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CHAPTER I 

INTRODUCTION 

Random Phenomena 

Today there is an increasing emphasis on the use 

of the ideas of probability theory in the simulation of 

a variety of models suitable for the description and in

terpretation of complex problems. These problems involve 

phenomena as remote and different as the number of arrivals 

or the average waiting time in a queueing process, the 

yield of cotton from a number of different plots of land 

and the standard of quality of the items manufactured by 

a certain process. There is a property that is possessed 

in common by such phenomena that enables probability 

theory to have different applications. The property is 

such that each of these phenomena may be considered as a 

random phenomenon in the following way: 

A random (.£f: chance) phenomenon is an em
pirical phenomenon characterized by the property 
that its observation under a given set of cir
cumstances does not always lead to the same 

1 



observed outcomes (so that there is no deter
ministic regularity) but rather to different out
comes in such a way that there is statistical 
regularity. By this is meant that numbers exist 
between O and 1 that represent the relative 
frequency with which the different possible out
comes may be observed in a series of observations 
of independent occurrences of the phenomenon. 

Closely related to the notion of a random 
phenomenon are the notions of a random event and 

2 

of the probability of a random event. A random 
event is one whose relative frequency of occurrence, 
in a very long sequence of observations of random
ly selected situations in which the event may occur, 
approaches a stable limit value as the number of 
observations is increased to infinity; the limit 
value of the relative frequency is called the 
probability of the random event.l 

How one can formulate assumptions concerning 

random events by use of random variables will be considered 

in Chapter II. 

Simulation 

By simulation is meant the act of artificially 

imitating the structure and the operating characteristics 

of some physical or conceptual process. The process to 

be simulated may be composed of components which are 

basically electronic, biological, mechanical, social, or 

1Emanuel Parzen, Modern Probability Theory and 
Applications (New York: John Wiley & Sons, Inc., 1960), 
p. 2. 
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perhaps a combination of these. 2 

The feature which distinguishes a simulation 

from a mere sampling experiment in the classical sense 

is that of the model. Whereas a classical sampling ex-

periment in statistics is most often performed di-

rectly upon raw data, a simulation entails first of all 

the construction of an abstract or representative model 

of the process to be studied. The data and the model are 

then brought together in a sampling experiment, the pur-

pose of which is to discover how the real process behaves 

under a variety of prescribed conditions. 3 

If a model can be constructed, simulation saves 

time and money in studying the operation characteristics 

of some system or process. Also simulation may permit a 

study of the interactions of components in a model of a 

complex system when it is not possible or practical to 

evaluate such interactions by mathematical analysis. 

2Encyclopedia of Science and Technology,, Vol. 12 
(New York: McGraw-Hill Book Co., 1960), p. 340. 

3John Harling, "Simulation Techniques in Operation 
Research--A Review," The Journal of the Operations Re
search Society of America, LXVI (1958), 307-319. 
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Purpose of Study 

When one solves problems by simulation methods, 

attention turns to (1) choosing or modeling the proba

bility process to be sampled, and (2) deciding how to 

obtain random variates4 from given probability distri

butions in some efficient way. 

The purpose of this thesis is (1) to show how 

one may feasibly employ an electronic computer for the 

task of selecting random variates, and (2) to demonstrate 

hmrv one may compute selected functions of the variates, 

in order to predict the outcome of some experiment or 

process where the components of the process model may be 

described in terms of probability distributions. 

Methodology 

The task of carrying out a simulation process in

volves essentially four operations: 

1. Generating rectangularly distributed 
random numbers. 

2o Using the random numbers to select random 
variates from the cumulative distribution. 

4The term random variate will be used to denote 
the value of a single observ'ation or measurement of a 
random variable. 



3. Combining the random (and, perhaps, non
random) variates according to some pre
scribed functional relationship. 

4. Summarizing the results of the experi
ments in terms of a probability distri
bution. 

5 

These steps will be demonstrated in the following 

manner: Chapter III will describe operations (1) and 

(2), and Chapter IV will present operations (3) and (4). 



CHAPTER II 

DISTRIBUTION FUNCTIONS 

The purpose of this chapter is (1) to intro

duce the concept of a random variable, (2) to show that 

the probabilities assigned to the possible values of a 

random variable are characterized by a probability dis

tribution function, (3) to list some of the more common

ly occurring distribution functions, and ( 4) to give a 

procedure for using the distribution function to obtain 

random variates. 

Random Variable 

The result of a random phenomenon can always be 

symbolized by a number, even though the directly observed 

result may not be a number. For instance, in the toss of 

a coin the number 1 can be assigned the value 11 headn and 

the number O to the result "tail. 11 This assigned value, 

called a random variable, is defined as '' ... a quantity 

which has a definite value corresponding to every possible 

6 
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event," and will be symbolized by capital letters X, Y, 

and so forth. 

For anyone of these values which a random 

variable can take on, there is a corresponding proba-

bility. In general, P(Xi) will denote the probability 

that the discrete random variable assumes the given value 

Xi ( i=l, 2, . . . ) , and P (a :sx' === b) as the probability 

that the continuous random variable assumes a value X' 

belonging to the interval a:sx<=b. If the probabilities 

for all values of the random variable between a and bare 

known, then the distribution of X which describes how the 

random variable is distributed is known. 2 A more complete 

analysis of discrete and continuous random variaples will 

be discussed in the following two sections. 

A convenient way to describe a distribution of the 

random variable is by use of the probability distribution 

function. If X' ( or Xi) denotes a given number and P (X :=::::X 1
) 

is the probability that the variable X will assume a value, 

1Robert Schaifer, Probability and Statistics for 
Business Decisions (New York: McGraw-Hill Book Co., 1959), 
p. 51. 

2N. ,Arley and K. R. Buch, Probability and Sta
tistics (New York: John Wiley & Sons, 1950), p. 26. 
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such that X ~ X', then this probability will be a function 

of X'. This can be written as F (X') = P (X s X') , where 

F (X') is calle,d the cumulative distribution function or 

simply the distribution function of the random variable. 

The derivative of the distribution function is also a 

function of X', called the density function f(X') and is 

a measure of the thickness or concentration of probability 

at the point x•. 3 

The great majority of probability distributions 

occurring in practical applications belong to either one 

or the other of two types known as the discrete and the 

continuous type. 

Discrete Distributions 

A random variable and its probability distribution 

is said to be discrete if the distribution function F(X) 

is a "step function"--a function which increases only in 

finite jumps and which is constant between jumps. 4 Such 

3Harold Cramer, The Elements of Probability Theory 
(New York: John Wiley & Sons, 1961}, p. 57. 

4B. W. Lindgren and G. W. McElrath, Introduction 
to Probability~ Statistics (New York: The MacMillan 
Co., 1959), p. 39. 
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a variable can take on any possible magnitudes that differ 

by clearly defined steps, but often these steps are in 

increments of a unit of measure. 

In rolling a "true" die the number of dots shown 

can be defined as a random variable. The number of dots 

can take on only the isolated or discrete values 1, 2, 

3, ... 6, and each value has a definite probability of 

occurring. 5 

The possible values of the random variable and 

the corresponding probabilities of occurrence are given in 

Table l; a graphical representation appears in Figure 1. 

Because only one of the various outcomes may occur 

as a result of a trial, the sum of the individual proba

bilities in any probability distribution is 1. 

A probability distribution where the probabilities 

for the random variable are uniformly distributed over 

(a,b} is called a Uniform distribution. 6 The probability 

of the random variable occurring can be computed by the 

5Each face is one of six equally likely cases and 
has the probability of 1/6. 

6cramer, E.E.· cit., p~ 64. 



P(X) 

TABLE 1 

PROBABILITY TABLE FOR TOTAL NUMBER OF 
DOTS OBTAINED IN ROLLING A DIE 

X 1 2 3 4 5 6 

P(X) 1/6 1/6 1/6 1/6 1/6 1/6 

FIGURE 1 

PROBABILITY DIAGRAM FOR TOTAL NUMBER OF 
DOTS OBTAINED IN ROLLING A DIE 

¼ 

1 2 3 4 6 

X 

10 
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following probability function~ 

= 1 
c(b -a) + 1 

where a~ X ~ b, and c is the number of isolated steps in 

the interval unity. 8 

Applying formula (1) to the rolling of a "true" 

die, 

1 = 1/6 
1(6 - 1) + 1 

on the range (1,6). 

The distribution function F(Xi) can be constructed 

from the cumulative probabilities of a distribution. For 

the case of the "true" die, Table 2 gives the cumulative 

probabilities, which are also represented graphically by 

Figure 2. 

From Figure 2 the cumulative probability at any 

number Xi from 1 to 6 is just the sum of the probabilities 

of possible values which lie at the point Xi and all those 

to the left of this point. The value of F(Xi) for Xi= 2 

7M. Sasieni, A. Yaspan, and L. Friedman, Operation 
Research (New York: John Wiley & Sons, Inc., 1959), p. 23. 

8The interval "unity" will be used throughout this 
study to denote a unit of measure for the random variable. 



TABLE 2 

CUMULATIVE PROBABILITY TABLE FOR TOTAL 
NUMBER Of DOTS OBTAINED IN ROLLING A DIE 

f (X) 

X 1 2 3 4 5 6 

f(X) 1/6 2/6 3/6 4/6 5/6 6/6 

FIGURE 2 

CUMULATIVE PROBABILITY DIAGRAM FOR TOTAL 
NUMBER Of DOTS OBTAINED IN ROLLING A DIE 

1 

% 
'¼ 
¾ 
z;g 

¼, 

0 
1 2 3 4 5 6 

X 

12 
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is 1/6 + 1/6 = 2/6. If X. is the largest discrete value 
J 

of X less than or equal to Xi, the function F(Xi) can be 

9 
obtained from the probability function as follows, 

J 

F (Xi) = ~ P (Xi) 
/-= I 

and F(Xi) for the uniform distribution is 

J 

F (X ·) = ~ P (X ·) 
i L i 

,i:::,? 

whe·re a is incremented by 1/c. 

The concepts of probability and probability dis

tributions illustrated for a Uniform distribution are 

applicable to other discrete distributions. Because of 

their common occurrence in statistical applications, the 

following distributions have been selected for use in 

this study: the Uniform, Binomial, and Poisson. These 

are listed below with a few of their properties. 10 

Uniform Distribution 

p. 23. 

Range: X = a, a+ 1/c, a+ 1/c + 1/c, .•• , b 

Probability function: P(X = Xi) = 1 
c(b - a) + 1 

9Lindgren and McElrath, .£E.· cit., p. 44. 

lOsasieni, Yaspan, and Friedman, .£E.· cit., 



Distribution function: 

Mean: X = b + a 
2 

F(X) = 

Variance: (1/12) (b - a) 2 + (b - a)/6 

Binomial Distribution 

Range: X = 0, 1, 2 , . . . , n; and O "=" p '!= 1 

Probability Function: 

Distribution 
Function: F(Xi) = 

Mean: np 

Variance: np(l - p} 

Poisson Distribution 

J 

L 
i., =O 

Range : X = 0 , 1, 2 , . . . , c.0 ; and a > 0 . 

axi e -a Probability Function: P(Xi) = 
X . I 

1· 

~ X 1· -a Distribution Function: F(Xi) = L a e 
. X· I ,(., -::1CJ 1 . 

Mean: a 

Variance: a 

14 
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Continuous Distribution 

In the preceding section a description was given 

for a type of probability distribution with separated or 

discrete values for the random variable, such as the num-

ber of players on a ball team or the number of heads in 

which a random variable can take on any value in an inter-

val (a,b); for example, the weights of the players on a 

ball team or the temperature at midnight in Tuscaloosa. 

This kind of random variable and its probability distri-

bution are said to be continuous. 

Continuous distribution functions leave no finite 

11 lumps 11 at any single point; rather,they give a smooth 

. . 11 . . 
curve along the axis of possible value. This can be il-

lustrated by use of the Rectangular distribution in the in

terval (a,b) which corresponds to the Uniform distribution 

over (a,b). A random variable X from a Rectangular distri-

bution has a density function f(X) defined by the relation-

h
. 12 sips in (2) as shown in Figure 3. Since the P(Xi) = 0, 

i.e. , the probability that a continuous random variable 

llLindgren and McElrath, ~- cit., p. 72. 

12c r ame r , E.E.. c it . , , p . 64 . 



FIGURE 3 

RECTANGULAR PROBABILITY DENSITY FUNCTION 
GRAPH OVER THE INTERVAL (a,b) 

1 
b-a 

a 

FIGURE 4 
RECTANGULAR DISTRIBUTION FUNCTION 

GRAPH OVER THE INTERVi\.L (a, b) 

1 

0 

a 

b 

b 
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f(X) = 1 for a< X < b ---
b - a 

0 otherwise 

has any single value specified in advance is zero, it 

does not matter if the inequality signs are < or .::::. 

The continuous distribution function can be 

obtained by integrating the density function over the 

range of X, where the 

lf(X)dx = 1 
R 

17 

which means that the total concentration of the distri-

b 
. . . 13 u tion 1.s unity. 

The rectangular distribution function is equal to 

zero for x< a, equal to unity for X >b, and 

F (XI) = 
x✓ 

S f (X) dx = X' - a 
a b - a 

as indicated in Figure 4. 14 

The more commonly occurring continuous distri-
15,16 

butions to be used are listed below with their properties. 

13sasieni, Yaspan, and Friedman,~- cit., p. 30. 

14cramer, ~- cit., p. 64. 

15sasieni, Yaspan, and Friedman, .£E.· cit., p. 31. 

16J., Aitchison and J'. A. C. Brown, The Lognormal 
Distribution (New York: The Cambridge University Press, 
1957), p. 8. 



Rectangular Distribution 

Range: a ~X ~ b 

Density Function: f(X') = 1 

Distribution 
Function: F(X 1

) = 

Mean: (a+ b)/2 

b - a 

x' 5.- f (X) dx = X' -a 
a b-a 

Variance: (1/12) {b - a) 2 

Exponential Distribution 

Range: X :::0 and a> 0 

Density Function: f(X') = ae-ax' 

Distribution 
Function: F(X 1

) = 

Mean: 1/a 

Variance: l/a2 

Normal Distribution 

Range: - <::)<'.) ~ X ~ ex::> 

x' S f(X)dx = 1 - e-ax' 
cl 

18 

Density Function: f(X') = 1 exp [-<~)m) 2J 
er~ 

Distribution 
Function: 

Mean: m 

Variance: o- 2 

F (XI) = exp 



Lognormal Distribution 

Range: X > 0 

Density Function: 

f (XI) = 1 exp -(log X' - log m) 2 

a"\/277 

Distribution 
Function: 

F(X') -1:~ exp 
2 

-(log X - log m) d log X 
2 a,I, 

0 

Mean: 

~ of Distribution Function 

19 

Situations frequently arise where it is impossible 

or too expensive to actually take physical samples in suf

ficient quantities to determine the behavior of some pro

cess or system. The technique of simulated sampling by 

the so-called Monte Carlo Method17 has proved of value 

in such situations. In general, this method requires that 

the actual universe of items be replaced by its theoretical 

counterpart, i.e., a universe described by some assumed 

probability distribution function. A procedure for ob

taining random variables, more specifically random variates 

17For background information on the Monte Carlo 
Method refer to: H. A. Meyer (ed.), Symposium_£!! Monte 
Carlo Methods (New York: John Wiley & Sons, Inc., 1956). 



from a given population, is as follows: 

1. Plot the cumulative probability function 
according to 

X 
y = F(X) = \ f(X)dx 

1.0 

y == F(X) 

o ..__::::;__ ___ ~--------.x,..,,,. .. --.. 
Variate 

2. Select a random number between O and 1 
by means of a random number table. 

20 

3. Project horizontally from the point on the 
y-axis corresponding to this random decimal, 
until the projection intersects the curve 
y=F(x), and then downward to the x-axis 
to obtain a value of X. 

4. Take the random variate X as a random sample 
from the distribution of x.18 

The method19 just described for obtaining random 

variates is relatively economical and feasible if one or 

only a few variates are needed. However, a large number 

18sasieni, Yaspan, and Friedman,~- cit., p. 59. 

19This method works ~qually well with discrete 
populations. 
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of variates is sometimes required. Under these cir

cumstances the "hand method" is not feasible because it 

is often too slow. In such situations a high-speed 

digital computer may be necessary in order to obtain 

random variates from various population with varying 

parameters. 

In the next chapter methods are discussed that 

include the use of a computer to generate random numbers 

and to use these numbers to produce sample variates from 

various distributions which describe the desired popu

lations. 



CHAPTER III 

GENERATION OF PSEUDO-RANDOM VARIATES 

One of the first problems faced by anyone doing 

Monte Carlo calculations is the supply of large numbers 

of random variates required by a stochastic process. 

When an electronic computer is used, a rather crude method 

of providing the necessary variates is the following: 

(1) obtain the random numbers from a standard table of 

random numbers; (2) punch these random numbers on cards 

and read them one at a time whenever a number is needed; 

or if adequate storage is available the random numbers 

could be stored in the computer; (3) store the population 

variates for a distribution in unique addressesl (4) 

randomly choose a storage address by using a random num

ber; the contents of this address would be the random 

variate. Such a selecting procedure would make a heavy 

demand upon the machines internal storage capacity, and 

1This is analogous to writing each population 
variate on a chip and placing the chips in a bowl. 

22 
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might be wasteful of machine time. 

By using the calculating capability of the com

puter a more sophisticated method of providing random 

variates would be to use the formula for the distribution 

function. In general, this approach consists of (1) 

generating sequences of pseudo-random numbers rectangu-

larly distributed on the interval (0,1) and (2) trans-

forming these pseudo-random numbers to pseudo-random 

population variates. 

Pseudo-Random Numbers 

A variety of arithmetic techniques have been used 

on computers for producing pseudo-random numbers. 2 One 

technique is the "Mid-Square" method which was originally 

proposed by John Von Neumann. 3 A variation of this method 

was used in this study for generating the random numbers 

needed for the transformation to random variates. The 

method is described in RN501, a machine language program 

for the UNIVAC SS 80 computer. Briefly, this type of 

2John Von Neumann, "Various Techniques Used in 
Connection with Random Digit," Monte Carlo Method, p. 36. 

3H. A. Meyer (ed.), Symposium £!l Monte Carlo 
Method (New York: John Wiley & Sons, Inc., 1956), p. 30. 



method works as follows: 

1. 

2. 

Let N = (7) 9 = 0040353607 
1 

Let (N1) 2 = N2 = 

10 most sig. digits 10 least sig. digits 
1 0000162841 1 I 3597910449 1 

3. Let the 10 least significant digits of 

N2 = N3 = 3597910449 

4. Let the five most significant digits of 

24 

N3 = R, a five digit random number= 35979 

5. Multiply N1 by N3. Call this number N2 = 

10 m.s.d. 
10014518866 1 

10 l.s.d. 
14280139543 1 

6. Go to step 3 and repeat for another random 
number. 

Thus, the second five digit random number R will be 

42801. 

For the third random number, multiply the original 

number N1 by the new N3 . For example, (0040353607) x 

(4280139543) = 10 m.s.d. 
10011211906 1 

10 l.s.d. 
9023381601 

Third 5 digit random No.= R3 = 90233. Repeat 

for successive random numbers. 

If the random numbers are changed to random 

decimals between 0 and 1, they can be considered as 
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rectangularly distributed on the interval (0,1). Table 

3 and Figure 5 present the frequency distribution for a 

total of 500 random numbers generated by the RN501. 

TABLE 3 

FREQUENCY DISTRIBUTION OF THE 
RANDOM NUMBERS GENERATED BY THE RN50l 

ON THE INTERVAL (0,1) 

Random Number Frequency 

0 up to • 1 63 
• 1 n .2 44 .2 " .3 42 
.3 n .4 46 
.4 n .5 43 
.5 " .6 49 
.6 " .7 54 
.7 ff .8 49 
.8 n .9 55 
.9 ff 1.0 55 

Total 500 
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Variates from Selected Populations 

With an indefinite supply of random numbers 

' 1 4 ' availab e, the problem now consists of using these num-

bers to produce variates from other probability distri

butions. 

A desirable method of transforming these random 

numbers is to use the formula for the distribution 

function, with the random numbers considered as the cumu-

lative frequencies ranging from O to 1. The "formula" 

approach will be used to compute variates from the more 

frequently encountered distribution listed in Chapter II, 

except the normal and lognormal distributions. An ap

proximation method, which can be rapidly carried out by 

the computer, will be used to generate the normal and 

lognormal variates. 

Discrete Distributions 

Uniform Variate 

Variates with a uniform distribution between a 

and a+ bare obtained by using 

4The RN501 computer program generates approximate
ly 30,000,000 random number~ without cycling (repeating). 



where, 

.I 

F(Xi) = L P(Xi) 
,1,· =-a 

F (Xi) ·- Cumulative frequencies ranging from 
0 to 1, 

a= Smallest variate in the population, 

b = Largest variate in the population, 

c = Number of discrete values in the 
interval unity, 

Xu = Any discrete variate, a~ X-:=. b. 
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The uniform variate is Xj' i.e., the Xi that causes the 

value of the summation to be less than or equal to the 

value of F(X). Suppose a= 1, b = 10, c = 1, and the 

random number generated is 0.21738. The value of the 

cumulative frequencies is 0.10 when Xi= 1, 0.20 for Xi 

= 2, and 0.30 for x. = 3. Comparing these summations 
J. 

with the random number, the variate Xu would be 2 because 

the value 0.2 is less than 0.21738 and the value 0.3 is 

greater. This procedure, indicated by the flow chart in 

Figure 6, was used to obtain a total of 500 uniform 

variates. The results are summarized in terms of a fre-

quency distribution in Table 4 and Figure 9. 



TABLE 4 

FREQUENCY DISTRIBUTIONS OF THE 
RANDOM VARIATES GENERJ\TED FROM A 

UNIFORM DISTRIBUTION ON THE INTERVAL (1,10), 
A BINOMIAL DISTRIBUTION, p=.05,n=25, 

AND A POISSON DISTRIBUTION, a=4 

Random Frequencies from 
Distributions 

Variate Uniform Binomial Poisson 

0 1 1 
1 62 47 
2 45 64 
3 43 83 
4 45 99 
5 43 2 83 
6 49 3 56 
7 54 8 24 
8 49 18 21 
9 55 39 8 

10 55 44 4 
11 62 
12 62 
13 82 
14 67 
15 54 
16 26 
17 21 
18 8 
19 4 
20 0 

-- -- --
Total 500 500 500 

2) 
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FIGURE 6 

FLOW CHART FOR THE COMPUTATION OF 
RANDOM VARIATES FROM A UNIFORM DISTRIBUTION 

Generate 
Store 

a.,b,c 
Random Number., RN---@ 

i-+-0 

Compute 

to=l/c(b-a)+l 

l+i-i 

LEGEND: 

a= Smallest variate in distribution. 

b = Largest variate in distribution. 

c = Number of discrete steps in unity. 

Print 

Xu= Random variate fro~ Uniform distribution. 

jmax = Total number of random variates desired. 

30 

-® 



FIGURE 7 

FLOW CHART FOR THE COMPUTATION OF 
RANDOM VPRIATES FROM A BINOMIAL DISTRIBUTION 

31 

Store x-o 
p,q,n i ~O 

Generate 

Random Number, RN--® 

Is t;=:RN? 

Compute 

LEGEND: 

l+X-X 

l+i-+i 

Print 

p = Probability of a success. 
q = Probability of a failure. 
n = Number of trials of same Binomial variable. 

XB = Random variate from Binomial distribution. 

j. = Total number of random variates desired. 
max 

0 



FIGURE 8 

FLOW CHART FOR THE COMPUTATION OF 
RANDOM VARIATES FROM A POISSON DISTRIBUTION 

32 

Store 

a i~o 

Generate 

Random Number.,RN 

Compute 

LEGEND: 

a = Mean. 

Compute 

ti+l= [ti ·aj i+l 

l+X-X 

Print 

Xp = Random variate from Poisson distribution. 

J. = Total number of random variates desired. max 
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FREQUENCY DISTRIBUTION OF THE 500 
RANDOM VARIATES GENERATED FROM A. BINOMIAL 

DISTRIBUTION WITH p=.5,n=25. 
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Binomial and Poisson Variates 

Variates from the binomial and Poisson distri-

butions are obtained by summing their probability 

function formula in a manner similar to that used for 

the uniform variate. The procedures for computing the 

binomial and Poisson variates are given in Figure 7 and 

8, respectively. The results of 500 computations by 

each procedure are given in Table 4, Figure 10 and 

Figure 11. 

Continuous Distributions 

Rectangular Variate 

The random numbers generated by RN501 can be used 

as random variates from a rectangular population on the 

interval (0,1). In general, variates of this type on 

the interval (a,b) are obtained by the formula 

F (XI) = XR - a 

b - a 

where XR can be any value on the given interval, a to b. 

If a= 1, b = 11, and the value of F(X') is the random 

number 0.21738, a value for XR can be computed by substi

tuting these numbers into the above formula, 



XR = (b - a) F(X) + a 

XR = 3.1738. 
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Figure 12 is a flow chart procedure for this method, and 

Table 5 and Figure 13 present the results of 500 rectangu

lar variates on the interval (1,11). 

Exponential Variate 

Exponential variates are obtained by making use 

of the distribution function formula 

F (XI) = 

where a is a positive parameter, the mean is 1/a, and 

XE = any variate, 0 ~ X ~co. Using a mean of 20 and the 

random number 0.21738 as an example, an exponential variate 

is computed by 

XE= 1/a ln [F(X')] = -20 ln (0.21738) = 3.064 

The procedure and results for this method are given in 

Figure 14 and Table 6 and Figure 15, respectively. 

Normal Variate 

The following method was recently developed by 

5 
Box and Muller to generate a pair of random numbers. 

5G. E. P. Box and M. E. Muller, "A Note on the 
Generation of Normal Deviates," Annals of Mathematic 
Statistics, Vol. 28 (1958), 610-611. 



FIGURE 12 

FLOW CHART FOR THE COMPUTATION OF 
RANDOM VPRIATES FROM A RECTANGULAR DISTRIBUTION 

Store Generate 

Random Number,RN 

Compute 

(b-a)--s 1 

Print 

LEGEND: 

a,b 

Compute Compute 

Is j=jmax 7 

a= Smallest variate in distribution. 

b = Largest variate in distribution. 

s. = Storage locations. 
1 

-® 
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XR = Random variate from Rectangular distribution. 

jmax = Total number of random variates desired. 
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TABLE 5 

FREQUENCY DISTRIBUTION OF THE 500 
RANDOM VARIATES GENERATED FROM A RECTANGULAR 

DISTRIBUTION ON THE INTERVAL (1,11) 

Random Variate Frequency 

1 up to 2 63 
2 fl 3 44 
3 " 4 42 
4 n 5 46 
5 ff 6 43 
6 " 7 49 
7 II 8 54 
8 " 9 49 
9 fl 10 55 

10 ff 1 1 --2.2_ 

Total 500 

T.f\BLE 6 

FREQUENCY DISTRIBUTION OF THE 500 
RANDOM VARIATES GENERATED FROM AN EXPONENTIAL 

DISTRIBUTION WITH a=.05 

Random Variate Frequency 

0 up to 10 205 
10 ff 20 107 
20 tt JO 67 
JO " 40 43 
40 n so 23 
50 n 60 23 
60 " 70 8 
70 n 80 10 
80 ff 90 3 
90 tt 100 1+ 

100 tT 110 3 
110 ti 120 2 

over 120~i" 2 --
I 

soo Total 

~i"Maximum va 1 ue = 138. 0 
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FIGURE 14 

FLOW CHART FOR THE COMPUTATION OF 
RANDOM VARIATES FROMAN EXPONENTIAL DISTRIBUTION 

Store Compute 

a 

Compute Compute 

Is j=jmax? 

LEGEND: 

a= A positive parameter. 

s. = Storage locations 
1 

Generate 

Random Number,RN 

Print 

-® 

XE= Random variate from an Exponential distribution. 

J. = Total number of random variates desired. max 
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FREQUENCY DISTRIBUTION OF THE _soo 
RANDOM VARIATES GENERATED FROM P.N EXPONENTIAL 

DISTRIBUTION WITH a=.05 

220 

200 

180 

160 

140 

120 

100 

80 

60 

40 

20 

42 

o 10 20 30 40 _so 60 70 80 90 100 110 120 

Random Variate 



43 

Method: Let u1 , u2 be independent random variates, 

both from a rectangular population on the interval (0,1). 

Consider the random variates: 

= 

~2 
= 

then (XN ,XN) will be a pair of independent random 
1 2 

variates from the same normal population with mean zero, 

and unit variance. This method is represented in Figure 

16 with the results summarized in Table 7 and Figure 17. 

A random variate from a normal population with 

a mean m, and standard deviation~ can be obtained by 

using 

x' = crx0 + m 
N N 

where xt is a normal variate with mean 0 and variance 1. 

For x; equal 2 .1384, a variate with m = 5 and a- = 2 

would be 

X' = 5(2.1384) + 2 = 12.6920 
N 

Lognormal Variate 

A variate is said to have a logarithmic normal 

distribution if the logarithm of the variate is normally 
I 



FIGURE 16 

FLOW CHART FOR THE COMPUTATION OF 
RANDOM VARIATES FROM A NORMAL DISTRIBUTION 

BY THE "BOX-MULLER" METHOD 

Store 

Constants 

2' 1T' 

Transform 

Generate 

Random Numbers 

Compute Compute 
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( - 2 l n U l ) 2-s l 

Compute 

Print 

(S 1 ),(s2 ) as 

XN 1 ,XN2 

LEGEND: 

Is j=jmax1 

u1 ,u2 = Rectangular variates on the interval (0,1). 

Si= Storage locations 
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XN ,XN l 2 
= Random variates from a Normal distribution with 

mean= 0 and unit variance. 

jmax = Total number of variates desired. 



TABLE 7 

FREQUENCY DISTRIBUTION OF THE 500 
RANDOM VARIATES GENERATED FROM A NORMAL 

DISTRIBUTION WITH MEAN ZERO AND 
UNIT VARIANCE BY THE "BOX-

MULLER" METHOD 

Random Variate Frequency 

-3.6 up to -2.8 0 
-2.8 " -2.0 10 
-2.0 fl -1.2 38 
-1.2 11 -0.4 118 
-0.4 It 0.4 161 
0.4 ft 1. 2 111 
1.2 tr 2.0 42 
2.0 ft 2.8 18 
2.8 n 3.6 2 

--
Total 500 

TABLE 8 

FREQUENCY DISTRIBUTION OF THE 500 

45 

RANDOM VARIATES GENERATED FROM A LOGNORMAL 
DISTRIBUTION WITH m=0,~=l SPECIFIED AS PARAMETERS 

Random Variate Frequency 

0 up to 1 251 
1 ff 2 124 
2 " 3 50 
3 IT 4 26 
!+ 1f 5 14 
5 tf 6 7 
6 " 7 5 
7 " 8 4 
8 If 9 6 
9 ft 10 7 

10 ft 11 l 
11 n 12 1 

over 12~:- ~ 
Total 500 

" ''Maximum va 1 ue = 23. 5 
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FREQUENCY DISTRIBUTION OF THE 500 
RANDOM VARIJ\TES GENERATED FROM A NORM!-\L 

DISTRIBUTION WITH MEAN ZERO AND 
UNIT VARIANCE BY THE "BOX-

MULLER" METHOD 
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distributed. 
6 

With a normal variate used as the logarith.'11, 

a lognormal variate is obtained by 

= e XN 

where the distribution of XLN is completely specified by 

the two parameters m and o- for the random normal variate 

XN. 7 The results are given in Table 8 and Figure 18 for 

500 lognormal variates calculated by this method using 

m = 1 and a-= 1 as parameters of the normal variate. 

The choice of the optimum method used in obtaining 

variates appears to be a function of the type of simulation 

performed, the type of distribution, and the capability of 

the computer. 

After random variates are available it is neces-

sary to have a plan or model for their use. In the next 

chapter selected models, using functional relationships 

of the random variates described in this chapter, will 

be simulated. 

6A. Hald, Statistical Theory with Engineering 
Applications (New York: John Wiley & Sons, Inc., 1952), 
p. 160. 

7J. Aitchison and J. A. c. Brown,~ Lognormal 
Distribution (New York: The Cambridge University Press, 
1957), p. 7. 
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FREQUENCY DISTRIBUTION OF THE 500 
RANDOM VARIATES GENERATED FROM A LOGNORMAL 

DISTRIBUTION WITH m=0,o-=1 SPECIFIED AS PARAMETERS 
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CHAPTER IV 

BEHAVIOR OF SELECTED RANDOM VARIATES 

In order to simulate the outcomes of a system 

or process which is stochastic or random, 1 an appropriate 

type of model can be set up to duplicate the features 

of the system or process under study. A great variety 

of stochastic models ranging from simple to extremely 

complex may be constructed by using various discrete and 

continuous distributions for the components, and by 

assuming various functional relationships between the 

components. In some systems the interactions between the 

many variables may be so complex as to defy analytical 

study. In these cases one finds that a Monte Carlo 

simulation of the model is the only feasible method of 

determining the operation characteristic of the system. 

For this study several relatively simple stochastic models 

will be "operated" in order to demonstrate the essential 

1Emanuel Parzen, Stochastic Processes (San 
Francisco: Holden-Day, Inc., 1962). 

49 
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qualities of Monte Carlo simulation on an electronic 

computer. 

Problem 

As a background for the stochastic models let us 

suppose that the owner of a supply store receives ship

ments of various items in boxes. The dimensions of the 

boxes--length, height, and width--and the number of boxes 

in a given shipment, the cost for a cubic foot of the 

merchandise contained in the boxes, and the number of 

shipments per year are characterized by specified distri

butions. More specifically, it is assumed the previously 

. . 2 
named components are prescribed by the following: 

a. Component Length: The probability of the 
length is normally distributed over random 
samples, XN, with the parameters, mean, 
and standard deviation, given. 

b. Component Height: The probability of the 
height is exponentially distributed over 
random samples, XE, with the mean given. 

c. Component Width: The probability of the 
width is rectangularly distributed over 
random samples, XR, with the range given. 

2Methods used to produce the random variates 
necessary to carry out a simulation process are dis
cussed in Chapter III. 



d. Component Quantity: The probability 
of the number of boxes per shipment is 
distributed as a Poisson variate over 
random samples,~, with the mean given. 

e. Component Cost: The probability of the 
cost per cubic foot of merchandise in the 
boxes is distributed as a two-parameter 
lognormal variate over random samples, 
XLN' with the mean specified.3 

f. Component Shipments: The probability of 

51 

the number of shipments received in a period 
of one year is binomially distributed over 
random samples, XB, with the parameters, 
mean and standard deviation given. 

Let us suppose further that in order to have 

available the storage space necessary for budgeting pur

poses, the owner will need to know the probability dis

tribution of the total volume per shipment, the total cost 

per shipment, and the total cost of merchandise per year. 

The following explanations will show how the Monte Carlo 

simulation can "generate" these probability distributions 

and also provide the average and standard deviation for 

each of these quantities. 

Models 

A model for the particular problem can be formu-

3The mean for a two parameter lognormal distri-
m + I <;S".2 ' bution is e ~ , where m and c:rare the two parameters 

of the distribution of log (XLN). 



52 

lated by use of the various components listed above. The 

models constructed and evaluated in this study are given 

below: 

I The box volume model: In this model the 
total volume of a shipment is obtained by 
multiplying the observed measurements of 
the four components a, b, c, and d. 

Total volume per 
shipment= 

[(xR) • (XN) • (XE) • (Xp )] . 

II. The box volume cost model: In this model 
the cost of merchandise per shipment is 
determined by multiplying the observed 
measurements of the five components a, b, 
c, d, and e. 

Total cost per 
shipment = [(xR). (XN). (XE). (Xp). (XLN)]. 

III. The box volume yearly cost model: In this 
model the total cost per year of merchandise 
is obtained by multiplying the observed 
measurements of the six components. 

Total cost per 
year = 

The parameters of the population used for the 

models in this simulation are given in Table 9. The flow 

chart in Figurel9 indicates the logic and sequence of the 

data processing operations followed in the simulation of 

models I, II, and III. 



TABLE 9 

SUMMARY OF PARAMETERS 

Parameter 

Population Mean Variance 

Binomial 25" 12. 5 

Poisson 100 100 

Rectangular JO n 23.,3 

Exponential 2n )-1-

Normal 12" 9 

Lognormal $2.50 32.0 

TABLE 10 

Standard 
Deviation 

3~54 

10 

4. 83 

2 

3 

5.67 

STATISTICS COMPUTED FROM THE 500 SETS 
OF MEASUREMENTS FOR MODELS I, II, AND III 

Model 

I II I I I 
cubic feet dollars dollars 

53 

Statistic per shipment per shipment per year 

Mean 42.5919 111. 793 2831.28 

Variance 1105. 42 72724.5 238184. 

Standard 
Deviation JJ.2379 269.675 4880.40 



FIGURE 19 

FLOW CHART FOR SIMULATION METHOD 
OF DETERMINING PROBABILITY DISTRIBUTIONS 

OF MODELS I, II, AND III 
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FIGURE 19--CONTINUED 

LEGEND: 

XR = Random variate from Rectangular population. 

XN = Random variate from Normal population. 

XE= Random variate from Exponential population. 

Xp = Random variate from Poisson population. 

XLN = Random variate from Lognormal population. 

XB = Random variate from Binomial population. 

W = Product of selected components for Model I. 
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Y = Product of selected components for Model II. 

Z = Product of selected components for Model III. 

- 2 X,a ,er= Statistics computed for Models I, II, and III. 

J. - Total number of sets of measurements desired. max -
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Summary of Simulation 

A total of 500 sets of measurements were obtained 

for each model. The results are summarized in Table 10. 

Table 11 presents the frequency distribution of measure

ments for each of the three models. This same information 

is presented in Figures 20, 21, and 22. The value of 

these results may be illustrated by the following example. 

Suppose that the storage space available is 59 cubic feet 

and a shipment of boxes will arrive within the next few 

days. What is the probability that the system under 

study, that is, the components with the given parameters 

in Table 9, will be less than the volume available for 

storage? The answer to this question may be obtained 

quickly from Table 11 by observing that out of a total of 

500 tests of model, 373 test revealed the volume of a 

shipment to be less than 59 cubic feet. Thus the proba

bility is 373, out of 500, or .746 that the storage space 

available will be sufficient for the incoming shipment. 

Similar statements can be made concerning models 

II, and III. In the case of Model II, if each shipment 

is paid for in cash, what is the probability that the cost 

of a shipment will not exce~d the cash available of $39 

when it arrives. From Table 11, out of a total of 500 



TABLE 11 

FREQUENCY DISTRIBUTION OF THE 
MEASUREMENTS FOR MODELS I, II, AND III 

Mode 1 I Model II Model III 

Measurement Measurement Measurement 
in cubic feet Frequency in dollars Frequency in dollars Frequency 

under 12 92 under 20 236# under 500 226## 
12 up to 24 84 20 up to 40 84 500 up to 1000 77 
24 II 36 74 40 ff 60 32 1000 ff 1500 30 
36 n 48 77 60 ff 80 25 1500 ff 2000 26 
48 ft 60 46 80 tT 100 16 2000 If 2500 21 
60 n 72 24 100 It 120 14 2500 If 3000 13 

' 

72 II 84 41 120 tr 140 21 3000 " 3500 29 
84 I! 96 24 140 n 160 15 3500 !T 4000 8 
96 ff 108 12 160 rt 180 14 4000 " 4500 9 

108 tt 120 15 180 !f 200 9 4500 " 5000 3 
120 If 136 5 200 YT 220 6 5000 IT 5500 9 
136 fl 148 3 220 ff 240.," 5 5500 " 6000 2 

over 148-l~ 3 over 240;,;, 23 6000 ft 6500 7 -- -- 6500 ff 7000 6 Total 500 Total 500 7000 ff 7500_,.,., l+ 
over 7 5ooi,i,i, 30 --

Total 500 

-i:- Maxi mum va 1 ue equa 1 231. 45. 
-lH~ Maximum va 1 ue equa 1 1638. 2. 
-lHH~ Maximum va 1 ue equa 1 59841. 
# See Table 12 and Figure 23 for frequency distribution of the interval ''below 20". 
## See Table 13 and Figure 24 for frequency distribution of the interval "below 500". 
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FIGURE 20 

FREQUENCY DISTRIBUTION OF THE 500 
SETS OF MEASUREMENTS FOR MODEL I 
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FIGURE 21 

FREQUENCY DISTRIBUTION OF THE 500 
SETS OF MEASUREMENTS FOR MODEL II 
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FREQUENCY DISTRIBUTION OF THE 500 
SETS OF MEASUREMENTS FOR MODEL III 
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TABLE 12 

FREQUENCY DISTRIBUTION OF THE ME.ASUREMENTS 
OF MODEL II FOR THE CLASS INTERVAL "be 1 ow 20" 

Measurement I 
Frequency I 

0 up to 2 23 
2 " 4 27 
4 ff 6 40 
6 !l 8 41 
8 If 10 38 

10 ti 12 19 
1,2 II 14 14 
14 If 16 13 
16 tr 18 13 
18 " 20 8 

Total 236 

TABLE 13 

FREQUENCY DISTRIBUTION OF THE MEASUREMENTS 
OF MODEL II I FOR THE CLASS INTERVAL "be 1 ow _SOO" 

Measurement Frequency 

0 up to .So 26 
.So JY 100 22 

100 tr 150 38 
l_SO fl 200 30 
200 tf 250 35 
250 " 300 18 
300 II 350 14 
350 n 400 19 
400 tr 450 9 
450 " 500 l 5 --

Total 226 

61 



FIGURE 23 

FREQUENCY DISTRIBUTION OF THE MEASUREMENTS 
OF MODEL II FOR THE CLASS INTERVAL nbelow 20" 
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FREQUENCY DISTRIBUTION OF THE MEASUREMENTS 
OF MODEL III FOR THE CLASS INTERVAL nbelow _SOO" 
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tests of the components, 320 tests revealed that the cost 

of a shipment will be less than $39. Thus, the proba

bility that the cash on hand will pay for the shipment 

is 320 out of 500, or .640. 

In the case of Model III, suppose that the ex

pected total income realized from sale of the merchandise 

for the next year is $2500. What is the probability that 

the yearly cost of the merchandise will be $2000, in order 

to give a profit of $500. The answer is obtained from 

Table 11 by observing that 359 out of 500 tests of Model 

III showed the yearly cost to be less than $2000. The 

probability is .718 that a profit will be realized for 

the sale of merchandise assuming there are no other costs. 

If desired, it would be relatively easy to modify 

the above models by changing the structure of the model, 

the parameters, and the standards. 

The experimentations done with Models I, II, and 

III have brought to mind another problem that could readify 

be solved by Monte Carlo simulation. Suppose an executive 

of a large company is in charge of a production process 

that is composed of three components A, B, C. These 

components are combined to form operating units in dif-
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ferent ways: unit 1 consists of one A, one B, and one 

C--(ABC); unit 2 consists of one A and one B--(AB); 

unit 3 consists of one A, and one C--(AC); and unit 4 

consists of one Band one c--(BC). When any one of the 

components fails to operate properly, the entire unit 

is shut down at that time, maintenance crews work on all 

the components of the units, in addition to the one which 

has caused the shutdown. The probability distributions 

for which A, B, and C fail after X weeks of operation are 

known. If the executive needs the probability distri

butions for the combinations so an adequate maintenance 

crew can be maintained he can not wait several years until 

each unit has failed enough time to provide the necessary 

data. The Monte Carlo technique will provide a method of 

transforming the information that is available into in

formation which is required and can be applied in a great 

variety of situations where complex probability relation

ships hold. 

In the final analysis, however, the value of the 

information obtained from simulation depends on how closely 

the "real world" system is represented by the model. 



CHAPTER V 

SUMMARY AND CONCLUSION 

A random variable, i.e. , an assigned value to 

every possible event, is often more convenient to work 

with than the event itself. These values or variates 

can be selected from assumed populations by use of the 

distribution function. 

When a computer is used to produce large numbers 

of random variates, a method for producing rectangularly 

distributed random numbers is necessary. Having the 

random numbers, the desired variates may then be obtained 

by use of the appropriate distribution function and trans

formation formula. Such a method of obtaining random 

variates is far more flexible and efficient than one which 

necessitates the storage of specific population variates 

and requires large quantities of computer storage capacity. 

If the components of a process or system are 

stochastic in nature and their behavior can be described 

in terms of probability distributions, one may study the 
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variability in performance by simulating the operations 

of a model of the system or process. 

If a simple abstract model--a model that can be 

represented mathematically--is constructed and reality 

of a process is approached by building complexity into 

the model component by component, the mathematical com

plexities increase much more rapidly than the model it

self approaches reality. 

In many cases, the mathematical model may be un

solvable for complex systems or processes because the 

interactions of the components are so complicated that 

analytical calculations of the process performance may 

be impossible or impractical. When it is not possible 

or practical to evaluate complex probability functions 

by mathematical analysis, such functions can be evaluated 

approximately by the Monte Carlo technique. 

There are several advantages to the Monte Carlo 

simulation approach over the obvious sampling procedure 

of just looking at the actual process and forming a 

history of process data. It simplifies the task of de

scribing the components and their interactions, and does 

not require an advanced mathematical knowledge. Another 

advantage is that manipulation can be made of those 
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components that are subject to control and a component 

whose presence or absence is not appreciably noticeable 

may be eliminated. Also, an idea of the order of the 

magnitude of the answer can be obtained by Monte Carlo 

simulation. 

Since the property of uncertainty is never in 

short supply to real world problems, the benefit of a 

stochastic model of a process or system can often be 

realized immediately. Arrivals, whether of buses at a 

stop, customers in a store, or goods to a supply store, 

nearly always have a stochastic behavior. Similarly, 

service time, sales, and production throughout time are 

also distributed quantities. Thus, for most simulations 

there will be the same underlying structure that was 

demonstrated in this study. 
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