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ABSTRACT 
The nonradial pulsator 53 Persei (B4.5 V) has been observed during 13 nights in late 1977 to 

determine whether its photometric variations are reminiscent of its spectral line profile changes. 
Inspection of the resulting light curve shows a variable amplitude with an estimated time scale 
of 1.9 days. Simultaneous photographic spectroscopy confirms this behavior. The light variations 
can be modeled successfully with a pair of sinusoidal oscillations having closely spaced periods 
near 1.7 and 2.1 days and amplitudes of 0.03-0.04 mag. 

The theory of linear, adiabatic nonradial oscillations is developed for low-order modes and 
applied to 53 Per. In general, sinusoidal light variations are produced by two geometric distortions 
of the star (the projected surface area and distorted surface normal effects) and a local compression 
of the gas. For the long periods observed in 53 Per, compression caused by horizontal motions in 
traveling waves is predicted to be the primary source of light variations. However, our predicted 
light amplitudes are about an order of magnitude larger than those observed. The source of the 
disagreement can be traced to our assumption of adiabaticity. Moreover, our observed color 
curve is half a cycle out of phase with the predicted light curve arising from this compression 
(temperature) effect. This suggests again substantial departures from adiabaticity in this long
period object. 

Nonradial theory also predicts that a star's rotation will split a nonradial mode into several 
closely spaced frequencies. An analysis of the two close frequencies in our photometric data leads 
to a rotational velocity which agrees to within 17% of the spectroscopic value. Our solution 
precludes stellar models with rapidly rotating cores. It also places a condition on the two m-mode 
indices : 1):..m = 1. We are able to place firm constraints on the physical identifications of the 
observed m-mode pair, namely, m = -/, -I+ 1, where/= 2 or 3, only. 

There is some difficulty in interpreting the great length of the 1.9 day period. In linear theory 
a single overtone of very high order (k :::::: 20) would be required. However, if one drops linearity 
it becomes possible to understand the long periods in terms of nonlinear coupling with a sub
harmonic or "stray" high-overtone mode. 

53 Persei has now become the first star to show both photometric and spectroscopic variations 
that can best be explained in the framework of nonradial pulsation. 
Subject headings: stars: individual - stars: pulsation 

I. INTRODUCTION 

In 1951, P. Ledoux showed in an important theoretical paper that free nonradial oscillations could explain some 
of the observed properties of the puzzling class of f3 Cephei stars. These stars are characterized by small-amplitude 
light variations, beating phenomena, and in some cases apparent line shape variations. It was Ledoux's thesis 
that these stars could be undergoing nonradial oscillations in the presence of slow rotation. Ledoux did not 
consider the cause of such oscillations; in fact, at the present time this cause is still unknown. 

The observational consequences ofnonradial pulsation on the light output from a·star are especially interesting, 
if not unique. Of explicit importance is the rotation of the star. First-order theory predicts that slow rotation can 
split the frequency of a nonradial mode into several adjacent frequencies. The interference of two such frequencies 
will produce beating in the light and radial velocity curves. Even more interesting is the time-dependent effect of 
nonradial "traveling wave" oscillations on spectroscopic line profile shapes, first investigated in detail by Osaki 
(1971). The principal characteristics of the profile changes include a broad-line phase and a narrow-line phase. 
Between these extremes there are phases with depressed blue and red wings that can cause pronounced asymmetries. 
We refer the reader to Osaki's paper for an illustration of the shapes (see also Smith and McCall 1978). These 
shapes are so distinct that if they were actually observed spectroscopically, without significant accompanying 
radial velocity change, they would provide strong support for the nonradial pulsation hypothesis. 

Recently, Smith and Karp (1976) and Smith (1977) studied the line shape variations in a number of sharp
lined early- to mid-B stars which surround the classical f3 Cephei domain of the H-R diagram. These "line profile 
variable B stars" have, together with the /3 Cephei stars, been known to exhibit changes in line sharpness as noted 
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on photographic spectra (Petrie and Pearce 1962; Smith I 978). Smith and Karp eventually found (Smith I 977) 
that they could not model the line shape variations in terms of conventional atmospheric phenomena, such as 
stellar winds or radial pulsations, because such models require accompanying radial velocity changes. Instead, 
Smith found that models based on periodic equatorial traveling waves associated with nonradial pulsation could 
quantitatively explain the line shape variations of the B stars. Profile changes of the f3 Cephei stars can also be 
understood in terms of traveling waves (Smith 1977; Stamford and Watson 1977). Such work appears to verify 
Ledoux's original nonradial pulsation hypothesis. It also suggests that the line profile variable B stars are generically 
related to the f3 Cephei stars, although there are important differences between the two groups. We shall not 
discuss the f3 Cephei stars further in this paper. 

Although spectroscopic observations have proved especially powerful for identifying nonradial pulsators, 
light variations of these stars can yield useful complementary information. When viewed in the context of non
radial pulsation theory, one can in principle combine these techniques to obtain knowledge about the character 
of the pulsation (e.g., the physical mode identification, linearity, adiabaticity). For example, peaks and troughs of 
two oscillations that are out of phase cancel photometric variations but nonetheless cause a spectral smearing 
of line profiles. Additionally, it is of interest to know whether light variations are caused by compression or 
geometrical distortion of the star. Up to the present time there has been no definitive observational study of the 
light variations of the line profile variable B stars, although much has been done on the f3 Cephei stars. The present 
paper reports the first such undertaking. 

We have chosen the star 53 Persei as the prototype line profile variable for the observational study because it 
shares large variations photometrically and spectroscopically. Smith and McCall found this star to have the largest 
spectroscopic amplitude among the profile variables. A peak-to-peak radius variation of 2-5% was implied. In 
addition, over a 2-year time scale they found complex period behavior in the profile variations such that different 
periods were present at different times. (Results for , Her show a similar switching back and forth among different 
periods [Smith 1978].) We also chose 53 Per because it is known to be variable from previous cursory photometric 
studies (Jackisch 1963, 1964; Percy and Lane 1977; Africano 1977). It is our hope that this paper will provide 
impetus for a dedicated campaign to observe 53 Per photometrically. 

We will derive the theoretical equations describing the light variations of nonradial pulsators in the linear 
adiabatic approximation. Our approach here is similar to that of Dziembowski (1977 b ). As will be shown below, 
our photometry during late 1977 reveals a pair of closely spaced periods in 53 Per which are much longer than 
any of the spectroscopic periods observed by Smith and McCall (in 1976 and early 1977). At the same time we 
will show that the linear adiabatic theory fails to predict the observed amplitude. 

The most important result of this paper is the demonstration that 53 Per is capable of producing large light 
variations. This fact makes it an approachable object to the many photometrists who have access to small telescopes. 
Moreover, its photometric variations (m-mode splitting) clearly imply the presence of nonradial oscillations. Thus 
53 Per becomes the first star to exhibit both photometric and spectroscopic evidence suggesting that it is a non
radially pulsating object. 

II. THE PRODUCTION OF LIGHT VARIATIONS 

In analyzing the light variations of the line profile variable B stars, it will be assumed that the maximum fractional 
radius change at a given point on the star is much less than unity. Therefore, only first-order effects need be 
considered. Then the nonradial oscillations can be characterized by the spherical harmonic functions Y1m(8, </,) 
with time dependence e1" 1 (Ledoux and Walraven 1958). In this approximation there will be three effects con
tributing to the light variability: (I) a surface normal, or "finite atmosphere," effect due to the changing direction 
of the surface normals of area elements on the star; (2) a surface area, or "edge," effect due to the changing 
projected areas of these elements; and (3) a surface brightness, or temperature, effect due to the periodic compres
sion and rarefaction of the gas. The temperature effect is simple to understand in principle but more complicated 
to deal with in practice. Its analysis requires many assumptions, in particular concerning adiabaticity. In the 
envelope of a B star the adiabatic approximation will not be bad if the opacity of the gas is sufficiently large to 
prevent rapid heat losses from a gas element during a pulsation cycle. In this case the gas will cool as it expands 
and will warm as it is compressed with the result that no phase lag will occur between the light and radial velocity 
curves. It is easiest to maintain this condition when the pulsation period is short. 

In most of our analysis it will be assumed that the oscillations are adiabatic. This will allow us to relate the 
variation of temperature to the variation of pressure in a direct manner. It will be shown that the principal effect 
of including nonadiabatic effects is to reduce the amplitude of long-period light variations. The second effect is 
to introduce a phase lag in the light curve. On the other hand, adiabaticity appears to be quite valid for predicting 
amplitudes of oscillations with periods of only a few hours. 

a) Geometric Effects 

Nonradial pulsation produces light variability partly because of the deviation of the star from its equilibrium 
spherical shape. The distorted shape of the star can be described in terms of the local Lagrangian radius variation: 

8R(8, <p, t) = a(R)Y1m(8, <f,)e1" 1 , (I) 
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where 8, cf, are the spherical coordinates of a point in the rest frame of the star, a(R) is the radial amplitude of the 
perturbation at the surface, and a is the frequency of the oscillation in the stellar rest frame. If the star is rotating, 
the axis 8 = 0° is taken to be along the rotation axis. 

To consider light variations due to the geometric dist'ortion, let us first derive the time-dependent area of a 
differential surface element. If the instantaneous radius vector at a given point is 

R = (Ro + oR)r , 

then the differential area of a surface element at that point will be given by 

where 

and 

( oR oR) dA = 08 x o<f, d8d<f, , 

oR _ Rlt ooR, 
08 - u + 08 r 

oR R . 81 ooR _ 
o<f,= sm.,,+ 0</,r. 

Insertion of these last two equations into equation (3) leads to 

dA = R 2 sin 8d8d<f, (, - l_ ooR b - -!- ooR $) . 
R 08 Rsm 8 o<f, 

(2) 

(3) 

(4) 

By definition the vector represented by equation (4) is normal to the surface element. For small changes (oR/R « 1), 
the unit normal to the surface element will be given approximately by 

, , 1 ooR It 1 aoR ... 
ns = r - R0 air u - R0 sin 8 o<f, ip ' (5) 

where R0 represents the equilibrium radius of the star. If~ is denoted to be the unit vector in the star's coordinate 
system which points toward the observer, then the angle between a local surface normal and the observer will 
be given by 

cos 0(t) = n•ns . (6) 

Note that classical limb darkening strongly depends on the value of cos 0. Hence equation (6) shows that the 
limb darkening of a surface element will change with time because the direction of the surface normal to that 
element is continuously changing. The amount by which it will change is determined by 

, 0 , , 1 aoR(, It) 1 ooR<, 1) 
n• ns = µ, - µ, = - R0 air n•u - R0 sin 8 o<f, n•.,, ' (7) 

where µ,' = cos 0(t), µ, = n•r, and on8 = n8 - r, the deviation of the surface normal from the radial direction. 
Both n and on, will change with time. The former change is due to the rotation of the star, whereas the latter is 
due to the oscillation. The changes in the surface normal given by equation (7) constitute the first of the two 
geometric effects leading to light variations. Physically, the surface normal effect arises because radiation is 
emitted over a range of layers of differing temperature in a stellar atmosphere. 

Returning to equation (4), which represents the time change in physical area of a surface element, one can 
formulate an expression for the time-dependent projected area of this element: 

da(8, cf,, t) = n•dA = da0 + oa(8, cf,, t). (8) 

Here 

(9) 

and 

(10) 

is the first-order perturbation in the projected area of the surface element. These changes in projected area, when 
integrated over the visible hemisphere of the star, are the second geometric effect producing light variations. Since 
both effects discussed so far are geometric, any color variations produced will be comparatively small. 
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} b) Temperature Effect 

~ The first-order analysis of local temperature variations across the surface of the star is normally carried out by 
m 
,.., linearizing Euler's hydrodynamic equation of motion, together with the continuity equation and Poisson's equation. 

Baker and Kippenhahn (1965) have derived a mechanical boundary condition from these linearized equations 
which relates the local instantaneous Lagrangian pressure variation to the fractional radius variation for a radial 
oscillator. Their relation is 

(8P) 2 (8r) J' R = -(4 + W) T R, 

where w2 is a dimensionless frequency defined as 
u2R 3 

w2 = __ o_. 
GM 

(11) 

(12) 

Baker and Kippenhahn derived equation (11) in part by assuming that the energy of the oscillation vanishes at 
infinity. The most important point to note about equation (11) is that the pressure variations are always of the 
opposite sign of the radius variations. Hence the radial pulsator must be compressed at minimum radius and 
rarefied at maximum radius, as would be intuitively expected. 

On the other hand, in nonradial oscillators the possibility exists that the pressure variation can have the same 
sign as the radius variation. This occurs whenever horizontal motions dominate in the oscillation. Dziembowski 
(1971) has analyzed the nonradial pulsation equations in the linear adiabatic approximation. Because of the hori
zontal motions, he finds that the expression for the Lagrangian pressure variation takes on a more complicated 
form: 

(8P) = [/(/ + 1) _ 4 _ w 2] (8r) + [/(/ + 1) _ / _ l] (<Di) . 
P R w 2 r R w 2 gr R 

(13) 

Here/ is the spherical harmonic order of the oscillation, g is the acceleration of gravity, <i> 1 is the Eulerian perturba
tion of the gravitational potential, and w2 is defined in equation (12). The explicit form of <i> 1 near the boundary is 
normally obtained from the linearized Laplace equation. For high orders of spherical harmonics $ 1 is typically 
negligible because to first order the perturbation in the mass distribution is insufficient to produce a sizable effect 
on the form of the potential comparable to that of the radius variation (Dziembowski 1977a). For low values of 
/ the approximation is also valid but to a lesser degree. We will neglect if>1 here, which amounts to adopting the 
Cowling approximation, because sample calculations verify that if>1JgR0 « £ . This leaves only the first part of 
equation (13), which we write as 

8P(8, </,, t) = F. (I 2) 8R(8, </,, t) 
P p ,w Ro ' (14) 

where 

F. (/ w 2) = /(/ + l) - 4 - w 2 
P ' w2 

(15) 

is the pressure variation scaling factor and 8R is defined as in equation (1). 
Note that equation (15) presents some interesting possibilities. First, the nonradial term has the opposite sign 

of the radial term (eq. [11 ]). This allows Fp to be positive, negative, or zero. If Fp is negative, then the nonradial 
oscillations are dominated by the radial motions. In this case compression will be maximum at the points where 
the radius is minimum, as for a radial oscillator. On the other hand, if Fp is positive, then the nonradial oscil
lations are dominated by the horizontal motions, thus causing compression to be maximum at those points 
where the radius is maximum. Between these extremes there is the case where the horizontal and radial contribu
tions to the pressure variation will cancel, so that Fp vanishes. This will occur when the dimensionless frequency 
of the oscillation has the value 

w 2 = -2 + [4 + /(/ + 1)]112 • (16) 

The cancellation implied by this condition makes it possible for geometric effects to dominate the light variations. 
Observationally, the absence of significant color variations would clearly distinguish this possibility. 

One can predict the magnitude of temperature variations using equation (14) and the adiabatic relation: 

8T(8, </,, t) = (r2 - 1) 8P(8, </,, t) . 
T r 2 P 

(17) 
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In this analysis we adopt r 2 = 5/3 because the radiative envelopes of B stars are fully ionized. Since oP/P is 
directly related to oR/R0 by equation (14), one can define a temperature scaling factor 

FT(/, w2) = (r 2;;: l) F,,(/, w2) (18) 

such that 

oT(8, cf,, t) = F (I 2) oR(8, cf,, t) . 
T T ,w Ro (19) 

This temperature variation produces a surface brightness variation which, in the blackbody approximation, can 
be estimated as follows: 

ol;..{8, cf,, t) xex oT(8, cf, , t) 
lo}I. = ex - 1 T 

(20) 

where x = he/ >-.kT and 1011. is the equilibrium surface brightness. If the monochromatic surface brightness variation 
scaling factor is set to 

(21) 

then equation (20) reduces to 

ol;..{8, cf,, t) = F (I 2 T) oR(8, cf,, t) 
l }I, ,w' R ' 

0/1. 0 
(22) 

where all quantities are evaluated at r = R0 • Equation (22) represents the temperature effect and is the last of 
three first-order components of the light variations. Since it incorporates several assumptions, it will be the first 
component to break down when the pulsation amplitudes and the periods are large. 

c) Total First-Order Flux Variation of a Nonradially Oscillating Star 

The net flux received from the star at wavelength >,. is 

~ = f l}\dw , (23) 

where dw is the solid angle subtended by a projected area element on the visible hemisphere of the star and 111. 
is the limb-darkened surface brightness, which is given by 

l;..{8, cf,, t) = 1011.[ 1 + oMi';' t)]g11.[fk'(t)] , (24) 

where g}\(µ,') is the limb-darkening law for the star's atmosphere. Here the limb-darkening law is written in terms 
ofµ,' to account for changes in the limb darkening due to the surface normal effect. In first order µ,' - µ, will be 
small so that we can write 

( ') ( ) + ( ' ) Bg11.(µ,) g/1. µ, = g}\ µ, µ, - µ, -- • 8µ, 
(25) 

Writing dw = dw0 + ow (which is directly proportional to da defined by eqs. [8], [9], and [10]), inserting this 
together with equations (24) and (25) into equation (23), and retaining only first-order terms from the products 
give 

~(t) = ~}\ + ff(µ,' - µ,)lo}I. og::) dwo +ff 1011.gl<.(µ,)ow + ff o/11.glµ,)dwo , 

where ~11. is the equilibrium flux. The magnitude variations produced by each of the last three integrals are 

ff(µ,' - µ,)[Bg11.(µ,)/8µ,]µ, sin 8d8dcf, 
~mu = -1 .0857 ff (surface normal effect), 

gl<.(µ,)µ, sin 8d8dcf, 

ff g;..{µ,)oa 
~211. = -1 .0857 ff (surface area effect), 

g/µ,)µ, sin 8d8dcf, 

ff (ol}\/1011.)gl<.(µ,)µ, sin 8d8dcf, 
~m3}\ = -1.0857 ff (temperature effect). 

g}\(µ,)µ, sin 8d8dcf, 
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The necessary expressions for M>.//0>., µ' - µ, and oa are given by equations (22), (7), and (10), respectively. 
In their current form equations (27)-(29) are somewhat complicated. They are two-dimensional integrals over 

the projected area of the star and in most cases are not analytic. There are two ways of computing the integrals. 
One method would be to divide the projected area of the star into several thousand elements and add the contribu
tion due to each element numerically. Although straightforward in principle, this method is tedious to set up in 
practice and can be expensive in computer time. On the other hand, equations (27)-(29) can be simplified, and the 
two-dimensional integrations avoided, by applying some well-known properties of spherical harmonics (Dziem
bowski 1977b). If the coordinate axes are arbitrarily rotated, the value of a spherical harmonic Y1m(8, </>) can be 
expressed as a linear combination of spherical harmonics of the same/ in some new coordinates, 0, <I> (Mathews 
and Walker 1970) : 

I 

Y1m(8, </>) = 2 Cmm•1 Yim.(0, <I>), 
m•= -I 

(30) 

Here 0 and <I> are the angular coordinates of a point on the stellar disk in the coordinate system whose polar 
axis points toward the observer. The coefficients Cmm•' are determined from 

Cmm•1 =ff Y1m•*(0, <I>) Y1m(8, </>) sin 0d0d<I> (31) 

and will in general depend on 80 , </>0 (the "subobserver" angular coordinates in the stellar frame) and m, m', 
and/. 

The transformation equation (30) will be used for the functional form of oR in equation (I). To make this equa
tion more useful for calculations, note that since the angular dependence of oR is contained strictly in the spherical 
harmonic Y1m(8, </>), there will be a certain latitude, 8M, which will have the maximum radius variation amplitude. 
At this latitude 

oRmax = a(R) Y1m(8M, 0) = RoE(/, m) . (32) 

Then equation (1) can be modified to the form 

oR E(/, m) f I Y (0 "') 
R- = v (8 0) L., Cmm' Im' • , 'V • 

0 -'Im M, m•=-1 
(33) 

Equation (33) has been written in terms of the maximum fractional radius change € because this is a quantity 
which can be estimated from line profile observations. In particular, if A(/, m) denotes the value of the pulsational 
velocity amplitude, then 

E(/, m) = A(l, m)/a(l, m)R0 • (34) 

Here the intrinsic pulsation frequency a(/, m) (see eq. [43]) can be estimated from either photometry or spectroscopy, 
while R0 is determined from the position of the star in the H-R diagram. 

At first sight equation (33) does not look like much of a simplification because to use it one needs to know the 
21 + 1 coefficients Cmm•1. However, only one term in equation (33) will survive the integrations in equations 
(27)-(29), namely, that involving cml Its value is given by 

(35) 

(Eq. [35] is identical to the definition of Dziembowski's q0 , except for being written for general normalized spherical 
harmonics.) Note that the ratio Y1m(80 , </>0)/ Y1m(8M, 0) has a maximum value of unity. Since 80 = i, the star's 
inclination to the line of sight, this normalized ratio can be denoted Yim(i, ¢,0). Then each of the three magnitude 
variations in equations (27)-(29), on substitution of equations (34) and (35), can be written in the form 

where the coefficients Bk are given by 

B1 = - l.0857E(/, m) s: (µ2 - 1) 0~;:-) 0~;:-) µdµ = - l.0857Ea1(A)' 

B2 = - l.0857E(/, m) f [2µP1(µ) + (µ2 - 1) 0~;:-)]h>.(µ)dµ = - l.0857E,81(.\)' 

B3 = - l.0857E(/, m)F>.(l, w2, T) f P1(µ)µh>.(µ)dµ = - l.0857EF>.yz(.\) . 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 

(36) 

(37) 

(38) 

(39) 



N 
M 
N 

No. 1, 1979 

Here 

NONRADIAL LIGHT VARIATIONS: 53 PER 

h,.{µ,) = g,.{µ,! If g>.(µ,)µ,dµ, 

219 

is the normalized limb-darkening law and P1(µ,) is a standard Legendre polynomial. The second equalities in 
equations (37)-(39) define the /-dependent integrals a,, /3,, and y1• The integrals are in the form derived by Dziem
bowski (1977b), except that we have separated the geometric effects. Values of the integrals for order/ = 0-4 are 
given in Table 1 for two different limb-darkening laws, including the Eddington linear law. In addition, Dziem
bowski tabulates y1 and a1 + /31 for the orders / = 0-8 for the Eddington law (where y1 = b1 and a1 + /31 = 2b1 - c1 
in his notation). 

Finally, in equation (39) note that F,.{l, w2, T) is nearly the adiabatic analog of Dziembowski's nonadiabatic 
/-value. The two are not exactly analogous because F,.{l, w 2 , T) is a monochromatic quantity whereas/is a bolom
etric quantity. However, it is easy to calculate an exact adiabatic analog to fin the blackbody approximation. If 
I is the integrated surface brightness, then 

M = 4 ST. 
I T 

From this one can define the integrated surface brightness scaling factor by the equation 

F(l, w 2) = 4FT(l, w 2) • 

(40) 

(41) 

In § IV we will compare values of F calculated from equation (41) with corresponding values off kindly 
communicated to us by Dr. Dziembowski. 

Equations (37)-(39) permit convenient calculation of the expected magnitude variation arising from each of the 
three first-order effects described earlier. As expected for a linear theory, the predicted light curve for a single 
mode is necessarily sinusoidal. This result holds regardless of the mode's physical identification(/, m) and regard
less of the star's orientation to the observer. 

d) Rotational m-Mode Splitting and Basic Stellar Parameters 

It is important to note that there are two different frequencies represented in the above equations: (1) the 
observed frequency, aobs, which must be considered in the observed time dependence, and (2) the frequency in the 
stellar rest frame, a, which must be incorporated into £ and FP. In a rotating star these two frequencies will not be 
equal but will be related by (Ledoux 1951; Ledoux and Walraven 1958; Cox 1979): 

Uobs(/, m) = a(/, m) + mQ , (42) 

where n is the angular rotation velocity of the star and where the positive m goes with the negative sign. Equation 
(42) results simply from the fact that cf,0 in the aspect factor of equation (36) will change with time if the star rotates. 
The true frequency a also depends on m because rotation induces a frequency splitting that lifts the degeneracy of 
the azimuthal modes associated with a given /. For low rotation rates the splitting is given by 

a(/, m) = ao(/) ± men ' (43) 

where a0 is the frequency in the absence of rotation and C is a constant depending on the mode of pulsation and 
the physical structure of the star. In our analysis we will adopt C = 0.15 (Ledoux 1951 ). In general, if a0 » mn, 
the splitting due to rotation will be small and the dependence of the maximum amplitude Bk on m will also be 
small. In such a case € should be well approximated by using the observed frequency, which is our procedure in 
§IV. 

TABLE 1 

VALUES OF a,, /31, AND YI FOR Two MODEL LIMB-DARKENING LAWS 

EDDINGTON LAW ATLASa 

I a, /3, y, a, /3, Yi 

0 .......... 0.0000 +2.0000 +1.0000 0.0000 +2.0000 + 1.0000 
1. ......... -0.3750 +0.3750 +0.7083 -0.2963 +0.2963 +0.6961 
2 .......... -0.6000 -0.7000 +0.3250 -0.4097 -0.7957 +0.3012 
3 ....... . .. -0.3750 -0.2500 +0.0625 -0.1461 -0.2476 +0.0394 
4 .......... 0.0000 +0.3750 -0.0208 +0.1262 +0.4624 -0.0327 

a A= 4000 A. 
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Fm. 1.-The adopted limb-darkening law, g(µ,), based on a (16,000 K, 4.0) ATLAS model atmosphere (Kurucz 1969) 

To calculate the expected amplitudes Bk for 53 Per, we adopt here typical parameters for a mid-B-type star, 
namely, R = 4 R0 and M = 1 M 0 • We also adopt for the limb-darkening law the theoretical atmosphere cal
culated by Kurucz (1969) for a Terr = 16,000 K, log g = 4.0 main-sequence star and for A = 4000 A, which is 
near the peak transmission of the Stromgren v filter used in our photometric observations (§ Ill). This limb
darkening curve is illustrated in Figure 1. Values of az, {31, and y1 are included in Table 1 for this limb-darkening 
law. Since Kurucz's calculations did not extend to the limb, we extrapolated that curve to an intensity ratio of 
0.4 at µ = 0.0. This is probably only an upper limit, but the resulting magnitude variations are found not to be 
very sensitive to this extrapolation. 

e) Average Parameters of the Nonradial Oscillation 

Let us close this section by summarizing some useful relations that follow from the equations in§§ Ila- Ile : 
i) The mean nonradial displacement 

<D) = £(/, m)RoY1m(i, </>0)y,e1ut. 

ii) The mean change in effective surface temperature 

<ST) = FT(/, w 2) ~:Terr. 
From this equation it follows that the ratio of change in temperature-induced brightness to temperature is 

llm3 xe" 
(ST)/Terr = - 1.0857 e" _ l = 2.68 at A= 4100 A. 

iii) The change in geometric projected area 

11a = 21r£(l, m)R0 2Y1m(i, </>0 ){31[h11.(µ) = l]e1ut. 

(44) 

(45) 

(46) 

(47) 

The averages in equations (44) and (45) are weighted by limb darkening. Equation (47) represents the physical 
change in projected area of the disk of the star unweighted by limb darkening. It is important to note that for odd 
values of/, 11a is always zero to first order. However, the effect oflimb darkening is to produce an effective projected 
area change. Therefore, small light variations can be produced by the surface area effect for odd values of /. 
Finally equation (45) can be used to predict temperature and color changes if !1mT ~ llm3, i.e., for very long or 
very short periods. 

III. THE OBSERVATIONS OF 53 PERSEI 

Because it was misclassified as a late B star, 53 Per has been the subject of few previous photometric studies. 
The first photometric monitoring was carried out by Jackisch (1963, 1964), who found a 0.15 magnitude variation 
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over a time period of about 60 days. His data were insufficient for determining a period. When the spectroscopic 
behavior of 53 Per was first pointed out (Smith 1977), Percy and Lane (1977) and Africano (1977) were able to 
demonstrate that variations of about 0.01 mag also occur on a given night. Neither study succeeded in determining 
a period, although Africano's data were consistent witb. a 7.3 hour period observed spectroscopically by Smith 
and McCall (1978) a few days later. 

a) Photometric Reduction Technique 

We have monitored 53 Per on a total of 13 nights in 1977 November and December and 1978 January. A cooled 
1P21 photomultiplier tube was used attached to the 30 and 36 inch (76 and 91 cm) telescopes of McDonald Ob
servatory. The photometric observations were all carried out with the Stromgren v filter. The v filter was chosen 
mainly because the amplitude of the variability is expected to be larger in the v than in the b or y because of 
temperature variations. Our choice of this filter was further influenced by Africano's observations of a small 
amplitude in the v, suggesting that we might decrease our chances of detecting light variations with the b or y 
filter. The two comparison stars chosen, HR 1261 and HR 1482, were those used by Africano. These two stars are 
in a supposedly nonvariable region of the H-R diagram (~AO) and have not had individual histories of variability. 
Neither Africano nor we have found variations in either star to within the accuracy of our data. 

The observations were carried out in repetitive cycles of the form 

HR 1261-53 Per-sky-HR 1482-HR 1261 .... 

Each star was monitored by means of six IO s integrations. The sky integration lasted 20 s. Under the best condi
tions it was possible to carry out seven or eight cycles per hour. In addition, the observations were usually kept 
within 1.6 air masses. 

Photoelectric tube drift did not appear to be significant on most of the nights. In any case, with our cycle time 
it can usually be counted on to cancel out in the differential analysis. Because the stars are very bright, however, 
coincidence losses are important. These can be estimated from the equation 

(48) 

where l!ll is the true count rate, l!llobs is the observed count rate, and -r is the dead time of the photomultiplier tube. 
Assuming a known dead time, one can iterate equation (48) until l!ll is obtained to a reasonable degree of accuracy. 
We have adopted a dead time of 40 ns in the final reduction, which is typical of 1P21 tubes. 

The final residual light curve of 53 Per was obtained in the following manner. First, all magnitudes were corrected 
for extinction. Second, the mean difference in magnitude between the two comparison stars, (iiC), was calculated 
for each cycle and added to the magnitude of Cl (HR 1261). Using these comparison star magnitudes, one can 
calculate the mean transparency curve for the entire night: 

C(t) = ½[C2(t) + Cl(t) + (iiC)(t)]. (49) 

The light curve for the program star is then obtained from 

m(t) = m53(t) - C(t) , (50) 

where t are the mean times of the 53 Per observations and m53 is the magnitude of 53 Per (in the natural system 
of the photometer). Finally, the mean magnitude level m0 is determined and used to obtain a residual light curve: 

Lim(t) = m(t) - m0 • (51) 

Table 2 gives an observing log for all the 13 nights of photometric quality. Note the fairly good constancy of 
the comparison star magnitude differences (iiC). Averaged over the last 11 nights, it amounts to 1.377 mag. 
However, the value of this number is only approximate because of the uncertainties of the coincidence corrections 
based on equation (48) and the adopted dead time of 40 ns. This is especially evident from the small discrepancy in 
(ilC) which occurs for the 36 inch observations on 1977 November 20 and 21 (JD 2,443,467.5 and 2,443,468.5). 
Since no neutral-density filter was used for these observations (unlike the 1978 January observations), the dis
crepancy most certainly reflects an error in the dead time used for the reduction. The size of the discrepancy 
(0.004 mag) can be accounted for if the adopted dead time is too large by 4 or 5 ns. However, the net effect of 
reducing the dead time by this amount is only to lower the mean light level of the two nights uniformly by + 0.003 
mag. Since this error is small compared to the amplitude of the actual light variations, we have chosen merely to 
add 0.003 mag to the November 20 and 21 data rather than to rereduce all the data with a revised dead time. 

To illustrate the variable quality of the data, Figures 2 and 3 present graphs of the comparison star transparency 
curves for the nights of 1977 December 7 and 1977 November 27, respectively. Note that whereas December 7 
shows a small scatter and no trends between the comparison stars, November 27 shows a large scatter and even 
a significant tube drift. Nevertheless, the two curves of December 7 are at least good enough to indicate that the 
two comparison stars are constant to within the errors of our data. 
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TABLE 2 
SUMMARY OF PHOTOMETRIC OBSERVATIONS 

JD No. Time Extinction Mean COOiparison Nightly Tube 
Cycles Coverage Coefficient Star Difference Mean Average Drift 

(hrs) kv Ee Deviation 
(mag) (mag) 

2443467.5 45 7.3 0.332: 1.381 ± 0.002 0.0022 large 

3468.5 38 8.8 0.289 ± 0.002 1.381 ± 0.002 0.0023 slight 

3472 . 5 21 3.2 0.283 ± 0.007 1.378 ± 0.005 0.0028 none 

3473. 5 54 6.9 0.291 ± 0.001 1.377 ± 0.002 0.0020 none 

3474.5 42 7.2 0.299 ± 0.001 1.379 ± 0.004 0.0030 large 

3483. 5 32 8.0 0.347 ± 0.007 1.376 ± 0.005 0.0027 s light 

3484.5 53 8.0 0.291 ± 0.001 1.377 ± 0.001 0.0020 none 

3485. 5 43 6.2 0. 289 ± 0.001 1.377 ± 0.002 0.0023 slight 

3486 . 5 56 7.8 0.309 ± 0.002 1.377 ± 0.002 0.0018 slight 

3487.5 12 1. 8 0.297 ± 0. 001 1.377 ± 0.001 0.0010 v. s light 

3489.5 60 9.3 0 . 304 ± 0.001 1.377 ± 0.001 0.0015 slight 

3530 . 5 * 22 5.1 0.319 ± 0.007 1. 378 ± 0. 002 0.0015 v. slight 

3531. 5 * 31 6.4 0.353 ± 0.007 1.379 ± 0.002 0.0015 large 

3829.5 ** 4l(v) 8.5 0.299 ± 0.001 1.378 ± 0.002 0.0016 medium 
2l(y) 8.5 0.124 ± 0.002 1.383 ± 0.001 0.0017 medium 

* 0.3 Neutral density filter used. 
"Average from both comparison stars. 
t JA=J. Africano B.S=B. Smith RB=R. Buta MS=M.Smith 

** 0.15 Neutral density filter used for both v and y filters. 

1 979ApJ ... 232 .. 213B 

Telescope Observer t Remarks 

36" JA 

36" JA, B.5 Clouds ; only 4. 8 hours 
of actual data 

30" RB Full moon; thin clouds 

30" RB Excellent sky 

30" RB Poor sky 

30" RB Bad seeing 

30" RB Excellent sky 

30" RB Wind problems at beg . 
of night. Othen.<ise good. 

30" RB Excellent sky 

30" RB Bad seeing at beg. of 
night 

30" RB Best night 

36" RB Good night; fog after 
midnight 

36" RB Clouds after midnight 

36" t,6 Excellent sky; seeing fair 
36" M.5 Excellent sky; seeing fai r 
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Fro. 2.-Comparison star transparency curves for an excellent photometric night, 1977 December 7 

b) Light Variations 

223 

The complete light curve of 53 Per is shown in Figures 4, 5, and 6. Here the horizontal axis represents the Julian 
date while the vertical axis is scaled in magnitudes relative to an adopted mean light level. Although the curve does 
not immediately lend itself to straightforward interpretation, it shows several obvious characteristics: 

i) The star is variable in light with an easily measurable amplitude. On one night, December 12, the light changed 
by 0.07 mag during 9 hours. 

ii) On several occasions continuous monitoring over several hours does not reveal a significant fraction of a 
periodic variation. In fact, one sees only small pieces of a light cycle. Evidently any period must be longer than a 
day. 

iii) The amplitude of the light variations is highly variable. This is evident from the slopes of various sections 
of the light curve. 

iv) There is an apparent phase reversal in the December data near JD 2,443,485.3. 
Points (iii) and (iv) especially imply that beating is present in the data. Beats are normally caused by the inter

ference of two harmonic oscillations of close period. They are a fairly common phenomenon in the f3 Cephei stars. 
That the phenomenon appears to exist in the line profile variable B stars suggests a further link between these two 
groups. 

I 00 r---,----,---.--------,--,-----,---,---,---,-----, 

1.0 2 

10 4 

1.06 

.o ~ 
~ 0 o. 

0 • 

a, 

1.0 8 •o 

4 6 8 10 
Comparison Stars 27 NOV 77 

Fm. 3.-Comparison star transparency comparison curves for a mediocre photometric night, 1977 November 27, with tube 
drift. 
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Fm. 4.-Light curve of 53 Per during the 1977 November run. Also shown is the least-squares solution (Table 3). 
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} In an attempt to define the exact values of the periods, we have modeled the shape of the light curve by assuming 
m that two sinusoidal oscillations are present. This amounts to an assumption of linearity, the validity of which we 
~ have not yet tested in a real situation. Then the net light curve will have the form 
,-; 

m(t) = m0 + 0 1 sin [a1(i - T 1)] + 0 2 sin [alt - T2)], (52) 

where m0 is the apparent mean magnitude level, 0 1 and o2 are the amplitudes of each mode, o-1 and a 2 are the 
apparent frequency of each mode, and T 1 and T 2 are the Julian dates of their zeroes on the rising branch. One 
begins the analysis of the data by making a rough estimate of m0 • Our best estimate was obtained from the mean 
light levels of the first two nights of the December run, during which 53 Per was apparently close to a light minimum 
and a maximum. These levels suggest that m0 ~ -0.85 mag. The choice of the level further allows an initial estimate 
of the mean period of the oscillations. By measuring time intervals between "zeroes" of corresponding phase, a 
period of 1.9 days is suggested. Furthermore, the steep slope of the variation on December 12 suggests a maximum 
peak-to-peak amplitude of 0. 10-0.15 mag. These numbers were used as initial estimates for a least-squares fit to 
equation (52). We also tested a number of other alias periods suggested from the power spectra of the observations, 
but in no case could a satisfactory solution be obtained. 

It was also found that it is not possible to obtain a good two-mode solution with the November and December 
data combined. However, reasonable solutions can be made from data in individual observing runs, especially the 
December data. Figures 4 and 5 illustrate the best fits in November and December. The values of the fitting 
parameters are listed in Table 3. 

Because of the finiteness of the data string, the agreement between the two solutions is not exceptionally good, 
particularly for the parameters 0 1 and 0 2. The residuals for the November fit are much larger than those for 
December. Nevertheless, both solutions indicate the presence of two periods of approximately 1.7 and 2.1 days 
length. The mean period, 1.88 ± 0.ot days, is consistent with our initial estimate. Statistically, the December 
solution is perfect. The rms of the residuals is only ± 0.0022 mag, which is nearly identical to the mean average 
deviation per data point for that run ( ± 0.0021 mag). The data in this case are perfectly represented by the sum of 
two sinusoidal oscillations. This does not appear to be the case for the November data, however. It could be 
argued that the disagreement arises from different telescopes being used during the November run. However, one 
would expect differential instrumental effects to all but cancel. Furthermore, instrumental errors would not 
normally contribute spurious slopes to the data as observed in the partially mismatching sinusoidal fit of November. 
Finally, we tested the instrumental hypothesis directly by attempting a new solution with only the 30 inch data 
during November and December. This homogeneous data set failed to produce a more satisfactory solution. On 
the other hand, we were able to extend the December solution to the two January nights very easily. Therefore, it 
appears that the problems with the November data are intrinsic to the star itself and are not due to an instrumental 
problem. 

The solution to the January data is also presented in Table 3. This solution was obtained by combining the six 
December nights with the two January nights. The fit is still very good and is comparable in quality to that of the 
December solution above. Obviously, the January data are consistent with the same two periods that were apparently 
active in November and December. From this analysis we conclude that two stable modes were active from 
November to January and that there is some suggestion of a third mode of unknown period in November. 

In Figure 7 we present a comparison of the spectroscopic and photometric data. These photographic profiles 
were obtained by M.A. S. with the 82 inch (2.1 m) telescope in 1977 on the nights of November 19, 20, and 21. 
The last two nights overlap with the first two nights of the November photometric run. Despite the low signal-to
noise ratio of the photographic data, the profiles are distinct enough to show that a 1.9 day period was present on 
these nights. It is difficult from these data to distinguish the beating which is obvious photometrically. Therefore, 
the profiles were modeled merely by varying the spectroscopic amplitude A to simulate the beating. Note that the 
second night of the spectroscopy (November 20) shows profiles near the broad-line profile phase (0.75). A maximum 

TABLE 3 
PARAMETERS OF THE Two SINE-CURVE FITS a 

PARAMETER 

mo, ........... . 
01 (mag) ..... . . . 
Pi ...... . . . ... . . 
T1 ............ . 
02 (mag) ...... . . 
P2. ,, ....... . .. . 
T2 ...... . ..... . 
rms (mag) ...... . 

77/11 

-0.852 
0.0237 
2\1185 

3477.00 
0.0257 
1%63 

3474.42 
0.0037 

RUN 

77/12 

-0.855 
0.0376 
2<:1038 

3485.47 
0.0293 
1<:1720 

3486.32 
0.0022 

77/12 + 78/1 

-0.855 
0.0392 
2<:1049 

3530.52 
0.0317 
1<:1741 

3529.83 
0.0024 
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occurred in the light variations at nearly the same time. The implications of these phase correspondences will be 
discussed in § IV. 

c) Color Variations 

On 1978 November 17, 53 Per was monitored once again for light and color variations. The color monitored 
was v - y in the Stromgren uvby system. Figure 8 shows the results. The light curve in the upper panel shows a 
monotonic decrease during 8½ hours, apparently indicating once again that a very long period is present. The color 
curve in the lower panel shows a change of only 0.006 ± 0.001 mag during the interval. This value of the color 
amplitude will play a significant role in our interpretation in§ IV . 

.. 
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FIG. 8.-Stromgren light and color curves (zero point arbitrary) for the night of 1978 November 17 
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IV. ANALYSIS OF THE LIGHT VARIATIONS 

In § III it was shown that the light variations in 53 Per can be represented as the beating between two sinusoidal 
oscillations of close but long periods. These periods were evidently present over at least the 2 month range of our 
observations. In this section the implications of these ooservations are discussed. 

a) Implications of the Close-Period Pair 

Close multiple periods have been observed in stars in several regions of the H-R diagram. The best documented 
case is the small-amplitude variable white dwarf ZZ Cet (R548). Robinson, Nather, and McGraw (1976) have 
found that this star exhibits two pairs of stable periods which beat together to produce a complicated light curve. 
These authors have attributed this behavior to two pairs of m-split nonradial g modes. Likewise, Shobbrook and 
Stobie (1974) have found that the o Scuti variable 1 Mon has three closely spaced periods. They also found a host 
of smaller-amplitude harmonics and combination frequencies that are apparently related to these principal modes. 
Shobbrook and Stobie have assigned mode identifications of / = 2, m = 0, ± 2 to the principal oscillations. 
Finally, m-mode splitting has also been suggested to explain beating in the light curve of the remarkable Przybylski's 
star (Kurtz and Wegner 1979). We will now show that m-mode splitting is the most likely explanation for the 
beating present in the light curve of 53 Per. 

Let us first consider ways other than m-mode splitting in which one might understand the close-period pair. 
First, theoretical results (e.g., Osaki 1975) show that these periods are far too long to be radial oscillations, and 
in any case close periods are not observed in radially pulsating stars. Turning to the nonradial framework, let us 
examine whether vibrational energy partitioned into adjacent overtones (k) or spherical harmonic orders(/) could 
produce long and closely spaced periods. Consider first the observed period ratio 1.17 as compared with theoretical 
estimates (ratios are apt to be more trustworthy than absolute periods). According to Cox's (1976) computations 
for an/= 2, r 1 = 5/3 polytrope, one can obtain ak+ 1/ak ~ 1.17 if k ~ 5. However, the k = 5, I= 2 mode in a 
7 M 0 zero-age main-sequence (ZAMS) star has a period in the neighborhood of ~ 10 hours (R. Stothers, private 
communication), which is far shorter than the observed ones. Therefore, one cannot have a pair of oscillations 
excited in k and k + l giving both the right period ratio and the right period length. One can still save this hypo
thesis by exciting very high nonadjacent overtones. In our view this is unreasonable because it does not explain 
why overtones between the two excited ones are not excited as well. By similar logic one can dismiss the excitation 
of two different / modes. In particular, it would take high adjacent /-values to obtain a period ratio of 1.17. High 
/ modes have the additional difficulty that both their light and their radial velocity variations cancel very effectively, 
which makes any variations difficult to observe. By elimination, one is forced to examine m-mode splitting. 
Fortunately, a consistency check can be provided for the m-mode splitting hypothesis from the spectroscopic 
rotational velocity of 53 Per (Vsin i = 17 ± 1.5 km s- 1 [Smith and McCall 1978]). By combining equations (42) 
and (43), one can solve for the observer's inclination to the star's rotation axis: 

. . Llrn(l - C)(V sin i) 
Sill l = RoAa ' (53) 

where V sin i is the projected rotational velocity and Aa is the frequency difference between the two observed 
modes. With R0 = 4 ± 0.5 R0 , C = 0.15 (Ledoux 1951), .:la = 0.54 ± 0.04 rad day-1, and Llm = l, one obtains 

sin i = 0.83 ± 0.10 or i = 56° ( + 12° ' - 9°) . (54) 

A number of significant points follow from this condition. First, one cannot use Llm ~ 2 because it leads to an 
'!!_nphysical result for sin i; Llm must equal I. Second, the Q used in equations (42) and (43) is actually a quantity 
n which is weighted by mass and the eigenfunction amplitude throughout the star (Ledoux_l951). If the interior 
of the star rotates rapidly and the eigenfunction of the oscillation is large in the interior, then Q sin i > ( V/ R0 ) sin i, 
where V sin i is the spectroscopic value measured at the surface. If this inequality is larger than ~ 20%, sin i will 
once again exceed unity. Therefore, this result appears to rule out models with rapidly rotating interiors and large 
eigenfunctions in the core. Finally, the result (54) already gives an entirely reasonable value for the inclination of 
the star to the observer. From the large apparent amplitude of the profile variations, Smith and McCall favored 
large (but not 90°) inclinations. Our result is therefore consistent with inclination limits set independently from 
spectroscopic profiles. At the same time we also get an inclination of approximately 60° if we assume that the 
intrinsic amplitudes of the m modes are the same. In conclusion the m-mode splitting hypothesis is not merely 
viable but is supported quantitatively by the photometric/spectroscopic agreement. In fact, this is the first non
radially pulsating star with m-mode splitting for which such agreement has been achieved. 

The possibility that differential rotation is not present in this star has an important ramification. Osaki (1974) 
has proposed that nonradial modes in semievolved massive stars can be excited by overstable convective motions 
if the core is rapidly rotating (Prot ~ a few hours) and if the frequency of a convective mode coincides with the 
eigenfrequency of a nonradial mode. Our observation appears to rule out this mechanism for exciting nonradial 
pulsation in 53 Per. 
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} b) Analysis of the Color Curve 

~ A comparison of the color and light curves is crucial both because it determines the relative sizes of the geometry-
~ and temperature-induced variations and because it can establish whether any nonadiabatic phase lags are present 

in the pulsation cycle. The relative sizes of the temperature and geometric contributions to the light curve can be 
estimated from the ratio of the light and color variations A(v - y)/Av. Using 4100 and 5470 A as the effective 
wavelengths of the Stromgren v and y filters, respectively, equations (21) and (39) can be used to compute A(v - y)/ 
Av = 0.175. This calculation assumes the light variation Av to be produced entirely from blackbody color varia
tions. Interestingly, the empirical uvby calibration (e.g., Crawford 1978) along the main sequence gives the same 
result, 0.18. The precise agreement between observations and theory here implies that this ratio is well determined. 
For comparison one can determine the actual ratio of light to color variations in 53 Per from Figure 8: A(v - y)/ 
Av :::::: 0.006/0.057 :::::: 0.10 ± 0.02, or only about half the predicted value. 

As confirmation, J. R. Percy (private communication) reports that 53 Per shows "nob - y color variations" 
(half the temperature sensitivity of v - y) even when Ab :::::: 0.1 mag. If one takes as an upper limit to A(b - y) 
the observed rms error [S(b - y) :::::: 0.006] determined from his standards, one can set a limit to the color-to-light 
ratio. Hence A(v - y)/Av :::::: 2[A(b - y)/Ab] .$ 0.12. This limit confirms our observed ratio. Since the light-to
color ratio is a well-determined quantity, the only conclusion one can draw from these results is that geometric 
effects are very important in the light variations of 53 Per. 

It is interesting to note as a contrast that the light variations of radially pulsating objects are produced by a 
geometric and temperature component as well. However, these components oppose one another so that the 
A(v - y)/ Av ratio must be somewhat larger than 0.18. In view of this contrast the low value of this ratio that is 
observed can be taken as independent evidence for nonradial pulsation (see also Stamford and Watson 1977). 

Next note the correspondence between light and color phases in Figure 8. Although a complete color curve 
through a cycle is not yet available, it appears that 53 Per is bluest at about the time it is brightest. However, there 
is an important problem posed by this phase correspondence. For the long 45 hour period one expects the geo
metric and temperature contributions to the light curve to be of the opposite sign. The opposite signs mean that 
the light variations will oppose each other so that the ratio of color variation to total light variations A(v - y)/ 
AVtotaJ will be less than 0 or greater than 0.18, depending on the relative sizes of the geometric and temperature 
contributions. However, since the observed value A(v - y)/t:.vtotai = 0.10 is outside both of those ranges, there is 
a clear contradiction with this theoretical expectation. This contradiction brings into question our temperature 
effect predictions and will lead us to consider evidence for large nonadiabatic effects in § IV c. 

c) Assumptions of Linearity and Adiabaticity 

Let us proceed to compare theory with observations using the formalism developed in§ IL To effect a comparison, 
it will be necessary to evaluate the assumptions of linearity and adiabaticity used there. To calculate the amplitudes, 
one needs only to evaluate the maximum fractional radius change € corresponding to a particular oscillation. The 
quantity € can be estimated from the spectroscopic amplitude A via equation (34). In Table 4 € and w 2 values are 
evaluated for the six suspected periods 1 of 53 Per (Smith and McCall 1978 ; this paper). Notice that E attains a 
value of a few percent for the larger periods. Variations of this size should make one cautious about predicting 
light amplitudes from linear theory. 

In Table 5 the light amplitudes derived from equations (37)-(39) are tabulated for the modes l = l, 2, 3, and 4. 
For comparison we list the amplitudes due to the individual geometrical and temperature effects. Note that the 
projected area effect usually dominates over the surface normal effect. Also, note that the amplitudes given are 
those that would be observed for various m modes at the most favorable aspect of inclination iM (BM in§ II). In 
the spherical harmonics iM will vary from 90° for 1ml = l to 0° form = 0. To obtain the predicted variations for 

1 The two Jong photometric periods will be considered one equivalent period (45 hours) in this and the remaining sections. 

TABLE 4 
MAXIMUM FRACTIONAL RADIUS CHANGE (e) 

AND THE SQUARE OF THE DIMENSIONLESS 
FREQUENCY (w2) FOR THE OBSERVED 

PERIODS AND SPECTROSCOPIC AMPLITUDES 
OF 53 PERSEI 

p A E w2 

3.6 8 0.0059 5.459 
4.5 12 0.0111 3.493 
7.3 10.5 0.0158 1.328 

11.4 12 0.0282 0.544 
14.6 8.5 0.0255 0.332 
44.9 5 0.0462 0.035 
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TABLE 5 
LINEAR, ADIABATIC MAXIMUM AMPLITUDES OF NONRADIAL MODES AS F(A, P) FOR 53 PERSEI 

P(hrs) 

3.6 4.5 7.3 11.43 14.6 4.49 

I= 1 

B1 . ....... . .... +0.0019 +0.0036 +0.0051 +0.0091 +0.0082 +0.0148 
B2 ... .... .. . ... -0.0019 -0.0036 -0.0051 -0.0091 -0.0082 -0.0148 
Ba ..... . . . ..... +0.0403 +0.0574 +0.0450 +0.Q179 -0.0323 -1.82: 
B .. . .... . .... . . +0.0403 +0.0574 +0.0450 +0.0179 -0.0323 

I= 2 

B1 ... . .. .. . . ... +0.0027 +0.0049 +0.0070 +0.0125 +0.0113 +0.0205 
B2 . . . .... .. . .. . +0.0052 +0.0096 +0.0136 +0.0244 +0.0221 +0.0400 
Ba . . ...... .. . . . +0.0160 +0.0208 +0.0041 -0.0597 -0.1133 -2.43: 
B . .. .. .. . ...... +0.0239 +0.0353 0.0243 -0.0228 -0.0799 

I= 3 

B1 . . .. . .... . ... +0.0010 +0.0017 +0.0025 +0.0044 +0.0040 +0.0073 
B2 . . . ...... .. . . +0.0016 +0.0030 +0.0042 +0.0076 +0.0069 +0.0124 
Ba ..... . .. . .. . . +0.0019 +0.0019 -0.0025 -0.0210 -0.0342 -0.66: 
B .. .. . . . . .. .. . . +0.0045 +0.0066 +0.0043 -0.0090 -0.0233 

I= 4 

B1 . .. . .. . . . .... -0.0008 -0.0015 -0.0022 - 0.0039 -0.0036 -0.0064 
B2 .... .. . . .. . . . -0.0029 -0.0056 -0.0079 -0.0142 -0.0128 -0.0232 
Ba .. . . .. .. . . ... -0.0122 -0.0006 +0.0054 +0.0322 +0.0502 +0.92 : 
B . . .. . ....... . . -0.0159 -0.0077 -0.0047 +0.0141 +0.0338 

A (km s- 1) . .. .. 8 12 10.5 12 8.5 5 

NOTE.-Model parameters: R0 = 4 R0 , M = 7 M 0 , log Terr= 4.204, .\ = 4100 A. B1 = surface normal 
effect, B2 = surface area effect, Ba = temperature effect, B = total variation. Limb-darkening law based 
on an ATLAS (hydrogen-line-blanketed) atmosphere from Kurucz 1969. 

231 

an arbitrary inclination, one should combine the amplitudes in Table 5 with the inclination scaling curves of 
Figures 9 (eq. [36]). 

Inspection of Table 5 shows that for a period of 45 hours, light variations are supposed to arise mainly from 
temperature changes on the star's surface ; the geometrical distortion ought to be negligible. However, it has 
already been shown (§ IVb) that geometrical contributions to the light curve are in fact observed in 53 Per. This 
constitutes the first serious failure of our theory. A second failure of the theory is that the amplitudes predicted 
for the temperature effect are 20-70 times larger than the observed amplitudes. One way of explaining this dis
crepancy might be to appeal to nonlinear effects. However, before pursuing this approach, let us consider alterna
tives such as nonadiabaticity. 

To test the validity of the adiabatic approximation, we first obtained nonadiabatic /-values (analogous to 
our adiabatic F-value in eq. [15]) from Dziembowski. These values incorporate only the effects of radiative 
losses from the stellar surface in the diffusion approximation. They were calculated for two 7 M 0 stellar models 
for order/= 2 and periods 7.3, 14.6, and 50 hours. Model l is the ZAMS phase, while model 2 is slightly more 
evolved. Table 6 compares our adiabatic F-values (eq. [41]) with his nonadiabatic /-values for the same 
periods. Note that although the adiabatic values seem to always be greater than the nonadiabatic values, the 
disagreement worsens with increasing period. This indicates that shorter-period oscillations might be treated 
reasonably well in the adiabatic approximation but that our simple formulae fail for long periods. Evidently, 
nonadiabatic effects can diminish F by a factor of 3-5, depending on the stellar model. 2 If one therefore uses the 
nonadiabatic f instead of the adiabatic F, then the disagreement between the theory and the observations can be 
reduced by a corresponding factor. Thus, although radiative losses from the surface of the star do not remove the 
discrepancy altogether, they appear to alleviate it somewhat. Perhaps there are other nonadiabatic effects which can 
reconcile the disagreement between Table 5 and the observations. Let us now pursue this possibility. 

2 This reduction is likely to be a lower limit since f does not include effects of dissipation of mechanical energy in the traveling 
waves. There appears already to be some evidence for hydrodynamic transients in the form of variable equivalent widths in the 
spectra of the line profile variables. 
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FIG. 9.-Graphs of the aspect functions Y,m(i, 0) for the modes I= 1-4. This function must be multiplied by the light amplitudes 
(Table 5) to obtain the actual amplitude viewed by an observer at inclination i. 

In§ IVb the 1978 November 17 photometry was used to compute a light-to-color ratio A(v - y)/Av of 0.10. It 
was remarked that this value could not be reconciled with simple linear theory. The essence of the problem is 
that one can match the theoretical color-to-light ratio to the observations only if the geometric and temperature 
contributions reinforce one another (i.e., if their amplitudes have the same sign), or if the temperature contribution 
to the light curve is in fact negligible. However, Table 5 shows that for all /-values the geometry- and temperature
induced variations are of opposing signs for long periods (no net geometric variation is produced for / = 1). 
The opposing signs reflect the horizontal motions which dominate the radial motions in producing pressure 
variations (eq. [15]). Either this fundamental equation is incorrect (point A) or there is an ~ 180° phase lag in the 
color curve because of nonadiabatic effects (point B). There are difficulties with both of these interpretations. 
Against point A, it is a fundamental tenet and easily derived boundary condition in nonradial theory that horizontal 
motions dominate in long-period oscillations. It is difficult to see how this can be violated. Indeed, unpublished 
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TABLE 6 

' COMPARISON OF ADIABATIC AND NONADIABATIC SCALING FACTORS 

MODEL la . MODEL 2b 
p 

(HOURS) w2 f F w2 f 

7.3 ... ... . . .. . .. . 0.773 2.36 4.78 2.181 -4.53 
14.6 . .. . ........ .. 0.193 23 .7 43.0 0.545 +5.52 
50.0 . ........ . . . .. 0.0165 118. 576 0.0465 +65.4 

F 

-5.49 
+ 10.34 

+200.0 

Norn.-Here f = Dziembowski's 1977b nonadiabatic scaling factor, while Fis the adiabatic 
analog off 

a Model 1: R = 3.34 R0 , L = 1585 £ 0 , log Terr = 4.30, / = 2. 
b Model 2: R = 4.72 R 0 , L = 2000 £ 0 , log Terr = 4.25, / = 2. 
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line profile observations confirm that horizontal motions become more important for longer periods, and this 
confirms the sense of equation (15). Against point B, although nonadiabatic effects appear to be important in 
reducing the light amplitude in long-period oscillations, they evidently cannot produce a large phase lag for a 
50 hour period (a lag of only about 10° is indicated from Dziembowski's calculations). Therefore, there are theo
retical reasons to expect any phase lag to be much less than 180°. 

Adding to the color variation inconsistency is the inconsistency-that the broad-lined spectroscopic phase occurs 
at light maximum. This problem can be similarly resolved in one of two ways. One way is for geometric effects to 
dominate the light variations and for a residual color term to result from geometric variations. The other is for 
the temperature variations to be delayed by half a cycle. Since we have seen that the phase lag between velocity 
and temperature is likely to be small, we lean toward the explanation of dominant geometric variations. In fact, in 
reviewing the observations, we find no compelling evidence for a significant temperature effect. This result is 
surprising in view of the fact that temperature variations are thought to dominate the light variations of other 
pulsating variable stars. 

From the above results we see that even the qualitative predictions about the temperature variations from linear 
adiabatic theory are erroneous. The temperature contributions to the light curve are overestimated by a factor of 
20-70 and could even have the wrong sign. On the other hand, the amplitudes predicted for the geometric effects 
are within a factor of2 of the observations and may not be in error at all. This fact might explain why the sinusoidal 
light curves predicted from linear theory agree so closely with the observations. In view of these results we believe 
that the adiabatic assumption is the first to break down in long-period nonradial pulsators. Evidently, nonlinear 
effects exhibit themselves first through mode coupling, but there is no evidence yet that they act to diminish the 
observed light amplitudes in 53 Per. 

d) Constraints on the Physical Mode Identification 

Of the three nonradial mode indices, the /- and m-values can be determined in principle from surface charac
teristics of the pulsation. The overione value k can be determined only by matching an observed period to the 
eigenfrequencies of a theoretical model. Unfortunately, there is a double ambiguity in choosing the correct model 
because one needs to specify the correct stellar mass and evolutionary state, and these conditions are difficult to 
determine observationally. In addition, the greath length of the period reported herein presents its own difficulties 
(see § IVe). In view of these problems the identification of the overtone must be left open at this point. However, 
the length of the period is sufficient to assure us that the fundamental or first couple of overtones are not those 
excited. 

In § IV a it was concluded that the oscillations arise from two adjacent m modes. The high inclination derived 
from equation (53) suggests that one of the modes must be sectorial (equatorial wave). Given the allowed range of 
inclinations, the best identifications are m = -/, -l + 1, where/= 2, 3, and 4. (Note that the negative m-values 
are specified from the sense of the changes of the spectroscopic phases [November data] with time.) 

The results from our photometric analysis can now be applied to placing a different set of constraints on the 
harmonic index /. First, because geometric effects are observed to contribute to the light curve(§ IVb), one must 
conclude that / # 1. This conclusion follows from Table 5, which shows that / = l produces two geometric varia
tions which cancel exactly. (To this extent Table 5 can be trusted.) Moreover, high /-values(/ ~ 5) can be excluded 
because they produce so many canceling hill/valley contributions across the disk that the light (and spectroscopic) 
variations would become difficult to observe. 

The November spectroscopy offers constraints independent of the above. The / = 1, m = 0 mode would 
produce observable ( ~ 3 km s - 1) radial velocity variations, but they are not observed. This is the third constraint 
ruling out / = 1. The / = 4 mode ( and also / = 5) shows the wrong correspondence in phases between the photom
etry and the spectroscopy(§ IVc). Large /-values can be ruled out as above. The only remaining values are/= 2 
or 3, which Smith and McCall favored because they are capable of producing the large profile variations that are 
observed. At the present time either of these identifications appears acceptable. Future simultaneous light, color, 
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and spectroscopic (Reticon) observations may be able to specify which identification, I = 2, m = - 1 and - 2 
or I = 3, m = - 2 and - 3, is the correct one for the pair of oscillations that is observed in 53 Per. 

e) Implications of the 45 Hour Period 

Periods of 2 days are common among classical Cepheids, but they are not expected for B stars. Let us explore how 
such a long period can be understood. The most conventional way of obtaining long periods in nonradial pulsation 
theory is by exciting high-overtone g modes. However, good theoretical period estimates have not yet been extended 
to high overtones. For example, the k = 6, I= 1 mode (10 M0 ZAMS model) has a period of only 27.9 hours 
(Y. Osaki, private communication). Beyond that, one must deal with results for polytropes or use a quasi-hydrogenic 
approximation for frequency spacing (Cox 1979): 

2 /(/ + 1) 
w = 2r1k2 • (55) 

Here r 1 :::::: 5/3 and w2 is the dimensionless frequency defined by equation (12). One can assume a value of 2 or 
3 for I(§ IV d) and insert this into equation (55). Best results will then be obtained by scaling this relation to Osaki's 
more accurate k = 6 result. To obtain P :::::: 45 hours, one finds that a value k :::::: 18 is necessary if I = 2. For 
I = 3 the corresponding value is k :::::: 25. Thus one is forced to very high overtone values to explain the great 
period length. Parenthetically, note that Kurtz and Wegner (1979) have suggested similar high overtones (k :::::: 13, 
p modes!) to understand the shortness of the 12 minute period in Przybylski's star. The problem with such an 
interpretation is that adjacent overtones differ in frequency by only 4-5% from one another, even less than the 
17% difference between adjacent m modes. Therefore, one would expect a whole range of overtones to be excited, 
not just one. To check this expectation, consider the nonradial oscillations in the Sun. Here one finds that it is 
a range of excited overtones that is responsible for the 5 minute mean oscillation period of the Sun (Rhodes, 
Ulrich, and Simon 1977). This solar result strengthens the expectation that when high overtones are active, they are 
active as a group and not as single modes. Because a mode involving only one overtone fits the light curves very 
well, one is tempted to look for another explanation for the 45 hour periods in 53 Per. 

We believe that a more plausible explanation for the Jong periods can be made by viewing 53 Per as a complex 
nonlinear oscillator. Such oscillators can transfer energy from one mode to another, especially to harmonics. 
Thus, whereas at first sight the rise and fall of modes of differing periods in these stars might seem baffling, one 
can be consoled at least by the common occurrence of period ratios of 2 that is observed among them (Smith 
1978). Smith and McCall also pointed out that if the 14.6 hour spectroscopic period in 53 Per is arbitrarily assumed 
to be a basic frequency, two other observed periods then correspond closely to the harmonics 2w0 and 4w0 • Phys
ically, this amounts to saying that the oscillations are no longer linear, and the light curves no longer sinusoidal. 
It is a well-known result in nonlinear theory that if w 0 is sufficiently small (g modes?!), the harmonics can actually 
dominate the basic oscillations. Perhaps this is the case here. (Indeed, one can remove several difficulties by 
supposing that the 12 minute period in Przybylski's star is a harmonic of a low-overtone p mode.) It is known that 
nonlinear oscillators are capable of producing subharmonics. In this connection, if the observed frequencies are 
corrected slightly to their m = 0 values, the 45 hour period is very nearly 3 times the spectroscopic 14.6 hour 
period, i.e., w(45h) :::::: w 0 /3. There are indeed grounds to expect the subharmonic w 0 /3 to occur in nature. According 
to Marion (1965), if a nonlinear oscillator is driven with a force which itself varies sinusoidally with time, an w0 /3 
subharmonic can result. Therefore, it is possible on physical grounds for our long period to be a subharmonic 
of a lower-overtone g mode. 

Finally, there appear to be a few other ways of obtaining a 45 hour period from nonlinear theory. For example, the 
w0 /3 subharmonic may act merely as a conduit to transfer pulsational energy into a stray mode that happens to 
occur at that frequency (resonance coupling). It should also be mentioned that a physical coupling mechanism 
must be specified, and we have not done so. Moreover, the transience of various modes remains to be explained, 
possibly in terms of time-dependent coupling between modes. 

V. SUMMARY 

The light curves obtained for 53 Per in late 1977 demonstrate the existence of a pair of equal-amplitude modes 
having closely spaced and Jong periods. The close period spacing is already indicative of nonradial pulsations. The 
great length of the periods confirms that the pulsations must be g modes. It is interesting that the periods now 
discovered in 53 Per range from 3.6 hours to over 2 days, a factor of nearly 14. To our knowledge this is the 
largest period range arising from a single mechanism yet encountered in a star. 

Certainly, the most important conclusion of this study is that the light variations of 53 Per are large enough to 
be investigated by a great number of photometrists who have access to small telescopes. As already shown, a 
definitive light and color curve can give much of the information about the nonradial mode that profile variations 
can. We have seen that they place limits on temperature variations which can lead to further restrictions on the 
mode's physical identification. 

It has also been shown that the close-period pair we have found can be most easily interpreted in terms of m
mode splitting in a star with a fairly high inclination. The agreement between the rotational velocities implied 
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from the m-splitting equation and from line broadening indicates that the two m modes in question must differ 
by Am = I. The agreement here also suggests that the portion of the star primarily involved in the oscillations 
has an angular rotation rate equal to the surface value. Other constraints that can be placed on the mode identifica
tions require that / can equal only 2 or 3 and that the two m modes represent equatorial and near-equatorial 
traveling waves. 

It has also been found that adiabatic nonradial theory is inadequate to predict the observed light and color 
amplitude. For example, barring large uncertainties in the limb-darkening laws, temperature variations are 
predicted to dominate the light variations of 53 Per. However, in order to bring theory more into agreement with 
observation, one is forced to conclude instead that geometric effects are dominating the light variations. Support 
for such a conclusion comes from the half-cycle difference between the color variations and the line profile curves. 

It is our opinion that one also needs to invoke nonlinearity to explain the 2 day periods in terms of a sub
harmonic or a resonance with a "stray" mode of a long period. Otherwise, almost prohibitively high overtone 
values seem required. 

From our results one can predict that 53 Per will show much smaller deviations from linearity and adiabaticity 
when short periods are active. Future efforts should be directed toward simultaneous light, color, and profile 
monitoring of 53 Per to obtain comprehensive information about the pulsation. However, the most substantial 
contributions will undoubtedly come from the long-term light monitoring of this star with inexpensive but stable 
photometric equipment. 

The scientific quality of this paper was materially enriched by several dialogs with Drs. M. Breger, J. Cox, W. 
Dziembowski, E. Robinson, R. Stothers, and R. Watson. We particularly appreciate the use of unpublished data 
furnished us by Drs. W. Dziembowski, Y. Osaki, J. Percy, and R. Stothers. It is our pleasure to thank Messrs. 
J. Africano, G. Loumos, and B. Smith for their competent assistance and guidance in obtaining and reducing the 
photometric observations utilized in this project. R. J. B. acknowledges the support of a David A. Benfield fellow
ship from the University of Texas Astronomy Department during the final stages of this work. This work has also 
been conducted under the auspices of grant AST 77-06965 of the National Science Foundation. 

Note added in manuscript, 1978 December 4.-As this paper was being prepared for publication, seven new 
photographic spectra of 53 Per were obtained and reduced. These spectra were taken by M. A. S. on the three 
nights following the 1978 November 17 photometry run and show once again that a ~ 1.7 day period was present 
during this time. The spectra clearly show, for a second time, that light maximum occurs at spectroscopic phase 
0.75. 
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