties existing at different scales of composite modeling. Furthermore, since the UQ of 

composites generally involve a large number of uncertainties and demands a huge computational 

cost, it demands for efficient methodologies that can provide invaluable information at an 

affordable cost.    

1.6 Objectives 

The non-intrusive PCE is highly advantageous compared to other previously discussed 

probabilistic techniques in Section 1.3.1 for UQ. However, it is still affected by two main factors 

- computational cost and efficiency – as discussed in Section 1.5. Hence, the primary goal of the 

dissertation is to present novel algorithms for non-intrusive PCE that are highly advantageous in 

terms of accuracy and computational efficiency. Similarly, the secondary goal of this dissertation 

is to implement the algorithms developed here and extensively implement it for UQ of composite 

structures with affordable cost. In this regard, the work of this dissertation is divided into five 

different objectives as below all of which serve to complement the main goals of this 

dissertation: 

 Develop an algorithm called Polynomial Chaos Decomposition with Differentiation  
 
The available classical non-intrusive techniques for PCE -projection and Collocation- 

yield high accuracy results; however, the number of samples required is greater than the 

number of PCE coefficients. So, the goal of this work is to develop a new non-intrusive 

technique for PCE called Polynomial Chaos Decomposition with Differentiation (PCDD) 

that requires sample size equal to the number of PC coefficients only. The PCDD utilizes 
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higher-order sensitivities of the responses, and a new approach for estimating higher-order 

sensitivities based on higher-order Taylor series expansion is also developed.   

 Build a stochastic multi-scale modeling framework for fiber reinforced composite 
structures  
 
This objective is focused on implementing the PCDD algorithm to build a stochastic 

multi-scale modeling framework for composite structures. The goal is to account for 

uncertainties existing at different scales - micro-scale and macro-scale - of the composites 

modeling and study its impact on the buckling performance and reliability estimation of 

composites. 

 Carry out a stochastic progressive failure and global sensitivity analysis of fiber 
reinforced composite laminate  

 
The failure mechanism of composites is a complex phenomenon because of different 

contributions of the plies depending the location, material, orientation, and so on. This 

requires a non-linear progressive failure analysis (PFA) approach where the contributions 

of different plies are degraded gradually. Mainly, the non-linear responses during PFA are 

hugely influenced even with the presence of a slight variation in the material properties of 

the plies. Furthermore, different random inputs have an unequal influence on the non-

linear response, which requires global sensitivity analysis (GSA) in deciding which input 

parameters should be paid careful attention.  Therefore, this study deals with developing a 

framework that is capable of performing stochastic PFA and then GSA as a post-

processing step with an affordable cost.  

 Develop an algorithm for adaptive weighted-least squares PCE with sequential 
adaptive sampling   
 
While the PCDD performs well for problems with moderate dimensions and when the 

samples are enough, it is still affected by the exponential growth of PCE terms with 
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increase in PC order. Hence, this work is focused on mitigating the exponential growth of 

basis terms and on refining the basis terms to make the problem more tractable. The 

algorithm developed in this work also focuses on the re-utilization of previous sampling 

points to obtain a new set of the design of experiments so that more information is 

extracted to improve the accuracy.  

 Develop an algorithm for adaptive sparse PCE based on 1L  -minimization and 

sequential sampling  
 
The final objective of this dissertation is to develop an algorithm that is suitable for very 

high-dimensional problems by utilizing as low number of samples as possible. This 

algorithm utilizes 1L  -minimization technique to solve the under-determined system so 

that over-fitting issues as encountered in the least-squares approach has less effect on the 

accuracy of PCE. Also, the possibility of obtaining sparse PCE that contains only a few 

basis terms is explored. 

1.7 Outline     

This dissertation research has been written in the article style format option provided by The 

University of Alabama, Tuscaloosa. It includes book chapter, journals, and conference papers 

that have been already published or are under review as separate chapters. 

A detailed discussion of the available techniques for PCE is provided in Chapter 2 starting 

from its initial implementation to current status. This chapter also serves as a detailed literature 

review to identify the possible improvements for PCE. Furthermore, the ingredients required for 

non-intrusive PCE such as sampling strategies and error criterion are also mentioned. Finally, the 

possible future directions in the field of UQ with PCE is also provided. 
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The first objective of the dissertation is addressed by developing a full-fledged algorithm for 

PCE called Polynomial Chaos Decomposition with Differentiation (PCDD) in Chapter 3. This 

chapter also highlights the importance of utilizing a new method for higher-order sensitivity 

estimation called Modified Forward Finite Difference (ModFFD). The implementation of these 

algorithms to analytical benchmark problems and composite laminate problems with finite-

element methods are also provided. 

In Chapter 4, the PCDD algorithm developed in Chapter 3 is utilized to develop a stochastic 

multi-scale modeling framework for performance and reliability estimation of composite 

structures by accounting the uncertainties at micro-scale (fiber/matrix properties) and macro-

scale (ply-thickness/orientation and loading conditions). This multi-scale framework includes 

Halpin Tsai models for micro-scale UQ whereas it gathers responses from finite-element analysis 

(FEA) simulations for macro-scale analysis. 

The stochastic progressive failure analysis of composites is studied in Chapter 5 by 

developing PCE models of first-ply-failure and last-ply-failure based on Puck’s failure criterion 

and immediate material degradation model. Furthermore, a detailed procedure to estimate the 

effects of random inputs both qualitatively and quantitatively using GSA is provided.  

In Chapter 6, the objective of implementing an adaptive approach for PCE is addressed by 

developing an adaptive weighted least-squares PCE with sequential adaptive sampling. The 

strategies for basis adaptivity are provided in this chapter, and also the generation of new 

sampling points based on the updated basis set and existing set of the design of experiments are 

outlined.  

The final objective of dealing with a minuscule number of samples for UQ in a high-

dimensional setting is addressed in Chapter 7 by proposing an efficient algorithm for adaptive 
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PCE based on 1L  -minimization. The strategies to obtain a non-oscillatory monotonic 

convergence with a proper sampling strategy is also discussed. Moreover, the algorithm has been 

applied to a very high-dimensional stochastic natural frequency analysis of composite laminate 

with 56 random variables. 

Finally, the summary of the algorithms and frameworks developed in this dissertation is 

provided in Chapter 8. The possible strategies that can be implemented in the future to further 

enhance the performance of PCE are also discussed. Also, it mentions some engineering 

problems that will obtain a huge benefit by performing UQ with the algorithms developed here.
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2 CHAPTER 2 

POLYNOMIAL CHAOS FOR UNCERTAINTY QUANTIFICATION: PAST, PRESENT, 
AND FUTURE 

Abstract 

In recent decades, Polynomial Chaos Expansion (PCE) has emerged as a dominant technique 

to ascertain the response uncertainties of a system by propagating uncertainties of the inputs. The 

dominance of PCE is due to its unique ability to represent the probabilistic response as a spectral 

expansion in terms of deterministic coefficients and basis orthogonal polynomials explicitly, and 

it has led to the development of innumerable algorithms. Therefore, this chapter has attempted to 

encompass the notable developments in PCE until now. In this regard, the intrusive approach 

called Galerkin Projection, and the non-intrusive approaches such as pseudo-spectral projection 

and linear regression are discussed. Also, another non-intrusive approach for uncertainty 

quantification (UQ) called Stochastic Collocation (SC) which has a close relationship with the 

non-intrusive PCE is also discussed. The pseudo-spectral projection involves multi-dimensional 

integration, and the SC involves multi-dimensional interpolation whose accuracy and 

computational cost depend on the set of integration and interpolation nodes, respectively.  To this 

end, one can use the sparse grids using Smolyak’s formula which requires substantially less 

number of samples than the tensor product rule. The regression approach using least-squares is 

more efficient than the pseudo-spectral projection, and its accuracy depends on a proper 

sampling strategy. Hence, the space filling strategies such as Monte Carlo Sampling (MCS),
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 Sobol-Sequence Sampling, and Latin Hypercube Sampling (LHS) as well as optimal sampling 

strategies such as A-optimal, D-optimal, and S-optimal are provided. In spite of the 

computational advantage of linear regression as compared to other non-intrusive approaches, it 

requires at least twice the number of samples than the unknown PCE coefficients which become 

unaffordable for computationally exhaustive functions. Hence, the recent focus in PCE is on 

improving the computational efficiency by reducing the stochastic dimensions without 

compromising the accuracy. In this regard, some of the methods include adaptive basis selection 

or anisotropic expansion, adaptive and sequential sampling, dimension reduction, and so on. 

Notably, the implementation of L1-minimization and its extensions such as weighted L1-

minimization and Bayesian L1-minimization has resulted in the development of sparse PCE 

models with fewer function evaluations. Therefore, this chapter serves as a detailed overview of 

PCE for UQ as well as a comprehensive literature review of the significant developments in 

PCE.   

2.1 Introduction 

The ultimate goal of closely representing real world complex phenomenon has eluded many 

scientists and engineers for a long time. With the huge developments in numerical methods and 

computational technology, large strides have been made in terms of representing physical 

phenomenon with mathematical models and replacing it with lesser experimental observations. 

These mathematical models are represented in terms of governing equations that include partial 

differential equations (PDE), integrals, and algebraic equations (AE) which are dependent on the 

input variables and parameters. While the mathematical formulations have been refined over the 

years, the numerical results obtained with the deterministic models do not exactly match with the 

experimental observations. This difference between the experimental observations and numerical 
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results can be attributed to a lot of factors, starting with the lack of our understanding of the 

physical phenomenon under study, the mathematical model definition, the definition of the 

parameters used in mathematical model based on limited data, and so on which are termed as 

‘uncertainty’ or ‘errors’. Therefore, the inevitable existence of these uncertainties which are 

ubiquitous in all disciplines demands the formulation of the mathematical models using a 

probabilistic or stochastic approach. In turn, this has led to the development of a rapidly growing 

field called ‘Uncertainty Quantification (UQ)’ which studies the effect of the uncertainties 

existing at different levels of the problem on the output quantity of interest to further enhance the 

design and safety as well as mimic reality closely. 

The uncertainties exist in a system due to a large number of factors starting from the 

improper problem definition and mathematical models used, initial design, due to the 

manufacturing process, operating conditions, and so on. Overall, these uncertainties can be 

classified as aleatoric and epistemic [1-3]. The aleatoric uncertainties are irreducible and exist 

due to the inherent randomness of the variables associated with the response whereas the 

epistemic uncertainties are reducible and exist due to the lack of knowledge about the 

parameters.  In the case of aleatoric uncertainties where the probability density functions (PDF) 

are usually available for the random input variables, probabilistic approaches such as Monte 

Carlo Simulation (MCS), perturbation approaches, spectral approaches, to name a few, can be 

used. On the other hand, there is less amount of data available for epistemic uncertainties making 

non-probabilistic or possibilistic approaches a viable option. Apart from aleatoric and epistemic 

uncertainty, errors also arise due to the modeling errors, truncation errors in numerical 

discretization schemes (such as Finite Element Methods (FEM), Boundary Element Methods 

(BEM), and Computational Fluid Dynamics (CFD)), and round-off errors due to the finite 
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precision of computing machines. However, the severity of these sources on the variation of the 

response has been drastically reduced over the years which has allowed the researchers to focus 

more on probabilistic and possibilistic approaches. Among the probabilistic and possibilistic 

approach, the probabilistic approach is mathematically elegant and yields unique high accuracy 

results compared to its possibilistic counterpart. Hence, a lot of effort has been devoted to 

developing the probabilistic techniques for UQ. 

The available methods for probabilistic approach can be classified into three categories [4]: i) 

Response variability methods, ii) Structural reliability methods, and iii) Stochastic finite element 

methods. The response variability methods include the perturbation approach [5-6], Neumann 

Expansion [7-8], and weighted integral method [9-11] which allow determining the mean and 

covariance of the response. The structural reliability methods include the simulation approaches 

such as MCS, First and Second Order Reliability Methods (FORM/SORM) which allow 

estimating the tail statistics of the PDF of the response and provides the sense of failure or safety 

[12]. Lastly, the stochastic finite element methods include the spectral approaches such as 

Polynomial Chaos Expansion (PCE) that allows obtaining an explicit relation of the response 

with the random input variables as well as the complete PDF of the response [13]. While the 

MCS and simulation approaches used to be the preferred approach for UQ in the earlier era [14]; 

the convergence rate for MCS is too slow. Thus, it requires an enormous number of simulations 

for the convergence of the solution which becomes unaffordable for function evaluations which 

are computationally expensive. Also, the perturbation approach is suitable for the inputs with a 

low coefficient of variation (less than 0.1 [3]), and it does not provide the complete statistics of 

the response apart from the first two moments. Similarly, the Neumann Expansion and Weighted 

Integral method also provide the first two moments of the response; however, the computational 
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cost associated with these two methods is rather high. Therefore, most of the recent research for 

UQ has focused on spectral expansion approach which provides the complete PDF of the 

response as well as the moments of the uncertain response as a post-processing step. 

Polynomial Chaos Expansion was initially proposed by Wiener in his work ‘The 

Homogeneous Chaos’ in 1938 [15] in which a second-order Gaussian random process was 

expanded using Hermite polynomials. Later, the 2L  -convergence of this expansion in terms of 

orthogonal basis functions was proved by Cameron and Martin [16]. While homogeneous chaos 

yields suitable convergence properties for Gaussian random variables, it is rather non-

exponential for non-Gaussian random variables as observed by Xiu and Karniadakis [17-18]. 

Therefore, they proposed generalized Polynomial Chaos (gPC) Expansion so that the PCE can be 

used with other random variables apart from Gaussian and the response could be expanded onto 

a series of basis orthogonal polynomials that can be chosen from the Askey scheme according to 

the PDF of the random input variables. The gPC can also be thought of as a specialization of the 

Stone-Weierstrass theorem [19] to independent random variables, in which a tensor product 

construction using one-dimensional orthogonal polynomials can be readily used.  

In gPC or simply PCE, the uncertain response is expanded using a set of orthogonal 

polynomials and deterministic coefficients. The deterministic coefficients capture the full 

randomness of the response, and these are the unknowns in the PCE. Therefore, the approaches 

to determine the PCE coefficients can be classified as ‘intrusive’ and ‘non-intrusive’ approach. 

The intrusive approach was used extensively by the researchers when Ghanem and Spanos 

resurrected the application of PCE to engineering problems [13]; however, this approach requires 

the modification of the governing equations for a stochastic formulation which in turn yields in a 

set of coupled deterministic PDEs or AEs [20-23] and becomes complex for large-scale 
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problems. On the other hand, the non-intrusive approach treats the existing commercial software 

or deterministic codes as black-box and requires a series of deterministic simulations. Therefore, 

the simplicity of the non-intrusive approach has made it more appealing to scientists and the 

researcher community and has piqued their interest in algorithm development as well as 

applications.  

The non-intrusive approach for PCE further consists of two methods: Projection [24-27] and 

Regression [28-31]. The Projection method which is also known as non-intrusive spectral 

projection (NISP) utilizes the orthogonal property of the basis multivariate polynomials so that 

the PCE coefficients can be calculated by finding the expectation of the product of the response 

and multivariate polynomials. To this end, the quadrature methods and simulation approach can 

be implemented. However, the number of simulations required using quadrature increases 

exponentially with the increase in dimensions which is also known as ‘Curse of Dimensionality,’ 

and similarly the convergence using the MCS approach is too slow. The curse of dimensionality 

associated with the quadrature methods can be somehow alleviated by using the Sparse Grids 

based on the Smolyak’s formula [32-34]; however, this is still only applicable for low 

dimensional problems (less than ten random variables). On the other hand, the regression 

approach also known as ‘Stochastic Point Collocation’ aims at finding the best approximation 

model by minimizing the sum of the square of the residuals. One should be careful that the 

Stochastic Point Collocation is different from Stochastic Collocation (SC) in which interpolation 

is carried out in the form of Lagrange polynomials [35-36]. The difference between the 

Stochastic Point Collocation and SC is that the PCE coefficients are unknown in the first method 

whereas the coefficients are known in SC, and it requires interpolation in a structured set of grid 

points. Based on the available literature [29-30], the least square approach can be implemented 
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for regression approach, and it requires a minimum number of samples equal to twice the number 

of PCE coefficients which is less than the number of samples required with NISP. Nonetheless, 

when the problem size becomes too large (for example problems including random fields which 

includes tens to hundreds of random variables) both the NISP and regression approach become 

incapacitated with the stochastic dimension size and complexity of the problem. Therefore, 

recent trends have been on developing efficient algorithms which can handle a large number of 

uncertain variables while maintaining a balance between the accuracy and computational 

efficiency. 

In this regard, the recent developments have focused on dimension reduction of the stochastic 

problems as well as the efficient sampling approaches so that high-fidelity models can be 

attained by utilizing the least number of samples as possible.  To improve the accuracy of PCE, a 

new non-intrusive approach that utilizes higher order sensitivities of the response was proposed 

in [37] which yielded high accuracy results by using the same number of samples as the PCE 

coefficients as compared to twice the number of samples in the least-squares approach. A 

truncation strategy, termed as ‘hyperbolic-scheme’ based on the q-norm selection of the basis 

polynomials before building an approximate PCE model was proposed by Blatman and Sudret 

[38-39] which drastically reduced the problem dimension. However, this selection of the basis 

polynomials which assign high priority on the low order interaction of the univariate 

polynomials does not always hold true [40-41] and the adaptive selection of basis polynomials 

offers a better option. The accuracy of the PCE using least-squares approach also depends on the 

choice of sampling; and to achieve this goal, the D-optimal sampling strategy was implemented 

for the enrichment of design of experiments in [42].  
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More recently, the focus on PCE has been on developing sparse PCE models when the 

number of samples available is limited. In this situation, the least-squares approach does not 

work properly due to over-fitting issues. To resolve this issue, an adaptive sparse PCE using 

Least Angle Regression Approach (LARS), which is similar to forward stage-wise regression 

and involves moving the basis terms that are most correlated with the residual towards the least-

squares coefficient, was proposed in [39]. However, the majority of the researchers in UQ and 

statistical community have borrowed the concept of Compressed-Sensing (CS) and 1L -

minimization from the signal processing community and focused on developing efficient PCE 

based on 1L -minimization. Although, the 1L -minimization has been implemented in image 

processing, machine learning, and statistics, geophysics [43-45], data compression [46], and face 

recognition [47] extensively, its application to PCE is still in a nascent stage.  The 1L -

minimization has suitable features in terms of its ability for sparse representation with PCE as 

well as its ability to solve the under-determined linear system so that a small number of samples 

can be used. Recently, it has been implemented by the researchers to develop sparse PCE models 

in [48-54]. In [53-54], the gradient enhanced 1L -minimization was studied by including the 

gradient information of the response. Similarly, the weighted 1L -minimization was studied in 

[51-52] by weighting the PCE coefficients properly. Additionally, the Bayesian approach for 

PCE approximation using 1L -minimization has also been implemented in [55-56] which has 

proved to be useful for proper basis selection and a substantial number of the reduction of 

simulations. For example, it was implemented for a community land model problem with 80 

random input parameters in [55], and it required 10,000 model simulations for the global 

sensitivity analysis using PCE approximation which is relatively low for such a large 

dimensional problem.   
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Some of the notable applications of PCE include its implementation in reliability based 

robust design optimization (RBRDO) and state-parameter estimation. The RBRDO focuses on 

obtaining an optimal design while considering the presence of uncertainties in design variables 

or parameters. To this end, the PCE has been implemented successfully to reduce the cost 

associated with the design under uncertainty [57-59]. Similarly, the PCE has also been 

implemented in data assimilation for state and parameter estimation to replace the costly 

sampling approaches in [60-62] where the states and parameters are replaced by their PCE 

approximation. Furthermore, the PCE was also implemented for multi-fidelity UQ to obtain the 

high fidelity statistics by incorporating a low number of high fidelity simulations with a 

comparatively larger number of low fidelity simulations [63].   

So far, many algorithms have been developed already for UQ with PCE as discussed 

previously. However, there remains a lot of room for improvement to improve the accuracy as 

well as to reduce the computational cost for PCE approximation. Some of the promising 

strategies include employing the adaptive approach for basis selections, developing a proper 

sequential sampling strategy, and dimension reduction of the stochastic problem based on some 

stricter criterion. Additionally, the application of PCE to more complex problems and wide-

ranging disciplines is yet to be applied despite its obvious advantages compared to other methods 

for UQ. Therefore, the PCE is expected to be more dominant for UQ to reflect the reality better. 

The goal of this Chapter is to provide a detailed yet concise introduction and summary of the 

recent advances in UQ using PCE. To this end, mathematical formulations are provided without 

going much into the theory so that it will serve well for both the beginners and practitioners in 

UQ using PCE. It focuses mostly on non-intrusive PCE and the ingredients to improve the PCE 

formulation such as different sampling strategies and error criterion. Furthermore, the details for 
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sparse construction of PCE using 1L -minimization, adaptive approaches, hierarchical modeling 

using global sensitivity analysis, and so on are also included.  

2.2 Polynomial Chaos Expansion  

The probabilistic approach assumes that the input parameter is represented as a random 

variable or random process (a collection of random variables). The random variables can be 

defined using a probability space  , ,F P  where   is a sample space containing all the 

possible outcomes denoted by  , F  denotes the  -algebra which contains the set of all 

possible events, and P  represents the probability measure that indicates the likelihood of an 

event where : [0,1]P F  . Therefore, a real random variable can be represented as a mapping 

from the sample space to a real number. For example, the random variable is represented using 

an uppercase letter, X  whereas the specific value it takes is represented as a lowercase letter, x ; 

the same notations are used to represent the vector of random variables. Furthermore, a vector of 

real random variables, X with the finite second moment (i.e., 2[ ]E X    or finite variance) is 

assumed to be in  2 , , ,L F P   space. Therefore, the UQ using spectral approach involves the 

construction of a stochastic mathematical model,   f X  which maps the random input 

parameter space in  ( where N is the number of uncertain inputs) into the random output 

parameter space in  (where M is the number of uncertain outputs) i.e. : N Mf   . 

Wiener initially proposed the PCE during his study of Brownian motion in which he 

formulated a second-order random process using homogeneous chaos [15]. So using Wiener-

PCE, a Gaussian process,  u   can be expressed in the series form as in Eq. (1). 
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In Eq. (1),   
1ki k

 



 represents a set of independent standard Gaussian random variables; 

 1
,...,

pp i i   represents a set of multidimensional Hermite polynomials of order, p ; 
1
,...,i ipa a  

represents a set of deterministic PCE coefficients, and   represents an outcome in the random 

sample space.  

In a simpler form, a second order random process,  , ,u z t  , can be represented as an 

infinite series expansion exactly using multivariate orthogonal polynomials and deterministic 

PCE coefficients as given in Eq. (2) which is an analogous form of Eq. (1). Here,

 , 1, 2,3dz d   represents the spatial term, t  represents the time, and   1

N

i i
 


  represents 

the set of independent standard random variables which has a one-to-one correspondence with 

original random input variables,   1

N

i i
x x


 .  

 
     

0

, , , .k k
k

u z t a z t  




  
           (2) 

However, the infinite series expansion is impossible in real applications and Eq. (2) must be 

truncated using a finite number of terms, 1P   as in Eq. (3) by dropping the spatial and temporal 

terms for simplicity. Also, the output has been regarded as a scalar quantity. 
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The orthogonal polynomials in the PCE in Eq. (3) are formed by taking the tensor product of 

the univariate orthogonal polynomials,  k
i

i
  as given in Eq. (4), where k

i
 represents the order 

of the univariate orthogonal polynomials. Also, it must satisfy the orthogonal property as given 

in Eq. (5), where  .E  represents the expectation and ij represents the Kronecker Delta. 
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2.2.1 Truncation Schemes 

The large number of terms in the PCE improves the accuracy of the approximation at the 

expense of additional computational cost. So, different truncation schemes are available to select 

the orthogonal polynomials appropriately to alleviate the computational burden, and these are 

discussed below. 

2.2.1.1 Total Order Expansion 

 It is the most used truncation scheme in which the multivariate polynomials with the total 

sum of the degree of the univariate orthogonal polynomials less than or equal to a given PCE 

order, N is retained as given in Eq. (6). The total number of PCE terms P+1 using this scheme is 

given in Eq. (7) and is represented with multi-index set, N
p . 
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2.2.1.2 Tensor Product Expansion 

In this scheme, the univariate orthogonal polynomials of all degree less than p  are retained 

in all stochastic dimensions as in Eq. (8), and all the possible combinations of these orthogonal 

polynomials are used in the PCE.  The number of PCE terms by using this scheme is given in Eq. 

(9) where kp  represents the expansion order in each stochastic dimension. Using isotropic 

expansion, kp p , the total number of terms in PCE is  1
N

p  . 

  : 0 , 1,...,N N
p k p k N                   (8) 
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2.2.1.3 Low-rank index sets 

This scheme is inspired by the sparsity-effects principle and assigns more priority to the PCE 

terms with low order interactions, j  as given in Eq. (10) and 
0

 indicates the sum of the non-

zero terms [64-66].	The small value of j  leads to a sparser expansion while neglecting higher 

order interactions which may have a significant effect on the accuracy of the response. Usually, 

the values of the rank are chosen as  2,3j  . 
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2.2.1.4 Hyperbolic-Scheme (q-norm truncation strategy) 

This truncation strategy is based on a similar principle to the low-rank index sets. However, 

it does not truncate all the high order terms severely [38-39]. As given in Eq. (11), the retained 

multi-index set for a value q   less than one lie under the hyperbola, and hence it is called 

hyperbolic index set. The smaller values of q  lead to a sparser PCE based on the q -norm as 

given in Eq. (12).  When the value of q  is one, the total order expansion is obtained.  

Among the above-mentioned truncation schemes, the total order expansion scheme and the 

hyperbolic scheme have been widely used; and the sparsity of the Hyperbolic-scheme as 

compared to Total Order Expansion is obvious from Fig. 2.1. The retention of a significantly 

large number of terms with Total Order Expansion is also shown in Fig. 2.2, where the number 

of PCE terms increase rapidly with the increase in PCE order for high dimensions. This makes 

the Hyperbolic-scheme more appealing than the Total Order Expansion; however, as discussed 

previously, the higher order terms do not necessarily yield a negligible contribution to the 

accuracy of PCE which are usually discarded in the hyperbolic scheme. Contrastingly, the 

adaptive approach for basis selection has been found to yield much-improved results than the 

Hyperbolic-scheme; therefore, the recent research has focused on selecting the PCE basis 

polynomials adaptively. The adaptive approaches will be discussed in more detail in later 

sections.  
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a). q=0.25 b). q=0.5 

  
c). q=0.75 d). q=1.0 

 
Figure 2. 1 The set of multi-indices obtained with Total Order Expansion and 

Hyperbolic-scheme for    , 2,10N p   

 
Figure 2. 2 Total number of PCE terms with Total Order Expansion 

scheme for different number of dimensions and PCE order 
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2.2.2 Choice of Basis Polynomials 

2.2.2.1 Askey Scheme  

The Homogeneous Chaos, which included Gaussian random variables and associated 

Hermite polynomials in PCE, was proved to have an 2L -convergence by Cameron and Martin 

[16]. To achieve exponential convergence with non-Gaussian random variables, the 

Homogeneous Chaos was extended to generalized Polynomial Chaos Expansion (gPC) by Xiu 

and Karniadakis [17-18]. It allowed one to select the orthogonal polynomials based on the 

distribution of random input variables from the Askey scheme and addressed the issues related to 

convergence for non-Gaussian random variables in the Homogeneous chaos. 

As shown in Table 2.1, different orthogonal polynomials such as Laguerre, Legendre, 

Charlier, and Jacobi are associated with respective distribution of the random input variables. For 

instance, Legendre polynomials are chosen when the distribution of the random variable is 

uniform.  

2.2.2.2 Transformation Technique 

To implement the Wiener-Expansion for non-Gaussian random variables, a transformation 

technique was proposed by Isukapalli [67] and Devroye [68]. In this technique, the non-Gaussian 

random variables are transformed to the standard normal random variables,   by using the 

parameters a , b , , , and    of the random variables as shown in Table 2.2. Once the 

transformation is carried out, the original Homogeneous Chaos can be used with the Hermite 

polynomials. In addition to the orthogonal polynomials listed in Table 2.1 and Table 2.2, the 

construction of orthogonal polynomials for random variables of any arbitrary distribution was 

proposed by Witteveen in [69]. 
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Table 2. 1 The selection of orthogonal polynomials from Askey scheme using PDF of 
random input variables [17] 

Type PDF Orthogonal 
Polynomials 

Support Range 

Continuous Gaussian Hermite  ,   

Gamma Laguerre [0, )  

Beta Jacobi  ,a b  

Uniform Legendre  ,a b  

Discrete Poisson Charlier  0,1, 2,...  

Binomial Krawtchouk  0,1, 2,..., N  

Negative 
Binomial 

Meixner  0,1, 2,...  

Hypergeometric Hahn  0,1, 2,..., N  

 

Table 2. 2 Transformation of non-normal random variables to normal random 
variables [67] 

Distribution Transformation 
Uniform  ,a b  

  1 1

2 2 2
a b a erf

      
  

 

Normal  ,      

Lognormal  ,    exp    

Gamma  ,a b  3

1 1
1

9 9
ab

a a

 

   
 

 

Exponential    1 1 1
log

2 2 2
erf




     
  

 

 

2.2.3 Transformation to Independent and Uncorrelated Random Variables 

One of the most important requirement while forming a PCE in standard variable,  -space is 

that the standard random variables should be independent. To this end, transformations should be 

performed from the original random input variables, x


to independent standard random variables, 




if necessary. 
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For the case of dependent random variables, a nonlinear transformation (e.g. Nataf 

transformation) from the original x -space to uncorrelated standard normal  -space can be 

performed that results in independent standard normal random variables. Following this 

transformation, Wiener PCE can be developed using standard normal variables. Alternatively, 

another transformation from the standard normal variables to standard random variables with 

PDFs similar to that of original input variables can be carried out so that the orthogonal 

polynomials from the Askey scheme can be used in gPC.  

Furthermore, the transformation of the non-normal correlated random variables to 

uncorrelated standard normal random variables can be performed using non-linear techniques 

such as Nataf [70], Rosenblatt [71], and Box-Cox [72]  as well as linear techniques such as 

Rackwitz-Fiessler [73] two-parameter equivalent normal among others [74-75]. This 

transformation from non-normal correlated random variables to uncorrelated standard normal 

random variables can be denoted as  T x  . For instance, the Nataf transformation which is 

widely implemented when marginal PDFs and a correlation matrix are known is described here. 

The Nataf transformation involves a two-step process in which the first step involves a 

transformation of correlated original non-normal random variables in x -space to correlated 

standard normal random variables z -space by matching the CDFs as shown in Eq. (13). In this 

equation,    represents the standard normal CDF whereas  F  represents the CDF of 

original random variables. The second step involves the transformation of correlated standard z -

space random variables to uncorrelated  -space random variables by using a lower-triangular 

matrix, L  obtained from Cholesky decomposition of a modified correlation matrix in z -space 

[70]. 
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    i iz F x            (13) 

 z Lξ


          (14) 

2.2.3.1 Multi-Wavelets 

One of the advantages of using orthogonal polynomials in the PCE is that the higher order 

polynomials can be obtained using the recurrence formula. For example, the recurrence formula 

for the Hermite polynomials is given in Eq. (15-16). 

    0 11;   He He              (15) 

      1 1 ;   2  n n nHe He nHe n                 (16) 

The classical orthogonal polynomials have been used as basis polynomials extensively with 

the PCE in a wide range of problems; however, the accuracy of PCE with these orthogonal 

polynomials suffers largely for problems with long-term integration and discontinuities. To deal 

with these issues, wavelet-based expansion or Wiener-Haar expansion, which uses the multi-

wavelets as a basis in the Wiener-Expansion was proposed in [76-77] and it proved to be capable 

of handling the discontinuities of the response very well. Additionally, the Multi-Element gPC 

(ME-gPC) was proposed in [78] which involves the decomposition of the random space of inputs 

when the relative error in the variance becomes greater than a threshold value thereby improving 

the efficiency and effectiveness of gPC.  

The multi-wavelets offer an alternative to the classical orthogonal polynomials as the basis 

for PCE, which can be constructed using the translation and dilation of the orthonormal basis 

such as piecewise polynomial functions or classical orthogonal polynomials of degree less than 

or equal to the PCE order, p . For example, for a set of orthonormal basis given as 
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 0 1, ,..., p    where p represents the degree of orthogonal polynomials, the multi-wavelet basis 

 k
ij  with a resolution level k can be represented as in Eq. (17) by using the translation and 

dilation of  i . The multi-wavelets  k
ij  thus obtained spans the space, p

kW , whose dimension 

is   1 2
k

p  . This multi-wavelet construction can be extended to multi-dimensions to form 

multi-wavelets by taking the tensor product such that the sum of the resolution level in each 

dimension represents the resolution of the multi-wavelet.  

  /22 2 ;   0,1,..., ;   0,1,..., 2 1k k k k
ij j x l j p l                (17) 

While the adaptive multi-element and multi-wavelet expansion which relies on discretizing 

the random domain of the inputs are feasible for a low number of random input variables, the 

complexity increases for large-scale problems and thus limiting its application for very high 

dimensional problems.  

2.2.4 Intrusive Approach 

2.2.4.1 Galerkin Projection 

The Galerkin Projection is an intrusive approach which was proposed by Ghanem and 

Spanos to solve problems in structural mechanics and is also known Spectral Stochastic Finite 

Element Method (SSFEM) [13] and has also been applied in [76-78]. It is applied to determine 

the PCE coefficients of the response function,  , ;u x t   by substituting the PCE approximation 

of the response in the governing equation as in Eq. (18-19), where L is the differential operator 

and  , ;f x t   represents the forcing term. The uncertainty can also exist in the boundary and 

initial conditions; however, their expressions have not been included here for brevity. After the 
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substitution of PCE for the response, the projection of the residual onto the orthogonal basis 

polynomials is carried out which results in a set of 1P   set of deterministic equations in terms 

of the unknown PCE coefficients, ka of the quantity of interest. Here, ,  represents the inner 

product with respect to some weighting function,  w  . 

     , ; , ; , ;L x t u x t f x t   (18) 
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In Eq. (20), the 1P  set of equations are coupled in most of the cases which are very 

complex and computationally expensive; therefore, it demanded the development of new 

numerical algorithms (linear algebra) to solve the coupled system of equations. One of the 

efficient methods proposed to deal with this problem is the generalized spectral decomposition 

(GSD) [79-81] which aims at iteratively building a reduced basis to capture the main features of 

the random field. Nevertheless, the intrusive approach is not amenable to the already developed 

deterministic codes and commercial software with the investment of a lot of time and resources 

thereby making non-intrusive approach popular among the researchers.  

2.2.5 Non-Intrusive Approach 

The non-intrusive approach has several advantages compared to the intrusive methods 

because of its ability to use the deterministic codes and easy integration with the commercial 

software. Two of the most popular techniques for non-intrusive PCE are Projection and 

Regression (Stochastic Point Collocation) which are dependent on a collection of a number of 

deterministic runs at different values of the random input parameters. Therefore, these methods 
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can also be regarded as sampling-based methods for PCE. Another sampling based non-intrusive 

method slightly different from PCE is a Stochastic-Collocation (SC) approach which is based on 

interpolating the response onto a set of structured grids. The main difference between non-

intrusive PCE and Stochastic Collocation is that PCE involves the determination of unknown 

PCE coefficients whereas the SC involves the interpolation of the response using Lagrange 

polynomials onto a fixed set of points. Here, each of these methods is described, and the relation 

between Projection and SC is provided. 

2.2.5.1 Pseudo-Spectral Projection 

In pseudo-spectral projection or simply projection, the residual error is projected directly 

onto the orthogonal basis polynomials as in Eq. (21-22) unlike the intrusive Galerkin approach 

where the orthogonality is applied after substituting the PCE approximation into the governing 

equations. Hence, the term pseudo-spectral projection is given. So this projection approach 

implements the orthogonality of the basis orthogonal polynomials to determine the PCE 

coefficients and involves the multidimensional integration. By multiplying the PCE form given 

in Eq. (3) with the basis orthogonal polynomials and then taking the inner product of both sides 

results in expressions for the unknown PCE coefficients as given in Eq. (23) due to the inner 

product rule in Eq. (24). 
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           2, ; ,k l k klf g f g w d                     (24) 

where        1 1 2 2 ... N Nw w w w        .                       

In Eq. (24), kl  represents the Kronecker delta function. Also,  w   represents the weighting 

function taken as the tensor product of the weighting functions for individual dimensions. 

Therefore, the PCE coefficients, ka  where  0,1,...,k P  can be obtained using the simulation 

techniques such as sampling techniques or quadrature methods.  Once the PCE coefficients are 

obtained, the mean and variance of the random response can be obtained analytically as given in 

Eq. (25). 
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         (25) 

Furthermore, since the explicit relationship between the random inputs and the uncertain 

response is known, the higher order moments such skewness, kurtosis, and the PDF can be 

calculated by using simulations that do not require an additional computational cost.  The various 

approaches to obtain the PCE coefficients as in Eq. (23) are discussed below.              

2.2.5.1.1 Quadrature Methods 

In Eq. (23), the expectation in both the numerator and denominator can be calculated using 

the quadrature methods such as Gauss-Legendre quadrature, Gauss-Hermite quadrature, 

Clenshaw-Curtis quadrature, etc. [82-84]. Using Gauss-Legendre quadrature, it is possible to 

integrate polynomials of order 2 1n   by using n  points (samples) in the finite domain[ 1,1] ; 

however, if the domain of integration is defined over ,a b , it can be easily transformed to [ 1,1]

. A simple quadrature rule for one-dimension integration by using n  points,  jx  and associated 

weights,  jw  is given in Eq. (26a). 
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Similarly, the multidimensional integration with N dimensions using quadrature rule can be 

given as Eq. (26b).  
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Full-Tensor quadrature  

The determination of PCE coefficients in Eq. (23) is a multidimensional integral problem 

which can be represented using Eq. (27), where the total number of integration points is 

1 2* *...*total Nn n n n  obtained by taking the tensor product of the number of integration points in 

N dimensions. 
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By considering the order of  u   and  k  , the maximum order of the integrand is 2 p  so 

that it requires  1
N

totaln p   number of function evaluations to obtain the PCE coefficients 

using Gauss quadrature rules which becomes computationally exhaustive with the increase in the 

number of dimensions. Therefore, to mitigate this exponential growth of the number of 

simulations required with an increase in the dimensions, which is also known as ‘Curse of 

dimensionality’, sparse grid approaches are preferred. 
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Sparse Grid approach using Smolyak’s Formula 

The sparse grid approach is a numerical discretization technique that is especially used for 

multidimensional integration [33, 85-87]; and it has been used for the estimation of PCE 

coefficients in [88-89]. It constructs a multidimensional multilevel basis by a special truncation 

of the tensor product expansion of one-dimensional multilevel integrations. 

A one-dimensional quadrature formula for integration of a function,  f x  can be 

represented as lQ f  by using ln  points for a level, l  on a unit interval [0, 1] as given in Eq. (28). 
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Then, the Smolyak’s formula for multi-dimensional integration ( N dimensions) in terms of 

one-dimensional quadrature is given in Eq. (29).  
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where 1 2 ... Nk k k k     and 
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Also, the set of Sparse Grids obtained using the Smolyak’s formula is given in Eq. (30), 

where 
i

i
k  represents the set of nodes used in the univariate quadrature rules, 

i

i
kQ . Similarly, the 

total number of nodes (samples) in Sparse Grids,  ,H k N  is given as  ,n k N  in Eq. (31). 
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a). ( , ) (3, 2)H k N H  
29 points 

 

b). ( , ) (4, 2)H k N H  
65 points 

 

 
 

c). ( , ) (5, 2)H k N H  
145 points 

d). Tensor points: 233  
1089 points 

 
Figure 2. 3 The comparison of Sparse Grid points obtained with Smolyak’s 

formula for the different level (k) and Tensor grid points for two dimensions 
(N=2) 

The implementation of Smolyak’s formula for integration involves only 1( log( ) )NO N n   

function evaluations compared to ( )NO n  for full tensor product quadrature rule in  N  

dimensions where n is the number of integration points in each dimension. Therefore, the 

Smolyak’s formula as given in Eq. (29) can be implemented for the estimation of PCE 

coefficients with substantially lower computational cost than the full tensor product quadrature. 

Using results from [87], Smolyak’s formula of level 1l p   can be used to estimate 
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coefficients of PCE of order p using classical grids. The approximate number of nodes using the 

Sparse Grids is given in Eq. (32) which increases in a polynomial sense compared to the 

exponential increase in tensor product rule.  
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n p N
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         (32) 

The sparse grid approach can be further improved by using nested quadrature rules such as 

nested Clenshaw-Curtis and Gauss Kronrod quadrature so that lower level integration points can 

be used in the higher level integration. For instance, the number of points for a level, 
i

k  in thi -

dimension using Clenshaw-Curtis (CC) rule can be given as 12 1i ik k
in    for 1ik   where 

1 11,  0i in x   for 1ik  . Since the CC rule includes nodes from lower level quadrature in higher 

level quadrature rule, the final set of sparse grids obtained is sparse as shown in Fig. 2.3 

compared to the tensor grid points.   

2.2.5.1.2 Simulation approach  

The estimation of PCE coefficients in Eq. (23) can also be carried out by using sampling 

techniques such as Monte Carlo Simulation (MCS) or Latin Hypercube Sampling (LHS). It is 

achieved by generating a large number, ,MC totaln  of sampling points with equal probability and 

according to the PDF of the random variables, which is then followed by performing 

deterministic runs for these sampling points. However, the traditional simulation technique such 

as MCS has very low convergence (inverse of the square root of the number of samples) as given 

in Eq. (33), which means it requires a large number of simulations to achieve the desired 

accuracy. Hence, more effective sampling approaches have been proposed like the Latin 

Hypercube Sampling and Sobol Sequence Sampling, and it will be discussed in sampling 

strategies.  
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2.2.5.2 Regression (Least-Squares Approach) 

The linear regression approach is one of the most efficient methods for non-intrusive 

formulation of PCE [28-31] which involves the minimization of mean-square error of PCE 

approximation. In this approach, the response model using PCE approximation can be expressed 

as Eq. (34). 

   ˆ ˆT Ty f a e      


 (34) 

In Eq. (34),  1 21   ... T
P    ,   0 1ˆ , ,...,

T

Pa a a a
,
 and   represent multivariate 

orthogonal polynomials evaluated at the samples, PCE coefficients, and the truncation error due 

to finite terms approximation of the response, respectively. 

By using a totaln  number of function evaluations,     1 ,..., total
T

ny y  for a given design of 

experiments,     1 ,..., total
T

n  , Eq. (34) can be expressed as Eq. (35) by dropping the truncation 

error terms for simplicity. Here,   i
ij j   and Y is a column vector of function evaluations, 

  .if   

 â Y   (35) 

Therefore, using the least-squares approach to minimize the sum of squares of residuals, the 

linear regression coefficients are obtained as given in Eq. (36) where T   is known as the 

information matrix. 
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Hence, the PCE can be expressed as in Eq. (3) once the PCE coefficients are obtained; and 

the mean and variance of the PCE response model can be calculated using Eq. (25). In the 

regression approach, the design of experiments can be chosen based on random sampling, 

optimal sampling criterion, and even roots of the orthogonal polynomials.  

One of the most important criteria for regression approach is that the number of sampling 

points in the design of experiments should be larger than the number of the terms in the PCE, i.e. 

 1totaln P  . It has been suggested in [29-30] that the number of sampling points should be 

more than twice the number of terms in the PCE to obtain satisfactory results. 

2.3 Stochastic Collocation and Its Relation to PCE 

Stochastic Collocation (SC) [35-36, 88-89] is a sampling-based approach similar to the non-

intrusive PCE; however, it involves the interpolation of the uncertain response onto a set of grid 

points using Lagrange polynomials with known coefficients unlike PCE where the coefficients 

are unknown. A univariate Lagrange polynomial formed by n  nodal points and has an order of 

1n   is given in Eq. (37), where   j
i ijl   . For example, a univariate Lagrange-polynomial 

using five Gaussian-Legendre points is shown in Fig. 2.4. 
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Figure 2. 4 The univariate Lagrange polynomials with five Gauss-Legendre nodes 

 

Therefore, the approximate response,  nu   using n  points can be expressed in terms of the 

Lagrange basis polynomials and the function evaluations,   
1

n
i

i
y


 as given in Eq. (38).  
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The accuracy of the approximate response depends on the selection of grid points for 

interpolation, and is dependent on a Lebesgue constant, n  as in Eq. (39) [90]. In this 

expression, the higher values of n  correspond to less accuracy. 

  
1 1

maxn il


  
   (39) 

The Lebesgue constant for the uniform grids  uniform
n and the non-uniform Clenshaw-Curtis 

(CC) grids  CC
n are provided in Eq. (40) and Eq. (41), respectively. In Eq. (40), exp(1)e   and 

n represents the number of integration grid points or nodes. So, by comparing the relationship of 

uniform
n  and CC

n with n, uniform
n appears to yield higher values of a Lebesgue constant for large 
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values of n than CC
n due to the exponential relationship. Hence, the SC approach mainly relies 

on a proper selection of non-uniform grid points to improve accuracy. 

 12
,                 

* log

n
uniform
n n

e n n



   
(40) 

 2
log ,                           nCC

n n


   
(41) 

For the multidimensional case, the response can be represented in terms of the tensor product 

of the univariate Lagrange polynomials as given in Eq. (42). 
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In Eq. (42-43), in  represents the number of nodes used in thi dimension and totaln  represents 

the total nodes obtained using the tensor product rule. Therefore, using the tensor product with 

an isotropic rule (such that 1 2 ... Nn n n n    ) results in an exponential increase in the number 

of function evaluations, i.e.,  d
n which is called the ‘Curse of Dimensionality.’  Hence, the 

Smolyak’s formula which was introduced in the Pseudo-Spectral Projection approach can be 

utilized in SC as well so that the number of simulations required is drastically reduced. The 

interpolation of the response using Smolyak’s formula is given in Eq. (44) which includes the 

summation of the low-order response approximation,  1
1

1 ,...,
kk N
Nn n

Nu    that can be obtained using 

Eq. (42-43). The low-order response approximations in Eq. (42-43) are dependent on the number 

of interpolation nodes which is calculated based on the level in each dimension. For example, the 
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number of interpolation grids using Clenshaw-Curtis rule for level - ik  in thi  -dimension is 

1ik
in   (for 1ik  ) and 12 1i ik k

in    (for 1ik  ). 

  1
1| |

1
1 | |

1
( 1) . . ,...,

| |

kk N
Nn nl k

N
l N k l

N
u u

l k
 

   

 
    

  
(44) 

Once the approximate response is obtained, the mean of the response can be expressed as in 

Eq. (45) and Eq. (46) by using the quadrature nodes. 
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where    i i

D

w l f d     represent the quadrature weights. 

Interestingly, the link between the SC and PCE can also be obtained, and it has been shown in 

[91] that the SC using quadrature rule with n -points yields the same approximate model as the 

PCE with total order expansion scheme using order, 1n  . Nevertheless, the computation of the 

multi-dimensional Lagrange polynomial is very tedious and the SC approach does not provide 

the analytical expression for the response moments as in PCE. Moreover, the SC approach 

becomes infeasible for higher dimensional problems like 10N  , since a large number of 

simulations is required even after using Sparse Grids. Therefore, the non-intrusive PCE has 

become more popular than the SC approach while striving for similar accuracies.  

2.4 Sampling strategies 

As discussed previously, the non-intrusive PCE approaches are sampling-based methods 

whose accuracy depend largely on the choice and the number of samples. Therefore, much 
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research has been devoted to improving the accuracy of the PCE model with less number of 

samples. In this regard, the available sampling strategies can be classified as space-filling 

sampling and optimal design of experiments. The available literature on sampling strategies is 

vast, so only some of the notable methods from each strategy are provided below. 

2.4.1 Space-Filling Sampling 

The space-filling sampling refers to the design of experiments in which the sampling points 

are evenly spread. The space-filling design is obtained by using uniformity-based criterion or 

distance-based criteria. The uniformity-based criterion such as discrepancy measure checks the 

uniform spread of the samples where a low-discrepancy value indicates the uniformity. On the 

other hand, the distance-based criteria such as maximin focus on maximizing the minimum 

distance between any two points. Some of the methods include MCS, Sobol Sampling, and LHS 

among others. 

2.4.1.1 Monte Carlo Simulation  

Monte Carlo Simulation (MCS) [14] is a random sampling method that was termed after 

casino games of Monte Carlo, Monaco. In MCS, random numbers are generated for all the 

random input variables according to their distribution simultaneously. The random inputs 

generation involves randomly selecting the points in the domain  0,1
N

 for N-uncertain inputs 

and then using an inverse transformation technique or inverse CDF method. So, after running the 

deterministic code or problems (which indicates simulation) for a large number of realization of 

random input variables, the statistical information of the response can be extracted. Although 

MCS has proved to be useful for probabilistic analysis, the convergence of MCS is very slow 

thus requiring an enormous number of simulations to achieve the convergence. Therefore, 
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several variance reductions techniques such as Importance Sampling, Stratified Sampling, 

Antithetic Variates, and Adaptive Sampling [1] can be used to alleviate the convergence issues 

of MCS. Nevertheless, the MCS tends to be one of the suitable simulation techniques when the 

stochastic dimension of the problem is huge because of the independence of the convergence 

properties of MCS with respect to the number of dimensions.  

2.4.1.2 Latin Hypercube Sampling  

Latin Hypercube Sampling (LHS) is a form of stratified sampling method in which the 

domain of the random variables are divided into a number of uniform stratum so that non-

overlapping sampling points are obtained [92]. The first step in generating LHS sample for 

multidimensional problems involves dividing the domain of each random variable into n  non-

overlapping intervals of equal probability1/ n . This is followed by selecting a random value 

from each interval according to the probability distribution for all random variables. Finally, the  

n  values generated for each random variable are associated with the n  values generated for 

other random variables to yield a low-variance and space-filling design. However, further 

improvements can be made to the LHS method by controlling the correlation of the samples to 

ensure a well-stratified design [3]. In addition, a nested strategy can be adapted to enrich the 

design of experiments by dividing the intervals into sub-intervals. However, this does not 

necessarily yield LHS design, and the uniformity of the design is lost. 

2.4.1.3 Sobol Sequence Sampling 

Sobol Sequence [93-95] is a quasi-random low-discrepancy sampling scheme and is efficient 

for calculating high-dimensional integral. In [95], the Sobol Sequence was generated by 

expanding the set of integers  1,2,...,n  in base two notation, and the N-dimensional Sobol 
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sequence was generated by pairing the N permutations of unidimensional Sobol sequence. As 

shown in [95], the convergence of quasi-random sampling has been found to be faster than that 

of MCS and outperforms the MCS. One of the advantages of such a quasi-random approach is 

that the new sampling points can be added to the existing design of experiments without 

affecting the space-filling property. For example, an experimental design of sample size totaln  can 

be obtained by adding one more sample to the experimental design of size 1totaln  . Hence, it 

remains a suitable sampling strategy while building the PCE model adaptively.  

2.4.2 Optimal Design of Experiments 

As seen in the regression approach for PCE, the coefficients are dependent on the moment 

matrix, T   which contains information about the approximate PCE model built by using the 

design of experiments,  . Hence, some of the methods that improve the accuracy of the model 

by selecting optimal sampling based on some optimality criterion of the moment matrix are 

discussed here. 

2.4.2.1 A-optimal design 

In this design, the trace of the inverse of the moment matrix is minimized as given in Eq. 

(47). In relation to PCE, this has the effect of minimizing the average variance of the expansion 

coefficients which has a beneficial effect on the accuracy of the expansion coefficients and in 

turn overall accuracy of the stochastic response [41]. Alternatively, the problem can be 

formulated as in Eq. (48) to decrease the computational cost associated with an inversion of a 

matrix. 

   1
arg min

X

T
A

D
trace







    (47) 
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    (48) 

2.4.2.2 D-optimal design 

This scheme involves the minimization of the determinant of the inverse of the information 

matrix as given Eq. (48) and focuses on reducing the geometric mean of the variance of the 

regression coefficients. It was applied by Zein et al. to obtain the PCE coefficients in [42]. 

Similar to Eq. (48), the alternative form of Eq. (49) is provided in Eq. (50) to reduce 

computational cost. 

   1
arg min det

X

T
D

D





    (49) 

   arg max det
X

T
D

D



    (50) 

2.4.2.3 S-optimal design 

This scheme was proposed by Shin and Xiu [96] in which a quantity that incorporates both 

the determinant and the orthogonality of the column of the information matrix is maximized. It 

involves generating a very large sample size, L  with almost 510  samples and aims at finding 

the optimal subset, S  such that the regression coefficients using small size optimal design are 

similar to that obtained with L . The S-criterion is given in Eq. (51) where  i  represents the 

thi column of  and 1P   represents the total number of PCE terms as in Eq. (7); thus, the S-

optimal design problem can be set up as given in Eq. (52). 
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2.5 Accuracy and Convergence Criterion for PCE 

Once the approximate PCE model of the response is obtained, one should perform the error 

analysis to determine the accuracy. This will allow one to readjust the modeling process such as 

increasing the PCE order, removing unnecessary expansion terms, increasing the sampling, and 

so on. So, some of the accuracy measures that can be used for PCE models are provided here 

2.5.1 Mean-Square Error 

One of the simplest measures to assess the accuracy of the PCE model is the mean square 

error (MSE) or generalization error [97] which involves squaring the difference between the 

exact function evaluations and PCE evaluations for a large number of samples and taking the 

mean of the squared term as given in Eq. (53).  
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An extension to mean square error is the relative mean square error which involves 

normalizing the mean square error (RMSE) with the variance of the approximate model as given 

in Eq. (54). 
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where   
1

/
totaln

i
u exact total

i

u n 


  . 

While the RMSE is applicable when the analytical functions are known, it becomes infeasible 

when the explicit response function is not known and the function evaluations are expensive. In 

addition, it is prone to over-fitting and is thus less preferred. 

2.5.2 Cross-Validation Error 

This measure involves dividing the available samples sets into two sets: training samples and 

test samples [98-99]. The training samples are utilized to build the approximate response model 

whereas the test samples are used to validate the model by comparing the results obtained using 

approximate model evaluations against the exact results. Based on the study by Molinaro et al. 

[100], this measure was found to perform well in terms of estimation bias and mean-square error. 

One of the early forms of the cross-validation error is the leave-one-out cross-validation in 

which the totaln  approximate models are formed by utilizing  1totaln  samples as a training set and 

utilizing one sample as a test set for each approximate model. So, assuming an approximate 

model  i
PCEu    formed by leaving out the thi sample from the set   \ i  , the leave-one-out 

error can be given as in Eq. (55). 
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This approach becomes time-consuming and inefficient for a large number of samples since 

it requires building a large number of approximate models and then re-evaluating it. However, in 

terms of the linear relationship of the response with the coefficients, the leave-one-out error can 

be calculated directly in one-shot as given in Eq. (56).  
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(56) 

where ih  is the thi  diagonal of the matrix   1T T
     and    ,i

ij j    

 1,..., ; 0,1,..., .totali n j P   A similar strategy can be applied to obtain the relative leave-one-out 

error by dividing LOO with the variance of the response samples. 

Additionally, another extension of the cross-validation scheme is the k  fold cross-

validation in which the sample sets are divided into k sets containing an equal number of 

samples. In this case, an approximate model is built by using all but one set which is used as a 

test set. The k  fold cross-validation consists of building k  approximate models and then 

averaging the error of k   approximate models.  

2.5.3 Kullback-Leibler Divergence 

Although the cross-validation scheme provides a robust measure of accuracy, it does not 

account for the statistics of the stochastic response’s moments. An alternative to checking the 

convergence of the approximate model with the increase in samples or PCE order is Kullback-

Leibler (KL) Divergence [101]  which has been used in the convergence analysis for PCE in 

[37].  
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The KL-Divergence measures the two probability distributions  p x  and  q x   over the 

same variable x  and denotes the information lost when  q x is used to approximate  p x . So 

assuming the PDF of latest PCE model as an accurate estimate,  p x  and the PDF of the 

previous PCE model as  q x , the KL-Divergence, or simply KLD in simpler form, of   q x  from 

 p x can be given as in Eq. (57) for a discrete probability distribution. 
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(57) 

The KLD satisfies  ( ) || ( ) 0KLD p x q x  and  ( ) || ( ) 0KLD p x q x  only if ( ) ( ) 0i ip x q x  . A 

very small value of the  KLD  almost close to zero indicates similar PDFs and hence the 

converged PCE solution whereas a larger value indicates dissimilar PCE models. Therefore, KL-

Divergence provides a suitable analysis while performing the iterative accuracy analysis of PCE 

and remains a suitable candidate for an accurate estimate of PCE model. Also, note that the PDF 

of the response can be built easily once the PCE model is found by using a simulation technique 

with no additional function evaluations. Although the measure mentioned above has been used 

for accuracy estimate until now, a robust measure would be to combine the cross-validation 

scheme along with the convergence estimate of the PDF’s using KL-Divergence. 

2.6 Sparse PCE Using Compressive Sensing ( 1L -Minimization) 

So far, the least-squares approach has been successfully applied to many engineering 

problems; however, one of the main problems of the least-squares approach is that the number of 

samples should be larger than the number of terms in the PCE. Several algorithms have been 

proposed to address this issue, and some of the extensions to regression are the Stepwise 
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regression for selecting the polynomials [102-103], ridge regression [104] which penalizes the 

value of the PCE coefficients, and Least Angle Regression (LARS) [39, 105].    

In this regard, the 1L -minimization technique which derives the concept from compressive 

sensing theory has been successfully implemented to solve the under-determined system 

extensively [48-56]. The compressive sensing (CS) theory explains that a signal can be recovered 

by using a few numbers of measurements if the solution space is sparse [106-107].  Therefore, 

for a given unknown signal, Px which has a sparse solution space, the signal recovery 

involves an optimization problem to find the sparsest solution to underdetermined systems of 

linear equations as given in Eq. (58). 

 *

0
min

x
x x        subject to     Ax y    (58) 

where ny  is the measurement data, and *n PA  is an underdetermined full rank matrix, 

i.e. n P . In addition, the 
0

.  norm represents the number of non-zero coefficients. However, 

this is a non-convex optimization problem and is non-deterministic polynomial-time hard (NP-

hard); therefore the approximation to Eq. (58) can be obtained by using the 1L -norm as given in 

Eq. (59) which includes the measurement error, e  in the signal (i.e. y Ax e   ). The solution 

obtained with 1L -minimization has an equivalent solution to Eq. (58) under conditions of 

sufficient sparsity [108]. 

 *

1
min

x
x x        subject to     

2

2
y Ax  (59) 

where   represents the scalar tolerance. Another form for 1L -minimization as given in Eq. 

(60) is also known as Least Absolute Shrinkage and Selection Operator (LASSO) [109].  
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 2*

2
min

x
x y Ax         subject to     

1
x q  (60) 

Furthermore, the expression in Eq. (60) can be written in its augmented form as Eq. (61) 

which is an unconstrained minimization problem. 

 2*

2 1
min / 2

x
x y Ax x    (61) 

Therefore, the 1L -minimization involves solving either of the equations in Eq. (59-61). 

Although, it has been applied successfully in PCE, one of the difficulties in using 1L -

minimization is the choice of parameters , q , or   for which there is no analytical expression, 

and these should be obtained numerically by running the 1L -minimization problem several times. 

To this end, cross-validation error as discussed previously has been used extensively to select the 

unknown 1L -minimization parameters iteratively. Therefore, one of the improvements in this 

approach would be to establish a suitable parameter estimation approach which does not increase 

the computational cost. Additionally, 1L -minimization does not perform well when the sparsity 

of the solution is low, or the stochastic dimension size of the problem is too large. Hence, some 

extensions to the original 1L -minimization are included in the next section. 

2.7 Strategies for Efficient Calculation of Optimal PCE 

Until now, the previously discussed non-intrusive methods for PCE have been successfully 

applied to problems with moderate dimensions. However, these approaches become 

computationally exhaustive for high-dimensional problems and problems which involve costly 

function evaluations. Therefore, to achieve high-accuracy models with low computational cost, 

some of the strategies can be implemented such as adaptive basis growth or anisotropic 
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expansion, active sampling in a sequential way, dimension reduction using a rotation of Gaussian 

germ, and extensions of Compressive Sensing as discussed here.  

2.7.1 Adaptive basis growth/anisotropic expansion 

The increase in number of PCE terms with the increase in dimension size and PCE order was 

discussed extensively and illustrated in Fig. 2.2. Therefore, to make the problem tractable for 

higher dimensions as the PCE order is increased, new basis polynomials should be added 

shrewdly and the negligible PCE terms should be removed carefully so that it does not affect the 

response moments and PDF.  

One of the approaches to add suitable basis is the application of anisotropic expansion based 

on the behavior of the response so that the order of polynomials is increased in a suitable 

dimension. To this end, Global Sensitivity Analysis (GSA) can be utilized. The GSA focuses on 

finding the global impact or variability in the response caused by the variability in the input 

parameters which can be obtained with a variance-based method such as Sobol decomposition of 

the variance of the uncertain response [110-112]. The sensitivity measure in this approach is 

called Sobol indices which can be calculated as a post-processing step once the PCE coefficients 

are known as given in Eq. (62) for the Total Sobol Sensitivity Indices. Here, the total Sobol 

Index for thi variable includes the summation of the variance of the PCE terms using the multi-

indices, J


  which contains all non-zero multi-indices for a variable i , i.e. 0i  . 

 2 2

2

PCE

T J
i

u

a E
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(62) 
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Once the total Sobol Indices are calculated, the random variables can be re-ordered and the 

expansion order can be increased along the important dimensions whereas the unimportant 

dimensions can be assumed to be deterministic.  

Furthermore, the PCE terms with very small magnitude for the PCE coefficients can be 

considered negligible to decrease the existing set of basis polynomials. The truncation of the 

PCE terms based on the variance contribution of the PCE terms was carried out in [37]. 

Similar to the adaptive basis growth, the sensitivity information can also be applied for the 

selection of level in Smolyak’s formula. This allows one to choose a different number of 

integration points in different dimensions which leads to the concept of adaptive sparse grids.  

2.7.2 Dimension reduction based on the rotation of Gaussian germ 

This strategy is an alternative to adaptive basis growth and basis selection; and it utilizes the 

Gaussian standard random variables, also known as “germs”, to transform the stochastic 

problems from a high-dimensional to low dimensional. Also, this method involves the 

calculation of isometry, A  in Gaussian space that rotates the Gaussian standard random 

variables; and it can be extended to non-Gaussian standard random variables as well. Two of the 

algorithms exist to span on a manifold of lower dimensions: a one-dimensional subspace and a 

sequence of one-dimensional subspaces [113]. In this approach, the PCE for the quantity of 

interest or response, Q  using multi-indices,   can be expressed as in Eq. (63) where the first 

summation represents the sum of first chaos order expansion terms and the second summation 

includes the expansion terms of higher order. Upon transformation of the original germ,   into a 

new germ,   as in Eq. (64) by using the isometry, A , the PCE in Eq. (63) can be written in 

terms of   as in Eq. (65) (See [113] for further details). In Eq. (64), the isometry, A in N  for 
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N- random inputs can be constructed such that 1
1

N

i i
i

Q 


 and the other rows of A can be 

completed by Grahm-Schmidt orthogonalization procedure.   

 
 0

1 1

N N

i i
i

Q Q Q Q 


  
 

     
(63) 

 A   (64) 

 
 0 1 1
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(65) 

Alternatively, the expression in Eq. (65) can be rewritten as in Eq. (66) which upon 

neglecting the second summation term becomes a one-dimensional problem in terms of 1 . 

 
   0 1 1 1

2 1

P
A A A A

i i
i

Q Q Q Q Q 


    
 

      
(66) 

In this approach, most of the initial investment is spent to obtain the isometry, A  and main 

direction 1  after which the PCE in terms of 1  can be expressed and the usual intrusive and 

non-intrusive methods can be applied. The drastic reduction of the stochastic dimension yields 

signification savings in terms of function evaluations. However, the applications of this approach 

to engineering problems are meager due to its complexity. 

2.7.3 Adaptive sampling with active learning 

So far the optimal sampling mentioned in optimal design can be termed as passive learning 

in a sense that a large number of sample set are generated a priori, and the samples are added to 

the design of experiments from that large sampling set based on some optimality criterion 

sequentially. However, the accuracy of the PCE can be improved further by generating the 

samples based on the updated basis polynomials if sampling is required based on cross-
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validation or Kullback-Leibler Divergence criterion. This approach utilizes the information about 

the latest best PCE model and can be termed as active learning. For example, the addition of a 

new sampling point based on the information matrix with the updated basis polynomials using 

A-optimal is given in Eq. (67) [37]. 

 * * 1* min ( )Ttrace       (67) 
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2.7.4 Extension of Compressive Sensing  

To enhance the solution obtained with 1L -minimization, several extensions have been 

proposed by the researchers such as gradient-enhanced, weighted, and Bayesian Compressive 

Sensing that was proven to have better accuracy than the original formulation of the 1L -

minimization problem. 

2.7.4.1 Gradient-enhanced 1L -minimization 

The gradient-enhanced sparse approximation based on 1L –minimization was initially 

proposed in [53] and has been studied in terms of PCE in [54, 114-115]. In this method, the 

gradient information of the response with respect to the random variables is utilized to accelerate 

the identification of PCE coefficients. Here, defining u as a vector of the derivative information 

of u  and   as the matrix with gradient information of   i
j  , the new expressions for u  and 
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  with gradient information is given Eq. (68) to obtain  1n Nu R   and    1 1n N PR    , 

respectively. Therefore, the gradient-enhanced 1L -minimization problem can be given as in Eq. 

(69). 

 
;     

u
u

u 

   
        

  
(68) 

 
1 2

arg min    subject to 
c

c u c   (69) 

2.7.4.2 Weighted 1L -minimization 

The weighted 1L -minimization to enhance the sparsity has been studied in [50-52, 116]. It 

includes the weighting of PCE coefficients and utilizes a priori information about the decay of 

PCE coefficients to enhance the accuracy of the solution. The weighted 1L -minimization has 

been shown to outperform the non-weighted 1L -minimization and can be formulated as given in 

Eq. (70) where W  is a diagonal matrix [116].  

 
1 2

arg min    subject to 
c

Wc c u   (70) 

The diagonal entries of the weighting matrix can be given as in Eq. (71) in which jc  that is 

not expected to be large is paired with large jw , and  0,1p . Furthermore, a damped version 

of the weights for stability with a small positive parameter is given as in Eq. (72). 

     0   

        0

p

j j
j

j

c c
w

c

  
 

 
(71) 

   p

j j ww c 


   (72) 
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2.7.4.3 Bayesian Compressive Sensing (BCS) 

More recently, researchers have also applied the Bayesian approach in Compressive Sensing 

(BCS) [117-121] to retain relevant basis terms of PCE using sparse Bayesian learning in the 

presence of limited data [55-56]. The BCS approach involves estimating the posterior probability 

distribution for the PCE coefficients,  q c  based on the likelihood,  DL c  and prior distribution 

of the PCE coefficients,  p c . The likelihood measures the goodness-of-fit of the PCE whereas 

the prior includes the prior information of the PCE coefficients. Using the Bayes formula, the 

posterior distribution can be written as in Eq. (73). 

      Dq c L c p c  (73) 

In Eq. (73), the Laplace prior estimate can be obtained with relevance vector machine (RVM) 

and the BCS can be formulated as an evidence maximization problem. The result is a Gaussian 

posterior distribution for PCE coefficients, c  with mean,  and covariance,  . However, the 

BCS approach is not completely free from over-fitting and it may not truly maximize the 

evidence as mentioned in [56]. Therefore, one should select a proper accuracy measure and 

stopping criterion to select the optimal PCE model 

2.8 Summary 

In this chapter, we reviewed the uncertainty quantification techniques using Polynomial 

Chaos Expansion (PCE) in a detailed manner with a primary focus on the advances in non-

intrusive approach. We started with classical PCE using intrusive approach briefly and provided 

the detailed discussion of the non-intrusive approaches for PCE such as pseudo-spectral 

projection and regression using least-squares. The quadrature method and sparse grid 

construction using Smolyak’s formula was also reviewed. Another non-intrusive approach called 
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Stochastic Collocation which is based on interpolation was seen to utilize the Sparse Grids as in 

Projection for PCE. Among these non-intrusive methods, regression approach is popular because 

of its simplicity and less impact of the curse of dimensionality than for projection and Stochastic 

Collocation approach. 

Furthermore, different space-filling and optimal design sampling criterion were also 

discussed. The space filling design aims at uniformly spreading the samples in the design space 

whereas the optimal design aims at improving the approximate PCE model based on some 

optimality criterion. The compressive-sensing ( 1L -minimization) technique to solve the under-

determined system has become popular in the PCE community in recent years and is still in its 

early stage. The recent contributions in 1L minimization include the gradient-enhanced, 

weighted, and Bayesian approach versions which have successfully yielded fruitful results. 

The efficient strategies to obtain high-fidelity stochastic model while maintaining a balance 

between computational cost and accuracy require adaptive approach. The adaptive approach 

allows for the addition of fewer basis polynomials to obtain higher order models, and it also 

allows for discarding the PCE terms with negligible contribution to accuracy. Furthermore, the 

stochastic dimension reduction can be carried out using Global Sensitivity Analysis which 

further suggests the anisotropic expansion of PCE and the application of adaptive Sparse Grids 

while using projection and Stochastic Collocation. Also, with the goal of utilizing as few samples 

as possible, the sequential sampling strategy should be implemented to enrich the design of 

experiments. Moreover, the optimal design sampling should be implemented in an active 

learning manner so that the information of the updated PCE model is utilized for adding new 

sampling points sequentially rather than choosing samples from a large sample set chosen a 

priori which is known as passive learning. 
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Therefore, this chapter has served to offer a detailed introduction as well as a comprehensive 

review of the status of UQ using PCE starting from the past to the current status and near future. 

Furthermore, it also discussed possible ideas to supplement the development of efficient PCE 

techniques. 
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3 CHAPTER 3 

A NEW NON-INTRUSIVE POLYNOMIAL CHAOS USING HIGHER ORDER 
SENSITIVITIES 

 
Abstract 

This paper proposes a new non-intrusive method for uncertainty quantification called 

Polynomial Chaos Decomposition with Differentiation (PCDD) that uses higher-order 

sensitivities of the response. In PCDD, the polynomial chaos expansion (PCE) of the response is 

differentiated with respect to the basis random variables using multi-indices. This differentiation 

results in a system of linear equations which can then be solved to determine the expansion 

coefficients. Here, the higher accuracy, Modified Forward Finite Difference (ModFFD) that 

involves representation of the response using Taylor expansion of order equal to the chaos-order 

is used in combination with PCE. Therefore, the total number of samples required with this 

method is equal to the number of terms in the PCE.  To verify the validity of this new technique, 

two analytical problems and two stochastic composite laminate problems were studied. The 

results of the analytical problems showed that the accuracy of PCDD using ModFFD is similar to 

that of PCDD using analytical sensitivities, which in addition is comparable to the exact results. 

For composite laminate problems, the PCDD displayed very high accuracy comparable to 50,000 

Latin Hypercube Samples, which underlines the computational efficiency of this proposed 

method.
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3.1 Introduction 

In Computational Mechanics, it is paramount to represent the physical problems with 

mathematical models, which are dependent on some input parameters. However, the 

mathematical models are not able to describe physical phenomenon precisely due to the factors 

like inherent randomness in the physical observation or input parameters (aleatoric uncertainties) 

and insufficient information due to the limited data and lack of full knowledge of the system 

(epistemic uncertainties) [1]. Therefore, it is judicious to take the uncertainties involved in the 

system into account and develop models in a probabilistic manner to obtain highly desirable 

designs. In fact, this has led to a considerable development of the techniques for Uncertainty 

Quantification (UQ) and Uncertainty propagation. 

The Monte Carlo (MC) simulation used to be the preferred method for quantification of 

uncertainties [1, 2]; however, the convergence rate for this approach is slow and requires an 

enormous number of simulations, which becomes infeasible for the expensive function 

evaluations. Therefore, efficient techniques such as Polynomial Chaos expansion (PCE) have 

become more popular recently and are preferred over the MC approaches. Initially, the PC 

expansion or Wiener Chaos Expansion (WCE), which was first proposed by Wiener in his work 

`The Homogenous Chaos' [3] in 1938, used the Hermite polynomials in terms of Gaussian 

random variables as basis functions to expand the stochastic process in a random space. An 2L  

convergence for a second order random process was proved by Cameron and Martin [4] for PCE. 

But as observed by Xiu and Karniadakis [5-7], the convergence rate using the Hermite 

polynomials for non-Gaussian processes is non-exponential. Hence, they proposed “generalized 

Polynomial Chaos” expansion that uses orthogonal polynomials [8, 9] associated with the 

distribution of random variables and can be chosen from the Askey-scheme. 
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The methods to obtain a stochastic response with PCE can be classified into two categories: 

intrusive and non-intrusive. The intrusive methods require modification of the governing 

equation that results in a system of coupled deterministic equations, which can be solved to 

obtain the expansion coefficients [10-15]. Hence, the non-intrusive methods that use 

deterministic codes as black boxes with a series of deterministic simulations for different 

realizations of uncertain parameters to obtain the PCE coefficients are preferred over the 

intrusive methods. The implementation of PCE using the intrusive approach in an engineering 

problem was initially carried out by Ghanem and Spanos [10, 11] via finite element method and 

called it as Spectral Stochastic Finite Element Method (SSFEM). Ghanem also applied this 

method to the structural analysis using multiple non-Gaussian properties in [12], and later 

Sakamoto and Ghanem used it with non-Gaussian non-stationary processes [13]. In fluid 

dynamics, researchers have applied PCE for the study of uncertainties in flow simulations [5, 14-

18]. For composite structures, the PCE has been utilized to investigate the effect of uncertainties 

in the material and geometric properties as well as the boundary and loading conditions [19-21]. 

It has also been implemented in many other disciplines: stability and control [22], chemical 

reactions [23], and stochastic design optimization [24-26]. 

The non-intrusive method can be further classified into two types: Projection [16, 27-31] and 

Collocation [16-18, 32]. The Projection approach employs the orthogonality condition of 

multivariate polynomials whereas the Collocation approach uses regression to minimize the 

approximation error. The number of samples or function evaluations required to evaluate the 

integrals in the Projection approach increases exponentially with the increase of the dimensions, 

which is often referred to as the “Curse of Dimensionality”; however, Sparse Grids or Smolyak 

coarse tensorization [33-35] can be used to alleviate this problem. On the other hand, Latin 
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Hypercube Sampling (LHS) and even roots of the orthogonal polynomials can be used for 

Collocation. It is mentioned in [17, 18] that the minimum number of samples required to obtain 

accurate solutions is equal to twice the number of terms in PCE. Although this requires fewer 

samples than the Sparse Grids methods, the number of samples required becomes very large for 

large multidimensional problems. Therefore, the objective of this research is to propose a new 

non-intrusive method known as Polynomial Chaos Decomposition with Differentiation (PCDD) 

that requires a fewer number of samples but provides high accuracy. 

The concept of Sensitivity Analysis (SA) tries to examine the importance of each input 

parameter or the combination of input parameters and can be classified as Local Sensitivity 

Analysis (LSA) and Global Sensitivity Analysis (GSA). The LSA focuses on the local impact of 

random input parameters on the model whereas GSA focuses on the impact of response 

uncertainty due to the uncertainties in random input parameters [36]. In PCDD, the higher-order 

sensitivities of the first type are required and depending on the nature of the function, different 

local sensitivity techniques can be used: analytical, automatic differentiation [37, 38], complex-

step [39-41], and finite-difference (FD) [42-44].  However, most of the commercial software 

available today cannot support automatic differentiation and complex-step sensitivity analysis. 

Hence, finite-difference (forward, central, and backward) or similar methods are still preferred. 

Nevertheless, the mentioned FD sensitivities are prone to errors such as: round-off error, 

truncation error, and convergence error, which is more significant while calculating the higher-

order sensitivities, although several studies have been carried out to improve the accuracy of the 

FD method by trying to estimate the optimal step size [45, 46]. The accuracy of sensitivities 

calculation depends on both the round-off error and truncation order, and the issues related to 

truncation are addressed properly using a generic algorithm [43] to find the high accuracy 
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difference approximation. Here, we have modified the generic algorithm technique to obtain a 

high accuracy Modified Forward Finite Difference (ModFFD) method that does not require the 

calculation of unknown coefficients as in the original generic algorithm. The generic algorithm 

and ModFFD yield same accuracies which are very high. Hence, the high accuracy sensitivities 

using ModFFD are used in PCDD to obtain an accurate PCE of the response.  

Notably, a large number of studies in UQ have been carried out to reduce further the number 

of function evaluations required in Collocation approach. Some of these studies include finding 

optimal design of experiments, using Sobol indices [47-49] obtained from GSA, and a 

hyperbolic scheme based on the q -norm to identify the significant PCE terms [49-54] thereby 

resulting in “Sparse PC” representation. The search for optimal collocation points involves an 

optimization technique and iterative algorithm to obtain the best design of experiments [55, 56] 

that complements the UQ when the cost of even a single function evaluation is very expensive. 

The GSA is carried out by the methods based on the decomposition of output variance i.e. 

Analysis of Variance (ANOVA), as proposed by Sobol in [47], which was later applied using 

PCEs in [49-54] so that the Sobol indices can be calculated once the expansion coefficients are 

known without any additional cost. 

This paper has been divided into different sections as follows. In Section 3.2, a brief 

introduction of Polynomial Chaos Expansion along with a theory of the proposed non-intrusive 

PCE is reviewed. In Section 3.3, the strategies to obtain the high accuracy sensitivities using 

ModFFD are described. Similarly, the computational efficiency of PCDD using ModFFD is 

addressed in Section 3.4. The application of this proposed methodology to two analytical 

problems and two stochastic composite laminate problems is provided in Section 3.5. Finally, the 

conclusions of this study are presented in Section 3.6. 
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3.2 Uncertainty Quantification using Polynomial Chaos Expansion  

3.2.1 Polynomial Chaos Expansion 

A second order random process denoted by  f 


 with the random inputs 


 is expanded 

using Cameron and Martin theorem [4] as in Eq. (1). 
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where ka  represents the deterministic expansion coefficients, k  represents the 

multidimensional orthogonal polynomials which form the orthonormal basis in Hilbert space, 

1 2{ , ,..., }d   


 represents the vector of standard normal independent random variables, and 

{0,1,..., }k P  represents the index of terms in the expansion. Therefore, the total number of 

terms in the expansion is 1P   as given in Eq. (2), and this expansion has an 2L  convergence.  
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The multivariate polynomials are selected based on the input random variables probability 

distribution function (PDF) and the unknown PCE coefficients ka   are calculated using either the 

intrusive methods or non-intrusive methods. With the projection approach (non-intrusive 

method), the expansion coefficients are calculated using Eq. (3) that uses the inner product and 

orthogonality conditions in Eq. (4).         
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where  w   is the weighting function and ij is the Kronecker delta. 

The inner product can be calculated using the Monte Carlo approach or the quadrature rules; 

however, these approaches require a large number of samples that increases exponentially with 

the increase in the dimension size of the problem. To alleviate this problem, Sparse Grids 

method has been proposed; however, it still requires a very large number of samples for higher 

dimensional problems. Another non-intrusive approach is Stochastic Point-Collocation [17, 18] 

which is solved using the regression analysis and requires at least twice the number of PCE 

terms. 

Upon finding the expansion coefficients, stochastic analysis of the response can be carried 

out by finding the mean and variance of the response, which can be calculated as in Eq. (5).   

 2 2 2
0

1

; || ||
P

Y Y k k
i

a a  


          
(5) 

 
3.2.2 Polynomial Chaos Decomposition with Differentiation (PCDD) 

The PCDD is based on a differentiation technique and uses higher-order sensitivities of the 

responses. The sensitivities obtained using different approaches such as Analytical 

Differentiation, Forward Finite Difference, Adjoint methods, etc. depending on the function can 

be used with PCDD. However, to minimize the number of samples required, a method that 

requires less number of samples but still provides high accuracy sensitivity estimation as 

discussed in the following section is preferable. The methods involved in PCDD to calculate the 

expansion coefficients are outlined in a flowchart in Fig. 3.1 and described below:        

a). Express the random inputs and output function using PCE. So, for a second order stochastic 

response ( )y f x


 with the uncertain inputs  1 2, ,..., dx x x x


, the PC expansions are given as:    
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where 1 2 3{ , , ,..., }d    


 represents the basis random variables. By using the PC expansion 

form, the relationship between the inputs and the response is written as:  
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b). Using multi-indices,  ( ) ( ) ( ) ( )
1 2, ,......k k k k

dm m m m , which represent the differentiation order 

with respect to basis random variables  i , differentiate both sides of Eq. (7). Here, the sum of 

multi-indices,  ( ) ( ) ( ) ( )
1 2 ...k k k k

dm m m m     gives the total order of differentiation. The multi-

indices also provide the possible sequences of multivariate polynomials in the PCE given by Eq. 

(2) for dimension size d  and chaos expansion order n . Therefore, differentiation using 1P   

multi-indices result in a 1P    number of equations, which can be written in the form of a linear 

system as given in Eq. (9).  
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where  



86 
 

(0) (0) (0)
( ) ( ) ( )0 1

(0) (0) (0)(0) (0) (0) (0) (0) (0)
1 2 1 2 1 2

1 2 1 2 1 2
(1) (1) (1)

( ) ( ) ( )0 1
(1) (1)(1) (1) (1) (1)

1 2 1 2 1
1 2 1 2 1

m m m
P

m m mm m m m m m
d d d

d d d

m m m
P

m mm m m m m
d d

d d

A

     

        

     

      

  

        

  


      

  



  

  



 
(1)(1) (1)

2
2

( ) ( ) ( )
( ) ( ) ( )0 1

( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 1 2

1 2 1 2 1 2

mm
d

d

P P Pm m m
P

P P PP P P P P Pm m mm m m m m m
d d d

d d d

 

     

        

 
 
 
 
 
 
 
 
 
  
 
 
 
    
 
          



   
  



  

 

 
0 1{ , ,..., }T

Px a a a   

 
(0) (1) ( )

(0) (1) ( )(0) (1) ( )
1 1 1

1 1 1

( ) ( ) ( )
, , ,

T
Pm m m

PPm m mm m md d d
d d d

f f f
b

  

     

 
     

       

  


  
 

(10) 

 

c). Evaluate both sides of the Eq. (9) at *
i i  , where  *

i  can be a random value chosen from 

the transformed domain. For simplicity, * 0i   has been used in this study. This results in a 

deterministic matrix, A , the unknown coefficients, x , and the vector of higher-order 

sensitivities, b , evaluated at the mean values of the random inputs.       

d). Obtain the higher-order sensitivities (derivatives) using a subroutine that selects different 

methods for sensitivity calculation depending on the output functions.  

e). Substitute the sensitivities in Eq. (9), and calculate the expansion coefficients. 
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f). Replace the expansion coefficients values in the expansion form to obtain the stochastic 

response. 

 

Figure 3. 1 An algorithm for PCDD 

 
After obtaining the PCE coefficients, the convergence of the PCE can be checked and if 

required the order can be increased to seek convergence. 
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3.3 Higher Order Sensitivities 

The sensitivity information indicates the importance of input parameters on the output of a 

problem. There are different methods available to calculate the sensitivities [37-48, 57]; 

however, most of the research has been focused on obtaining the first order and second order 

sensitivities. Also in most cases, the explicit relation of the function is unknown; so numerical 

technique such as Finite Difference is widely used. But there are limitations to Finite Difference 

method as discussed in Section 3.1. Therefore a high accuracy method for calculating higher-

order sensitivities has been used in our study. Here, the higher-order sensitivities represent 

higher-order partial derivatives of the response with respect to basis random variables, whereas 

the high accuracy sensitivities represent partial derivatives of the response with less error. 

3.3.1 Modified Forward Finite Difference (ModFFD) 

The ModFFD is a modified version of the generic algorithm [43] to obtain the high accuracy 

difference approximations. The generic algorithm uses a set of grid points and unknown 

coefficients to obtain the difference approximations. However, the computational cost for this 

method becomes exhaustive if there are a large number of variables and very high order 

sensitivities are required because the set of unknown coefficients to be found should be 

calculated each time for different sensitivities. Therefore, this generic algorithm is modified to 

obtain ModFFD that does not require the calculation of unknown coefficients; however, the high 

accuracy of the generic algorithm is preserved in ModFFD. 

The ModFFD involves representing the response using Taylor expansion of order equal to 

the order of PCE so that the 1P   sensitivities can be calculated using 1P   grid points. The 

accuracy of the sensitivities obtained with ModFFD is | | 1( )n mO h   , which is higher than the 

accuracy of first order Forward Finite Difference (FOFFD) given as ( )O h  for the same number 
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of samples. Since the primary purpose is to use less number of samples as possible, the 

comparison has been made with FOFFD. The ModFFD uses the multi-indices, 

( ) ( ) ( ) ( )
1 2( , ,..., )k k k k

dm m m m , which can be obtained easily for a given dimension size, d  and PCE 

order, n . The steps involved in generating higher-order sensitivities using ModFFD are as 

follows: 

a). Expand the response using Taylor series as given in Eq. (11) up to order, n  with the variation 

in input parameters given by ( )k
i im h . Here the constants, ih  are defined based on the desired 

accuracy. Since there are 1P   multi-indices, this results in 1P   Taylor-series expansions as 

given: 
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1 1 1
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(11) 

where 0,1,...,k P . 

b). Collect the unknown higher-order sensitivities on the right-hand side of Eq. (11) to form a 

vector, y  and a matrix, C  that has the components,  ,C p q  given by: 

 
     

 1

^
,

p qd
i i i

q
i i

h m m
C p q

m

  
(12) 

where  0,1, 2,...,p P  and 0,1, 2,...,q P . Therefore, the Taylor series expansions in Eq. 

(11) can be written as in Eq. (13) that contains the samples or function realizations in a vector, d

.  

 *C y d  (13) 
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c). Obtain the responses at different values of the input parameters as given in left-hand side of 

Eq. (11) from the numerical simulation software if the explicit relationship between the inputs 

and output is unknown. 

d). Substitute the samples in Eq. (13) and then solve to obtain the unknown higher-order 

sensitivities in vector, y . 

e). It should be noted that the sensitivities obtained from above steps are with respect to the 

original random variables ( ix ); however, the sensitivities in PCDD require the sensitivity 

information with respect to the basis random variables ( i ) and are obtained using Eq. (14). 

 ( )
( ) ( )

( ) ( ) ( )1
1

kmk kd im m
f f xi

i
 


 

(14) 

              where 1i  represents the first expansion coefficient of th
i  input random variable. 

Therefore, high accuracy higher-order sensitivities can be obtained using ModFFD. The 

analysis of the accuracy of this method is carried out in Section 3.2. 

 
3.3.2 Accuracy of Sensitivities using Higher Order Forward Finite Difference (ModFFD) 

The higher-order sensitivities in ModFFD are calculated with respect to original random 

variables ( x


), which are then converted with respect to basis random variables as in Eq. (14). So, 

the sensitivities in terms of original random variables ( x


) are of primary importance and can be 

represented as given below: 
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(15) 
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Since Eq. (9) is evaluated at * 0i   in our study, the sensitivities are evaluated at mean 

values of original random variables in Eq. (15). The accuracy of the higher-order sensitivity 

obtained using ModFFD depends on the order of PCE and the step-sizes, which is given as 

 ( )| | 1kn mO h   , whereas the accuracy of the sensitivity obtained using FOFFD is ( )O h  [42, 43]. In 

fact, the accuracy with ModFFD is different for different order sensitivities and depends on the 

sum of multi-indices, ( ) ( ) ( ) ( )
1 2| | ...k k k k

dm m m m    . The highest possible accuracy obtained with 

ModFFD is  nO h  (when  ( )| | 1km  ) and the lowest possible accuracy is  1O h  (when 

( )| |km n ). This is illustrated more clearly with the help of a bivariate example in Fig. 3.2 where 

the PCE order is five. 

 

Figure 3. 2 The order of accuracy for higher order sensitivities with ModFFD  

( 2, 5d n  , and 1 21P   ) 

 
In Fig. 3.2, the different black dots represent the sampling points according to multi-indices 

as well the order of sensitivities. For this example, there are 21 such dots and the points with 

same values of the sum ( ) ( ) ( )
1 2| |k k km m m  , which also represent the equal order of higher-order 
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sensitivities 
( )| |( ( ))
kmf x


, are represented with slanted boxes. The accuracies of the points are 

( ) ( )
1 2| | 1( ) ( )

k kn m mO h O h    . Let ( )
1

km i  and ( )
2
km j  in Fig. 3.2, then points with the sum 

( ) 1i j   have an accuracy of order 5 1 1 5( ) ( )O h O h   , points with ( ) 5i j   have an accuracy 

of order 5 5 1 1( ) ( )O h O h   , and so on. Therefore, it can be seen that the order of accuracy of the 

sensitivities increases with the increase in PCE order, which can be credited to the larger number 

of terms in the Taylor series expansion that includes more information about the response during 

sensitivity calculations. 

3.4 Computational Efficiency of PCDD 

As discussed in Section 3.3, the total number of samples required for sensitivity calculation 

with ModFFD is equal to the PCE terms, so that PCDD using ModFFD requires only 1P   

samples. On the other hand, Stochastic Point-Collocation (COLL) method requires at least twice 

the number of PCE terms to obtain good accuracy results [17, 18]. Similarly, using projection 

methods (quadrature) with full Tensor Points (TP), the number of samples required increases 

exponentially with the increase in dimension size. Although sparse grids method uses fewer 

samples than the full tensor-grid approach, the number is still enormous compared to the number 

of PCE terms for a large multidimensional problem. Therefore, the computational efficiency of 

PCDD, COLL, and TP methods can be compared using the number of samples required with the 

increase in dimension size and PCE order. 
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Figure 3. 3  Samples for PCDD, Point-Collocation (COLL), and Tensor Points (TP) 
quadrature as a function of dimension size, d  and chaos order, n  

 

  

(a) Samples with PCDD (b) Samples with Tensor Points 

Figure 3. 4 Comparison of samples for PCDD and Tensor Points ( 2d   and 15n  ) 

 
As shown in Fig. 3.3, the number of samples needed for the methods using Tensor grid 

points approach shows an exponential increment with the increase in chaos order, as the 

dimension size is increased. Using Collocation technique, the increase in samples required with 

the dimension size is slower than the Tensor grid approach. However, it still requires a larger 
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number of samples than the PCDD. Therefore, the lowest number of samples required for PCE 

with PCDD ensures the computational efficiency of the proposed method.  

The numerical advantage of PCDD using ModFFD can be demonstrated clearly with the help 

of a bivariate problem as shown in Fig. 3.4, where the total number of samples required with 

PCDD using ModFFD (136 samples points) for dimension size, 2d   and PCE order, 15n   is 

very less than the total tensor points (236 sample points). The computational efficiency of PCDD 

is more obvious for higher dimensions and high order PCE as compared to other methods. 

3.5 Applications of PCDD 

Here, the PCDD has been applied to four problems, which include two analytical problems 

(1-D and 2-D) and two engineering composite laminate problems (with 4 and 20 random input 

variables), to ascertain the accuracy and computational efficiency of PCDD. For analytical 

problems, PCDD is applied using three different methods to obtain the higher-order sensitivities: 

Analytical Differentiation (Analydiff), First Order Forward Finite Difference (FOFFD), and 

Higher Order Forward Finite Difference (ModFFD). Similarly, three different step-sizes are 

considered for sensitivity calculations using finite difference methods: 1 1 01h e   (ModFFD1 

and FOFFD1), 2 1 02h e   (ModFFD2 and FOFFD2), and 3 1 03h e   (ModFFD3 and 

FOFFD3), respectively. The problems have also been studied using the LHS simulations and 

Stochastic Point-Collocation. In the following problems, COLL2 and COLL3 represent Point-

Collocation with the number of samples required equal to two times and three times the number 

of PCE terms. 
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3.5.1 Analytical Problems 

3.5.1.1 One-Dimensional Problem 

This one-dimensional problem consists of an exponential function that has a single input 

normal random variable with the mean value of 2.0 and standard deviation of 2.0. Since the input 

random variable has a normal distribution, the response function ‘ y ’ has a lognormal 

distribution with the exact results as shown in Table 3.1. Here, the problem has been studied as a 

function of the chaos order until PC order, 22n  . 

 xy e  (16) 

 

Table 3. 1 Analytical moments of Response, y for One-Dimensional Problem 

Mean Variance Coefficient of Variation 

54.5981 15,9773.8334 7.3211 

 

Table 3. 2 Sensitivities of 1-D problem for Chaos Order, n=22 

thk   
sensitivity 

Sensitivities %Absolute error in 
sensitivities 

Analydiff ModFFD2 FOFFD2 ModFFD2 FOFFD2 
1 14.7781 14.7781 14.8552 0.0000 0.5016 
2 29.5562 29.5562 29.8535 0.0000 1.0058 
3 59.1124 59.1124 60.0066 0.0000 1.5125 

:   :   :   :   :   :   
: : : : : : 

20 3.8739e+06 3.8747e+06 4.2604e+06 0.0198 9.9745 
21 7.7479e+06 7.7029e+06 8.5635e+06 0.5817 10.5263 
22 1.5496e+07 1.7213e+07 1.7213e+07 11.0808 11.0808 
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The convergence of error in the mean of the response with the PCE order is shown in Fig. 3.5 

(a), where PCDD methods display a smooth monotonic convergence with the increase in chaos 

order. The trend shown by all three ModFFD cases are similar to Analydiff, with the ModFFD2 

yielding the most accurate results. For the PCE order, 22n  , the absolute percentage error in 

mean with Analydiff and ModFFD2 are 8.307e-04 and 8.530e-04, respectively. However, the 

FOFFD converges to a different value than the exact mean, thus providing a high error. 

Interestingly, the Stochastic Point-Collocation starts converging as the chaos order is increased 

initially; however, it shoots up when the chaos order is very high and yields wrong results. 

Similarly, the convergence of error in standard deviation with the increase in PCE order is 

shown in Fig. 3.5 (b), where the ModFFD shows a smooth convergence similar to that of 

Analydiff. The ModFFD plots start converging when the order of expansion is, 19n  , and it is 

observed that using large step sizes with finite difference results in inaccurate results as shown 

by ModFFD1 and FOFFD1. The ModFFD2 provided the best results among the finite difference 

methods and had a similar accuracy to Analydiff (absolute percentage error of 0.1188 and 

0.1316, respectively). With Point-Collocation, the error in standard deviation obtained by both 

the COLL2 and COLL3 decrease when the chaos order is very high, 15n   and may require a 

very high order of expansion to achieve the convergence. The collocation points generated with 

LHS includes high uncertainty and are not optimal for this problem. 

The accuracy analysis of the sensitivities (with respect to basis random variables) obtained 

using ModFFD and FOFFD can be carried out by comparing the sensitivity results with that of 

Analydiff as shown in Table 3.2 for PCE order, 22n  . In ModFFD, the Taylor series expansion 

order is equal to the PCE order; hence the order of Taylor series expansions is also 22n  . For 
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this problem, very high accuracy sensitivities, which are greater or equal to than that of FOFFD2, 

are obtained using ModFFD2. 

(a) Mean Error (b) Std Error 

Figure 3. 5 The convergence of Mean Error and Std Error of a 1-D problem 

Note: Std represents the Standard deviation 

3.5.1.2 Two-Dimensional Problem 

This two-dimensional problem (Eq. (17)) has two independent random input variables where 

each input variable has a uniform distribution, mean value of 2.0, and the probability density 

function (PDF) height of 0.722. The exact moments of the response are given in Table 3.3 [17]. 

 2
1 2log(1 )*sin(5 )y x x   (17) 

 

Table 3. 3 The statistics of 2-D Problem with Uniform Input Variables 1x and 2x  

 1 2,f x x   Mean Standard Deviation 

Exact 0.079 1.124 
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(a) Mean error (b) Std error 

Figure 3. 6 The convergence of Mean Error and Std Error of a 2-D problem 

 

  

Figure 3. 7 Absolute Percentage 
Error of sensitivities  

(d=2 and n=15) 

 

 Figure 3. 8 PDFs of response  

(d=2 and n=15) 

The convergence plot of the mean error of the response with the PCE order is shown in Fig. 

3.6 (a). The plots obtained with PCDD (except FOFFD1 and ModFFD1) and Point-Collocation 

methods display rapid convergence thereby resulting in almost negligible error at chaos order, 

8n  . Moreover, the percentage error in mean obtained using Analydiff, ModFFD3, and COLL2 

(samples equal to twice the number of polynomials) for chaos order, 15n   are only 0.402, 
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0.402, and 0.317, respectively. The COLL1 is also able to provide satisfactory results, although 

the convergence rate is slower than that of COLL2. The high inaccuracies obtained with 

ModFFD1 and FOFFD1 indicates the sensitivities calculated using large step-sizes for sensitivity 

calculations in Modified Finite Difference and Forward Finite Difference have unacceptable 

errors. 

The standard deviation plots are shown in Fig. 3.6 (b), where ModFFD3 and COLL2 display 

high accuracies. This highly accurate ModFFD3 and COLL2 also have similar accuracies to 

Analydiff. The standard deviation obtained with Analydiff, ModFFD3, and COLL2 for chaos 

order, 15n   have an absolute percentage error of 7.896 3e  , 7.897 3e  , and 1.102 2e  , 

respectively. Here, using small step-sizes resulted in high accuracy for ModFFD and FOFFD. In 

contrast to a one-dimensional problem, ModFFD1 with large step-sizes also converges when the 

chaos order is large for this problem.  

The total number of PCE terms and hence the number of multi-indices for this two-

dimensional problem with chaos order, 15n  , is 136. Hence, there are 136 sensitivities which 

include 133 higher-order sensitivities. These sensitivities (with respect to basis random 

variables), which are required in the PCDD, are represented using the index k  similar to that of 

multi-indices in Fig. 3.7. It can be seen that the sensitivities obtained with ModFFD have 

different order accuracies; however, these accuracies are always greater or equal to accuracies 

obtained using FOFFD. In Fig. 3.8, the PDF plots are shown where FOFFD is found to be least 

accurate. On the other hand, the PDF plots of Analydiff, ModFFD3, and COLL2 are in close 

agreement with the PDF obtained using LHS simulations. 
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3.5.2 Stochastic Composite Laminate Problem 

Two graphite-fiber-reinforced (FRP) composite laminate problems are used to ascertain the 

accuracy and efficiency of the PCDD when applied to structural problems. The composite 

structures are increasingly used due to their high ratio of stiffness/weight, durability, and 

tailorability. However, many uncertainties (material properties and geometric properties) are 

introduced at different levels of composites during manufacturing, fabrication, and transportation 

to the site, which should be accounted for better reliability of composite structures. 

The deterministic composite model used here is a simply supported rectangular plate under a 

uniform transverse loading - a constant pressure of 400 Pa on the top surface of a laminate. It 

consists of eight layers and is made up of graphite fiber/epoxy matrix. The finite element 

analysis (FEA) model consists of  40 40  four-noded quadrilateral 2D shell elements as in Fig. 

3.9, and the analysis is carried out using MSC.Nastran software. Here, the effective material 

properties - longitudinal modulus of elasticity ( 11E ), transverse modulus of elasticity ( 22E ), 

major Poisson's ratio ( 12  ), and shear modulus ( 12G ) - are considered as random in the first 

composite problem. Similarly, in the second problem, geometric properties - ply thickness ( it ) 

and ply orientation ( i ) - for each layer of a laminate along with the material properties are 

considered as random. The definitions of the random variables for two composite problems are 

provided in Table 3.4 [19, 58], where all the random variables have a Gaussian distribution. 

Also, the sensitivities are obtained using ModFFD as discussed in Section 3.3. Although the 

choice for  ,/i i meanx x  to obtain the sensitivities is dependent on the input variables and the 

problem, in most cases the optimum ratio is observed to be 210 . 
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Table 3. 4 The material and geometric properties of the composite laminate 

Type Random 
Variables 

Mean Std 

Material     
Properties 

11 ( )E GPa  142.215 7.366 

22 ( )E GPa  8.555 0.343 

12  0.251 0.091 

12 ( )G GPa  4.376 0.216 

Geometric   
Properties 

( ), 1, 2, ..., 8it mm i   0.5875 0.5875 

1 3 6 8, , , (deg)     0 10 

 
2 4 5 7, , , (deg)     90 10 

Plate  
Dimensions 

Length (a=1.7 m), and Width (b=1.5 m) 

 

The responses calculated for both laminate problems are the transverse displacement of 

nodes A, B, C ( , ,A B Cw w w ) and the ply stresses of elements S and P in the material coordinates. 

The location of the nodal points A, B, C and four end nodal points of the elements S and P are 

provided in Table 3.5. Here, the ply stresses considered are the stress along fiber direction ( 11  ), 

stress along matrix direction ( 22  ), and the shear stress ( 12 ) for elements S and P in the first 

layer (bottom layer) and the second layer of the laminate. The stresses in the first and second 

layer of the element S are denoted as 111,S  , 221,S  , 121,S  , and 112,S  , 222,S  , 122,S  ; similarly, 

for element P the stresses are represented as 111,P  , 221,P  , 121,P  , and 112,P  , 222,P  , 122,P  , 

respectively.   Therefore, the mentioned transverse displacements and stresses are represented as 

iy , where 1, 2,...,15i   . 
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Figure 3. 9  FEA model of a Composite Laminate with specified Nodes and Elements 

 

Table 3. 5 Location of the Nodes (A, B, C) and Elements (S, P) in X-Y Coordinate 
system 

Nodes Elements 
Node Location Node Element S Element P 

A (0.850, 0.750) 1 (0.382, 0.337) (0.807, 0.712) 
B (0.425, 0.375) 2 (0.425, 0.337) (0.850, 0.712) 
C (0.425, 0.750) 3 (0.425, 0.375) (0.850, 0.750) 

- 4 (0.382, 0.375) (0.807, 0.750) 
 

3.5.2.1 Uncertain Effective Material Properties (four random variables) 

In the first composite problem, four effective material properties - 11E , 22E , 12 , and 12G  - 

are considered as independent random Gaussian variables so that PC order of 2n   and 3n   

result in 15 terms and 35 terms, respectively. The number of samples ( samplesn ) required for 

PCDD and COLL to obtain good accuracy results are provided in Table 3.5. Here, good accuracy 
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results with LHS samples equal to the number of PCE terms could not be obtained using 

Stochastic-Point Collocation (COLL); therefore, the number of samples used for COLL is twice 

the number of terms in the PCE [17, 18]. Since LHS samples are used in the COLL, this does not 

guarantee highly accurate results in a single run. Therefore, the average of five runs is used for 

COLL to make a comparison of the efficiency between COLL and PCDD when both are 

compared to 50,000 LHS simulations. However, the samples generated for PCDD using 

ModFFD are at fixed locations and provide the same accuracy during different runs. 

As can be seen in Fig 3.10, the accuracy of the mean of the stochastic responses using PCDD 

is very high, and the error is almost negligible when PC order is as low as 2n   and 3n  . On 

the other hand, comparable accuracy to PCDD is observed for COLL only when the PC order is 

3n   and the number of samples is twice than that of PCDD. Furthermore, very high accuracy in 

standard deviation (less than 0.6 percentage absolute error) can be seen for PCDD, whereas the 

responses with COLL and PC order 2n   have a large error in spite of using the average value 

of five different runs for comparison. Only when the PC order is increased to 3n  , the standard 

deviation results are highly accurate for COLL. More importantly, the responses have varying 

level of accuracy which shows that UQ using PCE is dependent on the responses as well as the 

types of samples being used in the calculation. 

Overall, the accuracy in mean and standard deviation of the responses with PCDD is very 

high and comparable to 50,000 LHS simulations. However, slightly less accuracy than PCDD is 

observed with COLL. This might be due to the inability of the samples generated with LHS to 

account for uncertainties in the random inputs properly; so a higher PC order and a larger 

number of samples is required for COLL as observed here. Therefore, PCDD is seen to be more 
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efficient and has at least similar or better accuracy than COLL for the first composite laminate 

problem. 

 

(a) Accuracy of mean 

 

(b) Accuracy of standard deviation 

Figure 3. 10 The bar plots of accuracy of the responses with PCDD and COLL 
compared to 50,000 LHS simulations for four random input variables 

 
Table 3. 6 The comparison of the number of samples required for PCDD and COLL 

with varying PC Order for Uncertain Effective Material Properties 

Order 
samplesn  

PCDD COLL 
2 15 30 
3 70 140 
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3.5.2.2 Uncertain Effective Material and Geometric Properties (20 random variables) 

In the second problem, both material properties ( 11E , 22E , 12 ,  12G ) and geometric 

properties (ply thickness  it  and ply orientation ( i ), 1, 2,...,8i  ) are considered as random, 

thereby resulting in a total of 20 independent random input variables.  

Table 3. 7 The comparison of the performances of the Stochastic Responses using 
PCDD and COLL with 50,000 LHS Simulations for a Composite Laminate 

Response PCDD  COLL  LHS 
Mean Std  samplesn n  Mean Std  Mean Std 

Aw  -2.822 0.344 2(231) -2.849 0.345 2(462) −2.851 0.344 

Bw  -1.464 0.181 2(231) -1.480 0.182 2(462) −1.481 0.181 

Cw  -2.028 0.245 2(231) -2.047 0.247 2(462) −2.048 0.246 

111 ,S  14.860 4.149 3(1771) 14.943 4.147 3(3542) 14.942 4.111 

122 ,S  1.354 0.386 3(1771) 1.370 0.392 3(3542) 1.371 0.388 

112 ,S  -0.999 0.157 2(231) −0.988 0.154 3(3542) −0.987 0.149 

211 ,S  13.322 3.396 3(1771) 13.513 3.443 3(3542) 13.517 3.407 

222 ,S  0.838 0.260 3(1771) 0.848 0.261 3(3542) 0.848 0.260 

212 ,S  0.709 0.123 2(231) 0.708 0.123 2(462) 0.708 0.122 

111 ,P  27.472 2.505 2(231) 27.174 2.540 3(3542) 27.172 2.499 

122 ,P  2.450 0.255 2(231) 2.422 0.254 2(462) 2.423 0.249 

112 ,P  -9.83e-3 6.34e-2 3(1771) −9.60e
−3 

6.31e−2 3(3542) −9.56e−3 6.25e−2 

211 ,P  24.294 2.18 2(231) 24.119 2.417 2(462) 24.129 2.376 

222 ,P  1.536 0.172 2(231) 1.513 0.173 2(462) 1.514 0.171 

212 ,P  4.42e-3 6.94e-2 3(1771) 4.49e−3 6.78e−2 3(3542) 4.49e−3 6.70e−2 

 

[Units: w (cm), and Stresses: 11 22 12, , ( )MPa   ] 

Note: - Subscripts 1' 'S  and 2' 'S  represent Layer 1 and Layer 2 for element S. Similarly, 2' 'P  and 1' 'P  

represent Layer 1 and Layer 2 for element P. 
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The best results obtained with PCDD using ModFFD and COLL representing average of five 

different runs, for PC order 2n   and 3n   results, when compared with 50,000 LHS 

simulations are provided in Table 3.7. As can be seen, different responses require different PC 

order to yield high accuracy. With PCDD only six of the 15 responses, iy   4,5,7,8,12,15i   

require higher PC order, 3n   as compared to eight responses for COLL, iy  

 4,5,6,7,8,10,12,15i  . Overall, the accuracy of the responses obtained with PCDD and COLL 

are comparable to 50,000 LHS simulations. Moreover, the accuracy of the responses with PCDD 

has a similar or higher accuracy than that of COLL while using half the number of samples. For 

this problem, on further increasing the PC order and number of samples did not result in 

improvement of the accuracy.   

The stochastic model of the responses obtained from PCDD and COLL are simulated using 

1e06 LHS samples, and the PDFs of the responses are plotted in Fig. 3.11 - 3.14, respectively. 

For COLL, the best responses obtained from the five different runs are used to plot the 

probability distribution. As can be seen, the PDFs of the responses using PCDD and COLL are 

coinciding with the PDFs of LHS for all of the responses, and are almost indistinguishable.  It is 

to be noted that the number of samples used for PCDD is half than that of COLL, and also the 

PC order required for PCDD is lower for some of the responses as given in Table 3.7. 

Therefore, the results of above two composite laminate problems illustrate that the proposed 

methodology is able to predict the transverse displacements and ply stresses in material 

coordinates under the presence of uncertainties with high accuracies. 
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Figure 3. 11 Transverse Deformation 

 
 

 

 

(a) Layer 1 (b) Layer 2 

Figure 3. 12 Element Ply Stress along Fiber Direction 
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(a) Layer 1 (b) Layer 2 

Figure 3. 13 Element Ply Stress along Matrix Direction 

 

  

(a) Layer 1 (b) Layer 2 

Figure 3. 14 In-plane Shear stress in material coordinates 

 

3.6 Conclusions 

In this paper, we proposed a new non-intrusive method for polynomial chaos expansion 

called PCDD and used it along with Modified Forward Finite Difference (ModFFD). Using this 

approach, the total number of samples required is equal to the number of terms in the PCE, 

which is less than the current existing non-intrusive methods. Moreover, ModFFD is a modified 

version of the generic algorithm to find the difference approximation that involves Taylor 
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expansion of the response with the expansion order equal to the PCE order. Increasing the chaos 

order results in a higher number of terms during Taylor expansion in ModFFD and thus results in 

very high accuracy. 

The proposed methodology was applied to two analytical problems and two eight-layered 

composite laminate problems with four and 20 random variables, respectively. The study of 

analytical problems showed that the accuracy of the results obtained with PCDD using ModFFD 

is comparable to PCDD using analytical differentiation. For stochastic composite problems, the 

responses calculated were the transverse displacements and the ply stresses in material 

coordinates (fiber and matrix directions). In the first composites problem, PCDD and Stochastic 

Point-Collocation provided comparable results to 50,000 LHS simulations, where the accuracy 

of PCDD was found to be better than the Point-Collocation. Similarly, for the second composite 

problem, PCDD using ModFFD provided very high accuracy results with low expansion order of 

two and three, which required 231 and 1771 samples, respectively. The results demonstrated that 

high accuracy results with less number of samples can be obtained with PCDD, thus reducing 

huge computational effort. For composite problems, the Point-Collocation with LHS random 

samples was less accurate as compared to PCDD in spite of using twice the number of samples 

than the PCDD.  

Furthermore, the PCDD demonstrated the flexibility of using different methods to obtain 

higher-order sensitivities as per the user's preference. The accuracies of sensitivities obtained 

using ModFFD with different step-sizes were studied in the analytical problems and it was found 

that 2
,/ 10i i meanx x    provide the satisfactory results for most of the cases. Due to this reason, 

the same rule was also applied for UQ of composite problems. However, other methods such as 
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analytical differentiation, finite-difference, complex-step differentiation, automatic 

differentiation, etc. can also be used in PCDD based on the problem. 

Therefore, this new non-intrusive method called PCDD that utilizes higher order sensitivities 

promises to be a flexible, highly accurate, and computationally efficient method for UQ with 

PCE. 
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4 CHAPTER 4 

STOCHASTIC MULTI-SCALE MODELING OF CARBON FIBER REINFORCED 
COMPOSITES WITH POLYNOMIAL CHAOS 

 
Abstract 

A stochastic multi-scale modeling framework for uncertainty quantification of carbon fiber 

reinforced composites with a non-intrusive method called Polynomial Chaos Decomposition 

with Differentiation (PCDD) is presented. The performance behavior and reliability of the 

composites are dependent on its constituents properties (fiber and matrix properties) in addition 

to ply-orientation, ply-thickness, and loading conditions; hence, the uncertainties are considered 

using two stages: i) micro-scale modeling, and ii) macro-scale modeling. In the first stage, 

stochastic micro-scale modeling with PCDD is carried out to obtain the effective material 

properties of a lamina that are influenced by the uncertainties in its constituents. Then, these 

stochastic effective material properties are considered along with the uncertainties in geometrical 

properties of the laminate such as ply thicknesses and ply orientation to determine the stochastic 

performance of the laminate. The framework was applied for multi-scale buckling analysis and 

reliability estimation. Another approach for polynomial chaos called Stochastic Point 

Collocation (COLL) was also studied, and the results obtained with PCDD and COLL were 

compared with a large number of Latin Hypercube Sampling simulations. The results 

demonstrated the computational superiority of the proposed framework to achieve high accuracy 

stochastic response models as well as invaluable information about composites using a stochastic 

approach.
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4.1 Introduction 

Composite materials have found an exponential growth in research and applications such as 

aerospace, automotive, civil engineering, marine, and sports in recent decades due to its high 

strength to weight ratio, high stiffness and damping, improved toughness, improved thermal 

conductivity and electrical permittivity, and unusual properties such as negative Poisson's ratio 

among others [1]. However, designing a composite structure to its exact specifications to obtain 

the desired performance and reliability of composite structure is a challenging task. This is due to 

various factors at different scales such as fiber and material properties, fiber volume ratio, the 

presence of voids, ply orientation, ply thickness, fabrication process, and curing of the resin 

which exhibit uncertainty resulting from the manufacturing process and environmental 

conditions. Traditionally, deterministic safety factors and knock-down factors [2] are used to 

mitigate the influence of uncertainties which result in a conservative design of the structure with 

a substantial increase in weight [3], and thus, undermines the superiority of composites. 

Therefore, it is  of utmost importance to consider the unavoidable uncertainties at different levels 

during the design of composites and estimate the performance and the reliability using stochastic 

multi-scale modeling techniques. 

Most of the research on multi-scale modeling of composite structures has already been 

devoted to the development of deterministic modeling techniques such as sequential multi-scale 

approach and direct micro-macro approach [1, 4]. In sequential multi-scale approach, the micro-

macro homogenization can be carried out using analytical techniques such as bounds and other 

estimates and mean field approaches based on Eshelby inclusion or using ‘Unit Cell Method’ 

involving a detailed representative volume element (RVE) [1, 4].  On the other hand, the direct 

micro-macro approach takes both the micro-scale as well as macro-scale into account and 
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performs the analysis on RVE assigned to the macroscopic points using finite elements [1, 4, 5]. 

Although this direct micro-macro approach reflects the microstructure accurately and predicts 

the performance of the composites better than the sequential multi-scale approach, the 

computation involved in the finite element analysis (FEA) involving two scales is enormous and 

demands substantial computational resources. Therefore, the current developments in multi-scale 

modeling using stochastic approach tend to implement the sequential multi-scale approach. 

In uncertainty quantification (UQ), the uncertainties can be categorized as: aleatory and 

epistemic [6-8]. The aleatory uncertainties refer to irreducible or inherent randomness in a 

system whereas the epistemic uncertainties refer to reducible uncertainties that stem from lack of 

knowledge, data, and choice of mathematical models used. In stochastic multi-scale modeling of 

composites, the aleatory uncertainties that exist in the micro-scale are labeled as Class A [6], 

which includes randomness in the fiber and matrix properties, and volume fraction that influence 

the effective material properties of the lamina. Similarly, the uncertainties at macro-scale or 

component level are labeled as Class B, which includes randomness such as in loading and 

boundary conditions. Lastly, the aleatory uncertainties at meso-scale or ply-level are labeled as 

Class AB, which includes randomness in properties of a lamina. Currently, a large number of 

available studies in UQ of composites have focused on obtaining Class A uncertainties or 

obtaining the structural responses of the laminate with Class B uncertainties. However, 

developing a stochastic model with Class AB uncertainties as in sequential multi-scale approach 

remains the best option for large-scale UQ of composites as it incorporates both the Class A and 

Class B uncertainties and is computationally efficient. 

Some of the widely used computational methodologies for the UQ of composites structures 

are Monte Carlo Simulation (MCS) [9, 10], first or second order perturbation methods [11-13], 
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stochastic finite element methods [14, 15], and stochastic spectral techniques [16]. These 

methodologies have been mostly used for either stochastic analysis of composites by considering 

Class A uncertainties or by considering Class B uncertainties. In [10], Sakata et al. applied the 

MCS to study the influence of stochastic micro-level property on the homogenized elastic 

properties of the composites. They also studied the effect of microscopic uncertainties using the 

perturbation based methods [11]. Recently, Zhou et al. applied the perturbation based method for 

stochastic multi-scale computational homogenization method to determine the effect of 

uncertainties on the effective properties of the composites [12]. For Class B uncertainties, most 

of the research has been devoted to carrying out stochastic buckling analysis [17, 18], stochastic 

free vibration analysis [19-22], and failure analysis/reliability estimation [23-27] of the 

composite laminates. A good review of the importance and need for the determination of 

stochastic buckling load under the presence of initial geometric imperfections, elastic constants, 

and ply thickness is discussed by Elishakoff in [28]. Recently, the Kriging model approach was 

used for the stochastic free vibration analysis of composite shallow doubly curved shells in [19]. 

Similarly, the free vibration analysis of fiber reinforced composites with spatial variation in the 

random fiber orientation represented by using Karhunen - Loève expansion was carried out in 

[20]. Notably, Shaw et al. performed probabilistic micro, and macro analysis of fiber reinforced 

composites to determine its reliability using 1e05 MCS samples [29]. Similarly, Vu-Bac et al. 

implemented the MCS technique along with Polynomial Regression for the multi-scale modeling 

of polymer nanocomposites [30]. A more formal procedure for the probabilistic design of a 

composite structure that accounts uncertainties in all the aspects of a composite and implements 

finite element perturbation analysis to find the relation between the structural response and 

random input variables was developed by Chamis in [31]. Recently, the stochastic natural 
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frequency analysis of damaged composite laminates due to matrix cracking along with 

uncertainty in micro-mechanical properties was studied by Naskar et al. by using radial basis 

function [32].  

The most prevalent techniques for UQ of composite structures are MCS and perturbation 

methods; however, these methods have their limitations. For instance, the number of simulations 

required by MCS is very large. Similarly, the perturbation based methods are found to provide 

high accuracy results only when the coefficient of variation of the random input variables is low 

(less than 0.1) [11, 25]. Sakata also reported that the second order perturbation method could not 

always improve the accuracy of the estimation [11] and addressed the need for a new 

computational scheme for evaluating a multi-scale problem. More recently, the response surface 

methods have become popular for uncertainty analysis and a more formal comparative study of 

the widely used methods such as polynomial regression (quadratic), kriging, radial basis 

function, artificial neural network, and Polynomial Chaos Expansion (PCE) among others were 

presented by Dey et al. [22]. Although, the accuracy and efficiency of the different techniques 

for uncertainty analysis are problem dependent, their application to stochastic natural frequency 

analysis showed that the polynomial regression approach was the most efficient method followed 

by PCE. Nevertheless, the polynomial regression approach does not yield good accuracy for 

problems with high non-linearity by using second-order models; therefore, PCE remains a 

suitable candidate due to the orthogonality of the expansion polynomial terms in random space 

as well as the exponential convergence of the mean-square error which seems to lacking in other 

methods. Furthermore, the statistical moments such as mean and variance as well as the relative 

importance of the random input variables on the stochastic responses by using Sobol Indices 

based Global Sensitivity Analysis (GSA) can be calculated analytically as a post-processing step 
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with no additional function evaluations with PCE [33, 34]. The PCE has also been proven to 

handle random inputs with large variation [35]. In spite of these advantages, there are only a few 

studies that have focused on the application of PCE in composite structures [21, 22, 36-38] and 

demands further studies. Hence, the PCE has been implemented in our stochastic multi-scale 

modeling framework for composite structures. 

The Polynomial Chaos (PC) expansion or simply PCE was first proposed by Wiener in his 

work, `The Homogeneous Chaos' [39] in 1938. This was later modified by Xiu and Karniadakis 

in [35] for non-Gaussian variables and called it as generalized PCE. There are two approaches to 

determine the stochastic responses in PCE: intrusive and non-intrusive. The intrusive approach 

requires the modification of the governing equations whereas the non-intrusive approach can be 

implemented with any commercial software and is preferred over the intrusive approach. 

Furthermore, this non-intrusive approach can also be divided into following categories: 

Projection [40-42], Collocation (COLL) [43, 44], and Polynomial Chaos Decomposition with 

Differentiation (PCDD) [45, 46]. The PCDD requires a lesser number of samples than the 

Collocation technique to obtain similar or better accuracy, and it was found to be less prone to 

over-fitting issues unlike Collocation [46]. Therefore, the primary goal of this research is to 

develop a stochastic multi-scale modeling framework for a carbon fiber reinforced composite 

laminate by considering Class AB uncertainties with PCDD technique so that high fidelity 

stochastic responses could be obtained using less number of samples than the traditional PCE 

approaches. 

This paper has been divided into different sections as follows. In Section 4.2, a brief 

discussion of UQ with PCE using PCDD is reviewed. In Section 4.3, the stochastic formulations 

for micro-scale modeling based on micromechanics theory and macro-scale modeling for 



122 
 

stochastic performance and reliability estimation of the composites are provided. A detailed 

description of the stochastic multi-scale framework is given in Section 4.4. The application of the 

developed stochastic framework to composite laminate problems is provided in Section 4.5. 

Lastly, the conclusions are provided in Section 4.6. The application of PCE for Sobol Indices 

based sensitivity analysis [33, 34] remains our ongoing work and it will be provided in future 

studies.   

4.2 Uncertainty Quantification using Polynomial Chaos Expansion 

In random variable approach, the uncertainty of each input parameter is modeled by defining 

a probability density function (PDF), ( )Xf x . The goal in UQ is then to obtain the statistical 

moments of the uncertain response as described in this section. 

4.2.1  Polynomial Chaos Expansion (PCE) 

In its simplest form, the PCE of a stochastic response,   f x 


 which is dependent on the 

uncertainties in the input variables,  x 


 can be expressed as given in Eq. (1) [46].   

   
0

( )
P

k k
k

f x a  





 
(1) 

In Eq. (1),  ka  represents the PCE coefficients, k  represents the multi-dimensional 

orthogonal polynomials which form the orthonormal basis in Hilbert space, and 

 1 2, ,..., d   


 represents the vector of basis random variables. The multi-dimensional 

orthogonal polynomials in Eq. (1) are selected based on the PDF of the input random variables 

using Askey scheme [35]. After expanding the stochastic response in the form of Eq. (1), the 
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problem narrows down to finding the expansion coefficients, ka . Once the PCE coefficients are 

obtained, the statistical moments of the random response can be calculated easily using Eq. (2): 

 22 2
0

1

;
P

Y Y k k
k

a a  


   
(2) 

4.2.2 Polynomial Chaos Decomposition with Differentiation (PCDD) 

 The PCDD is a new non-intrusive PCE method proposed by the authors [45, 46]. It involves 

the differentiation of the PCE in Eq. (1) and requires the calculation of sensitivities of the 

stochastic response and the expansion terms with regard to the uncertain input parameters. The 

number of samples required for this method is equal to the number of the PCE terms and the 

steps involved in obtaining the PCE coefficients using PCDD are as follows: 

a). Express the uncertain input variables and uncertain response using Eq. (1) by selecting a 

chaos order, n . For random input variables with known moments, 1j , the first few moments 

such as mean and standard deviation can be used instead of PC coefficients, ka . The PCE can 

now be expressed as: 

 

0
11 1

0 0
( ) ( ( ),..., ( ))

j

P t t

j jk j j jkk j
a f       

 
  


 

(3) 

b). Differentiate both sides of Eq. (3) with regard to basis random variables, i  by using 

multi-indices ( ) ( ) ( ) ( )
1 2( , ,...... )k k k k

dm m m m  that represents the differentiation order of the responses 

with respect to basis random variables. The sum of the multi-indices 

( ) ( ) ( ) ( )
1 2( ...... )k k k k

dm m m m    represents all the possible values of chaos order greater than zero 

and less than maximum chaos order, n . The differentiation results in a linear system, Ax b  
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where the matrix A  contains the analytical sensitivities, x  contains the unknown PC coefficients 

and b  contains the higher order sensitivities of the responses.  

c). Evaluate both sides of the linear system obtained in Step b at *
i i  , where *

i  can be 

any value chosen from the standard domain. For example, . * 0i  . was used in [46].  

d). Obtain the higher order sensitivities of the responses using finite difference method. For 

example, the sensitivities required for PCDD in a complex FEA problem were obtained using the 

Modified Forward Finite Difference method in [46] that required the number of samples equal to 

the number of higher-order sensitivities. 

e). Substitute the sensitivities obtained in Step d to obtain the PCE coefficients. 

4.3 Stochastic Modeling of Composites 

The stochastic micro-scale and macro-scale models that are necessary to develop a fully-

fledged stochastic multi-scale framework are provided in this section. 

4.3.1 Stochastic Micro-scale Modeling 

 In stochastic micro-scale modeling, the constituents (fiber and matrix) properties of a 

laminate such as elastic modulus, volume fraction, shear modulus, Poisson's ratio, and fiber and 

matrix strengths are considered to be random. The main goal here is to obtain the stochastic 

effective material properties of the laminate by using the random constituents’ properties as 

inputs. For this purpose, the stochastic micro-scale modeling is carried out using the analytical 

approach due to its computational efficiency. Actually, the analytical micro-mechanical models 

are based on some assumptions such as the uniform distribution of fibers throughout the matrix, 

the absence of voids, perfect bonding between fiber and matrix, and linear elastic behavior of the 
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materials. In fact, the choice of these micromechanical models also affects the accuracy of the 

stochastic effective material properties due to the inaccuracies associated with each 

micromechanics model. Therefore, based on the comparative stochastic analysis using different 

micromechanical models, Halpin-Tsai was found to be the most accurate, and, hence, it has been 

used here. However, the relationships for the strength properties are chosen from the study 

carried out in [47].    

For this study, the micro-level uncertain inputs represented as 1 2 11, ,...,    and considered for 

the stochastic micro-scale modeling are given in the following order: longitudinal elastic 

modulus of fiber  1fE , transverse modulus of fiber  2fE , elastic modulus of matrix  mE , 

fiber volume ratio  fV , major Poisson's ratio of fiber  12f  , Poisson's ratio of matrix  m ,  

in-plane shear modulus of fiber  12fG , longitudinal tensile strength of fiber  fTX , transverse 

tensile strength of matrix  mTY , compressive strength of matrix  mCY , and shear strength of 

matrix  mS . By considering the transverse isotropy of a unidirectional fiber reinforced lamina 

along with the plane stress conditions of a thin laminate, the stochastic elastic responses are the 

longitudinal modulus of elasticity  11E , transverse modulus of elasticity  22E , major Poisson's 

ratio  12 , and in-plane shear modulus  12G . Similarly, the strength properties required for the 

plane stress conditions are the longitudinal tensile strength  TX , longitudinal compressive 

strength  CX , transverse tensile strength  TY , transverse compressive strength  CY , and in-

plane shear strength  12S . Therefore, the deterministic micromechanical models used to obtain 

the stochastic effective material properties in our study are provided below.  
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4.3.1.1 Longitudinal Modulus of Elasticity  

Using Halpin-Tsai model, the longitudinal modulus of elasticity is given using three main 

constituent properties: longitudinal modulus of elasticity of fiber, modulus of elasticity of matrix, 

and fiber volume fraction as in Eq. (4).  

 
11 1 (1 )f f m fE E V E V    (4) 

4.3.1.2 Transverse Modulus of Elasticity 

The transverse modulus using Halpin-Tsai is dependent on the transverse modulus of 

elasticity of fiber, modulus of elasticity of matrix, and fiber volume fraction with additional 

parameters   and  , where   is a curve fitting parameter dependent on fiber packing 

arrangement and   is as given in Eq. (5).  
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(5) 

where 2   (for 22E  using circular fibers).    

4.3.1.3 Major Poisson's Ratio 

The major Poisson's ratio is dependent on the Poisson's ratio of fiber, Poisson's ratio of the 

matrix, and fiber volume fraction as given in Eq. (6).  

 
12 12 (1 )f f m fV V      (6) 
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4.3.1.4 In-plane Shear Modulus 

The effective shear modulus is dependent on shear modulus of fiber, the shear modulus of the 

matrix, and fiber volume fraction with additional parameters   and   as in Eq. (7). However, 

for the matrix made up of an isotropic material the shear modulus can be written as: 

  / 2 1m m mG E   ; and therefore, the effective shear modulus is dependent on four uncertain 

inputs. 
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where 1   (for 12G ).                             

4.3.1.5 Longitudinal Tensile Strength  

For the determination of longitudinal strength, two cases arise depending on the relative 

magnitudes of the ultimate strains of fibers and matrix for a unidirectional lamina subjected to 

longitudinal tension and assuming the linear behavior of fiber and matrix. In most of the cases, 

the ultimate strain of the fiber is lower than that of the matrix, and the failure of the composites 

occur when its longitudinal strain is equal to the ultimate strain of the fiber.  Hence, the 

longitudinal tensile strength, in this case, can be given as in Eq. (8) [47].  
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4.3.1.6 Longitudinal Compressive Strength 

The unidirectional lamina subjected to compressive stresses is expected to display one of the 

four possible failure modes: extensional micro-buckling, shear micro-buckling, shear without 

micro-buckling, and longitudinal matrix failure due to Poisson's effect. Here, by considering the 

extensional mode of micro-buckling of fibers, the longitudinal compressive strength can be 

calculated with the energy method as in Eq. (9) [47]. 
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(9) 

4.3.1.7 Transverse Tensile Strength  

The transverse tensile strength that accounts for the presence of voids  vV  using a reduction 

coefficient  vC  is given in Eq. (10) [47]. Here, with the assumption of the absence of voids, the 

value of  vC  is one.  
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(10) 

4.3.1.8 Transverse Compressive Strength  

As mentioned in [47], the accurate micromechanical prediction of the transverse compressive 

strength is challenging because the composites loaded transversely do not follow the iso-strain 

and iso-stress approach. Nonetheless, the empirical formula for predicting the transverse 

compressive strength can be given as in Eq. (11) with the expression similar to that for the 

transverse tensile strength [47].  
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(11) 

4.3.1.9 In-Plane Shear Strength  

The unidirectional laminate can fail due to matrix failure because of excessive propagation of 

cracks, debonding of fibers due to shear stress concentration, or a combination of these two 

modes under the in-plane shear stress condition. Although, the mode of failure is not clear with 

the empirical formula as given in Eq. (12), it provided similar values to the results obtained using 

Hooke’s law in the study carried out by Lupasteanu et al. in [47]. Hence, the expression of the 

in-plane shear strength as given in Eq. (12) has been used. 
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4.3.2 Stochastic Macro-scale Modeling 

4.3.2.1 Theoretical Formulation based on First-Order Shear Deformation Theory 

  In this section, the theory involved in the development of a finite element model for a 

composite laminate starting from the displacement field expressions is provided with emphasis 

given on the most important relations for brevity. (For in-depth discussions, please refer to [48]). 

4.3.2.1.1 Constitutive Equations 

The displacement field for a composite laminate as shown in Fig.  4.1 - 4.2 at any point 

 , ,x y z  and at any time, t  based on the first-order shear deformation theory (FSDT) in a 

stochastic setting can be written as in Eq. (13). 
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Figure 4. 1 The geometry and the 
coordinate system of a composite laminate 

 

Figure 4. 2 The layer numbering system 
of a composite laminate 
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(13) 

In Eq. (13), 0u , 0v , and 0w  represent the displacement of a point  ,x y  in the mid-plane 0z  

whereas x  and y  represent the rotational of transverse normal about y-axes and x-axes, 

respectively. Therefore, the unknown generalized displacements in FSDT are 0 0 0, , , xu v w   and 

y . In the following, the dependence of the stresses, strains, and all other responses on the 

randomness, 


  in the input parameters has been omitted for brevity. 

Similarly, the non-linear strain-displacement relation using the displacement field given in 

Eq. (13) can be given as in Eq. (14). 
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The constitutive equation for a thk  layer of a laminate with thickness, h  as shown in Fig. 4.2 

can be written in the global or laminate coordinate system as in Eq. (14). 
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(15) 

In Eq. (15), ijQ  represents the transformed reduced stiffness components in the global 

coordinate system which are obtained from the transformation of reduced stiffness components, 

ijQ  [48]. The reduced stiffness components are dependent on material constants and are given in 

Eq. (16). 
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66 12Q G ; 44 23Q G ; 55 13Q G . (16) 

The stress resultants for the whole laminate can be given as in Eq. (17) where N , M , and Q  

represent the in-plane force resultants, moment resultants, and transverse force resultants, 

respectively.  
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Furthermore, the resultants can be expressed in terms of the displacements as in Eq. (18) 

using the linear strain expression. 
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In Eq. (18), ijA , ijB , and ijD  represent the extensional stiffnesses, bending-extensional 

stiffnesses, and bending stiffnesses, respectively and these can be expressed as in Eq. (19). In Eq. 

(18),   is the shear correction factor.  
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4.3.2.1.2 Equation of Motion 

To derive the equations of motion of the composite laminate, Hamilton’s principle can be 

used as shown in Eq. (20), where U , V , and K  are the virtual strain energy, virtual work 

done by the applied forces , and virtual kinetic energy, respectively. 

 
 

0

0
T

U V K dt      
(20) 

Furthermore, upon substituting the expressions for virtual strain energy, work done, and 

kinetic energy in Eq. (20) and implementing integration by parts followed by setting the 

coefficients of 0u , 0v , 0w , x , and y  to zero, the Euler-Lagrange equations can be 

obtained as in Eq. (21) [48]. The expressions for natural boundary conditions can be obtained 

similarly by setting the coefficients of nu , su , 0w , n , and s  to zero, respectively where 

s  and n  represent the tangential and normal components on the boundary  .  

 2 2
0

0 0 12 2
: xyxx x

NN u
u I I

x y t t


  

  
   

 
(21-a) 

 22
0

0 0 12 2
: xy yy yN N v

v I I
y y t t




  
  

   
 

(21-b) 

 
0 0 0 0

0

2
0

0 2

: ...

                                                                   +

yx
x xy xy y

QQ w w w w
w N N N N

x y x x y y x y

w
q I

t


         

                 





 

(21-c) 

 2 2
0

2 12 2
: xyxx x

x x

MM u
Q I I

y y t t


  

   
   

 
(21-d) 

 2 2
0

2 12 2
: xy yy y

y y

M M v
Q I I

y y t t




   
   

   
 

(21-e) 



134 
 

In Eq. (21),  0 1 2, ,I I I  are the mass moment of inertia which can be given as in Eq. (22) 

where 0  represents the density of the plate material. 
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Finally, substituting the expression for the force and moment resultants in Eq. (21), the 

equations of motion can be expressed in terms of displacements  0 0 0, , , ,x yu v w   . 

4.3.2.1.3 Finite Element Formulation of FSDT 

While the equation of motion can be applied to a composite laminate domain 0  directly for 

simple structures, the accuracy of the results suffer when the geometry of the composite structure 

is complex and the non-linearities are present. In this case, the finite element approach can be 

implemented which is based on the discretization of the whole domain so that the FSDT 

equations can be utilized in each sub-domain of the composite.  

One of the requirements for implementation of FSDT using finite element approach is that 

the generalized displacement variables should be expressed as in Eq. (23), where ju , jv , 0w , 1

j
S , 

and 2

j
S  represent the nodal values of the corresponding displacements and 

j

e  are the 

interpolation functions. 
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Furthermore, the transformation of the element domain e to the master element domain ̂  

with co-ordinate system  ,  can be obtained by utilizing a coordinate transformation as in Eq. 

(24). If the order of the interpolation functions for 
j

e  and ˆ
j

e  are equal, the isoparametric 

formulation is obtained.  
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In finite element formulation of the composite laminate, the weak forms needs to be 

developed which can be built by multiplying the equations of motion in Eq. (21) with 0u , 0v , 

0w , x , and y , respectively and then integrating the resulting expression over the element 

domain, e . After that, the expressions in Eq. (23) for the displacements can be substituted to 

obtain the semi-discrete finite element model of the composite laminate based on the FSDT as 

given in Eq. (25). This expression in terms of the sub-matrices K   , M    , and vectors  

 F   of the matrices eK   ,  eM   , and vector  eF  are provided in [48]. Based on these 

equations, the responses of the composite laminate for different problems can be estimated. 

      e e e e eK M F         
  (25) 
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4.3.2.2 Stochastic Buckling Analysis of a Composite Laminate 

Buckling is considered as one of the critical modes of failure in structures and some of the 

studies related to quantification of uncertainties in the mechanical properties of the laminate on 

the buckling strength are provided in [17, 18]. The buckling analysis requires the solution of an 

eigenvalue problem to obtain the buckling eigenvalues and hence the buckling loads. For 

stochastic buckling analysis, the buckling eigenvalues and buckling load exhibit randomness 

which are affected by the uncertainties in the input variables. 

Therefore, the eigenvalue problem for stochastic buckling analysis under the action of only 

in-plane loads can be given as in Eq. (26) by neglecting time-dependent terms in Eq. (25). 

Eventually, the finite elements can be further assembled to obtain the global system for buckling. 

         * * 0
b g

e e eK K            
   

 (26) 

In Eq. (26), the uncertain linear stiffness matrix  
b

eK   


is the first component in the 

summation expression for the stiffness matrix, eK   in Eq. (25) whereas the uncertain geometric 

stiffness matrix  
g

eK 


 is the updated second component obtained by replacing the submatrix, 

 G  with a new submatrix, G   . (The expressions for the components of the submatrices are 

provided in [48]). The submatrix G   is obtained by considering the critical buckling load 

      , ,x y xyN N N  
  

 for in-plane loading as a multiplication of the applied in-plane 

compressive     ˆ ˆ,x yN N 
 

 and shear edge loads   ˆ
xyN 


 with a buckling load factor,   


as given in Eq. (27) for a general case of combined in-plane loading.  
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(27) 

Note that the expression in Eq. (27) can be modified according to the load cases depending 

on the problem and the buckling eigenvalue also varies accordingly. For example, when only the 

in-plane compressive load along x-direction is applied, the expression takes the form: 

ˆ/cri
xx xxN N              

     

  
 [49]. 

4.3.2.3 Reliability Estimation of a Composite Laminate 

The reliability estimation of the composites using first ply failure (FPF), which assumes the 

failure of composite laminates if any of the plies fail, requires some failure criterion to establish 

a limit state function such as Tsai-Wu, Tsai-Hill, Puck, and Hoffman failure among others [50-

53]. From the worldwide failure exercise carried out by Soden et al. [52] to determine the 

accuracies of the 12 different failure criterion, Tsai Wu and Puck failure criteria were found to 

yield the most accurate results when matched against the experimental results. Hence, Tsai-Wu 

criterion remains the suitable candidate to establish the limit state function and has been 

previously used for reliability estimation as well [18, 23-25].       

The empirical Tsai-Wu quadratic failure criterion is based on the sum of linear and quadratic 

invariants as given in Eq. (28) where iF  and ijF  are the material strengths. For a unidirectional 

lamina, this criterion reduces to the form as in Eq. (29). 

 1i i ij ijF F    (28) 

 2 2 22 1XX X XY X Y YY Y X X Y Y SS XYF F F F F F             (29) 

Where 
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In Eq. (30), TX , CX , TY , and CY  represent the tensile and compressive strengths in the 

material coordinate system. Similarly, *
XYF  represents the interaction term between x and y-

directions with the range of values between -1 and 1. The Tsai-Wu criterion assumes failure of a 

lamina when the value of left-hand side of Eq. (29), which is known as failure index  FI 


, is 

greater or equal to one. So, the limit state function for reliability estimation can be expressed as 

in Eq. (31). 

 0 (Failure)
( ) 1 ( )

0    (Safe)
g FI 


  

 
 

(31) 

After obtaining the limit state function, ( )g 


, the probability of failure, fP , can be obtained 

by multi-dimensional integration as given in Eq. (32). 

  1 2 1( ) 0 ... , ,..., ...f N NP P g f d d            


 (32) 

However, the calculation of very large multi-dimensional integration in Eq. (32) is a 

computationally exhaustive process. Nonetheless, once the explicit relation between the limit 

state function and the random input variables is known (for example, by using PCE), the 

simulation for failure estimation using MCS can be carried out efficiently without any additional 

response evaluations.   

Note that the finite element approach can be implemented for failure analysis of a composite 

laminate using the concept explained in this section. To this end, the stress/strain state of the 
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laminate are analyzed for each ply of an element to estimate the failure which results in the more 

accurate prediction of the failure of composites. 

4.4 Stochastic Multi-Scale Modeling Framework 

Figure 4. 3 The stochastic multi-scale modeling framework using Polynomial Chaos 
Expansion with non-intrusive approach 

 
Here, the stochastic multi-scale modeling framework is developed using the Class AB 

approach in a sequential manner. In this methodology, the stochastic micro-scale models and 

stochastic macro-scale models discussed in Section 4.3 are integrated to estimate the stochastic 
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performance or reliability estimation of the composite structures as shown in the flowchart in 

Fig. 4.3 and described below. 

Once the material properties for a given composite are known, the framework proceeds to 

build a stochastic micromechanics model by generating the random values for the constituents’ 

properties. After obtaining random samples of the effective material properties, the PCE models 

are obtained using PCDD. Then, the accuracy of statistics of the stochastic effective material 

properties is analyzed to determine the fidelity of the model. If the accuracy is satisfactory, the 

PCE models for uncertain effective material properties are stored. However, if the accuracy of 

the models is not satisfactory, the PC order is increased and the process is repeated.  

After obtaining the high-fidelity micromechanical models, the next step in this framework is 

to include macro-scale modeling and consider the total effect of uncertainties at different scales 

of composites. To this end, the random samples of all uncertain variables are generated, and the 

constituents’ properties are supplied to the high-fidelity micromechanical models to obtain the 

values of effective material properties. The collection of this new effective material properties 

along with macro-level variables are then supplied to commercial FEA packages to obtain 

random samples of responses such as buckling and failure indices. By using these samples, the 

PCE models are built using PCDD, and the accuracy of the PCE models are analyzed to 

determine the fidelity of the stochastic response models. If the accuracy of the model is not 

satisfactory then the process is repeated; however, if the results are satisfactory then the PCE 

models are stored, and the PDF of the responses are obtained using 1e06 LHS simulations. The 

statistics of the responses are also evaluated as a post-processing step along with the reliability 

estimation of the laminate under different loading conditions and does not require any additional 
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function evaluations. The application of this stochastic multi-scale framework to composite 

laminate problems is presented in the next section. 

4.5 Application of Multi-Scale Uncertainty Quantification for Composite Laminates 

4.5.1 Problem Definition 

To assess the computational advantage of the proposed framework without any compromise 

on the accuracy, it was applied for buckling performance evaluations and reliability estimation of 

the composite laminate by considering the multi-scale uncertainties. 

To this end, a composite laminate made of AS4 carbon/3501-6 epoxy obtained from Soden et 

al. [54] was considered. Due to the lack of PDFs of material properties, most of the available 

studies have considered the standard deviation of material properties in the range of 5% ~ 10%  

from their available deterministic values. Hence, the same approach was utilized for this study, 

and the data from [54] along with the ply orientation and the ply thickness were used with 

5% ~ 10%   variation as given in Table 4.1. Likewise, the random input variables were 

considered to be normally distributed. 

The geometric dimensions of the composite panel was obtained from [55], which represents 

the skin panel of a conventional aircraft wing. The composite panel has a length of 0.508a m  

along the x-direction, and its width is 0.4060b m  along the y-direction. The composite panel 

was simply supported at the edges for both the buckling and reliability estimation problems and 

the two points A and B were constrained along x and y directions, i.e., 0u    and    , 0,0u v   , 

respectively in order to prevent any rigid body motion as given in Fig. 4.4 (a) – 4.4 (c). 

Furthermore, two laminates with mean stacking sequence of 0 0 0 045 / 45 / 0 / 90
s

    ( Laminate 
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A) and 0 0 0 00 / 90 / 0 / 90
s

   ( Laminate B), which are quasi-isotropic and cross-ply laminate were 

considered to better understand the effect of uncertainties in widely used laminates.  

Table 4. 1 The statistics of the uncertain material and geometric properties considered 
for stochastic multi-scale modeling of a composite laminate 

Properties Random 
Variables 

Mean Std 

 
 
 
 
 
 
Constituents 
Material 
Properties 

 1fE Pa  2.250e11 1.125e10 

 2fE Pa  1.500e10 7.500e8 

 mE Pa  4.200e9 2.100e8 

fV  0.600 0.030 

12f  0.200 0.010 

m  0.340 0.017 

 12fG Pa  1.500e10 7.500e8 

 fTF Pa  3.350e9 1.675e8 

 mTF Pa  6.900e7 3.450e6 

 fCF Pa  2.500e8 1.250e7 

 mSF Pa  5.000e7 2.500e6 

 
Geometric 
Properties 

 it m  3.1250e-04 3.1250e-05 

Laminate A,  i  0 0 045 / 0 / 90
s

    05  

Laminate B,  i   0 0

2
0 / 90

s

 
   

05  

Note: In Table 4.1, i  represents the ply-orientation of the eight layered laminates (i.e. 1, 2,...,8i  ). 

Also, Std represents the standard deviation. 
 

Hence, the uncertainty analysis starts with developing a deterministic FEA model with 

proper mesh size based on the given geometry and the mean values of the random inputs. Here, 

the deterministic FEA model obtained using a convergence analysis of the mesh size had a mesh 

of 21 21  QUAD4 2D-shell elements. In this study, the deterministic model was created in 

PATRAN and then it was integrated with MATLAB using a subroutine so that the FEA 

simulations could be run for different values of the random inputs.  
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4.5.2 Stochastic Effective Material Properties  

In multi-scale UQ, it is necessary to obtain the uncertain effective material properties before 

carrying out the stochastic performance analysis and reliability estimation. Therefore, the 

uncertain effective material properties of AS4 carbon/3501-6 epoxy unidirectional lamina were 

calculated using the stochastic micromechanics model developed in Section 4.3. The statistics of 

these properties using PCDD along with collocation (COLL2) and 1e06 LHS simulations are 

provided in Table 4.2.  

Table 4. 2 Comparison of the number of samples and accuracies of PCDD and COLL2 
with 1e06 LHS simulations for stochastic effective material properties 

Effective 
Properties 

 PCDD  COLL2 LHS 

sampn  Mean CoV 
sampn  Mean CoV Mean CoV 

11 ( )E Pa   20 1.366e11 6.923e-2 40 1.366e11 6.921e-2 1.366e11 6.920e-2 

22 ( )E Pa  35 9.023e9 5.145e-2 70 9.023e9 5.144e-2 9.023e9 5.145e-2 

12 ( )G Pa  35 4.546e9 7.557e-2 70 4.546e9 7.557e-2 4.546e9 7.556e-2 

12  10 0.256 3.911e-2 20 0.256 3.910e-2 0.256 3.911e-2 

( )TX Pa  35 2.035e9 6.967e-2 70 2.035e9 6.978e-2 2.035e9 6.974e-2 

( )CX Pa  20 3.941e9 9.210e-2 40 3.941e9 9.225e-2 3.941e9 9.230e-2 

( )TY Pa  35 6.034e7 5.091e-2 70 6.034e7 5.091e-2 6.034e7 5.092e-2 

( )CY Pa  35 2.186e8 5.091e-2 70 2.186e8 5.091e-2 2.186e8 5.091e-2 

12 ( )S Pa  56 4.219e7 5.128e-2 112 4.219e7 5.128e-2 4.219e7 5.087e-2 

Note: The values in Table 4.2 are provided up to three decimals digits only. Also, COV 
represents the coefficient of variation (standard deviation divided by mean). 
 

From Table 4.2, it can be seen that the accuracy of statistics of the uncertain effective 

material properties obtained with the stochastic framework using PCDD and COLL2 are very 

similar to that of 1e06 LHS simulations. The order of PCE required for the high accuracy results 

are two for 12 , three for 11E ,  12G , TX ,  CX , TY , CY , and 12S , and  four for 22E , respectively 

using both the PCDD and COLL2. These high-fidelity stochastic models for effective material 

properties were then stored and used for the buckling analysis and reliability estimations. 
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4.5.3 Stochastic Buckling Analysis of FRP Composite Laminates (23 random input 

variables) 

This problem required to assess the effect of micro-scale as well as macro-scale uncertainties 

on the buckling performance of the composite laminates. To this end, the high fidelity PCE 

models for effective material properties were considered along with the randomness in ply 

thickness and ply orientation for the evaluation of buckling performance of composite laminates 

in Table 4.1: Laminate A and Laminate B. In addition, three cases of in-plane loads were 

considered for buckling performance evaluation: i). Biaxial in-plane compressive loading, ii). In-

plane shear edge loading, and iii). Combined in-plane and shear loading as shown in Fig. 4.4 (a), 

4.4 (b), and 4.4 (c), respectively. 

Table 4. 3 The deterministic buckling loads for different load cases that were 
considered as applied in-plane loads for the uncertainty analysis of the buckling 

performance 

Case Type In-plane Loads Laminate A 
(N\m) 

Laminate B 
(N\m) 

I. Biaxial Loading 
xx yyN N  8,211.70 4,919.79 

II. Pure Shear Loading 
xyN  31,646.00 24,544.41 

III.  
Combined Loading 

xxN  11,929.23 7,780.96 

yyN  3,829.30 2,497,70 

xyN  9,977.61 6,507.99 
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(a).  In-plane biaxial loading (b).  In-plane shear loading 

 

 

(c). In-plane combined loading (d). Transverse pressure loading 

Figure 4. 4 The loads and boundary conditions for composite laminate used in the 
buckling analysis (a-c) and reliability estimation (d) 

 
Simply Supported Boundary Condition: 
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For the buckling problems, the stochastic models of the first three eigenvalues were built by 

developing the deterministic models initially with suitable applied in-plane loads so that the 

deterministic critical buckling eigenvalue about the mean values of random inputs was one. 

Hence, the deterministic buckling loads for each case as provided in Table 4.3 were considered 
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as applied in-plane loads for stochastic analysis. Note that although the deterministic model is 

symmetric which results in the components of bending-extension stiffness matrix to go to zero, 

the laminate is no longer symmetric in stochastic analysis due to randomness and hence the 

components are non-zero. The uncertainty analysis was then carried out using PCE with PCDD 

and COLL, and the results were compared with 10,000 LHS simulations. From our analysis, the 

second order polynomial chaos yielded desirable accuracy for these buckling problems which 

involved 23 random variables, so the results obtained with second-order PCE has been presented 

here. 

The accuracy of the stochastic models of buckling eigenvalues developed with PCE using 

first order and second order PCDD (PCDD1 and PCDD2) and COLL (COLL1 and COLL2) are 

demonstrated in Fig. 4.5 - 4.10 by comparing the statistics (mean and standard deviation) with 

that of 10,000 LHS simulations. 

As seen in Fig. 4.5 - 4.10, the accuracy of PCE with both PCDD and COLL improved 

substantially by increasing the chaos order to two. The number of samples or FEA simulations 

required for PCDD2 was 300 compared to 600 for COLL2. As expected, the multi-scale 

uncertainties were found to have dissimilar effects on the stochasticity of the first, second, and 

third buckling mode, respectively. Among the three buckling responses, the first buckling 

eigenvalue obtained with both PCDD and COLL was found to have least error when compared 

with LHS simulations. Also, the accuracy of the mean of the responses was found to be higher 

than that of standard deviation. Using chaos order two, the mean values of the responses were 

found to have less than one percent error for both PCDD2 and COLL2. However, the absolute 

percentage error of standard deviation obtained with PCDD2 was slightly higher than that of 

COLL2. The accuracy of the response models was also analyzed by calculating the relative mean 
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square error for each of the responses. It yielded error values on the order of 1e-06 and 1e-04 for 

PCDD2 and COLL2, respectively thereby suggesting the good response surface fit of the PCE 

models. 

(a). Accuracy of Mean (b). Accuracy of Std 

Figure 4. 5 The accuracy of statistics of the stochastic buckling eigenvalues obtained 
with PCDD2 and COLL2 compared to 10,000 LHS simulations for Laminate A and load 

case I. 

 

(a).  Accuracy of Mean (b). Accuracy of Std 

Figure 4. 6 The accuracy of statistics of the stochastic buckling eigenvalues obtained 
with PCDD2 and COLL2 compared to 10,000 LHS simulations for Laminate B and load 

case I. 
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(a) Accuracy of Mean (b). Accuracy of Std 

Figure 4. 7 The accuracy of statistics of the stochastic buckling eigenvalues obtained 
with PCDD2 and COLL2 compared to 10,000 LHS simulations for Laminate A and load 

case II. 

 

 

 

 

(a) Accuracy of Mean (b). Accuracy of Std 

Figure 4. 8 The accuracy of statistics of the stochastic buckling eigenvalues obtained 
with PCDD2 and COLL2 compared to 10,000 LHS simulations for Laminate B and load 

case II. 
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(a) Accuracy of Mean (b). Accuracy of Std 

Figure 4. 9 The accuracy of statistics of the stochastic buckling 
eigenvalues obtained with PCDD2 and COLL2 compared to 10,000 LHS 

Simulations for Laminate A and load case III. 

 

 

 

(a) Accuracy of Mean (b). Accuracy of Std 

Figure 4. 10 The accuracy of statistics of the stochastic buckling 
eigenvalues obtained with PCDD2 and COLL2 compared to 10,000 LHS 

Simulations for Laminate B and load case III. 

 

The accuracy of the uncertain buckling responses with PCDD2 and COLL2 in terms of 

probability density function (PDF) of the responses was also compared with LHS simulations 

and are presented in Fig. 4.11 – 4.16. From these plots, the mean value of the first buckling 

modes was found to be slightly shifted to either left or right of one in all cases which suggests 
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the influence of uncertain inputs on the critical buckling load. Among Laminate A and Laminate 

B, the first three buckling modes were found to be close to each other for Laminate A. Notably, 

the variation was found to increase with the higher buckling modes for all cases and the 

coefficient of variation (standard deviation to mean value) was found to be in the range of 0.12 to 

0.14. Most importantly, the variation of the responses for Laminate B was found to be higher 

than that of Laminate A, as observed by the flat PDFs with small PDF height. This suggests that 

Laminate A with quasi-isotropic mean stacking sequence is less susceptible to variation in the 

inputs than Laminate B with cross-ply mean stacking sequence. Furthermore, the product of the 

mean eigenvalues with the applied in-plane loads in Table 4.3 suggested that the mean buckling 

load of Laminate A is higher than that of Laminate B. This is due to the fact that the bending 

stiffness of Laminate A is higher than that of Laminate B due to more number of plies with mean 

ply-angle of 090  in Laminate B and it resulted in larger buckling load for Laminate A. 

  

Figure 4. 11 The comparison of the 
PDFs of the first three buckling 

eigenvalues for Laminate A under load 
case I 

Figure 4. 12 The comparison of the 
PDFs of the first three buckling eigenvalues 

for Laminate B under load case I 
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Figure 4. 13  The comparison of the 
PDFs of the first three buckling 

eigenvalues for Laminate A under load 
case II 

Figure 4. 14 The comparison of the 
PDFs of the first three buckling eigenvalues 

for Laminate B under load case II 

  

Figure 4. 15  The comparison of the 
PDFs of first the three buckling 

eigenvalues for Laminate A under load 
case III 

 

Figure 4. 16 The comparison of the 
PDFs of the first three buckling eigenvalues 

for Laminate B under load case III 

Mainly, the overlapping of the PDFs obtained with PCDD2 and COLL2 with that of LHS 

simulations for Laminate A and Laminate B under different load cases suggest the high accuracy 

of the presented framework for buckling performance evaluation with huge computational 

savings. Lastly, the crossing of the PDF of the first buckling mode with second and third 

buckling mode indicates the huge variability of the critical buckling mode. Also, the mean value 

of less than one for the first critical buckling mode offers a better perspective in terms of safety 

and the necessity of UQ for the designers. 
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4.5.4 Reliability Estimation of an FRP Composite Laminates Subjected to Transverse 

Pressure Loads (27 random variables) 

The developed stochastic framework was also applied for reliability estimation of composite 

laminates subjected to transverse pressure loads using first-ply failure criterion. To this end, 

Tsai-Wu criterion was used as the failure criterion to calculate the failure index and the number 

of random variables involved in this problem was 27. The loading and boundary conditions for 

this problem is provided in Fig. 4.4 (d), where uniform pressure load is applied on the top surface 

of the laminate. Here, the pressure load was increased until the probability of failure was one. 

Since the mid-point at the bottommost lamina (Layer 1) of the laminate is the most critical point 

when the laminate is subjected to transverse pressure loads on its top surface, it was considered 

for reliability estimation of the laminate. For reliability estimation, the PCE models were built 

for Tsai-Wu failure indices, FI  
 
 


 which were then used to obtain the limit-state function and 

hence the probability of failure. The results obtained with PCDD2 and COLL2 are presented and 

compared with 10,000 LHS simulations for Laminate A and Laminate B. 

The PDFs of the limit-state function for Laminate A and Laminate B are provided in Fig. 

4.17, which demonstrates the different failure behavior of composite laminates with different 

mean stacking sequence. First of all, the location or mean values of the PDFs suggest that 

Laminate A is capable of withstanding the higher amount of pressure loads than Laminate B. 

Also, for the same amount of pressure loads, the variation of the response was found to be higher 

for Laminate B as observed by the flat PDFs with low PDF height. Initially, the limit-state PDF 

is lying almost completely on the positive axis for low-pressure loads which indicates no 

alarming situation. However, as the pressure load was increased, the limit-state PDF shifted to 
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left, and it was completely situated on the negative axis of limit-state for high-pressure loads 

which suggests the complete failure of the laminate. Most importantly, the extension of the tail 

of PDFs towards the negative axis of the limit-state even though the mean value is on the 

positive axis provides invaluable information regarding the unpredictability in the failure 

behavior when uncertainties are present in the material and geometric properties.  

  

a). Laminate A (Mean stacking 
sequence of 0 0 045 / 0 / 90

s
   ) 

b). Laminate B (Mean stacking 

sequence of  0 0

2
0 / 90

s

 
  ) 

Figure 4. 17  The PDF plots of the limit state function at different pressure loads for 
composite laminates 

 
The high accuracy of PCE with less number of samples is also clear from the 

indistinguishable overlapping PDFs of PCDD2 and COLL2 with that of LHS simulations at 

different pressure loads. Most notably, the PDFs obtained with PCE was able to capture the 

information very accurately even though the pressure load was small. Here, the number of 

samples required with PCDD2 was 406 compared to 812 for COLL2. The probability of failure 

plot in Fig. 4.18 also suggest that the critical pressure load for Laminate A is approximately 

58,000 Pa whereas it is approximately 37,000 Pa for Laminate B. It is due to the fact that 

Laminate A with quasi-isotropic mean stacking sequence has higher bending stiffness and 

provides more resistance to transverse deformation than Laminate B with cross-ply mean 
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stacking sequence. This also justifies the wide application of quasi-isotropic laminate over cross-

ply laminate in aircraft structures. 

  

a). Laminate A (Mean stacking 
sequence of 0 0 045 / 0 / 90

s
   ) 

b). Laminate B (Mean stacking 

sequence of  0 0

2
0 / 90

s

 
  ) 

Figure 4. 18 The comparison of the probability of failure for composite laminates 
with different values of transverse pressure loads 

 

4.6 Conclusions  

In this paper, we proposed a framework for stochastic multi-scale modeling of composite 

structures using PCDD and COLL that is capable of accounting uncertainties starting from the 

micro-scale to macro-scale. The proposed framework was then applied to multi-scale composite 

laminate problems. The first problem included the buckling performance evaluation of two 

different laminates under three different load cases whereas the second problem included the 

reliability estimation of the laminates under transverse pressure loads. To check the 

computational advantage and accuracy of the proposed framework, the results obtained with the 

proposed framework were compared with 10,000 LHS simulations. 

From our study, the proposed framework was found to be capable of handling variations in a 

considerable number of inputs at different scales. The results of buckling performance 
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evaluations demonstrated the possibility of obtaining lower mean buckling loads than the 

deterministic values when the uncertainties are accounted. The results also showed that higher 

buckling modes are susceptible to larger variation than the first mode. Most importantly, the 

laminate with quasi-isotropic mean stacking sequence was found to withstand higher buckling 

loads than the laminate with cross-ply mean stacking sequence. This was also the case for 

reliability estimation where quasi-isotropic laminate withstood higher pressure loads. Most 

importantly, the framework was able to predict the probability of failure with high accuracy. For 

both the buckling and reliability estimation problems, the results obtained with PCDD and COLL 

were found to be computationally affordable and yielded similar results as the very high number 

of LHS simulations. Moreover, the PCDD required half the number of samples as that for COLL 

to achieve similar accuracy in regard to composite laminate problems which is one of the 

remarkable feature of the framework.   

Therefore, the presented framework for stochastic multi-scale modeling of composite 

structures promises to offer a highly accurate and computationally efficient technique for 

uncertainty quantification of a wide range of composite structures problems. 
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5 CHAPTER 5 

UNCERTAINTY QUANTIFICATION AND GLOBAL SENSITIVITY ANALYSIS FOR 
PROGRESSIVE FAILURE OF FIBER REINFORCED COMPOSITE LAMINATE 

 
Abstract 

In this paper, the uncertainty quantification for progressive failure analysis (PFA) of a 

composite laminate is performed. The non-linear responses of composite structure are 

significantly influenced by the randomness in the input material properties of plies thereby 

yielding significantly different responses compared to that obtained with deterministic 

simulations. Moreover, the non-linear finite element analysis (FEA) of the composite structures 

are very time-consuming, and the cost increases tremendously while carrying out a stochastic 

analysis. Therefore, it requires efficient techniques to perform the stochastic PFA compared to 

random sampling techniques such as Monte Carlo or Latin Hypercube Sampling (LHS) 

simulations. To this end, an efficient technique called Polynomial Chaos Expansion (PCE) has 

been implemented to minimize the computational cost substantially while maintaining suitable 

accuracy. Another advantage of PCE for UQ is that it allows one to perform Global Sensitivity 

Analysis, which focuses on estimating the relative importance of the random inputs, as a post-

processing step without any additional cost. As an application problem, a composite laminate 

with a circular cut-out at the center subjected to uniaxial tension was studied. Also, the effects of 

uncertainties in the effective material properties on the first ply failure (FPF) load and last ply 

failure (LPF) load as well as the corresponding displacements were studied. The results showed 

that stochastic PFA using PCE was able to demonstrate similar results to that of a large number
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 of LHS simulations with a very few numbers of samples. The GSA results also demonstrated the 

need for the study of PFA using stochastic approach since the variation in the failure responses 

due to input material uncertainties become important during the design and certification.     

5.1 Introduction 

In recent decades, composite structures have been widely used in many disciplines such as 

aerospace, automotive, marine, and sports among others owing to its superior advantages such as 

high stiffness/strength to weight ratio, tailorability, durability and so on [1]. The application of 

the composite structures is further expected to grow in the near future due to a better 

understanding of the behavior of the composites and the developments of state of the art 

manufacturing technologies. However, we are still unable to fully comprehend the complex 

failure mechanisms and damage mechanics of composite structures due to its non-homogeneous 

and orthotropic nature which results in the occurrence of a failure in composites in a progressive 

manner. This necessitates the development of proper computational methods that can incorporate 

the intricacies of the actual failure behavior so that the number of expensive experimental tests 

can be somehow alleviated with the development of robust numerical models in the early stage 

of structure design. Furthermore, since the responses of composites are hugely influenced by the 

presence of variability or uncertainties during fabrication/manufacturing, transport, and 

environmental as well as operating conditions, one should consider the effects of these 

uncertainties to improve the performance and reliability while designing a composite structure. 

So, this demands for the implementation of uncertainty quantification (UQ) using a probabilistic 

approach which aims at understanding the variance in the outputs due to the randomness in the 

inputs. 
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The failure in composites can be classified as intra-laminar and inter-laminar which results in 

significant degradation of the performance of composites. The intralaminar failure includes 

failure modes such as breaking of fibers, matrix cracking, and fiber-matrix debonding whereas 

the inter-laminar failure consists of delamination. Interestingly, both of these failures occur in a 

progressive manner or on a ply-by-ply basis [2-3] because of the factors such as the different 

amount of loads shared by the plies, different load carrying capacity of the plies depending on 

the ply orientation, stacking sequence, thickness of the plies, and location of the plies from the 

reference mid-plane. In reality, the composite structures are capable of withstanding higher loads 

beyond the load that causes first ply to fail. The ply carrying the highest amount of load fails first 

depending on its load capacity which is followed by the sharing of loads among the remaining 

plies. The failure of next ply occurs upon increasing the load, and the process of sharing the 

loads among the remaining undamaged plies are repeated until all of the plies are failed which 

indicates the structure is no longer able to sustain the additional load. The load at which the 

failure of a first ply occurs is known as first ply failure (FPF) load, and the load at which the 

failure of the last ply occurs is known as last ply failure (LPF) load. Hence, a better structure 

designing technique is to consider the LPF load for the reliability estimation since a composite 

structure is capable of withstanding loads beyond FPF.  

The estimation of the last ply failure load requires progressive failure analysis (PFA) 

approach, and many studies have been devoted to this purpose [4-10]. Two of the main 

ingredients in PFA of composites are the failure criteria and material property degradation 

models (MPDM). The failure criteria are required to check the occurrence of a failure in the plies 

whereas the MPDM are required to account for the damage of the failed plies and reduce the 

material property/stiffness accordingly. There are numerous studies available on failure criteria, 
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and some of the failure criteria are the Maximum Stress/Strain, Tsai-Hill, Tsai-Wu, Hashin, 

Hoffman, Puck, Micro-Mechanics based, and Continuum Damage Mechanics Based failure 

criteria among others [11-14]. The choice of failure criterion affects the failure prediction of 

composite structures, and a proper analysis should be carried out before deciding on a particular 

failure criterion. In addition to the failure criterion, the degradation models used to account the 

progression of damage also affects the response of the composite. Two of the widely used 

degradation models are the ply discount method or immediate degradation method and the 

gradual degradation method. The ply discount method neglects the contribution of failed plies in 

carrying the loads whereas the gradual degradation method accounts for failed plies until the 

degradation factor reaches very small negligible value. Hence, a proper selection of failure 

criterion and MPDM should be made during the PFA of composites. 

As mentioned earlier, the composite structure is hugely affected by the presence of 

uncertainties across various scales such as the variability of constituents (fiber and matrix) 

properties in micro-scale, the variability in thickness and orientations of the plies in meso-scale, 

and the loads and boundary conditions in macro-scale. Traditionally, safety factors are used to 

account for the influence of uncertainties which lead to a conservative design. However, this 

conservative approach leads to a substantial increase in weight which affects the advantages 

offered by composites. An alternative to bypass this problem is the application of probabilistic 

approach while designing composite structures, and some of the traditional approaches for 

uncertainty quantification (UQ) in composites are the Monte Carlo Simulation (MCS) [15-16], 

perturbation methods [17-19], stochastic finite element methods [20-21], and spectral methods 

[22]. Among these techniques for UQ, the spectral approach known as Polynomial Chaos 

Expansion (PCE) [23-28] is computationally efficient and yields suitable accuracy even for 



165 
 

random inputs with a high coefficient of variation. Due to this reason, the PCE remains a suitable 

candidate for UQ in PFA of composites. 

Furthermore, it is also important to identify the impact of each random input parameter on 

the variance of the output by performing global sensitivity analysis (GSA) [29-31].  The GSA 

allows one to decide which random input parameters should be paid more careful attention and 

which random inputs can be considered as deterministic. One of the best approaches for 

performing GSA is using Sobol indices which provides both the qualitative information 

(classification of random inputs) and quantitative information (a measure of the importance of 

random inputs). The Sobol indices are based on the Sobol decomposition of the variance of 

uncertain outputs such as FPF loads and LPF loads in PFA. Usually, the Monte Carlo 

Simulations (MCS) used to be the preferred approach for estimating Sobol indices. In [32], the 

GSA using Sobol indices of parameters in Puck’s failure theory for estimation of failure load of 

laminated composites were carried out with 1000 Latin Hypercube Design samples. In [33], the 

MCS was utilized to calculate Sobol indices for GSA of load distribution and displacement of 

multi-bolt composite joints through the spring-based method. Similarly, the effect of randomness 

in effective material properties (obtained with asymptotic homogenization and stochastic 

analysis), ply strength, and ply orientation on the strength properties of a laminate using 

analytical approach along with 10,000 MCS was studied in [34]. In [34], the sensitivity analysis 

was carried out as a by-product of stochastic analysis by calculating the correlation of input 

parameters with the outputs. Although the MCS offers simplicity, the number of samples 

required to estimate the Sobol indices or sensitivity of random inputs with desirable accuracy is 

enormous because of its slow convergence. To avoid the huge number of model evaluations as in 

MCS, metamodeling based GSA for elastic properties of composites was studied in [35] by using 
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Kriging. The Kriging based metamodel was then used to obtain High Dimensional Model 

Representation (HDMR) of the elastic properties of the composite that were dependent on the 

fiber, matrix, and interface properties. Once the HDMR were obtained, the Sobol method was 

used to estimate the first-order and second-order sensitivity indices. Although the suggested 

methodology was found to yield good results, the construction of HDMR models seems an 

unnecessary step since the Kriging metamodels can be utilized directly for estimation of Sobol 

indices based in the MCS approach. In our study, the PCE based GSA has been utilized since the 

Sobol indices can be calculated as a post-processing step without any additional processing time 

and function evaluations once the PCE coefficients are obtained. The lack of available studies on 

GSA for PFA of composites using PCE indicates the implementation of PCE based GSA for 

progressive failure as the novelty of our research. 

Therefore, the main aim of this paper is to build a stochastic framework to carry out a 

progressive failure analysis of fiber-reinforced composite laminate using non-intrusive PCE. The 

PCE models thus obtained are then utilized to perform GSA and estimate the impact of random 

input parameters on the stochastic response. To this end, the failure criterion and MPDM are 

discussed in Section 5.2, and the details of PCE and GSA are provided in Section 5.3. The 

methodology for the proposed framework is provided in Section 5.4, and the implementation of 

this framework to a case study is provided in Section 5.5. Finally, the conclusions of this paper 

are provided in Section 5.6. 
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5.2 Progressive Failure Analysis of Composites 

5.2.1  Theoretical Principles 

The PFA of composites structures relies on the analysis of stress state in the plies which can 

be obtained by using classical laminate plate theory (CLPT) or shear deformation theories and 

solving of the constitutive equation as given in Eq. (1) [36-37]. 

 0N A B

M B D




    
    

     
 

(1) 

In Eq. (1), A, B, and D are the extensional stiffness, extension coupling stiffness, and bending 

stiffness whereas N and M represent the applied in-plane forces and bending moments, 

respectively. Similarly, 0  and   are the midplane strains and curvature of the laminate. 

 The PFA of composite laminates consists of the following main steps as given below: 

i. Determine the stresses in a ply for a given load and boundary conditions. 

ii. Apply a suitable failure criterion to examine the failure of plies. 

iii. If the failure of ply is detected, implement the MPDM (sudden or gradual degradation) to 

account for failed fiber/matrix properties or delamination.  

iv. Increase the load and repeat Step (i) –Step (ii) until all plies fail. 

In PFA of composites, the choice of failure criteria and the material property degradation 

scheme affects the accuracy of the response. Hence, these failure criteria and MPDM should be 

appropriately selected so that it can be used for uncertainty analysis with affordable 

computational cost and suitable accuracy. 
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5.2.2  Puck Failure Criterion 

As mentioned in the literature review, there are a lot of failure criteria available to detect the 

failure of plies. These criteria can be further divided into mode-independent and mode-dependent 

failure criteria. The mode-independent failure criteria do not identify the mode of damage 

whereas the mode-dependent failure criteria can distinguish the modes of failure. Some of the 

mode-independent failure criteria are Maximum Stress/Strain, Tsai-Hill, Tsai-Wu, and Hoffman 

criterion whereas some of the mode-dependent failure criteria are the Hashin-Roten, Hashin, and 

Puck criterion. The incorporation of mode-dependent failure criterion allows for the degradation 

of the respective material/stiffness properties according to the mode of failure, and hence it 

remains a better option. Also, the Puck failure criterion was found to yield similar results as 

experimental results in a comparative study of the different failure criteria in World-Wide 

Failure Exercise [38]. Hence, Puck’s criterion has been used in this study. 

The Puck’s failure criterion [39] is a mode-dependent failure criterion which can detect a 

failure based on five different modes as given in Eq. (2) to Eq. (6).    
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 Matrix Failure in Transverse Tension 
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 Matrix Failure in Moderate Transverse Compression 
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 Matrix Failure in Large Transverse Compression 
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(6) 

In Eq. (2-6), 1 , 1T and 1C  represent the current strain due to loadings and strains in tension 

and compression failures; 12f  and 1fE  are the Poisson’s ratio and Young’s modulus of fiber; 

fm is the stress magnification factor for the fibers in material direction-2; 11  and 22 are the 

normal (current) stress in material direction 1 and 2; 21 , 21 ,and 21S are the shear stress, shear 

strain, and shear strength; 11D  is the stress value for linear degradation; and vpp , vpp , and vvp  

are the Puck’s parameters depending on the fracture plane angles. 

5.2.3  Material Property Degradation Model (MPDM) 

The material property degradation schemes are used to account the degradation in material 

and stiffness properties of the failed plies. To this end, two of the widely used MPDM are the 

sudden (immediate) degradation scheme and the gradual degradation scheme.  

In sudden degradation scheme, the properties of the failed plies are reduced to some small 

fraction of the undamaged properties one time only whereas the properties of the failed plies are 

reduced gradually as a function of some evolving field variables such as strain in gradual 
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degradation scheme. The sudden degradation scheme is computationally efficient as compared to 

the gradual degradation scheme since it does not involve iterations to re-establish equilibrium at 

each load increment [40]. Hence, the sudden degradation scheme has been used in our study.  

The advantage of using a mode-dependent failure criterion is that the material/stiffness 

properties can be reduced accordingly. For example, the material properties associated with the 

behavior of fiber can be reduced when the mode of damage is due to fiber failure, and similarly, 

the properties associated with the behavior of matrix can be reduced when the mode of damage is 

due to matrix failure as given in Eq.  (7-8). In these equations, R represents the residual stiffness 

factor, and the different values of R in the range 0 to 1  . . 0 1i e R  can be chosen for different 

properties. A value of 0 indicates the complete damage whereas a value 1 indicated no damage. 

Usually, a value of 0.001~0.01 is selected instead of 0 for failure to avoid the numerical 

instabilities that restrict the convergence of the solution. Here the superscript ‘d’ indicates the 

damaged properties whereas ‘0’ indicates the undamaged properties. In some studies, only the 

modulus values are reduced, and the Poisson's ratio is not degraded for the failed plies [41-43]. 

The similar approach has been used in our study.  

 Fiber Failure 

    0 0 0 0
11 12 13 12 11 12 13 12, , , * , , ,d d d dE G G R E G G   (7) 

 Matrix Failure 

    0 0 0 0
22 12 23 21 22 12 23 21, , , * , , ,d d d dE G G R E G G   (8) 
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5.3 Uncertainty Quantification using Polynomial Chaos Expansion 

5.3.1 Polynomial Chaos Expansion  

Polynomial Chaos Expansion is a spectral representation of the output function in terms of 

the deterministic coefficients and the multivariate orthogonal polynomials. In PCE, a second 

order random process given as  y f 


 with the random input parameters, 


 can be expanded 

using a finite number of terms as in Eq. (9).  
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k k
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In Eq. (9), ka  are the deterministic PCE coefficients,  k 


 are the multidimensional 

orthogonal polynomials which form the orthonormal basis in Hilbert space,  1 2, ,..., N   


 is 

a vector of standard random variables, and  0,1, 2,...,k P  represents the multi-index of the 

terms. The multidimensional orthogonal polynomials  represent the product of the 

univariate orthogonal polynomials  ( )k
i

im
   as given in Eq. (10) where ( )k

im  represents the 

degree or order of the univariate polynomials in the expansion. 

    
( )1 k
i

N

k i
i m

   





 
(10) 

Using a total order expansion truncation strategy for a PCE of finite chaos order, p , the total 

number of terms in PCE for a stochastic problem with N  number of random inputs is given in 

Eq. (11). 
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In PCE, the choice of orthogonal polynomials can be made based on the Askey Scheme [44-

46]. For instance, Legendre polynomials can be used for the uniform random variables and 

Hermite Polynomials can be used for normal random variables.  

One of the main tasks in PCE is the estimation of PCE coefficients, ka . To this end, a non-

intrusive approach based on regression using least-squares called Stochastic Point Collocation or 

simply Collocation has been used in this study. The advantage of Collocation is that commercial 

finite element analysis (FEA) software can be used as a black-box for UQ and it does not require 

additional modification of deterministic codes.  

5.3.2  Regression using Least-Squares (Stochastic Point Collocation) 

This technique is based on the fitting of the response at the given sampling points and 

involves the minimization of mean-square error of PCE approximation. The PCE approximation 

using this approach is given as in Eq. (12).  

   ˆTy f a  


 (12) 

In Eq. (12),  1 21   ... T
P    represent multivariate orthogonal polynomials and 

 0 1ˆ , ,...,
T

Pa a a a represent the PCE coefficients, respectively. Therefore, using a totaln  number 

of function evaluations,     1 ,..., total
T

ny y  for a given design of experiments,     1 ,..., total
T

n 
 

, Eq. 

(12) can be expressed as Eq. (13). Here,   i
ij j  


and Y is a column vector of function 

evaluations,   if 


.  

 â Y   (13) 

Using the least-squares approach, the linear regression coefficients are given as in Eq. (14)  
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   1
ˆ T Ta Y


     (14) 

where T   is known as the information matrix. 

Once the PCE coefficients are calculated, the mean and variance of the PCE response model 

can be calculated using Eq. (15) analytically as a post-processing step. 
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y y k k
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(15) 

5.3.3 Global Sensitivity Analysis using Polynomial Chaos Expansion 

The goal of performing global sensitivity analysis (GSA) is to determine the impact of the 

random inputs on the variance of the stochastic response [29-31]. Mostly, the GSA is performed 

with the variance-based method by Sobol decomposition of the variance of the uncertain 

response. In this approach, the sensitivity of a random input is measured using Sobol indices for 

which MCS used to be the preferred approach. However, it becomes computationally infeasible 

when the number of dimensions involved in the problem is too high. On the other hand, the 

Sobol indices can be calculated as a post-processing step once the PCE coefficients are estimated 

using the projection or linear regression approach [30-31] by using a very less number of 

simulations than the MCS. Hence, the GSA with PCE has been utilized here. 

For a thp  order PCE with N    random inputs, the basis polynomial functions can also be 

represented with a multi-index set  ,( ) ( ) ( ) ( )
1 ,...,N k k k k

p p N      for (1,..., 1)k P   by using a 

total-order expansion scheme [47]. The multi-indices represent the order of each univariate 

polynomials whose summation gives the total order of a multivariate polynomial obtained using 
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Eq. (10). Now, let  
1 ,..., Si iJ  define the subset of multi-indices ,( )N k

p  such that the only non-zero 

terms are as given in Eq. (16). 
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So, rearranging the terms in Eq. (9) such that iJ  correspond to the polynomials that are 

dependent on only i , the PCE of a random response can be expressed in the form of Sobol 

decomposition of  f 


as in Eq. (17). 
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Similarly, Sobol decomposition of the total variance of the response can be written as in Eq. 

(18). 
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So, the PCE based Sobol Indices which represent the ratio of the partial variance 
1,..., Si iD to the 

total variance of the response PCE PCED obtained with Eq. (15) can be given as in Eq. (19).  
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Based on the Sobol decomposition in Eq. (17-18), there are 2 1N   partial variances of the 

response which becomes enormous for problems with a large number of random inputs. Hence, 

 
1
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two of the sensitivity indices that are generally of interest are the first-order and total sensitivity 

indices. The first-order indices iS  represent the variance contribution of a random input variable 

when considered alone whereas the total sensitivity indices T
iS represent the variance 

contribution of a random input variable while considering the presence of other random inputs 

(mixed interactions) as well. Hence, the multi-indices set for first-order Sobol Indices iJ  and for 

total Sobol Indices T
iJ can be given as in Eq. (20) and Eq. (21), respectively.  
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Therefore, the calculation of Sobol Indices based on PCE for GSA requires the estimation of 

PCE coefficients only. Once the PCE coefficients are available, the Sobol Indices can be 

calculated analytically as a post-processing step without any additional cost. 

5.4 Methodology for Stochastic Progressive Failure Analysis with Polynomial Chaos 

Expansion 

Using the concepts related to Puck’s failure criterion and MPDM, a stochastic framework is 

built for the PFA of composites laminate using PCE so that the UQ for such a complex non-

linear response problem can be performed at an affordable task. 

The methodology for the proposed framework to carry out stochastic progressive failure 

analysis includes the following main steps: 

i. Identify the random input properties of the composite laminate/structure such as material 

properties, geometric properties, and loading conditions. 
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ii. Obtain statistical information for the random inputs based on experimental results or 

based on experience. 

iii. Select a PCE order and generate samples for the random inputs.  

iv. For a given realization of random inputs, carry out a deterministic progressive failure 

analysis of a validated finite element model of a composite laminate. 

v. Obtain the response samples for all random inputs in a given design of experiments. 

vi. Calculate the statistics (such as mean and variance) of the stochastic responses such as 

the first ply failure load, last ply failure load, and so on. Then, generate probability 

density functions of the response using the PCE model and random sampling such as 

LHS.  

vii. Check the fitting error of the PCE approximation or the convergence of the statistics. If 

accuracy is satisfied perform the GSA using Sobol indices otherwise increase the PCE 

order and repeat the Steps (iii-vi). 

In our study, the probabilistic formulation was carried out in MATLAB, and the 

deterministic PFA simulation was carried out using the MSC NASTRAN solver to obtain the 

response samples.  

5.5  Applications and Discussions 

In this section, the proposed framework has been implemented, and the results and 

discussions of the test problem are provided.     

5.5.1 Model Description and Validation of Deterministic FEA Model 

As a case study, a composite laminate with a circular cut-out subjected to a uniaxial loading 

as given in Fig. 5.1 is considered in this study. The laminate considered is a carbon/epoxy quasi-
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isotropic laminate and has a stacking sequence of 0 0 0 045 / 0 / 45 / 90
S

    . The laminate has a 

length of 76.2 mm and width of 76.2 mm. Similarly, the thickness of each ply is 0.125 mm, and 

the diameter of the circular hole at the center is 19.05 mm. The material properties of the 

composite are provided in Table 5.1, and the experimental results of the PFA are provided in 

[48]. Also, the value of the Puck’s parameters vpp , vpp , and vvp  was selected as 0.35, 0.3, and 

0.25~0.30, respectively which are the parameters for a carbon/epoxy composite.  

Table 5. 1 Material properties of an IM7/5250-4 carbon/epoxy composite [48] 

Elastic Modulus in longitudinal direction, 11E  (GPa) 172.4 

Elastic Modulus in transverse direction, 22E  (GPa) 10.3 

Shear Modulus, 12 13G G  (GPa) 5.52 

Shear Modulus, 23G  (GPa) 3.45 

Poisson’s ratio, 12 13   0.32 

Poisson’s ratio, 23  0.4 

Longitudinal tensile strength, TX  (MPa) 2526.5 

Longitudinal compressive strength, CX  (MPa) 1620.0 

Transverse tensile strength, T TY Z  (MPa) 65.5 

Transverse compressive strength, C CY Z  (MPa) 248.0 

Shear strength, 12 13S S  (MPa) 122.0 

 

Table 5. 2 The comparison of the ultimate strength values for the validation of the FEA 
model of the composite laminate used in this study 

Experimental (MPa) Reference [48] (MPa) Current Study (MPa) 

397.1 382.3 388.9 
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 Figure 5. 1 The composite laminate 
subjected to loading and boundary 

conditions as used in this study 

Figure 5. 2 Optimal Mesh of Composite 
Laminate with a circular cutout at the 

center for PFA (1200 Elements) 

 

 

  

a). Second and Seventh layer 

(First Ply Failure) 

b). Fourth and Fifth layer 

(Last Ply Failure) 

Figure 5. 3 The total damage of the critical plies during the first ply failure and last 
ply failure 
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a).  Load vs. displacement b).  Stress vs. Strain 

Figure 5. 4 The stochastic nature of the non-linear response of a composite laminate 
during PFA under the presence of uncertainties in material properties 

 
In [48], the material directions were considered by assuming the ply orientation with respect 

to global y-axis which means the 00 plies were oriented along the global y-axis. In general, the 

ply orientation is considered with respect to the global x-axis such that 00 plies are oriented along 

the global x-axis and 090   plies are oriented perpendicular to the global x-axis.  This assumption 

has been followed for the stochastic PFA analysis in our study, and the stacking sequence of 

0 0 0 045 / 0 / 45 / 90
S

     with the later ply orientation system was used to update the FEA model. 

The ultimate strength of the updated model was found to be the same as that in Table 5.2 with 

the only difference being in the occurrence of FPF and LPF in different plies. The FPF occurred 

in the plies two and seven for the updated model as compared to the fourth and fifth plies in 

reference. Similarly, the LPF occurred in the fourth and fifth plies of the updated model as 

compared to the second and seventh plies of the initial model. The total damage in the plies 

during the FPF and LPF for the updated model are shown in Fig. 5.3 which occurred at the 

displacement value of 0.208 mm and 0.554 mm, respectively. 
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5.5.2 Stochastic PFA of Composite under Tensile Loading 

The validated FEA model was used to perform the stochastic studies for PFA of a composite 

laminate by considering the presence of uncertainties in the material properties. For plane-stress 

case, the essential material properties are 11E , 22E , 12 , 12G , TX , CX , TY , CY , and 12S ; and therefore 

these properties were considered to be random variables with Gaussian distribution resulting in 

nine random input variables for this study. The mean values of the random material properties 

were chosen from Table 5.1, and the coefficient of variation (CoV) (standard deviation divided 

by mean) for each random variables was selected as CoV=0.1.  

As seen in load-displacement and stress-strain plots in Fig. 5.4, the random nature of the 

responses of the laminate obtained by PFA under the presence of randomness in input material 

properties is evident. The peak load corresponding to ultimate strength is found to occur at 

different displacement values for different simulations, and thus the proposed framework is 

expected to provide suitable information with less number of FEA simulations for PFA of the 

composite laminate.   

In this study, the displacements and loads corresponding to the FPF and LPF and given as 

FPF , FPFP , ULT , and ULTP , respectively were considered as the stochastic responses. The PCE 

models were developed for each of the responses, and the results were validated by comparing 

with a large number of LHS simulations. The response fit was also checked by calculating the 

relative mean square error (RMSE) as given in Eq. (22) for the response fitted using totaln  

samples where exactu  is the exact response obtained from FEA simulations and PCEu  is the 

response calculated with PCE model. 
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Table 5. 3 The statistics for the non-linear responses obtained with stochastic 
Progressive Failure Analysis 

Response LHS simulations 
(1000 Samples) 

Point Collocation 
Order=1 

(20 Samples) 
Order=2 

(110 Samples) 
Mean Std Mean Std Mean Std 

  FPF (mm) 2.75e-01 3.86e-02 2.73e-01 3.82e-02 2.75e-01 3.99e-02 

FPFP (N) 1.58e04 2.56e03 1.56e04 2.49e03 1.58e04 2.60e03 

ULT (mm) 5.94e-01 6.71e-02 5.86e-01 6.62e-02 5.92e-01 6.57e-02 

ULTP (N) 2.95e04 2.28e03 2.94e04 2.29e03 2.94e04 2.27e03 

 

 

Figure 5. 5 The fitting error of the responses with PCE order 

Note: Response 1, 2, 3, and 4 corresponds to FPF , FPFP , ULT , and ULTP  
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Figure 5. 6 The PDF plots of the displacements corresponding to the first ply failure 
and last ply failure 

 

 

Figure 5. 7 The PDF plots of the loads corresponding to the first ply failure and 
last ply failure 

 
The statistics of the responses obtained with 1000 LHS simulations are provided in Table 5.3. 

Similarly, the statistics obtained using PCE of order one and two are also provided. The similar 

results of PCE, when compared with 1000 LHS simulations, demonstrate the computational 

advantage of PCE to obtain good results by using substantially less number of simulations. The 

maximum difference between the statistics obtained with LHS simulations and PCE responses 
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was found to be less than 0.1 %. Similarly, the accuracy of the response fit of the PCE was also 

estimated using Eq. (16) and it was found to be less than 0.06 thereby suggesting a good 

response fit. As observed in Fig. 5.5, the error seemed to decrease with the increase in PCE order 

for the Responses 1, 2, and 4 except 3. However, since the error values are low, the PCE order 

was not increased, and the results were accepted. 

After obtaining the PCE model for the responses, the LHS simulations were carried out on 

the PCE models to obtain the corresponding probability density functions (PDFs). The PDFs of 

the FPF  and ULT  (i.e., Response 1 and 3) obtained with 1000 LHS simulations and PCE models 

are provided in Fig. 5.6. In this plot, the location of the centroid of the PDFs of ULT  is at a larger 

displacement value than that of FPF  as expected. Also, the PDF of ULT  is found to have a 

larger variation compared to that of FPF . It indicates that the uncertainties in material input 

properties have more effect on ULT  than on FPF . It also indicates the colossal influence of the 

random inputs in the non-linear responses than on the responses in the linear region. 

Nonetheless, the PDFs were found to be similar except at the peaks for ULT  which also suggests 

the high accuracy of the PCE models. Note that the irregularity in the PDF of FPF  and ULT  in 

Fig. 5.6 suggests that the 1000 LHS simulations are not sufficient to generate smooth PDF 

contrarily to PCE. 

The PDFs of the loads corresponding to the FPF and LPF are provided in Fig. 5.7 and are 

found to have a similar shape. However, the variation of the FPFP  appears to be slightly larger 

than for ULTP . Although this trend is not apparent from a few numbers of simulations for different 

random input realizations as in Fig. 5.4 (a), FPFP was found to have a CoV value of 0.164 
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compared to 0.077 for ULTP . This underlines the importance of comprehensive post-processing 

analysis in UQ which will help to complement the composite design process.  

5.5.3  Global Sensitivity Analysis for PFA of a Composite Laminate 

In this subsection, the PCE based GSA is presented for the first ply failure and last ply failure 

responses. As mentioned in Section 5.3.3, the PCE coefficients of the responses can be utilized 

to calculate the Sobol indices for GSA, so the PCE for the responses obtained in Section 5.5.2 is 

utilized here to obtain the first-order and total Sobol indices.  

The plots of Sobol indices for four different responses are provided in Fig. 5.8 - 5.11 which 

indicate the effect of random inputs is dissimilar for different responses. In Fig. 5.8 - 5.9 for first 

ply failure, the transverse modulus and transverse strength are found to be more significant than 

the other random inputs since the first ply failure corresponds to transverse matrix cracking near 

the hole in the plies with perpendicular fiber orientation to the loading direction.  It is also clear 

that the other random inputs have almost negligible variance contribution except for the 

longitudinal modulus for the first ply failure load in Fig. 5.9.  

Most importantly, the first order Sobol index (which indicates the contribution of a variable 

when considered alone) and total Sobol index (which indicates the individual contribution as 

well as the contribution due to interaction with other random inputs) are found to be similar for 

the critical parameters 2E  and TY  at first ply failure. It indicates that the individual contribution 

of the critical parameters is substantially higher than the variance due to interaction with other 

random inputs. The first order contribution of 2E  and TY  on the first ply failure load was found 

to be 0.337 and 0.318, respectively whereas the total contribution was 0.35 and 0.33, 

respectively.  
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Figure 5. 8 Global Sensitivity Analysis using Sobol Indices for displacement at first 
ply failure FPF  

 

Figure 5. 9 Global Sensitivity Analysis using Sobol Indices for the load at first ply 
failure FPFP  

 

Figure 5. 10 Global Sensitivity Analysis using Sobol Indices for displacement at last 
ply failure ULT  
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Figure 5. 11 Global Sensitivity Analysis using Sobol Indices for the load at last ply 
failure ULTP  

 
The Sobol indices plot for last ply failure is provided in Fig. 5.10 – 5.11. In Fig. 5.10, the 

displacement at last ply failure is found to be affected hugely by the longitudinal modulus and 

longitudinal tensile strength with minor contributions by the remaining random inputs. Similarly, 

the last ply failure load is also found to be dominantly affected by the variation in longitudinal 

tensile strength followed by the longitudinal modulus. The massive contribution of  TX  with 

total Sobol index of 0.88 suggests a huge dependency of the last ply failure load on the tensile 

strength of the ply oriented parallel to the tensile loading direction. 

Therefore, the random inputs with large values of Sobol index during GSA are easily 

identified and provides the qualitative information whereas the corresponding numerical values 

provide the quantitative information. These Sobol indices also provide useful information 

regarding the future tests that need to be strictly adhered to for further reducing the parameter 

uncertainty or increasing the fidelity. For instance, the critical parameters 2E , TY , 1E , and TX  in 

our study had a significant influence on the responses and their statistical information should be 

established based on a large number of the test under strict regulations. Contrarily, the negligible 

values of unimportant parameters suggest that these parameters can be considered as 
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deterministic for further uncertainty analysis and the additional expensive tests for these 

parameters can be kept aside for cost reduction. Lastly, the negligible values of the random 

inputs suggest that these can be considered as deterministic in stochastic optimization thereby 

providing substantial computational savings.   

5.6 Conclusion 

The UQ and GSA for a progressive failure of a composite laminate were studied in this paper 

using a stochastic approach. An efficient spectral expansion approach known as Polynomial 

Chaos Expansion was utilized to achieve this goal. Similarly, the Sobol indices based on Sobol 

decomposition method was utilized for GSA due to its inexpensive implementation with PCE.  

The stochastic framework developed in this paper was applied to a composite laminate with a 

circular cut-out subjected to tensile loading under the presence of uncertainties in material 

properties. The effects of randomness in material properties on the displacements and loads at 

FPF and LPF were studied. The results demonstrated the high accuracy of the proposed 

framework by using a very less number of FEA simulations for PFA. Furthermore, the fitting 

error was found to be small (less than 0.06) thereby suggesting the suitable fitting with PCE in 

the stochastic domain. The PDFs of the PCE response models were also found to be similar to a 

large number of LHS simulations. Interestingly, the FPF load was found to have a large 

coefficient of variation than the LPF load which provides useful information for the designers. 

Overall, the proposed framework was found to be advantageous and affordable for the 

probabilistic study of such a complex problem. Its application will serve to provide better 

composites design for performance enhancement and increased reliability. Furthermore, the GSA 

was carried out for the PCE models of the FPF and LPF responses which yielded both the 

qualitative and quantitative information regarding the uncertain inputs. For FPF the most critical 
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parameters were found to be the transverse modulus and transverse tensile strength whereas the 

longitudinal modulus and longitudinal tensile strength were found to be dominant for LPF. Most 

of the random inputs with negligible values of Sobol index obtained during GSA can be 

considered as deterministic which will provide additional computational savings for future 

uncertainty analysis and stochastic optimization. 

Therefore, the stochastic PFA of composites using PCE is a novel way of quantifying the 

uncertainties in composite structures. The future study includes the application and comparative 

study of the presented methodology to laminates with different stacking sequence and different 

thickness. The application of the framework to different load cases will also be carried out. 
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6 CHAPTER 6 

ADAPTIVE WEIGHTED LEAST-SQUARES POLYNOMIAL CHAOS EXPANSION 
WITH BASIS ADAPTIVITY AND SEQUENTIAL ADAPTIVE SAMPLING 

 

Abstract 

An efficient framework to obtain stochastic models of responses with polynomial chaos 

expansion (PCE) using an adaptive approach is presented in this paper. PCE is a high accuracy 

spectral expansion technique for uncertainty quantification; however, it is hugely affected by the 

curse of dimensionality with the increase in stochastic dimensions. To alleviate this effect, the 

basis polynomials are added in an adaptive manner, unlike selecting basis polynomials from a 

large predefined set in the traditional approach. Also, a refinement strategy is proposed to cull 

the unnecessary PCE terms based on their contribution to the variance of response. Furthermore, 

a sequential optimal sampling is utilized that is capable of adding new samples based on the most 

recent PCE model and also reutilizes the old set of samples. The additional highlights of the 

algorithm include the weighted least-squares to reduce the effect of outliers and implementation 

of Kullback-Leibler Divergence as a convergence criterion. The algorithm has been implemented 

to analytical benchmark problems and a composite laminate problem. The substantial 

computational savings of the proposed framework compared to traditional PCE approaches and a 

large number of random simulations to achieve similar accuracy were demonstrated by the 

results.
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6.1 Introduction 

In recent decades, scientists and engineers have extensively worked on developing 

mathematical models to closely represent the complex physical phenomena. However, the 

numerical results provided by these models do not exactly match the experimental observations 

or real data due to a plethora of factors such as inherent randomness of the input variables 

(aleatoric uncertainties) and due to the lack of knowledge about the parameters and assumptions 

made while building the mathematical models (epistemic uncertainties) [1-3]. Hence, one of the 

strategies for improving the accuracy of mathematical models is to perform uncertainty 

quantification (UQ) in which the variation of the response due to the presence of uncertainty is 

studied [4-7]. However, performing UQ to obtain high-fidelity mathematical models is 

computationally exhaustive for problems with high stochastic dimensions and problems with 

expensive function evaluations. Therefore, there is a pressing need for the development of 

algorithms that yields high accuracy stochastic response models with a minimal computational 

cost. 

Some of the probabilistic techniques for UQ are the Monte Carlo Simulation (MCS) [8], 

perturbation approach [9, 10], Neumann Expansion [11-12], weighted integral method [13-15], 

first and second order reliability methods (FORM/SORM) [16], and spectral stochastic finite 

element methods [17].  Among these methods, the spectral expansion techniques such as 

polynomial chaos expansion (PCE) or simply PC [4] has become more popular in the scientific 

community in recent decades due to its mathematical elegance, mean square convergence, and 

ability to handle random inputs with large variation [18, 19, 20, 21]. In PCE, the stochastic 

response is represented in terms of a series of orthogonal basis functions and deterministic 

coefficients. The basis functions are mostly constructed using the orthogonal polynomials 
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(therefore termed as Polynomial Chaos); however, the other alternatives such as wavelets can 

also be utilized [22]. Furthermore, the numerous benefits of PCE over other methods for UQ has 

led to its implementation in many disciplines such as in structures [4, 23-24], fluids [25-29], 

composite structures [30, 31], and stability and control [32]. 

Finding a PCE approximation of the stochastic response requires estimation of the unknown 

PCE coefficients and the available techniques for this purpose can be divided into two groups: i) 

intrusive, and ii) non-intrusive. The intrusive approach requires the modification of the 

governing equations to estimate the PCE coefficients using Galerkin Projection [4, 23-27]. 

Contrastingly, the non-intrusive approach does not require modification of the governing 

equations and allows one to use the commercial software as ‘black-box’ for different realizations 

of random inputs. The non-intrusive approach can be further divided into several categories: a)  

Pseudo-Spectral Projection [33-34], b) Stochastic Point Collocation [28-29, 35], and c) 

Polynomial Chaos Decomposition with Differentiation (PCDD) [31, 36]. The projection 

technique involves finding the expectation of the product of the stochastic response and the 

multivariate basis orthogonal polynomials using the quadrature methods or random sampling 

simulations. However, the number of function evaluations or samples required with quadrature 

methods increases exponentially with the increase in random input dimensions, which is 

popularly termed as ‘curse of dimensionality,’ and the main drawback of the random simulation 

approaches is its slow convergence. The curse of dimensionality can be somehow alleviated by 

using the sparse grids based on the Smolyak’s formula [37, 38, 39] but this also becomes 

unaffordable for high dimensional problems. On the other hand, Stochastic Point Collocation (or 

simply Collocation) is based on linear regression, and one of the most popular techniques is the 

least-squares which aims at finding the best PCE response by minimizing the sum of the square 
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of the residuals. However, one of the drawbacks of this approach is that it requires a larger 

number of samples than the number of PCE terms.  Lastly, the PCDD technique proposed by the 

authors in [36] utilizes the higher order sensitivities of the responses and it requires an almost 

equal number of samples as the number of PCE terms. Nevertheless, these approaches are 

incapable of handling problems with a large number of random inputs and random fields. 

Therefore, recent focus in UQ using PCE has been on developing ultra-efficient algorithms, 

which are also applicable to large-scale problems, by maintaining a proper balance between 

accuracy and computational efficiency.   

In this regard, much research has focused on tackling the stochastic dimension size by using 

an adaptive approach for selection of basis polynomials, using anisotropic approaches for 

selection of sparse grids [40], and utilizing efficient sampling approaches for Collocation to 

name a few. The first application of adaptive PCE with Galerkin Projection was studied by Li 

and Ghanem in [41] by sorting the PCE terms in descending order according to their contribution 

to the response and including only a sufficient number of terms capable of representing the 

response. The implementation of an adaptive approach in non-intrusive projection was also 

studied by the researchers in [41, 42, 43, 44, 45] by utilizing adaptive sparse grids to estimate the 

PCE coefficients and selecting basis polynomials accordingly. Similarly, the first adaptive 

implementation of PCE using Collocation was proposed by Blatman and Sudret in [46] where an 

adaptive regression-based algorithm was studied to detect the significant PCE coefficients using 

forward and backward regression one-by-one. However, this proved to be too costly for high 

dimensional problems, and they proposed adaptive PCE based on least angle regression (LAR) in 

[47]. In this approach, the basis orthogonal polynomials, which are defined using multi-indices, 

were selected a priori before constructing a PCE. This algorithm was found to yield good results; 
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however, selecting the basis polynomials a priori based on the principle of ‘sparsity of effects’ 

[48], which states that in the presence of large sets of input parameters the main influence on the 

response is due to lower order propagation components, does not always hold for PCE as 

discussed in [43, 49]. Also, LAR is an iterative procedure which becomes costly for problems 

involving a large number of basis terms since the number of the sequence of PCE 

approximations also increases. Another adaptive approach based on LAR was proposed in [50] 

that allowed the adaptive enrichment of basis polynomials by exploiting the model’s hierarchical 

structure. Similarly, the adaptive basis selection was also studied in [51, 52]. In addition to basis 

adaptivity, the recent studies have focused on obtaining sparse PCE using L1-minimization due 

to its ability to solve under-determined system so that the PCE can be constructed when the 

number of available samples is less compared to the PCE terms [53-57]. However, the main 

bottleneck in using it for PCE is that the regularization parameters that determine the accuracy 

and sparsity of PCE needs to be estimated empirically based on some error criterion such as 

cross-validation error which results in additional computational cost. In addition to the size of 

basis polynomials in PCE, both the accuracy and efficiency of PCE using regression also 

depends on the choice of appropriate sampling strategy from the available options such as roots 

of orthogonal polynomials, space-filling sampling (Latin Hypercube Sampling (LHS) and Sobol 

Sequence), and optimality based sampling (A-optimal  [49], D-optimal [58]) [7, 49, 58, 59]. The 

implementation of LHS design used to be popular for PCE initially because of its uniformity; 

however, the space-filling property of LHS is deteriorated while utilizing sequential sampling 

because of the high probability of the new samples falling in the same interval as the interval of 

previous samples [60] and the resulting design of experiments can only be termed as quasi-LHS 

rather than nested LHS. Therefore, a sequential sampling based on an optimal design which 
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improves the accuracy of PCE based on some optimality criterion of moment matrix in 

regression remains an apt choice.  

So, first of all, a strategy for adaptive basis growth is suggested to improve the accuracy 

sequentially rather than using a large predefined set of basis polynomials or truncating the 

polynomials a priori without making any assumptions. Secondly, the design of experiments is 

selected initially with the lowest number of samples possible which is then enriched sequentially 

using optimal sampling based on the updated set of basis polynomials and is capable of re-

utilizing the old samples. The least-squares approach has been implemented in our study to 

estimate PC coefficients because it does not require estimation of the regularization parameters 

as in L1-minimization. Furthermore, a truncation strategy for selecting the significant PCE terms 

based on their contribution to the variance of the response is proposed so that the problem 

becomes more tractable. Most importantly, the convergence analysis of the PCE is performed by 

tracking the complete PDFs for successive iterations using Kullback-Leibler Divergence (KLD) 

rather than just checking the accuracy of first two moments or performing cross-validation 

(which tends to be suitable for response surface modeling).  

This paper has been organized into different section as follows. In Section 6.2, the classical 

PCE is introduced which is followed by the concepts involved in developing an adaptive 

algorithm for PCE in Section 6.3. The methodology of the proposed framework is provided in 

Section 6.4, and the application of the framework to a variety of problems are discussed in 

Section 6.5.  Finally, the conclusions drawn from this study  are provided in Section 6.6.  
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6.2 Classical Polynomial Chaos Expansion 

In the probabilistic approach, the inputs are represented in terms of random variables and 

random fields/processes using a probability space  , ,F P  where   is a sample space 

containing all of the possible outcomes  , F represents the  -algebra which contains the set of 

all possible events, and P  is the probability measure which indicates the likelihood of an event 

given as : [0,1]P F  . The real random variable or a collection of random variables (as in 

random processes), X  with the finite second moment (i.e., 2[ ]E X    or finite variance) can 

be thought of as a mapping from sample space to a real number and is assumed to be in

 2 , , ,L F P   space. Therefore, carrying out UQ using spectral approaches involves the 

construction of a stochastic mathematical model,   f X  that maps the random input 

parameter space in  ( N denotes the number of random inputs) onto the random output 

parameter space in  ( M denotes the number of uncertain outputs) i.e. : N Mf   . 

PCE was initially proposed by Wiener in his work ‘The Homogenous Chaos’ in 1938 during 

his study of Brownian motion in which a second-order Gaussian random process  u   was 

expressed as a spectral expansion of deterministic coefficients and Hermite polynomials [18]. In 

a general form, the PCE of a second order random process  , ,ξu z t  can be represented as an 

infinite series using multivariate orthogonal polynomials,  .k  and deterministic PCE 

coefficients, ka  as in Eq. (1).  

 
     

0

, ,ξ , . ξk k
k

u z t a z t 




  
(1) 
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In Eq. (1),   1, 2,3dz d   represents the spatial term, t  represents the time, and 

  1
ξ

N

i i



  represents the set of independent standard random variables which has a one-to-one 

correspondence with original random input variables,   1

N

i i
x x


 . Usually, the PCE is truncated 

using a finite number of terms, 1P   as in Eq. (2) by dropping the spatial and temporal 

dependence for simplicity. It is to be noted that the left-hand side of Eq. (2) can also represent a 

vector of stochastic responses in which case the coefficients of the responses are different from 

each other.  

 
   

0

ξ . ξ
P

k k
k

u a 


  
(2) 

The multivariate orthogonal polynomials in Eq. (2) are generated by taking the tensor 

product of the univariate orthogonal polynomials,  k
i

i
  as given in Eq. (3), where k

i  

represents the order of the univariate orthogonal polynomials. One of the essential conditions for 

the choice of basis functions is that it must satisfy the orthogonality property as given in Eq. (4), 

where  w  is the weighting function and ij represents the Kronecker Delta. 

 
   

1

ξ k
i

N

k i
i


  



  
(3) 

            2,i j i j i ijw d               (4) 

As shown in Eq. (2), the PCE is usually represented using a finite number of terms and this 

selection of the number of terms is crucial since it incurs an additional computational cost. One 

of the popular strategies to select the PCE terms is the ‘total order expansion’ technique in which 

the PCE terms with the order of multivariate polynomials less than or equal to a given PCE order 

as given in Eq. (5) are retained. Here, the order of multivariate polynomials is obtained by taking 
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the summation of the univariate orthogonal polynomials; and, N
p  represents the set of multi-

indices or basis terms for a given PCE order p  and a number of random inputs N . 

 

1

: 0
N

N N
p k

k

p  


     
 

  
(5) 

The number of PCE terms using this truncation strategy can be given as in Eq. (6). 

  !
1

! !

p N p N
P

N p N

  
   

 
 

(6) 

The PCE was used initially with multivariate Hermite polynomials to represent Gaussian 

process, and it was found to have an 2L -convergence by Cameron and Martin [19]. However, 

Xiu and Karniadakis [20, 21] observed that the convergence is non-exponential for non-Gaussian 

random variables; and, hence, they proposed generalized Polynomial Chaos (gPC) Expansion so 

that the basis orthogonal polynomials could be selected from Askey scheme based on the 

probability distribution of the random inputs. For example, Legendre polynomials can be used 

for uniform random variables, and Hermite polynomials can be used for normal random 

variables. In addition to the Askey scheme, the PCE can be used for non-Gaussian random 

variables by using a transformation technique [61, 62] that transforms non-Gaussian random 

variables to Gaussian random variables so that the Wiener chaos can be employed. In case of 

random variables with non-standard distribution, the construction of orthogonal polynomials 

carried out as suggested in [63, 64] can be utilized.  

Furthermore, one of the most important requirements in PCE regarding standard input 

variables in  -space is that they should be independent of each other. Therefore, necessary 

transformations should be made from the original random variable in x -space to standard random 
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variable in  -space if required. Some of the methods to achieve this goal are Nataf 

transformation, Rosenblatt, Box-Cox, and Rackwitz-Fiessler, and it has been discussed in detail 

in [7].  

 Finally, the main step in finding PCE approximation is the estimation of PC coefficients for 

which Projection or Collocation can be utilized. Once the PC coefficients are obtained, the mean 

and variance of the stochastic response can be calculated analytically as given in Eq. (7). Also, 

since the explicit relationship between the random inputs and the stochastic response is known, 

the higher order moments such skewness, kurtosis, and the PDF can be calculated by using 

simulations without additional computational cost.  
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(7) 

6.2.1 Stochastic Point Collocation using Least-Squares 

The non-intrusive Collocation technique is one of the efficient methods for PCE [28, 29, 35] 

and is based on linear regression. The PCE approximation for a response, y using regression can 

be given as in Eq. (8).  

   ˆ ˆT Ty u a e      


 (8) 

In Eq. (8),  1 21   ... T
P    ,   0 1ˆ , ,...,

T

Pa a a a
,
 and   represent multivariate 

orthogonal polynomials evaluated at the sampling points, PC coefficients, and the truncation 

error due to PC expansion using finite terms, respectively. So, for a given design of experiments 

(DOE)     1ξ ,...,ξ S
T

N   with size sN  and corresponding function evaluations 
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    1 ,..., S
T

NY y y , Eq. (8) can be expressed as in Eq. (9) by dropping the expression for 

truncation error.  

 â Y   (9) 

In Eq. (9),  represents a measurement matrix of size  1sN P   and has components

  ξ i
ij j  . Therefore, using the least-squares approach which involves minimizing the sum 

of the squares of residuals in Eq. (8), the PC coefficients can be obtained by using Eq. (10). 

Here, T   is known as the information matrix since it contains information regarding the 

samples and the accuracy of PC coefficients.  

 
 1 2

ˆmin
Pa

a Y

  

 ;            1
ˆ T Ta Y


                           (10) 

Most importantly, the accuracy of the PC coefficients obtained using Collocation depends on 

the number of samples as well as sampling strategy used for the design of experiments. It is 

suggested that the number of samples should be greater than the number of PCE terms, i.e., 

 1sN P   to avoid over-fitting. In [28, 29], studies carried out using a number of samples 

equal to twice the number of PCE terms were found to yield good results. Similarly, different 

choices for sampling in Collocation are random space filling sampling, optimal sampling, and 

roots of orthogonal polynomials. 

6.3 Adaptive Polynomial Chaos Expansion 

In this section, the concepts that are required to develop an adaptive PCE proposed in this 

paper are provided. From here on, the basis adaptive PCE based on adaptive growth and 

refinement based on variance contribution of the PCE terms will be termed as ‘VARPCE’; and 
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the PCE constructed using this approach   ξVARPCEu  can be represented as in Eq. (11)  where M  

indicates the number of PC terms or size of the multi-index set, ,N VARPCE .   
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(11) 

 
6.3.1 Adaptive Basis Growth 

The traditional approach of improving the accuracy of the PCE model for a given number of 

samples involves increasing the PC order iteratively. So, when an  1
th

p   order PCE model is 

to be constructed based on the already available information of  thp  order PCE, the number of 

additional basis terms that should be added is given by Eq. (12), where  #  indicates the 

cardinality of a set.  
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(12) 

The expression given in Eq. (12) results in exponential growth of the additional terms with 

the increase in PC order which becomes more severe for higher dimensional problems and incurs 

a substantial increase in computational cost. To alleviate this effect, several strategies such as q-

norm strategy (hyperbolic index sets) based on ‘sparsity of effects’ and the ‘principle of heredity’ 

are implemented to select basis polynomials a priori. However, the rank and sparsity of the 

solution are generally unknown beforehand so that the significance of the basis polynomials 

cannot be determined a priori. This demands adaptive enrichment of basis polynomials so that 

maximum information can be extracted from a given number of samples. 

In this regard, an adaptive strategy for the enrichment of existing basis set, which includes 

polynomials with a maximum order p , with new orthogonal polynomials of a higher order 1p   
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is suggested by adding new orthogonal polynomials in chunks rather than adding all new 

orthogonal polynomials of order 1p   at once. The number of basis orthogonal polynomials, s  

to be included in a chunk is given by Eq. (13) based on rigorous experimentation with problems 

of different size and PC order studied in this paper. Note that each of the chunks is assigned an 

equal number of terms, however, if it is not possible then the last chunk contains the leftover 

basis polynomials after assigning the polynomials into different chunks of equal size as possible. 

Also, the number of chunks N  for an increment in PC order is given by Eq. (14), where     

represents the ceiling of a real number. The early form of this adaptive strategy was provided by 

the authors in [49] in which the enrichment of basis set was performed by adding one new 

polynomial at a time, i.e. 1S   . Although it was found to yield high accuracy results with less 

number of function evaluations, the computational cost increased substantially with the increase 

in dimension size and PC order due to the need for estimating PC coefficients a large number of 

times. Contrastingly, the enrichment of basis polynomials with size S  as in Eq. (13) requires 

less number of PC coefficients estimation and is more efficient.  

    1log * # N N
S p pN      (13) 

   

  1# N N
p p

N
S

 
 
  

  
 

(14) 

During this adaptive strategy, the set of basis polynomials or multi-indices is frequently 

updated by adding a chunk of basis polynomials ,N VARPCE
add to the previous basis set ,N VARPCE

old

which results in a new set of basis polynomials ,N VARPCE
new as given in Eq. (15). 
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 , , ,N VARPCE N VARPCE N VARPCE
new old add     

 

(15) 

Algorithm 1: Adaptive basis growth for PCE 

Inputs: Number of random inputs (N), PC order (p) 
Output: ,N VARPCE

new  

1. Generate higher-order multi-indices that represent basis polynomials for a given N  and 
1p    

2. Divide the additional basis set into chunks with the number of basis polynomials in a 
chunk given by Eq. (14).  

3. Add a chunk to the existing basis set to obtain an updated basis set as in Eq. (15) 
4. Estimate PC coefficients with the updated basis set for a given design of experiments 
5. If convergence is obtained then Stop 

Else Repeat Steps 3-4 until all new chunks are utilized 
 

Moreover, this adaptive basis enrichment is expected to reduce the computational cost for 

PCE further when used along with the basis truncation strategy which is explained in the 

following section.   

6.3.2 Basis Refinement based on its Contribution to Total Variance of Response 

Although the adaptive basis enrichment makes the problem somehow tractable, it becomes 

incapable when the number of basis terms already included in the basis set is substantially large. 

So, based on the idea that different basis terms have different contributions to the accuracy of the 

response, several basis terms can be neglected based on some criterion. In traditional approach 

such as in Analysis of Variance (ANOVA), the significance of each basis terms is tested using 

backward propagation by eliminating one basis term (regressor) at a time, which proves costly 

when the number of regressors is enormous. Hence, a truncation strategy that is based on the 

variance contribution of the basis terms to the total variance of response is proposed here to 

refine the basis terms during a post-processing step. Also, one of the advantages of this strategy 
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is that it does not require one to solve the least-squares problem again as in ANOVA to refine the 

basis terms. 

As given in Eq. (7), the variance of a response can be expanded in terms of a summation of 

the variance of the basis terms as given in Eq. (16) for VARPCE. Here, the first term 1a  is not 

included since it represents the mean of the response. Upon normalizing Eq. (16) with the 

variance of the response on both sides, Eq. (17) and Eq. (18) are obtained so that the sensitivity 

of the basis terms can be given as in Eq. (19).   
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Upon obtaining the sensitivity of the basis terms, the basis terms with sensitivity higher than 

a given tolerance told  can be retained whereas the negligible basis terms ,N VARPCE
R  can be 

neglected that results in a new refined basis set ,N VARPCE
refined as given in Eq. (20-21). 

 ( ) ,

( ) ,

,     then   
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k N VARPCE
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Algorithm 2: Truncation of the basis set using variance sensitivity of basis terms 

Inputs: tolerance for variance error ( trunc  ), ,N VARPCE
old  

Output: ,N VARPCE
refined   

1. Obtain the sensitivity of the basis terms using Eq. (19)  
2. Start truncation of basis terms by using 0.1told   

3. Calculate absolute percentage error of variance for refined basis set 
4. If the error is less than trunc  Stop 

Else divide the tolerance by a factor of 10, i.e. /10told .  

5. Repeat Steps 3-4 until tolerance is satisfied 

 

In this truncation strategy, the choice of told  hugely affects the size of refined basis terms and 

hence the accuracy of PCE solution. Using higher values for told  leads to discarding of a large 

number of basis terms at the expense of accuracy of the solution whereas smaller values improve 

the accuracy at the cost of a large number of basis terms similar to classical PCE. Hence, an 

iterative procedure to obtain an optimal value for told  is utilized here so that the absolute 

percentage error refined  of the variance of the response using the refined basis set in Eq. (22) 

compared to the variance of response using unrefined basis set ,N VARPC
old is very small 

 0.001 ~ 0.0001trunc  . 

 2 2
, , 4

2
,

*100% 10y full y refine
refined

y full

 





   
(22) 

6.3.3 Weighted-Least Squares (WLS) Analysis for PCE 

In addition to the basis terms used for PC approximation, the accuracy of the solution is also 

hugely affected by the accuracy of samples. In real practice, the samples are affected by the 

noise, and these samples with significant errors/noise in any experiments or computer 
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simulations are known as ‘outliers’ which have detrimental effect while using least-squares. 

Thus, it is essential to assign the weights to given samples such that high confidence is assigned 

to samples with small values of residuals.  

To this end, a weighted least-squares approach as given in Eq. (23-24) should be utilized 

iteratively until the weights of the outliers are minuscule. Here, W  denotes a diagonal matrix 

that contains the weights associated with the samples. The weights in our study are obtained 

using Huber’s weighting scheme [65] as given in Eq. (25) where ie  represents the residuals as 

given in Eq. (26) and ̂  is the standard error that represents the standard deviation of noise in 

the measurements. The standard error is obtained using the expression given in Eq. (27), where 

eSS is the sum of squares as given in Eq. (28), sN is the number of samples and M is the number 

of basis terms used in least-squares. 
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6.3.4 Sequential Adaptive A-Optimal Sampling  

Due to a huge number of function evaluations required for PCE when the number of random 

inputs is high, a sequential sampling plan should be utilized so that the previously obtained 

design of experiments old  can be reutilized as a subset of the new DOE new . This new DOE is 

obtained by adding a few additional samples add  to old  as given in Eq. (29).    

 new old add     (29) 

Although LHS design has been extensively used with PCE for UQ, one of the disadvantages 

of using LHS in adaptive PCE is that it cannot be fully-nested due to a high probability of 

overlapping of the intervals for new samples. Hence, a sequential sampling based on adaptive A-

optimal design is proposed here. 

The adaptive A-optimal design utilizes the updated basis set - therefore called ‘adaptive’ - 

obtained from Eq. (15) and Eq. (21) into account to obtain new sampling points *  for add . 

Furthermore, since it involves minimizing the trace of the inverse of the moment matrix as given 

in Eq. (30) which has an effect of reducing the average variance of the PC coefficients, it 

improves the accuracy of PC coefficients and overall accuracy of PCE solution due to Eq. (7). 

The Eq. (30) can be written in an alternative maximization problem as in Eq. (30) to avoid the 

inversion of the information matrix and reduce the computational cost. It is clear from Eq. (30-

31) that the presented adaptive strategy takes both the updated basis set and old into account and 

therefore has a high influence on the accuracy and computational cost as well.  It should also be 

noted that the optimization problem in Eq. (30-31) does not involve any actual function 

evaluations and the optimization algorithms such as genetic algorithm (GA) can be utilized.  
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6.3.5 Kullback-Leibler Divergence 

Some of the widely used convergence criteria for adaptive PCE are 2L  - norm and cross-

validation or leave-one-out error [46, 47]. However, although they provided a good measure of 

accuracy, the moments and PDF of the stochastic responses are not taken into account. 

Therefore, a strict convergence based on Kullback-Leibler Divergence (KLD) is utilized in our 

study to capture the true stochastic nature of the response. 

KLD is a technique to compare the similarity between two PDFs ( )p y and ( )q y  over same 

variable y , and it denotes the information lost when ( )q y  is used to approximate ( )p y [66]. 

Assuming discrete PDFs for ( )p y  and ( )q y  with ( ) 0p y   and ( ) 0q y  , the KLD of ( )q y  

from ( )p y  can be given as in Eq. (32) where KLDN  is the number of points in the PDF used for 

KLD. 
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(32) 

Also,  ( ) || ( ) 0KLD p y q y   and a minimal value of  ( ) || ( )KLD p y q y close to zero indicates 

two similar PDFs whereas values greater than or equal to one indicates dissimilar PDFs.  

In our algorithm, ( )p y is considered as the PDF of the PCE response obtained from the 

current iteration and ( )q y as the PDF from the previous iteration. Also, since the PDFs of PCE 

can be built during a post-processing step easily without any additional function evaluations, it 

does not add any significant computational cost, unlike cross-validation error.  

6.4 Methodology to build Adaptive PCE with Sequential Adaptive Sampling 

In this section, the concepts explained in earlier sections are utilized to build an adaptive 

framework for VARPCE with sequential adaptive sampling as shown in Fig. 6.1. It involves two 

loops-outer and inner- where the outer loop is for PC order whereas the inner loop is for adaptive 

basis enrichment and adaptive sampling as in Algorithm 1. 
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Figure 6. 1 The framework for building adaptive PCE with sequential sampling 
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First of all, once the problem definition such as the number and type of random inputs, the 

Quantity of Interest (QoI), accuracy, maximum PC order maxp , and so on are identified, the 

framework starts building a first order PCE model by utilizing substantially less number of 

samples. For instance, an LHS design with sample size equal to twice the number of PCE terms 

is selected here for first-order PC to avoid over-fitting issues. The reason behind using all first-

order PCE terms at once is because the response model is dependent on low order polynomials in 

general. Then, once the PC coefficients are estimated, WLS is implemented as in Eq. (24) to 

reduce the effect of residuals. It is followed by the implementation of Algorithm 2 to determine 

if some of the basis terms can be neglected. If any of the basis terms are neglected, then the PC 

coefficients are re-estimated using least-squares with the refined basis terms and the moments 

and PDF of the response generated using an inexpensive simulation of the PCE response are 

stored for next iteration. 

For PC order greater than second-order, the multi-indices that includes second order 

multivariate polynomials are generated and divided into N  chunks. It is then followed by basis 

enrichment of the old basis-set with a new basis in the chunks for PC approximation as in 

Algorithm 1. To avoid over-fitting issues, a sampling check is also performed to determine if the 

addition of samples is necessary. In our study, adaptive A-optimal sampling is performed only if 

the difference between the number of samples and the number of basis terms is less than a 

multiple of chunk size (i.e.   *S SN M t   , where t  is a positive integer). Using large values 

of t  results in sampling with classical PCE whereas using small values of t  (such that 2 ~ 4t  ) 

was found to be sufficient based on our empirical studies and it has been used in our framework. 

In some cases, the samples generated using adaptive A-optimal approach yields sampling points 

that are too close to each other and affects the space-filling property. Hence, a distance tolerance 
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of 0.01 (for uniform sample in the domain [0,1]) is used to check if the points generated with 

optimal sampling can be deemed as repeated points. In case the points are found to be repeated, 

then a new sampling point is generated using the maximin sampling such that the minimum 

distance of a new point relative to pre-existing sampling points is maximized. So, once the 

sampling test is performed, the PC coefficients are re-estimated.  

When the PC order is greater than or equal to two, the PDFs of the QoI obtained from the 

previous iteration and the current iteration is compared to estimate the KLD  as in Eq. (32). If the 

KLD  is less than some given tolerance, i.e., ,KL KL tolD D  for two to three successive iterations 

such that the solution has converged well, then a high-fidelity PCE response is obtained, and the 

framework stops. On the other hand, it continues with the addition of a new basis for a given PC 

order or increment of PC order followed by basis enrichment until convergence or maximum PC 

order is reached without any intervention. Note that a value of zero for KLD  is highly unlikely for 

two PDFs estimated numerically, hence small values for ,KL tolD  in the range of 6 410 10   is 

suggested for convergence. Furthermore, in keeping up with the error estimation using cross-

validation as in other available studies for PCE [46, 47], this framework also estimates and 

provides the leave-one-out cross-validation error of the converged solution. 

At first glance, this framework might seem computationally costly in terms of computing 

power since it involves the estimation of the measurement matrix   numerous times. However, 

this can be avoided by updating rows and columns of  shrewdly as given in Eq. (33-36) for 

four different cases of sampling and basis set. 

a). No refinement of basis set and no enrichment of design of experiments but the addition of a 

chunk (where add indicates a vector of new multivariate polynomials in a chunk) 
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  old
new old add     


 (33) 

b). No refinement of basis set but the addition of a chunk and enrichment of design of 

experiments with add   

  
   

old
old add

new add add
old add

 

   

 
  
 
 



   
(34) 

c). Refinement of basis set followed by addition of a chunk but no enrichment of design of 

experiments 

  old
new refine add     


 (35) 

d). Refinement of basis set followed by addition of a chunk and enrichment of design of 

experiments 

  
   

old
refine add

new add add
refine add

 

   

 
  
 
 



   
(36) 

6.5 Applications and Discussions 

The framework proposed in this study has been applied to analytical functions and numerical 

problems. Also, the comparisons of the proposed technique with regular Collocation (COLLOC) 

using twice the number of samples as PCE terms and a large number of LHS simulations are 

provided. The sparsity ratio of the PCE solution which is defined as the ratio of the number of 

basis terms in VARPCE solution to the number of basis terms in total order expansion by using 

maximum PC order in VARPCE solution (i.e. ,# / #N VARPCE N
p p   )  has also been utilized to 

analyze the basis refinement.  



217 
 

6.5.1 Two-Dimensional Analytical Problem 

The first application problem tested with the proposed framework is a two-dimensional 

analytical function as given in Eq. (37), and it has been previously studied by the researchers in 

[28, 29, 36, 49] as a benchmark problem for PCE. The random input variables in this problem 

are uniformly distributed, and both have a mean of 2.0 and PDF height of 0.7222. Also, the mean 

and standard deviation of the response obtained with the analytical solution are 0.079 and 1.124, 

respectively. 

   2
1 2log(1 )*sin(5* )f x x x 


 (37) 

First of all, the analysis of the results obtained with a single run of the framework is 

discussed. As seen in Fig. 6.2, the convergence of the absolute percentage error of mean and 

standard deviation, which was calculated by comparing moments at successive iterations, is very 

rapid for VARPCE than for COLLOC, and it also required less number of samples (47 compared 

to 156). When the samples size was almost 47 for VARPCE, no samples were added, and only 

the basis adaptivity was coming into effect that resulted in a vertical drop in the error. 

Contrastingly, the traditional approach does not involve basis adaptivity, and hence requires 

simultaneous addition of samples with the increase in PCE terms to decrease the error that leads 

to a requirement of a large number of function evaluations. Similarly, the rapid convergence of 

response PDFs with VARPCE than COLLOC was also observed as indicated by the faster 

convergence rate of KLD  (or KLD) in Fig. 6.3. 

The multi-indices of the converged PCE solution, which represent the basis terms, are 

provided in Fig. 6.4 from which it is clear that the solution with VARPCE is somehow sparse 

(sparsity ratio=0.55) due to the implementation of basis adaptive approach in which the 

negligible terms are discarded as indicated by the absence of solid blue squares inside the red 
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squares. Also, the inclusion of the higher order interaction terms as well as discarding of some 

low order terms in first random dimension suggests that it is more pragmatic to select basis 

polynomials in the post-processing step rather than selecting the basis set a priori. The high 

accuracy of the PDF obtained with VARPCE is clear from Fig. 6.5 in which the PDF is similar 

and almost indistinguishable to the bimodal PDF obtained with a huge number of LHS 

simulations.  

 

 

Figure 6. 2 The convergence of absolute 
percentage error of mean and standard 

deviation (Std) 

 
 

Figure 6. 3 The convergence of 
Kullback-Leibler Divergence 

The two-dimensional problem was also simulated for 40 different runs to verify the 

reliability of the proposed framework, and the summary of the results is provided in the box-plot 

in Fig. 6.6 in normalized form. Here, the small interquartile range for mean and standard 

deviation suggests less variation in the first two moments. Similarly, the significantly low values 

of the second quartile for actual KLD and leave-one-out cross-validation error (CVE) suggest the 

high accuracy of VARPCE. Also, the number of samples required with VARPCE was 

approximately 44 for most of the runs which is less than that required with COLLOC 

(approximately 156), and it contained approximately only 30 basis terms to capture the 
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variability of the response. In general, the absolute percentage of the average values of mean and 

standard deviation obtained 40 different runs was 0.076 and 0.035, thereby indicating high 

accuracy of the solution with VARPCE. 

 

 

Figure 6. 4 The multi-indices plot 
indicating the basis terms of PCE solution 

Figure 6. 5 Comparison of the PDFs 
of the response obtained with VARPCE 

and COLLOC to 1e+06 LHS simulations 

 

 

Figure 6. 6 The normalized box-plot for 40 different runs of analytical bivariate 
function with VARPCE 

 
Note: The normalization was carried out by dividing the corresponding values with ten times 

the second quartile as provided in the legends. Also, ‘M’ indicates the number of basis terms. 
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6.5.2 Three-Dimensional Analytical Problem (Ishigami Function) 

This second analytical problem as given in Eq. (38) is a smooth, non-linear, and non-

monotonous three-dimensional problem that has been widely used as a benchmark problem for 

sensitivity analysis [67, 68] and for PCE [46, 47, 49]. The random input variables are uniformly 

distributed with the domain bounded by [ , ]ix     for 1, 2,3i  .   

   2 4
1 2 3 1sin( ) 7*sin ( ) 0.1* *sin( )f x x x x x  


 (38) 

The results obtained with a single run of VARPCE for Ishigami function is provided in Fig. 

6.7 – 6.11. As seen in Fig. 6.7, the absolute percentage error is initially high for both VARPCE 

and COLLOC, which decreased substantially with a faster decay rate for VARPCE than 

COLLOC with subsequent iterations. The VARPCE also required substantially less number of 

samples (138 versus 1360). The rapid convergence of VARPCE was also obtained for PDFs as 

shown by the KLD values in Fig. 6.8, and the PC order to obtain the converged solution with 

VARPCE and COLLOC was 10 and 14, respectively. Furthermore, the sparsity of the solution 

with VARPCE was very high (i.e., sparsity ratio=0.039) which is clear from the plot of PC 

coefficients in Fig. 6.9. This sparse solution is due to the nature of the response in Eq. (38) which 

includes the interactions of random variables of order lower than two; and, this capability of 

VARPCE to yield sparse solution offers a massive advantage in terms of computational storage 

and memory. Lastly, the VARPCE was also able to provide highly complex bimodal PDF similar 

to that with 1e+05 LHS simulations as in Fig. 6.10 even though the number of samples used was 

meager. 

The 2-D projection of the sampling points obtained with sequential adaptive A-optimal 

design is provided in Fig. 6.11, and it is clear that the sampling points are widely and non-
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uniformly spaced. This sampling strategy is expected to perform better by incorporating some 

additional criterion such as based on the condition number of the information matrix. In Fig. 

6.12, the number of basis terms and the corresponding number of samples utilized during 

iterative construction of PC model with VARPCE are provided for different runs to check when 

the actual basis refinement starts taking place and when the samples are deemed sufficient. It is 

clear that these effects are coming into play only after a certain number of iterations as indicated 

by a massive decline in the number of basis terms in Fig. 6.12 (a) and the flat plateau suggesting 

no addition of samples in Fig. 6.12 (b) when a large number of mixed terms are neglected. As a 

consequence, it requires a slow growth in additional samples or no growth at all although basis 

enrichment is still being performed to improve the accuracy further.  

The Ishigami function was also simulated for 40 different runs to verify the reliability of the 

proposed framework, and the summary of the results is provided in the box-plot in Fig. 6.13 in 

normalized form. Similar to the bivariate problem, the small interquartile range of mean and 

standard deviation suggest high confidence in the estimation of moments with VARPCE. Also, 

the high accuracy of the PDF and response metamodeling is also suggested by the very small 

values of KLD and CVE, respectively. The comparison of the average values of the first two 

moments obtained with 40 different runs of VARPCE to that with exact values resulted in an 

absolute percentage error of 0.0235 and 0.0187, respectively. 
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Figure 6. 7 The convergence of absolute 
percentage error of Mean and Standard 

deviation (Std) 

Figure 6. 8 The convergence of 
Kullback-Leibler Divergence 

 

 

 

Figure 6. 9 The comparison of PCE 
coefficients obtained with VARPCE and 

COLLOC 

Figure 6. 10 Comparison of the PDFs 
of the response obtained with VARPCE 
and COLLOC to 1e06 LHS simulations 

 

 

  

Figure 6. 11 The 2-D projection of the samples obtained with adaptive A-optimal 
Sampling for adaptive PCE 
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a). Basis adaptivity (growth/refinement) b). Sequential Sampling 

Figure 6. 12 The plots demonstrating the simultaneous adaptive basis and Sequential 
sampling in the proposed framework 

 

Figure 6. 13 The normalized box-plot for 40 different runs of Ishigami function with 
VARPCE  

Note: The normalization was carried out by dividing the corresponding values with ten times the second quartile as 
provided in the legends. Also, ‘M’ indicates the number of basis terms. 
 
 
6.5.3 Stochastic Time-Dependent Response Estimation of a Duffing Oscillator 

The framework was also applied to stochastic time-dependent response estimation of a non-

linear single degree of freedom Duffing oscillator under free vibration with the equation of 

motion given as in Eq. (39) [59, 69]. This problem consists of three uncertain parameters ,  , 

and   which are in turn functions of uniform basis random variables as given in Eq. (40).  
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Figure 6. 14 Stochastic response of 
Duffing oscillator  ;ξu t  due to random 

input parameters 

Figure 6. 15 Comparison of the mean 
of the response  ;ξu t  obtained with an 

average of 40 runs of VARPCE and 
COLLOC with that of 10,000 LHS 

simulations 

 
 

Figure 6. 16 Comparison of standard 
deviation (Std) of the response  ;ξu t  

obtained with 40 runs of VARPCE and 
COLLOC with that of 10,000 LHS 

simulations 

Figure 6. 17 Absolute difference of the 
covariance obtained with LHS and 

VARPCE for the response of Duffing 
oscillator 
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As seen in Fig. 6.14, the response trajectory for a time interval of five seconds is highly non-

linear, oscillatory, and unperiodic for different realizations of the random inputs thereby 

suggesting a requirement of higher order PCE estimation of  ;ξu t  even though the number of 

random inputs is low. Also, since the accuracy of the PCE is known to be affected while 

performing long-time integration, the convergence of PDF of the response  5;ξu  was utilized 

to check the convergence of adaptive PCE.  

In Fig. 6.15 and Fig. 6.16, the average of the mean and standard deviation of the response 

trajectory obtained with 40 different runs of VARPCE and COLLOC are provided along with 

that of 10,000 LHS simulations. Here, the mean and standard deviation trend suggests that the 

response of Duffing oscillator is time-dependent and non-stationary. The mean and standard 

deviation of  ;ξu t  with VARPCE are seen to be perfectly matching with the LHS simulations 

in these plots. Furthermore, it required a lower PC order, and less number of samples than the 

COLLOC to satisfy the same convergence criterion. Most notably, the less number of terms in 

the final basis set ( 64M  ) of VARPCE compared to COLLOC ( 600M  ) will be extremely 

important for random vibration analysis since it requires less computational memory and storage 

of time-dependent PC coefficients and multi-indices. This stored PC coefficients and multi-

indices are also capable of providing PDFs of    ;ξu t for later analysis. Lastly, the covariance of  

 ;ξu t  was also estimated using VARPCE, and it was compared to that with LHS simulations. 

The low magnitude of the absolute difference of covariance of VARPCE and LHS simulations as 

in Fig. 6.17 suggests the high accuracy of the covariance matrix as well.   

Therefore, the feasibility of applying VARPCE for non-linear time-dependent response was 

verified with this Duffing oscillator problem. 
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6.5.4 Stochastic Natural Frequency Analysis of a Fiber Metal Laminate Composite 

Finally, the presented framework was implemented for large-scale free vibration analysis of a 

fiber metal laminate (FML) composite under the presence of uncertainty in input properties.   

Fiber metal laminate is a new hybrid structure consisting of alternating layers of metal and 

fiber-reinforced polymer composites that combines advantages of metal and fiber-matrix 

composites to yield enhanced impact damage tolerance and high resistance to fatigue [70, 71]. It 

has been extensively used in the fuselage and tail surfaces of Airbus A380 as well as cargo floors 

of Boeing 737. Moreover, since the aircraft is frequently subjected to dynamic loads while in 

service, it is imperative to perform a natural frequency analysis of FML under the consideration 

of uncertainties. 

To this end, a grade-3 Glass laminate aluminum reinforced epoxy (GLARE 3) FML 

rectangular panel with length 0.45a m   and width 0.30b m [72] was considered as shown in 

Fig. 6.18; the panel is clamped on all the four edges. It consisted of five-layered aluminum 

alloy/glass-reinforced plastic (GRP) material that included three layers of aluminum alloy and 

two layers of composites (with two plies in each layer) as shown in Fig. 6.19. The material and 

geometric properties of aluminum and S2-glass fiber composite used in the deterministic study in 

[72] was considered for our study by assuming 0.1 coefficient of variance (COV) for material 

properties/thickness and standard deviation of five degrees for orientation of the GRP plies as 

provided in Table 6.1. Also, the distribution of all the random inputs was considered to be 

Gaussian. Therefore, this problem consisted of 19 random inputs,  19

1i i



 - three and five random 

inputs for material properties of aluminum and GRP, respectively; seven random inputs for the 

thickness of both aluminum and GRP, and four random inputs for orientation of GRP layers.  
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At first, the mesh convergence for the deterministic FEA model was carried out to ensure the 

deterministic results matched well with that in reference [72]. This resulted in an FEA model 

with 625 QUAD4 elements as in Fig. 6.18 (a) and the first three modes of natural frequency 

using a deterministic approach are shown in Fig. 6.19. In our study, the samples for PCE were 

obtained by using MSC NASTRAN/PATRAN which involved solving an eigenvalues problem 

as in Eq. (41) to provide the natural frequencies ( / 2 ( )f Hz   ), where  ξK    is the 

global stiffness matrix,  ξM    is the global mass matrix, and  ξ  is the natural frequency. 

Table 6. 1 Statistics of the random inputs for stochastic natural frequency analysis of 
GLARE3 FML 

Material Properties Mean Std 
 
 
Aluminum 

Elastic Modulus,  AlE GPa  72.39 7.239 

Poisson’s ratio, Al  0.33 0.033 

Density,  3/Al kg m  2700 270 

Thickness,  Alt mm  0.3 0.03 

 
 
 
S-2 glass fiber 
composite 
(GRP) 

Longitudinal Modulus,  1,GRPE GPa  31.17 3.117 

Transverse Modulus,  2,GRPE GPa  31.17 3.117 

Poisson’s ratio, 12,GRP  0.098 0.0098 

In-plane Shear Modulus,  12,GRPG GPa  5.548 0.5548 

Density,  3/GRP kg m  2000 200 

Thickness,  GRPt mm  0.125 0.0125 

Orientation,    2 3 5 6, , , deg     (0,90,90,0) 5 
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a). Geometry, mesh, and boundary 
condition 

b). Stacking-sequence 

Figure 6. 18 The details of Fiber Metal Laminate used for Stochastic natural 
frequency analysis 

 

 

a). First mode (1,1) b). Second mode (2,1) 

 

c). Third mode (3,1) 

Figure 6. 19  The first three natural frequency modes of a Fiber Metal Laminate 
about the mean values of the random inputs 

Note: m  and n  indicates the number of half sine waves along x and y directions, respectively. 
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Table 6. 2 Comparison of the statistics of the first three stochastic natural frequencies 
of GLARE 3 fiber metal laminate obtained with VARPCE to that of COLLOC and 50,000 

LHS simulations 

Stochastic 
Natural 

Frequency 

LHS VARPCE COLLOC 
[Mean, Std] [Mean, Std]  , , sp M N  [Mean, Std]  , , sp M N  

 1 ξf Hz    [104.26, 7.83] [104.25, 7.86] (2, 168, 210) [104.24, 7.81] (2, 210, 420) 

 2 ξf Hz   [160.01, 12.04] [159.98, 12.09] (2, 168, 210) [159.98, 12.01] (2, 210, 420) 

 3 ξf Hz   [255.10, 19.17] [255.05, 19.24] (2, 168, 210) [255.05, 19.11] (2, 210, 420) 

Note: The VARPCE and COLLOC results represent the average of five different runs 

 
 

  

a). First natural frequency b). Second natural frequency 

  

c). Third natural frequency 

Figure 6. 20 The comparison of PDFs of the first three stochastic natural frequencies 
of a clamped GLARE 3 Fiber Metal Laminate obtained with LHS, VARPCE, and 

COLLOC 

Note: DET indicates deterministic responses about mean values of random inputs 
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Figure 6. 21 The comparison of PDFs of the first three stochastic natural frequencies 
of a clamped GLARE 3 Fiber Metal Laminate obtained with VARPCE 

 
      2| ξ ξ ξ | 0K M         (41) 

From the results provided in Table 6.2, it is clear that the accuracy of VARPCE is similar to 

that of LHS simulations for all the first three natural frequencies. For this problem, the COLLOC 

approach was implemented with second-order PCE, and the VARPCE required a maximum PC 

order of two for convergence. It is clear that the VARPCE contained less number of basis terms 

than COLLOC and it also required half the number of samples.  

As seen in Fig. 6.20, the mean values of the stochastic natural frequencies are slightly larger 

than the deterministic counterpart due to variation in the inputs. It is also clear that the PDFs 

obtained with VARPCE are in excellent agreement with that of LHS for all three modes. The 

KLD of VARPCE and COLLOC obtained by comparing with PDF of 50,000 LHS simulations 

was in the order of 1e-05 and 1e-07, respectively. This suggests a similar accuracy of VARPCE 

with COLLOC and LHS simulations although it contained less number of basis terms and 

utilized less number of samples. 

Furthermore, the comparison of the PDFs in Fig. 6.21 suggests that the variation of natural 

frequencies increases with higher modes. It further indicates that the influence of uncertainty in 
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inputs is more substantial for higher modes.  Also, the overlapping of tails of the PDFs suggests 

the unpredictability in the modes that are of high importance for performance and reliability 

estimation.  

6.6 Conclusions 

In this paper, a novel framework for PCE called ‘VARPCE’ was developed by implementing 

basis adaptivity and sequential sampling simultaneously to tackle the problems related to 

computational cost and accuracy. The basis adaptivity involved adaptive basis growth rather than 

utilizing a pre-defined basis set and identification of the most significant basis terms based on 

their contribution to the variance of response during a post-processing step. The primary purpose 

of using a sequential sampling approach was to reutilize the previous samples to form a new set 

of the design of experiments and allow the addition of new samples only when required. The 

estimation of new sampling points was based on the updated basis set and the previous set of the 

design of experiments with A-optimal design. Also, the weighted least-squares was implemented 

for the estimation of PC coefficients to minimize the effect of residuals, and a stricter 

convergence criterion based on Kullback-Leibler Divergence by comparing PDFs during 

iterative PCE approximation was implemented rather than just tracking the mean and covariance.  

Based on the results of analytical problems, the framework was found to be capable of 

yielding high accuracy moments with absolute percentage error in the range of 0.01~0.02. The 

PDF of PCE approximation with this framework was also found to be in excellent agreement 

with the PDF of a large number of LHS simulations, and the leave-one-out cross-validation error 

was similar to 1e-05 only thereby indicating high-fidelity of PCE for response surface 

metamodeling. Notably, the framework was capable of yielding sparse PCE when the underlying 

solution space was sparse as seen in Ishigami function. The application of the framework to 
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Duffing oscillator demonstrated its ability to accurately represent the first two moments as well 

as the covariance matrix of a highly non-linear oscillatory time dependent response. 

Furthermore, it was also capable of providing PDF of the response at any desired time within the 

specified time-interval efficiently since the information stored about the stochastic time-

dependent response is only a few numbers of PC coefficients and basis terms. Finally, the high 

accuracy of the framework was also observed in large-scale application to FML composite 

despite using less number of samples.  

Overall, the proposed framework required less number of samples and contained less number 

of basis terms than regular Collocation to provide similar accuracy. The application of basis 

adaptivity – both basis growth and basis refinement - was found to alleviate the curse of 

dimensionality whereas the sequential adaptive sampling led to the requirement of a less number 

of samples for desirable accuracy. The improvement in accuracy can be attributed to the 

inclusion of higher order basis polynomials as well as A-optimal design in which the average 

variance of PC coefficients was minimized that in turn reduced the variance of the approximation 

error; and, hence improved the accuracy of the PCE. 

Therefore, this new adaptive framework for building high-fidelity PCE of stochastic response 

offers many opportunities for UQ in various disciplines at low computational cost without 

compromise in accuracy. The future research includes its application for global sensitivity 

analysis and UQ of stochastic response with a non-standard probability distribution for random 

inputs.   
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7 CHAPTER 7 

EFFICIENT ADAPTIVE SPARSE POLYNOMIAL CHAOS EXPANSION WITH L1-
MINIMIZATION AND SEQUENTIAL SAMPLING 

Abstract 

A novel framework to obtain a sparse Polynomial Chaos Expansion (PCE) model of a 

stochastic response adaptively is proposed. It utilizes the fast L1-minimization scheme called 

truncated Newton interior point method (TNIP) to obtain the optimal PCE coefficients for an 

under-determined linear system. Here, the regularization parameter in L1-minimization is 

selected based on the Kullback-Leibler (KL) divergence criterion as opposed to the usual cross-

validation error scheme. Similarly, the Sobol Sequence sampling is integrated so that sampling is 

carried out sequentially. Most importantly, the framework selects the dominant PCE coefficients 

based on the variance contribution of the polynomials to the response variance thereby resulting 

in a sparse PCE model. Then, the PCE coefficients of the refined polynomials are recalculated 

using a least-squares approach to obtain the final PCE model. The convergence analysis of the 

uncertain responses is carried out based on a stricter convergence criterion called KL divergence. 

The framework is unique because it is capable of simultaneously carrying out adaptive basis 

polynomials selection and sequential sampling as compared to available algorithms for adaptive 

sparse PCE. Two analytical problems and stochastic natural frequency analysis of a cantilever 

composite laminate (involving 56 random variables) were studied to assess the advantages of the 

proposed framework in terms of accuracy and computational efficiency. The high accuracy of
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 the stochastic responses using few number of samples using the proposed adaptive algorithm 

compared to PCE using regression approach and a large number of random sampling simulations 

demonstrated its superiority. 

7.1 Introduction 

The ultimate goal of closely representing the complex physical phenomenon with 

mathematical models has been partially realized with the tremendous developments in 

computational resources and fast algorithms. However, due to the uncertainties that are existent 

in material and geometric properties, loading and boundary conditions, as well as the numerical 

and modeling errors, the accuracy and reliability of the existing deterministic algorithms are 

hugely affected [1-2]. This demands for embracing the probabilistic approaches in modeling and 

simulation. However, the probabilistic implementation is challenging due to its mathematical 

complexity as well as its computational cost which becomes unimaginable for high dimensional 

problems. Therefore, there is a dire need for the development of algorithms that can handle large 

dimensional stochastic problems by reducing the problem size and are capable of modeling the 

response with sparse representation. 

The traditional costly Monte Carlo Simulation [3] (MCS) technique has been replaced with 

efficient approaches such as Polynomial Chaos Expansion (PCE) in recent decades. Wiener 

initially proposed the PCE in 1938, where he implemented the Hermite chaos to represent a 

second order Gaussian random process [4]. The uncertain response is expanded as a spectral 

representation of the basis orthogonal polynomials and deterministic coefficients. In fact, the 

uncertain characteristics of the stochastic response are captured and stored by the PCE 

coefficients. Although the Hermite polynomials were used initially in PCE, the application of 

other orthogonal polynomials such as Legendre, Jacobi, Laguerre, Charlier, etc. based on the 



242 
 

distribution of random variables and Askey scheme was proposed by Xiu and Karniadakis [5-6]. 

In addition to the selection of orthogonal polynomials from Askey scheme, the construction of 

orthogonal polynomials for random variables of any arbitrary distribution was proposed in [7].  

The construction of a PCE model for an uncertain response can be carried out using two 

approaches: intrusive and non-intrusive. The intrusive approach requires the modification of the 

governing equations which becomes an arduous task for large-scale problems [8-12]. Also, this 

approach is not applicable to the existing deterministic commercial software which were 

developed spending a lot of time and effort. Therefore, PCE model of the uncertain response is 

usually built using the non-intrusive way which is compatible with the available deterministic 

simulation software as black-box [13-20]. The non-intrusive approach can be further categorized 

into three approaches: 1) Projection [13-15], 2) Least Squares or Regression [16-17], and 3) 

Polynomial Chaos Decomposition with Differentiation (PCDD) [18-19]. These three methods 

require a different number of samples or deterministic function evaluations to obtain the PCE 

coefficients and build a stochastic response model. The projection approach involves multi-

dimensional integration in which the number of samples required increases exponentially with 

the increase in dimension size. Similarly, the number of samples required with the least squares 

approach is at least twice the number of the PCE terms; and it is equal to the number of PCE 

terms for PCDD. Nevertheless, none of these methods are free from the ‘curse of dimensionality’ 

and cannot handle high dimensional problems.  

Therefore, the recent research in PCE has been focused on adaptive and sparse approaches to 

tackle the problem of the curse of dimensionality. For projection, the Smolyak Quadrature [21-

24] can be implemented to lower the requirement of a number of samples or selection of 

bivariate terms based on error indicator to test the interaction between two input variables can be 
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used [25]. Similarly, the use of q-norm truncation strategy that assigns more priority to low-order 

interaction terms and less priority to high-order interaction terms can be used [26-27]. This 

approach selects the basis polynomials a priori and can reduce the size of the stochastic problem. 

However, the low-order interaction terms that are assigned high priority in q-norm strategy can 

become negligible in some cases and has been illustrated by the authors [20] and Perk´o et al. 

[24]. Some of the other notable studies that focused on dimension size reduction of the stochastic 

problems include the multi-fidelity methods [28-29], reduced basis method [26, 30], and sparse 

approach [27, 31]. More recently, the research community has focused on implementing L1-

minimization approach to further reduce the required number of function evaluations. 

The implementation of L1-minimization to obtain sparse models with a few number of 

measurements has its origin in compressed sensing. Over the years, the L1-minimization has 

found its applications in image processing, machine learning, pattern recognition, and statistics 

[32-34], geophysics [35], data compression [36], face recognition [37]. The  L1-minimization is 

notable for its sparse representation capability as well as its ability to solve the under-determined 

linear system, and it is very effective when the solution space is very sparse. It has been 

implemented successfully for sparse PCE by the researchers [38-41] in recent years. However, 

some of the issues associated with L1-minimization to obtain adaptive sparse PCE such as 

selection of L1-minimization parameters, truncation of the PCE terms with negligible but non-

zero PCE coefficients, sampling strategy, and the convergence criterion to obtain a robust 

stochastic sparse model still needs to be addressed properly and has a lot of room for 

improvement.  

Therefore, the primary goal of this paper is to develop a new efficient framework by 

addressing these issues to obtain a robust sparse PCE model of the stochastic response. Hence, 
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the selection of L1-minimization regularization parameter that hugely impacts the accuracy and 

sparsity of the solution is proposed based on the Kullback-Leibler (KL) divergence of the 

probability density function (PDF) of the sparse PCE model rather than the cross-validation error 

scheme. Similarly, the sparse solution or PCE coefficients obtained with the L1-minimization are 

not necessarily zero, and therefore a truncation strategy to select the relatively important PCE 

terms based on their variance contribution to the total variance of the response has been 

implemented [20]. Furthermore, a sequential sampling strategy based on Sobol Sequence [42] is 

used to avoid over-fitting of the problem such that new samples can be added without affecting 

the space-filling property of the samples and allows the recycling of the previously evaluated 

function evaluations. Furthermore, a stricter criterion to determine the convergence of adaptive 

sparse PCE based on KL divergence that compares the PDFs of PCE model for successive 

iterations is used rather than just tracking the 2L -error or cross-validation error [20]. 

In Section 7.2, the concepts related to PCE, a sparse representation using L1-minimization, 

basis selection based on the variance of PCE terms, and KL divergence are presented. These 

concepts are then combined in Section 7.3 to develop an efficient stochastic framework. The 

application of this framework and discussions ensuing from the results are provided in Section 

7.4. Finally, the conclusions are provided in Section 7.5. 

7.2  Adaptive Sparse Polynomial Chaos Expansion based on L1-minimization 

7.2.1 Polynomial Chaos Expansion 

Wiener first proposed the PCE in his work ‘The Homogeneous Chaos’ in which a second-

order random process was expressed as a spectral representation in terms of multivariate Hermite 

polynomials of random inputs and deterministic PCE coefficients [4]. The PCE expansion of a 
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random response,  y f 


  with finite variance as given by Cameron and Martin [43] is 

provided in Eq. (1) using a truncated expansion. 

    
0

P

k k
k

y f a  


 
 

 
(1) 

In Eq. (1), the terms ka  represent the deterministic PCE coefficients,  k 


 represent the 

multivariate orthogonal polynomials,  1 2, ,..., d   


 represent the vector of standard normal 

variables, and  0,1,2,...,k P  represents the multi-index of the PCE terms. Originally, the 

multivariate polynomials,  k 


 consisted of multivariate Hermite polynomials and were found 

to have an 2L  - convergence for Gaussian random variables. However, the convergence is slow 

for non-normal random variables as shown by Xiu and Karniadakis [5-6], and they proposed 

generalized Polynomial Chaos (gPC) so that the other orthogonal polynomials could be selected 

from the Askey Scheme [44-45] depending on the distribution of the random input variables. For 

example, Legendre polynomials can be used for the uniform random variables, Jacobi 

polynomials can be used for random variables with Beta distribution. The original homogeneous 

can also be used with the non-normal random variables using a transformation technique as 

proposed by Isukapalli [46] and Devroye [47]. Lastly, the orthogonal polynomials for random 

variables of any arbitrary distribution can also be used in PCE as discussed by Witteveen [7].  

So, the multivariate orthogonal polynomials  k 


 which are obtained by taking the product 

of univariate orthogonal polynomials  ( )k
i

im
   and are based on the distribution of random input 

variables can be given as in Eq. (2). 
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In Eq. (2), the terms ( )k
im  indicate the multi-index or order of the univariate polynomials in 

the PCE expansion. The set of multi-indices for a problem with dimension size d  and PCE order 

n  is indicated as ( ),k n
dm  and it includes all the possible set of multi-indices with a sum greater 

than zero and less than or equal to PCE order,  as given in Eq. (3).  

 ( ), ( ) ( ) ( )
1 20 ...k n k k k

d dm m m m n       (3) 

Similarly, the total number of terms in PCE with a finite chaos order n  for a d -dimensional 

problem can be given as in Eq. (4).    

  !
1

! !

n d
P

n d


   

(4) 

In PCE, the multivariate polynomials are dependant on the random input variables and the 

stochastic nature of the uncertain response is captured and stored by the PCE coefficients. Hence, 

the main effort in finding the PCE model of the uncertain response involves the determination of 

coefficients using the intrusive or non-intrusive approaches as discussed in Section 7.1. Once the 

PCE coefficients are obtained, the moments of the uncertain response can be calculated as a post-

processing step using the PCE coefficients as given in Eq. (5).  

 
Mean: 0;y a  Variance: 

22 2

1

P

y k k
k

a 


  
(5) 

7.2.1.1 Projection Approach 

One of the methods for obtaining PCE coefficients using a non-intrusive approach is 

Projection [13-15]. This method involves the calculation of expectation of the product of 

n
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response and multivariate polynomials and involves the multi-dimensional integration as given 

in Eq. (6). Also, it simplifies the calculation using the orthogonality condition for the inner 

products as given in Eq. (7), where  w   represents the weighting function and ij  represents 

the Kronecker delta. However, since this method involves multi-dimensional integration, the 

required number of samples is unexpectedly large. The implementation of Sparse Grids using 

Smolyak quadrature somehow alleviates this issue. As an alternative for integration, the 

sampling or simulation techniques can be also be used to estimate the expectation in Eq. (6); 

however, the convergence is too slow and requires a large number of samples. 
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k k
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k kk k

E y y
a

E
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           2;i i i j ij j ijw d                  (7) 

7.2.1.2 Regression Approach using Least Squares (Collocation) 

The regression approach is the widely preferred non-intrusive method for obtaining a PCE 

model of the uncertain response due to its simplicity and ease of implementation [16-17]. It 

involves expressing the uncertain response as a PCE expression in Eq. (1) and represented by a 

shorthand notation in Eq. (8).  

   ˆTy f a  


 (8) 

where   1 21   ... T
P     and  0 1ˆ , ,...,

T

Pa a a a . Then, evaluating the response for 

a given design of experiments     1 ,..., SN
T

 
 

of size SN  and represented as     1 ,..., S
T

Ny y , the 
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PCE coefficients can be determined using the least squares approach by minimizing the sum of 

squares of residuals. Finally, the expression for PCE coefficients can be expressed as in Eq. (9). 

   1
ˆ T Ta Y


     (9) 

In the regression approach, the design of experiments can be chosen based on random 

samplings such as MCS, LHS, or Sobol sequence. It can also be selected based on the roots of 

the orthogonal polynomials. However, the number of sampling points in the design of 

experiments should be larger than the number of the terms in the PCE, i.e.,  1SN P   to 

prevent the over-fitting problem. It has been suggested that the number of sampling points 

should be almost twice the number of terms in the PCE [16-17].  

Similarly, the PCDD approach involves differentiation of PCE expression in Eq. (1) with 

respect to the basis random variables and calculation of higher-order sensitivities. The different 

techniques for differentiation can be used such as Finite-Difference, Modified Finite Difference, 

or automatic differentiation. The advantage of PCDD is that the number of samples required is 

equal to the number of PCE terms without using adaptive rules to obtain the similar accuracy as 

Collocation approach [18-19].  

7.2.2 L1-Minimization for Sparse Representation 

The best strategy to handle large stochastic problems is by reducing the stochastic problem 

size so that less number of samples can be used. In this regard, finding sparse representation has 

garnered widespread attention in the fields of image processing, signal processing, and data 

compression. 

In signal processing, the compressive sensing (CS) theory explains that a signal can be 

recovered by using a few number of measurements if the solution space is sparse [48-49]. 
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Therefore, for a given unknown signal, nx which has a sparse solution space, the signal 

recovery involves an optimization problem to find the sparsest solution to underdetermined 

systems of linear equations as given in Eq. (10). 

 *

0
min

x
x x subject to Ax y      (10) 

where dy is the measurement data, and dXnA  is an underdetermined full rank matrix, 

i.e. d n . Also, 
0

.  norm represents the non-zero coefficients. However, this is a non-convex 

combination problem and is non-deterministic polynomial-time hard; and, therefore the 

approximation to Eq. (10) can be obtained by using the L1-norm as given in Eq. (11) which 

includes the measurement error, e  in the signal (i.e. y Ax e   ). The solution obtained with L1-

norm minimization or L1-minimization, in short, has equivalent solution to Eq. (10) under 

conditions of sufficient sparsity [50].  

 2*

1 2
min

x
x x subject to y Ax        (11) 

where   represents the scalar tolerance. Another form for L1-minimization involves 

imposing a sparsity constraint on the regression variables, which is the least squares fit subject to 

a L1-norm constraint as given in Eq. (12). In the statistical community, this is also known as 

Least Absolute Shrinkage and Selection Operator (LASSO) by Tibshirani [51].  

 2*

2 1
min

x
x y Ax subject to x q       (12) 

Furthermore, the expression in Eq. (12) can be written in its augmented form as in Eq. (13) 

which is an unconstrained minimization problem. 

 2*

2 1
min / 2

x
x y Ax x        (13) 
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Therefore, the problem of finding the sparsest solution involves solving the expression given 

in Eq. (13) for which many algorithms are available [32, 37]. However, among these algorithms 

there is no clear winner regarding both accuracy and efficiency as discussed by Zhang [32] and 

Yang [37] based on its applications to a wide range of problems. However, the 1_l ls  solver 

which is based on the truncated Newton interior-point based method (TNIPM) [52-53] 

demonstrated the best or second-best performance for most of the applications, and it has been 

used in this study as well.   

This TNIPM method solves the L1-minimization problem in three steps [32, 52]. The first 

step involves transforming the unconstrained optimization problem into a constrained quadratic 

optimization problem with inequality constraints. It is followed by the second step in which the 

interior-point method is applied to obtain a new unconstrained smooth optimization problem that 

includes a logarithmic barrier function for constraints in the first step. Finally, the unconstrained 

smooth problem obtained in the second step is solved by using the truncated Newton method to 

obtain the sparse solution. 

7.2.2.1 Selection of Regularization Parameter      

The different L1-minimization formulations given in Eq. (11-13) involves scalar tolerances   

and q , and regularization parameter  . The expressions for these parameters are unknown a 

priori and should be calculated numerically. Furthermore, the choice of these parameters has a 

significant influence on the sparsity and accuracy of the solution [32]; and hence the selection 

should be made carefully. Usually, these parameters are selected based on the cross-validation 

error scheme, and this has implemented to obtain sparse PCE models by some of the researchers 

[27, 31, 41].  
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In the L1-minimization problem in Eq. (13), the large values of regularization parameter 

(when  ) tend to yield solutions which are very close to zero and provide less accuracy. On 

the other hand, the solution yields an accurate converged solution for small values  0   but 

at the expense of an increased number of steps to obtain a converged solution and increased 

computational time. Hence, a proper selection scheme based on the comparison of the 

convergence of the PDFs of PCE during the iterative analysis of adaptive PCE is proposed. 

To this end, the PCE models are built for a given chaos order using different values of  , 

starting with max and ending with min in a decreasing sequence using TNIP (i.e. max minitr     

). Here, the minimum value for   depends on the problem size and computational resources. 

Also, the values for itr are obtained by dividing the current values for   by an user defined 

integer factor, t to obtain the next value for   until reaching a minimum value, min . 

For the first PCE order, the 2L -error (
2L ) which is the mean of the sum of the squares of 

residuals are calculated for all values of  ; and the optimal value, optimal  which yields the 

minimum 2L  -error is selected. Onwards second chaos order, the new PDFs of the PCE models 

obtained with different values of   for a particular PCE order are calculated, and the Kullback-

Leibler divergence value  ||KLD p q  (which is described in sub- section 7.2.4) for each new 

PDFs are calculated with respect to the optimal PDF of previous PCE order. Then, the 

regularization parameter which yields the smallest value for KL divergence is selected as optimal . 

The selection criterion for optimal  is given in Eq. (14); however, it is to be noted that optimal  is 

obtained by performing the calculation for a predefined number of values for   rather than 

performing the actual optimization. 



252 
 

 
2

max min

min ;          for 1

min ;        for 2

L

optimal itr
KL

n
where

D n





   

   
 

   (14) 

7.2.3 Variance-Based Truncation for Sparse Polynomial Chaos Expansion 

The sparse solution to 1L  - minimization does not necessarily mean the PCE coefficients are 

zero. Therefore, a proper strategy should be employed to carefully select the important PCE 

terms and discard the negligible ones. In this regard, a truncation strategy based on the variance 

based sensitivity of the PCE terms as proposed by the authors is implemented [20]. It involves 

estimation of the variance contribution of the individual PCE terms to the total variance of the 

response and is calculated as a post-processing step. 

The expansion of the variance of response in terms of PCE coefficients and variance of the 

basis orthogonal polynomials can be given as in Eq. (15). 

 2 2 2 2 2 2 2 2 2
1 1 2 2

1

( ) ...
P

y k k P P
k

Var y a a a a    


       
(15) 

Therefore, the variance of the individual PCE terms in the normalized form can be 

represented as kd , which is also known as the variance-based sensitivity of PCE terms and is 

given in Eq. (16).  The sensitivity values must satisfy the condition in Eq. (17).   
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(16) 

 
1 2 ... 1Pd d d     (17) 

In this paper, the PCE terms with sensitivity values less than a given tolerance (i.e. tk old d ) 

are neglected whereas the PCE terms with sensitivity values greater than a given tolerance (i.e. 

tk old d )  are deemed as relatively important and are accepted. To provide a robust truncation 
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strategy, the told  is also selected iteratively in a decreasing sequence starting with 1 1told e   

such that the relative error of the variance of response with refined PCE terms as compared to the 

variance of response with original unrefined PCE is 1e-3. 

 2 2
, , 3

2
,

10y full y sparse

y full

 





   
(18) 

7.2.4 Kullback-Leibler Divergence as a Convergence Criterion 

The Kullback-Leibler (KL) divergence is used to measure two probability density functions 

( )p x  and ( )q x over the same variable x , and it indicates the amount of information lost when 

approximate  q x  is used to approximate accurate PDF ( )p x  [54]. Assuming the discrete PDFs 

for ( )p x  and ( )q x , the KL divergence of ( )q x  from ( )p x  can be given as in Eq. (19), w

 ||KLD p q here ( ) 0p x  and ( ) 0q x  . 

 
 

1

( )
( ) || ( ) ( ) log

( )

N
i

KL i
i i

p x
D p x q x p x

q x

 
  

 
  

(19) 

In Eq. (19),  ( ) || ( ) 0KLD p x q x   and  ( ) || ( ) 0KLD p x q x  only if ( ) ( ) 0i ip x q x  ; so the 

value of  ||KLD p q equal to or close to zero indicates the similar PDFs and values of greater or 

equal to one indicates very dissimilar PDFs.  

Since the probabilistic calculation demands for capturing the stochastic nature of the 

uncertain response rather than just predicting the response for a few given random input values; 

the KL divergence stands out as a suitable candidate that provides high accuracy moments in 

addition to estimating the convergence of PDFs. Therefore, the KL divergence has been 

implemented in our study to estimate the convergence of the PCE model of response rather than 



254 
 

other convergence criteria such as  2L  -norm and cross-validation or leave-one-out error [26-27] 

which do not account for the moments of the stochastic response. 

7.3 Framework for Adaptive Sparse PCE with Sequential Sampling 

The proposed framework as shown in Fig. 7.1 for building adaptive sparse PCE model 

incorporates all the concepts described in the previous sections, and additionally the sequential 

Sobol Sequence [42] sampling scheme which a quasi-random low-discrepancy space-filling 

sampling.  The low-discrepancy sampling means that new sampling points can be added to the 

existing sampling set without affecting the space-filling property of the existing sampling points.  

For example, a design with sample size N  can be obtained by adding one more sample to the 

design with size  1N   . 

 The algorithm starts with defining the problem, identifying the distribution parameters for 

random inputs, and selecting a maximum PCE order maxn  based on the dimension size of the 

problem for finding the high accuracy PCE model adaptively. Then, the multi-indices whose sum 

is equal to the current PCE order are generated and added to the multi-index set which is initially 

empty. For the first PCE order, samples equal to twice the number of PCE terms is generated. 

After obtaining the function evaluations, the L1-minimization algorithm is run with different 

values of the regularization parameter in a decreasing sequence as discussed in Section 7.2.2.  
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Figure 7. 1 Framework for adaptive Sparse PCE using sequential sampling 
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For L1-minimization using TNIP, the suggested value for max  is 2A y


 , and it is used in all 

applications problems whereas the value for min can be specified based on the problem size and 

the availability of computational resources. In the study carried out by Zhang et al. [32], high 

accuracy solutions were obtained with the regularization parameter in the range of 1e-4 to 1. 

After obtaining the best solution to L1-minimization by selecting optimal  as discussed in Section 

7.2.2, the PDF information is obtained and stored. This is followed by a sampling check that 

includes the addition of a new batch of samples with size addN  to the previous design, 

recalculating the solution to L1-minimization with optimal , and comparing the new PDF with the 

stored PDF. If the PDFs are similar, the sampling is stopped whereas if the PDFs are dissimilar, 

the old PDF is replaced with the new PDF followed by addition of a new batch of samples of 

size addN  and repeating the PDF comparison. This sequential sampling is repeated until ten 

times, and the algorithm exits the sampling check if the PDFs are dissimilar since the addition of 

samples does not necessarily improve the solution.  

Once the sampling check is completed, the dominant PCE terms for the solution obtained 

using L1-minimization with optimal  is selected based on the variance-based sensitivity of PCE 

terms. The PCE coefficients for the refined PCE terms are then re-calculated using least-squares 

and the PDF for this sparse PCE model is generated and stored. The algorithm then undergoes a 

convergence analysis check which tracks the magnitude of KL divergence of the PDF obtained 

with sparse PCE for different PCE order. If the magnitude of the KL divergence of the sparse 

PCE is less than the user-specified threshold value for KL divergence, thres
KLD and additionally has 

a decreasing sequence with the increase in PCE order for two successive iterations, this indicates 

the convergence of PCE model and the program stops. On the other hand, if the convergence is 
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not observed and also if the PCE order is less than maxn , then sparse PCE multi-indices replaces 

the old multi-indices in the multi-index set. This is followed by an increment in PCE order and 

running the whole loop again until convergence, or maximum PCE order is reached at which the 

program exits and returns the summary of the results for all PCE order. 

7.4 Applications and Discussions 

The proposed framework has been applied to two complex analytical problems and a high-

dimensional composite laminate problem. The results are provided and discussed in this section.  

7.4.1 Ishigami Function 

The algorithm proposed in this paper is first applied to an analytical problem called Ishigami 

function which is highly non-linear and non-monotonous [20, 55, 56]. The expression for this 

three-dimensional problem is given in Eq. (20). The response function is dependent on three 

input variables, ,{ 1,2,3}ix i   which are uniformly distributed over the interval[ , ]  .   

   2 4
1 2 3 1sin( ) 7*sin ( ) 0.1* *sin( )f x x x x x  


 (20) 

The first two moments of the converged solution for Ishigami function obtained with the 

proposed algorithm are provided in Table 7.1 along with the exact results, Sobol Sequence (SS) 

Sampling simulations, and regular collocation (COLLOC). From this table, it is clear that high 

accuracy results are achievable using fewer number of samples than the other approaches with 

Sparse-PCE. Here, both the Sparse-PCE and COLLOC converged with PCE order, 14n  . The 

convergence trend (to satisfy Kullback Leibler divergence value of less than 1e-06 for two 

successive iterations) and the accuracy of the response are further provided in Fig. 7.2 - 7.7. 

As seen in Fig. 7.2, the convergence pattern of the absolute percentage error in mean and 

standard deviation with Sparse-PCE and COLLOC are similar for low PCE order; however, the 
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convergence with Sparse-PCE is observed to be rapid than that of COLLOC for higher PCE 

order. Also, the convergence pattern of the COLLOC is highly fluctuating than that of Sparse-

PCE. It is to be noted here that the absolute percentage errors are calculated with respect to the 

previous iteration moments. The convergence using 2L -error is provided in Fig. 7.3 and it can be 

seen that similar or better accuracy is attainable with Sparse-PCE using a smaller number of 

samples than COLLOC although with high oscillations for low PCE order. On the other hand, 

similar Kullback Leibler Divergence values were obtained with both Sparse-PCE and COLLOC 

for the initial low PCE order as in Fig. 7.4. The converged solution with Sparse-PCE resulted in 

KL divergence value of zero which suggests a fully converged PDF as compared to an 

approximate value of 1e-07 for COLLOC. The converged PDFs are provided in Fig. 7.5 which 

demonstrated the high accuracy and ability of the proposed algorithm to capture the complex 

bimodal nature of the PDF using a smaller number of samples than COLLOC and SS 

simulations.  

Furthermore, the PCE coefficients for the converged solution are plotted in Fig. 7.6. It is 

clear from this plot that the high accuracy results of response model obtained with Sparse-PCE 

only includes the significant terms as compared to COLLOC which includes a large number of 

negligible terms with PCE coefficients close to zero. This feature demands less computational 

memory and storage which provides the vantage for Sparse-PCE over COLLOC. Furthermore, 

the number of samples utilized during adaptive PCE generation is provided in Fig. 7.7. It is clear 

from this plot that the number of samples with the increase in PCE order for Sparse-PCE is non-

exponential as compared to COLLOC. In Sparse-PCE, the samples are only added if the KL 

divergence value is larger than that of the previous iteration; however, the addition of samples 

only is not capable of capturing the uncertain response behavior thereby suggesting higher PCE 
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order. Hence, a limited number of samples are added iteratively, and the PCE order is increased 

to deal with under-fitting. This phenomenon was observed as fluctuations in the convergence of 

KL divergence for both Sparse-PCE and COLLOC in Fig. 7.4. Nevertheless, the implementation 

of adaptive sequential sampling as mentioned in the proposed algorithm offers substantial 

computational savings by requiring a less number of expensive function evaluations.  

  

Figure 7. 2  Absolute percentage error 
of mean and standard deviation 

Figure 7. 3 Convergence using 2L  -Error 

with PCE order 

 

 

Figure 7. 4 Convergence in terms of 
Kullback Leibler Divergence with PCE 

order 

Figure 7. 5 PDF of the Ishigami function 
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Figure 7. 6 PCE coefficients of a 
converged solution 

Figure 7. 7  Required number of samples 

 

Table 7. 1 The comparison of the results obtained with Sparse-PCE, Regular 
Collocation, and Sobol Sequence Sampling Simulation for Ishigami function 

Method Samples Mean Standard 
Deviation 

Exact - 3.5000 3.7208 
Sobol Sequence 

Simulation 
1e+06 3.5001 3.7218 

Sparse-PCE 72 3.5001 3.7208 
Regular Collocation 1,360 3.5000 3.7208 

 

7.4.2 Sobol Function 

The proposed algorithm has been also applied to a high-dimensional problem with eight 

random variables called ‘Sobol function,’ which is widely used for the study of global sensitivity 

analysis [56-58] as given in Eq. (21).  
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For this problem, the input variables ,{ 1,2, ,...,8}ix i   are uniformly distributed over the 

interval [0,1]. Similarly, the values of the constants ,{ 1,2, ,...,8}ia i   are given as 

[1, 2,5,10,20,50,100,500]a  . The first two moments obtained with the converged solutions (for 
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decreasing trend of KL divergence below 0.1 for two successive iterations) are provided in Table 

7.2 for Sparse-PCE and regular collocation (COLLOC) in addition to the 1e+06 SS simulations. 

Here both the methods converged with PCE order, 7n  . From this table, the accuracy of 

Sparse-PCE is observed to be similar to that of COLLOC with few number of samples when 

compared with respect to the SS simulations. The error in mean and standard deviation is only 

0.1 % and 0.2 %, respectively for Sparse-PCE and is lower than that of COLLOC.   

Similarly, the convergence of absolute percentage error in mean and standard deviation for 

both the Sparse-PCE and COLLOC are provided in Fig. 7.8. In this plot, the convergence of 

error in mean for Sparse-PCE is found to be rapid than for COLLOC. On the other hand, the 

convergence of error in standard deviation for Sparse-PCE is found to be slower than that of 

COLLOC. Interestingly, the convergence behavior of the moments was found to be non-

monotonic and fluctuating for both sparse-PCE and COLLOC even though the sequential 

sampling was used for both the methods. This suggests that only the number of enough samples 

is not sufficient to capture the proper characteristic of the uncertain response. 

Furthermore, the convergence trend with an increase in PCE order in terms of 2L -error is 

provided in Fig. 7.9. In this plot, the error is found to be decreasing with the increase in PCE 

order for both the Sparse-PCE and COLLOC. However, the 2L -error value is smaller for 

COLLOC because of a large number of PCE terms as well as a large number of samples used for 

COLLOC than the Sparse-PCE. On the other hand, the error is found to be decreasing slowly 

using adaptive sequential sampling with Sparse-PCE. Moreover, rapid convergence of Kullback 

Leibler (KL) Divergence is observed for Sparse-PCE than for COLLOC as shown in Fig. 7.10. 

This rapid convergence behavior underlines the desirable characteristic of the proposed 

algorithm as compared to COLLOC and other simulation methods. The unimodal PDFs of the 
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response obtained with three methods are provided in Fig. 7.11 where the PDF obtained with 

Sparse-PCE using only 52 polynomials is found to be almost similar to the PDF of COLLOC 

using 6,435 polynomials and a large number of SS simulations. Surprisingly, both the Sparse-

PCE and COLLOC were not able to capture the response behavior at the peak. 

  

Figure 7. 8  Absolute percentage error 
in mean and standard deviation 

Figure 7. 9 Convergence using 2L  -Error 

with PCE order 

  

Figure 7. 10 Convergence using 
Kullback Leibler Divergence with PCE 

order 

Figure 7. 11 PDF of the Sobol function 
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Figure 7. 12  PCE coefficients of a 
converged solution 

Figure 7. 13 Required number of 
samples 

 

Table 7. 2 The comparison of the results obtained with Sparse-PCE, Regular 
Collocation, and Sobol Sequence Sampling Simulation for Sobol Function 

Method Samples Mean Standard Deviation 
Sobol Sequence 

Simulation 
1e+06 1.0000 0.3710 

Sparse-PCE 216 0.9990 0.3702 
Regular Collocation 12,870 1.0013 0.3743 

 

The advantage of Sparse-PCE over COLLOC in terms of computational memory and 

computational cost is also visible from Fig. 7.12 and Fig. 7.13, respectively. In Fig. 7.12, the 

number of PCE terms for the converged solution with Sparse-PCE is very less (with sparsity 

ratio of 0.008) than that of COLLOC (52 as opposed to 6,435); thus it requires less storage and 

memory requirements. However, the large number of terms in COLLOC not only demands a 

large number of samples but it also makes the problem intractable. Similarly, the number of 

samples required with Sparse-PCE is substantially fewer than that of COLLOC (216 as opposed 

to 12,870); thus it requires few number of function evaluations thereby providing a huge 

computational advantage. 
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7.4.3 High-Dimensional Stochastic Natural Frequency Analysis of a Cantilever Composite 

Laminate (56 Random Variables) 

As an application to an engineering problem, the proposed framework has been applied for 

the stochastic natural frequency analysis of a fiber-reinforced composite laminate. The 

deterministic model was created using the properties given by Crawley in [59]. It consisted of a 

cantilever composite laminate with length a=76 mm, width b=76 mm, and total thickness t=1.08 

mm. The laminate was clamped at the left-edge with displacements and rotations 

   , , 0,0,0u v w   and    , , 0,0,0x y z    , respectively whereas the remaining edges are left 

free to simulate a cantilever beam as in Fig. 7.14. The stacking sequence of this quasi-isotropic 

laminate was 0 0 00 / 45 / 90
s

   , and the ply thickness was 0.13 mm. The material properties of 

the deterministic model are the mean values provided in Table 7.3. So, using the described 

properties for the laminate, an FEA model was created as shown in Fig. 7.14 using 225 QUAD4 

2D-shell elements. The validation of the deterministic FEA model was carried out by comparing 

the current FEA results with that in [59] as given in Table 7.4. The first three natural frequency 

modes using the deterministic values of the laminate are provided in Fig. 7.15. It is seen that the 

first mode involved bending, the second mode involved torsion, and the third mode involves 

chordwise-bending. 

The deterministic FEA model was then utilized along with the random properties provided in 

Table 7.3 to run the stochastic natural frequency analysis with 56 random variables ( 1,iE , 2,iE , 

12,i , 12,iG , i , it , i )  where i=1,2,…,8 so that each ply has seven random variables. Therefore, a 

stochastic approach resulted in the different natural frequency values for FEA run with a 

different set of random inputs. The accuracy and computational efficiency of the proposed 
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method were studied along with 50,000 Sobol Sequence Sampling simulations and regular 

collocation using the least squares approach.  

The statistics obtained with these methods are provided in Table 7.5. In this table, the 

accuracy of the statistics obtained with Sparse-PCE is seen to be excellent for all first three 

natural frequencies. The accuracy of the Collocation was also high. However, the computational 

advantage of the Sparse-PCE compared to Collocation to obtain the similar accuracy results is 

obvious from Table 7.6. Here, the final PCE model obtained with Sparse-PCE is sparse 

containing few number of PCE terms which was obtained using less number of samples than 

Collocation. In general, the variance was found to be increase for higher natural frequencies. 

This in turn had an effect on the number of samples and the number of PCE terms as response 

with larger variance required more number of PCE terms to capture the stochastic behavior.    

Table 7. 3 Random material properties of the plies for stochastic natural frequency 
analysis of an eight-ply  1,2,...,8i   cantilever composite laminate 

Properties Mean Std 
Longitudinal Modulus,  1,iE GPa  128 12.8 

Transverse Modulus,  2,iE GPa  11 1.1 

Poisson’s ratio, 12,i  0.25 0.025 

In-plane Shear Modulus,  12,iG GPa  4.48 0.448 

Density,  3/i kg m  1500 150 

Ply thickness,  it mm  0.13 0.013 

Orientation,  1 2 3 4 5 6 7 8/ / / / / / /         0 0 00 / 45 / 90
s

    05  

   Note: The random inputs were considered to have a Gaussian distribution 
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Figure 7. 14 The geometry, boundary conditions, and mesh of the composite laminate 
used for the stochastic natural frequency analysis 

 

 

 

a). First natural frequency b). Second natural frequency 

 

c). Third natural frequency 

Figure 7. 15 First three natural frequency modes obtained with the deterministic FEA 
model using mean values of the random inputs 
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Table 7. 4 Comparison of the first three natural frequencies of the deterministic FEA 
model used in this study with that of experimental and reference FEA results [59] 

Natural 
Frequency 

Experimental 
(Hz) 

Reference FEA 
(Hz) 

Present study FEA 
(Hz) 

1f  196.40 224.30 222.02 

2f  418.00 421.80 415.58 

3f  960.00 1012.00 985.22 

 

Table 7. 5 Comparison of the statistics of the first three natural frequencies of a 
cantilever composite laminate obtained with Sparse-PCE and Collocation to that of 50,000 

Sobol Sequence Sampling simulations 

Stochastic 
Natural 

Frequency 

Sobol Simulations Collocation Sparse-PCE 
Mean (Hz) Std (Hz) Mean (Hz) Std (Hz) Mean 

(Hz) 
Std (Hz) 

 1f 


 219.21 11.77 218.95 11.29 219.19 11.76 

 2f 


 412.56 18.82 412.51 18.87 412.50 18.81 

 3f 


 982.40 47.73 982.21 47.66 982.20 47.51 

 

Table 7. 6 Comparison of the computational efficiency of Sparse-PCE with Collocation 
in terms of number of terms in the PC expansion and number of samples used 

Stochastic 
Natural 

Frequency 

Collocation Sparse-PCE 

Number of 
polynomials 

Number of 
samples 

Number of 
polynomials 

Number of 
samples 

 1f 


 1653 3306 172 1000 

 2f 


 1653 3306 282 1500 

 3f 


 1653 3306 444 1500 
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a). First natural frequency b). Second natural frequency 

 

 

c). Third natural frequency 

Figure 7. 16  PDFs of first three natural frequencies using Sparse-PCE, Collocation, 
and Sobol Sampling simulations 

 

Also, the PDFs of the first three natural frequencies obtained with Sobol Simulations, 

Collocation, and Sparse-PCE are provided in Fig 7.16. The PDF plots appeared to be somewhat 

Gaussian since all the random input variables considered are Gaussian. Mainly, the overlapping 

of the Sparse-PCE PDFs of the first three natural frequencies with that of PDFs obtained with 

Sobol Simulations indicates the high accuracy of the PCE models with the proposed framework. 

This also corroborated the assertion regarding the computational benefit of the framework. 
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Furthermore, the sparse PCE models were capable of capturing the stochastic behavior of the 

responses using only a few important basis polynomials. Lastly, the plot of the first three natural 

frequencies together obtained with the framework in Fig. 7.17 suggests that the influence of the 

random input properties is high for the higher modes than the lower mode.   

7.5 Conclusions 

In this paper, we proposed a novel framework to build an adaptive sparse PCE model based 

on L1-minimization and sequential sampling. This framework addressed the issues in the 

implementation of L1-minimization for PCE by presenting new approaches such as selection of 

regularization parameter based on KL divergence, truncation of negligible basis polynomials 

based on variance sensitivity to form a sparse PCE, and implementation of KL divergence to 

check the convergence of the responses. It allowed the simultaneous PCE order increment 

including basis polynomials selection and sequential sampling as compared to other prevalent 

methods that implement L1-minimization for sparse PCE.  

 

Figure 7. 17 First three natural frequencies of an eight layered cantilever composite 
laminate obtained with Sparse-PCE 
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The framework was applied to a three-dimensional and an eight-dimensional analytical 

problems as well as stochastic natural frequency analysis of a cantilever composite laminate with 

56 random variables. For the three-dimensional problem, the algorithm provided high accuracy 

result in mean with 0.0022 % error and yielded exact standard deviation with only 72 samples as 

compared to 1,360 samples for regular collocation. Similarly, the error in the mean and standard 

deviation of the eight-dimensional Sobol function was only 0.1% and 0.2 %, respectively with 

only 216 samples as compared to 12,870 samples with regular collocation for similar accuracies. 

The framework also yielded satisfactory results for very high-dimensional composite laminate 

problem as high-fidelity stochastic natural frequencies PCE models were obtained using less than 

half of the samples used in Collocation. The sparsity of the composite laminate problem was also 

found to high as sparsity ratio of less than 0.3 was obtained.   

Therefore, the proposed framework successfully demonstrated a massive computational cost 

reduction to build a Sparse-PCE model without compromising accuracy. The future research 

includes the implementation of different sequential sampling strategies and the application of the 

framework to large-scale multi-physics problems.   
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8 CHAPTER 8 

SUMMARY AND FUTURE WORK 

8.1 Summary 

The primary goal of this dissertation was to explore strategies and propose new algorithms 

that will enhance the performance of non-intrusive Polynomial Chaos Expansion (PCE). Mainly, 

the priority was given to maintain a proper balance between accuracy and computational cost, 

which is an immensely challenging problem for complex and high-dimensional problems. In 

addition, by considering the importance of composite structures in engineering disciplines, the 

uncertainty quantification of composites with the proposed algorithms was extensively studied 

for performance and reliability estimation as well as progressive failure analysis. 

To begin with, a comprehensive literature review of PCE was carried out, and the critique 

regarding different available techniques for PCE was provided in Chapter 2. The chapter 

encompassed different techniques for PCE starting from its initial implementation such as 

intrusive PCE with Galerkin Projection, current popular techniques such as non-intrusive 

implementation with Pseudo-spectral Projection (NISP) and Collocation, and future direction of 

PCE with adaptive implementation. It also discussed efficient multi-dimensional integration 

techniques by using Sparse Grids with Smolyak’s formula for NISP. Similarly, the accuracy of 

the Collocation is also hugely influenced by the choice of sampling; hence, space filling and 

optimality based sampling were also discussed. The chapter also provided several strategies for 

improving the performance of PCE such as adaptive basis growth/refinement, adaptive sampling,
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 implementation of compressed-sensing techniques such as 1L  -minimization, and anisotropic 

expansion based on Global Sensitivity Analysis (GSA). Also, various error criterion that can be 

utilized to estimate the convergence of PCE during iterative analysis was also discussed. 

In Chapter 3, a new non-intrusive method for PCE called Polynomial Chaos Decomposition 

with Differentiation (PCDD) was proposed. The PCDD utilized higher-order sensitivities of the 

responses, and it required an equal number of samples as the number of basis terms of PCE, 

which is less than that required by prevalent techniques such as Projection and Collocation 

without using any adaptive implementation. In addition, a new method for estimation of higher-

order sensitivities called Modified Forward Finite Difference based on Taylor Series Expansion 

was proposed. From the application of the algorithm to analytical and composite laminate 

problems, high-accuracy PCE models were obtained. In some cases, the PCDD yielded high 

accuracy than Collocation despite using half the number of samples. The analysis of the 

analytical problems also demonstrated the high accuracy of the ModFFD for sensitivity 

estimation which was found to be similar to results with analytical differentiation. 

Considering the rapid growth of the application of composite structures in engineering and 

the pursuit of superior performance while ensuring safety, a stochastic framework for multi-scale 

modeling of composite structures using PCDD was developed. This framework was able to 

account for the influence of uncertainties existing at micro-scale and macro-scale of composites 

and was able to carry out stochastic buckling and reliability analysis. The framework was applied 

to laminate with different stacking sequences and different loading conditions. From the results, 

the framework was found to be capable of providing accurate stochastic analysis similar to 

10,000 Latin Hypercube Sampling (LHS) finite-element simulations. So, this framework allows 
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for efficient UQ of composites that will be crucial in improving the performance as well as 

enhancing the safety of composite structures.   

In addition to the performance and reliability estimation, the UQ for progressive failure 

analysis of composites using efficient approaches is of high significance in the composites 

community because of the associated costly FEA runs. The actual failure of composites occurs 

on a ply-by-ply basis so that it is capable of carrying loads beyond the first-ply-failure (FPF) 

load. However, the last-ply-failure load, which suggests the complete failure of a structure, is 

hugely affected by the presence of uncertainties in material properties and must be appropriately 

estimated. Therefore, a stochastic framework for PFA of composites was proposed in Chapter 5. 

The framework was also capable of performing Global Sensitivity Analysis (GSA) that provides 

information regarding the relative importance of random inputs as a post-processing step, and 

offered new methodology for sensitivity estimation instead of using a large number of 

simulations. The framework was applied to composite laminate with a circular cut-out as a case 

study and provided invaluable information with an affordable number of FEA calls.  

While the PCDD was found to be suitable for a moderate number of random inputs, the 

number of basis terms increases exponentially with an increase in the order of PCE. Hence, it 

becomes less feasible when the number of random inputs are large and the cost of a single 

function evaluation is cost prohibitive. Hence, this requires the implementation of adaptive 

techniques for PCE, and therefore an adaptive algorithm based on weighted least-squares called 

‘VARPCE’ with basis adaptivity- adaptive basis growth and basis refinement- along with 

adaptive sampling was developed in Chapter 6. The sampling was also carried out sequentially 

so that the previously evaluated samples are reutilized for next set of the design of experiments. 

The application of the algorithm to several benchmark problems and the composite laminate 
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problem showed that it is capable of mitigating the excessive growth of basis terms and requires 

less number of samples. The final PCE solution also contained less number of basis terms and 

was found to have high accuracy.  Notably, the application of this algorithm to time-dependent 

Duffing oscillator demonstrated its capability to capture stochasticity of the highly non-linear 

and oscillatory response with minimum effort. Furthermore, the algorithm was capable of 

yielding sparse PCE when the underlying solution space was sparse. 

While the VARPCE with the adaptive weighted least-squares approach developed in Chapter 

6 yielded high accuracy results, it suffers from accuracy due to over-fitting issues when the 

number of samples is very less. So, an adaptive algorithm for PCE based on 1L  -minimization 

with sequential Sobol sampling is proposed in Chapter 7. The implementation of 1L  -

minimization allows one to solve the under-determined system so that the accuracy of PCE is 

affected minimally when the number of samples are minuscule. Also, the utilization of sequential 

Sobol sampling allows the addition of new samples without affecting the space-filling property 

of the design of experiments. Furthermore, a convergence criterion based on the comparison of 

the PDFs of responses was proposed to improve the fidelity of the PCE model. The application 

of this algorithm to analytical problems and composite laminate demonstrated highly desirable 

accuracy and it required far less number of samples than the algorithms developed in previous 

Chapters. Furthermore, it resulted in a sparse PCE solution which will be vital in terms of 

computational memory and storage for PCE models of vector-valued responses. 

In a nutshell, the objective of devising new algorithms for non-intrusive PCE by maintaining 

a proper balance between accuracy and computational efficiency was successfully achieved by 

proposing three new algorithms for PCE. Furthermore, the feasibility of these algorithms to 
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practical engineering problems was also successfully demonstrated by developing stochastic 

frameworks for UQ of composite structures and applying it to numerous problems. 

8.2 Future research 

While the primary objectives of this dissertation was accomplished successfully, the beauty 

of the algorithms developed in this dissertation is that they can still be modified by incorporating 

new strategies. Furthermore, these algorithms can be applied to any disciplines whenever the 

deterministic codes are available. It can also be applied to experimental studies where the 

information regarding the random inputs are known, and the responses are obtainable from 

experimental tests.  

Some of the ongoing and future research ensuing from this dissertations are given below: 

 The PCDD developed in this algorithm utilized full basis terms for PCE; however, as 

observed in later studies, many basis terms are in fact negligible. Hence, it will be 

interesting to implement PCDD in an adaptive manner  

 The implementation of Global Sensitivity Analysis (GSA) for anisotropic expansion in 

addition to basis adaptivity implemented in Chapter 6 is expected to reduce the number of 

samples required further. However, the decision regarding when to consider a random 

variable as deterministic needs to be studied. The implementation of adaptive basis 

growth and anisotropic expansion for 1L -minimization will also be studied  

 Since the PCE based on linear regression is dependent on sampling, it will be interesting 

to explore new sampling strategies that combine both the space filling and optimality 

based criterion 
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 The adaptive algorithm for generating orthogonal polynomials for random inputs with 

non-standard probability distribution will also be developed, and it will be integrated with 

the proposed algorithms in this dissertation 

 The framework developed for stochastic analysis of composite structures can also be 

applied for other complex problems such as Mode-I interlaminar fracture using Cohesive 

Zone Modeling, the change in response of composites due to hydrothermal effects, 

impact damage and so on. The stochastic impact damage analysis of fiber metal laminates 

involves high complexity because of various damage models required for the analysis 

such as plasticity damage and intralaminar failure/interlaminar failure of composites. The 

application of this framework for aeroelastic tailoring of an aircraft wing made up of 

composites will prove to be advantageous for the aerospace industry, and it remains as a 

future work 

 The application of PCE with random fields and random processes is also interesting. The 

capability of the algorithms to handle a large number of random inputs demonstrated its 

possibility for random fields whereas its ability to handle time-dependent problems as in 

Duffing oscillator in Chapter 6 demonstrated its possibility for random processes. This 

will be explored further in future research 

 Lastly, another topic of interest to the author is the application of algorithms developed 

here for Reliability-based Robust Design Optimization (RBRDO) so that the resulting 

design is less sensitive to the variation in the inputs while satisfying the reliability 

constraints. The development of this algorithm will be challenging and remains a distant 

goal.
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