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Lorentz transformations as Lie-Poisson symmetries 
A. Simoni 
Dipto. di Scienze Fisiche, Universita di Napoli, 80125 Napoli, Italy 

A. Stern and I. Yakushin 
Department of Physics and Astronomy, University of Alabama, 
Tuscaloosa, Alabama 35487 

(Received 3 February 1995; accepted for publication 26 June 1995) 

We write down the Poisson structure for a relativistic particle where the Lorentz 
group does not act canonically, but instead as a Poisson-Lie group. In so doing we 
obtain the classical limit of a particle moving on a noncommutative space possess
ing SL/2, C) invariance. We show that if the standard mass shell constraint is 
chosen for the Hamiltonian function, then the particle interacts with the space
time. We solve for the particle trajectory and find that it originates and terminates at 
singularities. © 1995 American Institute of Physics. 

I. INTRODUCTION 

A number of authors have investigated the effects of replacing ordinary Lorentz invariance in 
quantum theory by SL/2, C) invariance. 1-

7 The underlying space-time for such theories, de
noted by M q , is required to be noncommuting. A consistent differential calculus on M q has been 
obtained and, furthermore, wave equations possessing SLq(2, C) invariance were found for such 
a domain.5 In addition, a corresponding q-deformed Poincare algebra was constructed, along with 
its Hilbert-space representations.6 

Here we shall attempt to understand just what classical systems are being quantized in arriving 
at the above-mentioned SL/2, C) invariant quantum theories. Thus we wish to examine the 
classical limit. The classical analysis is considerably simpler than its quantum counterpart because 
the classical space-time is ordinary Minkowski space, and thus it is commuting, and the corre
sponding classical symmetries are associated with ordinary Lie groups, and not quantum groups. 
In addition, to check the consistency of the algebra we essentially only need to verify the Jacobi 
identity. 

For us the relevant classical symmetry group is SL(2, C), the covering group of the Lorentz 
group. We shall assume that under the action of this group, the space-time coordinates transform 
in the usual way, i.e., as Lorentz vectors. However, unlike with canonical symmetries, the sym
metry group shall be endowed with its own Poisson structure. This Poisson structure will be 
chosen to be compatible with group multiplication, hence defining a Poisson-Lie group.8

-
14 When 

acting on the classical observables of the theory, e.g., the space-time coordinates, SL(2, C) will 
not act canonically. Instead, it induces a Poisson action. This means the following: Let Y be the 
group of SL(2, C) matrices with Poisson brackets {,}/, and let . l't be Minkowski space with 
Poisson brackets {,} /t. Y acting on . It defines a map a :.1/X. /t-.. It. This corresponds to a 
Poisson action provided that a is a Poisson map, i.e., 

where f 1 and / 2 are functions on. It and we assume the product Poisson structure on YX. It. 
Poisson actions have been discussed for other physical systems. In Ref. 12 we illustrated how 

the SU(2)XSU(2) chiral symmetry of the isotropic rigid rotator could induce a Poisson action on 
the classical observables of the theory. In passing to the quantum theory, the chiral symmetry was 
deformed to SUq-,(2) X SUq(2). In another example, 13 the Poisson action of the Poincare group 
was implemented on two-dimensional space-time. Here we shall show how to implement the 
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Poisson action of the Lorentz group on four-dimensional space-time. In passing to the quantum 
theory, the resulting theory will be covariant with respect to the quantum Lorentz group. 

The organization of the paper is as follows: We begin by examining the Poisson action of 
SL(2, C) on spinors in Sec. IL Quantum groups are known to have a covariant action on quantum 
spinors (the coordinates of a quantum plane). 15 The analogous statement in classical mechanics is 
formulated in terms of the Poisson action on spinors. We will require the spinors to satisfy certain 
quadratic Poisson bracket relations. 16 SL(2, C) group elements are then also required to satisfy 
quadratic Poisson brackets if they are to induce a Poisson action. 14 

In Sec. III we examine the Poisson action of SL(2, C) on vectors. Like the spinors, the 
vectors will satisfy quadratic Poisson brackets. These brackets correspond to the classical limit of 
the reflection equations.7 

The results are extended in Sec. IV to obtain a one-parameter deformation of the symplectic 
structure for a relativistic particle. Here, we are unable to find quadratic Poisson bracket relations 
between the momentum and position such that SL(2, C) has a Poisson action. Instead we find it 
necessary to propose an infinite series expression for this bracket. In Sec. IV, we also examine the 
dynamics which follow from choosing the Hamiltonian function to be the standard mass shell 
constraint. Unlike in the canonical theory for a relativistic free particle, this choice does not yield 
a free system since an interaction is present in the Poisson structure. On the other hand, as with the 
free particle, we are able to find ten conserved quantities, which we associate with momenta and 
angular momenta. [In a future article17 we shall show that they generate a one-parameter defor
mation of the Poincare algebra and that SL(2, C) has a Poisson action on it.] We then use the 
constants of the motion to analytically solve for the particle trajectory. We find that it originates 
and terminates at singularities and that it yields a finite lifetime for the particle. 

Concluding remarks are made in Sec. V. 

II. LIE-POISSON SPINORS 

Let 1/J= (~) be a Grassmann spinor associated with the (O,½) representation of the Lorentz 
group. Thus it transforms according to 

1/1---+i/J'=gi/J, gESL(2, C). (1) 

This transfonnation would be canonical if u and v were to satisfy trivial Poisson brackets, i.e., all 
brackets vanish. We shall instead examine the following quadratic relations: 

{u, v}={v, u}=i>tuv, {u, u}={v, v}=O, (2) 

where >t is a real parameter. Now for >t -:/=- 0, SL(2, C) does not act canonically as the Poisson 
structure defined by (2) is not preserved under (1). On the other hand, the Poisson brackets can be 
made to be covariant if we allow the matrix elements of g to have certain nonvanishing brackets 
with each other (and vanishing brackets with 1/J). If we write 

g=(: :), ad-bc=I, 

then the Poisson bracket relations which are needed for this purpose are14 

{a, b}= -ill.ab, {a, c}= -i>tac, {b, d}= -i>tbd, 

{c, d}= -i>tcd, {b, c}=O, {a, d}=-2i>tbc. 

J. Math. Phys., Vol. 36, No. 10, October 1995 
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From these relations it can be checked that det g is a classical Casimir function, and hence (3) is 
consistent with the constraint: det g = 1. Furthermore, from (3) it is easy to check that the Poisson 
brackets (2) are covariant under the action (1) of SL(2, C) or, in other words, that (1) corresponds 
to a Poisson action. We refer to transformations of this type as Lie-Poisson transformations. 

The Poisson brackets (2) and (3) can be expressed more compactly if we introduce tensor 
product notation. With regard to the Poisson structure (3) for g, we can write 

{g, g}=[r, g g], (4) 
I 2 I 2 

where the indices 1 and 2 refer to two separate vector spaces. r, known as the classical r-matrix, 
acts nontrivially on both vector spaces 1 and 2, while g = g ® 1, g = g ® 1, where 1 is the unit 

I 2 

operator. Written as a 4X4 matrix, r takes the following form: 

-1 

4 -1 J (5) 

It is known to satisfy the classical Yang-Baxter equation, which here insures that the Jacobi 
identity is satisfied. · 

The group G={g} with Poisson brackets (4) defines a Poisson-Lie group. This is because the 
brackets (4) are compatible with left and right group multiplication. This means that group mul
tiplication is a Poisson map p: G-+ G X G with respect to the product Poisson structure on G X G. 
One can see that this is the case by defining an h e G to satisfy the same relations as g, 

{h, h}=[r, h h], (6) 
1 2 I 2 

where h = h® 1, h = l®h, and in addition {h, g}= 0. Then, for example, under left multiplication 
1 2 1 2 

g-+hg, the left-hand side of (4) transforms like 

{g, g}-+{h g, h g}=[r, h h]g g+h h[r, g g]=[r, (h g)(h g)], (7) 
12 1122 1212 12 12 II 22 

and so does the right-hand side. Thus left multiplication is a Poisson map. The same argument can 
be used to show that right multiplication is a Poisson map. 

The Poisson brackets (2) can also be rewritten using the classical r-matrix. One has 

{if,, if,}=½(r+rt)if,if,, (8) 
1 2 1 2 

where if,= if,® 1, if,= 10 if,. Poisson brackets (8) are symmetric (as u and v are Grassmann coor-
1 2 

dinates) and from them the Jacobi identity trivially follows (since u2 =v 2 =0). Using the fact that 
r- rt is an adjoint invariant, i.e., 

we can then show that 

[r-rt, g g]=0, 
1 2 

{if,, if,}-+{g if,, g if,}=½(r+rt)(g if,)(g if,), 
12 1122 1122 

J. Math. Phys., Vol. 36, No. 10, October 1995 
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proving that (1) is a Lie-Poisson transformation. 
In the above, i\ plays the role of a deformation parameter, i\-+O corresponding to the canonical 

limit. This is clear since when i\-+0, the right-hand sides of (4) and (8) tend to zero and conse
quently the Lie-Poisson transformations tend to canonical transformations. 

Ill. LIE-POISSON VECTORS 

We next repeat the above procedure for the case of the vector or (½, ½) representation of 
SL(2, C). For this we can introduce the Hermitean matrix 

x µ denoting the space-time components of the vector. x transforms according to 

x-+x' =gxgt. 

(11) 

(12) 

As before we will assume that the Poisson bracket of g with itself is given by (4). (We will 
also assume g has zero brackets with x .) Since the transformation (12) involves gt as well as g, we 
will need to know the Poisson brackets of gt or g = (g t)- 1• For this we demand that the Poisson 
structure for g and gt is consistent with complex conjugation, antisymmetry, and the Jacobi 
identity. All three of these conditions are met for the following relations: 

{g, g}=[r, g g], (13) 
1 2 1 2 

{g, g}=[rt, g g], (14) 
I 2 1 2 

{g, g}=[rt, g g], (15) 
1 2 I 2 

along with (4). Poisson brackets (4) and (13)-(15) coincide with the classical limit of the 
SLq(2, C) commutation relations given in Refs. 7. 

Using the above relations we can see how the Poisson structure for x is transformed under 
(12). We find 

{x', x'}={g x g- 1, g x g- 1}=g g({x, x}-rx x-x xrt+xrx+xrtx)g- 1g- 1 

1 2 111 222 1212 1212 21121 2 

+rx' x'+x' x 1rt-x 1 rx'-x 1 rtx 1
• (16) 

12 12 21 12 

If for the Poisson bracket of x with itself we now choose 

{x, x}=rx x+x xrt-xrx-xrtx, (17) 
12 1212 2112 

then from (16) these brackets are covariant under Lorentz transformations and consequently (12) 
is a Lie-Poisson transformation. [More generally, we can add a term I to (17) which Lorentz 
transforms according to I-+ g g I g- 1 g- 1. For simplicity, we shall not consider this possibility 

1 2 1 2 

here.] It can be checked that the Poisson structure defined by (17) is consistent with invariance 
under Hermitean conjugation, antisymmetry, and the Jacobi identity. In terms of space-time 
coordinates, (17) can be expressed by 

J. Math. Phys., Vol. 36, No. 10, October 1995 
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(18) 

Thus the time component x 0 is in the center of the algebra. Also in the center is the spatial distance 
~x;x; and consequently the invariant space-time interval detx. Analogous central elements 
should appear in the quantum theory, indicating that simultaneous measurement of time, radial 
distance from some origin, as well as the projection along one spatial axis is possible. 

We note that there are alternative ways to express the relations (17). Using the fact that r- rt 
is an adjoint invariant, we can rewrite ( 17) according to 

{x, x}=(µr+vrt)x x+x x(µrt+vr)-xrx-xrtx, (19) 
12 1212 2112 

where µ and v are real and subject to the constraintµ+ v= 1. Yet another way to write the Poisson 
structure is to introduce a new Hermitean matrix x which can be defined in terms of x by 

T denoting transpose and a2 being the second Pauli matrix. It transforms according to 

as opposed to (12). This transformation is Lie-Poisson when x satisfies 

{x, x}=rx x+x xrt-xrtx-xrx, 
12 1212 2112 

which is equivalent to (17). To see this we can substitute (20) into (22) to obtain (18). 

(20) 

(21) 

(22) 

As was the case with spinors, ;\ plays the role of a deformation parameter. All Poisson 
brackets vanish when ;\--.0, and the Lie-Poisson transformations tend to canonical transforma
tions. 

IV. LIE-POISSON PARTICLE DYNAMICS 

Using (11) we can regard x as labeling the space-time coordinates of a particle, X; denoting 
the space coordinates and x 0 denoting time. The quantum analog of (17), known as the reflection 
equation,7 implies that the space coordinates do not commute among themselves and therefore that 
the quantum-mechanical particle is nonlocalizable. 

What about the particle momenta which we denote by the 2 X 2 Hermitean matrix p? We shall 
assume that, like x, it is a Lorentz vector and that Lorentz transformations are Lie-Poisson. We 
know how to write down its Poisson brackets with itself from the previous section. Here we find 
it more convenient to use p = a 2p T a 2 • Its space-time components are analogous to (20) and its 
Lorentz transformation is analogous to that of x in (21). Thus if we take 

{p, p}=rp p+p jjrLjjrtp-prp, (23) 
12 1212 2112 

then SL(2, C) will have a Poisson action on the space of momenta. 
More difficult to obtain are the Poisson brackets between the position and momenta. This is 

partly because we demand that the result should give some deformation of the canonical symplec
tic structure for a relativistic particle. Thus we want to recover {xµ, Pv}= T/µv, 
7J=diag(- l, 1, 1, 1) in the limit ;\--.0. This is in addition to demanding that the bracket be 
covariant under Lorentz transformations. It must also satisfy the Jacobi identity and be invariant 
under Hermitean conjugation. 

We first address the issue of Lorentz covariance. Under a Lorentz transformation 

J. Math. Phys., Vol. 36, No. 10, October 1995 
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{x, p}--+{x', p'}={g x g- 1, g p g- 1}=g g({x, p}-rx p-x prt +prx+xrtp)g- 1g- 1 

12 I 2 Ill 222 1212 1212 211212 

+ rx' p' + x' p' rt -p' rx' -x' rtp'. (24) 
1 2 I 2 2 I 1 2 

Lorentz covariance follows for 

{x, p}=rx jj+x ;;rt-;;rx-xrtp+A, (25) 
12 1212 2112 

provided that A transforms according to 

A--+A' = ggAg-Ig- 1• (26) 
I 2 I 2 

The inhomogeneous term A cannot be zero. This is evident since in order to recover canonical 
Poisson bracket relations, A must approach a constant matrix in the limit A--+0. For A to satisfy 
(26), the constant matrix can only be proportional to the permutation matrix :?. :? is defined to 
switch the vector spaces l and 2 upon commutation. Thus, e.g., g:?= .9'g. The normalization 

I 2 

A--+-2.9', as >..--+0, (27) 

gives the correct canonical limit. 
In addition to satisfying (26) and (27), A must _be Hermitean. To search for a consistent 

solution when >.. -=I=- 0 we choose the following ansatz: 

(28) 

where f is a 2X2 matrix-valued function of x and p. f also in general depends on>... From (27), 
it tends to the unit matrix l when >..--+0. From (26), we have that f transforms according to 

(29) 

under the action of the Lorentz group. In general, f should then be expressible as a polynomial in 
xp, px, xx, and pp. Presumably, it is also a polynomial in>.., with the lowest-order term equal to 
l. In order to fix the higher-order terms, we now require that the brackets (17), (23), and (25) 
satisfy the Jacobi identity. After some work (and with the aid of algebraic manipulation packages) 
we find that an infinite series expression for f is needed for the job. The lowest-order terms are 
given by 

>._2 >._4 >._6 
f=l+i>..xjj- - (xp) 2 - - (xp) 4 - - (xfi) 6 - •·· 

2 8 16 
(30) 

With f so defined up to six orders in >.., the Jacobi identity is violated at the eighth order in >... The 
first five terms in the series expansion suggest that f has the following exact expression: 

(31) 

To uniquely define the square root we demand that it goes to 1 when A-+ 1. Alternatively, we can 
write 

f=exp{i>..J}, where sin >..J=>..xjj. (32) 

In a future article, 17 we will show that this expression is valid to all orders in >... 

J. Math. Phys., Vol. 36, No. 10, October 1995 
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Equations (17), (23), and (25) define a consistent Poisson structure which is a deformation of 
the canonical symplectic structure for a relativistic particle and which is also Lie-Poisson with 
respect to Lorentz transformations. We next remark on some of its consequences for relativistic 
particle dynamics. 

To proceed we must specify the Hamiltonian function. A natural choice is the mass shell 
constraint 

H= a(det p-m2 ) = a(det p-m2 ), (33) 

where a is a Lagrange multiplier and m denotes the mass. As usual, fixing a corresponds to 
selecting an evolution parameter T for the particle trajectory. 

Now because the Poisson structure for the particle is not the canonical one, the Hamiltonian 
(33) does not describe a free particle. To obtain the equations of motion for this system we need 
the Poisson brackets of det p with x and p. After expanding (17), (23), and (25) in terms of matrix 
elements, we get 

Therefore 

{x, det p}= -(fp+ pft), 

{p, det p}=O. 

(34) 

(35) 

(36) 

(37) 

As in the canonical case the four components of momentum are conserved. In addition to the 
conservation of momentum, there is an analog to the conservation of angular momentum. To see 
this let us compute the T derivative of J defined in (32). We first note that 

(38) 

where we have used the mass shell constraint pp= pp= m 21. It follows that x p commutes with x p 
and therefore we are justified in writing 

d I d . _
1 

_ xp 
2 -J=--sm (hp)= -;=====-2am 1. 

dr ;\ dr ✓1-X.2(xp)2 
(39) 

Thus only the trace of J has a nonzero time derivative. The remaining components, 

j=J- ½I TrJ, (40) 

are constants of the motion. There are six real components in j, and in the limit X.-+0 they reduce 
to xp- ½l Tr xp which corresponds to the canonical angular momenta for a relativistic particle. 
For X. =I= 0, j is therefore a deformation of the standard angular momentum. 

Using the ten constants of motion we can now integrate the equation of motion (36) for x. We 
get 

J. Math. Phys., Vol. 36, No. 10, October 1995 
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and thus up to an overall constant Hermitean matrix C 

(42) 

Here we have used the result that f3 is real which follows from the definition (32) of J in terms of 
Hermitean mauices x and p. From (11), the time coordinate x0 is given by 

1 \Tr k\ . ( X.{3( r) ) 1 
xo= - 2 Tr X= -

2
>..m 2 sm -

2
- + </J - 2 Tr C, (43) 

where </J=arg Tr k. It follows that the particle has a finite lifetime equal to \Tr k\l(\>..\m 2
). For the 

example where p points in the timelike direction and j is zero, then the lifetime is simply 
2/ ( \ >.. \ m). (It is curious that if one compares this classical result with the Heisenberg uncertainty 
relation for virtual particles, then one finds an upper bound for\>..\, \>..\~2th.) If we now introduce 
a rescaled time t defined by 

O~t~ 1, (44) 

then the solution (42) can be expressed by 

x(t)= Ut 112 ~+ Vt+x(O), (45) 

where U and V are constant Hermitean matrices (U also being traceless) such that 

(46) 

The trajectory is a superposition of a semicircular path plus a line segment. It originates and 
terminates at singularities. This because the velocity dxldt is singular when t=O, 1. It equals V 
when t= ½. Since the lifetime is finite (and the speed can exceed the speed of light at some points 
on the trajectory), the solutions at best can be interpreted as describing virtual particles. (On the 
other hand, we can avoid problems associated with superluminal speeds if we replace x; with new 
spatial coordinates X;, where 

In terms of X; the particle trajectory is a straight-line segment. However, for such coordinates 
Lorentz covariance is lost and the Poisson structure becomes more complicated.) 

V. CONCLUDING REMARKS 

Here we summarize our results and indicate future avenues of research. 
We have found a Poisson structure for the relativistic particle where the Lorentz group is 

implemented as Lie-Poisson transformations. It involves an infinite series fin the variables x and 
p. We have obtained the lowest-order terms in the expansion for f in (30) and surmised that the 
exact expression is given by (32). In a future article, 17 we will verify that this expression is correct, 
i.e., it is consistent with the Jacobi identity. 

J. Math. Phys., Vol. 36, No. 10, October 1995 
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As in the canonical theory of a relativistic free particle, our dynamical system has ten con
served quantities p and j. When X.-----+O, these quantities reduce to the canonical momenta and 
angular momenta. For >.. -:f= 0, the Poisson brackets of p and j give a deformation of the Poincare 
algebra. This deformed Poincare algebra has the property that one of its Casimirs is the "mass" -
squared, i.e., det p. In order to understand what spin means in this theory it would be useful to 
know what other Casimirs (if any) exist. We have found one additional Casimir and shall report on 
it in a future article. 17 

With regard to dynamics, if we replace our Hamiltonian (33) by a more general function of the 
Casimirs, we can obtain a large family of dynamical systems all having p and j as conserved 
quantities. Perhaps one such system will give a noncanonical description of the standard relativ
istic free particle. One may then perform a deformation quantization of that system thereby giving 
an alternative quantization of the free particle where the space-time symmetry ends up being 
SL/2, C). 

With regard to the deformed angular momenta j, it would be of interest to know whether or 
not j can be interpreted as the generator of the Lie-Poisson Lorentz symmetry. In the study of the 
Lie-Poisson formulation of the rigid rotator in Ref. 12 the generators of the Lie-Poisson chiral 
symmetry were found and they were seen to have novel properties (as opposed to canonical 
symmetry generators). For example, they took values in a group dual to the symmetry group. 
Since there the charges were group valued, the total charge associated with a system of identical 
particles could not be obtained by summing the individual particle charges. Analogous novel 
features are anticipated here. It is clear, for instance, that infinitesimal Lorentz transformations are 
not obtained (as in the canonical theory) simply by taking Poisson brackets with the conserved 
angular momenta j. Similarly, translations are not obtained by taking Poisson brackets with p. In 
this regard, it would be of interest to check whether or not translations can be implemented in a 
Lie-Poisson fashion. If so, the entire Poincare group may be a Lie-Poisson symmetry of this 
theory, yielding a four-dimensional analog of the two-dimensional Poincare invariant theory 
worked out in Ref. 13. [In this regard, we would have to use an alternative Poisson structure on 
SL(2, C) as opposed to what was used here, as it is known18

•
19 that the one used here cannot be 

embedded into a Poincare Poisson-Lie group.] 
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