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Minimal SUSY SO(10) and Yukawa Unification
Nobuchika Okada

Department of Physics and Astronomy, University of Alabama, Tuscaloosa, Alabama 35487, USA

Abstract. The minimal supersymmetric (SUSY) SO(10) model, where only two Higgs multiplets {10⊕126} are utilized for
Yukawa couplings with matter fields, can nicely fit the neutrino oscillation parameters as well as charged fermion masses and
mixing angles. In the fitting of the fermion mass matrix data, the largest element in the Yukawa coupling with the 126-plet
Higgs (Y126) is found to be of order one, so that the right see-saw scale should be provided by Higgs vacuum expectation
values (VEVs) of O(1014GeV). This fact causes a serious problem, namely, the gauge coupling unification is spoiled because
of the presence of many exotic Higgs multiples emerging at the see-saw scale. In order to solve this problem, we consider a
unification between bottom-quark and tau Yukawa couplings (b− τ Yukawa coupling unification) at the grand unified theory
(GUT) scale, due to threshold corrections of superpartners to the Yukawa couplings at the 1 TeV scale. When the b− τ
Yukawa coupling unification is very accurate, the largest element in Y126 can become O(0.01), so that the right see-saw scale
is realized by the GUT scale VEV and the usual gauge coupling unification is maintained. Since the b−τ Yukawa unification
alters the Yukawa coupling data at the GUT scale, we re-analyze the fitting of the fermion mass matrix data by taking all
the relevant free parameters into account. Unfortunately, we find that no parameter region shows up to give a nice fit for the
current neutrino oscillation data and therefore, the usual picture of the gauge coupling unification cannot accommodate the
fermion mass matrix data fitting in our procedure.

Keywords: supersymmetry, grand unification, fermion masses and mixings
PACS: 14.60.Pq, 12.10.Dm, 12.60.Jv

INTRODUCTION

A particularly attractive idea for the physics beyond the standard model (SM) is a possibility of the grand unified
theory (GUT). In the context of GUTs, the diverse set of particle representations and parameters in the SM are unified
into a simple and more predictive framework. Current experimental data for the SM gauge coupling constants suggest
the successful gauge coupling unification in the minimal supersymmetric standard model (MSSM), and thus strongly
support the emergence of a supersymmetric (SUSY) GUT aroundMGUT � 2×1016 GeV.
Among several GUTs, a model based on the gauge group SO(10) is particularly attractive for the following reason.

SO(10) is the smallest simple gauge group under which the entire SM matter contents of each generation is unified
into a single anomaly-free irreducible representation, namely the spinor 16 representation. This 16 representation
includes right-handed neutrino, and SO(10) GUT incorporates the see-saw mechanism [1] that can naturally explain
the lightness of the light neutrino masses.
Among several models based on the gauge group SO(10), the so-called minimal SO(10) model has been paid

a particular attention, where two Higgs multiplets {10⊕ 126} are utilized for the Yukawa couplings with matters
16i (i = generation) [2]. A remarkable feature of the model is its high predictive power of the neutrino oscillation
parameters as well as reproducing charged fermion masses and mixing angles. It has been pointed out that CP-phases
in the Yukawa sector play an important role to reproduce the neutrino oscillation data [3]. More detailed analysis
incorporating the renormalization group (RG) effects in the context of MSSM [4] explicitly showed that the model
was consistent with the neutrino oscillation data.
However, after KamLAND data [5] was released, the results in Ref. [4] were found to be deviated by 3σ from

the observations. Afterward this minimal SO(10) was modified by many authors, using the so-called type-II see-saw
mechanism [6] and/or considering a 120 Higgs coupling to the matter in addition to the 126 Higgs [7]. Based on an
elaborate input data scan [8, 9] it has been shown that the minimal SO(10) is essentially consistent with low energy
data of fermion masses and mixing angles. For more recent data analysis, see [10].
On the other hand, it has been long expected to construct a concrete Higgs sector of the minimal SO(10) model.

A simplest and renormalizable Higgs superpotential was constructed explicitly and the patterns of the SO(10) gauge
symmetry breaking to the standard model one was shown [11, 12, 13, 14]. This construction gives constraints among
the vacuum expectation values (VEVs) of several Higgs multiplets, which give rise to a trouble in the gauge coupling
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unification. The trouble comes from the fact that the observed neutrino oscillation data suggests the typical right-
handed neutrino mass scale (the see-saw scale) to be around 1014 GeV, which is far below the GUT scale. In the
analysis for the data fitting of fermion mass matrices, we found that the largest component in the Yukawa coupling
matrix of the right-handed neutrinos is of order one. Thus, the intermediate see-saw scale is provided by Higgs field
VEV, and several Higgs multiplets are expected to have masses around the intermediate scale and contribute to the
running of the gauge couplings. Therefore, the gauge coupling unification at the GUT scale may be spoiled. This fact
has been explicitly shown in Ref. [9], where the gauge couplings are not unified any more and even the SU(2) gauge
coupling blows up below the GUT scale.
In order to avoid this trouble and keep the successful gauge coupling unification as usual in the context of the

MSSM, it is desirable that all Higgs multiplet masses as well as their VEVs are around the GUT scale. However, in
this case, the see-saw scale becomes the GUT scale, giving the light neutrino mass too small to be consistent with the
neutrino oscillation data.
In this work we examine a possible solution to the problem of the gauge coupling unification. We first note that

the largest element of the (Majorana) Yukawa coupling matrix of the right-handed neutrinos is determined by the
difference between Yukawa couplings of bottom quark and tau lepton at the GUT scale. This implies that if the
bottom-tau (b− τ) Yukawa coupling unification at the GUT scale is realized at the precision of a few per cent level or
higher, the Majorana Yukawa coupling can be O(0.01) and hence the intermediate see-saw scale can be realized even
for the GUT scale Higgs VEVs. In fact, it has been studied [15] that the b− τ Yukawa unification can be realized at
the GUT scale when SUSY threshold corrections for the Yukawa coupling at the TeV scale are taken into account.

When we take into account the b− τ Yukawa coupling unification, the data of fermion mass matrices at the GUT
scale will be quite different from the ones used for the previous analysis. Therefore, we need to re-examine if the
minimal SUSY SO(10) with the b− τ Yukawa coupling unification could fit all the experimental data for the fermion
mass matrices. Taking all free Yukawa parameters into account, we have done the parameter scan to fit fermion mass
matrix data, in particular, the neutrino oscillation data. Unfortunately, we have found that there is no parameter set
which can reproduce the neutrino oscillation data.
This paper is organized as follows: In the next section, we give a brief review of the minimal SUSY SO(10) model

and the data fitting procedure. In section 3, we discuss the problem of the gauge coupling unification and the b− τ
Yukawa unification towards the solution to this problem. In section 4, we show our analysis to fit the fermion mass
matrix data in the minimal SUSY SO(10) with the b− τ Yukawa unification and present our results on the neutrino
oscillation data by the parameter scan. The last section is devoted to conclusions.

BRIEF REVIEW OF THE MINIMAL SUSY SO(10)

We begin by giving a brief review on the minimal SUSY SO(10) model and show the GUT relation among fermion
mass matrices. Even when we concentrate our discussion on the issue how to reproduce the realistic fermion mass
matrices in the SO(10) model, there are lots of possibilities for introduction of Higgs multiplets. The minimal
supersymmetric SO(10) model is the one where only one 10 and one 126 Higgs multiplets have Yukawa couplings
with 16 matter multiplets such as

W = Y i j
1016i10H16 j+Y i j

12616i126H16 j , (1)

where 16i is the matter multiplet of the i-th generation, 10H and 126H are the Higgs multiplet of 10 and 126
representations under SO(10), respectively. Note that, by virtue of the gauge symmetry, the Yukawa couplings, Y10 and
Y126, are complex symmetric 3×3 matrices. We assume some appropriate Higgs multiplets, whose vacuum expectation
values (VEVs) correctly break the SO(10) GUT gauge symmetry into the standard model one at the GUT scale,
MGUT = 2× 1016 GeV. Suppose the Pati-Salam subgroup, G422 = SU(4)c × SU(2)L × SU(2)R, at the intermediate
breaking stage. Under this symmetry, the above Higgs multiplets are decomposed as 10 → (6,1,1) + (1,2,2) and
126→ (6,1,1)+(10,3,1)+(10,1,3)+(15,2,2), while 16→ (4,2,1)+(4,1,2). Breaking down to the standard model
gauge group, SU(4)c×SU(2)R → SU(3)c×U(1)Y , is accomplished by non-zero VEV of the (10,1,3)Higgs multiplet.
Note that Majorana masses for the right-handed neutrinos are also generated by this VEV through the Yukawa coupling
Y126 in Eq. (1). In general, the SU(2)L triplet Higgs in (10,3,1) ⊂ 126 would obtain the VEV induced through the
electroweak symmetry breaking and may play a crucial role of the light Majorana neutrino mass matrix. This model
is called the type-II see-saw model, and we include this possibility in the following.
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After the symmetry breaking, we find two pairs of Higgs doublets in the same representation as the pair in the
MSSM. One pair comes from (1,2,2) ⊂ 10 and the other comes from (15,2,2) ⊂ 126. Using these two pairs of the
Higgs doublets, the Yukawa couplings of Eq. (1) are rewritten as

WY = (Uc)i

(
Y i j
10H

u
10+Y i j

126H
u
126

)
Q+(Dc)i

(
Y i j
10H

d
10+Y i j

126H
d
126

)
Qj

+ (Nc)i

(
Y i j
10H

u
10−3Y i j

126H
u
126

)
Lj+(Ec)i

(
Y i j
10H

d
10−3Y i j

126H
d
126

)
Lj

+ Li
(
Y i j
126 vT

)
Lj+(Nc)i

(
Y i j
126 vR

)
(Nc) j , (2)

whereUc, Dc, Nc and Ec are the right-handed SU(2)L singlet quark and lepton superfields, Q and L are the left-handed

SU(2)L doublet quark and lepton superfields, Hu,d
10 and Hu,d

126 are up-type and down-type Higgs doublet superfields

originated from 10 and 126, respectively, and the last two terms are the Majorana mass term of the left-handed and the
right-handed neutrinos, respectively, developed by the VEV of the (10,3,1) Higgs (vT ) and the (10,1,3) Higgs (vR).
The factor −3 in the lepton sector is the Clebsch-Gordan (CG) coefficient.
In order to keep the successful gauge coupling unification, suppose that one pair of Higgs doublets given by a linear

combination Hu,d
10 and Hu,d

126 is light while the other pair is heavy (�MGUT). The light Higgs doublets are identified as
the MSSM Higgs doublets (Hu and Hd) and given by

Hu = α̃uHu
10+ β̃uH

u
126 ,

Hd = α̃dHd
10+ β̃dH

d
126 , (3)

where α̃u,d and β̃u,d denote elements of the unitary matrix which rotate the flavor basis in the original model into the
(SUSY) mass eigenstates. Omitting the heavy Higgs mass eigenstates, the low energy superpotential is described by
only the light Higgs doublets Hu and Hd such that

WY = (Uc)i

(
αuY i j

10+β
uY i j

126

)
HuQj+(Dc)i

(
αdY i j

10+β
dY i j

126

)
Hd Qj

+ (Nc)i

(
αuY i j

10−3β uY i j
126

)
HuLj+(Ec)i

(
αdY i j

10−3β dY i j
126

)
Hd Lj

+ Li
(
Y i j
126 vT

)
Lj+(Nc)i

(
Y i j
126vR

)
(Nc) j , (4)

where the formulas of the inverse unitary transformation of Eq. (3), Hu,d
10 = αu,dHu,d+ · · · and Hu,d

126 = β u,dHu,d+ · · · ,
have been used.

Providing the Higgs VEVs, Hu = vsinβ and Hd = vcosβ with v= 174.1[GeV], the quark and lepton mass matrices
can be read off as

Mu = c10M10+ c126M126 ,

Md = M10+M126 ,

MD = c10M10−3c126M126 ,

Me = M10−3M126 ,

MT = cTM126 ,

MR = cRM126 , (5)

where Mu, Md , MD, Me, MT and MR denote the up-type quark, down-type quark, neutrino Dirac, charged-lepton,
left-handed neutrino Majorana, and right-handed neutrino Majorana mass matrices, respectively. Note that all the
quark and lepton mass matrices are characterized by only two basic mass matrices, M10 and M126, and four complex
coefficients c10, c126, cT and cR, which are defined asM10 =Y10αdvcosβ ,M126 =Y126β dvcosβ , c10 = (αu/αd) tanβ ,
c126=(β u/β d) tanβ , cT = vT/(β dvcosβ )) and cR= vR/(β dvcosβ )), respectively. These are the mass matrix relations
required by the minimal SO(10) model.

The mass matrix formulas in Eq.(5) leads to the GUT relation among the quark and lepton mass matrices,

Me = cd (Md+κMu) , (6)
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where

cd =−3c10+ c126
c10− c126

, κ =− 4

3c10+ c126
. (7)

Without loss of generality, we can begin with the basis where Mu is diagonal with real and positive eigenvalues,

Mu = Du = diag(mu,mc,mt). Since Md is the symmetric matrix, it can be described as Md = V ∗
KMDdV

†
KM by using

the CKM matrix VKM and the diagonal mass matrix Dd = diag(eiamd ,eibms,mb) with the real and positive mass
eigenvalues, md ,ms,mb, after re-phasing. Considering the basis-independent quantities, tr[M†

eMe], tr[(M†
eMe)

2] and
det[M†

eMe], and eliminating |cd |, we obtain two independent equations such that(
tr[M̃e

†M̃e]

m2
e+m2

μ +m2
τ

)2

=
tr[(M̃e

†M̃e)
2]

m4
e+m4

μ +m2
τ

, (8)

(
tr[M̃e

†M̃e]

m2
e+m2

μ +m2
τ

)3

=
det[M̃e

†M̃e]

m2
e m2

μ m2
τ

, (9)

where M̃e =V ∗
KMDdV

†
KM+κDu. With the input data of six quark masses, three angles and one CP-phase in the CKM

matrix and three charged-lepton masses (for fixed CP-phases, a and b), we can determine κ and |cd |, but one parameter,
the phase of cd , is left undetermined [3]. Now the mass matrices,M10 and M126, are described by

M10 =
3+ |cd |eiσ

4
V ∗
KMDdV

†
KM+

|cd |eiσκ
4

Du , (10)

M126 =
1−|cd |eiσ

4
V ∗
KMDdV

†
KM − |cd |eiσκ

4
Du , (11)

as the functions of σ , the phase of cd , with the solutions, |cd | and κ , determined by the GUT relation.
Note that the GUT relation of Eq. (6) is valid only at the GUT scale. Therefore, the input data needed to determine

κ and |cd | should be the data at the GUT scale. To evaluate the GUT scale data, RGE analysis of Yukawa couplings
is necessary. Low energy data of six quark masses, three mixing angles and one phase in the Cabibbo-Kobayashi-
Maskawa (CKM) matrix, and three charged-lepton masses (with fixed values of a and b) are extrapolated to the GUT
scale according to the renormalization group equations (RGEs) with given tanβ , and the data set of quark and lepton
mass matrices at the GUT scale are obtained. With the data as inputs at the GUT scale, we find a solution of κ by
Eqs. (8) and (9) and subsequently determine |cd | by Eq. (6). Once the parameters has been determined, the light
neutrino mass matrix is determined via the see-saw mechanism, Mν = −MT

DM
−1
R MD (we consider only the so-called

type I see-saw here), which is obtained as a function of the phase σ . Varying this phase, we examine if the neutrino
oscillation data can be reproduced by a certain value of σ . Note that even finding a solution to Eqs. (8) and (9) is
quite nontrivial. Moreover, reproducing the neutrino mixing angles of the neutrino oscillation data is more nontrivial
by using only one free parameter σ .

THE GAUGE COUPLING UNIFICATION PROBLEM AND b− τ YUKAWA
UNIFICATION

In the analysis for fitting of the fermion mass matrix data, it has been found that Y 33
10 ,Y 33

126 = O(1). This implies

that vR = O(1014GeV) to yield the natural see-saw scale, which spoils the usual picture of the successful gauge
coupling unification. In Ref. [9], the Higgs mass spectrum is calculated based on the simplest and renormalizable
Higgs superpotential and it has been shown that many exotic Higgs multiplets appear in the intermediate scale. As a
result, the gauge couplings are no longer unified and even the SU(2) gauge coupling blows up below the GUT scale.
As long asY 33

126 =O(1), it seems general for the model to suffer from this problem of the gauge coupling unification.

In type I see-saw case, we have vR = O(1014GeV). According to the Higgs mechanism, some of Higgs acquire their
masses from vR, so that their mass should be of order vR. Even if the type II see-saw dominates the fitting of the neutrino
mass matrix, the situation is quite similar. In type II see-saw case, we have Mν ∼ Y126v2u/MH , where MH is (effective)
SU(2) triplet Higgs mass. In order to give the natural scale of the light neutrino mass, Mν ∼ 10−10 GeV, MH ∼ 1014
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FIGURE 1. RGE running of top, bottom and tau Yukawa coupling constants (from top to bottom at μ = 100 GeV) without the
SUSY threshold corrections (left) and with the SUSY threshold corrections (right).

GeV, which means some of Higgs multiplets involving the type II see-saw mechanism have mass of O(1014GeV).
Therefore, it is natural to expect that the model always includes Higgs multiplets with mass at the intermediate scale
even if we do not specify a concrete Higgs sector.

Now let us consider the reason why Y 33
126 = O(1) is led to in the data fitting analysis. First, note that in the minimal

SO(10) model, tanβ is always large because top and bottom quarks are unified in the 16-plet and their mass ratio is
roughly given by tanβ . Thus, bottom Yukawa coupling is of order 1. The left panel of Fig. 1 shows the RGE runnings
of top (Yt ), bottom (Yb) and tau (Yτ ) Yukawa couplings. We can see that Yb−Yτ ∼ Yτ ∼ Yb ∼ 1 at the GUT scale. On
the other hand, Eq. (5) shows that the difference between b−τ masses/Yukawa couplings is given byM126/Y126. Since
the mass differences is of order 1, we have Y 33

126 = O(1).
It is well-known [16] that in the case with a large tanβ , the Yukawa coupling of the third generation quarks and

lepton, in particular, Yb can receive a significant SUSY threshold corrections such as

δYb � μ
4π2

(
g23
3

mg̃

m2
1

+
Y 2
t

8

At

m2
2

)
tanβ , (12)

where m1 � (mb̃1
+mb̃2

)/2 and m2 � (mt̃2 + μ)/2. Elaborate study of the SUSY parameter scan has shown [15] that
a suitable choice of soft SUSY breaking parameters can realize the b− τ Yukawa coupling unification via the SUSY
threshold corrections. See the right panel in Fig. 1 for an example choice of soft parameters.
Note that if the b− τ Yukawa coupling unification is realized at the GUT scale, Y 33

126 can be very small because

Yb−Yτ ∝ Y 33
126. In this case, only the Y10 is crucial for the fitting of b− τ Yukawa couplings, but Y126 is important for

fitting of the first two generation Yukawa couplings with the entry of the Clebsch-Gordon coefficient,−3, in the lepton
sector in Eq. (5). So, when the b−τ Yukawa unification is very accurate, the largest element in Y126 is of order 0.01, to
realize the mass scale of the second generation quark/lepton. In this case, Y126vR ∼ 0.01vR, namely, the right see-saw
scale of O(1014GeV) is generated with vR =MGUT. Therefore, all the Higgs multiplets have mass at the GUT scale
and the usual picture of the gauge coupling unification is maintained. This is a possible solution to the gauge coupling
unification in the minimal SUSY SO(10) model.

DATA FITTING IN MINIMAL SO(10) WITH YUKAWA UNIFICATION

Now we consider the minimal SUSY SO(10) with the b− τ Yukawa coupling unification to keep the usual picture of
the successful gauge coupling unification. Note that the significant SUSY threshold corrections are crucial to realize
the Yukawa coupling unification and alter the fermion mass matrix data at the GUT scale. Thus, we need to reanalyze
the fitting of the fermion mass matrix data by taking the b− τ Yukawa coupling unification into account.
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FIGURE 2. Neutrino flavor mixing angles for various parameter sets which satisfy Eq. (13).

In the following, we perform the parameter scan for all free parameters of the model relevant to the data fitting: κ ,
σ and the diagonal CP-phases, a and b. For numerical analysis, we modify the condition of Eq. (9) to

−1.0×10−7 <

(
tr[M̃e

†M̃e]

m2
e+m2

μ +m2
τ

)3

− det[M̃e
†M̃e]

m2
e m2

μ m2
τ

< 1.0×10−7 . (13)

The solution κ of this condition has been scanned over the range, −0.05 < Re[κ ]< 0 and −0.01 < Im[κ ]< 0.01, for
various input values of 0 ≤ a,b ≤ 2π . We have checked that for various values of a and b, solutions always appear
inside of this range. We assume that the other condition of Eq. (8) is always satisfied by the solution κ1. For the
various values of 0≤ a,b≤ 2π , we have gotten the data set of κ which satisfy Eq. (13), and subsequently determined
|cd |. Then, we have calculated the neutrino flavor mixing angles for a various values of σ . We have examined 26
million different parameters in our scan and the results are shown in Fig. 2. Unfortunately, there is no data point which
reproduces the current neutrinos oscillation data [17]:

0.833≤ sin2 θ12 ≤ 0.881, 0.95≤ sin2 θ23. (14)

When we impose the other condition of Eq. (8), the data we should obtain is a subset of the data in our results. Hence,
we arrive at the same conclusion that there is no data point which reproduces the current neutrinos oscillation data.

CONCLUSIONS

The minimal SUSY SO(10) model utilizes only two Higgs multiplets {10⊕126} for Yukawa couplings with matters
and can nicely fit the neutrino oscillation parameters as well as charged fermion masses and mixing angles. In the
fitting of the fermion mass matrix data, Y 33

126 is found to be of order one, so that the right see-saw scale should be

provided by Higgs VEVs of O(1014GeV). This fact causes a serious problem, namely, the gauge coupling unification
is spoiled because of the presence of many exotic Higgs multiples emerging at the see-saw scale. In order to solve this
problem, we have considered the b− τ Yukawa coupling unification at the GUT scale, due to threshold corrections
of superpartners to the Yukawa couplings at the 1 TeV scale. When the b− τ Yukawa coupling unification is very
accurate, the largest element of Y126 can become O(0.01), in order to realize the mass scale of the second generation
fermions. Therefore, in this case, the right see-saw scale is realized by the GUT scale VEV and the usual gauge
coupling unification is maintained. Since the b−τ Yukawa coupling unification alters the Yukawa coupling data at the
GUT scale, we have re-analyzed the fitting of the fermion mass matrix data by taking all the relevant free parameters
into account. Unfortunately, we have found that there is no parameter region which can reproduce the current neutrino
oscillation data and therefore, the usual MSSM picture of the gauge coupling unification cannot accommodate the
fermion mass matrix data fitting in our procedure.

1 This assumption is clearly wrong, but we will see that our conclusion is the same even when we impose the second condition.
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