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Abstract 

A simple model of the Majorana neutrino with the see-saw mechanism is studied, assuming that two light neutrinos are 
the hot dark matter each with a mass of 2.4 eV in the cold plus hot dark matter model of cosmology. We find that the 
heavy neutrino, which is the see-saw partner with the remaining one light neutrino, can be the cold dark matter, if the light 
neutrino is exactly massless. This cold dark matter neutrino is allowed to have a mass in the wide range from 5.9 x 102 eV 
to 2.2 x 107 eV. 

Recently Primack et al. [ 1] pointed out that the cold 
and hot dark matter model agrees very well with the 
observations of the matter distribution in the universe 
with the total density parameter n = 1 and the Hubble 
constant h == Ho/100 km s- 1 Mpc- 1 = 0.5. They 
assumed that two massive neutrinos which have nearly 
degenerate masses 2.4 e V play the role of the hot dark 
matter. The hot dark matter, the cold dark matter, and 
the Baryons occupy 20%, 72.5%,and 7.5% of the total 
density parameter, respectively. 

On the other hand, there a.re some current data re
garding the masses and the flavor mixings of neutri
nos. The solar neutrino deficit [2] and the atmospheric 
neutrino anomaly [3] seem to give indirect evidence 
of the non-vanishing masses and flavor mixings of the 
neutrinos in the view of neutrino oscillation. In ad-

1 E-mail: n-okada@phys.metro-u.ac.jp. 
2 Present address: Depmtment of Physics, Tokyo Metropolitan 

University, Hachioji-shi, Tokyo 192-03, Japan. 

dition, recent LSND experiment [ 4] seems to have 
brought the first direct evidence for neutrino masses 
and flavor mixings in the Vµ, - Ve oscillation. If some 
species of neutrinos have masses of order eV, they 
can be appropriate for the hot components of the dark 
matter in the cold and hot dark matter model. 

In the standard model of the elementary particle 
physics, three species of neutrinos are exactly mass
less and there is no particle which can be the cold dark 
matter. Some extension is needed to include the mass 
of the neutrinos and the cold dark matter. In this let
ter, we study the model first introduced by Chikashige, 
Mohapatra and Peccei [5]. This model is a very sim
ple extension of the standard model, which includes 
massive Majorana neutrinos. 

We introduce three species of right-handed neutri
nos and an electroweak-singlet scalar <I> as new parti
cles to the standard model. In order to make neutrinos 
massive, two kinds of Yukawa couplings are consid
ered. The Yukawa interaction is described by 

0370-2693/96/$12.00 Copyright© 1996 Elsevier Science B.V. All rights reserved. 
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CYukawa = -gyijVu</>VR_; - gMijVRf cf>vR.i + h.c., ( 1) 

where </> is the electric-charge neutral component of 
the Higgs field in the standard model, and i and j de
note flavors ( i, j = 1, 2, 3). The Dirac and the Majo
rana mass terms appear by the non-zero vacuum ex
pectation values of these scalar fields ( (</>) =I= 0 and 
(cf>) =I= 0). The mass matrix is given by 

Cmass=-(vL VRc) [~b ';:] (:i)+h.c., (2) 

where mD (M) is the 3x3 Dirac (Majorana) mass 
matrix defined by mDij = gr;_;(</>; (Mi_; = gMij(cf>)), 
and VL and VR are the column vectors of the three fla
vors. Since the symmetry of the lepton number is spon
taneously broken by (cf>) =I= 0, a massless Nambu
Goldstone boson called majoron appears. Generally 
mD (M) is the 3x3 complex (symmetric) matrix and 
we should diagonalize the whole 6 x 6 mass matrix in 
Eq. (2). 

As the first approximation, we assume that the 
off-diagonal elements of the mass matrices mv and 
M are very much smaller than their diagonal ele
ments, namely, the effect of the flavor mixing can 
be neglected. By this assumption, we can take mv = 
diag [m1, m2, m3] and M = diag [M 1, M2, M3]. Fur
thermore, we assume the hierarchy between mv and 
M, namely Im;/ M,I « 1. Then, the see-saw mecha
nism [6] separately works on each generation. 

The six mass eigenstates are described by the weak 
eigenstates, VL and VR, as 

( :! ) ~ [ ! ~E] ( :~ ! :~:.) ' (3) 

where E = diag[mi/ M1, m2/ M2, m3/ M3], and Vf = 
(vf vi v~)T and v1i = (v? v£ vg)r are the light and 
heavy Majorana fields, respectively. The masses for vf 
and vf are mf ~ -(m;) 2 /M; and m;1 ~ M;, respec
tively. 

The couplings of the light and heavy neutrinos with 
the weak bosons are given by 

Cwv ~ 2-./ls w-µ [Ry,_.( 1 - y5)Vp 

+Cyµ(l - y5)Evh] + h.c., 
e 

Czv~-4 zµ [va,_.(l -y5)ve + {vaµ(l -y5)Evh 
SC 

+h.c.} + v1iy,_.(l -y5)E2vh], (4) 

where £ denotes the column vector of three charged 
leptons,£ = ( e µ T) T. Here we neglect the flavor mix
ing also in the charged leptons. The couplings of the 
heavy neutrinos with the weak bosons are suppressed 
by the small factor E. These fields Vf and v1i also cou
ple with the majoron (imaginary part of the field cf>) 3 . 
According to Eq. ( 1), these couplings are given by 

1 [-D 2• ,CXP ~ - J2 X VfgME iy5Vf 

- {vgg~E iysvh + h.c.} + VM~/ysvh] , (5) 

where the field X is the majoron field defined by 
X / J2 = Imcf>, and g~ is a diagonal matrix, g~ = 
diag[gf, gf, g3] = M/ (cf>). In contrast with Eq. ( 4), 
the couplings of the light neutrinos with the majoron 
are suppressed by the factor E. 

Some parameters are fixed according to the cosmo-
1 ogical model considered by Primack et al. In their 
model, the mass spectrum of the light neutrinos is con
strained as mf « m1 ~ mi ~ 2.4 eV. Then, the five 
parameters are left free in our model, gf, gf, ~, mf 
and m{ ( « 2.4 eV). Since it is very complicated to 
analyze leaving all of these parameters free, we con
sider the simplest case, in which masses of all heavy 
neutrinos are degenerate. Namely, we set gf = gf = 
g3 == gM, therefore mf = mq = mg == mh. Now we 
have only three free parameters, gM, mh, and mf. The 
value of mf is fixed in the following discussion. 

There is a fundamental constraint that the particle 
has to be stable to be the cold dark matter, namely, its 
life time must be longer than the age of the universe 
(tu ~ 1017 s). The heavy neutrinos decay into the 
light neutrinos and the majoron through the coupling 
in Eq. (5). The life time of the i-th heavy neutrino is 
given by 

327T 
Ti= 

(gM)2mf • 
(6) 

Unless gM is very tiny (gM < 5.3 x 10-15 ), two neu
trinos, vg and vg, are unstable because of mf ~ mi ~ 
2.4 eV. Since such an extremely small coupling con
stant is unnatural, these two neutrinos cannot be nat
urally the cold dark matter. Then, the heavy neutrino 

3 These fields ve and Vh also couple with the majoron-Higgs (real 
part of the field <'I>) and the usual Higgs in the standard model. 
However, we do not consider the effects of these fields assuming 
that these scalar particles are very heavy. 
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vf is the only remaining candidate for the cold dark 
matter. If we adopt a natural (not so small) value for 
the Yukawa coupling gM, the mass of the correspond
ing light neutrino vf must be extremely small, for in
stance, m1 < 6.6 x 10-27 eV for gM ~ 10-2 . Since 
we cannot believe that such small value of the mass 
is explained by some mechanism (the Dirac mass m1 

must be extremely smaller than the weak scale), we 
::i,:,:nmP th::it vf i,: P.X::J~tly m::i,;:,:Je,:,: hy virt11e of ,;:ome 

symmetries. Note that the vanishing mf, or the Dirac 
mass m1 == 0, is stable against the radiative correction, 
since the U ( l) symmetry of the phase rotation of the 
fields 111 L and e forbids the generation of the Dirac 
mass m1• Furthermore, ii should be stressed that only 
the mass difference is important ( flavor mixings are 
::iko nP.P.oP.o) for thP. nP.11trino o,:cillation phenomen::i. 

but not the absolute value of the mass. There is nothing 
wrong with the massless vf. According to this assump
tion, the heavy neutrino vf is exactly an electroweak
singlet particle. Therefore, it can be stable cold dark 
maiier. Note that the stability of v(' is ensured, even 
if the flavor mixing between light neutrinos is intro
duced, since we are assuming that the mass matrix M 
is proportional to unit matrix and ignoring CP viola
tion phases in the mass matrix ml) in Eq. (2). There 
is no higher-order effect which can cause the decay 
of the cold dark matter neutrino. In the following dis
cussion, our aim is lo investigate the cosmologically 
allowed region of the mass mh and the coupling con
stant gw 

Let us consider the dynamical evolution of the early 
universe in this model. At very high temperature, we 
assume that all the particles are in thermal equilib
rium. As the temperature cools down, some particles 
decouple from the thermal equilibrium at each specific 
temperature called decoupling temperature. It is con
venient for considering the evolution of the universe 
to separate the matter contents into two parts. One is 
the "heavy neutrino-majoron system" which includes 
three heavy neutrinos and the majoron. The other is the 
"electroweak system" in which all the other particles 
are included. These t\.VO systems \.veakly interact vvith 
each other through the couplings suppressed by the 
see-saw factor E in Eqs. ( 4) and ( 5). We assume that 
at the temperature TJ!;w the "heavy neutrino-majoron 
system" decouples from the "electroweak system", 
and ihai the pariicles in the "heavy neulrino-majoron 
system" are still in thermal equilibrium after this de-

coupling. Therefore, the decoupling temperature Tf is 
lower than tJ;W. Here Tf is the temperature at which 
the heavy neutrinos and the majoron no longer inter
act with each other. 

Note that the temperatures of these two systems are 
different after the decoupling at T5w. The temperature 
of the heavy neutrino as the cold dark matter in the 
present univ~rse TcoM is different from the tempera
tnrP ofthP. photon ::it prp,:ent, T, ==? .1K. ThP rPhP::iting 

factor aR is estimated by considering the reheating of 
photon caused by the charged particle and anti-particle 
annihilation. In addition to this usual factor aR, the 
cooling factor R should be introduced in our model in 
order to include cooling effect by the decaying unsta
ble neutrinos. As soon as the "heavy neutrino-majoron 
system" decouples from the "electroweak system" at 
TJ;W, two unstable neutrinos 111 and llj decay into 
the light neutrinos and the majoron. Then, the "heavy 
neutrino-majoron system" cools down and the "elec
troweak system" is heated up, because the energy 
uf tht: "lit:avy 11t:uui11u-umju1u11 :sy:stt:111" fluw:s tu tht: 

"electroweak system" by the emission of the light 
neutrinos. Since the degrees of freedom of the "elec
troweak system" is far larger than that of the "heavy 
neutrino-majoron system", we can ignore the heating 
effect of the "electroweak system". The cooling factor 
R is defined by 

yx 
R== /} ' 

EW 

(7) 

where Tf;w is the temperature of the "electroweak sys-
tPm" u,liPn thP hP~-vy nPntr-inn~ r1Pr-nnplP frnrn thP 111~-

joron. Since TiJ < T5w as assumed above, the factor R 
is less than unity. The temperature TcoM is written as 

TcoM == aR R T, . (8) 

by using the factors aR and R. 
Now we can write down the condition for the heavy 

neutrino v? to be the cold dark matter, Pv(' == PCDM· 
Here PCDM == 1.9 x 10-6 GeV /cm3 is the energy den
sity of the cold dark matter in the present universe 
based on the model considered by Primack et al. The 
present energy density of the cold dark matter neutrino 
v(' is given by 

(9) 
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where n(TiJ) is the number density of the cold dark 
matter at the decoupling temperature T{;. This number 
density is given by 

CX) 2 

n(Tx) = __!_ j p dp 
v 172 exp [ ~ ] + 1 

0 TD 

= f(xv) (T{J 3, (10) 

where E = Jp2 + m~, xv = T{y/m1,, and f(xD) is 
defined by 

00 

l J y
2
dy f(XD) = - _, · 

172 e✓Yz+x/). + 1 
0 

(11) 

Considering that the cold dark matter should decouple 
in the non-relativistic regime, we provide the upper 
bound of xv as xv ::; 1. By using the condition, Pvt = 
PCDM, and Eqs. (8)-(10), the mass m1z is given by 

m1i(Xv,R) = 1.1 x 10-9 a;_3 f(xD)- 1 R-3 GeV 

(12) 

as the function of XD and R. 
On the other hand, the coupling constant gM is ob

tained from the definition of the decoupling tempera
ture T{;. The decoupling temperature is defined by [7] 

(13) 

where (ulvl)Tx is the average value of the annihila-
1) 

tion cross section of a heavy neutrino times relative 
velocity, and H is the Hubble parameter. For the non
relativistic heavy neutrino, we obtain 

(14) 

by considering the heavy neutrino annihilation pro
cess, vtv{' ----+ XX· The Hubble parameter His given 
by 

H- (8773) 1/2 y2 
- 90 ,.fg:Mp' 

(15) 

where Mp'.'.::::'. 1.2 x 1019 GeV is the Planck mass, and 
g* is the total degrees of freedom of the all particles 
in thermal equilibrium. Note that Tis not equal to T{;. 

Since the degrees of freedom of the "electroweak sys
tem" are far larger than that of the "heavy neutrino
maj oron system", the expansion rate of the universe, 
or the Hubble parameter, is approximately controlled 
only by the "electroweak system". Therefore, we can 
set T and g* the temperature Tgw and the degrees 
of freedom of the "electroweak system", respectively. 
From the definition of R in Eq. (7), the Hubble pa
rameter is rewritten as 

(8~)1/2 (TJ)2 
H = 90 y'g: MpR2 . 

(16) 

SubstitutingEqs. (10), (14) and (16) into Eq. (13) 
and eliminating m1, by using Eq. ( 12), gM is given by 

gM (XD, R) = 5.0 X 10-7 

1/8 -3/4 -1/2 f( )-1/2 R-5/4 
X g* aR Xv xv . (17) 

as the function of XD and R. Since we obtain both m1, 

and gM as functions of XD and R, one line is drawn 
in the mh-gM plane for one fixed values of R (::; 1) 
varying xv from zero to unity. The allowed region of 
m1, and gM is very large, if the value of R is absolutely 
free. 

Next we estimate the cooling factor R by using the 
"sudden-decay" approximation for two unstable heavy 
neutrinos vq and vJ. We approximately consider that 
all the unstable neutrinos decay and disappear at once 
when the age of the universe is equal to their life 
time, 7 ( = 72 '.'.::::'. 73) 4 . In addition to this approxima
tion, we assume that the disappeared vq and vJ are 
quickly supplied by the majoron annihilation, and the 
thermal equilibrium is recovered. The same situation 
is expected to occur also at the age t = 27, 37 and 
so on, until the temperature of the "heavy neutrino
majoron system" cools down to the decoupling tem
perature TJ. According to these approximations, the 
ratio fx /Tx can be estimated, where fx is the tem
perature of the "heavy neutrino-majoron system" just 
after "quick supplement" and Tx is the one just before 
the "sudden-decay". 

The energy density of the "heavy neutrino-majoron 
system", Phm, is described in two different ways. Since 

4 The unstable neutrinos vf and v: do not start decaying from 
t = 0, but t = riw at which they decouple from the "electroweak 
system". However, we can approximately set tY:,w = 0, because 
tf: << T is satisfied in our final result. 



328 N. Kitazawa et al./ Physics Letters B 380 (1996) 324-330 

the heavy neutrinos and the majoron are in thermal 
equilibrium just after "quick supplement", we obtain 

,,?- 7 t4. Phm = 
30 

( 1 + 4 X 3) X • (18) 

On the other hand, just after "sudden-decay" (before 
"quick supplement"), Phm is given by 

The second term denotes the loss of the energy den
sity due to the emission of the light neutrinos. From 
these two expressions of Phm, we can obtain f x /Tx = 
( 18/25) 114. Since the "sudden-decay" and the "quick 
supplement" recurrently occur, we obtain Thm/TEw = 
( 18/25)n/4 at the age t = nr, where Thm and TEw are 
the temperature of the "heavy neutrino-majoron sys
tem" and the "electroweak system" at the same age, 
respectively, and n is the positive integer. This ratio is 
translated to the smooth function of the age of the uni
verse t: Thm/TEw = (18/25f/4

r_ Therefore, the cool
ing factor R is given by 

(20) 

where ti) is the age of the universe at which the heavy 
neutrino decouples from the majoron. 

On the other hand, the definition of R in Eq. (7) is 
rewritten as 

R= Tff = mh:D. 
TEW TEW 

(21) 

Since Tfw is described by ti) by using the relation be
tween the Hubble parameter and the age of the uni-
verse: 

= (81r3
) l/

2 
~(TEw)2 = _!__ 

H 90 Yg* Mp 2t' (22) 

we obtain 

( 
90 )-1/4 fj;ti 

R=mhxD -8 3 M . 
1T g* p 

(23) 

By using Eqs. (6), (21), and (23), we can obtain 
a relation among m,,, gM, XD, and ti) as 

ui)t;/4T(gM) = mhXD . 
25 TfwCti;) 

(24) 
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Fig. I. The allowed region of the mass of the cold dark matter 
mh and the coupling to the majoron gM. The dashed line is the 
line of x D = I for various values of R. The upper solid line is 
the upper bound for the allowed region. The dots on this line 
correspond to XD = I, 0.6, 0.4, 0.2 from below, respectively. The 
lower solid line is the lower bound for the allowed region. The dots 
on this line correspond to XD = l, 0.6, 0.4, 0.2, 0.1 from below, 
respectively. The dotted horizontal line is the upper bound on the 
mass, m :::,'. 22 MeV. The region among these four lines is allowed 
in our analysis. 

Now we obtain three independentrelations,Eqs. ( 12), 
(17), and (24) for m1z, gM, XD and ti). Therefore, we 
can draw one line in the mh-gM plane. The result of 
numerical calculations for these relations is shown in 
Fig. 1 ( upper solid line for various values of XD S 1). 

However, note that our approximations underesti
mate the value of R, since the correct amount of the 
decaying vf and vf is clearly smaller than that es
timated by "sudden-decay" approximation. Further
more we provide decaying neutrinos by the "quick 
supplement" approximation, although the disappeared 
vf and vf are not so quickly supplied. Since both mh 

and gM are decreasing functions of R as can be seen in 
Eqs. (12) and (17), the upper solid line in Fig. 1 is 
interpreted as the upper bound of the allowed region. 

There exists an upper bound on m,,, since we as
sumed that all particles are in thermal equilibrium at 
very high temperature. Then there should exist a value 
of temperature T(-:/= 0) which can satisfy the condi
tion as follows: 

n (<riv!) > 1. 
H - (25) 
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Here n is the number density of the heavy neutrino and 
(lTlvl) is the average value of the annihilation cross 
section of the heavy neutrino times relative velocity. 
Considering the annihilation processes 11h11h -, 11£11£, 

££, or qq (q denotes a quark) according to the weak 
interaction of Eq. ( 4), we obtain 

n (<TJvJ) == 4NGF ( m1, )
2 

31r2 m1z 
00 

X --- Z J p4dp M4 

eE/T + l (4£2- M~)2 + M~f~' 
0 

(26) 

where E == ✓p2 + m~, me~ 2.4 eV, GF ~ 1.17 x 
10-5 Ge v-2 is the Fermi constant, M z is the mass 
of the Z boson, and f 2 = 2.5 GeV is the total decay 
width of the Z boson 5 • The factor N is defined by 
N = (h - Qsin2 0w) 2 + (h) 2 , where hand Qare 
the third component of the weak isospin ( ± ½) and the 
electric charge of the final state fermion, respectively. 
Summing N for all the possible final state fermions, we 
obtain N '.::'.' 7.3. By numerical calculation ofEqs. (25) 
and ( 26), we obtain the upper bound m1z S 22 Me V. 

Finally, we consider the constraint from the big bang 
nucleosynthesis (BBN). The number of species of the 
light neutrinos is constrained as N v s 3. 04 [ 8] . The 
contribution of new particles ( three heavy neutrinos 
and the majoron) to the energy density in the BBN era 
(~ 1 MeV) have to be small enough in comparison 
with 

7T2 7 
P!!,N == 

30 4 6.N X (1 MeV) 4
, (27) 

where 6.N = max(Nv)-3 = 0.04. The energy density 
of the new particles is given by 

71"2 
Pnew = 

30 
(1 + ¾ X 3) X (cfRR)

4 (1 MeV) 4
, (28) 

where cfR is the ordinary reheating factor at the BBN 

era, cfR == (g*(l MeV) /g*(T5w) )1 13 . Therefore, we 
can obtain the upper bound of R: 

(
7 )1/4 __ 1 

R :S 25 X 6.N aR . (29) 

5 The annihilation cross section intermediated by the majoron 
is far smaller than that intermediated by the gauge boson in the 
region of mh and gM in our final result. Then, it can be ignored. 

This provides the lower bond on the allowed region of 
m1: and gM, since both m1: and gM a.re the decreasing 
functions of R. The bound 6 is shown in Fig. 1 as the 
lower solid line for various values of xv. 

Our final result for the mass of the cold dark matter 
and the coupling to the majoron is shown in Fig. 1. The 
region among the dashed line, the upper solid line, the 
lower solid line, and the horizontal line of the upper 
bound on m1i is allowed in our analysis. The allowed 
region of m1i and gM covers over about five and three 
orders of magnitude, respectively. The mass matrices 
of the see-saw type are realized in this allowed re
gion of m1z. The right hand side of the dashed line in 
Fig. 1 satisfies the constraint that the cold dark matter 
should decouple from the majoron in non-relativistic 
regime. Requiring that the heavy neutrino has been in 
thermal equilibrium of the "electroweak system" once, 
the upper bound on mh (S 22 MeV) is obtained. The 
"sudden-decay" and "quick supplement" approxima
tions provide the upper bound of the allowed region 
( upper solid line in Fig. 1). The lower bound of the al
lowed region is obtained by the BBN constraint (lower 
solid line in Fig. 1). 

Here we would like to mention the characteristic 
mass scale of the free streaming of the cold dark mat
ter. The free streaming length is roughly estimated as 
[7] 

1 ( 1 ke V) ( TcoM ) M ,tps ~ -- -- pc m,, T, 

(30) 

and we obtain the characteristic mass scale of the free 
streaming: 

where M 0 is the solar mass. This scale means the 
lower limit of the scale of structure which can be 
formed by the effect of the cold dark matter. Using 
the lower limit on the mass of the cold dark matter, 

6 If we refer the recent conservative bound, Nv :;:'. 3.9, considered 
by Copi, Schramm, and Turner [ 9] , the upper bound on R becomes 
a little larger, and the allowed region becomes a little larger. 
However, our model cannot be consistent with the bound Nv :;; 

2 .6 by Hata et al. [ 10], since we have three light neutrinos. 
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mh = 590 e V, in Fig. 1, we obtain a galactic mass 
scale 7 , MFs = 1010M0, 

In conclusion, we studied whether the heavy Ma
jorana neutrino can be the cold dark matter or not in 
the cold plus hot dark matter model considered by 
Primack et al. The model of the Majorana neutrino 
first introduced by Chikashige, Mohapatra, and Peccei 
was considered as the simple extension of the stan
dard model. We found that if a light neutrino is ex
actly massless, the heavy neutrino, which is the see
saw partner of the massless neutrino, can be the cold 
dark matter, provided that the other two light neutrinos 
play the role of the hot dark matter. Therefore, both 
the hot and cold dark matters are Majorana neutrinos. 
We obtained a wide allowed region in the mh-gM plane 
by considering cosmological arguments. 
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