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We perform the canonical quantization for a system of non-Abelian chiral bosons. We show that un
like in the Wess-Zumino-Witten model, the left- and right-handed current densities do not simultane
ously span Kac-Moody algebras in the quantum theory. At the critical values of the coupling constants, 
only one Kac-Moody algebra results. 

PACS numbers: 11.10.Ef, 11.10.Lm, 11.40.Fy 

Chiral bosons in two dimensions are an important in
gredient for heterotic string theories. The action princi
ple 1 ·2 and quantization 3 of Abelian chiral bosons have 
recently been given in the literature. The situation is not 
as complete for non-Abelian chiral bosons. In the Ham
ilton formalism, the theory should consist of a single 
Kac-Moody algebra. A Lagrangian for the system was 
recently proposed by Sonnenschein4; it is the non
Abelian generalization of the system of Floreanini and 
Jackiw. 2 In this Letter, we perform a canonical quanti
zation of this Lagrangian and show that it leads to the 
desired Hamiltonian description. 

The relevant action of Ref. 4 is 

S[g] = - iA. IM2d 2xTr(o-go1g- 1 )+Swz[g], (1) 

Swz[g] = 1;,rJD 3Tr(g- 1dg)3, (2) 

where g = g(x) takes values in a semisimple Lie group G, 
o- -(l/.J2Hoo -81 ), and the boundary oD 3 of the 
three-dimensional disk D 3 is two-dimensional space-time 
M 2 whose coordinates are given by x =(x 0,x 1 ). Semi
classical arguments require n to be an integer. 5 Initially, 
we shall assume that the coefficients A and n are unrelat
ed. It is the intent of this Letter to show that a Kac
Moody algebra results only when the coupling constants 
take the critical values A - ± n. It is plausible that a 
consistent quantum theory is only possible for these cou
plings. In a recent work, Rai and Rodgers 6 utilized a 
geometrical construction due to Balachandran 7 to show 
that actions like that of Eq. ( 1) with A= ± n can be 
written as the integral of the symplectic two-form on the 
space of coadjoint orbits of the Kac-Moody group. It is 
then perhaps natural to expect that the Kac-Moody alge
bra appears in a canonical quantization. 

Because the Wess-Zumino action (2) is invariant un
der diffeomorphisms, S[g] possesses the same space-time 
symmetries as the corresponding Abelian action obtained 
in Ref. 2 [cf. Eq. (20)]. Both are invariant under 

[~ µ: 1-~µ] and [: v-~~v], 
µ and v being real parameters. 

The system described by Eq. (1) as well as the Wess
Zumino-Witten (WZW) model 5 are obtained from the 
reparametrization-invariant action 

- :n IM2d2x .JrrabTraagabg-1 +Swz[g]' 

where r is the space-time metric. The latter results after 
substitution of the conformal gauge, while Eq. (1) is ob
tained from 

The two gauges are not equivalent since, as we shall 
demonstrate, they describe physically distinct systems. 

To obtain the equations of motion for this system, we 
perform the variation 8g=iEg in the action (1), where E 
is an infinitesimal Lie algebra element. As a result of 
this variation, 

0 = (A +n)81 (Bogg -i) + (')..,- n)oo(81g g -i) 

-2A.81(81gg-l). (3) 

This equation of motion simplifies at the critical values 

81(8-gg- 1)=0-(g- 181g)=O, for')..,=n, (4) 

01(g- 10-g)=o-(81gg- 1)=0, for')..,=-n. (5) 

The former (latter) equation implies that the current J'fe. 
Ut) is conserved, where 

0 I in I O I in !I - I JR--JR= 2ng- 81g, h--h= 21ru1gg . 

In addition to a simplification of the equations of mo
tion, the imposition of the critical values implies that 
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S[g] is invariant under the following transformations: 

g-+ hi(x 0 )gh 2(x +) -I for 11.=n, 

g-+ h3(x+)gh4(x 0)- 1 for 11.- -n, 

where h1, h2, h3, and h4 take values in G. 

(6) 

(7) 

We note that loop-group transformations (6) and (7) 
are functions of x + and x 0, whereas in the WZW model 
(at the critical values) the analogous loop-group symme
try transformations are functions of the two light-cone 
variables x + and x - . In the WZW model, a canonical 
quantization of the system (with a Hamiltonian H gen
erating evolution in x 0) shows the presence of two in
dependent Kac-Moody algebras. These algebras are 
spanned by the left- and right-handed current densities 
Jf and Jl It is generally assumed that these current 
densities completely span the phase space. 

On the other hand, for the system defined by the ac
tion (I), a canonical quantization at the critical values 
shows the existence of just one Kac-Moody algebra. It is 
associated with a single non-Abelian current density, ei
ther Jf or JR (the choice depending on the coupling con
stants). The action ( 1) differs from the WZW-model 
action in that it is linear in time (x 0) derivatives. As a 
result, constraints exist in the Hamiltonian formulation 
of the theory which effectively cut the number of phase
space variables in half. It is plausible that the reduced 
phase space is completely spanned by either J2 or Jl 

Before proceeding with the canonical formalism, we 
first need an expression for the Lagrangian density asso
ciated with the action (2). It is known that there exists 
no global Lagrangian density associated with Swz. At 
best, we can define a Lagrangian density Lu (associated 
with Swz) on local coordinate patches u of the group 
manifold G. On any such coordinate patch, Swz is the 
integral of an exact three-form. Following Witten, 5 we 
can thus take Lu integrated over coordinate patch u to be 
the integral of a two-form A which is a local function of 
g e G. Let the group elements g be parametrized by an
gles t;i. Then 

(8) 

Aij (;) = - Aj; (;) can be regarded as antisymmetric po
tentials on G. The associateds Kalb-Ramond fields are 

a a a 
Fijk = at Ajk + a,j Aki+ a,k Au. (9) 

These fields, as well as the action (8), are invariant un
der 

a A··-+A·-+-A- A·=A-(r) 
IJ l/ a,i l, l l ':, • 

(IO) 

The values of F;Jk can be determined by comparing vari
ations of (2) with (8). Upon varying the Wess-Zumino 
action (2), we find 

oSwz[g] = 4nnfv,Tr(dgg-1)2d(ogg- 1)= 4:JM2Trdgg- 1d(ogg- 1) 

where variations of (8) give 

o J Lu d 2x == t LFijk dsi /\dsj os"k. (12) 

Thus, we may make the identification 

FJik= 4nn Tr[:~ig- 1[:~g- 1, :2g- 1]]· (13) 

This expression is valid globally, i.e., over the entire 
group manifold G, in contrast to Au which can only be 
expressed over local coordinate patches u of G. 

The total Lagrangian density for the system ( l) is 

.,.ff.A I I ) . . 
L-=--Tr(g- a-gg- a1g)+Au(s" aos'a1s1 . 

4,r 

We define canonical momenta n; in the usual way 

oL '!Cf ___ _ 

oaosi 

(14) 

(15) 

The canonical momenta are not invariant under gauge 
transformations ( l O). To rectify this situation, we define 

1818 

(11) 

the gauge-invariant momenta v; =ni -Aij a1;J. Poisson 
brackets involving vi are 

{;i(x 1 ),vix,i )} -sj o(x 1 - x' 1), (16) 

{v;(X I ),v/x'1 )} =Fijk a1sk 8(x 1 - x' 1). (17) 

The momenta are subject to the primary constraints 

A.-=v· - _A:_Trg- 1kg- 1 a1g=0. 
'!'I I 4,r at (18) 

Since the Lagrangian is linear in time derivatives of si, 
the Hamiltonian is a linear combination of constraints 
</>i, H=fdx 1pi(x 1)<f>i(x 1). The condition that {<f>;(x 1), 

H} = 0 does not lead to secondary constraints, but rather 
restricts the multiplier pi. Thus, Eq. (18) yields the 
complete set of constraints on si and vi. 

We now perform a change in variables. From the co
ordinates and momenta, we can construct two sets of 
variables {Ri} and {L;} whose Poisson brackets yield two 
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Kac-Moody algebras. The construction is as follows: 

(19) 

(20) 

where (g- 1a1g);=Tr(T;g- 1 a1g) and (aigg- 1); 
=Tr(T; a1gg- 1), T; being generators of G normalized 
such that [T;, T) =icbTk and TrT;T1 =oij, The ma-

trices Mij and N;1 are defined via the relations 

g- 1 :2; -iMijTJ, N;k =MiJTr(TkgTJg- 1). (21) 

MiJ and N;1 are shown to be nonsingular in Ref. 8. 
From the Poisson bracket (16), it is easy to check that 
R; (L;) generate right Oeft) translations on g(,), 

{g(x 1 ),R;(x,i )} =ig(x 1 )T1 o(x 1 - x' 1), (22) 

{g(x 1 ),L; (x' 1 )} = - iT;g(x 1 )o(x 1 - x' 1) • (23) 

From (16) and (17), we further find 

{R-(x 1) R-(x' 1 )} =c!<.·Rk(x 1 )8(x 1 -x' 1 )- ....!!.._o·· [-a- - - 8-] o(x 1 - x,i) 
I ' J I} 4,r IJ ax I ax•! ' 

(24) 

{L-(x 1) L-(x' 1 )} =c!<.Lk (x 1 )o(x 1 -x' 1) + ....!!.._ o·· [-a- - _a_] o(x 1 -x,i) 
1 ' J I} 4,r I) aX I ax' I ' 

(25) 

(26) {R;(x 1),L1 (x' 1)} =0, 

corresponding to two Kac-Moody algebras. 
In the WZW model {R;} and {L;} span two indepen

dent Kac-Moody algebras. Here, however, {R;} and {L;} 
are not independent due to constraints (18). Further
more, we note that {cp;} contain second-class constraints; 
so before concluding that the quantum theory contains a 
Kac-Moody algebra, we must first replace the Poisson 
brackets in (24)-(26) by Dirac brackets. 

Since we wish to obtain a Kac-Moody algebra in the 
quantum theory, we ask the following. When is the 
Dirac-bracket algebra for variables R; (L;) identical to 
the Poisson-bracket algebra for R; (L;)? A sufficient 

condition for the above is that R; (L;) have vanishing 
Poisson brackets with the constraints. We will see that 
R; and L; cannot simultaneously commute with the con
straints. Consequently, at most, one set of variables 
spans a Kac-Moody algebra in the quantum theory. 

To check when R; has vanishing Poisson brackets with 
¢1, it is convenient to rewrite the constraints according to 

Now use (22) and (24) to show that 

(28) 

We see that R; has (weakly) vanishing Poisson brackets with the constraints at the critical values 11. -n. At these values 
for the coupling constants, a Kac-Moody algebra is realized by Dirac brackets of the variables R; = (in/ 2n)(g - 1 a1g ); 
with themselves. From Eq. (4), these are the same critical values which lead to the conservation of the current J'h_. 

We repeat the above procedure for the variables L;. Now rewrite the constraints (18) according to 

cpf= -N;1 1¢1 =L; - :lf (n-11.Ha1gg- 1); =O. (29) 

From Poisson brackets (23) and (25), we find that 

{L;(x 1 ),cpf(x' 1)} =cbcpf(x 1)o(x 1 -x,i )+-1-(n+11.)8iJ~o(x 1 -x' 1). 
4n ax 

(30) 

L; has (weakly) vanishing Poisson brackets with the constraints when 11.= -n. At these critical values, a Kac-Moody 
algebra is realized by Dirac brackets of the variables L; = (in/2n)(a 1g g - 1 ); with themselves. From Eq. (5), these are 
the same critical values that lead to the conservation of Jf. 

From Eq. (27) [Eq. (29)], we note that the constraints reduce to R;(x 1)=0 [L;(x 1)=0] when 11.--n [11.=n]. 
Thus, at the critical values of the coupling constants, the Poisson-bracket algebra of the constraints with themselves also 
corresponds to a Kac-Moody algebra. The result that the degrees of freedom L1 [R;] commute with the constraints at 
11. - -n [11. -n] follows simply from Eq. (26). Among the conditions R;(x 1) = 0 [L;(x 1 ) = 0) are the first-class con
straints 

r2n r2n 
RP=Jo dx 1R;(x 1)=0, LP=Jo dx 1L 1(x 1)=0, 

1819 
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where we now assume periodic conditions in x 1, 0 :::S x 1 

< 2:rr. From Eq. (22) [Eq. (23)], RP [LP] generates 
time-dependent group transformations on the right (left] 
of g. These are identical to the gauge transformations by 
h4 in Eq. (7) [h I in Eq. (6)]. 

Following standard canonical procedure, we can set 
the second-class constraints strongly to zero and quantize 
only the gauge-invariant variables or observables. Then 
for A = - n, we eliminate 

Rf"= J/"dx I R;(x 1 )eimx'' 

and quantize the variables 

m.cO, 

L["' = J/"dx IL; (x 1 )eim'x 1 
, m' == integer, 

since the latter commute with RP. The quantum repre
sentation for L["' are well known. [The set of observables 
{L["} is actually overcomplete. Using L; = (in/2:rr) 
x (a 1g g -, ); and periodic boundary conditions in g, we 
obtain the nonlocal condition 

[ 2:rri f 2" ) P exp - -;;- J O L; (x 1 ) T; dx 1 

==Pexp [fo2" a,g g - 1dx I)= I, 

where P denotes path ordering. The meaning of this 
condition and its implications for the quantum represen
tations of the theory is obscure to us. Alternatively, we 
may drop the condition if we do not insist on periodic 
boundary conditions for g(x 1 ).] 

Thus far our treatment has not required a critical 
number of dimensions for the target space. Critical di
mensions for the WZW model followed from demanding 
conformal invariance. Although the system given in Eq. 
( 1) is not invariant under the usual conformal transfor
mations, it is invariant under local reparametrizations in 
x I when the coupling constants take their critical values. 
For instance, when A= -n, a1gg- 1 is a function of only 
x + [from Eq. (5)] and we can choose h3 =I+ iEa 1g g- 1 

and h 4 =1 in Eq. (7), where oc=E(x+) is small. This 
yields og == - ioca 1g corresponding to reparametrization 
in x 1• The quantum generators of this symmetry are ob-

1820 

tained via the Sugawara construction. 9 However, as 
usual, the symmetry is anomalous for all dimensions but 
the critical one. Analysis of the ghost Lagrangian for 
this system shows that the critical dimensions are identi
cal to those found recently by Mezincescu and Nepo
mechie, 10 even though their system looks quite different 
from ours. 
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