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CHAPTER I 

INTRODUCTION 

Purpose and Scope of the Study 

The purpose of this study is to trace the historical develop

ment of that part of modern statistical procedures known as statistical 

inference. Although the application of statistical methods is concerned 

more than ever with the study of great masses of data, percentages, and 

columns of figures, statistics has moved far beyond the descriptive 

stage. Using concepts from mathematics, logic, economics, and psychol

ogy, modern statistics has developed into a designed "way of thinking" 

about conclusions or decisions to help a person choose a reasonable 

course of action under uncertainty. The general theory and methodology 

is called statistical inference. 

Statistical inference, roughly described, is that part of sta

tistics in which quantitative measures of uncertainty are employed. 

Generally, statistical inference is a way to formalize the many mental 

assumptions, facts, and goals that go into making a decision under 

uncertainty, where a decision is made by following certain logical 

principles to reduce the chance of error and inconsistent action. 

Modern textbook writers avoid the historical approach in favor 

of a logical presentation of statistical practices and techniques in 

current use. As a result, the student of statistics is denied the 

opportunity to learn about the evolution of a flourishing and expanding 
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branch of statistical knowledge. To provide this historical perspective, 

the scope of this study will include salient contributions of the past 

two hundred years. 

Background of the Study 

The problem of using the facts of experience to infer general 

conclusions is common to all branches of science seeking to establish 

laws in terms of which a rational explanation may be given observable 

phenomena. The facts of experience that provide the impetus for this 

problem of inductive reasoning do not unrelentingly lead to categorical 

conclusions. The uncertainty characteristic of drawing conclusions 

or making decisions on the basis of limited information is analogous 

to the uncertainty characteristics of the outcomes of games of chance. 

The success which seventeenth century mathematicians had in dealing 

with the uncertainty characteristics of the outcomes of games of chance 

made probability a logical basis for handling the uncertainty character

istics of the conclusions or decisions drawn from limited information. 

Such early attempts to use probability inductively were the beginning 

of the use of inductive inference in statistics. 

Various periods are discernible in the development of statis

tical inference, each of which has a very definite beginning but no end. 

Until the latter part of the nineteenth century the concept was that 

of a loosely defined set of ideas expressed in terms of justifying 

propositions on the basis of data. The problem was that of inductive 

inference which introduced methods of making inferences about the 

general from the study of the particular. After the turn of the cen

tury a measurement about the uncertainty of an inference was added. 

In the 1920's and 1930's the number of persons competent to develop 
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new statistical theory increased rapidly, and the concept of inductive 

behavior appeared. The same applies for concepts of tests of statis

tical hypotheses, of errors of the first and second kind, of power of 

the tests, and of interval estimates" The emphasis was now on the 

importance of decisions or actions, as opposed to assertions or con

clusions, in the face of uncertaintyo In 1936, attention was focused 

on the restrictive assumptions about the functional form of the dis-

tribution of the population sampled. The fact that statistical methods 

were not limited to inferences concerning certain parameters resulted 

in the development of the nonparametric or distribution-free approach 

to statistical inference. During and shortly after World War II, sta

tistical inference advanced with a decision-theoretic, or economic, 

outlook. The decision-theoretic formulation made use of sequential 

analysis to add the concept of risk to the decisions or actions approacho 

The latest period in the development of statistical inference started 

in the 1950's as the influence of the decision-theoretic framework com

bined with the notion of personal probability and a procedure for 

probability calculation, Bayes' theorem, to form the concept of Bayesian 

statistical inference. 

The steadily increasing importance of statistical inference in 

such areas as government, industry, and education, and the rapid growth 

in the theory and application of statistical methods designed for this 

purpose underscore the desirability of an account of the historical 

development of statistical inferenceo By increasing the efficiency 

with which the scientific method can be applied, research in the use 

of statistical inference has made 'a lasting contribution to the solution 

of problems in many divergent fields~ Some of these problems, such 
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as predicting the performance of a complex new missile system, ascer

taining the effectiveness of new vaccines, the evaluation of the possible 

effects of smoking on health, and the dete-r'mination of public opinion 

on various national and local issues,) have gained much publicity, Other 

problems, to which statistical inference has made a notable contribution, 

have received less publicity~ Some of the problems, however, no less 

significant with respect to the implications of their solution, include 

the following: discovering how galaxies of stars change shape as they 

grow old, forecasting the change in the long distance traffic that would 

follow an increase in toll rates, control of the quality of manufactured 

articles, and construction of mathematical models for the purpose of 

explaining human behavior. 

Limitations and Procedures 

When sketching a history of scientific thought, such as sta

tistical inference, and trying to indicate periods of birth and develop

ment of particular ideas, there is invariably the difficulty of 

overlappingo Often, while several successive decades are dominated 

by a particular idea, another is born quite early in the period. The 

best that can be done is to assign an idea to a period when it appears 

to dominate the thinking of leading scientists. 

This study is limited to an investigation into the salient 

contributions of the five discernible periods in the development of 

statistical inference, beginning in the eighteenth century. The first 

period, inductive statistical inference, corrnnences with the principle 

of inverse probability, originated by Thomas Bayes and enunciated by 

Laplace. Other major contributors to this period are Karl Pearson and 
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William So Gossett. The second period is classical statistical infer

~,1 pioneered by two groups, one headed by Sir Ronald Ao Fisher, and 

the other group led by Jerzy Neyman and Egon So Pearsono The third 

period, nonparametric statistical inference, has several important con

tributors, namely Harold Hotelling, Margaret Pabst, Henry Scheffe, So So 

Wilks, and J. Wolfowitz. The fourth period, decision-theoretic statis

tical inference, is a result of contributions by Abraham Waldo Bayesian 

statistical inference, the fifth period, includes such pioneers and 

contributors as Frank Ramsey, Leonard Savage, Howard Raiffa, Harold 

Jeffreys, and Robert Schlaifer. A chronological list of notable con

tributions to these discernible periods is given in the Appendixo 

In any study of so extended a topic, a brief statement must 

inevitably fail to cover the entire field, and there is always the prob

lem of deciding what can be omitted and what emphasis should be placed 

on the different portions of the mass of material contesting for 

attention. The student interested in any special phase of statistical 

inference is almost certain to feel that his particular interest has 

been slighted. 

This study will be presented in the following manner: Chapters 

II and III will be devoted to periods one and two, respectively; 

Chapter IV will include periods three and four; Chapter V, period 

five; and Chapter VI will consist of the summary and conclusions. 

1This period, which emphasizes the decisions or actions 
approach to statistical inference, is so called because the use 
of the concepts set forth in this period, such as inductive behavior, 
tests of statistical hypotheses, power curves, and interval estimates, 
have become traditional. 



CHAPTER II 

THE PERIOD OF INDUCTIVE STATISTICAL INFERENCE 

The purpose of this chapter is to trace the development of 

that period of statistical inference called inductive statistical 

inference" This period begins in the latter half of the eighteenth 

century and continues through the middle 192O'so More specifically, 

this chapter will (1) trace the development of the principle of 

inverse probability, (2) give an account of the controversy that 

led to the repudiation of this principle as a means of statistical 

inference, and (3) trace the development of the group of sampling 

distributions that formed the basis for the period of classical statis

tical inference. 

The Principle of Inverse Probability 

Origination by Bayes 

The first attempt to give a rational account of the process 

of statistical inference appears to have its beginning in the use of 

probability inductively by means of the principle of inverse proba

bilityo This principle originated in the method and problem proposed 

by the Reverend Mr. Thomas Bayes in a paper entitled "An Essay towards 

solving a Problem in the Doctrine of Chanceso" This essay was found 

after the death of Bayes in April, 1761, by the Reverend Richard Price" 

Price, a colleague of Bayes, communicated the Essay to John Canton, 

6 
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Fellow of the Royal Society, in a letter dated November 10, 17630 

Price's letter and Bayes' Essay subsequently appeared in the Philosoph-

. 1 T O 1 ica ransactions., A nephew of Price, William Morgan, writing about 

his uncle some years later, described the circumstances under which 

Price came into possession of Bayes' papero 2 

After the death of Bayes in Tunbridge Wells, his relatives 

requested Price, a good friend of the deceased, to examine some papers 

which he had written on various subjectso Among the papers, Price 

found a solution of the following problem: 

Given the number of times in which an unknown event has 
happened and failed. Required the chance that the probability 
of its happening in a single trial lies somewhere

3
between 

any two degrees of probability that can be namedo 

The important purposes to which a solution of the problem might 

be applied induced Price to undertake the task of completing Bayes' 

paper for publication. Price proceeded very slowly with the project 

because he felt that the publication should in no way interfere with 

the performance of his duties as a dissenting ministero Two years 

elapsed, therefore, before Price had completed his work on Bayes' 

papero Since he was not at the time a member of the Royal Society, 

Price communicated the result of his endeavors to John Canton for 

presentation to the society. 

1Thomas Bayes, "An Essay towards solving a Problem in the 
Doctrine of Chances," Philosophical Transactions of the Royal Society 
of London, LIII (1763), pp. 370-418. Republished, with commentation, 
by G. A. Barnard, in Biometrika, XLV (1958), ppo 293-315, 

2william Morgan, Memoirs of the Life of the Reverend Richard 
Price (London: 1815), pp. 24-25. 

3 Bayes, op. cit., p. 376. 



In his letter to Canton, Price gives an indication of Bayesi 

purpose in writing his Essay. Price paraphrases Bayes' intentions as 

follows: 

In an introduction which he has writ to his Essay~ he 
says, that his design at first in thinking on the subject 
of it was, to find out a method by which we might judge 
concerning the probability that an event has to happen, 
in given circumstances, upon supposition that: we know 
nothing concerning it but that 51 under t:he same circumstances, 
it has happened a certain number of times, and failed 
to happen a certain other number of times~ He adds that 
he soon perceived that it would not be very difficult to 
do this, provided some rule could be found according to 
which we ought to estimate the chance that the probability 
for the happening of an perfectly unknown, should lie 
between any two named degrees of probability, antecedently 
to any experiments made about it; and that it appeared 
to him that the rule must be to suppose the chance the 
same that it should lie between any two equidifferent 
degrees; which if it were allowed, all the rest might 
be easily calculated in the4common method of proceeding 
in the doctrine of chances. 

Price did not include in the papers transmitted to Canton the intro

duction by Bayes referred to in the above quotation" 

Bayes' Essay starts with a statement of the problem that he 

proposed to solve. The Essay is then divided into two sections. 

Section I is devoted to the general laws of chance and consists of 

seven numbered definitions, and seven numbered propositionso The 

definitions are definitions of inconsistent, contrary, fail, deter-

mined, and independent as applied to events, and definitions of 

probability and chance. The important definition is what Price 

refers to as "the peculiar definition he has given to the word chance 

or probability. 115 This is Definition 5. In Definition 5, Bayes de

fined the probability of an event as "the ratio between the value at 

4
Ibid., p. 370. 

5Ibid., p. 375. 

8 
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which an expectation depending on the happening of the event ought to 

be computed, and the value of the thing expected upon its happeningo"6 

"By chance," said Bayes, "I mean the same as probability~"? 

Price writes as follows about Bayes 1 definition of probability~ 

But whatever different senses it may have, all (he observes) 
will allow that an expectation depending on the truth of any 
past fact, or the happening of any future event, ought to be 
estimated so much the more valuable as the fact is more likely 
to be true, or the event more likely to happen" Instead there
fore, of the proper sense of the word probability 9 he has 
given that which all will allow to

8
be its proper measure in 

every case where the word is used. 

Thus if an event A, whose happening brings a prize a, and if the 

estimated value of this uncertain prize be b, then P(A) = b/a. If a= 1, 

P(A) = b, the "expectation" or estimated value of a unit prize. In 

other words P(A) is the stake for a bet on A which brings a total return 

of unity if A happens$ An advantage of this definition is that it can 

apply to hypotheses as well as to events in repeated trialso 

Of the seven propositions in Section I, the two most important 

are the third and the fifth. Propositions 3 and 5 read as follows: 

Proposition 3e The probability that two subsequent events 
will both happen is a ratio compounded of the probability of 
the 1st, and the probability of the 2d on supposition the 1st 
happenso 9 

Proposition So If there be two subsequent events, the 
probability of the 2d b/N and the probability of both together 
P/N and it being 1st discovered that the 2d event has happened, 
from hence I guess that the 1st event

1
8as also happened, the 

probability I am in the right is P/b~ 

6rbid., p. 376. 

7 
Ibid. 

8Ibid., p. 375. 

9Ibid., pp. 378-379. 

lOibid. , p. 381. 
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Today, Proposition 3 is written as 

P(DH) = P(H) 0 P(DIH), 

and Proposition 5 is expressed as 

P(HID) = P(DH)/P(D)o 

Proposition 5 directs attention to the probability of deducing 

the conditional probability of an event H, given D, from the probability 

of the compound event H and D and the probability of event D,, Proposi

tion 5 is known today as Bayes' theorem and is essentially the same as 

Proposition 3a Thus, Bayes' theorem can be expressed in the form 

Here P(H) is the initial or a priori probability distribution of the 

parameter H, P(DIH) is the probability distribution of the measurements 

D when His given or the likelihood of values D when His given, and 

P(HID) is the final or a posteriori probability distribution of H for 

the observed D. The constant of proportionality is usually omitted" 

In words then: 

A Posteriori probability~ A Priori probability 

This is called the principle of inverse probability, 

Likelihood" 

11 Todhunter viewed Proposition 5 as unoriginal a.nd 0bscure0 The 

obscurity results in part from the lack of precision in Bayes' defini

tion of probability. This lack of precision is typical of classical 

writers on the subject and reflects, in the opinion of Carnap,, their 

confusion of the concept of probability as the limit of a frequency 

ratio. 12 According to Keynes, the value and originality of Proposition 5 

11 T. Todhunter, A History of the Mathematical Theory of Proba-
bility from the Time of Pascal to that of Laplace (Cambridge: Macmillan 
and Company, 1865), po 296. 

12R. Carnap, Logical Foundations of Probability (Chicago: 
University of Chicago Press, 1950), p" 2960 
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stems from "the direct and indeed fundamental dependence of the inverse 

principle on the rule for compound probabilitieso 1113 

In Section II of his Essay, Bayes gives the solution of the pro

posed problem. He first describes a physical setup which will give rise 

to a problem of this kind .. This is Posrnlate I; 

I suppose the square table or plane ABCD to be so made 
and levelled, that if either of the balls O or W be thrown 
upon it, there shall be the same probability that it rests 
upon any one equal part of the plane as another~ and that 
it must necessarily rest somewhere upon ito 14 

The ball Wis thrown first, and a line QS cl.rawn through the point where 

it rests, parallel to the edge AD. (See Figure lo) The ball O is then 

thrown n times. In any throw the event M happens if O rests between QS 

and AD. 

C S D --------

f b 
I 

B Q A 

Figure lo 

The first proposition in Section II, Proposition 8, presented 

the probability of the compound event consisting of the point, Q, 

falling between any two points such as f and b on line BA, and the 

occurrence of the event M, p times in p plus q trialso Here, p plus 

q equals n, the total number of times ball O is throwno In Proposition 

13J. M. Keynes, A Treatise on Probability (London: Macmillan 
and Company, 1957), pp. 175-176. 

1 

14Bayes, op~ cit., p. 3850 
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9, Bayes determined the probability that the point Q lies between f and 

b, under the condition that nothing is known about the event M, except 

that it has happened p times in p plus q trialso 

Thus, the event M with probabilH:y A is a random -s.rariable with 

a uniform distribution from Oto 1. Bayes obtained the a posteriori 

distribution of A~ that is, the conditional distribution of A given that 

inn trials M has happened p times and failed q times" 

Bayes then goes on to argue in favor of using the same a posteriori 

distribution "in relation to any event concerni.ng the probability of 

which nothing at all is known antecedently to any trials made or ob-

served concerning ito"15 This he does in a scholium,, or explanatory 

remark: 

Scholium. From the preceding proposition it is plain, 
that in the case of such an event as I there call M, from 
the number of times it happens and fails in a certain number 
of trials, without knowing anything more concerning it, one 
may give a guess whereabouts its probability isj and, by the 
usual methods computing the magnitudes of the areas there 
mentioned, see the chance that the guess is righto And that 
the same rule is the proper one to be used in the case of an 
event concerning the probability of which we absolutely know 
nothing antecedently to any trials made concerning it, seems 
to appear from the following consideration, vizo that con
cerning such an event I have no reason to think that, iri a 
certain number of trials, it should rather happen any one 
possible number of times than another. For, on this account, 
I may justly reason concerning it as if its probability had 
been at first unfixed, and then determined in such a manner 
as to give me no reason to think that, in a certain number 
of trials, it should rather happen any one possible number 
of times than anothero But this is exactly the case of the 

16 event M 

The significance of Bayes' Essay lies in the particular method 

suggested therein for characterizing;, in terms of probability, inference 

15Ibid o, p. 392 o 

16rbid. 
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from empirical data. The Essay contained a new and exciting definition 

of probability, Bayes' Theorem in Proposition 5, the solution of an 

interesting and carefully chosen problem in inverse or conditional 

probability, and the frankly stated proposal to apply the same calcu

lations to an event concerning the probability of which nothing is known" 

Referring to Bayes' Essay as a rule for the determination of 

inverse probabilities, Keynes observed "that solutions to inductive 

problems requiring an implicit and more or less fallacious use of the 

inverse principle had already been propounded o But the appearance 

17 
of Bayes' Memoir marks the beginning of a new stage of development." 

Enunciation and Generalization by Laplace 

In 1774, Laplace gave the first clear enunciation of the prin

ciple of inverse probability in his nmemoire sur la probabilite de 

causes par les evenements." He states the principle as follows: 

Si un evenement peut etre produit par un nombre n de 
causes differentes, les probabilites de l'existence de ces 
causes prises de l'evenement sont entre elles comme les 
probabilites de l'evenement prises de ces causes; et al 
probabilite de l'existence de chacune d'elles est egale a 
la probabilite de l'evenement prise de cette cause, divisee 
par la somme de toutes les proba£~1ites de l'evenement 
prises de chacune de ses causeso 

This principle says that an event may be produced by any one of a 

number of different causes en each having a probability a priori nn ,, 

If the probability of the event given the cause en is Pn' the probability 

of the cause given the event can be deduced provided the a priori 

probabilities are known. This is just Bayes' theorem and was applied 

17Keynes, opo cit., pa 17~. 

18Laplace, Oeuvres de Laplace (Paris: Imprimerie Royale, 1847), 
voL 8, pe 29. 
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by Laplace to the following problem: Suppose there are two urns, A and 

B, and that Urn A contains p white and q black tickets while Urn B con

tains p' white and q 9 black ticketso From one of the urns f plush 

tickets are drawn at random, f of the tickets are white and hare blacko 

What are the probabilities that the tickets were drawn from Urn A and 

Urn B, respectively? Laplace let K represent the probability of' drawing 

f white and h black tickets from Urn A and let K' represent the prob

ability of drawing f white and h black tickets from Urn Bo Applying 

the principle quoted above, he obtained K/(K + K') as the probability 

that the tickets were drawn from Urn A and K'/(K + K') as the proba

bility that the tickets were drawn from Urn B. 19 

In the statement of the principle and the solution of the illus

trative example, Laplace made the tacit assumption that the a priori 

probabilities were equal~ In the example cited, this amounts to saying 

that before the tickets were drawn, each urn had the same probability 

of being selected. 

In 1812, Laplace introduced the following generalized principle 

of inverse probability in his Theorie Analytigue des Probabilities: 

Each of the causes to which an observed event may be 
attributed is indicated with just as much likelihood as 
there is probability that the event will take place, sup
posing the event to be constanto The probability of the 
existence of any one of these causes is then a fraction 
whose numerator is the probability of the event resulting 
from this cause and whose denominator is the sum of the 
similar probabilities relative to all the causes; if these 
various causes, considered a priori, are unequally probable, 
it is necessary, in place of the probability of the event 
resulting from each cause, to employ the product of this 
probability by the possibility of the cause itself" This 
is the fundamental principle of this branch of the analysis 

191b1·d., 29 30 pp. - 0 



of chances which consists in passing from events to 
causes. 20 

15 

The important new feature of this revised version consists of the pro

vision made for the calculation of inverse probability in the case where 

the a priori probabilities of the possible causes are not assumed equal" 

No mention of Bayes occurs in Laplace's memoir of 1774 on the 

probability of causes. In the Introduction of his Theorie Analytique 

des Probabilities, Laplace gave rather belated recognition to the orig-

21 
inality exhibited by Bayes in his Essay. Condorcet, referring to the 

work of Bayes and Laplace, made the following historical remark: 

L'idee de chercher la probabilite des dvenemens futur 
d'apres la loi des evenemens passes, paroit, s'etre presentee 
a Jacques Bernoulli et a Moivre, mais ils n'ont donne dans 
leurs ouvrages aucune methode pour y parvenir. 

Mrs. Bayes et Price en ont donne une dans les Transactions 
philosophiques, annees 1764 et 1765, et M. de la Place est 
le premier qui ait traite cette question d'une maniere analytiqueo 22 

In effect the opinion was that while Jacques Bernoulli and Abraham 

DeMoivre had investigated the stochastic convergence of the relative 

frequency of an event, they did not arrive at the method of Bayes and 

the analytical manner of Laplace for reasoning from the relative fre

quency of an event in a finite number of trials to the unknown proba

bility of the event in a single trial. The Ars Conjectandi23 of Jacques 

20Laplace, A Philosophical Essay on Probabilities, Translated 
from the Sixth French Edition by Frederick Wilson Truscott and Freder
ick Lincoln Emory (New York: Dover Publications, Inc., 1951), ppo 15-160 

21 
Laplace, Oeuvres ••• 2 op. cit., pp. CLXIII-CLXIV. 

22Marquis de Condorcet, Essai sur !'Application de !'Analyse 
a la Probabilite des Decisions Rendues a la Pluralite des Voix (Paris: 
L'Imprimerie Royale, 1785), p. lxxxiii. 

23 Jacques Bernoulli, Ars Conjectandi (Bessel: none, 1713)c 



Bernoulli and the Doctrine of Chances24 of Abraham DeMoivre were the 

principal sources of accumulated information on the subject of proba

bility at the time of Bayes' writingo 

16 

The principle of inverse probability introduced by Bayes, 

enunciated and generalized by Laplace, provided an inviting instrument 

of mathematics for inductive statistical inferenceo Theoretically, 

the problem was simple. Given several hypotheses that might serve 

as an explanation of an observed event or set of observations, all 

that had to be done was to select that hypothe.sis for which the inverse 

probability was a maximum. In most practical situations the a priori 

probabilities associated with the various proposed hypotheses were un

known. Confronted with this obstacle, Laplace invoked the principle 

of insufficient reason which assumed a uniform distribution of a priori 

probability. 25 The logical justification of this assumption provoked 

a storm of controversy over the principle of inverse probability. 

Controversy Relating to the Principle 

Criticism of the Principle 

The first criticism of the principle of inverse probability 

to attract serious attention appears to be that voiced by Boole in 

1854. The general problem to which the principle of probability 

had been applied was characterized by Boole as follows: 

A certain hypothesis is framed, of the various possible 
consequences of which we are able to assign the proba
bilities with perfect rigour. Now some actual result of 

24Abraham DeMoivre, The Doctrine of Chances (London: W~ Pearson, 
1718). 

25 Laplace, _O_e_u_v_r_e_s_· ___ ._,_o_p_._c_i_t◊, p, xviii. 



observation being found among those consequences, and its 
hypothetical probability being therefore known, it is re
quired thence to determine the probability of the hypothesis 
assumed, or its contrary. 26 

17 

Using the method of Bayes and Laplace, Boole deduced the probability, P, 

of the assumed hypothesis to be 

P = ____ a __ p __ _ 

ap + c(l - a) ' 

where pis the probability of the observed event under the assumed 

hypothesis, a is the a priori probability of the assumed hypothesis 

and c is the probability of the observed event if the assumed hypoth

esis is false. Boole pointed out that the only conclusion that could 

be drawn from this result was that the value of P varies directly 

with p. Accurate determination of the probability of the assumed 

hypothesis required knowledge of the constants a and c. Assignment 

of particular values to a and c, contended Boole, was devoid of any 

logical justification. Boole stated that "the assigning to different 

states of things of which we know nothing, and upon the very ground 

that we know nothing, equal degrees of probability . is an arbi-

27 trary method of procedure." He illustrated how this "equal distri-

bution of ignorance" could lead to conflicting results. 
28 

Among later writers, Venn was especially notable for his 

support of Boole's objections to the manner of application of the 

principle of inverse probability. Venn felt that the solution to the 

problem of lack of knowledge concerning the a priori probabilities of 

26
George Boole, An Investigation of the Laws of Thought, on Which 

are Founded the Mathematical Theories of Logic and Probabilities (New 
York: Dover Publications, Inc., 1951), p. 365. This is a reprint of 
the 1854 edition published in London. 

27 Ibid., p. 370. 

28 
Ibid., pp. 370-375. 
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various possible causes lay not in postulating the equality of these 

a priori probabilities but in the collection of additional statistical 

evidence about the relative prevalence of the possible causeso 29 Venn 

explicitly rejected the principle on the ground that it does not accord 

. h . 30 wit experienceo 

Defense of the Principle 

In response to the criticisms expressed by Boole and Venn, two 

leading statisticians in England at the beginning of the twentieth 

century, F~ Yo Edgeworth and Karl Pearson, both put forward attempts 

to defend the postulate of equal a priori probability advanced by Bayes 

and Laplace. In 1884, Edgeworth argued that "the assumption that any 

probability constant about which we know nothing in particular is as 

likely to have one value as another is grounded upon the rough but 

solid experience that such constants do, as a matter of fact, as often 

have one value as anothero"31 As an example, he cited the evaluation 

of the decimal equivalent of a fraction. Knowing nothing at all about 

the forthcoming digit, Edgeworth assumed that one digit is as likely 

to occur as anothero In 1908, Edgeworth considered the problem of 

estimating the unknown mean of a normal distribution by maximizing 

the inverse probability of the unknown mean" He stated that the assump

tion implied in the solution of the problem, namely, that all values 

of the unknown mean were equally probable, could not be universally 

admitted. He said, for example, that the mean of a set of barometric 

29John Venn, The Logic of Chance, Third Edition (London: Mac
millan and Company, 1888), ppo 183-1840 

30rbid o , po 197 o 

31 F. Yo Edgeworth, "The Philosophy of Chance," Mind, IX (1884), 
p. 230. 
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observations would be in the neighborhood of the number 31 was improb

able. He submitted "that very generally we are justified in assuming an 

equal distribution of a priori probability over the tract of the measur

able with which we are concerned. 1132 

Pearson indorsed Edgeworth's empirical justification of the uni

form distribution of a priori probabilities by saying: 

I start with "the equal distribution of ignorance," or 
I assume the truth of Bayes' theorem ..• I think with 
Edgeworth that the hypothesis of equal distribution is, 
within the limits of practical life, justified by our ex
perience of statistical ratios, which a priori are unknown, 
i.e., such ratios do not tend to cluster markedly round 
any particular value.33 

In reply to Boole's criticisms, Pearson declared: 

We may indeed reasonably question whether it is possible 
to draw knowledge out of complete ignorance. But before we 
ca~ argue with Boole that Laplace's method is nugatory, we 
must ask whether, after all his principle is not based on 
knowledge, namely, on that derived from the experience that 
in cases where we are ignorant, there in the long run all 
constitutions will be found to be equally probable. 34 

P~arson reiterated his advocacy of the assumption of equal a priori 

probabilities in the absence of evidence to the contrary by arguing: 

that those who do not accept the hypothesis of 
equal distribution of ignorance and its justification in 
observation are compelled to produce definite evidence of 
the clustering of chances, or tt:> drop all application of 
past experience to the judgement of probable future statis
tical ratios .•. 35 

32F. Y. Edgeworth, "On the Probable Error of Frequency Constants," 
Journal of the Royal Statistical Society, LXXI (1908), p. 387. 

33Karl Pearson, "On the Influence of Past Experience on Future 
Expectation," Philosophical Magazine, XIII (1907), p. 3650 

34Karl Pearson, The Grammar of Science, Second Edition (London: 
Adam and Charles Black, 1900) , p ., 146. 

35Karl Pearson, "On the Influence of .•. , op. 0 -cit.,, p. 366. 
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Repudiation by Fisher 

The successor to Karl Pearson as the acknowledged leader of the 

British school of statistics, Ronald A. Fisher, advanced arguments 

which figured prominently in what Hotelling described as "the expul-

36 
sion of inverse probability from the house of statistics." Fisher 9 s 

paper on the derivation of the exact distribution of the sample cor

relation coefficient appeared in 1915. Toward the end of the paper, 

Fisher discussed the relation between "the observed correlation of a 

37 sample and the most probable value of the correlation of the populationo" 

The terminology and the method of procedure combined to make Fisher's 

presentation suggestive of an application of the principle of inverse 

probability involving the use of a uniform distribution of a priori 

probabilities. 

Interpreting Fisher's result to be the product of such an ap

plication, Pearson and his associates in a 1917 cooperative study accused 

Fisher of unjustifiably assuming that all values of the population 

correlation coefficient were a priori equally probable. They argued 

that statistical evidence to the contrary militated against the assump

tion of "equal distribution <;>f ignorance" in the case of correlation. 

The authors of the cooperative study then proceeded to illustrate the 

estimation of the population correlation coefficient by application 

of the method of inverse probability and the employment of a normal 

a priori probability distribution for the population correlation 

36Harold Hotelling, "The Impact of R. A. Fisher on Statistics," 
Journal of the American Statistical Association, XLVI (1951), p. 41. 

37R. A. Fisher, "Frequency Distribution of the Values of the 
Correlation Coefficient in Samples from an Indefinitely Large Popula
tion," Biometrika, X (1915), p. 516. 



coefficient. 38 These comments provided the spark which touched off 

Fisher's campaign against inverse probability. 

21 

In his denial of the allegations of the authors of the cooper

ative study, Fisher contended that the exact distribution of the sample 

correlation coefficient formed an adequate basis for making inferences 

with respect to the population coefficient. He rejected the ~ethod of 

inverse probability on the grounds that this method produces results 

almost entirely dependent upon the preconceived notions of the statis

tician and scarcely upon the actual data supplied to him. He insisted 

that conclusions be based on the given data, unbiased by a priori sup-

. i 39 posit ons. 

Fisher's campaign against inverse probability gained momentum 

as a result of his 1922 memoir entitled "On the Mathematical Foundations 

of Theoretical Statistics." Commenting about the obscurity then sur

rounding statistical concepts and problems, he called attention to "the 

fundamental paradox of inverse probability which like an impenetrable 

40 
jungle arrests progress toward precision of statistical concepts." 

Fisher emphasized the arbitrary character of assumptions underlying ap

plication of the principle of inverse probability and drew attention 

to the inconsistent results to which such assumptions could lead. The 

constructive ideas which Fisher advanced in this 1922 memoir added 

38Karl Pearson et al., ''On the Distribution of the Correlation 
Coefficient in Small Samples," Biometrika, XI (1917), pp. 352-359. 

39R. A. Fisher, "On the 'Probable Error' of a Coefficient of 
Correlation Deduced from a Small Sample," Metron, I (1921), No. 4, p. 
24. 

40R. A. Fisher, "On the Mathematical Foundations of Theoret
ical Statistics," Philosophical Transactions of the Royal Society of 
London, Series A, CCXXII (1921), p. 312. 
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weight to his argument against inverse probabilityo He introduced the 

criteria of consistency, efficiency, and sufficiency for judging the 

quality of various statistics, functions of the sample observations, as 

estimators of population parameters. He used the method of maximum like-

41 
lihood, originally introduced by him in 1912, to provide an acceptable 

alternative to the method of inverse probability in estimation problems, 

and proved that the solution of such problems did not necessitate ar

bitrary assumptions about a priori probability distributions~ 

Fisher reemphasized his original objections and continued his 

insistence on the use of exact sampling distributions in making infer

ences on the basis of statistical data as he carried on his campaign 

against inverse probability in a series of subsequent publicationso 42 

By focusing attention on the necessity for research on the exact dis

tribution of sampling statistics, he paved the way for the development 

of exact tests of significance. His ideas and methods gained a wide 

application through the medium of his textbook, Statistical Methods for 

Research Workers, the first edition appearing in 1925.
43 

The develop

ment of the distributions involved in the construction of the exact 

tests of significance forms another part of the first period in the 

development of statistical inferenceo 

41R. A. Fisher, "On an Absolute Criterion for Fitting Frequency 
Curves," Messenger of Mathematics, XLI (1911-1912), ppo 155-1600 

42R. A. Fisher, "Inverse Probability," Proceedings of the Cam
bridge Philosophical Society, XXVI (1930), pp. 528-535; "The Fiducial 
Argument in Statistical Inference," Annals of Eugenics, VI (1935), pp" 
391-398; "The Logic of Inductive Inference," Journal of the Royal Statis
tical Society, XCVIII (1935), ppo 39-54; "Uncertain Inference," f.!:Q.
ceedings of the American Academy of Arts and Sciences, LXXXI (1936), 
No. 4, pp. 245-258. , 

43F. Yates, "The Influence of Statistical Methods for Research 
Workers on the Development of the Science of Statistics," Journal of the 
American Statistical Association, XLVI (1951), pp. 19-34" 
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According to Bartlett," ••. while Fisher was strongly critical 

of the inverse probability method (the so-called Bayesian approach), 

and rightly emphasized the relevance of the likelihood function as far 

as the data were concerned ••• the Bayesian approach is still very 

much With Us • 1144 Th f B i li e name o ayes went nto temporary ec pse as a 

result of Fisher's campaign against the principle of inverse probabil

ity, but "from the e(forts of Jeffreys, Savage, Good, Lindley and 

others, its status has been growing of late."45 The Bayesian approach 

to statistical inference lies within the scope of this study and will 

receive consideration iq a later chapter. 

Sampling Distributions 

The distribution problem of statistical inference consists in 

the determination of the probability distribution of the statistic used 

in testing statistical hypQtheses. Knowledge of this sampling dis

tribution makes possible the calculation of probabilities concerning 

the statistic involved and thus forms a basis for judgment as to whether 

the hypothesis under test is consistent with the observed value of 

the statistic. The group of sampling distributions included in the 

period of inductive statistical inference and underlying the period 

of classical statistical inference is comprised of the following: the 

normal distribution, the chi-square distribution, Student's t distri

bution, and Fisher's z distribution. 

44 M. S. Bartlett, "R. A,. Fj.sher and the Last Fifty Years of 
Statistical Methodology," Journal of the American Statistical Associ
ation, LX (1965), pp, 397-401. ' 

45
Ibid., p. 401 



The Normal Distribution 

Discovery of the Normal Curve 

24 

The normal curve was discovered by Abraham DeMoivre around 1721. 

His derivation of the normal curve as the limiting form of a binomial 

expansion appeared in a pamphlet printed in 1733 and entitled Approxi

matio ad Summam Terminorm Binomii a+ bn in Seriem Expansi~ In this 

pamphlet, DeMoivre revealed that he had obtained his results about 

twelve years earlier. In 1924, Karl Pearson disclosed that he had found 

a copy of DeMoivre's pamphlet bound in a copy of his Miscellanea Ana

lytica. This discovery established DeMoivre's priority in discovering 

the normal curve. Up to that time, discovery of the normal curve was 

attributed to Gauss who derived this curve from a differential equation 

in 1809 aµd subsequently made notable contributions to the application 

of the normal curve in the theory of errors. 46 

The Normal Sampling Distribution 

Laplace's proof in 1812 that a sum of n normally distributed 

errors of observations is normally distributed, established the normal 

distribution as the exact sampling distribution of the arithmetic mean 

of a random sample of observations from a normal population. Extension 

of this result, by Laplace, to the case where a linear combination of 

the errors of observation is asymtotically normally distributed pro

vided the errors themselves are identically, though not necessarily 

normally, distributed forms the origin of the central limit theorem.
47 

46Karl Pearson, "Historical Note on the Origin of the Normal 
Curve of Error," Biometrika, XVI (1924), pp. 402-404; Helen Walker, 
Studies in the History of Statistical Methods (Baltimore: William and 
Wilkins Company, 1931), pp. 13-16. 

47 
Laplace, Oeuvres ... , op. cit., p. 344. 



The efforts of three Russian mathematicians, Tschebysheff (1887), 

Markoff (1898), and Liapounoff (1900-1901) provided a rigorous proof 

of this theorem which supplied the justification for the use of the 

25 

48 normal distribution in large sample tests of statistical hypotheses~ 

In the fifth chapter of his Theories Analytigue des Probabilities, 

Laplace employed the normal curve to calculate the probability of an 

observed daily average difference, between nine in the morning and four 

in the afternoon, of one millimeter readings of a barometer over a 

period of 400 days. Having obtained a very small probability under 

the assumption that only chance factors were operating, Laplace attrib-

uted 49 the observed variation to a constant cause. 

Refinement of the method proposed by Laplace in the above 

example featured comparison of the magnitude of an observed difference 

with some multiple of the variation of this difference. Of the various 

measures of variation available during the nineteenth century, the 

two more commonly used were the modulus (/z times the standard deviation) 

and the probable error (0.6745 times the standard deviatio~. DeMoivre 

introduced the former in 1738 and Bessel introduced the latter in 18150 50 

Astronomers followed the example set by Gauss51 in the adoption of probable 

error for the study of the distribution of errorij of observations. 

48J. V. Uspensky, Introduction to Mathematical Probability (New 
York: McGraw-Hill Book Company, Inc., 1937), p. 284; M. Loeve, "Funda
mental Limit Theorems of Probability Theory," Annals of Mathematical 
Statistics, XXI (1950), pp. 321~338. 

49iaplace, Oeuvres ., op. cit., pp. 386-389. 

SOHelen M. Walker, ope cit., pp. 49-51. 

51Gauss, "Bestimmung der ~enauigkeit der Beobachtungen," Ziets
chrift fur Astronom;i.e ,und verwandte Wissenschaften, I (1816), pp. 187-1970 
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Use of the Modulus and the Probable Error 

In 1885, Edgeworth used the older measure of variation, the 

modulus, to introduce the practical advantages occurring from the ap

plication of the normal curve in the elimination of chance as a reason 

for observed variation. His paper, entitled "Methods of Statistics," 

was presented on the occasion of the golden jubilee of the Royal Sta-

52 
tistical Society of Londono Edgeworth directed attention to the fact 

that the asymptotic normal distribution of sample means made possible 

a testing procedure even when the original observations were not nor

mally distributed. To judge the significance of a difference, he 

recommended the following procedure: 

In order to determine whether the difference between any 
two proposed Means is or is not accidental, form the proba
bility-curve under which the said difference, supposing it 
were accidental, would range. Consider whether the difference 
between the observed Means exceeds two or three times the 
modulus of the curve. If it does, the difference is not 
accidental. 53 

Edgeworth pres~nted his testing procedure as a mathematical device to 

effect a more objective evaluation of differences observed in statis

tical data. This was an improvement over visual inspection as a method 

for distinguishing real from chance differences in means derived from 

large samples. 

A vastly accelerated program of research in the mathematical 

theory of statistics got underway in England during the closing years 

of the nineteenth century, under the leadership of Karl Pearsono Through 

the promotion of research on the probable error of moments and functions 

52F. Y. Edgeworth, "Methods of Statistics," Journal of the Royal 
Statistical Society, Jubilee Volume (1885), pp. 181-217. 

53 rbid., p. 187. 



of moments such as the correlation coefficient and coefficients of 

skewness and kurtosis, Pearson considerably augmented the number of 

large sample tests of significance based on the normal dist:ributiono 

In a memoir that appeared in 1898, Pearson and Filan revealed 

their conception of the use of probable error in the construction of 

tests of significance as follows: 

In dealing with variation and correlation we find the 
distribution described by certain curves or surfaces fully 
determined when certain constants are known~ These are the 
so-called constants of variation and correlation, the number 
of which may run up from two to a very considerable figure 
in the case of a complex of organs. If we deal with a com
plex of organs in two groups containing, say, n and n' indi
viduals, we can only ascertain whether there is a significant 
or insignificant difference between those groups by measuring 
the extent to which the difference of corresponding constants 
exceed the probable error of those differences~ Hence the 
first step towards determining the significance of a group 
difference--i.e. toward determining whether it is really a 
class, race or type difference,--is to calculate the probable 
errors of the constants of variation and correlation of the 
individual groups.54 

They devised a general method for deriving the approximate probable 

error of statistics employed in the estimation of parameters charac

terizing multivariate populat!ons. 

The 1898 memoir of Pearson and Filon initiated great activity 

in the investigation of probable errors. A succession of memoirs 

during the early part of the twentieth century provided probable 

error formulas for a variety of statistics. 55 Most of these formulas 

were obtained by series approximation and were applicable only in the 

27 

54Karl Pearson and L. Ne G. Filon, "Mathematical Contributions 
to the Theory of Evolution. - IV0 On the Probable Errors of Frequency 
Constants and on the Influence of Random Selection on Variation and 
Correlation." Philosophical Trans,actions of the Royal Society of London, 
Series A, CXCI (1898), Part I, p. 230. 

55Helen M. Walker, opG cit., pp. 65-70. 
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case of large samples. The lower bound of the number of observations 

constituting a large sample remained poorly defined in this connection~ 

Also, the interpretation of an observed difference as being significant 

when this difference exceeded two or three times the probable error 

presumed normality of the statistic used as a test criterion. 

The Chi-Square Distribution 

Discovery by Helmert 

The discoverer of the distribution now known as chi-square 

appears to be the German astronomer, Helmert. He presented this dis

tribution without proof in 1875 and in 1876 supplied a derivation in 

his paper on the probability distributions of the sums of powers of 

errors of observations. 56 By induction, Helmert proved what may be 

expressed in modern notation as follows. If n errors of observation, 

x1 , x2 , ... ,xn are normally and independently distributed with zero means 

and a common variance, o2 , then the probability that ¥ x 
2 

lies between 
i=l i 

y and y + dy is 

1 yn/2 - 1 

Zn/Z on r(n/2) 

2 
-y/2o d e y. 

In 1876 Helmert utilized the distribution presented in 1875 to 

derive the distribution of the standard deviation of a sample of nob-

57 servations from a normal population. Helmert's results apparently 

56F. R. Helmert, "Unber die Berechnung des wahrscheinlichen 
Fehlers aus einer endlichen Anzahl wahrer Beobachtungsfehler," Zeits
chrift fur Mathematick und Physik, XX (1875), p. 303; "Ueber die 
Wahrscheninlichkeit der Potenzsummen der Beobachtungsfehler und uber 
einige damit im Zusammenhange stehends Fragan," Zeitschrift fur Mathe
matik und Physik, XXI (1876), pp; 192-218. 

57F. R. Helmert, "Die Genauigkeit der Formel von Peters zur 
Berechnung des wahrscheinlichen Beobachtungsfehlers directer gleicher 
Genauigkeit," Astronomische Nachrichten, LXXXVIII, No. 2096 (1876), p. 
122. . 
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went unnoticed until Karl Pearson attracted attention to Helmert's pri

ority in discovering the distribution of the sample standard deviationo 58 

The name, "chi-square," later became attached to this family of fre

quency functions as a result of Karl Pearson's use of the Greek symbol, 

x2
, in his development of a test of goodness of fit. 

The Chi-square Test of Goodness of Fit 

In the decade from 1890 to 1900, the normal probability function 

was experimentally established as being inadequate to represent many 

frequency distributions which arise in biological data. To meet this 

situation, generalized systems of frequency curves were developed by 

Gram (1879) and Thiele (1889) in Scandinavian countries, Fechner (1897) 

and Burns (1897) in Germany, and Pearson (1895) and Edgeworth (1897) in 

59 England. As a result, the statistician of 1900 had the problem of 

fitting a theoretical frequency to a set of grouped data. To discover 

which of two or more possible frequency curves rendered the best fit, 

the statistician of 1900 resorted to visual comparison of theoretical 

and empirical frequencies. Karl Pearson made an important contribution 

to statistical theory by supplying an objective criterion of goodness of 

fit. 

58Karl Pearson, "Historical Note on the Distribution of the 
Standard Deviation of Samples of any Size Drawn from an Indefinitely Large 
Normal Parent Population," Biomet,rika, XXIII (1930), pp. 416-418 o 

59Henry L. Rietz, Mathematical Statistics (Chicago: Open Court 
Publishing Company, 1927), pp. 47-49. 



30 

Pearson presented his test of goodness of fit in a paper pub

lished in the Philosophical Magazine in 190o. 60 The paper opened with 

a preliminary proposition in which he considered a set of n correlated 

variates, x1 ,x2 , •• $,xn, with zero means and possessing a multivariate 

normal distribution of the form 

Through a geometric approach, Pearson proved that the quadratic form Q, 

which he labeled x2 , exceeds Xo with probability, 

f 00 
-1/2 x2 n-1 

dx e X 
Xo 

p = 

J 00 
-1/2 x2 n-1 

dx e X 
0 

The result constitutes a generalization of that which Helmert obtained 

in 1876. Employing integration by parts, Pearson obtained power series 

for the evaluation of P. A table at the end of the paper provided 

values of P to six decimal places for values of n' (equals n+l) from 

3 to 20 and for various integral values of x. 
0 

Turning to the problem of testing goodness of fit, Pearson pro-

posed as a test criterion: 

n' 
I 

i=l 

(m~ - m. ) 2 
1 1 

m. 
1 

where m1 is the observed frequency and mi is the corresponding theoret

ical frequency of the i th group of an empirical frequency distribution 

6°Karl Pearson, "On the Crit,erion that a Given System of Devia
tions from the Probable in the case of a Correlated System of Variables 
is such that it can be Reasonably Supposed to have Arisen from Random 
Sampling," Philosophical Magazine, Fifth series, L (1900), ppo 157-1750 
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consisting of n' (equals n+l) groups. Then Pearson proved that the 

limiting distribution of his test criterion is the same as the distri

bution of Q above, namely, chi-square with parameter n. 

Contingency Tables 

In a paper61 appearing in 1904, Pearson extended the application 

of the chi-square distribution to manifold classifications for which he 

originated the name, contingency tables. The object of the paper was 

to provide a method for measuring independence of attributes not sus

ceptible to measurement on a quantitative scale. For this purpose, 

Pearson proposed ans x t-fold contingency table for the classification 

of a sample of N individuals with respect to various levels of two at

tributes under consideration. As a test criterion for independence, he 

gave 

x2 = 
s 

L 
t 

l 
i=l j•l 

(mi'. -
J 
m 
ij 

where m~. is the observed frequency of individuals in the i th row and j
th 

1J 

column, and mij is·the corresponding theoretical frequency under the 

assumption of independence of attributes. As a measure of contingency, 

deviation from independent probability, Pearson recommended 1 - P where 

P was the probability that any value of x2 exceeded the value calculated 

62 
from the sample. In obtaining the value of P from Elderton's Table, 

61Karl Pearson, "Mathematical Contributions to the Theory of 
Evolution. XIII. On the Theory of Contingency and its Relation to Asso
ciation and Normal Correlation," Drapers' Company Research Memoirs, Bio
metric Series, I (1904). 

62w. P. Elderton, "Tables for Testing the Goodness of Fit of 
Theory of Observation," Biometrika, I (1902), pp. 155-163. These tables 
were an enlarged version of the chi-square table in Pearson's 1900 paper 
and gave values of n' from 3 to 30. n' = n + 1, where n is the parameter 
of the chi-square distribution. 



n' was to be taken equal to the number of cells in the contingency 

tableo 

32 

In 1916, Pearson made another advance in the direction of modern 

chi-square theoryo 
63 

In a paper on the general theory of contingency, 

he consideied the sampling distribution of the chi-square test criterion 

in the case where the deviations were subject to certain linear re

strictions. His results may be described as followso Suppose the 

individuals in a population fall into any one of k categories and that 

a random sample of N contains m~ in the j th categoryo Let m. denote 
J J 

the corresponding theoretical frequency. Pearson considered the sam-

pling distribution of 

k 
x2 = L 

j=l 
( 

m~ - m. 
J J ) 
/mj 

2 

= 
k 

L 
j=l 

x~ 
J 

in the case where q linear restrictions of the form, 

~ilXl + hizXz +•••+ hijXj +•••+ hqkXk = Hi or 

k 
l h1 .x. = Hi (i = 1, •.. ,q) 

j=l J J 

exist among the k values of Xj, hij and Hi being known constantso By 

means of n dimensional geometry, Pearson was qble to show that the 

distrib~tion of x2 would depend upon the difference, k - q. To deter-

2 mine the probability that in random sampling, x would exceed any 

given value,~Fearson directed that Elderton's Table be entered with 

n' equal to k - q + 1. 

63Karl Pearson, "On the General Theory of Multiple Contingency 
With a Special Reference to Partfal Contingency," Biometrika, XI (1916), 
pp. 145-158. 
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Controversy Relating to Degrees of Freedom 

In connection with the application of the chi-square distribu

tion to contingency tables, the controversy over the degrees of freedom 

erupted some twenty years after Pearson presented his test of goodness 

of fit. 64 In a 1915 paper, Greenwood and Yule indicated that something 

was wrong in Pearson's directions for applying the chi-square test. In 

their investigation of the effect of inoculation on susceptibility to 

typhoid and cholera, they discovered that the chi-square test applied 

to a 2 x 2 contingency table gave considerably less indication of a 

statistically significant difference than the significance test for the 

difference of two proportions, based on normal distribution theory. 

Based on these conflicting results, Greenwood and Yule decided that the 

chi-square test was the safer to apply and intimated that the observed 

inconsistencies warranted further theoretical investigation. 

These conflicting results led to considerable controversy as to 

the proper value to be assigned to the parameter n in applications of 

the chi-square distribution. In 1922, Fisher clarified the situation 

by proving that in the case of contingency tables and frequency curve 

fitting, Elderton's Table of the chi-square distribution should be 

entered with n' equal to "one more than the number of degrees of freedom 

in the distribution. 1165 The degrees of freedom were to be calculated 

by deducting from the number of cells or classes the sum of (1) the 

64M. Greenwood and G. U. Yule, "The Statistics of Antityphoid 
and Anti-cholera Inoculations and the Interpretation of Such Statistics 
in General," Proceedings of the Royal Society of Medicine, VIII (1915), 
pp. 113-190. 

65 2 
R. A. Fisher, "On the Interpretation of X , from Contingency 

Tables and the Calculation of P," Journal of the Royal Statistical So
ciety, LXXXV (1922), Part I, pp. 87-94. 
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number of linear restrictions imposed on the deviations between theoret

ical and observed frequencies, and (2) the number of population parameters 

estimated from the sample. In 1924 Fisher showed that the chi-square 

test criterion has a limiting chi-square distribution with appropriate 

d . . d f f d 'd d ff· · · 66 d re uction in egrees o ree om provi e e icient estimates are use 

for unknown parameters in the calculation of theoretical frequencieso 67 

Student's Distribution 

Discovery by Gosset 

Student's distribution was discovered by William Sealy Gos$et. 

In 1908, under the pseudonym Student, he published his derivation of this 

distribution in a paper entitled "The Probable Error of a Mean."68 The 

character of the work in which Gosset was engaged provided the motivating 

influence for his interest in the subject of the paper. Upon graduation 

from Oxford in 1899, Gosset joined the technical staff of Guiness Brewery 

in Dublin. His background in mathematics soon cast him in the role of 

statistical adviser on a variety of agricultural and chemical research 

problems pertinent to the brewing industry. In endeavoring to interpret 

the results of agricultural and chemical experiments yielding a neces

sarily small number of observations, Gosset rapidly became aware of the 

limitations of the statistical methods then available. Recognition of 

these limitations led him to an investigation of the possibility of drawing 

66A ff· · · · h. h b . d . 1 . h h n e icient estimate is one w ic ecomes i ent1ca wit t e 
maximum likelihood estimate as the sample size increases. 

67 R. A. Fisher, "The Conditions Under Which x2 
Measures the Dis

crepancy Between Observation and Hypothesis," Journal of the Royal Sta
tistical Society, LXXXVII (1924), pp. 442-540. 

6811student," "The Probable Error of a Mean," Biometrika, VI 
(1908), pp. 1-25. 
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inferences from small samples and in particular to the research that pro-

69 
duced "The Probable Error of a Mean." 

The object of the 1908 paper was to provide an alternative to the 

normal distribution in making tests of s:ignificance concerning the mean 

of a sample drawn from a normal population when the size of the sample 

did not justify using the sample standard deviation as an estimate of the 

unknown population standard deviation. To achieve his objective, Gosset 

proposed to find the distribution of the ratio, (x - µ)/s, which he 

labeled z. Here x denotes the mean of a sample of n observations from 

a normal population with meanµ, ands denotes the sample standard de

viation calculated by the formula: 

s = 

n 2 
I xi 

i=l 
n 

2 

By empirical methods involving the fitting of a Pearson Type III curve 

to get the distribution of s 2, Gosset eventually obtained what turned 

out to be the exact distribution of z. A table at the end of the paper 

gave the area under the frequency curve from - 00 to z for values of n 

from 4 to 10. In the latter part of his paper, Gosset illustrated the 

use of this table in connection with test of significance of the mean of 

small samples from a normal population. By his success in finding the 

exact distribution of z, Gosset demonstrated the possibility of alterna

tives of large sample test based on the normal distribution and thus 

pointed the way to fruitful research in the development of exact sampling 

distributions. 

69 Launce McMullen, "'Student' as a Man," Biometrika, XXX (1939), 
pp. 205-210. 
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Extended Application by Fisher 

In his 1922 paper on the goodness of fit of regression formulae, 

Fisher extended the application of Student's distribution to testing the 

significance of regression coefficients and to testing the significance 

of differences between the means of samples drawn from normal populationso 70 

Two years later, Fisher, in showing the relationship between his own z 

distribution and Student's distribution, introduced the symbol t for Stu

dent's ratio and associated the term, degrees of freedom, with the param

eter of Student's distribution. 71 

The full significance of Gasset's contribution to the development 

72 
of statistical inference was not firmly established until 1925. A paper 

devoted exclusively to Student's distribution by Fisher in that year 

presented the first complete and mathematically sound derivation of the 

distribution and introduced a broader conception of its structure, a 

conception leading to a wider range of application than the problem for 

which the distribution was originally designed. Fisher considered Stu

dent's distribution as being composed of two independent distributions: 

(1) that of (x - µ);;;_/cr, having a normal distribution with zero mean and 

unit variance, (2) that of ns2/cr2 , having a chi-square distribution with 

n-1 degrees of freedom. Here, x ands represent the mean and standard 

deviation, respectively, of a sample of n observations from a normal 

70R. A0 Fisher, "The Goodness of Fit of Regression Formulae and 
the Distribution of Regression Coefficients," Journal of the Royal Sta
tistical Society, LXXXV (1922), Part IV, pp. 597-612. 

71R. A. Fisher, "On a Distribution Yielding the Error Functions 
of Several Well Known Statistics," Proceedings of the International 
Mathematical Congress, Toronto, II, (1924), pp. 805-813. 

72R. A. Fisher, "Applications of Student's Distribution," Metron, 
V, No. 3 (1925), pp. 90-104. 
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population with mean, 11, and standard deviation, o. Interpreting Stu

dent's distribution as the distribution of the quotient, 

t = (~ - µ) vlil + ;-y ' 
a I~ 

Fisher pointed out that the frequency function oft was applicable to 

••• all cases which can be reduced to a comparison of 
the deviation of a normal variate, with an independently dis
tributed estimate of its standard deviation, derived from 
the sum of squares of homogeneous normal deviations, either 
from the true mean of the distribution or from the means of 
samples. 73 

Immediately following Fisher's paper in Metron, there appeared 

an extensive table of the t distribution, prepared by Gosset at Fisher's 

suggestion. The new table superseded previous ones published by Gosset 

in 1908
74 

and 1917
75 

and furnished values of the integral of the fre

quency function oft from - 00 tot, for values oft from Oto 6 at 

76 
intervals of 0.1 for degrees of freedom from 1 to 20. 

Fisher's z Distribution 

In 1909, the stand~rd procedure for making tests of significance 

of the simple correlation coefficient, r, computed from n pairs of ob

servations, utilized the approximation to the probable error of r, nam~ly 

73 Ibid., p. 94. 

74student, op. cit., p. 19. 

7511student," "Tables for Estimating the Probability that the 
Means of a Unique Sample of Observations Lies Between - and Any Given 
Distance of the Mean of the Population from Which the Sample is Drawn," 
Biometrika, XI (1917), pp. 414-417. 

7611student," "New Tables for Testing the Significance of Obser
vations," Metron, V, No. 3 (1925),, pp. 105-108. 
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0.67449 (1 - r
2
)//;,, developed by Pearson and Filan in 1898.

77 
Use of 

Pearson and Filon's formula presupposed that r was approximately normally 

distributed with mean equal to the population correlation coefficient, 

2 
p, and standard deviation equal to (1 - p )/;;_. Gosset questioned the 

validity of the standard procedure in the case of small samples and in

vestigated the exact distribution of ·r for n = 2, and the exact dis-

.b . f f 1 b O 
78 

I 1915 79 F. h tri ution o r or genera n ut p = • n a paper, is er 

obtained the exact distribution of the simple correlation coefficient 

in random samples from a normal bivariate population. The frequency 

curves for the simple correlation coefficient supplied the theoretical 

means for making exact probability statements concerning this statistic. 

However, the labor involved in the computation of the probabilities rep

resented a serious limitation in the construction of practical tests of 

significance for correlation coefficients. 

Fisher's z Transformation 

With a view of removing the complexity resulting from the ex

treme skewness and variation in form of correlation frequency curves, 

80 Fisher, in the 1915 paper, suggested the transformation: 

z = tanh-l r = (1/2) ln (1 + r)/(1 - r). 

77Pearson and Filon, Philosophical Transactions of the Royal So
ciety of London, Series A, CXCI (1898), Part I, p. 242. 

78"student," "The Probable Error of a Correlation," Biometrika, 
VI (1909), pp. 302-310. 

79R. A. Fisher, "Frequency Distribution of the Values of the 
Correlation Coefficient in Samples from an Indefinitely Large Population," 
Biometrika, X (1915), pp. 507-521.' 

80Ibid. , p. 521. 
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By means of this transformation, Fisher, in 1919, succeeded in normalizing 

the distribution of a measure of resemblance used by Thorndike in his 

study of twins. 81 In a 1921 paper82 presenting the exact distribution 

of the intraclass correlation coefficient, Fisher demonstrated the ad

vantages occurring from the z transfbrmation in the case of correlation 

frequency curves. 

If r is an intraclass correlation coefficient based on n pairs 

of observations, then z is approximately normally distributed with mean, 

(1/2) ln (1 + p)/(1 - p), and standard deviation, 1/ ✓ (n-3)/20 If r is 

a simple correlation coefficient based on n pairs of observations, then 

z is approximately normally distributed with mean, (1/2) ln (1+ p)/(1 - p) 

and standard deviation, 1/ ✓n - 3. Thus, tests of significance of ob

served correlation coefficients and differences between them could be 

easily carried out by testing the significance of corresponding values 

of z. 

The Distribution of z 

The logarithmic transformation assumed greater importance as 

Fisher equated the problem of estimating intraclass correlation to that 

of estimating the ratio of two variances, the variance within classes 

and the variance between classes. This led him to the broader problem 

of the distribution of the natural logarithm of the ratio of two inde

pendent estimates of variance. The distribution received the label, z, 

from the notation used by Fisher in connection with the logarithmic 

81R. A. Fisher, "The Genesis of Twins," Genetics, IV (1919), 
pp. 489-499. 

82R. A. Fisher, "On the 'Probable Error' ••• , op. cite, ppo 
3-32. 



transformation normalizing the distribution of correlation coeffi

cientse83 

40 

A detailed study of the properties of the z distribution first 

appeared in a 1924 paper by Fisher, entitled "On a Distribution Yielding 

84 
the Error Function of Several Well Known Statistics." Therein, 

Fisher introduced the z distribution via the problem of testing the 

significance of the difference between si ands~, the variances of two 

small samples from normal populations having unknown population vari

ances, oi and a~. Fisher pointed out that the use of the differences 

of the sample variances as a test criterion would necessitate sub

stitution of the observed values of s1 and s2 for o1 and o2 in the 

probability distribution of si - s~. Because of the large sampling 

errors associated with small sample estimates, this procedure, declared 

Fisher, would lead to deceptive probability statements. He presented 

his solution to the problem as follows: 

The only exact treatment is to eliminate the unknown 
quantities o1 and o2 from the distribution by replacing 
the distribution of logs, and so deriving the distribution 
of log s 1/s2 . Whereas the sampling errors in s 1 are pro
portional to 01, the sampling errors of log s 1 depend only 
upon the size of the sample from which s1 was calculated. 

We may now write 

2 2 2 0 2 2 
n1s1 = al X1 = s1 (x) 1 

2 = a 2x 2 = a 2 S2(x2) n2s2 2 2 2 

s 2 a 2 2 
2z 1 1 n2s1 (x) 

e = 
s 2 = a 2 n1S2(x2) 2 2 

83R. A. Fisher, "The General Sampling Distribution of the Multi
ple Correlation Coefficient," Proceeding of the Royal Society of London, 
Series A, CXXI (1928), p. 656. 

84Fisher, Proceedings ., op. cit., pp. 805-813. 



where s1 and s2 are the sums of squares of (respectively) 
n1 and nz independent quantities; then z will be distributed 
about log 01/02 as mode, in a distribution which depends 
wholly on the integers n1 and n2. Knowing this distri
bution we can tell at once if an observed value of z is 
or is not cog5istent with any hypothetical value of the 
ratio 01 /0 2 • 

Through various substitutions and appropriate specification of the 

parameters n1 and n2, Fisher proceeded to demonstrate the generality 

of the z distribution. Fisher concluded his paper on the z distribu

tion with the presentation of analysis of variance tables for testing 

the significance of the intraclass correlation coefficient, the mul

tiple correlation coefficient, the correlation ratio and for testing 

the goodness of fit of regression curves. 

Analysis of Variance 

41 

The technique of analysis of variance was first applied by 

Fisher in 1923 under the name, "analysis of variation."
86 

The technique 

was presented as a statistical method for interpreting the results of 

an agricultural experiment designed to simultaneously measure the 

effects of different fertilizers and plant varieties on crop yield. 

A tabular arrangement, now called an analysis of variance table, ex

hibited the degrees of freedom, sums of squares, mean squares and stand

ard deviations corresponding to different sources of variation. Tests 

of significance were performed by comparing the difference of the natural 

logarithms of the appropriate standard deviations with the standard error 

of the difference. No mention was made of the z distribution. 

85Ibid., p. 808, 

86R. A. Fisher and w. A. Mackenzie, "Studies in Crop Variation, 
II. The Manurial Response of Different Potato Varieties," Journal of 
Agricultural Science, XIII (1923), pp. 311-320. 



More detailed treatment of the practical applications of the 

analysis of variance together with the relevant tests of significance 

made possible by the z distribution appeared in the first edition of 

Statistical Methods for Research Workers. 87 Therein, Fisher intro

duced the analysis of variance via correlation as follows: 

A type of data, which is of very common occurrence 
may be treated by methods closely analogous to that of 
the correlation table, while at the same time it may be 
more usefully and accurately treated by the analysis of 
variance, that is by the separation of the variance as
cribable to one group of causes from the variance ascribable 
to other groups. 88 

Omitting proofs, Fisher developed the analysis of variance technique 

42 

by way of illustrative examples drawn mainly from the fields of biology 

and agriculture. In addition to more extended coverage of the applica

tions cited in his 1924 paper on the z distribution, Fisher presented 

analysis of variance tests for the homogeneity of a set of means, dis

cussed two-way classifications in the analysis of variance, and considered 

the implications of the analysis of variance in the design of experi

ments. A table of the five per cent points of the z distribution 

facilitated the carrying out of the relevant tests of significance. 

Through the z distribution and the analysis of variance, Fisher 

was able to consolidate the tests of significance made available by the 

development of the exact sampling distributions considered in the latter 

part of this chapter. On the practical side, these tests furnished the 

research worker with valuable tools for the interpretation of his ex

perimental data in the case of small as well as large samples. The new 

87 R. A. Fisher, Statistical Methods for Research Workers (London: 
Oliver and Boyd, 1925), Chaps. VII~VIII. 

88rbid., p. 178. 
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tools produced what Youden has very aptly described as a highly desirable 

II 1 h d f O O 1189 revo· ution in met o so experimentations. On the theoretical side, 

these tests of significance led to a closer examination of the assump

tions required for their validity, further investigations of exact 

sampling distributions and an effort to supply a rigorous mathematical 

foundation in the form of a general theory of testing statistical hy

potheseso The outcome of this effort has been the period of classical 

statistical inference. Salient contributions to this period of statis

tical inference will receive consideration in the following chapter. 

89we J. Youden, "The Fisherian Revolution in Methods of Experi
mentation," Journal of the American Statistical Association, XLVI (1951), 
pp. 47-50. 



CHAPTER III 

THE PERIOD OF CLASSICAL 

STATISTICAL INFERENCE 

The purpose of this chapter is to trace the development of that 

period of statistical inference called classical statistical inference. 

The problem of the period of inductive statistical inference translates 

into the problem of eliciting from a sample, information concerning 

the population from which the sample has been drawn. This information 

may be utilized to construct estimates of parameters, such as the mean, 

to provide descriptive measures of the population under consideration, 

The information may also be utilized to test some hypothesis concerning 

this population, for example, the hypothesis that the population mean 

is equal to zero. The former type of statistical information comes 

1 
under the heading of statistical interval estimation and the latter 

type comes under the heading of statistical hypotheses testingo These 

two types of statistical information provided the basis for the develop

ment of the concepts $et forth in the period of classical statistical 

inference. 

1A single valued estimate or a point estimate is not a statis
tical inference because the error of the estimate is not measured. 

44 
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Statistical Interval Estimation 

The Problem of Interval Estimation 

The problem of interval estimation consists of determining, on 

the basis of a sample, limits within which the unknown value of some 

universe parameter will be asserted to lie. The problem which Bayes 

2 attempted to solve in his Essay may be regarded as a problem in interval 

estimation. The unknown parameter was the probability, p, of success 

in a single trial of a sequence of n independent trials, the outcome of 

each of which was termed either "success" or "failureo" In his solu-

tion of the problem, Bayes introduced the principle of inverse proba

bility by means of which he was able to establish the probability that 

p would lie within given limits, on the basis of the observed proportion 

of successes inn trials. Subsequent repudiation of the principle of 

inverse probability because of the lack of justification of assumptions 

made with respect to the a priori probability distribution of the unknown 

parameter resulted in an emphasis, particularly by Fisher, on the develop

ment of exact sampling distributions later to be employed in the period 

of classical statistical inference~ These sampling distributions 

figured prominently in two approaches to the problem of interval esti

mation. One, by Fisher, introduced the notion of fiducial probability; 

the other approach, by Jerzy Neyman, introduced the notion of confidence 

intervals based on the classical view of probability as theoretical 

relative frequency. Both Fisher and Neyman shared the objective of 

finding a solution to the problem of interval estimation which did not 

2Thomas Bayes, "An Essay towards solving a Problem in the Doctrine 
of Chances," Philosophical Transactions of the Royal Society of London, 
LIII (1763), pp. 370-418. 
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require assumptions with regard to the a priori probabilities of the 

parameter estimated. 

Fiducial Probability 

Fisher introduced the concept of fiducial probability in 19300 
3 

He considered a statistic, T, having a continuous sampling distribution 

involving a single parameter, 8, of which Twas the maximum liklihood 

estimate. Using the idea that probability statements concerning T, for 

various possible values of 8, could be converted into "fiducial proba

bility" statements concerning 8, for various observed values of T, Fisher 

related the "fiducial distribution" of a parameter, 8, to the distribution 

of a statistic, T. He let F(T,8) represent the probability that Tis 

less than any specified value. Then, said Fisher: 

.•• the fiducial distribution of a parameter 8 for 
a given statistic T may be expressed as 

a df = - ~ F(T,8) d 8, 

while the distribution of the statistic for a given value of 
the parameter is 

df = 
4 

F(T,8) dT. 

In a subsequent paper, 5 Fisher provided a clearer conception of 

fiducial probability with the following example. Suppose a sample of 

n observations is drawn from a normal population having a mean,µ. If 

x and s 2 are defined by the equations, 

3R. A. Fisher, "Inverse Probability," Proceedings of the Cam
bridge Philosophical Society. XXVI (1930), pp. 528-535. 

4Ibid. , p. 534. 

5R. A. Fisher, "The Fiducial Argument in Statistical Inference," 
Annals of Eugenics, VI (1935), pp. 391-392. 



n 
x = 1/n l xi 

i=l 

2 n 
s = 1/n-l l 

i-1 

- 2 (x. - x) , 
1 

then t = (x - -µ) /n/s has Student's t distribution. The inequality, 

t>t1 , is equivalent to the inequality, µ<x - st1//n. The latter in

equality must therefore be satisfied with the same probability as the 

former. This probability is known for all values of t 1 and decreases 

continuously· as t 1 is increased. Fisher said: 

Since, therefore, the right-hand side of the inequality 
takes, by varying t1, all real values, we may state the 
probability thatµ is less than any assigned value, or the 
probability that it lies between assigned values, or, in 
short, its probagility distribution, in the light of the 
sample observed. 

To distinguish his probability statements concerning the parameter 

from those obtained by the method of inverse probability, 7 Fisher 

referred to his as "statements of fiducial probability" and termed 

6rbid., p. 392. 

7By the method of inverse probability, the probability thatµ 
lies between assigned values, -µ 1 and Pz could be obtained as followso 
Let g(µ) dµ represent the a priori probability thatµ lies in the 
interval (µ, µ + dµ). Let f(t) be the known frequency function of 
t = (x - µ) /n/s, that is, the frequency function of Student's dis
tribution with n - 1 degrees of freedom. Then, by the method of in
verse probability, the a posteriori probability that, given t, µ lies 
between µ1 and µ2 is 

Jµ2 
µl g(µ) f(t) dµ 

··j g(µ) f (t) dµ 
-oo 

Substitution of the observed value oft, calculated from the sample, 
reduces the integrands in the above expressions to functions ofµ. 

47 
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the probability distribution of the parameter as the "fiducial probability 

distribution."
8 

Confidence Intervals 

Neyman approached the problem of statistical interval estimation 

by means of confidence intervals. His first published account of the 

9 theory of confidence intervals appeared in an appendix to a paper read 

before the Royal Statistical Society of London on June 19, 1934. Ac

cording to Neyman, 10 the first reference to his theory of confidence 

intervals appeared in 1932 in a monograph11 by one of his students at 

the time, Pytkowski, who gave numerical confidence limits for certain 

means and regression coefficients in connection with the problem of 

estimating various characteristics of small farms in Poland. 

In his initial publication on the subject, Neyman formulated 

the problem of confidence intervals in terms of estimating a population 

parameter, 8, on the basis of a sample statistic, x. Neyman referred 

to 8 and x as a "collective character" of the population and of the 

sample, respectively. He assumed that the frequency function of x 

could be deduced and depended one. Then, Neyman stated the problem 

of estimating as follows: 

8
Fisher, op. cit. 

9Jo Neyman, "On the Two Different Aspects of the Representative 
Method: The Method of Stratified Sampling and the Method of Purposive 
Selection," Journal of the Royal Statistical Society, XCVII (1934), 
pp. 558-606. 

10J. Neyman, Lectures and Conferences on Mathematical Statis
tics and Probability (Washington: Graduate School, Department of 
Agriculture, 1952), p. 1950 

11w. Pytkowski, The Dependence of Income of Small Farms upon 
their Area, the Outlay and the Capital Invested in Cows (Series Bib
ljoteka Pulawska, No. 34. Warsaw: n.n., 1932), pp. 1-59. 



Given any positive number s<l, to associate with any 
possible value of x an interval 

such that if we accept the rule of stating that the unknown 
value of the collective character is contained within the 
limits 

81 (x') .:._ 8 .:._ 8 2 (x') 

every time the actual sampling provides us with the value 
x = x', the probability of our being wrong is less than 
or at most equal to 1 - s, and this whatever the proba
bility a priori, ~(8). 12 
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Neyman termed Ethe "confidence coefficient" and called the intervals, 

[9i(x), e2 (x)], "confidence intervals corresponding to the confidence 

coefficients." Through the medium of analytical geometry, Neyman then 

proceeded to give a general method for constructing confidence intervalso 

In 1937, Neyman published a more thorough treatment of con

fidence intervals in which he gave the following generalized formula

tion of the problem. 

Let p(x1 , ••• ,x I 01 , ••• ,8i) = p(E, 01 , .•• ,8£) be the 
elementary probabiiity Iaw of n random variables x1,···,xn 
depending on£ constant parameters 01 , 02 , •.• ,8£. The 
letter E stands for x1 , •.• ,xn. Suppose the analytical 
nature of p (x1 , ... ,¾ I el' ••• , e £) is known but the values 
of the parameters e1 , •.• ,e£ are unknown. It is required 
to determine two single valued functions of the x's, 8(E) 
and 8(E), having the property that, whatever the values of 
the e's say Si, 8z,···,ei, the proba_Qility of f(E) falling 
short of e1 and at the same time of 8(E) exceeding 81 is equal 
to a number a fixed in advance so that O<a<l, 

P{~(E).:,_ Si .:.. 8(E) I Si, 8z, •.• ,e_p = 13 
a. 

Neyman emphasized that the endpoints of the confidence interval, 

[f(E), 8(E)], were random variables and that e1 was a constant. 

12 J. Neyman, "On the Two Different Aspects ... , op. cit., p. 
589. 

13J. Neyman, "Outline of a Theory of Statistical Estimation 
Based on the Classical Theory of Probability," Philosophical Trans
actions of the Royal Society of London, Series A, CCXXXVI (1937), p. 378. 
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Consequently, p{~(E).::_8i.::_8(E)lei, e;,o••,e~} did not represent the 

probability of 8i falling within fixed limits, but rather the probability 

that the random interval, [~(E), 8(E)], covered the true value of e1 . 

By means of analytic geometry, Neyman showed explicitly how to construct 

confidence intervals for the case t = 1, and also for the case t = 2 

under the condition that a set of sufficient statistics existed for e2 , 

e3 ,.0•,8io In both cases, the method of construction produced an in

finity of solutions. 

Neyman introduced the concepts of shortness and unbiasedness 

for the purpose of selecting confidence intervals having the same con

fidence coefficient. A confidence interval was described as "unbiased" 

if it covered the true value of the parameter estimated with the pre

assigned relative frequency a, but covered false values of the param

eter less frequently. A "shortest unbiased" confidence interva114 was 

described as one which was unbiased and such that it covered false values 

of the parameter less frequently than any other unbiased confidence 

interval. 

In the case of the problem used to illustrate Fisher's concept 

of fiducial probability, a confidence interval for estimatingµ might 

be obtained as follows. Let a be the specified confidence coefficient. 

Using tables of Student's t distribution, find t 1 such that the proba

bility that (x -µ)fu/s lies between -t1 and t 1 is equal to a. By 

isolatingµ in the inequality, 

the result is the inequality, 

14A shortest unbiased confidence interval represents an ideal 
solution to the problem of interval estimation. 
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i - t 1 s/ /n~µ<i + t 1 s/ In. 

Substitution of the observed values of x, s, n and the appropriate value 

of t
1 

in the latter inequality produced a confidence interval estimate 

ofµ with confidence coefficient a. 

Before the sample is drawn, probability statements are made 

that the interval, i ± t 1s//n, will include the true value ofµ because 

the endpoints of this interval are random variables. After the sample 

has been drawn, however, and the endpoints are evaluated, probability 

statements concerning the interval cease to have meaning because then 

either the interval includes the true value ofµ or the interval does 

not. The confidence coefficient represents the approximate proportion 

of correct statements that would result if a large number of samples were 

drawn and interval estimates ofµ were constructed by evaluating the end

points of the interval x ± t
1
s/vn. For any particular sample, the same 

numerical results could be obtained by making use of the fiducial proba

bility distribution ofµ to get an interval, [111 , µ
2
], such that the 

fiducial probability of ·µ lying within the interval is equal to a. 

Differences in Formulation of Theories 

Similarity of the numerical results plus the fact that both 

fiducial and confidence limits are obtained without making any assump

tions as to the a priori probability distribution of the parameter 

estimated led Neyman to suspect in 1934 that his theory of confidence 

intervals was merely a reformulation and extension of Fisher's theory 

of fiducial probability. The latter theory, Neyman believed, had 

caused much misunderstanding because of fiducial probability statements 

concerning constants, the unknown parameters. These statements were 

difficult to disentangle from the ordinary concept of probability, which 
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he felt were applicable only to random variables. Furthermore, Fisher 

had restricted his theory of fiducial probability to cases where the 

sample statistic was a continuous random variable whose probability dis

tribution depended on a single unknown parametero The theory of con

fidence intervals removed the limitation of continuity and permitted 

easy generalization to the case where the probability distribution of 

15 
the statistic depended on not one but several unknown parameters. 

Connnents by Fisher in the discussion following the presentation 

of Neyman's paper before the Royal Statistical Society in 1934 caused 

Neyman to doubt whether his theory of confidence intervals was equiva-

, d 1 bl' 16 d d h lent to Fishers theory of fi ucia proba i 1ty. Fisher enie tat 

his fiducial probability statements had given rise to any misunderstand

ings and further stated that the concept of fiducial probability did 

not differ from the ordinary concept of probability. The descriptive 

adjective, "fiducial," had been applied merely to distinguish his method 

of obtaining interval estimates from the method of inverse probabilityo 

In addition, Fisher declared that he had restricted the application of 

his fiducial argument to cases where a sufficient statistic existed, in 

order to assure uniqueness of the interval estimates obtained. He 

cautioned against the danger of contradictory inferences that might 

result from Neyman's ignoring this restriction concerning sufficient 

statistics and from his proposed extension of the theory of confidence 

intervals to cases where the distribution of the sample statistic de

pended on several unknown parameters. Fisher observed that Neyman's 

15JQ Neyman, "On the Two D~fferent Aspects ... , op. cit., ppo 
562 and 593. 

16J. Neyman, "Fiducial Argument and the Theory of Confidence 
Intervals," Biometrika, XXXII (1941), p. 129. 
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removal of the continuity restriction had been accomplished at the expense 

of replacing exact specification of the confidence coefficient by a 

statement specifying it to be less than or equal to some preassigned 

value. 17 

Neyman, in 1935, replied to the last of Fisher's criticisms 

cited above by showing: (1) that in certain exceptional cases involving 

discontinuous statistics, confidence intervals did exist having confidence 

coefficients exactly equal to a specified value, and these intervals 

could be easily constructed by the general method described in Neyman's 

1934 paper; (2) that in the general case of discontinuous statistics, 

exact probability statements in the problem of interval estimation were 

impossible. The failure of the theory of confidence intervals to provide 

a solution where no solution existed could not, therefore, be construed 

as a defect in this theory, as Fisher had intimated. 18 

In his elaboration19 of the theory of fiducial probability in 

1935, Fisher renewed his insistence that the calculation of fiducial 

limits and fiducial probability distributions be limited to cases where 

it was possible to extract all relevant information from the sample, that 

is, to cases where a sufficient statistic existed and was utilizeda He 

again warned that Neyman's failure to observe this restriction made his 

theory of confidence intervals liable to mutually inconsistent interval 

estimates of a parameter. Fisher declared: 

17R. A. Fisher, "Discussion of Dr. Neyman's Paper," Journal of the 
Royal Statistical Society, XCVII (1934), pp. 617-619. 

18J. Neyman, "On the Problem of Confidence Intervals," Annals of 
Mathematical Statistics, VI (1935), pp. 111-116. 

19
R. A. Fisher, "The Fiducial Argument • . • ," op. cit., ppo 391-

398. 



When, as with inferences based on the use of suf
ficient statistics onlyj we obtain a unique probability 
distribution for the parameter, all possibility of 
admitting mutually conflicting inferences is excluded, 
and the resulting distribution for the parameter may 
be properly termed the fiducial distribution of the 
parameter. The same would be true of inferences con
cerning the simultaneous values of two or more param-

20 eters, if such a unique distribution could be obtainedo 

One of the problems which Fisher chose to illustrate was originally 
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21 
treated by Behrens in 19290 The problem was how fiducial probability 

distributions might be obtained for the purpose of making inferences con

cerning two or more parameters. Later in this chapter, this problem 

will be considered as the last important development in the period of 

classical statistical inference. Attention is now turned to statistical 

hypotheses testing, a branch of statistical inference separate from 

statistical interval estimation. 

Statistical Hypotheses Testing 

The procedure for using the exact sampling distributions con

sidered in the previous chapter and involved in tests of significance, 

consisted essentially of selecting some function of the observations 

constituting the sample and using this function as a criterion to test 

an hypothesis concerning the population from which the sample has been 

drawn. If the observed value of the test criterion belonged to a set 

of possible values having a small probability, under the hypothesis 

tested, the hypothesis was rejected; otherwise, the conclusion was that 

the sample did not offer sufficient evidence to contradict the hypothesis. 

20rbid., p. 393. 

21w. V. Behrens, "EinBetrag zur Fehlenberechnung bei wenigen 
Beobachtungen," Landwirtschaftliche Jahrbucher, LXVIII (1929), pp. 807-
822. 
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Fisher introduced the term "null hypothesis"
22 

to designate the hypoth-

0 b O d d h "l 1 f · 0 f · 1123 d · esis eing teste, an t e term eve o s1gn1 icance to esignate 

the probability associated with the set of possible values of the test 

criterion for which the hypothesis would be rejected. 

Vague formulation of the null hypothesis, loose description of 

test results as being significant or due to chance, and the lack of 

rational justification for the selection of test criteria all combined 

to emphasize the need for a theory of testing statistical hypotheses, 

a theory that would remove the ambiguity surrounding existing testing 

procedures, consolidate the gains of previous research and give direction 

to new research on the subject. In response to this need, Neyman and 

Pearson proposed their theory of testing statistical hypotheses. 

Statement of the Neyman-Pearson Theory 

The Neyman-Pearson theory rests on recognition of the fact that 

in testing statistical hypotheses two kinds of error may be committed. 

An error of the first kind, Type I error, consists of rejecting the null 

hypothesis, H, when it is trueo An error of the second kind, Type Tl 
0 

error, consists of accepting H when it is false, that is, when some 
0 

alternative hypothesis, Ha, is true. The fundamental idea underlying 

the Neyman-Pearson approach to the problem of testing statistical hypoth

eses may be briefly described as follows. Among tests for which the 

probability of Type I error is the same, choose that one for which the 

probability of Type II error is a minimuma If a test exists for which 

22R. A. Fisher, The Design of Experiments (Edinburgh: Oliver and 
Boyd, 1935), p. 18. 

23R. A. Fisher, "The Arrangement of Field Experiments," Journal 
of the Ministry of Agriculture, XXXII (1926), p. 504. 
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the probability of Type II error is minimized simultaneously for all ad

missible alternative hypotheses, such a test provides an ideal solution 

to the problem and is called a "uniformly most powerful test." When a 

uniformly most powerful test does not exist, additional principles are 

necessary to govern the choice of a suitable test. 

The following more precise description of basic concepts in the 

Neyman-Pearson theory, based on a review24 of these concepts by the 

authors in 1936, will give a clearer picture of the theory and at the 

same time provide a basis for subsequent discussion of the historical 

development of the theory. 

Let p(x
1

, .•• ,xn I e1 , .•. ,ek) denote the elementary probability 

law of the random variables x1 ,.o•,xn. e1 , ••. ,ek represent the k param

eters upon which the specification of the elementary probability law 

depends. Let E, the sample point, be a point having Cartesian co

ordinates x1 , .• ~,xn in an n-dimensional space, W, called the "sample 

space." Let w be any region in W. The elementary probability law, 

p(x1 , ... ,xn I e1 , .•• ,ek), is such that P(E ~ w I e1 , .•. ,ek), the 

probability that E will fall within w, is given by the integral of 

p(x1 , ..• ,xn I e1 , .•• ,ek) over the region w. 

A statistical hypothesis is any assumption concerning the ele

mentary probability law of the random variables x1 , ... ,xn. A statistical 

hypothesis is termed "simple" if it completely specifies the elementary 

probability law; otherwise, a statistical hypothesis is termed "compositeo" 

24J. Neyman and E. S. Pearson, "Sufficient Statistics and Uni
formly Most Powerful Tests of Statistical Hypotheses," Statistical 
Research Memoirs, I, J. Neyman and E. S. Pearson, editors (London: 
Department of Statistics, University of London, 1936), pp. 113-115. 
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A test of a statistical hypothesis is a rule providing for the rejection 

of the hypothesis whenever the observed sample point falls within a 

region w
0

, called the "critical region," and providing for the acceptance 

of the hypothesis whenever the observed sample point falls outside the 

critical regiono 

In testing a statistical hypothesis, H
0

, two kinds of error may 

be committed. These errors are also referred to as "Type I" and "Type 

II" errors1 respectively. Let a= P(E cw l H) denote the probability, 
0 0 

determined under the assumption that H is true, of an error of the first 
0 

kind. The "size of the critical region, w" is called a. Critical 
0 

regions having the same size are said to be "equivalent." Let 13 = 

P(E cw I H) denote the probability of an error of the second kind, o a 

determined under the assumption that some alternative hypothesis H, is 
a 

true. The object in selecting a test of a statistical hypothesis should 

be to minimize, insofar as possible, a and S. 

The power of a test of H against an alternative H is defined 
o a 

as the probability of rejecting H when H is true. The most powerful 
o a 

test of H against an alternative H is the test whose power is greater o a 

than that of any other test based on an equivalent critical region. The 

critical region yielding the most powerful test is called the "best 

critical region" for testing H
0 

against the alternative Ha. 

Let Q denote the set of all admissible simple hypotheses. The 

test of a statistical hypothesis H
0 

is called "uniformly most powerful" 

if the test is most powerful against every alternative hypothesis con

tained in Q. Unfortunately, uniformly most powerful tests rarely existo 

Consequently, additional principles have to be developed to govern the 

choice of a suitable test. Additional principles proposed by Neyman 
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and Pearson will be considered in the following section. 

Development of the Neyman-Pearson Theory 

The Neyman-Pearson theory of testing statistical hypotheses un

folded in a series of memoirs beginning in 1928. In the first 25 of 

these memoirs, Neyman and Pearson viewed the problem of testing statis

tical hypotheses as that of "deciding whether a particular sample may 

be judged as likely to have been drawn from a certain population whose 

f b 1 1 1 . 11 °f' d 1126 orm may e compete y or on y partia y speci ie. They proceeded 

to identify the two kinds of error possible in testing statistical 

hypotheses, distinguished between simple and composite hypotheses, and 

after an analysis of tests in common use at the time, proposed on intui

tive grounds the likelihood ratio as a generally applicable test criterion. 

Neyman and Pearson were not the first to recognize the importance 

of two types of error in testing statistical hypotheses. The analogous 

concepts of producer risk, the probability of rejecting a manufactured 

lot that conformed to certain quality specifications, and consumer risk, 

the probability of accepting a lot that did not conform to these speci

fications, formed the basis of lot sampling inspection procedures in the 

27 
Bell Telephone Laboratories as early as 1924. 

25Jo Neyman and E. S. Pearson, "On the Use and Interpretation of 
Certain Test Criteria for Purposes of Statistical Inference," Biometrika, 
XX-A (1928), pp. 175-240 and 262-294. 

26rbid., p. 176. 

27w. A. Shewhart, "Review of Statistical Research Memoirs, VoL 
II," Journal of the American Statistical Association, XXXIV (1939), ppo 
590-591. 



59 

The Likelihood Ratio Criterion 

As a generally applicable test criterion designed to take into 

account admissible alternative hypotheses being tested, Neyman and Pearson 

in 1928 suggested the likelihood ratio, A. In the case of testing a 

simple hypothesis completely specifying some population TI as the origin 

of the sample, they defined A as follows: 

The populations n, n', etc., which are considered as pos
sible sources of origin for E [the observed sample point] must 
belong to some set or universe of populations, n, which can 
generally be specified; further n will contain, in all cases 
likely to be met in practice, a certain population of TI (n max) 
for which the chance of drawing Eis a maximum, say, C = C(n max)o 
We may now define the likelihood of the hypothesis that E has 
been drawn from TI as 

C 
\ = -----C(n max) 

28 

The numerator C of the likelihood ratio, A, was to be taken equal to the 

probability density of the observed sample point under the assumption 

that the population 'IT was the origin of the sample. In the case of a 

composite hypothesis specifying the origin of the sample to be some 

number of a subset w of n, the numerator of A was to be taken equal to 

maximum probability density assigned to the observed sample point by the 

populations in w. 

Neyman and Pearson advanced the likelihood ratio test on the 

intuitive grounds that we are inclined to reject the null hypothesis if 

there exists among the admissible alternative hypotheses one which 

assigns a greater probability to the observed sample. In two papers 

published in 1933 1 Neyman and Pearson presented a more precise formu

lation of the ideas contained in their 1928 memoir. 

28 Neyman and Pearson, op. cit., pp. 264-265. 
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In the first 29 of these papers they clarified the construction 

of likelihood ratio tests, introduced the concepts of critical region, 

size of critical region, equivalent critical regions, and equated the 

choice of a test criterion with the choice of a critical region. The 

following fundamental principle was presented for the selection of crit

ical regions: Fix a, the probability of an error of the first kind in 

advance and then choose from among the possible critical regions of 

size a that one for which the probability of an error of the second 

kind is a minimum$ In the case of testing a simple hypothesis H
0 

against 

a simple alternative H, Neyman and Pearson proved that the best crit-
a 

ical region w
0 

of size a. was defined by the inequality, p(x1 , ••• ,xn I Ha) 

~ k p(xl'. o o ,xn I H
0

) where k > 0 is a constant such that P(E c:::: w
0 

I H
0

) - CL, 

Here p(x1,•oo,Xn I Ha) and p(x1,···,xn I Ho) represent the elementary 

probability law of the sample observations under the hypotheses Ha and 

H
0

, respectively. This result, known as the Neyman-Pearson Lemma, 

marked a significant step forward in the theory of testing statistical 

hypotheses by providing the theoretical means for achieving an ideal 

solution to the problem of testing a simple hypothesis against a simple 

alternative~ In the case where no common best critical region existed 

for every admissible alternative hypothesis, Neyman and Pearson recom

mended using the likelihood ratio test criterion. 

1ri a second paper30 on the subject in 1933, Neyman and Pearson 

presented their theory of testing statistical hypotheses as a means of 

29J. Neyman and E. S. Pearson, "On the Problem of the Most Effi
cient Tests of Statistical Hypotheses," Philosophical Transactions of 
the Royal Society of London, CCXXX~ (1933), pp. 289-337. 

30J. Neyman and E. S. Pearson, "The Testing of Hypotheses in 
Relation to Probabilities A Priori," Proceedings of the Cambridge 
Philosophical Society, XXIX (1933), pp. 492-510. 
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avoiding objectionable assumptions concerning the a priori probabilities 

of admissible hypotheses. Such assumptions had figured prominently in 

the repudiation of the principle of inverse probability as a method of 

statistical inference, In their discussion of the extent to which critical 

regions chosen so as to minimize the probability of errors of the second 

kind eliminated the need for taking a priori probabilities into account, 

Neyman and Pearson found the introduction of the concept of power useful" 

They also introduced the labels "Type I" and "Type II" for errors of 

the first and second kind, respectivelyo Neyman and Pearson came to 

the conclusion that a uniformly most powerful test represented a complete 

solution to the problem of testing a statistical hypothesis in terms of 

their formulation of this problemo They proved that such a solution was 

independent of a priori probabilities in the sense that not even full 

knowledge of the a priori probabilities of the admissible hypotheses could 

produce an equivalent critical region better than that corresponding to 

a uniformly most powerful test. Neyman and Pearson suggested the following 

as possible lines of attack in cases where uniformly most powerful tests 

did not exist: (1) use the likelihood ratio test; (2) assess the relative 

importance of errors of the second kind and endeavor to get protection 

in the form of high power against those errors of relatively great im

portance; and (3) assign numerical measures to the consequences of both 

kinds of error on the basis of financial loss, for exampleo Each sug

gestion was presented as a way out of the difficulties involved in 

assigning a priori probabilities to the various admissible hypotheseso 

The last suggestion foreshadowed one of the essential features of the 

theory of decision-theoretic statistical inference--a period of statis

tical inference to be considered in the next chapter. 
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Additional Principles for Test Selections 

The problem of what constitutes a good test of a statistical 

hypothesis in the absence of a uniformly most powerful test received 

further attention from Neyman and Pearson in 1936. To deal with the 

undesirable situation where the probability of rejecting the null hypoth

esis is greater if this hypothesis is true than if it is false Neyman 

and Pearson introduced the principle of unbiasedness. They defined a 

test of the simple hypothesis, e = 0
0

, to be unbiased if the power 

function, P(0), representing the probability of rejecting the hypothesis 

when 8 is the true value of the population parameter, has a relative 

minimum at 8 = 8
0

0 An unbiased test would lead to rejection of the 

hypothesis, 8 = 8
0 

with greater probability if e
1

, some value in the 

neighborhood of e , were the true value of the population parameter than 
0 

if 8 were the true value. Among unbiased tests, uniformly most powerful 
0 

unbiased tests were to be preferredo Neyman and Pearson called a crit-

ical region corresponding to a uniformly most powerful unbiased test 

a "critical region of Type A1 ." Next to critical regions of Type A1 

in order of preference were critical regions of Type A. A critical 

region of Type A was defined to be one for which the corresponding test 

of the simple hypothesis, 8 = 8 , was unbiased and possessed a power 
0 

function having greater curvature in the neighborhood of 8 than any 
0 

other unbiased test based on a critical region of the same size~ 31 

In 1938, Neyman and Pearson investigated conditions under which 

critical regions of Type A1 and Type A exist. They proved that while 

31 
J. Neyman and E. S. Pearson, "Contributions to the Theory of 

Testing Statistical Hypotheses," Statistical Research Memoirs, I, J. Ney
man and E. s. Pearson, editors (London: Department of Statistics, 
University of London, 1936), pp. 1-25~ 
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critical regions of Type A1 existed in a rather restricted class of cases, 

critical regions of Type A existed under very weak conditions satisfied 

. t . 1 0 0 32 in mos practica situations. In these same situations, however, the 

statistician is usually more interested in the behavior of the power 

function at values of 8 farther removed from the value 8 specified by 
0 

the null hypothesis than at values in the immediate vicinity of 8 . The 
0 

existence of critical regions of Type A, therefore, would be small con-

solation to the statistician frustrated in the search for a uniformly 

most powerful test~ 

Later investigations by Abraham Wald gave reason for optimism. 

Wald showed that difficulties resulting from the non-existence of uni

formly most powerful tests gradually disappeared as the size of the 

1 . d 33 samp e increase. He proved that the likelihood ratio test, in addi-

tion to being asymptotically most powerful, enjoyed several other optimum 

large sample properties. 34 These properties along with the large sample 

chi-square distribution of -2 log\, derived by Wilks,
35 

bolstered the 

intuitive justification, offered by Neyman and Pearson, of the likeli

hood ratio, A, as a generally applicable test criterion. 

32Ibid., II (1938), ppo 25-27. 

33A. Wald, "Asymptotically Most Powerful Tests of Statistical Hy
potheses," Annals of Ma,thematical Statistics, XII (1941), ppo 1-9; "Some 
Examples of Asymptotically Most Powerful Tests," Annals of Mathematical 
Statistics, XII (1941), pp. 396-408. 

34A. Wald, "Tests of Statistical Hypoth~ses Concerning Several 
Parameters When the Number of Observations is Large," Tram~actions of 
the American Mathematical Society, LIV (1943), pp. 426-482. 

35s. S. Wilks, "The Large-Sample Distribution of the Likelihood 
Ratio for Testing Composite Hypotheses," Annals of Mathematical Statis
tics, IX (1938), pp. 60-62. 
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The Power of Classical Tests 

The Neyman-Pearson theory gave the whole subject of testing sta

tistical hypotheses a fresh starto The rich mathematic.al flavor of the 

Neyman-Pearson memoirs did much to elevate the mathematical level of the 

problems of testing statistical hypotheses and thereby contributed to 

make these problems a respectable and attractive area of investigation 

for the research mathematician. Rapid advances in the solution of these 

problems ensued, particularly in the development of power functions for 

classical tests of significanceo 

Kolodziejczyk investigated the power function of the Student t

test of the hypothesis that the difference of the means of two normal 

populations is equal to zero under the assumption that the population 

variances are equal and in 1933 published a table of the power function 

f, h" 36 o tis test. A more extensive table appeared in 1935 in a joint pub-

37 lication by Lwaskiewicz, Kolodziejczyk and Neyman. In the following 

year, Neyman and Tokarska38 published a revised version of this tableo 

In 1937, Eisenhart39 obtained a limiting form of the power func

tion of Karl Pearson's classical chi-square test, thus making possible 

36so Kolodziejczyk, "Sur l'Erreur de la Seconde Categorie dans 
le Probleme de Mo Student," Comptes Tendus, CXCVII (1933), pp~ 814-8160 

37Ko Lwaskiewicz, So Kolodziejczyk and Jo Neyman, "Statistical 
Problems in Agricultural Experimentation," Supplement to the Journal of 
the Royal Statistical Society, II (1935), pp. 133-134. 

38Jo Neyman and Bo Tokarska, "Errors of the Second Kind in 
Testing Student's Hypothesis," Journal of the American Statistical 
Association, XX.XI (1936), ppo 318-326. 

39c0 Eisenhart, "The Power Function of the x2-test," Bulletin 
of the American Mathematical Society, XLIV (1938), p. 320 
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a comparison of the chi-square test with a competitive test of goodness 

40 41 
of fit devised by Neymano Kolodziejczyk, in 1935, formulated the 

general problem calling for analysis of variance techniques in terms of 

testing a linear hypothesis specifying certain linear relations among 

the parameters on which the distribution of n normally and independently 

distributed random variables with common variance depends. In 1938, 

42 
Tang derived and tabulated the power function of analysis of variance 

tests of the general linear hypothesiso In his derivation, Tang demon

strated the fundamental role of the non-central chi-square distribution, 

43 originally obtained by Fisher in 1928 as a limiting form of the sampling 

distribution of the multiple correlation coefficiento 

Shortly after the publication of Tang's paper, Hsu44 showed how 

Tang's tables could be used to calculate the power of Hotelling's T

test, a multivariate generalization of Student's t-test, advanced by 

40 
Jo Neyman, "' Smooth Test' for Goodness of Fit,"· Skandinavisk 

Aktuarietidskrift, XX (1937), pp. 159-199. 

41s. Kolodziejczyk, "On an Important Class of Statistical Hy
potheses," Biometrika, XXVII (1935), ppo 161-190. 

42P. C. Tang, "The Power Function of the Analysis of Variance 
Tests with Tables and Illustrations of Their Use," Statistical Research 
Memoirs, II, Jo Neyman and Eo So Pearson, editors (London: Department 
of Statistics, University of London, 1938), ppo 126-149. 

43R. Ao Fisher, "The General Sampling Distribution of the Mul
tiple Correlation Coefficient," Pro.ceedings of the Royal Society of 
London, Series A, CXXI (1.928), :pp o 6.69-673 o 

44Po L. Hsu, "Notes on Hotelling's Generalized T," Annals of 
Mathematical Statistics, IX (1938), ppo 231-243. 
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Hotelling45 in 1931. David's elaborate set of tables46 of the distri

bution of the sample correlation coefficient also appeared in 1938 and 

provided answers to many questions about the power of tests of hypotheses 

concerning population correlation coefficients. 

Classical tests received further justification from the standpoint 

47 of power with Hsu's proof in 1941 that the analysis of variance tests 

were most powerful in a large class of tests of the general linear hy-

h · S · · k 48 d d . · 1 . . f pot esis. imai a emonstrate simi ar optimum power properties or 

tests based on the sample multiple correlation coefficient and for 

Hotelling's generalized T-test. In general, these investigations sup

plied rigorous mathematical proof that the classical tests of signifi

cance, originally advanced on intuitive grounds, were the best ones to 

use when the assumptions such as normality underlying their derivations 

were fulfilled. 

Fisher's Reaction to the Neyman-Pearson Theory 

Fisher's reaction to the Neyman-Pearson theory was prompted by 

49 
a statement of Neyman and Pearson to the effect that problems of 

testing statistical hypotheses could not be treated as problems of 

45H. Hotelling, "The Generalization of Student's Ratio," Annals 
of Mathematical Statistics, II (1931), pp. 359-378. 

46F. N. David, Tables of the Correlation Coefficient (London: 
Biometric Office, University of London, 1938). 

47 P~ L. Hsu, "Analysis of Variance from the Power Function Stand
point," Biometrika, XX.XII (1941), pp. 62-69. 

48J. Be Simaika, "On an Optimum Property of Two Important Sta
tistical Tests," Biometrika, XX.XII (1941), pp. 70-800 

49J. Neyman and E. s. Pearson, Proceedings of the Cambridge 
Philosophical Society, XXIX (1933), p, 492. 
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estimation as considered by Fisher,, Fisher had defined problems of 

estimation as "those in which it is required to estimate the value of 

one or more of the population parameters from a random sample of the 

population0 115° For the purpose of judging the effectiveness of statis

tics used as estimators, he offered the criteria of consistency, 

efficiency and sufficiencyo Fisher's definitions of these criteria, 

in ascending order of desirability of being satisfied, are as follows: 

Consistency--A statistic satisfies the criterion of con
sistency, if, when it is calculated from the whole population, 
it is equal to the required parametero 

Efficiency--The criterion of efficiency is satisfied by 
those statistics which, when derived from large samples, 
tend to a normal distribution with least possible standard 
deviationo 

Sufficiency--A statistic satisfies the criterion of 
sufficiency when no other statistic which can be calculated 
from the same sample provides any additional information 
as to the value of the parameter to be estimatedo 51 

In his paper, "Theory of Statistical Estimation," Fisher gave the fol

lowing more precise description of the crite,rion of sufficiency: 

In general, if e is any parameter, T1 a statistic suf
ficient in estimating that parameter, and Tz any other 
statistic, the sampling distribution of simultaneous values 
of T1 and Tz must be such that for any given value of T1 , 
the distribution of T2 does not involve eo 52 

In reply to Neyman and Pearson's assertion that problems of 

testing statistical hypotheses could not be treared as problems of 

estimation, Fisher endeavored to show that the existence of a sufficient 

50 
Ro Ao Fisher, "On the Mathematical Foundations of Theoretical 

Statistics," Philosophical Transactions of the Royal Society of London~ 
CCXXII (1922), po 3100 

51rbido, pp. 309-310~ 

52Ro Ao Fisher, "Theory of Statistical Estimation," Proceedings 
of the Cambridge Philosophical Society, XXII (192.5), p~ 7130 
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statistic was a necessary and sufficient condition for the existence of 

a uniformly most powerful test. 53 In addition, Fisher declared: 

When tests are considered only in relation to sets of hy
potheses specified by one or more variable parameters, the 
efficacy of the tests can be treated directly as the problem 
of estimation of these parameterso Regard for what has been 
established in that theory, apart from the light it throws 
on the results already obtained by their [Neyman and Pearson's] 
own interesting line of approach, should also aid in treating 
the difficulties inherent in cases in which no sufficient 
statistic existso54 

Responding to Fisher's criticism, Neyman and Pearson proved that the 

existence of a sufficient statistic was neither a necessary nor a 

sufficient condition for the existence of a uniformly most powerful 

testo While admitting that there were close links between the problem 

of estimation and the problem of testing statistical hypotheses, they 

emphasized that the latter problem should be treated on the basis of 

"some comprehensive principle expressed, if possible, in terms of 

existing concepts, such as that of probability., 1155 With this in mind 

they advanced the notion of devising tests so as to minimize the proba

bility of errors, classified as errors of the first and second kindo 

The exchange between Fisher and Neyman and Pearson helped to 

establish the testing of statistical hypotheses as a branch of statis

tical inference separate from statistical estimationo Although their 

methods often produced the same numerical results, the interpretation 

of these results revealed essential differences. These differences 

were highlighted in the controversy over the Behrens-Fisher problemo 

53R. A. Fisher, "Two New Properties of Mathematical Likelihood," 
Proceedings of the Royal Society of London, Series A, CXLIV (1934), po 
296. 

54 rbido 

55JQ Neyman and E. S. Pearson, Statistical o o • 2 opo cito, p. 1360 
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The Behrens-Fisher Problem 

The Behrens-Fisher56 problem consists of testing hypotheses con

cerning the difference of the means of a pair of samples from two normally 

distributed populations when the variances of the populations are unknown 

and not assumed to be equalo In terms of interval estimation, the 

problem translates into the determination of an interval estimate of 

the difference of two normal population means when the ratio of the 

population variances is unknowno For the case where the variance ratio 

is known, Student's t distribution provides the basis for an exact solu

tion .. 

For the purpose of describing the solutions of Behrens and Fisher, 

the following notation will be usede Let x represent the mean of a random 

sample of m observations, x1 ,o•o,xm' from a normal population having 

mean µ 1 .. Let y represent the mean of a random sample of n observations, 

Y1,•o•,Yn' from a normal population having mean µ
2

0 Let 

and let 

n 
s

2 
= { E 

j=l 

- 2 1/2 
(y. - y) /n(n - l)} 

J 

Behrens considered only the case where the two samples are of 

equal size, that is, m = ne Making use of the fact that t
1 

= (u
1 

- x)/s
1 

56
Although frequently referred to as the Behrens and Fisher 

test, Fisher in a letter to Co I. Bliss shortly before his death ex
pressed the view that it should be referred to as 'Behrens' test' 
(F. Yates, "Fiducial Probability, Recognisable Sub-Sets and Behrens' 
Test," Biometrics, XX (1964), p. 348). 
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and t
2 

= (u2 - y)/s
2 

have Student's t distribution, he deduced the dis

Y +st, and proceeded to obtain 
2 2 

the distribution of the differences, u2 - u1 o He tabulated the dis-

tribution of u2 - u1 for various sample sizes and various observed values 

of the ratios s/s
2

, thus facilitating probability statements concerning 

u2 - u1 for purposes of testing hypotheses and constructing interval 

estimates in the absence of any knowledge about the ratio of the popu

lation variances. 

The essential feature of Behrens' solution lies in his treatment 

of u1 and u2 as random variables whose probability distributions could 

be deduced from those of t 1 and t 2 by the change of variable technique 

commonly employed in integration problems. Fisher57 followed substan

tially the same approach but expressed his solution in terms of fiducial 

probabilityo Unlike Behrens, Fisher did not restrict his solution to 

equal sample sizes. He considered the distribution of 

Expressing sin the form, 

2 2 
E = sl + Sz (tz cos R - tl sin R), 

where tan R = s 1/s 2, Fisher indicated how the fiducial distribution of s 

might be obtained by means of analytic geometryo This fiducial dis

tribution, according to Fisher, supplied the exact solution to the 

problem of testing the hypothesis, u2 - u1 = O, by means of the statistic, 

57Fisher, "The Fiducial Argument 
• e • ' 

opo cit., ppo 396-3970 
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58 At Fisher's request, Sukhatme prepared a table of the 2-1/2 

per cent points of the distribution of the above statistic for various 

values of arc tan s 1 / s 2 and for various sample sizes c Fisher,59 later 

published further tables and methods for use in the case of large samples0 

Controversy Over the Behrens-Fisher Solution 

The controversy over the Behrens-Fisher solution featured ex

changes between Bartlett and Fisher in which Bartlett questioned the 

validity of the solution and Fisher stoutly defended the validity0 Bart

lett's main objection appeared to be that the theory of fiducial proba

bility as applied to the Behrens-Fisher problem resulted in a test whose 

probability of Type I error was less than that specified by the level 

60 
of significance& Similarly, the theory of fiducial probability failed 

to provide confidence limits covering the true value of the difference 

of population means in a proportion of repeated samples equal to the 

confidence coefficient. 61 Fisher, in reply, asserted that Bartlett's 

objection stemmed from a misunderstanding of the true nature of the 

fiducial argument~ In particular, Bartlett had incorrectly assumed 

that the population parameters possessed fixed valueso Fisher declared: 

58Po Vo Sukhatme, "On Fisher and Behrens' Test of Significance 
of the Difference in Means of Two Normal Samples," Sankhya, IV (1938), 
pp. 39-48. 

59R. A. Fisher, "The Asymptotic Approach to Behrens' Integral, 
with Further Tables for the d Test of Significance," Annals of Eugenics, 
XI (1941), ppe 141-1720 

60Me Se Bartlett, "The Information Available in Small Samples," 
Proceedings of the Cambridge Philosophical Society, XX.XII (1936), ppo 
560-5660 

61 I 

Mo So Bartlett, "Complete Simultaneous Fiducial Distributions," 
Annals of Mathematical Statistics, X (1939), ppo 129-1370 



What is, I believe the main source of confusion not 
only to Bartlett but to others engaged in exploring the 
possibilities of the fiducial type of argument is its in
dependence on the background of hypothetical parameters, 
in terms of which the populations sampled may be specified. 62 

72 

Fisher insisted that the interpretation of tests of significance should 

rest on the principle that each sample represents a unique body of data 

from which independent evidence can be elicited and compared with evi

dence available from other sources in coming to a decision as to whether 

. h h . 63 to accept or reJect an ypot esis. With respect to level of signi-

ficance, Fisher objected to equating it to the probability of Type I 

error. He contended that the practical experimenter is not concerned 

with repeated samples from the same population. "The population of cases 

which concern him," declared Fisher, "is specified by the properties of 

64 his sample, not by the functions of an entirely hypothetical populationo" 

Fisher further maintained that the fact that the probability of Type I 

error was less than the level of significance should not be considered 

indicative of a defect in the Behrens-Fisher solution but rather as 

65 
reflecting the lack of knowledge of the ratio of the population variances~ 

The Behrens-Fisher controversy continued in 1947 as Welch66 de

veloped a formula for significance levels of the Behrens-Fisher criterion, 

62R. A. Fisher, "On a Point Raised by M. S. Bartlett on Fiducial 
Probability," Annals of Eugenics, VII (1937), p. 373. 

63R. Ae Fisher, "The Comparison of Samples with Possibly Unequal 
Variances," Annals of Eugenics, IX (1939), p. 175. 

64R. A. Fisher, Contributions to Mathematical Statistics (New 
York: John Wiley & Sons, IncQ, 1959), ppe 35:173a-b. 

65 Ibid., p. 35:173a. 

66B. L. Welch, "The generalization of 'Student's' problem when 
several different population variances are involved," Biometrika, XXXIV 
(1947), pp. 28-35. 
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d, which gave approximately the required frequencies for repeated sam

pling from any pair of populations~ The function was subsequently 

67 tabulated and the tables were included in the Biometrika Tablesc In 

68 1959, James considered in detail the case of two pairs of observations, 

and pointed out that a test of greater 'power' or sensitivity could be 

obtained by taking for the significance level of d fixed values equal 

to the corresponding values oft for 1 degree of freedom, whatever the 

The Controversy Evolved into a Clash 

The controversy over the validity of the Behrens-Fisher solu

tion evolved into a clash between the proponents of the theory of 

fiducial probability and the proponents of the theory of confidence 

intervals. Yates69 rallied to Fisher's support, Welch70 
to Bartlett'so 

Pitman71 took an intermediate position and attempted to show that the 

67E. S. Pearson and H. O. Hartley, Biometrika Tables for Statis
ticians (New York: Cambridge University Press, 1954)" 

68G. S. James, "The Behrens-Fisher Distribution and Weighted 
Means," Journal of the Royal Statistical Society .. Series B, XXI (1959), 
pp. 73-90. 

69R. Yates, "An Apparent Inconsistency Arising from Tests of 
Significance Based on Fiducial Distributions of Unknown Parameters," 
Proceedings of the Cambridge Philosophical Society, XX.XV (1939), ppo 
579-591. 

70B. L. Welch, "The Significance of the Difference Between Two 
Means when the Population Variances are Unequal," Biometrika, XXIX (1938), 
pp. 350-362; "On Confidence Limits and Sufficiency with Particular 
Reference to Parameters of Locations," Annals of Mathematical Statis
tics, X (1939), p. 68. 

71Eo J. G. Pitman, "The Estimation of Location and Scale Param
eters of a Continuous Population of, any Given Form," Biomettika, XXX 
(1939), p. 392. 



two theories were essentially the same. 

strong denial of Pitman's allegationso 

72 Pearson promptly issued a 

Neyman in 1938 announced his 

74 

doubts of the connection between the two theories, 73 and in 1941 pub

lished a detailed analysis in support of his conclusion that the theory 

of fiducial probability was distinct from the theory of confidence 

intervals. 74 He showed that the two theories differed in their basic 

conceptions of probability and in the restrictions imposed on the sta

tistic used as an estimator of a population parameter. Furthermore, he 

pointed out that while in many cases fiducial limits and confidence 

limits were numerically the same, the Behrens-Fisher problem of esti

mating the difference of the means of two normal populations had demon

strated that fiducial limits need not always satisfy the definition of 

confidence limits. In addition, Neyman expressed the opinion that 

fundamental inconsistencies in the theory of fiducial probability cast 

the theory in a doubtful status as a mathematical theory" 

Although the theory of confidence intervals has to a large extent 

supplanted the theory of fiducial probability, Fisher remained loyal 

to the fiducial argument and later published a recapitulation of his 

views on the subject in a book entitled Statistical Methods and Scien

tific Inference~ Therein, he rejected the Neyman-Pearson theory of 

testing statistical hypotheses and the theory of confidence inter:;Jals 

72E., So Pearson, "Note on Professor Pitman's Contribution to the 
Theory of Estimation," Biometrika, XXX (1939), pp. 471-4740 

73Jo Neyman, Lectures and Conferences on Mathematical Statis
tics and Probability (Washington: Graduate School, U. So Department 
of Agriculture, 1938), po 158. 

74 Jo Neyman, "Fiducial Argument 
0 0 !!:> ' 
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to give a frequency interpretation of the results of tests of significance 

and interval estimation. While conceding that such a frequency inter

pretation may be valid in acceptance sampling where the population 

sampled, namely, the manufactured lot, has objective reality, Fisher 

hastened to point out that generally the population does not enjoy this 

status but is rather the product of the statistician's imaginationo As 

such, the nature of the population changes in accordance with the knowl

edge accumulated by the statistician in the course of his experimentationc 

The notion of repeated sampling from the same population, therefore, 

according to Fisher, is untenable, and the frequency interpretation of 

75 
results on the basis of such repeated sampling is unrealistico 

76 According to Yates, "the controversy [of fiducial probability] 

has thoroughly confused many practicing statisticians and they have been 

inveigled into the use of nonparametric tests, prior probability and 

decision theory in situations in which are wholly unjustified." The 

study of the development of statistical inference continues in the next 

chapter with the consideration of the periods labeled as nonparametric 

and decision-theoretic statistical inference. 

75R~ Ao Fisher, Statistical Methods and Scientific Inference 
(New York: Hafner Publishin$ Company, 1956), Chape IV~ 

76
F. Yates, "Fiducial Probability, Recognisable Sub-Sets and 

Behrens' Test," Biometrika, XX (1964), p. 359. 



CHAPTER IV 

THE PERIODS OF NONPARAMETRIC AND DECISION

THEORETIC STATISTICAL INFERENCE 

The theory of the period of classical statistical inference 

possessed two serious limitationse First, the theory was restricted 

to the parametric case, that is, testing hypotheses concerning the 

unknown parameters of a distribution function whose form was assumed 

knowno In addition to this assumption the observations selected from 

the population must be independent and measured in at least an interval 

1 scale, and the populations must have homoscedasticity. Secondly, the 

size of the sample furnishing the observational basis of the tests was 

fixed in advance. In addition to these limitations there was no attempt 

to formally take into account the consequences of wrong decisionso 

The removal of some of these restrictions led to the development of 

nonparametric and decision-theoretic statistical inference. The purpose 

of this chapter is to trace the development of these two periods of sta

tistical inferenceo 

Nonparametric Statistical Inference 

The tests of significance in the period of inductive statistical 

1This assumption which concerns the strength or level of measure
ment is not required for all statistical tests. For a discussion of the 
various levels of measurement see S. Siegel, Nonparametric Statistics 
for the Behavioral Sciences (New York: McGraw-Hill Book Coo, 1956), 
ppo 22-290 

76 
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inference, developed largely under the leadership of Fisher, are in the 

main based on the assumption that the population sampled is normalo In 

the theory of the period of classical statistical inference, developed 

mainly by Neyman and Pearson, the functional form of the probability 

distribution characterizing the population is assumed to be known and 

statistical hypotheses are confined to statements about a finite number 

of unknown parameters on which the specification of the probability dis

tribution dependso Efforts to eliminate the necessity of restrictive 

assumptions about the population sampled have resulted in a body of 

statistical methods called "nonparametric," directing attention to the 

fact that these methods are not limited to inferences concerning popu

lation parameters., These methods are also referred to as "distribution

free," emphasizing their applicability in cases where little is known 

about the functional form of the distribution of the population sampledo 

Up to about 1936, when Hotelling and Pabst2 focused attention 

on the possibility of methods of statistical inference freed from the 

normality restrictions of then existing tests of significance, nonpara-

metric methods received relatively little consideration in the literature. 

of statisticso A number of factors suggest possible reasons for this 

lack of attention: (1) the general problem of nonparametric statis

tical inference had not been clearly formulated; (2) reports of previous 

mathematical research bearing on the problem were widely scattered in 

a variety of journals, some devoted to particular empirical fields, 

others of a mathematical level beyond the reach of many statisticians 

2H., Hotelling and M. Pabst, "Rank Correlation and Tests of Sig
nificance Involving No Assumption of Normality," Annals of Mathematical 
Statistics, VII (1936), pp. 29-430 



prior to 1936; (3) there was a shortage of statisticians with sufficient 

background in mathematics and mathematicians with sufficient interest 

in statistics who could exploit the results of previous research and 

cope with the considerably complex mathematical aspects of the problem; 

(4) the practical statisticians were busy mastering the statistical 

techniques developed by Fisher; and (5) the Neyman-Pearson theory occu

pied the center of the statistical research stageo The Neyman-Pearson 

theory in conjunction with the theory of confidence intervals and the 

controversy over the Behrens-Fisher problem did, however, focus attention 

on the mathematical assumptions required in previously developed methods 

of statistical inference and thereby highlighted the need for a non

parametric approacho 

The challenge of removing restrictive assumptions qualifying 

the generality of the solution to a problem plus the prospect of fash

ioning statistical tools of wide applicability soon supplied the motiva

tion fo'Jr increased research on the problem of nonparametric statistical 

inferenceo By 1943 enough research had been done to warrant an expository 

article on the subject by Scheffeo 3 This article plus subsequent ones 

of a similar nature by Wilks
4 

in 1948 and Wolfowitz5 in 1949 provided 

helpful progress reports, stimulated wider interest, delineated unsolved 

problems and invited further research on themo By 1953 $ the literature. 

3Henry Scheffe, "Statistical Inference in the Nonparametric 
Case," Annals of Mathematical Statistics, XIV (1943), pp o 305-332 c, 

4so So Wilks, "Order Statistics," Bulletin of the American 
Mathematical Society, LIV (1948), ppo 6-500 

5Jo Wolf'owitz, "Non-parametric Statistical Inference," Pro
ceedings of the Berkeley Symposium,on Mathematical Statistics and Proba
bility (Berkeley: University of California Press, 1949), ppc 93-1130 
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on nonparametric methods had grown quite voluminouso A bibliography 

compiled by Savage6 in that year contained 999 references on nonpara-

metric statistics and closely related topics o In 1956, Siegel 
7 

and in 

1957, Fraser8 provided books that attempted to bring together nonpara•

metric material for both applied and theoretical statisticians o Siegel's 

book was designed for the research worker with a limited mathematical 

and statistical background, and Fraser's for the advanced student of 

mathematical statisticso 9 In 1962, Savage presented a vastly expanded 

edition of his 1953 bibliographyo The expanded version contained ap

proximately 3000 references that spanned a period of 200 years and 

covered publications through April, 1961" However, nonparametric tech

niques continued to be a sprawling, disorganized subject among dozens 

of publicationso With the view of meeting the need for a compilation 

of nonparametric techniques, WalshlO in 1962 presented the first volume 

of his Handbook of Nonparametric Statisticso This volume contained 

602 references and included applications to practical problemso By 

11 1965, Walsh had completed a second volume that contained a discussion 

610 Richard Savage, "Bibliography of Nonparametric Statistics 
and Related Topics," Journal of the American Statistical Association, 
XLVIII (1953), pp. 844-906. 

7sidney Siegel, Nonparametric Statistics for the Behavioral 
Sciences (New York: McGraw-Hill Book Company, 1956). 

8 Do Ao So Fraser, Nonparametric Statistics (New York: John 
Wiley & Sons, Inco, 1957)0 

91o Richard Savage, Bibliography of Nonparametric. Statistics 
(Cambridge, Massachusetts: Harvard University Press, 1962)0 

lO John Eo Walsh, Handbook of Nonparametric Statistics, VoL I: 
Investigations of Randomness, Moments, Percentiles and Distributions 
(Princeton, New Jersey: Do Van Nostrand Company, Inca, 1962)0 

11John Eo Walsh, Handbook of Nonparametric Statistics, Volo II: 
Results for Two and Several Sample Problems, Symmetry, and Extremes 
(Princeton, New Jersey: Do Van Nostrand Company, Inco, 1965)0 
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of 339 publicationso Only techniques developed before 1958 were included 

in the two volumeso According to Weiss, "The two volumes of the hand

book will be very useful to those who use nonparametric methodso No 

12 other work even remotely approaches their coverageo" 

Tests of statistical hypotheses, confidence limits and tolerance 

limits form the bulk of the subject matter in the literature of nonpara

metric statistical inference$ Of these three topics, tests of statis

tical hypotheses appear to dominate. 

Nonparametric Test Problems 

Nonparametric tests of statistical hypotheses may be defined as 

tests whose validity generally requires only the assumption of continu

ity for the distribution function of the population sampledo These 

tests have been applied to a variety of problems which may be loosely 

classified as follows: 

lo The multisample problem. This involves testing the 

hypothesis that two or more samples come from the same populationo 

Of the problems in this category, the two-sample problem has 

received the most attentiono 

2o Goodness of fito The hypothesis to be tested is that 

a sample comes from a population having a completely specified 

distribution functiono 

3. Randomnesse In this problem the usual parametric case 

assumption that the sample consists of observations on independently 

and identically distributed random variables becomes the hypothesis 

12Lionel Weiss, "Review of 'Handbook of Nonparametric Statistics, 
II, by John E. Walsh," Journal of the American Statistical Association, 
LXI (1966), p. 2730 



to be tested .. 

4. Independenceo The problem here is to test the hypothesis 

that two or more random variables are independent, that is, 

that their joint distribution function is equal to the product 

of the marginal distribution functionso 

The above categories are neither mutually exclusive nor exhaustiveo 

They do exhibit, however, the principal types of problems to which 

nonparametric tests have been commonly applied. 

The Sign Test 

81 

The sign test is a good illustration of the difference between 

the parametric and nonparametric approach. What is now the sign test 

13 was used as early as 1710 by John Arbuthnot. By means of a simple 

application of the symmetric binomial distribution, Arbuthnot cast 

doubt on the notion of equality between the numbers of births of male 

and female. For 82 years the register of births in London had shown 

that in each year more males than females were born. On the assumption 

that the chances of a boy or girl being born are even and that in a 

given year the probability that there will be more males than females 

is 1/2, Arbuthnot reasoned that the probability of this outcome for 

82 years in succession is 1 divided by the 82nd power of 2o With the 

probability being very small the conclusion was that there is not an 

even chance whether a boy or a girl will be born. 

Fisher in 1925 applied the sign test to verify the result of 

13J. Arbuthnot, "An Argument for Divine Providence, Taken From 
the Constant Regularity Observed in the Births of Both Sexes," Ph;i.lo
sophical Transactions, XXVII (1710), pp. 186-190. 
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a Student t-testo The particular two-sample problem treated by Fisher 

involved the comparison of the efficacy of two soporific drugs. The 

number of additional hours of sleep gained by each of ten patients under 

drug B was subtracted from the number of additional hours of sleep 

gained by the same patient under drug AG At-test applied to the re

sults revealed a statistically significant difference between the effects 

of the two drugs. Fisher reasoned that under the hypothesis that the 

two drugs were equally effective, positive and negative differences in 

hours of sleep gained would occur with equal frequency. Employing the 

binomial distribution, he calculated the probability of the observed 

number of plus signed differences. The small probability obtained sup-

d h lt f h . 1 1· d 14 F" h 1 porte t e resu so t e previous y app ie t-teste is er a so 

applied the same two general methods of analysis to some results obtained 

on the heights of maize plants grouped in pairs consisting of crossed 

15 versus self-fertilized plants. 

In 1937, Cochran pointed out that two measurements on each of 

the same subjects may be used for rough, tentative tests in connection 

with both the t-test and the correlation coefficiente In the latter case, 

the number of individuals with both measurements on the same side of the 

respective means of the two sets of measurements for the group, and the 

number on opposite sides are noted& Then with these two numbers the 

14Ronald A. Fisher, Statistical Methods for Research Workers 
(London: Oliver and Boyd, 1925), pp. 108-109. 

15R. A. Fisher, The Design of Experiments (London: Oliver and 
Boyd, 1935), Chapter 3. 
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test is carried out by using the binomial distribution. 16 Dixon and 

Mood in 1946, emphasized a research situation to which the sign test 

applied but to which the t-test would ordinarily not be applicableo 

This situation involved independent pairs of two objects, the conditions 

of observation being the same within pairs but different within pairs of 

blockso This last circumstance usually means that the various differ

ences have unequal variances and thus would contraindicate at-test. 

One member of each pair differs from the other in receiving some treat

ment possibly related to a measured dependent variablee Subtraction 

of measured experimental results in a consistent direction within each 

pair would ordinarily give rise to either a. positive or negative dif

ference, for which a plus or minus sign could be substituted. In 

applying the sign test ties were excludedo 17 

Other applications developed by Dixon and Mood revealed the 

flexibility of the sign tests If measurements of some property are made 

along a common equal-interval scale, the sign test can be used to answer 

a question such as "Does a first material exceed a second material by 

V units?" The procedure consisted of applying the sign test to the 

pairs of measurements as modified by increasing each measurement of 

the second material by V units. A similar modification may permit an 

answer to a question such as, "Does a first material exceed a second 

material by W per cent?" By varying V (or W) in connection with an ob

tained set of results, a range of values can be located for which V 

16w. G. Cochran, "The Efficiencies of the Binomial Series Tests 
of Significance of a Mean and of a Correlation Coefficient," Journal of 
the Royal Statistical Society, C (1937), pp. 69-73. 

17w. J. Dixon and A,, M. Mood, "The Statistical Sign Test," Journal 
of the American Statistical Association, XLI (1946), pp. 557-5660 
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(or W) produces a nonsignificant distribution of signs at some chosen 

level of probabilitye Thus, a corresponding confidence interval for V 

(or W) can be obtained. 18 

Whereas the t-test makes use of the actual magnitudes of the dif

ferences, the sign test makes use of only the signs of the differences~ 

In the t-test, the assumption is that the differences are independently 

and normally distributed with a common variance. The hypothesis tested 

is that the mean of the normal population of differences is equal to zeroo 

In the sign test, on the other hand, no assumption is required concerning 

the form of the distribution of differences, and the hypothesis tested 

is that each difference has a probability distribution with median equal 

to zero. The probability distribution need not be the same for all dif

ferences. 

The sign test shares with other nonparametric tests a certain in

efficiency in the sense that they do not make use of all the information 

contained in the sample. This inefficiency, however, is compensated for 

by freedom from restrictive assumptions concerning the probability dis

tribution of the sample observations, by the adaptability of many non

parametric tests to situations where the observations are not susceptible 

to quantitative measurement, and by usually increased computational 

simplicity, especially in the case of small sampleso These advantages 

of nonparametric tests make Wallis' 19 description of them as "rough-and

ready statistical tests" particularly appropriate. 

18Ibid., p. 563. 

19w. Allen Wallis, "Rough-and-Ready Statistical Tests," Indus
trial Quality Control, VIII, No. 5 (1952), pp. 35-40. 
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Order Statistics 

A basic technique in problems of nonparametric statistical in

ference consists of arranging the observations in a random sample from 

least to greatest with respect to the quality or quantity observed. The 

elements of the ordered set thus obtained are called "order statistics◊" 

Some elements have special names, for example, median, maximum, minimum, 

and percentileo 

Mathematical interest in order statistics dates back at least 

to the eighteenth century when they gained prominence in new election 

d d b h F h h . . B d 20 C d 21 proce ures suggeste y t e renc mat ematicians, or a, on orcet 

and Laplaceo 22 All three expressed dissatisfaction with the conventional 

procedure of electing the candidate who received the most votes& Their 

objection was based on recognition of the fact that when the winning 

candidate failed to receive a majority of the votes cast, the combined 

vote in favor of the losing candidates might well indicate majority dis

pleasure with the winnero Borda, Condorcet and Laplace, therefore, 

recommended that each voter rank the candidates in order of preferenceo 

They differed, however, in their proposals for analyzing the results" 

Borda suggested that scores of the form a, a+ b, a+ 2b, and so on, be 

20
Jean Co Borda, "Memoire sur les Elections au Scrutin," Memoires 

de l'Academie Royale des Sciences de Paris pour l'Annee 1781, ppo 657-665; 
L Todhunter, A History of the Mathematical Theory of Probability from 
the Time of Pascal to that of Laplace (Cambridge: Macmillan and Company, 
1865), ppo 432-4340 

21 
Marquis de Condorcet, Essai sur l'Application de l'Analyse a la 

Probabilite des Decisions Rendues a la Pluralite des Voix (Paris: 
L'Imprimerie Royale, 1785), ppo lvii, clxxvii; L Todhunter, History, 
opo cite, ppo 374-3750 

221aplace, Theorie Analytigue des Probabilites (Troisieme Edi
tion; Paris: Courcier, 1820),po 274; lo Todhunter, History, opo cito, 
ppo 546-548~ 
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assigned to the preferences of each votero The candidate receiving 

the highest total score would be declared the winner. Condorcet main

tained that the ordered preferences of each voter should be examined to 

determine the number of times each candidate was preferred to each of 

the other candidates. The candidate receiving the highest number of 

preferences would be electedo Laplace's method was the simplest. Each 

voter would assign ranks to each of then candidates, rank 1 being assigned 

to the candidate deemed lowest in merit, and rank n being assigned to 

the candidate deemed highest in merito The candidate receiving the 

highest sum of ranks would be victorious. 

In the nineteenth century, Gauss, Encke and Quetelet proposed 

methods for obtaining quick estimates of probable error by means of order 

statisticso Galton, however, was the one primarily responsible for at

tracting attention to the usefulness of order statistics in empirical 

studieso In his investigations of heredity and the measurement of rela

tive ability, he stressed the desirability of employing ranked data and 

contributed to the analysis of such data with the discovery of the median 

(1869), the ogive curve (1875) and percentiles (1889). 23 

In 1902, Galton posed a problem which led to important contribu

tions to the sampling theory of order statistics. The problem consisted 

of how to equitably distribute a fixed sum of prize money among con

testants ranked in order of relative merit. Solution required estimation 

of the difference in ability between contestants having different rankso 

Assuming the underlying distribution of ability to be normal, Galton 

came to the conclusion that when only two prizes are awarded, the 

23Helen M. Walker, Studies in the History of Statistical Method 
(Baltimore: Williams and Wilkins Company, 1931), pp. 83-91. 



contestant ranking first should receive about three times the prize 

24 awarded to the contestant ranking second. 
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Karl Pearson elevated Galton's difference problem to the non

parametric class by dispensing with the normality assumption. Pearson 

obtained an expression for the mean difference between the adjacent order 

statistics in a random sample from a population having a continuous prob-

b O 1. d . f . 25 a 1 1ty ens1ty unction. In 1925, Tippett26 extended Pearson's 

results by deriving the mean value of the sample range, the difference 

between the largest and smallest order statistics. In 1928, Fisher and 

Tippett27 obtained the limiting distribution of the largest and of the 

smallest order statistics as the sample size increases indefinitely. 

Craig, 28 in 1932, derived the exact sampling distribution of the median, 

quartiles and range for samples of size n. 

The above advances in the sampling theory of order statistics 

paved the way for their utilization in the development of several non-

24Francis Galton, "The Most Suitable Proportion Between the 
Values of First and Second Prizes," Biometrika, I (1902), ppo 385-389. 

25Karl Pearson, "Note on Francis Galton's Problem," Biometrika, 
I (1902), pp. 390-399. 

26L. H. Co Tippett, "On the Extreme Individuals and the Range 
of Samples Taken from a Normal Population," Proceedings of the Cambridge 
Philosophical Society, XXIV (1925), pp. 264-387. 

27 R. A. Fisher and L. H. C. Tippett, "Limiting Forms of the Fre
quency Distribution of the Largest or Smallest Member of a Sample," 
Proceedings of the Cambridge Philosophical Society, XXIV (1928), pp. 
189-190. 

28A. T. Craig, "On the Distributions of Certain Statistics," 
American Journal of Mathematics, LIV (1932), pp. 353-366. 
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parametric testso Thompson,
29 

in 1936, and Savur, 30 in 1931, inde

pendently deriv·ed confiden~e limits for the median of a population having 

a continuous distribution functiono Savur also illustrated how the 

results could be applied to the solution of the two-sample problemo 

In 1940, Nair31 published tables facilitating the construction of 

confidence intervals fmt the population mediano Since then, numerous 

nonparametric tests of hypotheses concerning the population median and 

making use of order statistics have been devised, particularly by 

32 33 
Walsh, Brown and Mood~ 

One of the most important functions of order statistics to 

receive attention has been the sample distribution function, S (x), n 

giving the proportion of observations in a sample of size n which are 

less than or equal to Xo 
34 

In 1933, Kolmogorov derived the limiting 

29w o Re. Thompson, "On Confidence Ranges for the Median and Other 
Expectation Distributions for Populations of Unknown Distribution Form," 
Annals of Mathematical Statistics, VII (1936), pp. 122-128c 

30s0 Ro Savur, "The Use of the Median in Tests of Significance," 
Proceedings of the Indian Academy of Sciences (Section A), V (1937), 
pp . .564-576. 

31Ko R. Nair, "Tables of Confidence Intervals for the Median in 
Samples from any Continuous Population," Sankhya, IV (1940), pp. 551-5580 

32 
Jo Ee. Walsh, "Some Significance Tests for the Median Which 

Are Valid Under Very General Conditions," Annals of Mathematical Sta.tis
~, XX (1949), ppo 64-81; "Applications of Some Significance Tests for 
the Median Which Are Valid Under Very General Conditions," Journal of 
the American Statistical Association, XLIV (1949), ppo 342-3550 

33Fc Wo Brown and Ao Mo Mood, "On Median Tests for Linear Hy
potheses," Proceedings of the Second Berkeley Symposium on Mathematical 
Statistics and Probability, Jo Neyman, editor (Berkeley: University of 
California Press, 1951), pp. 159-166. 

34 . Ao Kolmogorov, "Sulla Determinazione Empirica di Una Legge di 
Distribuzione," Istituto Italiano begli Attuari, Rome Giornale, IV (1933), 
ppo 83-9L 
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distribution of the maximum absolute difference between S (x) and the 
n 

population distribution function, F(x)o Kolmogorov's result provided 

the basis for an alternative to Pearson's chi-square test of goodness 

of fit, the first and most widely used nonparametric test of goodness 

of fit. 35 In 1939, Smirnov
36 

presented a simplified derivation of Kol

mogorov's result, and also obtained the limiting distribution of the 

maximum absolute difference between the sample distribution functions 

of: two samples drawn from a population having a continuous distribution 

functiono Thus Smirnov provided another nonparametric test solution 

to the two-sample problem. 

Unaware of the work of Kolmogorov and Smirnov, Wald and Wolfo

witz,37 in 1939, showed how to obtain confidence limits for a continuous 

distribution function. Since then, the Kolmogorov-Smirnov test of 

goodness of fit has been the subject of much research, particularly 

by Massey, 38 who, in 1951, published an extensive study of the test, 

providing tables to facilitate application, and demonstrating the 

35For a discussion of the discovery and historical development 
of the chi-square distribution see Chapter III of this studyo 

36N. Vo Smirnov, "On the Estimation of the Discrepancy Between 
Empirical Curves of Distribution for Two Independent Samples," Bulletin 
of Mathematics, University of Moscow, II (1939), ppo 3-140 

37Ao Wald and Jo Wolfowitz, "Confidence Limits for Continuous 
Distribution Functions," Annals of Mathematical Statistics, X (1939), 
pp. 105-118; "Note on Confidence Limits for Continuous Distribution 
Functions," Annals of Mathematical Statistics, XII (1941), ppo 118-
119. 

38 F. Jo Massey, Jro, "The Kolmogorov-Smirnov Test for Goodness 
of Fit," Journal of the American Statistical Association, XLVI (1951), 
pp. 68-78. 
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superiority in many respects over Pearson's chi-square testo Massey39 

has also tabulated the exact sampling distribution for Smirnov's two

sample test. 

Rank Tests 

A large group of nonparametric tests makes use of the simple 

device of replacing the values of order statistics by their ranksa The 

number "l" is assigned to the smallest observation, "2" to the next, and 

so one In 1937, Friedman
40 

utilized this technique in constructing a 

nonparametric analysis of variance testo In his test, rs observations 

are arranged in r rows ands columns~ The observations in each row 

are ordered and replaced by their ranks (1, 2,ooo, s)o The hypothesis 

tested is that the sample values within each row come from the same 

population~ As a test criterion, Friedman proposed 

x~ = __ 1_2 __ 
rs(s+l) 

s 

I 
j=l 

r 
( I 

i=l 

2 
aij) - 3r(s+l), 

where a .. is the rank appearing in the 1th row and j th columno Under the lJ 

hypothesis tested, x2 has an approximate chi-square distribution with s-1 r 

degrees of freedom. 

One of the first two sample tests based on ranks to gain wide 

acceptance was that devised by Wilcoxon in 19450 In the Wilcoxon test, 

the observations from two samples of equal size are combined into a 

single ordered set and ranked. Then, two sums of ranks are obtained, 

39Fo Jo Massey, Jro, "Distribution Table for the Deviation 
Between Two Sample Cumulatives," Annals of Mathematical Statistics, 
XXIII (1952), pp. 435-441. 

40Mo Friedman, "The Use of'Ranks to Avoid the Assumptions of 
Normality Implicit in the Analysis of Variance," Journal of the American 
Statistical Association, XXXII (1937), ppo 675-701. 
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one for the observations belonging to one of the two original samples, 

and the second sum for the observations belonging to the other sample" 

The hypothesis that the two samples come from the same population is re

jected if the smaller of the two sums of ranks is either significantly 

large or significantly smallo Wilcoxon also proposed a signed rank test 

for the case of two samples consisting of matched pairs of observations~ 

In this test, the absolute values of the difference between the members 

of each pair of observations are ranked, and then the sign of the 

original difference is assigned to each ranko If the sum of the positive 

ranks is significantly small or significantly large, the hypothesis that 

h 1 f h 1 . . . t d 41 t e samp es come rom t e same popu ation is reJec e o 

Mann and Whitney42 extended Wilcoxon's sum of ranks test to the 

case where the two samples are not necessarily of equal size, and pro

vided more extensive tables for carrying out the testo Kruskal and 

Wallis43 developed a multi-sample version of Wilcoxon's test based on 

the sum of rankso They employed as a test criterion the statistic, 

where 

12 
H = ----N(N+l) 

C 

I 
i=l 

2 R. Inc - 3(N + 1), 
l. 1. 

C = the number of samples, 

no= the number of observations in the i th sample, 
l. 

41Frank Wilcoxon, "Individual Comparisons by Ranking Methods," 
Biometrics, I (1945), ppo 80-830 

42 d Wh · "O T f Wh h O f Ho B. Mann an Do Ro 1.tney, n a est o et er ne o 
Two Random Variables Is Stochastically Larger than the Other," Annals 
of Mathematical Statistics, XVIII (1947), pp. 50-600 

43william Ho Kruskal and W'. Allen Wallis, "Use of Ranks in One
Criterion Variance Analysis," Journal of the American Statistical Associ
ation, XLVII (1952), pp. 583-621. 
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\' N = L ni' the number of observations in all samples, 

i=l 

Ri= the sum of the ranks in the i th sampleo 
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Significantly large values of H lead to rejection of the hypothesis that 

the samples come from the same populationQ The Kruskal-Wallis test is 

a nonparametric analog of the standard one-way classification analysis 

of variance test. Friedman's test, cited above, is a nonparametric 

analog of the two-way classification analysis of variance test. 44 Kruskal 

has uncovered independent proposals of this test or of closely related 

procedures by Deuchler (1914), Ottaviani (1939), Festinger (1946), 

Whitfield (1947), Haldane and Smith (1948), and van der Reyden (1952). 

Other tests for a two-way analysis of variance by ranks have been pro-

45 46 posed by Jonckheere and Page. 

Randomization and Independence 

The method of randomization is a technique for devising nonpara-

metric tests which consists of considering a set of permutations of the 

observations such that each element of the set has equal probability 

under the hypothesis being tested, and then on the basis of some test 

criterion, selecting a of the permutations to form a critical region 

44 . . William H. Kruskal, "Historical Notes on the Wilcoxon Unpaired 
Two-Sample Test," Journal of the American Statistical Association, LII 
(1957), pp. 356-3600 

45A. R., Jonckheere, "A Test of Significance for the Relation 
Between m Rankings and k Ranked Categories," British Journal of Statis
tical Psychology, VII (1954), pp. 93-100. 

46
Ee B. Page, "Ordered Hypotheses for Multiple Treatments: A 

Significance Test for Linear Ranks~" Journal of the American Statisticai 
Association, LVIII (1963), ppo 216-230. 
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of size ao The method of randomization underlies the construction of 

most nonparametric testso 47 In 1943, Scheffe showed that under very 

weak conditions, such a method was the only possible method of constructing 

exact tests of statistical hypotheses in the nonparametric caseo In 

1948, Wilks48 demonstrated further the fundamental role of the method 

of randomization by pointing out the connections with previously developed 

nonparametric tests based on order statisticso 

Test criteria involving the observed number of runs in a sequence 

of time ordered observations have played a prominent part in the ap

plication of the method of randomization to the construction of tests 

of randomnesso Such tests are particularly important in quality control 

where lack of randomness is indicative of the presence of assignable 

causes of variationo In 1940, Mood49 accelerated progress in the de

velopment of tests of randomness by deriving the distribution function 

of the length of runs above and below the median of a time ordered set 

of observations. In 1941, Mosteller,
50 

making use of Mood's basic dis

tribution of runs, proposed the length L of the longest run of observa

tions below the median of a time ordered set of observations as a 

criterion for testing randomness, large values of L leading to rejection 

of the null hypothesiso In 1944, Levene and Wolfowitz developed a 

47Henry Scheffe, "Statistical Inference in the Nonparametric Case," 
Annals of Mathematical Statistics, XIV (1943), po 3080 

48so Se Wilks, "Order Statistics," Bulletin of the American Mathe
matical Society. LIV (1948), ppo 34-460 

49A. Mo Mood, "The Distribution Theory of Runs," Annals of Mathe
matical Statistics, XI (1940), pp. 367-392. 

SOFrederick Mosteller, "Note on an Application of Runs to Quality 
Control Charts," Annals of Mathematical Statistics, XII (1941), ppo 228-
2320 
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run test of randomness in which each of the first n-1 observations in a 

time ordered set of n observations is replaced by a plus sign if the ob

servation is less than the following observation and by a minus sign if 

it is note The test criterion is the length L of the longest run of 

the same signs, large values of L leading to rejection of the hypothesis 

of randomnesso 51 

Wald and Wolfowitz52 proposed a test of randomness based on the 

serial correlation coefficient, that is, the correlation coefficient 

between successive pairs of time ordered observationso Correlation 

coefficients in conjunction with the method of randomization have also 

been used to develop nonparametric tests of independence~ Hotelling and 

Pabst53 based their test on Spearman's rank correlation coefficient, 

that is, the correlation coefficient between the ranks of matched pairs 

of observations on the random variables X and Yo As a test criterion 

for independence, Pitman54 utilized the ordinary correlation coefficient 

between corresponding observations in the ordered set of observations 

on X and the ordered set of observations on Y. 55 Kendall proposed a 

51H. Levene and J. Wolfowitz, "The Covariance Matrix of Runs Up 
and Down," Annals of Mathematical Statistics, XV (1944), pp. 58-690 

52A., Wald and J. Wolfowitz, "An Exact Test of Randomness in the 
Non-Parametric Case Based on Serial Correlation," Annals of Mathematical 
Statistics, XIV (1943), ppc 378-388. 

53Harold Hotelling and Margaret Pabst, op. cit., ppo 29-430 

54E. Jo Go Pitman, "Significance Tests Which May be Applied to 
Samples from Any Populations, II. The Correlation Coefficient Test," 
Supplement to the Journal of the Royal Statistical Society, IV (1937), 
ppo 225-232. 

55M. G. Kendall, "A New Measure of Rank Correlation," Biometrika, 
XXX (1938), pp. 81-93; Rank Correlation Methods, Second Edition (London: 
Charles Griffin and Co., 1955), p. 5. 
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nonparametric test of independence based on a measure of rank correla

tion, now known as "Kendall's Tauo" 

Olmstead and Tukey's corner test of association presents an 

interesting graphical approach to the problem of testing independence. 

Observations on the random variables X and Y are plotted on a scatter 

diagramo If a significant number of the plotted points are concentrated 

in diagonally opposite corners of the diagram, the hypothesis of inde

pendence of X and Y is rejected. 56 

Power of Nonparametric Tests 

The number and variety of nonparametric tests in existence today 

emphasize the growing need for answers to questions of the following 

type: How do classical tests compare with corresponding nonparametric 

tests? Among nonparametric tests of a given hypothesis which is best? 

The answers entail investigation of the power57 of nonparametric testso 

In the case of the sign test, determination of power was facil

itated by the fact that both under the hypothesis tested and pertinent 

alternative hypotheses, the test criterion possesses a binomial distri

bution. In 1953, Dixon58 tabulated the power function of the sign test 

56 P. Sc Olmstead and Jo W. Tukey, "A Corner Test for Association," 
Annals of MathematicalStatistics, XVIII (1947), pp. 495-5130 

57The power of a test of a statistical hypothesis, H0 , against 
an alternative Ha is defined as the probability of rejecting H0 when Ha 
is trueo 

58w. J. Dixon, Power Functions of the Sign Test and Power 
Efficiency for Normal Alternatives," Annals of Mathematical Statistics, 
XXIV (1953), ppo 467-473. 
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and also provided a table of power efficiency59 relative to the classical 

t-test. Power efficiency here means the ratio n1/n2, where n 2 is the 

sample size which the sign test requires to achieve the same power for 

a given alternative hypothesis as that achieved by the t-test using a 

sample of size n1 • For example, if the sign test requires a sample n,, 
"· 

25 observations to have the same power as the t-test has with n1 = 20 

observations, then the sign test has power efficiency of (20/25) x 100 

or 80 per cent. A power efficiency of 8J per cent means that in order 

to equate the power of the t-test and the sign test, when the t-test 

is the mor?. powerful, 10 observations for the sign test need be drawn for 

every 8 ob;ervations of the t-test. Earlier work concerning the effi

ciency or power of the sign test was done by MacStewart60 and Dixon and 

Mood. 61 

In the case of other nonparametric tests, the situation with 

regard to power was much more complicated. A principal difficulty con

sisted of defining suitable alternative hypotheses under which the dis

tribution of the test criterion could be derived. The generality that 

constitute1l one of the main advantages o:~ nonparametric tests became a 

handicap in the investigation of their power. For example, determining 

the power of a nonparametric test of the hypothesis that two samples 

came from the same population involved the awkward problem of assessing 

59The concept of power efficiency is concerned with th0 ~mount 
of increase in the sample size which is neceSciary to make ·one tesc dS 

pnwerful as another. 

60w. MacStewart, "A Note on the Power of the Sign Test," Annals 
of Mathe~atical Statistics, XII (1941), pp. 236-239. 

61w. J. Dixon and A. M. Mood, "The Statistical Sign Test," 
Journal of the American Statistical Association, XLI (1946), pp. 557-Su6. 
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the test's ability to detect whether the two samples came from different 

populationso One method of circumventing the difficulty was to restrict 

consideration of alternative hypotheses to those postulating a normal 

distribution for the random variables involved., Terry, 62 Mood, 63 

Dixon, 64 and Teichroew65 illustrated this approach in their investigation 

of the power of several nonparametric two-sample testso The results of 

these and other investigations utilizing the same approach provided 

answers to' questions concerning the efficiency of nonparametric tests 

66 
relative to corresponding classical testsc Lehman, in his investiga-

tion of the power of tests based on rank order statistics, used a different 

approacho He defined nonparametric classes of alternative hypotheses 

under which the sampling distribution of ranks remained invarianto Then, 

on the basis of a theorem of Hoeffding67 on the distribution of ranks, 

Lehmann showed how to obtain the power of any rank test against these 

alternatives and also to derive rank tests possessing various optimum 

properties., 

62M .. Eo Terry, "Some Rank Order Tests Which Are Most Powerful 
Against Specific Parametric Alternatives," Annals of Mathematical Sta
tistics, XXIII (1952), ppo 346-3660 

63Ao M .. Mood, "On the Asymptotic Efficiency of Certain Nonpara:
metric Two-Sample Tests," Annals of Mathematical Statistics, SSV (19.54), 
ppo 514-521., 

64w. Jo Dixon, "Power Under Normality of Several Nonparametric 
Tests," Annals of Mathematical Statistics, XXV (1954), pp., 610-6140 

65n. Teichroew, "Empirical Power Functions for Nonparametric 
Two-Sample Tests for Small Samples," Annals of Mathematical Statistics, 
XXVI (1955), pp. 340-3440 

66E., L" Lehmann, "The Power of Rank Tests," Annals of Math
ematical Statistics, XXIV (1953), ppo 23-43. 

I 

67w., Hoeffding, "Optimum Nonparametric Tests," Proceedings of 
the Second Berkeley Symposium on Mathematical Statistics and Probability, 
J. Neyman, editor (Berkeley: University of California Press, 1951),p., 880 
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The nonparametric analog of the Neyman-Pearson concept of un

biasedness, consistency and the determination of asymptotic relative 

efficiency have been of major concern in the investigation of the power 

of nonparametric testse The concept of asymptotic relative efficiency, 

d 1 db P . 68 ff d d f . . t eve ope y itman, a ore a means o comparing one consis ent test 

with another. Roughly described, the asymptotic relative efficiency of 

a consistent test B with respect to a consistent test A is the reciprocal 

of the limit, as the sample size increases indefinitely, of the ratio 

n1 /n2 where n2 is the sample size which test B requires to produce the 

same power as test A against alternatives which are in a certain sense 

close to the null hypothesis. 

In tracing the development of the period of nonparametric statis

tical inference, no attempt has been made to cover all nonparametric 

procedures. Because tests of significance appear to have dominated the 

literature of nonparametric inference, other important developments, 

such as tolerance intervals and confidence intervals, have received less 

consideration in this study. 

Decision-Theoretic Statistical Inference 

Decision-theoretic statistical inference shares with nonpara

metric statistical inference the objective of giving the statistician 

a greater measure of freedom in the process of making a decision under 

uncertainty. Nonparametric statistical inference frees the statistician 

from the necessity of making restrictive assumptions concerning the 

population sampled; decision-theoretic statistical inference frees the 

68 I 

Ee J. G. Pitman, Lecture Notes on Non-Parametric Statistics 
(New York: Columbia University, 1948). 
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statistician from the necessity of making restrictive assumptions con

cerning the population sampled; decision-theoretic statistical inference 

frees the statistician from the necessity of fixing in advance the size 

of the sample furnishing the basis of his inferences concerning the popu

lation, and formally takes into account the consequences of wrong de-

cisions. 

Roughly described, decision-theoretic statistical inference is 

a rule which at each stage of a sampling investigation prescribes a 

choice to be made by the statisticiano A decision-theoretic test of 

a statistical hypothesis, H
0

, may be regarded as a three-valued decision 

function in the sense that it prescribes at each stage of the sampling 

investigation one of three choices: (1) accept H, (2) reject H, and 
0 0 

(3) continue samplingo The construction and properties of multivalued 

decision functions form the principal subject matter of the general 

theory of decision-theoretic statistical inference. Generalization 

and extension of the Neyman-Pearson theory and the attempt to formally 

add the concept of risk have resulted in the development of the period 

of decision-theoretic statistical inference. 

Basic Concepts of the Theory 

The following description of certain basic concepts in the theory 

of decision-theoretic statistical inference is based upon an expository 

account of this theory presented by Wald69 before the International 

Congress of Mathematicians in 1950. 

69A. Wald, "Basic Ideas of a General Theory of Statistical 
Decision Rules," Proceedings of the International Congress of Mathe
maticians, 1950 (Boston: Harvard University Press, 1952), ppo 231-2430 
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Let X be a random variable having a distribution function F(x) 

about which the statistician knows nothing in advance except that F(x) 

is a member of a given class Q of distribution functions. For example 

Q might be the class of all continuous distribution functions or the 

class of all distribution functions having an exponential form,, Let D 

represent the decision space, whose elements consist of the possible 

decisions which the statistician can make in the problem under consid

eration. To fix ideas, suppose that Q has been divided into k subsets 

wi (i = 1,2, .•. ,k) and that the problem under consideration is that of 

deciding on the basis of observations on the random variable X to which 

subset of n, F(x) belongs. Let D consist of K elements di (i = 1,2,ooo,k) 

where d. is the decision specifying F(x) to be a member of the subset 
l. 

Let x. (j = 1,2, ... ) denote the value of the j th observation on 
J 

the random variable X. The j th stage of the experiment consists of taking 

the j th observation on X. At the outset, before any observations are 

taken, j = 0. 

A decision function 8 is a rule for carrying out the experi

mentation and reaching a final decision, do Let {o
1
j} be k functions 

of the first j observations, satisfying the following conditions: 

k 
8 ij > 0; L 8 ij = 1, ( i = 0' 1, 0 •• , k; j = 0' 1, 0 ~ 0 ) 0 

i=O 

In terms of {8 . . } the decision function 8 is defined as follows: After 
l.J 

the j th stage of the experiment (j = 0,1, .... ) compute the values of 

ooj' oij' ••• , okj and then perform an independent random experiment 

(for example: tossing a coin, throwing a die) with possible outcomes 

0,1,.eo,k and so constructed that the probability of outcome i is oooO 
l.J 

If the outcome is a number i > 0, experimentation is terminated and 
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decision d. is made. If the outcome is O, an additional observation is 
J. 

taken and the whole process is repeated. The values of o ·+l' o,J 

o , •.• o are computed, the random experiment is performed l,j+l ' k,j+l 

and so on. 

The decision function o described above is called a "randomized 

decision function" because at each stage the decision whether to terminate 

experimentation with some final decision or to continue taking observa

tions is made to depend on a chance mechanism. The chance mechanism is 

under the control of the statistician inasmuch as he can construct a 

random experiment having outcomes with any desired probabilities. In 

the special case where each o .. can take only two values, 0 or 1, the 
J.J 

decision function o is called a "nonrandomized decision function." In 

the case of a nonrandomized decision function, the decision whether to 

terminate experimentation with some final decision or to continue taking 

observations depends only on the observations already taken and no chance 

mechanism is required. 

Principles governing the selection of a decision function take 

into consideration the cost of experimentation and the relative importance 

of the wrong decisions that can be made in the problem under consid

eration. For this purpose a loss function W(F,d) is defined which ex

presses the loss incurred when decision dis made and F happens to be 

the true distribution function of X. The expected value of the sum of 

the loss due to the decision made and the cost of experimentation is 

called the "risk function." The risk function is symbolized by r(o,F), 

indicating its dependence on the decision function, o, adopted and the 

true distribution function, F, of 'the random variable X. Risk functions 

serve as a basis for judging the relative merits of possible decision 
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functions. The decision function cS 1 is said to be "uniformly better" 

than the decision function o2 if r(cS 1 ,F) .::_ r(cS 2 ,F) for all F and 

r(cS 1 ,F) < r(o 2 ,F) for at least one member F of no Two decision functions 

cS 1 and o2 are said to be "equivalent" if r(ol'F) = r(o
2

,F) for all F 

inn. A decision function is termed "admissible" if no uniformly better 

decision function existso A class of decision functions is said to be 

"complete" if corresponding to any decision function outside the class 

there exists a uniformly better decision function within the classe 

In the characterization of complete classes, a minimax solution 

plays an important role. A decision function 8
0 

is said to be a "minimax 

solution" if the maximum of r(cS ,F) with respect to Fis less than or 
0 

equal to the maximum of r(cS,F) with respect to F for all Oo The prin-

ciple designating a minimax solution as the "best" solution to a decision 

problem is known as the "minimax principle." 

Historical Development 

The systematic development of decision-theoretic statistical 

inference dates back to a paper70 by Wald in 19390 Wald's objective 

was to construct a theory of statistical inference sufficiently broad 

to encompass the theory of estimation and testing hypotheses, developed 

under the leadership of Fisher, Neyman and Pearson, and at the same time 

provide for the treatment of problems of statistical inference that did 

not fall within the domain of existing theory. An example of such a 

problem was that of deciding on the basis of a sample which of k mutually 

exclusive subsets of n contained the true distribution function of a 

70A. Wald, "Contributions 'to the Theory of Statistical Estimation 
and Testing Hypotheses," Annals of Mathematical Statistics, X (1939), 
PP• 299-3260 
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random variablee The Neyman-Pearson theory confined attention to the 

case k = 2, one subset being defined by the null hypothesis, the other 

by the alternative hypothesis. 

In the 1939 paper, Wald presented the basic ideas of a general 

theory of nonrandomized decision functions for the case where n con

sisted of a k-parameter family of distribution functions whose func

tional form was known and where experimentation was carried out in a 

single stage. The important notions of loss and risk functions, as well 

71 as Bayes and minimax solutions, were introduced. Wald pointed out 

that minimax solutions could be obtained through the use of Bayes solu

tions and in particular he proved that under certain restrictions the 

minimax solution is a Bayes solution corresponding to a "least favorable" 

--from the point of view of risk--a priori probability distribution. 

An interesting sidelight of Wald's 1939 paper is that the paper 

was written while the author was unfamiliar with many details of modern 

statistical theory. In the summer of 1938, when the rise of Nazism 

made life in Austria untenable for Wald, he emigrated to the United 

States. During the following academic year he began an inten$ive study 

of statistics under the tutelage of Hotelling at Columbia University. 

During this year Wald produced his path breaking paper outlining a uni

fied theory of statistical inference. 72 

71rf an a priori probability distribution is defined over the 
elements of n, the decision function which minimizes the average risk 
is called a "Bayes solution" relative to the a priori probability distri
bution. 

72Je Wolfowitz, "Abraham Wald, 1902-1950," Annals of Mathe
matical Statistics, XXIII (1952), ,pp. 1-2. 
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Immediate reaction to the paper gave little indication of the 

tremendous impact which the ideas contained therein would have on the 

future of statistical theory. Wolfowitz73 has suggested the following 

reasons for the cool reception: (1) Few statisticians at the time had 

sufficient competence in mathematics to read Wald's papero (2) Wald 

did not sufficiently emphasize that he was using a priori probability 

distributions merely as a mathematical tool and that his employment of 

them as such in no way implied their actual existenceo Fisher's campaign 

against inverse probability had succeeded to such a degree that the mere 

mention of the name of Bayes or a priori probability was sufficient to 

create an atmosphere of skepticism and distrust. Unpleasant memories of 

the previous misuse of a priori probability prejudiced unfavorably the 

reception of Wald's ideas. (3) Wald made no effort to popularize his 

ideas and make them accessible to a less mathematical publico He was 

more interested in weakening the assumptions under which he had proved 

various theorems than in applying these theorems to the solutions of 

practical problems. To these reasons might be added the fact that at 

the time Wald was comparatively unknown in statistical circles. The 1939 

paper, therefore, did not attract the attention which his later reputation 

would guarantee. Wald had already demonstrated his ability in mathematics 

74 and economics in Europe, but the steady stream of papers that would 

later win him world-wide recognition in statistics had just beguno 

73 Ibid., pp. 4-5. 

74Karl Menger, "The Formative Years of Abraham Wald and His Work 
in Geometry," Annals of Mathematical Statistics, XXIII (1952), ppo 14-20; 
Go Tintner, "Abraham Wald's Contributions to Econometrics," Annals of 
Mathematical Statistics, XXIII (1952), pp. 21-27. 
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With the exception of a series of lectures in 1941 in which he 

extended the formulation of the decision problem to cover the nonpara

metriccase,75 Wald did not resume serious work on his theory of decision

theoretic statistical inference until 1945. Stimulated by the theory of 

76 games expounded by von Neumann and Morgenstern in 1944, Wald developed 

the analogy between his theory and the theory of the zero sum two-person 

game with nature in the role of player 1 and the statistician in the role 

of player 2. The notion of a randomized decision function, corresponding 

to a mixed strategy in the theory of games, was incorporated into the 

general decision-theoretic theory, but the assumption of single stage 

. t· . d 77 experimenta ion was retaine • In 1947, Lehmann78 introduced the concept 

of a complete class of decision functions, and shortly thereafter Wald 

in three successive papers79 showed that under very general conditions 

the class of all Bayes solutions is a complete class. The first of these 

papers dealt with the nonsequential case. The second and third papers 

pertained to the sequential case and marked the extension of Wald's 

theory to include multistage experimentation. In 1950, Wald accumulated 

75 Ae Wald, On the Principles of Statistical Inference (Notre Dame 
Mathematical Lectures, No. 1. Notre Dame, Indiana: University of Notre 
Dame, 1942), pp. 37-47. 

76John von Neumann and Oskar Morgenstern, Theory of Games and 
Economic Behavior (Princeton: Princeton University Press, 1944). 

77A. Wald, "Statistical Decision Functions Which Minimize the 
Maximum Risk," Annals of Mathematics, XLVI (1945), pp. 265-280. 

78
E. L. Lehmann, "On Families of Admissible Tests," Annals of 

Mathematical Statistics, XVIII (1947), pp. 97-104. 

79A. Wald, "An Essentially Complete Class of Admissible Decision 
Functions," Annals of Mathematical Statistics, XVII (1947), pp. 549-555; 
"Foundations of a General Theory of Sequential Decision Functions," 
Econometrica, XV (1947), pp. 279-313; "Statistical Decision Functions," 
Annals of Mathematical Statistics, XX (1949), ppo 165-205. 
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the results of previous research with newly obtained generalizations in 

a book entitled Statistical Decision Functions. 80 Shortly after publica

tion of the book, the author met an untimely death in a plane crash over 

India on December 13, 1950. Thus passed from the scene a great teacher 

and a gifted mathematician whose research had permeated virtually every 

segment of statistical theory. 

The theory of decision-theoretic statistical inference places 

great emphasis on the role of a test of a statistical hypothesis as a 

decision function, a guide for choosing from among several possible courses 

of action on the basis of an assessment of their possible consequences. 

In any decision making situation, subjective elements play an important 

part0 The same experimental evidence presented to two reasonable individ

uals can elicit entirely different decisions as to the proper course of 

actione The objective interpretation of probability as theoretical rela

tive frequency, an interpretation to which Wald and many of his followers 

have adhered, however, bars the use of probability subjectively as a 

measure of the trust that an individual places in the truth of a partic

ular proposition on the basis of the experimental evidence presented to 

him. Progress and further developments in the accomplishment of the aims 

of Wald's theory necessitated a reexamination of the probability foundations 

of this theory with a view to eliminating those elements that made the 

theory an unrealistic mathematical model of the decision making situation. 

Such an examination, together with Bayes' Theorem, has resulted in the 

period of statistical inference to be considered in the next chapter. 

80A. Wald, Statistical Decision Functions (New York: John Wiley 
& Sons, Inc., 1950). 



CHAPTER V 

THE PERIOD OF BAYESIAN STATISTICAL INFERENCE 

During the nineteenth and early part of the twentieth century 

the fundamental concept of probability lacked precise definitiono 

Application of probability outside the domain of games of chance high

lighted the indirect character of the classical definition of the 

probability of an event as the number of outcomes favorable to the 

event, divided by the total number of equally likely, mutually ex

clusive outcomeso Simultaneous interpretations of probability as 

a measure of degree of belief and as a limit of observed relative 

frequency have added to the confusion surrounding the concept of proba-

b 'l' 1 l 1tyo These interpretations have resulted in the differentiation 

of subjective from objective elements in the application of probability 

to the problem of statistical inferenceo 

In recent years there has been a great revival of interest in 

the concept of probability as a measure of degree of belief and in 

the interpretation of data by means of Bayes' theorem, from which 

comes the adjective "Bayesian statistical inferencea" As a result 

of this interest, many statisticians now feel that Bayesian statistical 

inference provides the most satisfactory basis for a theory of 

1This confusion contributed to the prolongation of the con
troversy over the principle of inverse probability as discussed in 
Chapter IL 
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statistical inference. The purpose of this chapter is to trace the 

development of that period of statistical inference called Bayesian or 

nee-Bayesian. 

Beginning and Basis 

From a very broad point of view Bayesian statistical inference 

dates back to at least 1763, when the famous Essay2 by Thomas Bayes 

was published. From a stricter point of view that period of statistical 

inference might properly be said to have begun in 1959 with the publi

cation of Probability and Statistics for Business Decisions by Robert 

Schlaifer. 3 In his book, Schlaifer presented for the first time practical 

implementation of two key ideas of Bayesian statistical inference: 

(1) that probability is orderly opinion, and (2) that inference from 

data is nothing other than the revision of such opinion in the light 

of relevant new information. 4 

Important to the development of this period of statistical 

inference are the ideas of decision-theoretic statistical inference and 

probability as a measure of degree of belief. Although Bayesian sta

tistical inference owes much to the decision-theoretic approach, the 

issue is not crucial to the Bayesian approacho Economic problems of 

behavior in the face of uncertainty concern statistics, but for the 

Bayesian outlook all uncertainties are measured by probabilities and 

2see Chapter II for a discussion of Bayes' Essayo 

3Robert Schlaifer, Probability and Statistics for Business Deci
sions (New York: McGraw-Hill Book Coo, 1959)0 

4w. Edwards, Ho Lindman, a;nd Lo J. Savage, "Bayesian Statistical 
Inference for Psychological Research," Psychological Review, LXX (1963), 
p. 194. 
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these probabilities are the key to all problems of economic uncertainty◊ 

The decision-theoretic approach was advanced and illustrated by Waldo 

The development of this approach to statistical inference is given in 

the latter part of Chapter IV. Probability as a measure of degree of 

belief will be discussed in a subsequent section of this chaptero 

Bayes' Theorem 

Bayes' theorem can be stated in the form 

P(HjD)~P(H) P(DjH)o 

Where P(H) is the initial or a priori probability distribution of the 

parameter H, P(DjH) is the probability distribution of the measurement 

D when His given or the likelihood of values D when His given, and 

P(HID) is the final or a posteriori probability distribution of H for 

the observed Do The constant of proportionality5 is usually omittedo 

In words: 

A Posteriori probability~ A Priori probability x Likelihood. 

Thus, Bayesian statistical inference is just that form of statistical 

inference according to which an individual starts with known initial 

probability or a priori probability and modifies these probabilities 

in the light of experiment and experience by means of Bayes' theoremo 

A Priori Distributions 

Bayes' theorem is true in all theories of probability, but the 

fact that probability can be given various meanings has led to some 

confusion regarding the terms "frequentist" and "Bayesian◊" 

511Proportionality" here means proportionality in H regarding D 
as fixed; if a difference datum D'' were observed, there would typically 
be a different constant of proportionality~ 
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Frequentist Interpretation 

The frequentist interpretation appears in many guises and is 

very widely held todayo This interpretation was first formulated by 

Venn6 and later by von Mises7 and Reichenbach. 8 Probability is identi

fied with the limit of a relative frequency. The essential character

istic of this view is as follows: the probability that an event A has 

a certain characteristic Bis p, or the limit of the relative frequency 

of B's among A's, as the number of observed A's tends to infinity, is 

p. 

When the conditions of the problem permit an assessment of the 

a priori distribution in terms of frequency probabilities, a frequentist 

can use Bayes' theoremo For example, if His the proportion of de

fectives in a batch of articles, past records may be available to 

suggest an a priori distribution from some class which combines easily 

with the likelihoodo G. F. Hardy in 1889, according to Perks9 and 

Barnard, 10 independently pointed out that when the likelihood function 

is represented by the binomial distribution, 

6J. Venn, The Logic of Chance, Third Edition (London: Macmillan 
and Company, 1888)0 

7R. von Mises, Probability, Statistics, and Truth, Second Re
vised English Edition (New York: Macmillan and Company, 1957) o 

8Hc Reichenbach, The Theory of Probability (Berkeley: Univer
sity of California Press, 1949). 

9 We Perks, "Some Observations on Inverse Probability Including 
a New Indifference Rule," Journal of the Institute of Actuaries, LXXIII 
(1947), ppo 285-312. 

10G. A. Barnard, ''Sampling Inspection and Statistical Decision," 
Journal of the Royal Statistical S,ociety, Series B, XVI (1954), pp. 
151-174. 
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the convenient a priori distribution to take is the Beta distribution, 

P(H) ~ Ha•(l - H)b~ 

The choice of a convenient a priori distribution has been simplified by 

the construction of conjugate distributions11 for most of the statistical 

models used in practicee In 1961, Raiffa and Schlaifer12 gave a de

tailed account of conjugate distributionso Fisher13 used a genetical 

example to show that even when there is theoretical knowledge of the 

a priori distribution the a priori probabilities may be traced back to 

frequency ratios. 

In view of such application, the use of the term Bayesian for 

an approach involving Bayes' theorem seemed to be a misnomer, because 

this is a tool which has occasional value for any statisticiano How

ever, the term Bayesian has been retained for statisticians who take 

the view that probability is a numerical measure of degree of belief, 

since Bayes' theorem will be used to convert a priori degrees of belief, 

taken with the evidence supplied by the data, into a posteriori degrees 

of beliefe 

11When a family of a priori distributions is so related to all 
the conditional distributions which can arise in an experiment that the 
a posteriori distribution is the same family as the a priori distribu
tion, the family of a priori distributions is said to be conjugate to 
the experiment. 

12R. Raiffa and R. Schlaifer, Applied Statistical Decision 
Theory (Boston: Harvard Graduate School of Business Administration, 
1961) 0 

13Ro Ao Fisher, Statistical Methods and Scientific Inference 
(Edinburgh: Oliver and Boyd Company, 1956), po 18~ 
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Bayesian Interpretation 

There are essentially two distinguishable approaches to proba

bility as a degree of belief that a Bayesian may adopt for the problem 

of choosing an a priori distribution. One approach, the personal or 

individualistic, assigns personal degrees of belief and utilities to 

14 relevant propositions; the other is the epistemological approach which 

refers to the degree of belief of a person as reflected by his real or 

potential behavior~ 

Epistemological Approach 

When a Bayesian has no information on which to proceed, the 

situation is called vague prior knowledge, or ignoranceo By some means 

an a priori distribution must be specified. If H represents the proba

bility of success in a sequence of independent trials, at which the only 

possible result is success or failure, then O .-s_ H ~ lo Bayes assumed 

that the prior distribution of H should be taken as uniform over the 

interval (0,1). Within ten years of the publication of Bayes' paper, 

the consequences of such an assumption were being evaluated by Laplace. 

The Bayes-Laplace procedure is still perceptible today in the work of 

15 Jeffreys. Jeffreys holds the view that probability expresses the 

degree of confidence that a person may reasonably have in a proposition. 

He emphasizes that the probability depends both on the proposition con

sidered and on the data in relation to which it is consideredc The 

14 These approaches have been suggested by M~ S. Bartlett, "R~ A. 
Fisher and the Last Fifty Years of Statistical Methodology," Journal of 
the American Statistical Association, LX (1965), pp. 402-404. 

15H. Jeffreys, Theory of Probability, Second Edition (Oxford: 
Clarendon Press, 1948). 
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theory is based on a few basic axioms, and the difficulty of what a priori 

distribution to take in the case of ignorance is met by the use of in-

variance theoryo 16 

According to invariance theory, the a priori distribution is chosen 

by a rule which is consistent in the sense that equivalent results are 

obtained under any non-singular transformation of the parameterse The 

main proposal is for an a priori density 

P(H) cc I(H// 2 

where I(H) is Fisher's information matrix, with elements 

Thus, when His the probability of success in independent trials, invariance 

theory gives 

P(H) = 1/TIIH(l - H) 

for the a priori distributiono The same form was independently reached 

by Perkso 17 In the case of a normal distribution with mean u and variance 

2 
cr, both unknown, invariance theory gives 

2 P(u,cr) cc 1/cr o 

Jeffreys18 presented a special argument to support 

P(u,cr) cc l/cr2 , 

which is made the foundation of many Bayesian analyses concerned with the 

normal distributiono 

16Ibid., po 1790 

17wo Perks, "Some Observations on Inverse Probability Including 
a New Indifference Rule," Journal of the Institute of Actuaries, LXXIII 
(1947), pp. 285-312. 

18Jeffreys, opo cito, pe 1800 
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Personal or Individualistic Approach 

This approach, which Bayesians have adopted to the problem of 

choosing a prior distribution, is taken by the adherents of subjective 

or personalistic probabilityo These adherents are also known as the 

neo-Bayesians. To the neo-Bayesian, the probability of a proposition 

for an individual is determined by the least odds at which the individ

ual is willing to bet on the proposition◊ Thus, if the odds are a:b, 

then the probability is a/(a + b)e In general, the bets deal with 

utility rather than moneye When there is a set of propositions to which 

probabilities have to be assigned, no set of bets is allowable which 

results in a loss for the person betting. 

The earliest clear statement of the concept of personal proba

bility seems to be by Borel. In a 1924 paper, Borel stated that: 

It is frequently said of two bettors that one is a thief 
and that the other is an imbecile; this is true in certain 
cases, where one of the bettors is better informed than the 
other, and knows it; but it can also happen that two men in 
good faith in complex situations where they possess exactly 
the same elements of information will arrive at different con
clusions on the probabilities of an event and that betting 
together, each one figures, to use a picturesque but exaggerated 
expression, that he is the thief and the other the imbecilee 

This is the place to make precise the notion of probability 
as relative to a certain body of knowledge, a body of knowl
edge necessarily included in a determinate human mind, but 
not such that the same abstract knowledge constitutes the same 
body of knowledge in two distinct human minds~ 19 

Borel used the following example to support his viewo When riding in 

an open car or boat the question that is instinctively asked is, "What 

is the probability that rain will begin before the end of the trip?" 

19E. Borel, "Apropos d'un fraite de probabilities," Translated 
by Howard E. Smokler and published in Studies in Subjective Probability, 
ed. He E. Kyburg, Jro, and H. E~ Smokler (New York: John Wiley & Sons, 
Inc., 1964), p. 51. 
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Although two persons A and B both know the state of the sky, the wind, the 

sea, even the variations of the barometer, A could be mistaken less often 

than Bo The person A whose prediction is surer could be a peasant or 

sailor, quite uneducated, but knowing well the region where he liveso 

If the knowledge of A becomes more extended, such as reading daily the 

graphs of barometric pressure, the probability of the judgment that A 

makes about the weather will be modifiedo This will not be the same 

probability even in the case where his judgment remains the same, because 

20 this judgment will be related to a different body of knowledgeo Borel 

further stated that: 

From the moment that one admits the subjective character 
of probability, it is no longer possible to make more 
precise or perfect what this probability has of imperfection 
and of imprecision in its definitiono For any modification 
in the system of knowledge in relation to which probability 
is defined has as a consequence the modification of this 
probabilityo It is no longer a question of making more per
fect or precise this probability, but of substituting for 
it another probability which is entirely differento 21 

A more thorough formulation was given by Ramsey in 1926" His 

posthumous papers22 presented a theory of personal probability and of 

utility developed togethero Ramsey, along with Borel, thought that the 

only theoretically sound way of measuring a person's degree of belief 

was to examine his overt behavior" According to Ramsey: 

20 
Ibido 

21Ibido 

22Fo P. Ramsey, "Truth and Probability," and "Further Consider
ations," The Foundations of Mathematics and Other Essays, edo Re Bo 
Braithwaite (New York: Harcourt, Brace and Co0, 1931)0 



We must therefore try to develop a purely psychological 
method of measuring belief. It is not enough to measure 
probability; in order to apportion correctly our belief 
to the ~robability we must also be able to measure our 
beliefo 3 

In order therefore to construct a theory of quantities 
of belief which shall be both general and more exact, I 
propose to take as a basis a general psychological theory, 
which is now universally discarded, but nevertheless comes, 
I think, fairly close to the truth in the sort of cases 
with which we are most concerned" I mean the theory that 
we act in the way we think most likely to realize the 
objects of our desires, so that a person's actions are 
completely determined by his desires and opinions. This 
theory cannot be made adequate to all the facts, but it 
seems to me a useful approximation to the truth partic
ularly in the case of our self-conscious or professional 

24 life, and it is presupposed in a great deal of our thoughto 
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The personal or individualistic approach to probability remained 

somewhat of a philosophical curiosity until de Finetti25 in 1931, intro

duced the notion of exchangeable events. With the introduction of this 

concept a way was discovered to connect the notion of personalistic 

probability with the procedures of statistical inference that start 

with known initial probability distributions and in the light of experi

ment modifies the initial probability distributiono In general the 

connection takes the form that regardless of the personalistic proba

bility assignments to the a priori distribution, the results of applying 

these procedures are the same; that is, the same action is to be taken, 

the same hypothesis accepted and nearly the same value of the parameter 

23F$ Po Ramsey, "Truth and Probability," Studies in Subjective 
Probabilities, ed. H. E. Kyburg, Jrc, and Ho Eo Smokler (New York: John 
Wiley & Sons, Inc., 1964), po 69. 

24 
Ibid e , p 3 7 4. 

25Bruno de Finetti, "Foresight: Its Logical Laws, Its Subjective 
Sources," Translated by Henry E. Kyburg, Jr., Studies in Subjective 
Probability, ed. Ho E. Kyburg, Jro, and Ho Eo Smokler (New York: John 
Wiley & Sons, Inc., 1964), pp. 95-1580 
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adopted. De Finetti showed that in the case of a sequence of exchange

able events, a person, whatever the opinion he starts with, must, if he 

is to be coherent in his beliefs, after a sufficient amount of observa

tions, come to assign a probability to the type of event in question 

26 which is close to its observed relative frequencyo 

Another pioneer in the formulation of the theory of personalistic 

27 probability was Koopman. He retained an intuitive notion of degree 

of belief. Some degrees of belief could be assessed by the examination 

of betting behavior or choice under uncertainty, but other degrees of 

belief might turn out to be incomparable to these degrees in order of 

magnitudee Thus, for Koopman, a person could say that Sis not more 

probable than T, and Tis not more probable than S, without saying that 

S d Th h b b •10 28 an ave t e same pro a 1 1ty. 

Borel, Ramsey, de Finetti, and Koopman did not write as statis

ticians and did relatively little to explore possible applications to 

statistics. Two of the early publications discussing the application 

of personalistic probability to statistics were by Molina
29 

and Fry. 30 

The idea of such application was discouraged for several decades, until 

26Ibid. , p. 120. 

27 B. O. Koopman, "The Bases of Probability," Bulletin of the 
American Mathematical Society, XLVI (1940), pp. 763-7740 

28
Ibid., p. 771. 

29E. D. Molina, "Bayes' Theorem, an Expository Presentation," 
Bell Telephone System Technical Publication, Monograph B (1931), p. 
557. 

30 T. Co Fry, "A Mathematical Theory of Rational Inference, A 
Nonmathematical Discussion of Baye~' Theorem," Scripta Mathematics, 
II (1934), pp. 205-221. 



118 

a book by I. Je Good, 31 in 1950, provided a statistical reawakening of 

the idea of personalistic probability. In recent years, other leading 

32 33 exponents of such applications have been Savage, Anscombe, and 

Lindley. 34 

Likelihood Functions 

Attention is now turned to P(DIH) as a function of H for given 

D, known as the likelihood function. According to Bayes' theorem, 

P(DIH) constitutes the entire evidence of the experiment~ More pre

cisely, if D' is the datum of some other experiment, and if P(DIH) and 

P(D' IH) are proportional functions 35 of H, such that P(D!H) = c P(D' IH), 

then inferences about H should be the same whether Dor D' is the given 

datum. This important principle is called the likelihood principle 

and is a simple consequence of Bayes' theorem. Savage contends that 

"the likelihood principle flows directly from Bayes' theorem and the 

concept of subjective probability, and it is to my mind a good example 

of the fertility of these ideas. 1136 

The general principle of maximizing P(D!H) to estimate H was 

31
1. J. Good, Probability and the Weighing of Evidence (London: 

Griffin Co., 1950). 

321. Jo Savage, The Foundations of Statistics (New York: John 
Wiley & Sons, Inc., 1954). 

33F. J. Anscombe, "Rectifying Inspection of a Continuous Output," 
Journal of the American Statistical Association, LIII (1958), pp. 703-
719. 

34n. V. Lindley, Introduction to Probability and Statistics from 
a Bayesian Viewpoint (New York: Cambridge University Press, 1965)~ 

35That is, constant multiples of each othere 

361. J. Savage, et al., The Foundations of Statistical Inference 
(New York: John Wiley & Sons, Inc., 1962), p. 17. 
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stated by Gauss37 in 18090 He employed the principle as a part of an 

approach to his method of least squares~ The likelihood function was 

named by Fisher38 in 19220 The deep study of P(D\H) that Fisher made 

then and later39 was both completely free from any Bayesian element and 

largely responsible for the present importance of the functiono Fisher 

originally placed emphasis on properties of maximum-likelihood estimates 

such as asymptotic normality and efficiencyo However, consideration in 

the 1934 paper of the problem of estimating H when the probability 

density has the double exponential form 

1/2 exp (-ID - HI) 

suggested the need to take into account "the entire course of the like

lihood function.
1140 

In his last work on the subject, Fisher41 introduced 

the procedure of computing the values of H where the value of the 

likelihood fell to specified proportions R of the maximum, those which 

he proposed were 1/2, 1/5, and 1/150 No reasons were given for this 

choicee Fisher then showed that log R is approximately equal to 

-l/2(H - H)T·I(H)(H - H), and -2(log R) is distributed as x2 
with p 

37c. F. Gauss, Theoria Motus Corporum Coelestium in Sectionibus 
Conicis Solem Ambientium (Hambury: Perthes Co., 1809). 

38R., A., Fisher, "On the Mathematical Foundations of Theoretical 
Statistic," Philosophical Transactions, Series A, CCXXII (1922), ppo 
309-368. 

39R., A .. Fisher, "Theory of Statistical Estimation," Proceedings 
of the Cambridge Philosophical Society, XXII (1925), ppo 700-725; 
"Two New Properties of Mathematical Likelihood," Proceedings of the 
Royal Society, Series A, CXLIV (1934), pp. 285-307. 

40R. A. Fisher, "Two New Properties e, op. cit., po 305. 

41R., A., Fisher, Statistical Methods and Scientific Inference 
(Edinburgh: Oliver and Boyd, 1956), p. 7lo 
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degrees of freedom, where pis the number of elements in Ho This procedure 

is now used by nuclear physicists and R is referred to as the "relative 

probability"" 

The view that the likelihood function provides all that is re

quired for inferential purposes has also been consistently advocated 

b B d b h . d 0 0 d 11 42 d . 11 b O bl 0 

• 

43 y arnar, ot in ivi ua y an in co ·a orative pu icationso 

Another exponent of likelihood inference is Birnbaumc
44 

In 1961, he 

proved that the conditionality principle and the likelihood principle 

are equivalent, and that each implies the sufficiency principleo An 

attempt to derive the likelihood principle from the principle of suf-

. 45 ficiency was made by Barnard, Jenkins, and Winsten, but they conceded 

after the discussion on their paper that there was a gap in their 

argumento 46 

Bayesian Analysis 

Bayesian statistical inference is to be distinguished from the 

procedures of the period of classical statistical inference, a period 

42Ge Ao Barnard, "A Review of Sequential Analysis by Abraham 
Wald," Journal of the American Statistical Association, XLII (1947), 
ppo 658-669; "Statistical Inference," Journal of the Royal Statistical 
Society, Series B, XI (1949), ppo 115-1390 

43Go Ao Barnard, Go Mo Jenkins, and Co Bo Winsten, "Likelihood 
Inference and Time Series," Journal of the Royal Statistical Society, 
Series A, CXXV (1962), pp. 321-352; Lo Jo Savage, et alo, The Founda
tions of Statistical Inference (New York: John Wiley & Sons, Ince, 
1962), pp. 39-490 

44A" Birnbaum, "On the Foundations of Statistical Inference: 
Binary Experiments," Annals of Mathematical Statistics, XXXII (1961), 
ppo 414-435; "On the Foundations of Statistical Inference," Journal 
of the American Statistical Association, LVII (1962), ppo 264-326. 

45 . 
Barnard, Jenkins, and Winsten, opo cito, po 3330 

46Ibido, ppo 352-3680 
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in the development of statistical inference that was discussed in Chapter 

III of this studyo One of the tasks of Bayesian analysis has been to 

show that the methods of classical statistical inference are misleading 

or inappropriateo Tests of significance were the first to come under 

scrutiny, and the procedure of calculating the probability of departures 

as great or greater than that observed has been criticized by Jeffreyso 

According to Jeffreys, "A hypothesis that may be true may be rejected 

"47 because it has not predicted observable results which have not occurredo 

Another line of attack has been to construct situations where Bayesian 

analysis and a test of significance lead to conclusions which are 

intuitively felt to be riiht or wrong,respectivelyo As an example, 

48 Savage presented three approaches to the legend of King Hiero's crowno 

49 Later, E,, So Pearson showed that more than one approach to this problem 

is possibleo 50 In 1965, Pratt gave a detailed discuss:lon on the inter-

pretation of standard inference statements from a Bayesian viewpoint~ 

In this paper, Pratt maintained that 

•• oconventional tests seem to a Bayesian to have a 
useful interpretation only under special circumstanceso 
These circumstances are not generally present in practice, 
and even when they are, conventional tests are not generally 
well articulated to the real problems of the situationo 51 

47Ho Jeffreys, Theory of Statistics, op. cite, po 3570 

48L. Jo Savage, et aL, The Foundations of Statistical Inference, 
op. cit., pp. 29-33. 

49Ec So Pearson, "Some Thoughts on Statistical Inference," 
Annals of Mathematical Statistics, XXXIII (1962), pp. 394-403n 

SOJO w. Pratt, "Bayesian Interpretation of Standard Inference 
Statements,11 Journal of the Royal Statistical Society, Series B, XXVII 
(1965), pp. 169-192. 

51Ibido, po 190., 
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From the discussion following the paper by Pratt, apparently not all 

Bayesians go as far as he does in condemning conventional tests 0

52 

Tests of significance continue to be fabricated in most statistical 

journals but these tests appear to be losing ground to estimation pro

cedures in practical applicationo As a result, attention is now given 

to connections between confidence intervals and Bayesian a posteriori 

distributions. 

Confidence Distributions 

Richter
53 

and Lindley
54 

obtained the result that the confidence 

distribution is not an a posteriori distribution for any a priori dis

tribution unless there exists a certain transformation and then the 

a priori distribution is only uniformo A comparison between the mean 

of a confidence distribution and the mean of a Bayesian posterior dis

tribution was made by Fisher55 when His the binomial parameter and the 

total frequency n is large~ He showed that for the invariance a priori 

distribution 

P(H) ~ 1/TTIH(l - H), 

that the two means agree as far as the term in n-3 

52Me So Bartlett, "Discussion of Professor Pratt's Paper," 
Journal of the Royal Statistical Society, Series B, XXVII (1965), ppo 
193-198. 

53
H. Richter, "Zur Grundlegung der Wahrscheinlichkeitstheorie, 

Teil V. Indirekte Wahrscheinlichkeitstheorie," Mathematical Annals, 
CXXVIII (1954), ppo 305-339~ 

54D. Vo Lindley, "Fiducial Distribution and Bayes' Theorem," 
Journal of the Royal Statistical Society, Series B, XX (1958), ppo 
102-107. 

55R. A. Fisher, Statistical Methods and Scientific Inference, 
ope cit., p. 63. 
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The relationship between the two distributions has been examined 

56 57 
by Welch and Peers and Welcho They showed that in large samples 

the two approaches lead to very similar results under certain conditionso 

58 Some further comparisons have been made by Bartholomew◊ 

Robustness 

Robustness has received a good deal of attention in classical 

statistical inference, where the problem has been to study the effect on 

inferences of changing the distribution of the measurements from P(DjH) 

to P(DIH,¢). Here His the parameter of main interest and~ is a nuisance 

parameter which can be given specified values. In a classical analysis, 

H refers to a departure from normality or an inequality between varianceso 

In a Bayesian analysis, the a priori distribution must also be specified 

and takes the form P(H)•P(¢) corresponding to independenceo For example, 

Box and Tiao59 embedded a normal distribution of measurements in the 

class of distributions 

2/(1+¢) 
P(Dlu, cr, ~)~exp {-1/2 (D - u)/crl} 

where u is the mean, cr is a scale parameter and¢ measures the degree of 

non-normality on the interval (-1 < ¢ < l)o They pointed out that¢= 0 

56 Bo L c, Welch and Ho W" Peers, "On Formulae for Confidence Points 
Based on Integrals of Weighted Likelihood,'' Journal of the Royal Statis
tical Society, Series B, XXV (1963), pp. 318-3290 

57B. Lo Welch, "On Comparisons Between Confidence Point Procedures 
in the Case of a Single Parameter," Journal of the Royal Statistical 
Society, Series B, XXVII (1965), pp. 1-80 

58n~ J. Bartholomew, "A Comparison of Some Bayesian and Fre
quentist Inferences," Biometrika, LII (1965), ppo 19-350 

59Ga E. P. Box and G. C. Tiao, "A Further Look at Robustness Via 
Bayes' Theorem," Biometrika, XLIX (1962), ppo 419-432; "A Bayesian 
Approach to the Importance of Assumptions Applied to the Comparison of 
Variances," Biometrika, LI (1964), pp. 153-167 o 
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gives a normal distribution,~= 1 a double exponential and as~ tends 

to -1 a uniform distributionc With the standard types of a priori dis

tribution for u and o, and the beta type 

a > 1 

for~, the Bayesian specification is completeo As a consequence of this 

specification the marginal posterior distributions of parameters u and 

~, and the conditional distributions for fixed values of~ can be ob

tained. 

Tolerance Regions 

The Bayesian approach has also been applied in the construction 

of tolerance regions. The problem is to choose, on the basis of the 

observed sample, a region R in the sample space having the property that 

in future experiments the probability that an observation is contained 

in the region R has an assigned value Ce An example is to take a sample 

of size n
1 

that yields a
1 

successes. A second sample of size n2 is 

taken and upper and lower limits for the number of successes a
2 

are given, 

with an assigned probability that a 2 exceeds the upper limit or falls 

below the lower limit. A Bayesian solution to this problem was obtained 

by Laplace in 1774. He assumed a uniform prior distribution for H, the 

probability of success. A classical solution also exists and, in 1964, 

Thatcher60 examined the relation between the two approacheso Thatcher 

found that the upper Bayesian limit for the prior distribution 

~ (1 - H)-l coincides with the upper classical limit, and correspondingly 

60A. R. Thatcher, "Relationships Between Bayesian and Confidence 
Limits for Predictions," Journal of the Royal Statistical Society, 
Series B, XXVI (1964), pp. 176-192: 
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the lower limits coincide for the prior distribution~ H-1
0

61 Perks62 

had already noted that these a priori distributions gave agreement at 

the upper and lower limits, respectively, in the case of a single sample,, 

Thatcher pointed out that no a priori distribution makes both limits 

coincide, and the two approaches disagree as long as a single a priori 

distribution or single limits are used,,
63 

In 1964, Aitchison64 dis

cussed the general problem of constructing tolerance regions as one that 

can be formulated and solved more readily in Bayesian than in classical 

terms. 

In concluding this study of the development of statistical 

inference, a look at the past and the future would be helpfulo The 

next chapter will provide this looko 

61Ibido, p .. 177. 

62w .. Perks, "Some Observations on Inverse Probability Including 
a New Indifference Rule," Journal of the Institute of Actuaries, LXXIII 
(1947), pp. 285-312. 

63Thatcher, ope cit., po 1800 

64J. Aitchison, "Bayesian Tolerance Regions," Journal of the 
Royal Statistical Society, Series B, XXVI (1964), pp,, 161-1750 



CHAPTER VI 

SUMMARY AND CONCLUSIONS 

An Overview of the Development 

The beginning of statistical inference appears to be rooted in 

early attempts to use probability inductively by means of the principle 

of inverse probabilityo This principle originated in the method pro

posed by Bayes in 1763 to solve problems of the following type: Given 

the observed proportion of successes in a sequence of Bernoulli trials, 

find the probability that p, the probability of success in a single 

trial, lies within specified limitso In his solution Bayes exploited 

the fact that P(DjH), the conditional probability of an event D, given 

that event H has occurred, is equal to P(HD) divided by P(H), where 

P(HD) denotes the probability of the compound event Hand D, and P(H) 

denotes the probability of the event Ho 

Laplace, in 1812, generalized Bayes' method of solution and ele

vated the principle of inverse probability to rank as the fundamental 

principle for ascertaining the probability of causeso The word "causes" 

as used by Laplace had a broad connotation covering any set of mutually 

exclusive antecedent events, the occurrence of one of which was a 

necessary condition for the occurrence of the observed evento To the 

extent that the occurrence of the ~ntecedent event served to explain 

the occurrence of the observed event, the antecedent event was viewed 
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as a possible cause of the observed event, or alternately, as an hy

pothesis offering a possible explanation for the observed evento 
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Calculation of the probability of a cause in any particular 

situation required knowledge of the a priori probabilities of the pos

sible causeso The principle of inverse probability provided the math

ematical machinery for converting these a priori probabilities into a 

posteriori probabilities reflecting the additional information furnished 

by the occurrence of the observed evento A long controversy over the 

principle of inverse probability centered about the logical justifi

cation of assumptions concerning the a priori probabilities, in 

particular the assumption that in the absence of definite knowledge 

about them, all possible causes could be considered equally probable 

a priorL The controversy culminated in Ro A. Fisher's vigorous cam

paign to clear away the confusion surrounding statistical conceptso 

He condemned application of the principle of inverse probability as an 

abortive attempt to bring statistical induction within the scope of 

mathematical deduction via probabilityn 

Fisher defined the problem of statistical inference in terms 

of eliciting information from a sample with respect to the population 

from which the sample had been drawno On the basis of assumptions 

concerning the population, probability statements could be deduced con

cerning the sampleo These statements in turn, Fisher contended, formed 

the basis for inference with regard to the population sampled, in 

particular, inferences concerning the tenability of assumptions under 

which the probability statements were deriveda Fisher interpreted 

probability in terms of theoretical relative frequency and maintained, 

in the light of this interpretation, that probability was not the proper 
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vehicle for expressing inferences unless the population under consider

ation could be regarded as a sample from a completely specified 

populationo As an alternative to probability for conveying the 

confidence produced in an hypothesis concerning the population by 

the observations constituting the sample, Fisher proposed the concept 

of likelihoodo 

The likelihood of an hypothesis, according to Fisher, would be 

in direct proportion to the probability, under the hypothesis, of ob

taining a sample having the characteristics possessed by the sample 

actually observedo Probability was the proper vehicle along the de

ductive route from population to sample; likelihood, the proper vehicle 

along the inductive route from sample to populationc The inductive route 

was fraught with uncertainty peculiar to all inductive inferenceo This 

uncertainty, Fisher emphasized, should not become an excuse for lack of 

rigor along the deductive route from population to sampleo By directing 

attention to the possibility of making rigorously exact probability 

statements about sample statistics and by taking an active lead in the 

development of sampling distributions providing the means for making 

such statements, Fisher effected an orientation of the problem of statis

tical inference away from attempts to assess the probability of hypoth

eses via the principle of inverse probability toward the construction of 

exact tests of significanceo These tests of significance required no 

assumptions concerning a priori probabilities, thereby circumventing the 

main contention in the application of the principle of inverse proba

bility~ 

The procedure involved in the construction of these exact tests 

of significance consisted of choosing some sample statistic as a criterion 
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for testing an hypothesis concerning the population from which the sample 

was assumed to have been drawno If the observed value of the stati.stic 

used as a test criterion belonged to a set of possible values having a 

small probability under the hypothesis being tested, the hypothesis was 

rejected; otherwise, it was concluded that the sample did not offer suf

ficient evidence to contradict the hypothesis. 

Forerunners of exact tests of significance featured comparison 

of the difference between estimated and hypothetical values of population 

parameters with the probable error of the estimatea If the difference 

exceeded three times the probable error, the difference was adjudged 

significant; otherwise it was ascribed to chance variationo The assumed 

normality of the statistic used as a test criterion, plus the fact that 

formulas employed for calculating probable error were generally valid only 

for large samples, restricted the applicability of this procedure to large 

sample tests of hypotheses about population parameterso Tests appro

priate for use with small as well as large samples awaited the develop

ment of exact sampling distributions under Fisher's leadership~ In the 

solution of the distribution problem, that is, the problem of ascertaining 

the exact probability distribution of statistics used by test criteria, 

the following distributions occupied key roles: the normal distribution 

discovered by DeMoivre in 1733, the chi-square distribution discovered 

by Helmert in 1875 and rediscovered by Karl Pearson in 1900, the t

distribution discovered by Student (William Sealy Gosset) in 1908, and 

the z-distribution discovered by Fisher in 1924~ The collection of exact 

tests of significance based on these sampling distributions appeared for 

the first time in Fisher's Statistical Methods for Research Workers, 

published in 1925~ 
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The problem of what constituted a good test received extensive 

treatment in the period of classical statistical inferencec Neyman and 

Pearson developed a theory of testing statistical hypotheses in a series 

of memoirs beginning in 1928~ The Neyman-Pearson theory was based on 

recognition of the fact that in testing hypotheses, two kinds of error 

may be committed, namely, rejecting the hypothesis when it is true and 

accepting the hypothesis when it is false. In addition to providing prin

ciples for the selection of test criteria with a view to minimizing the 

probabilities of these two types of error, Neyman and Pearson advanced 

the likelihood ratio as a generally applicable test criterion designed 

to take into account not only the hypothesis being tested but also ad

missible alternative hypotheses. Closely linked to the Neyman-Pearson 

theory of testing hypotheses was the theory of confidence intervals pre

sented by Neyman in 1934. Another theory of interval estimation based 

on the concept of fiducial probability had been introduced by Fisher in 

1930. Both theories shared the objective of making interval estimates 

of population parameters without appeal to the repudiated principle of 

inverse probability. Subsequent controversy over the Behrens-Fisher 

problem revealed the essential differences between the approach of Neyman 

and the approach of Fisher to the problem of interval estimationo This 

controversy gave further evidence of Fisher's growing disdain of the 

Neyman-Pearson theory, particularly of the attempt made therein to give 

a frequency interpretation of the results of a test of significance in 

terms of repeated samples from the same populationo 

Despite Fisher's opposition, the Neyman-Pearson theory accel

erated progress in the development'of a rigorous mathematical structure 

for the testing of statistical hypotheses. This structure provided a 
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conceptual framework giving sharper definition to the problem of testing 

statistical hypotheses, facilitating recognition of the limitations of 

existing solutions and suggesting fruitful areas for subsequent research 

in the development of the periods of nonparametric and decision-theoretic 

statistical inferenceo Both of these types of statistical inference 

gave the statistician a greater measure of freedom in testing statistical 

hypotheses and constructing interval estimates" 

The modern theory and practice of nonparametric statistical 

inference may be said to have begun in 1936 with the study by Hotelling 

and Pabst of the rank correlation coefficiento Nonparametric tests freed 

the statistician from the necessity of making restrictive assumptions 

concerning the population sampled. Scheffe, Wilks, and Wolfowitz, con

fronted with the challenge of further removing the restrictive assumptions 

plus the prospect of fashioning statistical tools of wide applicability, 

supplied the motivation for increased research on the problem of non

parametric statistical inference© 

Generalization and extension of the conceptual framework provided 

by the Neyman-Pearson theory resulted in the theory of decision-theoretic 

statistical inference~ In this theory, statistical inference becomes a 

special case of the problem of deciding which of several courses of 

action to take on the basis of incomplete information about the proba

bility distribution of the random variables under considerationc Struc

turally more complex than the Neyman-Pearson theory, decision-theoretic 

theory makes explicit provision for multistage sampling and assessment 

of consequences of possible wrong decisions. The theory also places 

great emphasis on the role of a test of a statistical hypothesis as a 

decision function. In any decision making situation, subjective elements 
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play an important part in choosing from among several possible courses 

of action on the basis of an assessment of their possible consequences◊ 

The objective interpretation of probability as theoretical relative 

frequency, an interpretation to which Fisher, Neyman, Pearson, Wald, 

and many of their followers have adhered, however, bars the use of 

probability subjectivelyo Therefore, further progress in the develop

ment of the theory of statistical inference necessitated a reexamination 

of the interpretations of probability with a view to eliminating those 

elements that make the theory an unrealistic mathematical model of the 

decision making situation. 

The reexamination resulted in a revival of interest in the 

concept of subjective probability and in the interpretation of data by 

means of Bayes' theoremo This led to the development of the period of 

Bayesian statistical inferencee Ramsey, de Finetti, Jeffreys, and Savage 

made extensive developments to the theory of Bayesian statistical in

ference. However, this period of statistical inference might properly 

be said to have begun in 1959 when Schlaifer persuasively presented his 

Probability and Statistics for Business Decisions. This book attempted 

to show how the evidence of observations should modify previously held 

beliefs in the formation of rational opinions, and how on the basis of 

such opinions and of value judgments a rational choice can be made 

between alternative available actions. 

Discernible Patterns in the Development 

A Priori Information 

Viewed in retrospect, the overall picture of the development of 

statistical inference reveals certain patterns, the discernment of which 
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permits a deeper appreciation of advances in this area of statisticsc 

One such pattern consists of the attempts made to handle the persisting 

problem of how to bring relevant prior information to bear in testing 

hypothesesc That such information should be used in coming to a decision 

with regard to the hypothesis in question appeared indisputable; the 

best method for incorporating this information into the reservoir of 

additional information obtained from the sample of observations left 

room for speculation. The principle of inverse probability provided an 

attractive means for reflecting prior information concerning the hypoth

esis to be tested through a priori probabilities attached to various 

possible hypotheses. However, the practical difficulty of evaluating 

these a priori probabilities and the assumption that, in the absence of 

knowledge concerning them, all possible hypotheses were equally probable 

a priori, cast doubt on the feasibility and legitimacy of this deviceo 

In the exact tests of significance promoted by Fisher, an opportunity for 

incorporating relevant prior information presented itself in the assump

tions underlying the derivation of the sampling distribution of test 

criteriae The Neyman-Pearson theory provided additional means for im

plicitly reflecting relevant prior information through the choice of 

test criteria on the basis of their power against admissible alternative 

hypotheses. Nonparametric statistical inference furnished methods for 

testing hypotheses when no relevant prior information existed to support 

assumptions concerning the probability distribution of the population 

sampledo The problem of assessing the power of nonparametric tests, 

however, complicated the selection of the best from among the available 

nonparametric tests of a given hypothesis. The proven non-existence of 
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nonparametric tests in certain cases1 adds another disadvantage to this 

method of statistical inferenceo The theory of decision-theoretic statis

tical inference featured a return to the use of a priori probabilities 

in the case when relevant prior information was sufficient to justify 

definition of an a priori probability distribution over the class of 

possible distribution functionsc In the theory of Bayesian statistical 

inference the use of a priori distributions was extended to include 

probability as a measure of degree of belief:. In this theory there 

are two distinguishable approaches to probability as a degree of belief 

that may be adopted for the problem of choosing a priori distributions: 

the personal or subjective approach and the epistemological approachc 

Interaction Between Theory and Application 

Another pattern discernible in the overall picture of the develop

ment of statistical inference is the progressive interaction between 

mathematical theory and practical application. To Karl Pearson and his 

associates the problems arising in the statistical analysis of large 

samples in biological applications of interest promoted their derivation 

of probable error formulas appropriate for use in large sample tests of 

significanceo The preoccupation of Karl Pearson and his associates with 

large samples, however, forestalled the necessity of making a careful 

distinction between population parameters and their sample estimates, 

and deterred recognition of the inadequacies of tests of significance 

employing approximate formulas for probable error and normality of the 

test criteriono Gosset, on the other hand, forced to work with small 

1Ro Re Bahadur and Le Je Savage, "The Nonexistence of Certain 
Statistical .Procedures in Nonparametric Problems," Annals of Mathematical 
Statistics, XXVII (1956), ppo 1115-1122e 
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samples arising in brewing industry experiments, was impelled to investi

gate the exact probability distribution of statistics derived from small 

sampleso His success inspired Fisher, who was faced with similar 

problems of drawing valid inferences from small samples in connection 

with agricultural research at the Rothamsted Experimental Station0 

Theoretical justification for the selection of test criteria employed 

in the exact tests of significance developed under Fisher's leadership 

provided fresh problems for investigation by Neyman and Pearsono The 

theory formulated by them introduced as a basic concept the idea of two 

kinds of error possible in testing statistical hypotheses, an idea borne 

in the practical problems of sampling inspection encountered in engi

neering applications of statistics at the Bell Telephone Laboratorieso 

The Neyman-Pearson theory exposed the mathematical structure of existing 

tests of significance and fostered recognition of the limitations imposed 

by the mathematical assumptionso Meanwhile, increased use of these 

tests in the social sciences, where the justification of necessary mathe

matical assumptions concerning the populations sampled was difficult, 

emphasized the need for further theoretical research aimed at removing 

the necessity of making such assumptionso Results of this research pro

vided testing instruments of wider applicability in the form of non

parametric testso Evaluation of the relative merits of these tests and 

their comparison with standard parametric type tests gave rise to further 

theoretical problems concerning the power of nonparametric testso The 

practical problem of cost involved in sampling inspection of manufactured 

items stimulated theoretical investigation of the possibilities of 

sequential sampling techniqueso This investigation produced rich 

dividends in the reduction of the cost of testing hypotheses and in 
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the generation of new problems for research in the theory of multivalued 

decision functionso Perhaps the most dramatic evidence of the interplay 

of theory and practice appeared in the development of Bayesian statis

tical inferenceo This theory provides a broad scope of application since 

it attempts to construct a mathematical model that will reflect more of 

the factors that must be taken into consideration in the problem of making 

a decision on the basis of incomplete informationo 

The Pattern of Controversy 

Another pattern marking the development of statistical inference 

is the web of controversy in which the contributors to this development 

periodically became engulfede Some of this controversy can be attributed 

to the lack of compromise on the part of the personalities directly in

volved and to accompanying reluctance on the part of interested bystanders 

to abandon conventional procedures in favor of methods proposed by new

comers challenging the entrenched authority of eminent predecessorso The 

controversy over degrees of freedom provides an example of both of these 

factors in operationo At that time, Karl Pearson, in his sixties, had a 

long series of accomplishments that made his name respected among statis

ticians, and Fisher, in his early thirties, was just beginning to make his 

presence known in statistical circleso The temperament of neither Pearson 

nor Fisher was conducive to a non-emotional discussion of their dif

ferences. In the clash over degrees of freedom, the challenger, Fisher, 

carried the dayo His triumph contributed to the eventual success of the 

revolution he wrought in statistical inference, success which merited 

for him the mantle of authority pr~viously worn by Karl Pearsono Fisher's 

methods in turn faced the challenge of the Neyman-Pearson theory and 

another controversy was borno 
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The controversy over degrees of freedom was short-lived in con

trast to the controversy over the principle of inverse probabilityo 

The seal of approval conferred on this principle by the eminent mathe

matician, Laplace, impeded recognition of its limitations and delayed 

research on alternative solutions to the problem of testing hypotheseso 

The state of the mathematical foundations of statistics during the nine

teenth and early part of the twentieth century also contributed to the 

protraction of the controversy over inverse probabilityG The fundamental 

concept of probability lacked precise definitiono Simultaneous inter

pretations of probability as a measure of degree of belief and as a limit 

of observed relative frequency added to the confusion surrounding the 

concept of probability and obstructed differentiation of subjective from 

objective elements in the application of probability to the problem of 

statistical inferencee General acceptance by modern mathematical stat

isticians of the axiomatic development of probability propounded by 

2 Kolmogorov in 1933 obviated some of the controversy growing out of 

ambiguous and inconsistent use of the word "probabilityn" 

Increasing Mathematical Content 

The adoption of the axiomatic approach to probability with con

cepts of set and measure theory was part of a pattern toward the employ

ment of mathematical implements of greater variety and refinement in 

dealing with the problems of statisticso In the development of statis

tical inference, this pattern began to manifest itself in the mathematical 

devices used to obtain the exact sampling distributions of test criteriao 

2Ao Kolmogorov, Grundbegri
1

f f e der Wahrscheinlichkeitsrechnung 
(Berlin: J. Springer, 1933)0 
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Fisher's representations of a sample of n observations by the coordinates 

of a point inn-dimensional space played a fundamental role in his der

ivation of the sampling distributions of the simple, partial, and multiple 

correlation coefficients, and also in providing a rigorous derivation of 

Student's distributiono Generalization by Hotelling, 3 Wilks, 4 and Wishart5 

of the sampling distributions developed by Fisher demonstrated the 

effectiveness with which matrices and Fourier transforms could be applied 

in multivariate statistical analysiso The Neyman-Pearson theory, couched 

in the language of sets and measures, continued the trend toward increased 

exploitation of mathematicso More ambitious in objective than the Neyman

Pearson theory, the theory of Bayesian statistical inference utilizes 

even more sophisticated mathematical concepts and techniques. 

Increased mathematical content has caused the theory of statistical 

inference to become progressively more abstract, and, as a result, not 

so susceptible to emotional controversyo The greater degree of abstrac

tion, however, has complicated the problem of communication between the 

mathematical statisticians actively engaged in producing this theory and 

the research workers who eventually apply the theory in empirical fieldso 

Conclusions 

The origins of many techniques of statistical inference which 

are now widely used can be traced back for 150 or 200 yearso During most 

3H. Hotelling, "The Generalization of Student's Ratio," Annals of 
Mathematical Statistics, II (1931), ppo 359-3780 

4so S. Wilks, "Certain Generalizations in the Analysis Variance," 
Biometrika (1932), pp. 471-4940 

5J. Wishart, "The Generali~ed Product Moment Distribution in 
Samples from a Normal Population," Biometrika, XX-A (1928), ppo 32-520 
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of this time there have been differences of opinion about the validity of 

the methods proposed, and it is unlikely that there will ever be general 

agreement or that arguments will be discovered which conclusively show 

the irrelevance of highly developed lines of thoughtn The differences 

of opinion should be patiently explored, and the amount of agreement 

already in existence should be emphasized~ Today, statisticians are 

dealing with ideas which go somewhat deeper than logic or mathematics, 

and the important point is not that they should start from the same 

assumptions but that they should reach essentially the same conclusions 

on given evidence, if possiblee From the variety of possible viewpoints 

there are difficulties of classification. This study has classified 

the viewpoints as discernible periods in the development of statistical 

inference. 



APPENDIX 

NOTABLE CONTRIBUTIONS TO STATISTICAL INFERENCE 

1713--Ars Conjectandi by Jacques Bernoulli published eight years post
humouslyo 

1718--Publication of the first edition of The Doctrine of Chance by 
Abraham DeMoivreo 

1721--Abraham DeMoivre derived the normal curve as a limiting form of 
a binomial expansiono 

1738--DeMoivre introduced the modulus as a measure of variationo 

1761--Death of the Reverend Mr. Thomas Bayeso 

1763--Bayes' Essay communicated to John Canton by the Reverend Richard 
Price. 

Price's letter and Bayes' Essay appeared in the Philosophical Trans
actions. 

Principle of inverse probability introduced. 

1774--Laplace presented the first clear enunciation of the principle of 
inverse probabilityo 

18O9--Gauss derived the normal curve from a differential equationo 

1812--Laplace established the exact sampling distribution of the arith
metic mean of a random sample of observations. 

Laplace presented a revised version of the principle of inverse 
probability. 

1815--Bessel introduced the probable error as a measure of variationo 

1854--George Boole voiced the first criticism of the principle of inverse 
probability to attract serious attention. 

1875--F. Ro Helmert presented without proof the distribution now known 
as chi-square. 

140 
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1876--Helmert utilized the distribution presented in 1875 to derive the 
distribution of the sample standard deviationo 

1884--Fo Yo Edgeworth rose to the defense of the postulate of a priori 
probabilities advanced by Bayes and Laplaceo 

1885--Edgeworth used the modulus as a measure of variation to illustrate 
the practical advantages of applying the normal curve in the elimina
tion of chance as a reason for observed variation" 

1888--John Venn supported Boole's objections to the manner of application 
of the principle of inverse probabilityo 

1889--Galton attracted attention to the usefulness of order statistics 
in empirical studies with the discovery of the median (1869), the 
ogive curve (1875), and percentiles (1889)0 

1898--Karl Pearson and Lo No Go Filan devised a general method for de
riving the approximate probable error of statistics0 

1900--Karl Pearson replied to Boole's criticism of inverse probabilityo 

Karl Pearson presented his test of goodness of fit as a generaliza
tion of that which Helmert obtained in 1876. 

1902--Wo Po Elderton presented enlarged version of the chi-square table 
in Pearson's 1900 papero 

Galton proposed a difference problem which led to important contri
butions to the sampling theory of order statisticso 

Karl Pearson elevated Galton's difference problem to the nonpara
metric class by dispensing with the normality assumption. 

1904--Karl Pearson extended the application of the chi-square distribu
tion to manifold classifications for which he originated the name, 
contingency tableso 

1907--Karl Pearson endorsed Edgeworth's empirical justification of the 
uniform distribution of a priori probabilities. 

1908--William S0 Gosset discovered Student's distributiono 

1912--R0 Ao Fisher introduced the method of maximum likelihoode 

1915--Fisher presented a paper suggestive of an application of the prin
ciple of inverse probability involving the use of a uniform distri
bution of a priori probabilityo 

Me Greenwood and Ge U. Yule indicated that something was wrong in 
K.Pearson's directions for applying the chi-square test. 

Fisher suggested his z transformationo 
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1916--Ko Pearson advanced modern chi-square theory by presenting a paper 
on the general theory of contingencyo 

1917--Ko Pearson and associates presented a cooperative study that pro
vided the spark which touched off Fisher's campaign against inverse 
probability a 

1921--Fisher presented the exact distribution of the intraclass correla
tion coefficientso 

1922--Fisher clarified the use of Eldertron's table of the chi-square 
distribution in the case of contingency tables and frequency curve 
fittingo 

Fisher offered the criteria of consistency, efficiency and suffi-· 
ciency for the purpose of judging the effectiveness of statistics 
used as estimatorse 

Fisher named the likelihood function. 

1923--Fisher applied the technique of analysis of variance under the name 
"analysis of variation." 

Fisher introduced the symbol t for Student's ratio, and associated 
the term, degrees of freedom, with the parameters of Student's 
distribution. 

1924--Fisher showed that the chi-square test criterion has a limiting 
chi-square distribution with appropriate reduction in degrees of 
freedom. 

E. Borel presented the earliest clear statement of the concept of 
personal probability. 

The concept of producer risk and consumer risk formed the basis of 
lot sampling inspection procedures in the Bell Telephone Laboratorieso 

1925--Fisher presented the first complete and mathematically sound 
derivation of Student's distribution. 

Fisher's ideas and methods gained a wide circulation in his Sta
tistical Methods for Research Workers. 

Gosset prepared an extensive table of the t distribution at Fisher's 
suggestion. 

Fisher applied the sign test to verify the result of a Student t
test. 

Tippett extended K. Pearson's results of 1902 by deriving the mean 
value of the sample meano 



1926--Ramsey presented a more thorough formulation of the concept of 
personal probabilityo 

Fisher introduced the term "level of significance◊" 
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1928--Neyman and Eo So Pearson suggested the likelihood ratio principleo 

Fisher and Tippett obtained a limiting distribution of the largest 
and of the smallest order statistic as the sample size increases 
indefirtitelyo 

1929--Wo V. Behrens presented a paper for the purpose of making infer
ences concerning two or more parameterso 

1930--Fishet introduced the concept of fiducial probabilityo 

1931--Molina discussed the application of personalistic probability to 
statistiCSo 

De Finetti introduced the notion of exchangeable eventso 

1932--Craig derived the exact sampling distribution of the median, quar
tiles and range for samples of size no 

Pytkowski, a student of Neyman, gave the first reference to Neyman's 
theory of confidence intervalso 

1933--Neyman and Eo So Pearson clarified the construction of likelihood 
ratio tests, introduced the concepts of critical region, size of 
critical region, equivalent critical region, and equated the choice 
of a test criterion with the choice of a critical regiono 

Kolmogorov provided the basis for an alternative to Ko Pearson's 
chi-square test of goodness of fit. 

The Neyman-Pearson Lemma marked a significant step forward in the 
theory of testing statistical hypotheseso 

Neyman and Eo So Pearson introduced the concept of power and the 
labels of Type I and Type II for errors of the first and second 
kind, respectivelyo 

Kolodziejczyk published a table of the power function of the Stu
dent t-tesL 

1934--Fry discussed the application of personalistic probability to sta
tisticso 

Fisher presented another paper on the likelihood principleo 

Neyman first published an account of his theory of confidence 
intervalso 
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1934--Neyman suspected that his theory of confidence intervals was merely 
a reformulation and extension of Fisher's theory of fiducial proba
bility. 

1935--Fisher provided a clearer conception of fiducial probabilityo 

Fisher introduced the term "null hypothesis" to designate the 
hypothesis being testedo 

Kolodziejczyk formulated the general problem calling for analysis 
of variance techniques in terms of testing a linear hypothesise 

Fisher expressed his solution to the Behrens-Fisher problem in 
terms of fiducial probabilityo 

1936--Beginning of the controversy over the Behrens-Fisher solutiono 

Hotelling and Pabst based their test of independence on Spearman's 
rank correlation coefficiento 

1937--Pitman utilized the ordinary correlation coefficient in his test 
criterion for independencee 

Neyman published a more thorough treatment of confidence intervalso 

Eisenhart obtained a limiting form of the power function of Karl 
Pearson's classical chi-square testo 

1938--Tang derived and tabulated the power function of analysis of 
variance tests of the general linear hypothesis~ 

Hsu showed how Tang's tables could be used to calculate the power 
of Hotelling's T testo 

Friedman constructed a nonparametric analysis of variance testa 

1939--Smirnov presented a simplified derivation of Kolmogorov's result 
which provided another nonparametric test solution to the two
sample problem,, 

Wald presented a paper with the objective of constructing a 
systematic theory of decision-theoretic statistical inferenceo 

The controversy over the validity of the Behrens-Fisher solution 
evolved into a clash between the proponents of the theory of fi
ducial probability and the proponents of the theory of confidence 
intervals a 

1940--Koopman, another pioneer in the formulation of the theory of per
sonalistic probability, advan~ed an intuitive notion of degree 
of beliefo 

Mood accelerated progress in the development of tests of randomnesso 
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1941--Wald extended the formulation of the decision problem to cover the 
nonparametric caseo 

Abraham Wald showed that difficulties resulting from the non
existence of uniformly most powerful tests gradually disappeared 
as the size of the sample increasede 

1943--Scheffe showed that the method of randomization was the only pos
sible method of constructing exact tests of statistical hypotheses 
in the nonparametric caseo 

Wald and Wolfowitz proposed a test of randomness based on the 
serial correlation coefficiento 

1944--Wald developed the analogy between his theory and the theory of the 
zero-sum two-person gameo 

1945--Wilcoxon devised a two-sample test based on rankso 

1946--Dixon and Mood emphasized a research situation to which the sign 
test applied but to which the t-test would ordinarily not be ap
plicablec 

1947--Mann and Whitney extended Wilcoxon's sum of ranks test to the case 
where two samples are not necessarily of equal sizeo 

Lehmann introduced the concept of a complete class of decision 
functionso 

1948--Pitman developed the concept of asymptotic relative efficiencyo 

Ho Jeffreys published the second edition of his Theory of Proba
bilityo 

1949--Reichenbach further formulated the frequentist interpretation of 
probability o 

Barnard advanced the view that the likelihood function provides 
all that is required for inferential purposeso 

By 1949, Scheffe, Wilks, and Wolfowitz had presented papers on non
parametric methods that provided helpful progress reports, stimulated 
wider interest, delineated unsolved problems and invited further 
researcho 

1950--Wald accumulated the results of previous research with newly ob
tained generalizations in a book entitled Statistical Decision 
Functionso 

Good provided a statistical ,reawakening of the idea of personalistic 
probability in Probability and the Weighing of Evidenceo 
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1951--Massey published an extensive study of the Kolmogorov-Smirnov testc 

1952--Massey tabulated the exact sampling distribution for Smirnov's two
sample test~ 

Wallis described nonparametric tests as "rough-and-ready" statis
tical testso 

Brown and Mood devised nonparametric tests of hypotheses concerning 
the population median and making use of order statistics~ 

Dixon tabulated the power function of the sign test and also pro
vided a table of power efficiency relative to the classical t-testo 

1953--I. Ro Savage compiled a bibliography that contained 999 references 
on nonparametric statistics and closely related topics. 

1954--Jonckheere proposed a test for two-way analysis of variance by the 
sum of rankso 

Barnard pointed out that when the likelihood function is represented 
by the binomial distribution, the convenient prior distribution to 
take is the Beta distribution. 

L. J. Savage, a leading exponent of the application of personalistic 
probability to statistics, published The Foundations of Statisticso 

1955--Kendall proposed a nonparametric test of independence based on a 
measure of rank correlation, now known as "Kendall's Tau." 

1956--Siegel provided a book entitled Nonparametric Statistics for the 
Behavioral Sciences. 

Fisher published a book entitled Statistical Methods and Scientific 
Inference. 

Fisher compared the mean of a confidenc.e distribution and the mean 
of a Bayesian posterior distribution~ 

1957--Kruskal and Wallis developed a multi-sample version of Wilcoxon's 
test based on the sum of ranks. 

Fraser presented his book entitled Nonparametric Statistics, for 
the advanced student of mathematical statistics. 

1959--Schlaifer presented for the first time practical implementation of 
two key ideas of Bayesian statistical inference in Probability and 
Statistics for Business Decisions. 

1961--Raiffa and Schlaifer presented a detailed account of conjugate dis
tributions in Applied Statistical Decision Theory. 
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1961--Birnbaum, an exponent of likelihood inference, proved that the 
conditionality principle and the likelihood principle are equivalento 

1962--Barnard, Jenkins, and Winsten attempted to derive the likelihood 
principle from the principle of sufficiency. 

Le J., Savage presented the allegory of King Hiero's crown as an 
example where Bayesian analysis and a test of significance lead to 
conclusions which are intuitively felt to be right or wrong, 
respectively .. 

E. So Pearson indicated that more than one approach to the problem 
of King Hiero's crown is possiblec 

I. R. Savage presented a vastly expanded edition of his 1953 bibli
ography that contained approximately 3000 references that spanned 
a period of 200 years. 

Walsh presented the first volume of his Handbook of Nonparametric 
Statistics containing 602 references and applications to practical 
problems. 

1963--Page proposed a test for two~way analysis of variance by the sum of 
ranks. 

Welch and Peers examined the relationship between the confidence 
distribution and the Bayesian posterior distributiono 

1964--Box and Tiao took a further look at robustness by means of Bayes' 
theorem. 

Thatcher examined the relation between the Bayesian and classical 
approaches to the construction of tolerance regions. 

Aitchison discussed the general problem of constructing tolerance 
regions as one that can be formulated and solved more readily in 
Bayesian than in classical termse 

1965--Bartlett suggested several approaches to the interpretation of 
probability. 

Pratt presented a paper on the interpretation of standard inference 
statements from a Bayesian viewpoint. 

Welch showed that the confidence distribution and the Bayesian 
posterior distribution lead to very similar results under certain 
conditions. 

Walsh completed the second volume of his Handbook of Nonparametric 
Statistics containing a discussion of 339 publications. 
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