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ABSTRACT 

Complex networks can be observed in many areas ranging from ecological and biological 

to technical systems. Complex systems have many interacting components which make their 

dynamics non-linear. This makes it difficult to calculate important properties of the system such 

as resilience. The resilience of a system is how persistent the system is against external 

perturbations. 

 Node centrality determines the importance that a node plays in the effective working of a 

network. The effect node centrality plays on the transition taking place was explored. Resilience 

has been defined based on the fraction of nodes that needs to be removed before the system fails. 

The fraction of nodes to be removed have been calculated statistically by calculating the centroid 

of the transition distribution. The logic used for defining resilience this way was that if the 

system transitions into the unwanted lower equilibrium state after a small perturbation it has a 

lower resilience than the system which transitions to that state after greater perturbation.  

The values of resilience obtained from the transition distribution agree with the trend in 

resilience shown by the effective control parameter, β
eff

. It was concluded that the node 

centrality plays an important part in the transition distribution and hence it is important to 

identify the important or the most central nodes in the system also known as ‘hubs’. 

The current work proposes to lay a foundation to predict the dynamics of the same 

complex network with the help of Artificial Neural Networks. The recurrent Artificial Neural 

Networks have been trained using the data obtained by solving the set of non-linear ordinary 

differential equations which describe the spatial and temporal dynamics of the system. These 
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equations have been solved numerically by a self-developed solver based on the Runge 

Kutta 4 algorithm. The architecture chosen for the neural network was the Simple Recurrent 

Neural Network. The Levenberg-Marquardt algorithm was used for training the neural network. 
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1 

INTRODUCTION 

1.1 OBJECTIVES AND SCOPE 

The main objective of this thesis is to examine resilience using a formulation that is 

known to display universal resilience patterns and to define resilience in a manner that accounts 

for node centrality.  

To accomplish this objective the following tasks were undertaken: 

• Reproduce the universal resilience function results by Gao, et al. (2016) to establish a 

baseline dataset that can be used for validation and verification. 

• Examine previously studied random perturbations, i.e. node removal, link removal, and 

global weight change, known to affect the transition between resilient and non-resilient 

equilibrium states. 

• Examine a new type of random perturbation, i.e. link addition, and how it affects the 

transition between resilient and non-resilient equilibrium states. 

• Use the topology of the complex network to identify the central nodes and rank order 

these nodes in terms of degree, i.e. number of links associated with each node. 

• Perturb the system in terms of descending and ascending node centrality to observe the 

impact this has on the transition between resilient and non-resilient equilibrium states. 

• Define a new measure of resilience based on the distribution of the transition states for 

both random and node central perturbations. 
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• Employ a highly simplified implementation of neural networks to reproduce the results of 

Gao, et al. (2016) to gain an understanding of the challenges associated with modeling 

complex network behavior using neural networks. 

1.2 MOTIVATION 

 I think the next [21st] century will be the century of complexity’, these were the words of 

Stephen Hawking. The reason that he said this stemmed from his feeling that learning about the 

properties and workings of a complex system will lead to a better understanding of the universe. 

Complex systems are omnipresent in nature and can also be seen in some technological systems. 

These systems have certain properties such as self-organization, emergent behavior, and 

resilienceComplex systems are composed of numerous individuals or agents interacting with one 

another. The interactions among these individually intelligent agents gives rise to a collective 

behavior which can be seen on the macro scale. This emergent behaviour is of huge interest to 

the society as it promises areas of application ranging from economics, management, 

epidemiology, defense to technological systems such as the internet. There have been two 

approaches to model the highly nonlinear behavior of these complex systems -Agent Based 

modelling and Complex Networks. 

 Important properties of complex systems include—self-organization, emergence, 

modularity and resilience. There has not been much effort to quantify these properties using a 

mathematical framework. This has grabbed the attention of scientists, mathematicians and 

physicists world-wide because complex networks are widespread and learning the properties of 

these networks will open new thought processes for designing better infrastructures and 

technological systems. 
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1.3 LITERATURE SURVEY 

 The literature review was done which included the important work done in the field of 

Complex Networks. As the complex network under consideration is an ecological network and 

the state parameter is population, the study of population dynamics was carried out. The property 

of complex network which needed quantification was resilience and so the work done previously 

by researchers was considered. 

1.3.1 RESILIENCE 

 The number of parts and the increase in the interaction between the parts of modern 

technologies have led them to transition from a complicated system to a complex system[1]. An 

automobile has around 30,000 parts[2]. A Boeing 747-400 has around six million components 

with 274 km of wiring[3]. As the design of advanced technological systems is becoming more 

and more complex, we need to understand how to make these systems resistant to failures. The 

property of the system which makes it persistent against failures is called as ‘resilience’. 

To get an intuition about what resilience means one can find the definition of the term 

resilience in several English dictionaries. The Oxford dictionary defines resilience as “the 

capacity to recover quickly from difficulties; toughness.” The Merriam Webster defines 

resilience as “an ability to recover from or adjust easily to misfortune or change.” The resilience 

of a system can be defined as a systems capability to maintain smooth functioning even though 

some component of a system fails or there are some environmental perturbations which opposes 

the system. [4, 5] 

 Holling [6] had defined the resilience of a system as the ability of the system to maintain 

proper functioning even after it has been subjected to changes in external conditions. So, the 
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probability that a system will collapse or fail determines how resilient the system is. Martin et al. 

[7] defined resilience mathematically based on attraction domain point of view. The authors 

discuss the limitations of this definition and go on to define the property using the mathematical 

theory of viability. The authors implemented these concepts to an ecological model of grassland 

of Savannah. Based on the dynamical theory, the authors defined resilience mathematically 

based on the inverse of the time taken for the system to return to the attraction domain and 

finally reach a stable equilibrium in that domain or the distance between the favorable and non-

favorable attraction domains.  

1.3.2 COMPLEX NETWORKS 

 Complex networks are those networks where the connection between the various 

interacting elements are neither completely regular nor completely random. Most of the networks 

seen in real life such as gene regulatory networks, transportation and social networks are 

complex. 

1.3.2.1 COMPLEX NETWORKS: AN OVERVIEW 

 Networks are omnipresent in nature and abound in technological systems[8]. The human 

body has a network of blood vessels which is assigned the important task of supplying all the 

parts of the body with oxygen. There is also a network of nerves which perform the function of 

providing senses to all the part of the body. The human brain, which is inarguably the most 

potent processing unit in the whole universe is also a network of neurons.  

 Technological systems such as electrical networks, communication networks, oil 

pipelines, transportation networks, financial networks are critical infrastructures that drive the 

modern society[8]. Many of these networks are interdependent. For example, a communication 
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network is dependent on a power network and the power network is also dependent on the 

communication network for its control and functioning. Till recent times, single networks were 

studied but due to modern infrastructures being dependent on each other it has become crucial to 

study how the interdependency affects the resilience of the system. 

There have been a few researchers who have studied the robustness of interdependent 

networks. Buldyrev et al.[9] studied the robustness of interdependent networks by studying the 

cascade of failure that led to a blackout in Italy. The two interacting networks considered were 

the internet and the power grid. The author concluded that an interdependent system can fail 

much more easily than a single network because failure of just a small fraction of nodes can lead 

to a completely fragmented network. Osorio et al. [10] studied the interdependent network which 

included the Power grid and the dependent water pumping stations located in the Shelby County 

of Tennessee For modelling interdependence the probability that one node fails in network A is 

decided by the conditional probability based on the condition that a node in network B has failed. 

An important observation made by the authors is that the removal of important nodes in one 

network might not have any effect on the other network because the important nodes in that 

network might not be the ones responsible for the interface with other network. 

Radicchi et al.[11] presented a theory which studies the abrupt transition in structure of 

two interdependent networks. The paper discusses how interdependent networks might be ‘more 

fragile’ as compared to isolated scale free networks. The critical point at which the transition 

happens is found. The authors claimed that their theory can be used to design systems in which 

such abrupt changes, like failures, are prevented. Thus, the systems can be designed to be more 

robust. 
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To understand how a complex network may fail one has to consider the types of networks 

and the ways in which networks can fail. One of the modes of failure is called ‘Cascade of 

failures’[9, 12, 13]. In this mode of failure, a single node or a small number of nodes fails due to 

which the load on the other nodes increases. If the load on the other nodes is greater than their 

capacity to withstand it, they fail too triggering a Domino effect and the entire system fails. On 

November 9, 1965, a faulty relay at Adam Beck station caused the tripping of a high-power 

voltage line. This resulted in a greater load put to the subsequent transmission lines which failed. 

Thirty million people were affected for around 13 hours in the northeastern part of US and 

Canada. A similar event occurred on 14-15 August 2003, when a high-power voltage line shut 

down due to overgrown trees and the domino effect led to power failure in eight northeastern US 

states and southeast Canada. Eleven people died and there was $6 billion worth of damage[14]. 

Crucitti et al.[13]  proposed a model for cascading failures in real life networks such as the 

electrical network and the internet. They have shown that in heterogenous networks and small 

world, “scale-free” networks, even the failure of a single component or a small number of 

components of the system can cause the complete collapse of a system. 

J. Ash et al.[15] presented a way of making complex networks resilient to cascading 

failures. This method defined an efficiency function which is the inverse of the distance between 

the two nodes and optimized this function by an evolutionary algorithm. The researchers started 

with 50 nodes, which were randomly connected, and the adjacency matrix was assigned ‘1’ 

wherever the two nodes were connected. Then the adjacency matrix was mutated in various ways 

to find out which configuration of the network gives better efficiency. Then the final interaction 

matrix was analyzed for average shortest path length (L) and clustering coefficient(C). It was 
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found that as the efficiency value increased as the clustering coefficient increased, and the 

average shortest path length decreased. 

1.3.2.2 ECOLOGICAL NETWORKS  

 Ecosystems are networks through which energy and resources flow[16]. Network 

analysis provides a powerful tool through which the structure of the network can be understood. 

Through network analysis the properties of the network such as its resilience and stability can be 

quantified. An ecological node in the network can represent a plant or an animal or even species. 

 The interaction that takes place between the different nodes can be of two types [16]: 

1. Antagonistic trophic interaction: Antagonism, in ecology, an association between 

organisms in which one benefits at the expense of the other. In the food web there are 

predators and prey which exhibit this kind of interaction. 

2. Symbiotic interactions: They are mutualistic interactions where both nodes have a 

positive effect due to each other’s presence. This is exhibited in plant-pollinator, plant-

ant, clownfish-sea anemone and many more networks. 

There are some species, called ‘Keystone species’ that are crucial to the ecosystem and 

their extinction could lead to the extinction of many other species[17]. For example, if a predator 

becomes extinct, the prey population can increase. This boom might create problems if the prey 

consumes nutrients at a faster rate than they can be replenished. Other species dependent on 

these nutrients may become extinct too in such circumstances. The live example of this 

phenomenon can be seen in Yellowstone national park where the foxes became extinct due to 

excessive hunting. Soon the elk population grew, and they fed on the vegetation causing soil 
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erosion. The reintroduction of wolves into the park in 1995 helped curb this population boom 

and bring the ecosystem into balance[18]. 

Robert M. May [19] discussed  about the dynamics of many multi-species system 

including herbivore-grassland, the harvesting of animals such as fish and human host-parasite. 

He has shown by solving the mathematical model of these systems based on the logistic equation 

and a reducing factor, how the system can exist in multiple stable states. Furthermore, the Author 

has proved that these stable states are subject to the initial conditions of the system. The author 

also gives a new understanding to the term, ‘resilience’ by saying that the ability of the system to 

endure perturbations while not collapsing into another stable state is called resilience. Similar 

observations were made in the current project where at a critical transition point the population 

of the specie under consideration dropped from a high stable equilibrium point to a lower stable 

equilibrium point. 

Holling[6] gives numerous real world examples such as fishes in the Great Lakes, where 

the population of a certain species of fish dropped precipitously after exploitation for many years 

and even after stopping the exploitation the specie did not rise to the same population .The 

author described the shift from high to low population as a change from a high equilibrium point 

to a low equilibrium point .From this perspective the author says that it does not matter how 

stable the system is within one domain of attraction and the more important thing to be 

considered is when the system changes the domain and how likely it is to remain in that domain. 

 Population dynamics is the study of how and why populations change in size and 

structure over time[20]. Important factors in population dynamics include rates of reproduction, 

death and migration. The equation (1.3.2.2.1) was used to model the population dynamics of 

living organisms 
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dx

dt
=rx                      (1.3.2.2.1)  

where,  𝑑𝑥/𝑑𝑡 Is the rate of population growth, 𝑟 is the per capita rate and 𝑡 is the time. 

If the per capita rate r is a constant, it gives rise to an exponential population growth. This 

means that the population will go on increasing and this is not observed in real life. In real life 

situations, the population rises at the start and then achieves a steady value which depends on the 

carrying capacity of the population. The logistic equation takes this into consideration. 

The logistics equation describing the population growth is given by Equation 1.3.2.2.2, 

                         
dx

dt
=rmax. (

K-x

K
) .x                                                (1.3.2.2.2) 

where, 𝐾 is the carrying capacity of the population. 

Courchamp et al.[21] discussed the inverse dependence of density on population 

dynamic. The inverse dependence term or the Allee effect was added to the logistics equation for 

a more realistic modelling of ecological system. This meant that when the population was near 

zero there was a chance of a decrease in the rate of population. The reasons mentioned for this 

were inbreeding, inactive interaction between the males and females of the species and inability 

to defend from predators. 

The Logistics equation considering the Allee effect is given by, 

             
dx

dt
=rmax.x. (1-

x

K
) . (

N

C
-1)                                         (1.3.2.2.3) 

where, 𝐶 is the critical point after which the growth rate starts increasing. 
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1.3.3 GRAPH THEORY 

Graph theory which provides the mathematical framework for network science started 

with a puzzle formed in Konigsberg. Seven bridges were built across the river Pregel to facilitate 

easy trade. The bridges were connected in a way shown in the Fig. 1.3.3.1. ‘Can one walk across 

all seven bridges and never cross the same one twice?’ that was the puzzle. Despite many 

attempts, no one could find such path. In 1735, Leonard Euler[22], a Swiss born mathematician, 

proved mathematically that such a path does not exist. This was the first time in history that a 

mathematical problem had been solved using the properties which were encoded in the topology 

of the graph and graph theory was born. 

 

Fig. 1.3.3.1 Seven Bridges of Konigsberg 

The important components that make up graphs are nodes/vertices and edges/links[23]. 

Nodes or vertices are the indivisible parts of a graph which are shown by a circle. In the current 

work the nodes of the graph represent ecological elements such as plants, pollinators and 

anemones. The relationship between two nodes can be shown in the graph with the help of edges 

which are lines drawn between two nodes. A sample unipartite, unweighted, and undirected 

graph is illustrated in Fig 1.3.3.2. Sometimes the strength of connection is mentioned as 

‘weights’ on top of these edges[23]. 
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           Fig. 1.3.3.2 A sample unipartite unweighted undirected graph 

The important statistical properties of a graph include[23]: 

1. Degree: It is the number of links attached to a node in the graph. 

2. Strength: It is the sum of the weights of the links attached to a node in the graph. 

3. Clustering Coefficient(C): The clustering coefficient captures the degree to which the 

neighbors of a given node link to each other. C equals to zero when none of the neighbors 

of node i link to each other equals to one when all the neighbors of node I are connected 

to each other  

4. Average Path Length(L): It’s the average of the shortest paths between all nodes in a 

graph. 

1.3.3.1 BIPARTITE GRAPHS 

Often, in nature, one set of nodes depends on another set of nodes[24]. This type of a 

mutualistic symbiotic association can be seen amongst plant-pollinators, fishes-anemones etc. 

Thus, when there are two disjoint sets of nodes connected by vertices in such a way that each 

node in one set is connected to a node in the other set, a bipartite network is formed[24]. The 

interaction between two groups of individuals can be captured in a network as shown in Fig. 

1.3.1.1.1. 

  

 

 

 
Nodes 

Links 
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Fig 1.3.3.1.1 Bipartite Graph  

Consider this bipartite network which is formed by joining two disjoint sets u and v who have 

u1, u2, u3 and v1, v2 as their individual components. The bipartite adjacency matrix or bi-

adjacency matrix can be written as follows[24]: 

                𝑣1 𝑣2 

       𝑀 =
𝑢1
𝑢2
𝑢3

[
0 1
1 0
0 1

]                                           (1.3.3.1.1) 

Ecological bipartite networks including the Fish-Anemone network and Plant-Ant network were 

considered in this thesis and the bi-adjacency matrix is obtained from an online database[25]. 

In the ocean the anemones and the fish(clownfish) have a highly interdependent 

relationship. They are, what is called, “obligatory symbionts”, which means one cannot survive 

without the others help. This help constitutes of protection from predators and exchange of 

nutrients. Not all fishes are compatible with every anemone and hence there is interaction 

between certain pairs[26]. This interaction has been captured by scientists in an interaction 

matrix. Similar interactions between plants and pollinators have been noted down by scientist in 

terms of an interaction matrix.  
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 When there are two sets of nodes in the graph and one wishes to study the dynamics of a 

set of nodes then it is required to project the graph[27]. Projecting a graph means splitting the Bi-

Adjacency Matrix M into two unipartite adjacency matrices. In the current work the Bi-

Adjacency matrix M ,which captures the interaction between the various nodes  is projected into 

‘A’ and ‘B’ using the algorithm used by Gao et al.[4]. 

Zhou et al.[27] proposed a network based resource allocation dynamics method to project 

a bipartite network. It’s a weighted method and the one mode projection of the bipartite network 

is a weighted adjacency matrix. As there is a loss of information when a bipartite is projected 

onto a single or a multigraph, the authors have suggested to use the bipartite network for 

quantifying the weights in the projection graph. 

1.3.3.2 NODE CENTRALITY 

It is important to identify the nodes which are central or important to the networks[28]. 

Often in small world networks, there are a few nodes which hubs they are i.e. have a short path 

length and a high clustering coefficient. To make the system resilient to attacks these hubs must 

be protected at all costs because if they are attacked the whole system collapses quickly. 

Consider the sample network shown in Fig. 1.3.3.2.1 and the degree of its various nodes. 
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Fig 1.3.3.2.1 A sample unweighted network 

Table 1.3.3.2.1 Degree of the nodes  

Node Number Degree 

1 3 

2 2 

3 1 

4 2 

5 2 

 

Now consider the same network with weights placed on all links. 

 

Fig 1.3.3.2.2 A sample weighted network 
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Table 1.3.3.2.2 Strength of the nodes  

 

 

 

 

The node with the highest degree is node 1 but the highest strength is node 2. As the 

networks under study for the current work were weighted networks their node centrality was 

measured based on the strength of the nodes. 

Opsahl [28] proposed a way to calculate the three values which determine the node 

centrality-degree, closeness and betweenness for weighted networks. The main aim the author 

had in mind was to take into consideration both the weights of the network as well as the degree 

while calculating these centrality parameters as opposed to just the weights. In the formulae that 

the author suggests, he has included a tuning parameter, which gives relative importance to 

weights and degree and has observed the variation that the results yield if one changes this tuning 

parameter. For calculating the closeness, the author has used the Dijkstra’s algorithm[29] to find 

the least costly path. 

1.3.3.3 SMALL WORLD THEORY 

 We often find acquaintances in the places where we least expect to find them and often 

state, “It’s a small world”. Duncan Watts had heard from his father that, “You are only six 

handshakes away from anyone in the world”. To check if there was any truth behind this claim 

Duncan Watts and his professor Dr. Steve Strogatz did research about networks and found 

something very interesting about their topology. To put that into perspective with today’s 

Node Number Degree 

1 0.3 

2 0.4 

3 0.3 

4 0.3 

5 0.3 
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internet generation being ever more connected to each other through online social networks, 

Facebook had announced that the mean degree of freedom for its 1.59 billion active users at that 

time was 3.57[30]. 

Watts et al. [31] published a paper on the dynamics of small world networks in which 

they studied the structural properties of the network such as the Characteristic Path Length and 

the Clustering Coefficient. They first studied it for a regular network where four edges join a 

vertex with four of its neighboring vertices. Then, they rewired the system such that some of the 

nodes lost their previous connection and joined the edges to another node which had a path 

length greater than that of a regular network. It was observed by the authors that with this 

rewiring of a few edges to faraway nodes decreased the Path length of the entire network while 

the clustering coefficient of the regular network was maintained to the same value. The authors 

then studied three networks — neural network of the nematode worm C. elegans, US power grid 

and US film actors and found these three networks to possess this small world property. The 

limitation of this model is that it considers only a fixed number of nodes and hence cannot be 

used to model network growth. 

 

Fig 1.3.3.3.1 Watts and Strogatz model for Small-world networks[31] 

Reprinted by permission from Springer Nature [Nature], Collective dynamics of ‘small-

world’ networks, Duncan J. Watts, Steven H. Strogatz (1998). 
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Albert et al.[32] created an algorithm to follow the URL that is linked to and from a 

particular document on the World Wide Web to find the diameter of the network. They mapped 

the degree distribution for the World Wide Web and noticed that it follows a power law 

distribution. Also, they were able to calculate the average diameter of the Web as < 𝑑𝑤𝑒𝑏 >=

18.59, based on the assumption that there were 8 × 108 Documents, which meant that two 

documents were only 19 clicks away on the internet. They have even predicted that if the number 

of documents increase by 1000% the diameter will still increase in value of 2-3 because of the 

logarithmic dependence on the number of number of documents on the diameter. This showed 

that even though the network contained many nodes, the topology of the network was such that 

any two nodes were near to each other. 

Barabasi et al. [33] studied how the scale free nature of random network arose. They have 

given primary focus on two phenomena-Growth of the network by new vertices getting attached 

to the network and preferential attachment of the new vertices to the nodes having higher 

degrees. These considerations were missing in the Watts and Strogatz model [31] and paved the 

way for further understanding of small world networks. 

1.3.4 NEURAL NETWORKS 

 McCullochs et al. [34] put forth the idea of an artificial neuron by proposing the structure 

of a computational neuron in 1943. It had a “all of none” characteristic which means that if 

summation of the weights and inputs is greater than a set threshold the neuron fires. The output is 

in binary form of either ‘1’ or ‘0’.  

 The single neuron which grew to multi-layer perceptron was able to perform accurately 

in making predictions based on previous user inputs. Now, there are architectures available for 

specific purposes. For e.g. if one wants the neural network trained for image classification the 
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best topology is the convolutional neural network with ReLu as its activation function[35]. The 

important feature of artificial neural network is its ability to be trained on highly nonlinear data. 

It has proven worthy even if the dataset is incomplete or noisy. The time series acquired from 

solving the system of ode’s is nonlinear in nature. For the forecasting of such a nonlinear time 

series a recurrent neural network is deemed useful and hence a simple recurrent neural network 

is used. 

 Rumelhart et al.[36] proposed a method for the learning of a network of neurons, which 

was based on gradient descent. This technique paved the way for many further learning 

methodologies in Artificial Neural Networks. In spite this technique having some caveats such as 

getting stuck in the local minima of the problem and not converging to the global minima, it has 

shown great promise in many engineering applications. It is mathematically easier to define, and 

its convergence can be accelerated by adaptive learning rate and inertia. 

Elman et al.[37] put forth a new architecture for the Artificial Neural Network based on 

the architecture proposed by Jordan[38] and was proven to be suitable for forecasting temporally 

dynamic systems. This was a partially recurrent feedforward neural network in which the outputs 

of the hidden layer made use of the context layer which stored a copy of the hidden layer outputs 

in the previous time steps and used these outputs to give input to the hidden layer units in the 

next time step.  

Hagan et al.[39] incorporated the Levenberg-Marquardt algorithm[40, 41], which is a 

modification of the Newton-Gauss method, in backpropagation algorithm. They then compared 

the performance of Marquardt algorithm to backpropagation with variable learning rate and 

variable learning rate and have shown that the Marquardt algorithm is the most efficient amongst 
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the three. Also, this algorithm has been proven to be efficient if the system contains 100 or less 

weights. 

Multiple researchers have implemented simple recurrent neural networks for the 

forecasting of non-linear dynamics. Connor et al.[42] showed that feedforward neural networks 

are nothing but a type of NAR (nonlinear autoregressive model) and that recurrent neural 

networks follow the NARMA methodology. Thus, recurrent neural networks, which were based 

on the least square technique proved to be a good technique for forecasting which has been 

shown by power electric time series. Saad et al. [43] compared the stock prediction using three 

different neural networks-time delays, recurrent and probabilistic neural network. The recurrent 

neural network with a single input, single output and eight hidden nodes was found to have a 

very good prediction because it could dynamically include the past experience because of its 

inherent recurrence which made it the most powerful network amongst the three. Giles et al.[44] 

showed how applying SOM to a noisy data set and then training it with simple recurrent neural 

networks decreases error considerably. The author proved that the error decreased from 47.1% to 

40% using this technique. The SOM (Self organizing map) was used to reduce the 

dimensionality while the simple recurrent neural networks trained the data effectively as it stored 

the internal temporal dynamics of the system as context weights.  

Zhang et al.[45] discussed various state of the art artificial neural networks. The 

important parameters of some Artificial Neural Network are-the architecture of the neural 

network, the learning algorithm, the number of hidden layers, the number of nodes in the hidden 

layer and the activation function. It has been mentioned that Klimasauskas (1991) recommended 

that the hyperbolic tangent, be used as an activation function for forecasting problems. Also, it 
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has been mentioned in the paper that Rumelhart et al.[36] have illustrated the use of a linear 

activation function for the output nodes is appropriate for a forecasting problem. 

A few researchers have implemented a hybrid model which makes use a moving average 

scheme coupled with a recurrent neural network which has been used to forecast non-linear time 

series. Zhang [46] developed a hybrid of two techniques ARIMA (Autoregressive integrated 

moving average) and artificial neural network to create a hybrid model for the purpose of time 

series forecasting . He trained this data on three well known time series – Wolfs sun-spot, the 

Canadian lynx data and the British pound /US dollar conversion and tested them using the 

ARIMA, ANN and the hybrid model. The hybrid model yielded the best results with the lowest 

Mean squared error and the lowest mean absolute deviation. The limitations of ARIMA in its 

ability to model only linear time series have been overcome by the ANN ability to model 

nonlinear data, making the hybrid model an effective and robust technique for time series 

prediction.Aladag et al.[47] proposed a similar model which was used to forecast the Canadian 

lynx dataset and yielded better results than other authors because the mean squared error of their 

model is the lowest.  

Freitag et al.[48] proposed a novel technique for the prediction of time- dependent 

properties of materials as the change in time leads to a change in the surrounding temperature 

and humidity. In this paper, the author used a simple recurrent neural network with two hidden 

layers to predict the structural parameters which are quantified as fuzzy processes. For the 

verification of this model two plates of textile reinforced concrete were given loading and the 

temperature, humidity and the displacement were monitored. The load, the humidity and the 

temperature were fed into the recurrent neural network to give the displacement as the output. 
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Using this model, the authors could predict the displacement of textile reinforced concrete for 

two different loads accurately. 
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2 

METHODOLOGY 

2.1 GOVERNING EQUATIONS 

The Runge Kutta fourth Order method is one of the fastest and most accurate techniques 

for numerically integrating an ode or system of ode’s[49].The coupled system of nonlinear 

equations which describe the system of N nodes can be written as follows: 

            
dxi

dt
=Bi+xi (1-

xi

Ki
) (

xi

Ci
-1) + ∑ Aij

xixj

Di+Eixi+Hjxj

N
j=1      (2.1.1) 

From the above equation it is can be seen that the state parameter 𝑥 is a function of time. 

                                                             𝑥 = 𝑓(𝑡)                                                        (2.1.2) 

and 

x1'=f1(t,x1,x2,x3…..,xn) 

x2'=f2(t,x1,x2,x3…..,xn) 

 .                                                                                                                                   (2.1.3) 

 . 

xn'=f1(t,x1,x2,x3…..,xn) 
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2.2 BOUNDARY CONDITIONS  

The universal resilience function shows. The initial conditions used to solve the system of 

ode’s are 𝑥0 = 0 and 𝑥0 = 5. 

2.3 TRANSFORMATION: MULTIDIMENSIONAL TO UNIDIMENSIONAL 

 The traditional method of computing the resilience function is to make the system of 

ode’s into a function which depended on dynamics and control parameter. The control parameter 

for this system has been named 𝛽. 

                                                              
dx

dt
=f(β,x)                                                              (2.3.1) 

So, Gao et al. formulated the equation 2.1.1 in the form of 2.3.1 as follows: 

             
dxeff

dt
=B+xeff (1-

xeff

K
) (

xeff

C
-1) +β

eff

xeff
2

D+(E+H)xeff
               (2.3.2) 

Where, 𝛽𝑒𝑓𝑓 is calculated by the following formula;  

    β
eff

=

∑ (A×A)N
i=1
j=1

∑ AN
i=1
j=1

                                                  (2.3.3) 

Where 𝑥𝑒𝑓𝑓 is calculated by the following formula; 

    xeff=

∑ (A×x)N
i=1
j=1

∑ AN
i=1
j=1

          (2.3.4) 

Here 𝑥 is the array (𝑛 × 1) of steady state values of all the nodes. 

The equilibrium points were obtained by equating (2.3.2) to 0, as follows: 
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                  B+xeff (1-
xeff

K
) (

xeff

C
-1) +β

eff

xeff
2

D+(E+H)xeff
=0                          (2.3.5) 

Therefore, 

             β
eff

(xeff)=- [B+xeff (1-
xeff

K
) (

xeff

C
-1)]

D+(E+H)xeff

xeff
2                   (2.3.6) 

The function seen in Equation 2.3.4 is called the universal resilience function[4]. The 

universal resilience function is plotted in Fig. 2.3.1. As the Equation 2.3.4 is cubic, it yields three 

roots. The negative region of the plot is hatched to indicate that a negative 𝛽𝑒𝑓𝑓 has no physical 

significance because there cannot be negative interaction between the nodes. The region from 

𝛽𝑒𝑓𝑓 = 0 to 𝛽𝑒𝑓𝑓 = 6.97 = 𝛽𝑐𝑟𝑖𝑡1 that is marked by a solid line is the lower equilibrium state. 

The region marked by the dotted line is the unstable region where the Equation 2.3.4 has no 

linear stability. The upper region marked by solid line is the upper equilibrium state. 

 

Fig. 2.3.1 Universal Resilience Function 

𝛽𝑒𝑓𝑓 

𝛽𝑐𝑟𝑖𝑡1 

𝑥𝐻 

𝑥𝑀 

𝑥𝐿 

𝛽𝑐𝑟𝑖𝑡2 
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2.4 PROJECTION: BIPARTITE TO UNIPARTITE NETWORK  

The study of the dynamics of a bipartite network is often done by splitting or projecting 

the bipartite network and then studying the dynamics of the two unipartite networks.  

The network M in the Fig 2.4.1 shows the interaction between 10 anemones and 26 

fishes. The interaction matrix or the Bi-adjacency Matrix, M, has been downloaded from[25]. 

Gao et al. [1] has devised a method of projecting the bipartite network M of (𝑛 × 𝑚) into two 

weighted unipartite networks A (𝑛 × 𝑛) and B (𝑚 × 𝑚). 

The unipartite networks were weighted using the following logic: 

1. If two fishes share the same anemone there will be more interaction among themselves. 

2. If the same fish is compatible with multiple anemones then the distribution of nutrient’s that 

the fish provides the anemone increases and the nutrients made available to each anemone it 

visits decreases. 

Using this logic, Gao et al.[4] came up with a formula to calculate the adjacency matrix 

for the unipartite network A. The unipartite networks got by Gao’s algorithm were used in the 

analysis of the system. In the Fig 2.4.1, the red circular nodes represent the anemones, while the 

blue square-shaped nodes represent the fishes. A sample bipartite network shown in Fig. 2.4.2 is 

projected into two unipartite networks using Gao et al.[4] logic.  

Aij= ∑
∆(MikMjk)(Mik+Mjk)

∑ Msk
n
s=1

m
k=1      (2.4.1) 

If 𝑀𝑖𝑘&&𝑀𝑗𝑘=1 then, ∆(𝑀𝑖𝑘𝑀𝑗𝑘) = 1 otherwise 0. [4]  
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Fig 2.4.1 Projecting a bipartite network of fish-anemone to two unipartite networks[50] 

 

Fig 2.4.2 Projecting a sample bipartite network 
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2.5 NUMERICAL METHODS 

To avoid computational errors introduced by the MATLAB ode45 solver a solver based 

on the RK4 algorithm was developed. Consider that there is a system of n equations and we have 

divided the total time in m timesteps. Let’s denote the value of x at node i and timestep j as xij, 

where i varies from 1 to n and j varies from 0 to m-1. The RK4 Algorithm for solving system of 

ode is discussed in detail in Appendix A.2 [51]. The pseudo-algorithm is as follows: 

FUNCTION RK4forsystemofode 

DEFINE the time interval 

DEFINE the time vector 

Find length of time vector and let it be a constant m. 

LOAD the adjacency matrix A into the code. 

DEFINE the number of nodes n equal to the length of the adjacency matrix. 

CREATE a matrix ‘x’ which has n rows and m columns and INITIALIZE with zeros. 

INITIALIZE for all x at t=0 

FOR i=1←n 

 x(i,1) = initial value; 

end 

CREATE matrix k with n rows and 4 columns 

CREATE matrix dxdt with n rows and m columns. 

FOR l=2←m 

ARRAY dxdt← FUNCTION dxbydt (all rows of x at column (l-1), A); 

FOR i=1←n 

    CALCULATE k11, k21, k31…kn1 
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     END FOR 

ARRAY dxdt← FUNCTION dxbydt (all rows of x at column (l-1) + (all rows of k for first 

column)/2, A) 

FOR i=1←n 

    CALCULATE k12, k22, k32, k42….kn2 

     END FOR 

ARRAY dxdt← FUNCTION dxbydt (all rows of x at column (l-1) + (all rows of k for second 

column)/2, A) 

     FOR i=1←n 

 CALCULATE k13, k23, k33, k43…kn3 

     END FOR 

    array dxdt← FUNCTION dxbydt (all rows of x at column (l-1) + (all rows of k for third 

column, A) 

     FOR i=1←n 

    CALCULATE k14, k24, k34, k44…kn4 

     END FOR     

     FOR m=1←n 

        CALCULATE x (m, l) =x (m, l-1) +(1/6) *(k(m,1) +2*k(m,2) +2*k(m,3) +k(m,4)); 

    END FOR 

END FOR 
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2.6 RESILIENCE BASED ON TRANSITION DISTRIBUTION 

  The node centrality measure for weighted networks is strength of the nodes. To 

understand how resilient the system is to intelligent attacks the most important nodes i.e. the 

nodes with the greatest strength were deleted first. To define resilience the centroid of the 

transition distribution, based on the random removal of nodes over multiple cycles, was 

calculated. 

2.6.1 NODE STRENGTH 

  Node strength is the sum of the weights of all the links going to and fro from a node. As 

the projected unipartite networks are weighted strength was chosen as the measure for node 

centrality. For studying the effect node centrality had on the transition point, the strength of each 

node was calculated. The nodes with the highest strength were deleted first and then the 

transition point was observed. Then the nodes with lowest strength were deleted first and the 

effect of this on the transition point was observed. 

The pseudocode for finding the most central nodes based on strength is as follows: 

CLEAR all the variables  

LOAD the adjacency matrix 

%Calculating the degree 

FOR i←0: Number of nodes to be removed: n 

 FOR j←0: Number of nodes to be removed: m 

             If A (j, i) ≠ 0 then Adegree (j, i) ← 1 

 END 

END 
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Anode degree← sum of all rows of a column of Adegree 

ARRANGE the Anode degree in the descending order  

Anode strength← sum of all rows on a column of A  

ARRANGE the Anode strength in descending order 

 

2.6.2 RESILIENCE MEASURE: R 

 The resilience of the system depends on the effective control parameter or 𝛽𝑒𝑓𝑓. The 

reason Gao et al.[4] has called 𝛽𝑒𝑓𝑓 as the parameter depicting the resilience is that higher the 

𝛽𝑒𝑓𝑓 farther the system is away from the critical point at which transition takes place. The 

Equation 2.4.4 indicates that the control parameter is a function of 𝑥𝑒𝑓𝑓. This means that if the 

transition of the system from the higher equilibrium state to the lower equilibrium state takes 

place for a lower value of the fraction of nodes removed, lower is the resilience of that system 

and vice-versa. Based on this thought-process, the resilience for the system was defined as the 

centroid of the transition distribution. 

                               R=Centroid of the transition distribution                                 (2.6.2.1) 

 A distribution of transition points was plotted. The y axis was kept as the frequency while the 

x axis is kept as the bins which represent the fraction of nodes to be removed for the system to 

collapse. Consider that Ar is the area under the frequency distribution and that 𝑥𝑖 is the x 

coordinate of the centroid of the area 𝐴𝑟𝑖. Then the centroid of the transition distribution is  

                                                          R=
∑ Ari.xi

n
i=1

∑ Ari
n
i=1

                                                              (2.6.2.1) 
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The area under the frequency distribution is calculated by multiplying the width which is the bin 

range to height that is the frequency or number of times the system collapsed between that zone.  

                                                   Ar=freq×width of bin                                              (2.6.2.2) 
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3 

VALIDATION AND VERIFICATION 

3.1 VALIDATION OF RUNGE KUTTA SOLVER  

 The dynamics of the complex network represented by the set of ordinary differential 

equations in 2.1.1 were solved by Gao et al.[4] using the ode45 solver which is inbuilt in 

MATLAB. To avoid the computational error caused by ode45 solver a self-developed code 

based on the RK4 algorithm was used to numerically integrate the equations. To validate that the 

self-developed solver predicted the dynamics of the system in an accurate manner, results 

obtained from self-developed solver were compared to the results obtained from ode45. The 

population dynamics of all the nodes in the 10 nodes fish system and 51 node plant system was 

plotted.  

CASE 1:10 Nodes 

The case 1 represents the dynamics of the 10-node anemone system which was projected 

from the fish-anemone system. The y axis depicts the state parameter or the population which is 

a function of time while the x axis portrays the time. The Fig. 3.1.1(i) is the dynamics obtained 

by the ode45 while the Fig 3.1.1(ii) exhibits the dynamics obtained from the self-developed 

Runge-Kutta solver. On observing Fig. 3.1.1(i) and 3.1.1(ii) it was seen that the results from the 

self-developed solver matched the results from the ode45 solver with low RMSE. 
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(i)                                                                     (ii) 

Fig 3.1.1 (i)Result obtained by RK4 self-developed solver (ii) Normalized Root Mean Squared 

Error 

CASE 2: 51 nodes (with no nodes deleted) 

The case 2 represents the dynamics of the 51-node plant system which was projected 

from the plant ant network. The y axis depicts the state parameter or the population which is a 

function of time while the x axis portrays the time. The Fig. 3.1.2(i) is the dynamics obtained by 

the ode45 while the Fig 3.1.2(ii) exhibits the dynamics obtained from the self-developed Runge-

Kutta solver. On observing Fig. 3.1.2(i) and 3.1.2(ii) it was seen that the results from the self-

developed solver matched the results from the ode45 solver with low RMSE. 



34 
 

 

(i)                                                                     (ii) 

Fig 3.1.2 (i)Result obtained by RK4 self-developed solver (ii) Normalized Root Mean Squared 

Error 

3.2 VERIFICATION  

 Verification has been done for the RK4 code and to ascertain that the number of 

iterations used to calculate the value of R is equal or more than that required for R to converge. 

3.2.1 VERIFICATION OF RK4 CODE 

To verify that the code used to solve the system of ode’s is working as expected, we 

assigned all the elements of interaction matrix the value zero and plotted the value of x against 

time. Fig 3.2.1 shows that the output the code gave was the same graph as the one with the 

equation solved without the interaction term. Only the effect of the logistics term and the Allee 

term were observed and this verified the code. 
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Fig. 3.2.1 Verification of the solver 

3.2.2  VERIFICATION FOR R 

 The value of R has been found as the mean of the transition points or the centroid of the 

transition distribution. To confirm that the number of cycles considered for quantifying the value 

for R were adequate we ran the code for several different cycles and noticed the changes. It was 

seen that the value of R fluctuated about a mean position for the 51-node plant system. This is 

displayed in Fig. 3.2.2.1. From this it was verified that the value of R has converged.  
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Fig 3.2.2.1 R against Number of cycles for 10 node anemone system 

 

 

Fig. 3.2.2.2 R against Number of cycles for 51 node plant system 
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4  

RESULTS 

4.1 BASELINE PARAMETERS  

The equations describing the temporal dynamics of the complex system which captures the 

mutualistic interactions between the two interdependent networks are given in Equation 2.1.1. 

Where, Bi = B = 0.1, Ci = C = 1, Ki = K = 5, Di = D = 5, Ei = E = 0.9 and Hj = H = 0.1. The 

constant B is the rate of incoming population. K is the carrying capacity for the logistics term 

and C is the Allee effect constant. The values of the other constants have been taken the same as 

that taken by Gao et al.[4]. 

4.2 PERTURBATIONS: TYPE 1 – NODE REMOVAL 

The first type of perturbation was done by randomly deleting some nodes from the 

system and observing the effect it had on the population. We perturbed the anemone system and 

observed the effect that deleting anemones has on the population dynamics. This was done by 

solving the system of nonlinear ode iteratively. The nodes, which are represented by rows and 

columns of the adjacency matrix ‘A’, were first randomly arranged by using the randperm () 

function in MATLAB. To delete a node, the values of the row and column were made null or 

zero. After deleting the node, the system of ode’s is solved again. This goes on till only one node 

remains. The same process has been carried out for hundred times to get an average. 
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In Fig. 4.2.1 it can be seen that when the ode’s were solved using the initial condition as 

x0=5 the system population decreased as the number of nodes deleted increased. The population 

didn’t fall to the lower stable equilibrium point  xL  but converged to xH. But when the initial 

condition was considered as x0=0, the population started at the same mean as the one with initial 

condition x0=5, but converged to 𝑥𝐿  after a certain fraction of the nodes were deleted. This 

fraction of nodes ranged from 0.2-0.6. The reason for this change in transition point was due to 

the random nature of the removal of nodes. In Fig. 4.2.2 it can be observed that the transition 

occurred when   β
eff

=β
crit

. 

 

Fig 4.2.1 Perturbation type 1 applied to a sample network 
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Fig. 4.2.2 <x> vs Fraction of nodes removed  

  

Fig 4.2.3 xeff vs β
eff

 plotted on universal resilience function (loglog) 

𝛽𝑒𝑓𝑓  

𝑥
𝑒

𝑓
𝑓
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4.3 PERTURBATIONS: TYPE 2 – LINK REMOVAL 

The effect the deletion of links, which joined the plant network with the ant network has 

on the plant network, was studied. Here, the anemone network, which was projected from the 

fish-anemone network was considered. The links were already arranged in a matrix format in the 

adjacency matrix M. At first, numbers equal to the numbers of rows and columns were randomly 

arranged. Then we started choosing the random row and column in the matrix M and deleting its 

value if it is 1. This means that 1 was replaced by 0. The process of removing links  

In Fig. 4.3.2 it can be seen that when the ode’s were solved using the initial condition as 

x0=5, the system population went down as the number of links deleted increased. The population 

still didn’t fall to the lower stable point  xL  but converged to xH. But when the initial conditions 

were considered as x0=0 the population started at same mean as one with previous initial 

condition but converged to xL  after around 30 percent of the links were deleted. 

 

Fig. 4.3.1 Perturbation type 2 applied to a sample network 
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Fig. 4.3.2 <x> vs Fraction of links removed 

  

Fig 4.3.3 xeff vs β
eff

 plotted on universal resilience function (loglog) 

𝛽𝑒𝑓𝑓  

𝑥
𝑒

𝑓
𝑓
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4.4 PERTURBATIONS: TYPE 3 – GLOBAL WEIGHT CHANGE 

In this type of perturbation, the weights of the adjacency matrix were multiplied by a 

fraction to indicate that some sort of a global perturbation occurred. In the physical sense it can 

be understood that some environmental conditions had changed, which was causing the 

perturbation. As this fraction goes on reducing the connections between the nodes becomes 

weaker and the transition from the high stable equilibrium state to the lower stable equilibrium 

state occurs. This is seen in Fig. 4.4.1 and Fig 4.4.2. In the phase diagram, in Fig. 4.4.2 it can 

observed that the bifurcation point is β
crit

.  

 

Fig 4.4.1 Perturbation type 3 applied to a sample network 
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Fig. 4.4.2 <x> vs fractional change weights in adjacency matrix 

  

Fig. 4.4.3 xeff vs β
eff

 plotted on universal resilience function (loglog) 

 

 

𝛽𝑒𝑓𝑓  
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𝑓
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4.5 PERTURBATION: TYPE 4 – LINK ADDITION TO NON-RESILIENT NETWORK 

 In this type of perturbation, links were added to a non-resilient system and the effect this 

had on the system was observed. A non-resilient system is the one which has undergone 

transition to the lower equilibrium steady state. This type of perturbation was not explored by 

Gao. The fish-anemone system has again been considered for this type of perturbation. It was 

done to check what would happen if instead of deleting links, we went on adding links to a non-

resilient system. In Fig. 4.5.1 as the number of links goes on increasing, the average population 

goes on increasing for both the initial conditions. Figure 4.5.1 indicates that adding 10% of total 

number of missing links makes the system go from lower stable equilibrium state to a higher 

stable equilibrium state. The same thing can be observed in the phase diagram Fig. 4.1.8. 

 

Fig. 4.5.1 <x> vs Fraction of nodes removed 
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Fig. 4.5.2 xeff vs β
eff

 plotted on universal resilience function(loglog) 

4.6 RESILIENCE BASED ON TRANSITION DISTRIBUTION 

 We wanted to take into account the effect of node centrality and the effect it has on the 

transition point and base the definition of resilience on this. 

4.6.1 EFFECT OF NODE CENTRALITY ON TRANSITION 

 The concept of node centrality based on ‘degree’ and ‘strength’ was discussed in the 

introduction of this thesis. To demonstrate the effect the node centrality has on the transition 

point, I have found the most central nodes in the plant-ant system. This system was then 

perturbed in three ways. Firstly, nodes were deleted at random. Secondly, nodes were deleted in 

the descending order of node centrality and lastly, the nodes were deleted in the ascending order 

of node centrality 

CASE 1: Deleting nodes randomly 

𝛽𝑒𝑓𝑓  

𝑥
𝑒

𝑓
𝑓
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In this case the nodes are removed at random not considering their strength. In Fig. 

4.6.1.1(i) we can observe how removing the nodes randomly causes the transition to occur at the 

27th node. 

 

(i) 

 

(ii) 

Fig 4.6.1.1 (i) <x> vs number of nodes removed randomly(count) (ii) xeff vs β
eff

  

𝑥
𝑒

𝑓
𝑓

 

𝛽𝑒𝑓𝑓  
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CASE 2: Deleting nodes in descending order of node centrality 

In this case we start deleting nodes with the highest strength and remove the nodes with the 

lowest strength at the end. In Fig. 4.6.1.2(i) we can observe how removing the nodes with 

descending order of importance causes the transition to occur at the 4th node. 

 

(i) 

 
(ii) 

Fig 4.6.1.2 (i) <x> vs number of nodes removed descending order of importance(count) (ii) xeff 

vs β
eff

  

𝑥
𝑒

𝑓
𝑓

 

𝛽𝑒𝑓𝑓  
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CASE 3: Deleting nodes in ascending order of node centrality 

In this case we start deleting the nodes with the lowest strength first and then move on to 

deleting the nodes with the highest strength. From Fig. 4.6.1.3(i) we can see that when the 

central nodes or the hubs were deleted at the end the transition didn’t occur till the removal of the 

48th node. Also, on the phase space diagram it can be noted that only 1 point is there in the low 

state. 

 

(i) 
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(ii) 

Fig 4.6.1.3 (i) <x> vs number of nodes removed ascending order of importance(count) (ii) xeff vs 

β
eff

 

4.6.2 RESILIENCE AS A FUNCTION OF TRANSITION DISTRIBUTION  

 Gao et al.[4] implemented the concept of a control parameter 𝛽𝑒𝑓𝑓 to quantify resilience. 

To quantify resilience, we have defined resilience based on the transition distribution. The 

transition distribution illustrates after what fraction of removal of nodes the system transitions 

into the lower stable equilibrium state. The frequency of the transition taking place after a certain 

fraction of nodes is removed is included on the y-axis of the histogram. Calculating the centroid 

of the transition distribution is essentially calculating the mean of the fraction of nodes at which 

transition takes place. 

 For understanding the significance of the 𝛽𝑒𝑓𝑓 one must remember the value of 𝛽𝑐𝑟𝑖𝑡. The 

resilience would then be how far is 𝛽𝑒𝑓𝑓 from 𝛽𝑐𝑟𝑖𝑡. Instead of this, we have based the definition 

𝛽𝑒𝑓𝑓  

𝑥
𝑒

𝑓
𝑓
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of resilience based on the fraction of nodes that need to be removed for the system to fail. This 

gives us a value of R between 0 to 1. This is much easier to interpret because higher the value 

greater the resilience.   

CASE 1: 10 Nodes system 

 

Fig 4.6.2.1 Transition distribution of 10 node anemone system 

R = 0.294 

CASE 2: 26 Nodes system 
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Fig 4.6.2.2 Transition distribution of 26 node fish system 

R = 0.1158 

CASE 3: 41 Nodes system 

 

Fig 4.6.2.3 Transition distribution of 41 node ant system 

R = 0.5398 

CASE 4: 51 Nodes system 
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Fig 4.6.2.4 Transition distribution of 51 node plant system 

R = 0.5547 

Table 4.6.2.1 Comparison between 𝛽𝑒𝑓𝑓 and R 

Number of nodes 𝛽𝑒𝑓𝑓 R 

10 13.757 0.28156 

26 7.7429 0.0973 

41 22.6534 0.53202 

51 27.66 0.54931 

96 36.616 0.6701 

33 39.7 0.62968 

25 20.3 0.4752 

88 29.4373 0.5673 

87 11.7048 0.3203 

99 14.1421 0.3507 

 

 Table 4.6.2.1 shows that the resilience of the network by Gao et al. based on the order 

parameter is of a similar fashion as that obtained from the transition distribution. 
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The relationship between 𝛽𝑒𝑓𝑓 and R was found out by plotting 𝛽𝑒𝑓𝑓 vs R and fitting a 

logarithmic curve through the data. 

 

Fig 4.6.2.5 Transition distribution of 51 node plant system 

R=0.3313 ln(β
eff

) -0.543 

Therefore, 

β
eff

=e
(
R+0.543
0.3313

)
 

The coefficient of determination (𝑅2) for this trendline is 0.9627. This proves that the 

logarithmic fit is accurate with respect to the actual data. 

 



54 
 

5 

NEURAL NETWORK 

5.1 SIMPLIFIED MODEL 

 The dynamics resulting from the baseline parameters used are not chaotic in nature. To 

recreate this dynamic a simple recurrent neural network was used. The steps followed, from 

obtaining the data to training the neural network has been elaborated in the subsections below. 

5.1.1 OBTAINING THE DATA  

The aim of supervised learning is to establish the relationship between input and output 

target data and then based on the relation predict values for other input data. The first step in a 

supervised type learning of an Artificial Neural Network is getting the input data. The 

perturbation applied was deleting a node, which is essentially cutting all the links emerging from 

that node. This is the same process Gao et al. had applied to perturb the system. The pseudocode 

for acquiring the data is as below: 

CLEAR all variables in the workspace 

INITIALIZE timestep 

DEFINE time range(1xm) 

LOAD the adjacency matrix ‘A’ 

INITIALIZE a 3D matrix ‘x’ of dimension nxmxn with zeros 

INITIALIZE a 3D matrix ‘xhigh’ of dimension nxmxn with zeros 
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Randomly permute the Adjacency Matrix ‘A’ 

DEFINE n as number of nodes which is dimension of Adjacency matrix ‘A’ 

DUMMY VARIABLE=A; 

 

FOR i←0: Number of nodes to be removed: n-1 

A←DUMMY VARIABLE 

 Setting all rows of A from 1 to i=0 

 Setting all columns of A from 1 to I =0 

 %This severs the connection of the nodes from the rest of the network 

CALL Runge Kutta 4th order algorithm and get the values of ‘x’,’Beff’, ‘xeff’, ‘xhigh’, ‘xeffh’, 

‘Beffh’ 

END for  

 

5.1.2 TRAINING THE NEURAL NETWORK 

Training the neural network involves comparing the output and the target output, back 

propagating the error and changing the weights according to the error. The Neural Network 

toolbox provided in MATLAB called nntool was used to train the data. After acquiring the data, 

each of the time series was saved in a 2D matrix which were labeled – ‘xdata1’, ‘xdata2’…, 

‘xdatan’. These matrices were used to train the simple recurrent neural network. By calling this 

function a GUI appeared and the time series was given as the input. The algorithm used for 

predicting the future values are feedforwarding the inputs using these weights. The pseudocode 

for this is given below. 
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The training algorithm used to train the neural network was Levenberg-Marquardt[40] 

,which is a second order technique. As it is a second order technique, it took more time than 

gradient descent technique but yielded comparatively accurate results. The goal of the MSE for 

the final learnt network was zero. Epoch is the maximum number of training cycles and is 

constrained by time taken to train a network. As some of the networks didn’t converge with 

‘1000’ epochs, ‘2000’ epochs were used. 

CLEAR ALL the variables  

LOAD input data and target data 

CREATE Network 

TRAIN by inputting the training parameters and training technique 

 

Elman recurrent neural network, also known as the simple recurrent neural network has 

been proved as a good choice for time series forecasting of nonlinear data[43]. The architecture 

of the recurrent neural network is shown in the Fig. 5.1.2.1. The details regarding the architecture 

are given in Table 5.1.2.1 and 5.1.2.2. The training parameters used to train the neural network 

are mentioned in the Table 5.1.2.3, Table 5.1.2.4  

 

Fig 5.1.2.1 The architecture of the recurrent neural network  



57 
 

Table 5.1.2.1 Network structure (For 10 nodes 

system) 

Total number of input nodes 1 

Total number of hidden layers 1 

Total number of hidden layer 

nodes 10 

Total number of output nodes 10 

Number of bias nodes in hidden 

layer 10 

Number of bias nodes in hidden 

layer 10 

 

Table 5.1.2.2 Network structure (For 51 nodes 

system) 

Total number of input nodes 1 

Total number of hidden layers 1 

Total number of hidden layer 

nodes 10 

Total number of output nodes 51 

Number of bias nodes in hidden 

layer 10 

Number of bias nodes in hidden 

layer 51 

 

Table 5.1.2.3 Training parameters used to train the neural network by Levenberg 

Marquardt 

Sr No. Parameter Value 

1 Epoch 2000 

2 Time Infinite 

3 MSE Goal 0 

4 Min gradient 1e-07 

5 Damping 

decrease factor 

0.1 

6 Damping 

increase factor 

10 
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Table 5.1.2.4 Training parameters used to train the neural network by Gradient Descent 

Sr No. Parameter Value 

1 Epoch 2000 

2 Time Infinite 

3 MSE Goal 0 

4 Min gradient 1.00E-07 

5 Learning rate  0.01 

6 
Learning rate 

increase 
1.05 

7 
Learning rate 

decrease 
0.7 

 

5.1.3 FORECASTING THE DYNAMICS USING THE TRAINED NEURAL NETWORK 

            Once the neural network was trained from timesteps zero to ten, it was then used to 

forecast the dynamics of the neural network from the time interval zero to fifteen. The 

pseudocode of the algorithm is as follows: 

CLEAR all variables 

LOAD the trained network 

NORMALIZE the input and the target data to values between 0 and 1 

EXTRACT all weights from the network 

TAKE INPUT of time from the user  

NORMALIZE THE TIME according to the normalization used for time before 

LOAD the adjacency matrix 

APPLY Perturbation to the Adjacency matrix  

FEEDFORWARD the data to get the required outputs  

 

The inputs are feedforwarded through the Simple Recurrent neural network as follows[37]: 
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       ht=Fh(Wihxt+Uhht-1+bh)             (5.1.3.1) 

    y
t
=Fo(Whoht+bo)              (5.1.3.2) 

The future values of the time series were predicted using feedforwarding the inputs 

through the final weights of the neural network. This was done by passing the time values as 

input and getting the mean values of the state of all nodes as the output. This state value and the 

Adjacency matrix are then passed to the ‘betaspace’ function which calculates the ‘𝑥𝑒𝑓𝑓’ and 

‘𝛽𝑒𝑓𝑓’ value. Fig 2.4.1 shows how the values are found schematically. 

 

Fig 5.1.3.1 Schematic for showing feedforward through neural network 

5.2 SAMPLE RESULTS 

The trained recurrent neural networks were used to predict the dynamics of the network 

at a further timestep. The Neural Network was trained with the data obtained from solving the 

system of ode’s numerically using RK4 algorithm till timestep 10. Time was then inputted into 

this trained Neural Network and the order parameter β was predicted for a timestep of 15. The 

following figures have been obtained by a trained Neural Network using the Gradient Descent 

Method and other by a trained Neural Network using the Levenberg-Marquardt method. The first 



60 
 

two cases depict the phase plot for the Plant-Ant system while the results of Case III depict the 

phase plot for the fish-anemone system. It is to be remembered that the perturbation type 1 used 

by Gao was used for all these cases.  

CASE I: AI trained using Gradient Descent method (51 node plant system) 

 

Fig. 5.2.1 Phase Plot for predicting β at timestep 15 using Gradient Descent  

CASE II: AI trained using Levenberg Marquardt method (51 node plant system) 

𝑥
𝑒

𝑓
𝑓

 

𝛽𝑒𝑓𝑓  
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Fig. 5.2.2 Phase Plot for predicting β at timestep 15 using Levenberg-Marquardt  

As Levenberg-Marquardt is a second order method the accuracy is greater than that of gradient 

descent method. 

Case III: AI trained using Levenberg-Marquardt method (10 node anemone system) 

 

Fig. 5.2.3 Phase Plot for predicting β at timestep 15 using Levenberg-Marquardt  
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5.3 LIMITATIONS 

 There are many limitations to this approach such as the Neural Network will only be able 

to predict the dynamics of an already pre-existing network topology. If the network topology for 

the same number of nodes is changed the Neural Network will fail to predict the dynamics of the 

network. If the nodes in the system are added and we wanted to predict the dynamics of this new 

network — this task cannot be achieved by the current Neural Network. Also, the neural network 

is simplistic in nature — it has just one hidden layer and thus is expected to forecast only if the 

dynamics is not chaotic. For a chaotic dataset this Neural Network might not be suitable.  
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6  

CONCLUSIONS 

The universal resilience patterns observed by Gao et al. were reproduced using a self-

developed Runge Kutta solver to establish the baseline dataset. The root mean squared error 

displayed the accuracy of the solver and the code was validated. 

The previously studied random perturbations were studied and conclusion drawn was that 

irrespective of the type of perturbation applied to the system, the system transitioned at the same 

value of the effective control parameter β
eff

=β
crit

. The initial condition which was near the 

domain of attraction of the lower equilibrium point was the one that exhibited transition. A new 

type of perturbation was studied for which the system was collapsed to a low equilibrium state 

by removing links and then it was made resilient again by adding links to the network. This 

showed that a non-resilient system can be made resilient by adding links between nodes.  

It was concluded, based on centrality defined by the strength of nodes, that if the nodes 

are deleted in descending order of centrality i.e. the nodes having higher strength are deleted 

first, the system collapses when a very small fraction of nodes have been removed. When the 

least central nodes are deleted first, the system collapses when the fraction of nodes removed is 

near one. 

A new measure of Resilience based on the transition distribution was defined. A study 

was made to ascertain the number of cycles required for the value of R to converge. A 
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logarithmic trendline was fitted to establish a relationship between β
eff

 and R with a high 

coefficient of determination. 

The Artificial Neural Network was able to predict the dynamics of an interdependent 

complex ecological system with reasonable accuracy. It should also be noted that the Levenberg-

Marquardt method yielded better results than the ones by the network that was trained using the 

Gradient Descent algorithm. The coefficient of correlation was approximately equal to one, 

which meant that there was a very high correlation between the data obtained from solving the 

system of ode’s describing the dynamics and the data obtained by the neural network. Once the 

neural networks have been trained, we no longer need to solve the system of ode’s repeatedly 

and we can get the dynamics for any node at any instant of time much faster. 
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7 

FUTURE WORK 

Gao has projected an unweighted interaction matrix of a bipartite network into two 

unweighted networks with a nature that is like single graphs. It is known that there is an inherent 

loss of information in the process because the unweighted network cannot be reconstructed from 

its projection. Instead of the method Gao has used to project the matrix, one can use a method by 

Zhou et al.[27] that is a network-based allocation dynamic method. The adjacency matrix so 

obtained is not symmetrical, and its diagonal elements are nonzero. 

Using Gao’s work, we get the value of β
crit

 at which there is a bifurcation between high 

and low state. We can apply an evolutionary algorithm to find the most resilient adjacency 

matrix. We can then analyze the system using the new adjacency matrix and if the value of β
crit

 

has increased, it can be said that the system has been designed to be more resilient. 

One can explore different architectures suitable for time series forecasting such as 

NARMAX, ARIMA, etc. Also, by varying the number of hidden layer nodes and the number of 

hidden layers, one can find out the most suitable configuration for finding accurate weights, 

which are efficient as well. The training of every neural network was done manually in this 

project. It would be better if the training could be done iteratively.  

When the number of nodes was high, multiple nodes were deleted to overcome the 

excessive computational time taken. Once the region in which the transition is taking place is 
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found out one can remove the nodes one by one instead of removing multiple nodes to 

get a better estimate of β
crit

. Also, how the removal of nodes affects other statistical properties of 

the network can be tracked by finding the clustering coefficient, average path length, etc.  

The most important future work will be to use this formalism to study technological 

systems, such as electrical grids, which are critically interdependent infrastructures that have a 

network topology. Also, the transition study has been done after the nodes have achieved steady 

state. It may also be possible that a node becomes extinct before it achieves steady state, and thus 

the dynamics resulting from that would make for an interesting topic for future work. 
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APPENDIX 

A.1 MATLAB CODES 

1. The following code was used for solving for the dynamics of plant-ant system analytically. 

The matrix M is the adjacency matrix that was downloaded as a 2D interaction matrix from the 

online database. It was projected into two matrices A and B and then the set of equations 

describing the dynamics of the plant-ant system were numerically integrated using the RK4 self-

developed code[51] as follows: 

i. Main Function 

%Main Function for node removal 

clc 

clear all 

clear all 

close all 

%Constants 

dt=10/1000; 

t=0:dt:10; 

m=length(t); 

%Initialization 

%A = xlsread('Adjacency matrix.xlsx'); 

%load('ANEMONE_FISH_WEBS_Coral_reefs2007.mat','A’)       %A is 10 nodes 
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load('PLANT_ANT_WEBS_Bluthgen_2004.mat','A’)       %51 nodes 

%load('PLANT_POLLINATOR_Robertson_1929.mat','B')     %456 nodes 

%A=B; 

n = length(A); 

x=zeros(n,m,n); 

xhigh=zeros(n,m,n); 

all = randperm(n); 

A = A(all,:); 

A = A(:,all); 

A0 = A;  

% start to remove the nodes and perform simulations 

  

for i = [0:1:n-1] % i is the number of nodes removal 

    A = A0;  

    A(1:i,:) = [0]; 

    A(:,1:i) = [0]; 

    %cluster = find_gaint_component(A);  

    %A = A(cluster,cluster);  

    [x(:,:,i+1),xeff(i+1),Beff(i+1),xhigh(:,:,i+1),xeffh(i+1),Beffh(i+1)]= 

RK4forsystemofodeowncode(i,A);      

end 

for i= 1:n 

    xavg(i)=mean(x(:,end,i)); 
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    xavgh(i)=mean(xhigh(:,end,i)); 

end 

figure 

count=0:1:n-1; 

plot(count,xavg,count,xavgh); 

ylim([0 15]) 

  

xeffanal=0:0.0001:15; 

%Constants 

B=0.1; 

C=1; 

K=5; 

D=5; 

E=0.9; 

H=0.1; 

for i= 1:length(xeffanal) 

    Betaeffanal(i)=-(B+xeffanal(i)*(1-(xeffanal(i)/K))*((xeffanal(i)/C)-

1))*((D+(E+H)*xeffanal(i))/(xeffanal(i)*xeffanal(i))); 

end 

figure 

loglog(Betaeffanal,xeffanal) 

hold on 
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for i=1:n 

    plot(loglog(Beff,xeff,'*')); 

    hold on 

end 

hold off 

xlim([0.05 100]) 

ylim([0.1 15]) 

 

ii. RK4 for system of ode 

 

%%RK4 for solving a system of N nonlinear ode's 

% tic 

function [x,xeff,Beff,xhigh,xeffh,Beffh]= RK4forsystemofodeowncode(i,A) 

count=i; 

dt=10/1000; 

t=0:dt:10; 

m=length(t); 

n = length(A); 

x=zeros(n,m); 

for i=1:n 

    x(i,1)=0; 

end 

k=zeros(n,4); 
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dxdt=zeros(n,m); 

for l=2:length(t)  

    dxdt=dxbydt(x(:,l-1),A); 

    for i=1:n 

        k(i,1)=dt*dxdt(i); 

    end 

     

   dxdt=dxbydt(x(:,l-1)+k(:,1)/2,A); 

    for i=1:n 

        k(i,2)=dt*dxdt(i); 

    end 

     

    dxdt=dxbydt(x(:,l-1)+k(:,2)/2,A); 

     for i=1:n 

        k(i,3)=dt*dxdt(i); 

     end 

      

     dxdt=dxbydt(x(:,l-1)+k(:,3),A); 

     for i=1:n 

        k(i,4)=dt*dxdt(i); 

     end 

      

     for m=1:n 
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       x(m,l)=x(m,l-1)+(1/6)*(k(m,1)+2*k(m,2)+2*k(m,3)+k(m,4)); 

    end 

end  

 

[xeff,Beff]=betaspace(A,x(:,end)); 

  

xhigh=zeros(n,m); 

for i=1:n 

    xhigh(i,1)=5; 

end 

k=zeros(n,4); 

dxdt=zeros(n,m); 

for l=2:length(t)  

    dxdt=dxbydt(xhigh(:,l-1),A); 

    for i=1:n 

        k(i,1)=dt*dxdt(i); 

    end 

     

   dxdt=dxbydt(xhigh(:,l-1)+k(:,1)/2,A); 

    for i=1:n 

        k(i,2)=dt*dxdt(i); 

    end 
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    dxdt=dxbydt(xhigh(:,l-1)+k(:,2)/2,A); 

     for i=1:n 

        k(i,3)=dt*dxdt(i); 

     end 

      

     dxdt=dxbydt(xhigh(:,l-1)+k(:,3),A); 

     for i=1:n 

        k(i,4)=dt*dxdt(i); 

     end 

      

     for m=1:n 

       xhigh(m,l)=xhigh(m,l-1)+(1/6)*(k(m,1)+2*k(m,2)+2*k(m,3)+k(m,4)); 

    end 

end  

 

[xeffh,Beffh]=betaspace(A,xhigh(:,end)); 

 

iii. 

 

function [ dxdt ] = dxbydt(x,A ) 

  

n=length(A); 
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K = 5; AA = 1; D = 5; E = 0.9; H =0.1; 

dxdt=zeros(1,n); 

B=zeros(1,n); 

C=zeros(1,n); 

  

for i=1:n 

    C(i)= (0.1-x(i)*(x(i)/K-1)*(x(i)/AA-1)); 

end 

  

  

for i=1:n 

    for j=1:n 

        B(i)=B(i)+A(i,j)*x(i)*x(j)/(D+E*x(i)+H*x(j)); 

    end 

end 

  

for i=1:n 

    dxdt(i)=C(i)+B(i); 

end 

  

end 

 

iv. 
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function [ dxdt ] = dxbydt(x,A ) 

  

n=length(A); 

  

K = 5; AA = 1; D = 5; E = 0.9; H =0.1; 

dxdt=zeros(1,n); 

B=zeros(1,n); 

C=zeros(1,n); 

  

for i=1:n 

    C(i)= (0.1-x(i)*(x(i)/K-1)*(x(i)/AA-1)); 

end 

  

  

for i=1:n 

    for j=1:n 

        B(i)=B(i)+A(i,j)*x(i)*x(j)/(D+E*x(i)+H*x(j)); 

    end 

end 

  

for i=1:n 

    dxdt(i)=C(i)+B(i); 
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end 

  

end 

 

v. 

 

function [x_eff,beta_eff] = betaspace(A,x) 

x_nss = A*x; 

if sum(sum(A)) == 0 % if the network has no connectivity 

    % beta xnn are not well defined when there is no network 

    beta_eff = 0; 

    x_eff = 0; 

else % the network has its connectivity 

    beta_eff = full(sum(sum(A*A))/sum(sum(A)));  

    x_eff = sum(x_nss)/sum(sum(A));  

end 

 

2. Code to predict the dynamics of the complex networks. This includes training the neural 

network with the appropriate architecture and using the trained neural network to feedforward 

the inputted time to give the dynamics at a further time step.   

 

clear all 

load('PLANT_ANT_WEBS_Bluthgen_2004.mat','A')        %51 nodes 
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tinput=input('what is the time step'); 

  

load('xdatalowstate.mat','all') 

  

load('rec1withlmandlayerrec.mat'); 

x=cell2mat(xdata1); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

l=mapminmax('apply',tinput,ps2); 

  

A = A(all,:); 

A = A(:,all); 

  

inputweights=rec1withlmandlayerrec.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec1withlmandlayerrec.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec1withlmandlayerrec.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec1withlmandlayerrec.b(1,1)); 
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biasol=cell2mat(rec1withlmandlayerrec.b(2,1)); 

  

[xmean(1), xeff(1), Beff(1), 

c(:,:,1)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

  

%% 

  

load('rec2lm.mat'); 

x=cell2mat(xdata2); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:5,:)=[0]; 

A(:,1:5)=[0]; 

  

inputweights=rec2lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec2lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec2lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec2lm.b(1,1)); 
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biasol=cell2mat(rec2lm.b(2,1)); 

  

[xmean(2), xeff(2), Beff(2), 

c(:,:,2)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec3lm.mat'); 

x=cell2mat(xdata3); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:10,:)=[0]; 

A(:,1:10)=[0]; 

  

inputweights=rec3lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec3lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec3lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec3lm.b(1,1)); 

biasol=cell2mat(rec3lm.b(2,1)); 



84 
 

  

[xmean(3), xeff(3), Beff(3), 

c(:,:,3)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec4lm.mat'); 

x=cell2mat(xdata4); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:15,:)=[0]; 

A(:,1:15)=[0]; 

  

inputweights=rec4lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec4lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec4lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec4lm.b(1,1)); 

biasol=cell2mat(rec4lm.b(2,1)); 
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[xmean(4), xeff(4), Beff(4), 

c(:,:,4)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec5lm.mat'); 

x=cell2mat(xdata5); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:20,:)=[0]; 

A(:,1:20)=[0]; 

  

inputweights=rec5lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec5lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec5lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec5lm.b(1,1)); 

biasol=cell2mat(rec5lm.b(2,1)); 
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[xmean(5), xeff(5), Beff(5), 

c(:,:,5)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec6lm.mat'); 

x=cell2mat(xdata6); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:25,:)=[0]; 

A(:,1:25)=[0]; 

  

inputweights=rec6lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec6lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec6lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec6lm.b(1,1)); 

biasol=cell2mat(rec6lm.b(2,1)); 
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[xmean(6), xeff(6), Beff(6), 

c(:,:,6)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec7lm.mat'); 

x=cell2mat(xdata7); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:30,:)=[0]; 

A(:,1:30)=[0]; 

  

inputweights=rec7lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec7lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec7lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec7lm.b(1,1)); 

biasol=cell2mat(rec7lm.b(2,1)); 
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[xmean(7), xeff(7), Beff(7), 

c(:,:,7)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec8lm.mat'); 

x=cell2mat(xdata8); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:35,:)=[0]; 

A(:,1:35)=[0]; 

  

inputweights=rec8lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec8lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec8lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec8lm.b(1,1)); 

biasol=cell2mat(rec8lm.b(2,1)); 
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[xmean(8), xeff(8), Beff(8), 

c(:,:,8)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec9lm.mat'); 

x=cell2mat(xdata9); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:40,:)=[0]; 

A(:,1:40)=[0]; 

  

inputweights=rec9lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec9lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec9lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec9lm.b(1,1)); 

biasol=cell2mat(rec9lm.b(2,1)); 
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[xmean(9), xeff(9), Beff(9), 

c(:,:,9)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec10lm.mat'); 

x=cell2mat(xdata10); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:45,:)=[0]; 

A(:,1:45)=[0]; 

  

inputweights=rec10lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec10lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec10lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec10lm.b(1,1)); 

biasol=cell2mat(rec10lm.b(2,1)); 
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[xmean(10), xeff(10), Beff(10), 

c(:,:,10)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec11lm.mat'); 

x=cell2mat(xdata11); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:50,:)=[0]; 

A(:,1:50)=[0]; 

  

inputweights=rec11lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec11lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec11lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec11lm.b(1,1)); 

biasol=cell2mat(rec11lm.b(2,1)); 
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[xmean(11), xeff(11), Beff(11), 

c(:,:,11)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

load('PLANT_ANT_WEBS_Bluthgen_2004.mat','A')        %51 nodes 

  

load('rec12lm.mat'); 

x=cell2mat(xdatah1); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

l=mapminmax('apply',tinput,ps2); 

  

A = A(all,:); 

A = A(:,all); 

  

inputweights=rec12lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec12lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec12lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec12lm.b(1,1)); 
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biasol=cell2mat(rec12lm.b(2,1)); 

  

[xmeanh(1), xeffh(1), Beffh(1), 

ch(:,:,1)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

  

%% 

  

load('rec13lm.mat'); 

x=cell2mat(xdatah2); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:5,:)=[0]; 

A(:,1:5)=[0]; 

  

inputweights=rec13lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec13lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec13lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec13lm.b(1,1)); 
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biasol=cell2mat(rec13lm.b(2,1)); 

  

[xmeanh(2), xeffh(2), Beffh(2), 

ch(:,:,2)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec14lm.mat'); 

x=cell2mat(xdatah3); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:10,:)=[0]; 

A(:,1:10)=[0]; 

  

inputweights=rec14lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec14lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec14lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec14lm.b(1,1)); 

biasol=cell2mat(rec14lm.b(2,1)); 
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[xmeanh(3), xeffh(3), Beffh(3), 

c(:,:,3)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec15lm.mat'); 

x=cell2mat(xdatah4); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:15,:)=[0]; 

A(:,1:15)=[0]; 

  

inputweights=rec15lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec15lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec15lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec15lm.b(1,1)); 

biasol=cell2mat(rec15lm.b(2,1)); 

  



96 
 

[xmeanh(4), xeffh(4), Beffh(4), 

ch(:,:,4)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec16lm.mat'); 

x=cell2mat(xdatah5); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:20,:)=[0]; 

A(:,1:20)=[0]; 

  

inputweights=rec16lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec16lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec16lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec16lm.b(1,1)); 

biasol=cell2mat(rec16lm.b(2,1)); 
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[xmeanh(5), xeffh(5), Beffh(5), 

ch(:,:,5)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec17lm.mat'); 

x=cell2mat(xdatah6); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:25,:)=[0]; 

A(:,1:25)=[0]; 

  

inputweights=rec17lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec17lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec17lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec17lm.b(1,1)); 

biasol=cell2mat(rec17lm.b(2,1)); 
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[xmeanh(6), xeffh(6), Beffh(6), 

ch(:,:,6)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec18lm.mat'); 

x=cell2mat(xdatah7); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:30,:)=[0]; 

A(:,1:30)=[0]; 

  

inputweights=rec18lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec18lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec18lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec18lm.b(1,1)); 

biasol=cell2mat(rec18lm.b(2,1)); 
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[xmeanh(7), xeffh(7), Beffh(7), 

ch(:,:,7)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec19lm.mat'); 

x=cell2mat(xdatah8); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:35,:)=[0]; 

A(:,1:35)=[0]; 

  

inputweights=rec19lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec19lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec19lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec19lm.b(1,1)); 

biasol=cell2mat(rec19lm.b(2,1)); 
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[xmeanh(8), xeffh(8), Beffh(8), 

ch(:,:,8)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec20lm.mat'); 

x=cell2mat(xdatah9); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:40,:)=[0]; 

A(:,1:40)=[0]; 

  

inputweights=rec20lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec20lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec20lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec20lm.b(1,1)); 

biasol=cell2mat(rec20lm.b(2,1)); 
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[xmeanh(9), xeffh(9), Beffh(9), 

ch(:,:,9)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec21lm.mat'); 

x=cell2mat(xdatah10); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:45,:)=[0]; 

A(:,1:45)=[0]; 

  

inputweights=rec21.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec21.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec21.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec21.b(1,1)); 

biasol=cell2mat(rec21.b(2,1)); 
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[xmeanh(10), xeffh(10), Beffh(10), 

ch(:,:,10)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

  

load('rec22lm.mat'); 

x=cell2mat(xdatah11); 

t=cell2mat(t); 

[a,ps1]=mapminmax(x); 

[b,ps2]=mapminmax(t); 

  

A(1:50,:)=[0]; 

A(:,1:50)=[0]; 

  

inputweights=rec22lm.IW(1,1); 

wih=cell2mat(inputweights); 

layerweight1=rec22lm.LW(1,1); 

wihrec=cell2mat(layerweight1); 

layerweight2=rec22lm.LW(2,1); 

who=cell2mat(layerweight2); 

biashl=cell2mat(rec22lm.b(1,1)); 

biasol=cell2mat(rec22lm.b(2,1)); 
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[xmeanh(11), xeffh(11), Beffh(11), 

ch(:,:,11)]=feedforwardrecurrent(l,wih,who,biashl,biasol,tinput,ps1,ps2,A); 

%% 

xeffanal=0:0.0001:15; 

%Constants 

B=0.1; 

C=1; 

K=5; 

D=5; 

E=0.9; 

H=0.1; 

for i= 1:length(xeffanal) 

    Betaeffanal(i)=-(B+xeffanal(i)*(1-(xeffanal(i)/K))*((xeffanal(i)/C)-

1))*((D+(E+H)*xeffanal(i))/(xeffanal(i)*xeffanal(i))); 

end 

loglog(Betaeffanal,xeffanal) 

hold on 

plot(loglog(Beff,xeff,'*g')) 

hold on 

plot(loglog(Beffh,xeffh,'+')) 

xlim([0.05 100]) 

ylim([0.1 15]) 

xlabel('Betaeff') 
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ylabel('xeff') 

hold off 

 

3. Code for Finding the transition point distribution. Here, the network was made to collapse 100 

times and the points at which it collapsed were noted down. A frequency distribution of the 

transition points was created. 

%Main Function for node removal 

clc 

clear all 

clear all 

close all 

%Constants 

dt=10/1000; 

t=0:dt:10; 

m=length(t); 

%Initialization 

  

for j=1:100 

load('PLANT_ANT_WEBS_Bluthgen_2004.mat','A’)       %51 nodes 

n = length(A); 

x=zeros(n,m,n); 

xhigh=zeros(n,m,n); 

all = randperm(n); 
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A = A(all,:); 

A = A(:,all); 

A0 = A;  

for i = [0:1:n-1] % i is the number of nodes removal 

    A = A0;  

    A(1:i,:) = [0]; 

    A(:,1:i) = [0]; 

    %cluster = find_gaint_component(A);  

    %A = A(cluster,cluster);  

    [x(:,:,i+1),xeff(i+1),Beff(i+1),xhigh(:,:,i+1),xeffh(i+1),Beffh(i+1)]= 

RK4forsystemofodeowncode(i,A);      

end 

for i= 1:n 

    xavg(i,j)=mean(x(:,end,i)); 

    xavgh(i,j)=mean(xhigh(:,end,i)); 

end 

for i=1:n-1 

    xsub(i,j)=xavg(i,j)-xavg(i+1,j); 

end 

transition_point(j)=find(xsub(:,j)==max(xsub(:,j))); 

end 

  

L=1:5:50; 
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figure 

bar(L,histc(transition_point,L),'histc') 

title('Transition point distribution') 

xlabel('Transition after number of nodes removed') 

ylabel('frequency') 

 

1. Code used to generate Fig. 1.10.1 

 

clc 

clear all 

x=0:0.01:10; 

dxbydt=0.1+x.*(1-(x/5)); 

plot(x,dxbydt) 

ylim([-30 5]) 

xlabel('x') 

ylabel('dx/dt') 

title('No Allee Effect') 

for i=1:length(x)-1 

    if (dxbydt(i)>0&&dxbydt(i+1)<0) 

        disp(x(i)); 

    else if (dxbydt(i)<0&&dxbydt(i+1)>0) 

            disp(x(i)) 

        end 
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    end 

end 

  

dxbydtAllee=0.1+x.*(1-(x/5)).*(x-1); 

figure 

plot(x,dxbydtAllee) 

ylim([-30 5]) 

xlabel('x') 

ylabel('dx/dt') 

title('Strong Allee Effect') 

for i=1:length(x)-1 

    if (dxbydtAllee(i)>0&&dxbydtAllee(i+1)<0) 

        disp(x(i)); 

    else if (dxbydtAllee(i)<0&&dxbydtAllee(i+1)>0) 

            disp(x(i)) 

        end 

    end 

end 

  

dxbydtAlleeweak=0.1+x.*(1-(x/5)).*((x/3)-1); 

figure 

plot(x,dxbydtAlleeweak) 

ylim([-30 5]) 
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xlabel('x') 

ylabel('dx/dt') 

title('Weak Allee Effect') 

for i=1:length(x)-1 

    if (dxbydtAlleeweak(i)>0&&dxbydtAlleeweak(i+1)<0) 

        disp(x(i)); 

    else if (dxbydtAlleeweak(i)<0&&dxbydtAlleeweak(i+1)>0) 

            disp(x(i)) 

        end 

    end 

end 

  

total_time=10; 

N=100; 

x=zeros(1,N); 

t=zeros(1,N); 

  

F=@(t,x)0.1+x*(1-(x/5)); 

h=total_time/N; 

tspan=(0:h:total_time); 

[t, x]=ode45(F,tspan,0); 

figure 

plot(tspan,x,'o-') 



109 
 

xlabel('t(in sec)') 

ylabel('x') 

  

total_time=10; 

N=100; 

x=zeros(1,N); 

t=zeros(1,N); 

  

F=@(t,x)0.1+x*(1-(x/5))*(x-1); 

h=total_time/N; 

tspan=(0:h:total_time); 

[t, x]=ode45(F,tspan,0); 

figure 

plot(tspan,x,'o-') 

xlabel('t(in sec)') 

ylabel('x') 

  

total_time=10; 

N=100; 

x=zeros(1,N); 

t=zeros(1,N); 

  

F=@(t,x)0.1+x*(1-(x/5))*((x/3)-1); 
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h=total_time/N; 

tspan=(0:h:total_time); 

[t, x]=ode45(F,tspan,0); 

figure 

plot(tspan,x,'o-') 

xlabel('t(in sec)') 

ylabel('x') 

 

A.2 Runge Kutta 4th order Algorithm. 

The initial condition can be specified as, 

xi0=x0 

Now using the initial values, one can find the coefficients as follows for j=0, 

k11=f(t0,x10,x20,x30….xn0) 

k12=f (t0+
h

2
,x10+

k11

2
,x20+

k11

2
,x30+

k11

2
….xn0+

k11

2
) 

k13=f (t0+
h

2
,x10+

k12

2
,x20+

k12

2
,x30+

k12

2
….xn0+

k12

2
) 

 

k14=f(t0+h,x10+k13,x20+k13,x30+k13….xn0+k13) 

Knowing these coefficients, the value of x11 as follows: 

x11=x10+
h

6
(k11+2.k12+2.k13+k14) 
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Similarly, 

k21=f(t0,x10,x20,x30….xn0) 

k22=f (t0+
h

2
,x10+

k21

2
,x20+

k21

2
,x30+

k21

2
….xn0+

k21

2
) 

k23=f (t0+
h

2
,x10+

k22

2
,x20+

k22

2
,x30+

k22

2
….xn0+

k22

2
) 

k24=f(t0+h,x10+k23,x20+k23,x30+k23….xn0+k23) 

Knowing these coefficients, the value of x21 can be found out as follows: 

x21=x20+
h

6
(k21+2.k22+2.k23+k24) 

Thus, for the nth node  

kn1=f(t0,x10,x20,x30….xn0) 

kn2=f (t0+
h

2
,x10+

kn1

2
,x20+

kn1

2
,x30+

kn1

2
….xn0+

kn1

2
) 

kn3=f (t0+
h

2
,x10+

kn2

2
,x20+

kn2

2
,x30+

kn2

2
….xn0+

kn2

2
) 

kn4=f(t0+h,x10+kn3,x20+kn3,x30+kn3….xn0+kn3) 

Knowing these coefficients, the value of x21 can be found out as follows: 

xn1=xn0+
h

6
(kn1+2.kn2+2.kn3+kn4) 

 

 



112 
 

 

x10 x11 x12 x13 . . . x1(m-1) 

x20 . . . . . . . 

x30 . . . . . . . 

x40 . . . . . . . 

.  . . . . . . . 

. . . . . . . . 

. . . . . . . . 

xn0 . . . . . . xn(m-1) 

 

 

(dx/dt)10 (dx/dt)11 (dx/dt)12 (dx/dt)13 . . . (dx/dt)1m 

(dx/dt)20 . . . . . . . 

(dx/dt)30 . . . . . . . 

(dx/dt)40 . . . . . . . 

.  . . . . . . . 

. . . . . . . . 

. . . . . . . . 

(dx/dt)n0 . . . . . . (dx/dt)nm 

 

k11 k12 k13 k14 

k21 . . . 

kn1 . . kn4 

 

Fig. A.2.1 Visualizing the flow of data in RK4 Algorithm for system of ode’s 

 

 

  


