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Abstract 

We apply the SL(2, C) lattice Kac-Moody algebra of Alekseev, Faddeev and Semenov-Tian
Shansky to obtain a new lattice description of the SU ( 2) chiral model in two dimensions. The 
system has a global quantum group symmetry and it can be regarded as a deformation of two 
different theories. One is the non-abelian Toda lattice, which is obtained in the limit of infinite 
central charge, while the other is a non-standard Hamiltonian description of the chiral model, 
which is obtained in the continuum limit. © 1997 Elsevier Science B.V. 

PACS: 11.10.Lm; 11.15.Ha; 11.30.Rd 
Keywords: Chiral model; Kac-Moody algebra; Toda lattice; Lax pair; Lie-Poisson 

1. Introduction 

The two-dimensional chiral model is an example of a field theory which has an infinite 
number of conserved charges, yet its quantization is problematic. The reason is due to 
the theory being 'non-ultralocal', which means that Schwinger-like terms appear in the 
algebra of the Lax matrices. This in turn leads to difficulties in defining the Poisson 
brackets of the conserved charges constructed out of the monodromy matrices. 

A number of proposals for removing the above ambiguities in dealing with non
ultralocal models have been made [ 1-6]. One which we wish to pursue here is to put 
the theory on the lattice. ( Our lattice will be one dimensional, with time remaining 
continuous.) Here we shall examine two different schemes for descretizing the SU ( 2) 
chiral model. The first we shall study is already known and it is based on the non-abelian 
Toda lattice [2]. It leads to the standard Hamiltonian formalism in the continuum limit, 
and the classical theory has a global canonical symmetry. The second is new and is based 
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on the lattice Kac-Moody algebra of Alekseev, Faddeev and Semenov-Tian-Shansky 
[7] (also see Refs. [8-10] ). The continuum limit of this theory gives a non-standard 
Hamiltonian formulation of the SU ( 2) chiral model found by Rajeev which is based on 
the SL(2,<C) current algebra [11,12,6,13]. The description based on the lattice Kac
Moody algebra is canonically inequivalent to the previous one based on the non-abelian 
Toda lattice. Rather, it is a deformation of the previous description. The classical lattice 
Kac-Moody algebra has a global Lie-Poisson symmetry ( the classical counterpart of 
a quantum group symmetry [ 14]) and it is characterized by a central charge K. Upon 
taking the limit of infinite central charge one recovers the previous description. 

A quantum group symmetry was shown previously to exist in the WZNW model 
[ 15] . Here we conclude that a quantum group symmetry can be present in a theory 
that contains no Wess-Zumino term. We shall not investigate the question of conserved 
charges and integrability for the lattice theories in this article, but intend it to be the 
subject for a future article. 

We begin in Section 2 by reviewing the continuum theory of the chiral model. The 
discretization of the standard Hamiltonian formalism is given in Section 3. In Section 4 
we write down the classical version of the lattice algebra of Alekseev, Faddeev and 
Semenov-Tian-Shansky. We then examine the * operation for this system and find a 
consistent algebra only for the case of a real central charge. After confirming that its 
continuum limit is the SL(2, <C) Kac-Moody algebra, we show that in the limit of infinite 
central charge the lattice algebra coincides with that of the non-abelian Toda lattice. A 
Lie-Poisson gauge transformation is revealed for the lattice algebra in Section 5. In 

Section 6 we specify a Hamiltonian for this system which agrees with Ref. [ 11] in 
the continuum limit and the Toda lattice Hamiltonian in the limit of infinite central 
charge. The Hamiltonian breaks the local Lie-Poisson symmetry of the Poisson brackets 
to a global one. In Section 7 we consider restoring the local symmetry in order to 
write a Lie-Poisson lattice gauge theory, and in so doing we recover previously found 
systems [ 16,17]. Here we shall also show how the non-local algebra of Ref. [7] can be 
expressed entirely in terms of a local algebra and that the latter is related to the algebra 
of the classical double. Some concluding remarks are made in Section 8. 

2. The continuum theory 

In two dimensions, the SU ( 2) chiral model dynamics can be specified in terms of the 
currents Ia and la, a= 1, 2, 3, the equations of motion being 

ia = J~, 

ja = /~ - Eo:13yf13fy, ( I) 

where the dot denotes the time derivative, the prime denotes the space derivative, and 
E af3r are the structure constants for SU ( 2). [ Here and throughout this paper we specialize 
to the case of SU ( 2).] The equations can be generalized to include effects of a Wess-
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Zumino term, but we shall not consider such a modification here. (For a discussion see 
Section 7.) 

We shall be concerned with two canonically inequivalent Hamiltonian descriptions of 
the chiral model, which we refer to as the 'standard' and 'alternative' formulations. In 
the standard Hamiltonian formulation the equations of motion ( 1) are recovered from 
the Hamiltonian 

Ho= -
4

~ 2 J dx(I,.,Ja + lala), 

and Poisson brackets 

1 

2
X2 {la(x), l13(y) }o =Baf3yly(x)8(x - y), 

2
~ 2 { la (x) ,J,e(Y) }o = Baf3yly (x)8(x - y) - 8a1381 (x - y) , 

I 
2X2 {Ja(X)' J13(y) }o =0, 

x being an arbitrary constant. 

(2) 

(3) 

The alternative canonical formalism for the chiral model was introduced in [ 11, 12,6]. 
It replaces (2) and (3) by 1 

Hi;t= - 4x2(1: g-2) 2 J dxUala + lala), (4) 

I -2 
2x2 {la(X), l13(y) hit= (I+ f )Baf3yly(x)8(x - y), 

I 
2x2 {la(X), J13(y) }w= (1 + C 2)Baf3yly(x)8(x - y) - (I+ C 2)2

8a138'(x - y). 

I 
2x2 {Ja(X), J13(y) }1u·= -f-2(1 + C 2)Baf3yly(x)8(x - y), (5) 

for a real constant f For finite g the Poisson structure ( 5) is canonically inequivalent 
to ( 3). On the other hand, the Hamiltonian ( 4) and Poisson structure ( 5) reduces to 
( 2) and ( 3), respectively, when f -+ oo. Therefore ( 4) and ( 5) give a one-parameter 
deformation of the standard canonical formalism. 

The Poisson bracket algebra (5) is equivalent to the SL(2, C) Kac-Moody algebra. 
To see this we can write 

2 -2 -
la = 2x (1 + t Ha, 

and then (5) in terms of the currents la(x) and la(x) becomes 

{ia(x)J13(y)} =-{la(X), l13(y)} 

=Eaf3Jy(x)8(x - y), 

(6) 

1 In comparing with Ref. [ 12], the parameters p and -r of that reference are given by p = 0 and -r2 = -t·-2 . 
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- - } - g {Ia(x), l13(y) =Eapyly(x)o(x - y) + 
2

X2 Daf3ax8(x - y). (7) 

Note that this is not the most general SL(2, C) Kac-Moody algebra as a second central 
term is allowed in the algebra ( see the discussion in Section 7). 

In the section which follows we examine the discretization of the standard Hamiltonian 
formalism, while the discretization of the alternative Hamiltonian formalism is given in 
Sections 4-6. 

3. The non-abelian Toda lattice 

Here we show that the lattice version of the standard Hamiltonian description defined 
by ( 2) and ( 3) can be formulated in terms of the non-abelian Toda lattice [ 2] . Once 
again we specialize to the case of SU(2). Then this system can be written in terms of 
2 x 2 matrices Gn and Bn, n = I, 2, ... , N, N being the total number of lattice sites, 
where Gn is traceless and antihermitian, while Bn is an SU(2) matrix. For their Poisson 
brackets we take 

{ Bn, Bm} =0, (8) 
I 2 

where we utilize tensor product notation. Here 

and C = u a 0 u a is adjoint invariant. This algebra is non-local due to the interactions 
between neighboring sites in the second Poisson bracket. Nevertheless, it can be reex
pressed in terms of a local algebra, more specifically, in terms of variables which span 
the product space of cotangent bundles of SU ( 2). We show how to do this in Section 7. 

The continuum limit of the non-abelian Toda lattice algebra (8) is the Poisson algebra 
defined by the brackets ( 3). To see this we write 

(9) 

u a being the Pauli matrices, and make the identification of Ia ( x) and .:Ta ( x) with 
la(X) and la(X). 

Canonical transformations are present for the Poisson brackets ( 8). The latter are 
preserved under 

Vn E SU(2). (10) 
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These transformations correspond to SU ( 2) gauge ( or local) symmetries as we can 
associate an SU(2) group element Un with each link on the lattice. Furthermore, from 
the Poisson brackets (8) they are generated by the set of all Gn. 

For the lattice dynamics we need to specify the Hamiltonian, which we denote by 
Hbat_ We take 

Hbat = la~2 L Tr (G~ + B 11 + B/2), 
n 

( 11 ) 

from which we recover (up to an infinite constant) the chiral model Hamiltonian Ho in 
the a -----+ 0 limit. Regarding the symmetries, we note that Tr B 11 and hence Hbat are not 
invariant under the most general canonical transformations ( l O) of the Poisson brackets 
( 8) ( although Tr G~ is invariant). Rather, they are preserved only under the action of the 
global subgroup, i.e. where ( 10) is restricted by v 1 = v2 = ... = VN = v. The generator 
of this subgroup is G = L~=I G11 • It is conserved provided we take suitable boundary 
conditions. We can either demand that the underlying manifold on which the lattice is 
constructed is a circle, whereby the boundary conditions are periodic Bn+N = Bn, or we 
can require that Bn -----+ 0 as n -----+ 1, N at a suitable rate. This is seen from the equations 
of motion which follow from ( 11 ) : 

. _ I t t 
aGn - 2 [Bn+I - Bn - Bn+I + B 11 ]1e, 

aBn = BnGn - Gn-lBn, ( 12) 

where [A] re denotes the traceless part of 2 x 2 matrix A, i.e., [A] rf = A - ½ Tr (A) x 1, 

1 denoting the 2 x 2 unit matrix. Then 

( 13) 

which vanishes after applying the boundary conditions. 
The Poisson brackets ( 8) and Hamiltonian (11) give a lattice formulation of the 

standard Hamiltonian description of the chiral model. In the next three sections we 
develop a lattice formulation of the alternative Hamiltonian description of the chiral 
model. Since from (7) it is based on the SL(2, <C) Kac-Moody algebra we must 
address the discretization of this algebra, which is done in the following section. 

4. Discretization of the SL(2, C) Kac-Moody algebra 

Here we first write down the classical version of the lattice algebra of Alekseev, 
Faddeev and Semenov-Tian-Shansky [ 7]. It is characterized by a central charge K 

which we will relate to the parameters t and x appearing in the alternative Hamiltonian 
formulation of the chiral model. We examine the * operation for this system and find 
a consistent algebra only for the case of real K. We then confirm that continuum limit 
agrees with the SL(2, <C) Kac-Moody algebra of the alternative Hamiltonian formalism 
given by (7). We further show that in the limit K -----+ oo the lattice algebra coincides 
with that of the non-abelian Toda lattice ( 8). 
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4.1. The classical lattice algebra 

The classical version of the discretized SL(2,C) Kac-Moody algebra [7] (also see 
Refs. [ 8,9]) is given in terms of SL( 2, C) group matrices d~ - l, where n again labels 
the lattice points. d~ - l satisfy the Poisson brackets: 

{ d< - l d< - l } = -( d< - l d< - l r + rd< - l d< - l ) 8 
11 , m n m n m n,m 
I 2 I 2 I 2 

+d~-) rd~1-) On,m-1 + d~1-) i'd~-) On,m+I. (14) 
I 2 2 I 

Here d~ - ) , d~
1
- l , , and i' denote 4 x 4 matrices with d~ - l 

I 2 I 

and r, i' given by 

-1 
4 -1 J 

= d~-l@t, d~-> = l@d~-> 
2 

(15) 

T denoting transpose. K is a constant which serves the role of the central charge which 
we will later relate to { and X· It can be checked that the Poisson brackets are skew 
symmetric and satisfy the Jacobi identity. In addition, det d~ - l is in the center of the 
algebra and hence can be set to unity. The difference of r and i' is adjoint invariant, 

C = -iK(r - i'). (16) 

Ignoring the interactions between neighboring sites, i.e. the last two terms in (14), 
the Poisson bracket relations for d~ - l define the classical double algebra at every site 
n on the one-dimensional lattice [ 8, 18-22] . However, due to the interactions the full 
space is not simply a product of classical doubles, and it is non-local. In Section 7 we 
shall show how to rewrite this algebra in terms of a local one and we show that the 
latter is related to the classical double algebra. 

4.2. * Operation 

Because d~ - > are complex matrices, the relations ( 14) are insufficient for determining 
the entire algebra. That is, we must enlarge the algebra to include the brackets of the 
d~ - l's with their hermitian conjugates d~ - lt, or equivalently, with 

d<+l = d<-lt-1 
n n · (17) 

Properties like the Jacobi identity and skew symmetry should remain intact when we 
make this enlargement. In addition, we require that the Poisson structure is preserved 
under complex conjugation. This means that if a and /3 are any two matrix elements of 
d~ - l or d~t l, then 
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{a,,B}* ={a*,,B*}. (18) 

We have found solutions to the above requirements only in the case of real K, which 
we now assume. For the brackets of the d~ - l's with d~ +l's we take the following: 

{ d(-> d<+l}=-(d<-l d<+lr+rd<-l d<+l)o n , m n m n m n,m 
1 2 I 2 I 2 

+d~-l rd~,+l Dn,m-1 + d~,+l rd~-) 8n,m+1. (19) 
I 2 2 I 

An alternative way to write these Poisson brackets is 

{ d< + l d< - l } = -( d< + l d< - l r + rd<+ l d< - l ) 8 n ' m n m n m n,m 
I 2 I 2 I 2 

+d~+l rd~,-) Dn,m-l + d~,-l rd~+) Dn,m+l. (20) 
1 2 2 I 

This equation is obtained from ( 19) using the property of skew symmetry, switching 
the indices m and n, as well as the order of the vector spaces in the tensor product, 
1 ;=cc 2. Upon switching the order of the vector spaces, r--> rT and r--> rT. Let us verify 
property (18) by taking the Poisson bracket of d~-lt with d~+lt_ Using (17), 

{ d<-lt d<+lt}={d<+)-1 d<-l-'} 
n ' m n ' m 
I 2 I 2 

= d( +) - I d( - ) - I { d( +) d( - ) } d( +) - I d( - ) - I 
nm n'm nm 
I 2 I 2 I 2 

= -(d(-) t d(+) tr+ rd(-) t d(+) t)o n m n m n,m 
I 2 I 2 

+ d< + l t - d( - l t " + d< - l t - d< + l t " m r n Un,m-l n r m Un,m+I . (21) 
2 I I 2 

By comparing (21) with (19), we see that the property (18) is satisfied and hence the 
Poisson structure is preserved under complex conjugation. Note that here we need K to 
be real. 

In addition to the relations (14) and (19), we can obtain the Poisson brackets for 
d~ + l with d~,+ l by taking the complex conjugate of (14), again assuming the property 
( 18). We find 

{ d<+) d<+l} = -(d<+l d<+l r + rd<+) d<+l )o n ' m n m n m n,m 
I 2 I 2 I 2 

+ d~+l rd~,+l Dn,m-l + d~,+l rd~+) 8n,m+l. (22) 
I 2 2 I 
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The brackets (14), (19) and (22) completely specify the Poisson structure. We note 
that r and i' in the first two terms can be interchanged in Eqs. (14) and ( 22), due 
to C being an adjoint invariant. It can be checked that the complete set of Poisson 
brackets (14), (19) and (22) are skew symmetric and satisfy the Jacobi identity, and 
that det d~ ±) is in the center of the algebra. 

4.3. The continuum limit 

To recover the SL(2, <C) Kac-Moody algebra in the continuum limit we set 

(23) 

where a is the lattice spacing and j(xn) is the current evaluated at the lattice site Xn, 

Next we do an expansion in a/K. From the Poisson brackets (14), we get 

-
2
K ([r, j(Xn) - }(Xm) ]On+l,m 
a I 2 

-[i', }(~n) - }(~m) ]On-1,m) + 0(1) • (24) 

Now taking the limit a -+ 0, 

{j(x), j(y)} = -i[C, j(x) ]o(x - y) + iKCBxo(x - y). (25) 
I 2 I 

From the Poisson brackets (19), 

2 

{J(xn), j(Xm) t} = : 2 r(2on,m - On+l,m - On-1,m) 
I 2 

+
2
K [r, J(xn) + }(Xm) t] (On+l,m - On-1,m) + 0(1) . (26) 
a I 2 

Now taking the limit a -+ 0, 

{j(x), j(y) t} = 0. (27) 
I 2 

Finally, after substituting 

}(x) = fa(X)<Ta + i]a(X)<Ta, [ = X2K' (28) 
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where la(x) and la(x) are real-valued currents, in (25) and (27), we get the SL(2, (C) 
Kac-Moody algebra (7). Here we see that we obtain only a single central term in the 
current algebra due to the restriction of K being real. 

Canonical symmetries are present for the SL(2, IC) Kac-Moody algebra. The Poisson 
brackets (7) are preserved under the global SL(2, IC) transformations 

j(x) _____, j(x)' = uj(x)u- 1
, u E SL(2,(C). (29) 

4.4. The Toda lattice limit 

The non-abelian Toda lattice algebra ( 8) results from the Poisson brackets (14), 
( I 9) and ( 22) in the limit of infinite central charge K. For this we need to make the 
SL(2, IC) group matrices d~±) depend on K in a manner which we show below. We 
first parametrize (locally) the SL( 2, IC) group matrices d~ ±) in terms of matrices in the 
subgroups SU(2) and SB(2,IC) (the Borel group). We denote them by Bn and£~:±:), 
respectively. We then write 

d (±l = B fl(±J 
n n.r,n · 

From ( 17) it follows that 

g( +) = g{ - )t - I 
n n · 

(30) 

( 3 I) 

The Poisson brackets (14), (19) and (22) for d~±) are recovered if we make the 
following choice of brackets for Bn and £~±): 

{Bn, B,,,}=-[r, Bn B,,,]8n,m, 
I 2 I 2 

{ e<±) £(±)} = [r fl(±) £(±) ]8 n , m , {.,n m n,m , 
I 2 I 2 

{ £( + l £( - l } = [ r- fl(+ l £( - l ] 8 n , m , -tn m n,m , 
I 2 I 2 

{eh-), B,,,} =-B,,, re~-) On,m + e~-) r BmOn,m-1, 
l 2 2 l l 2 

{ n( + l B } - B - n< + l ~ + fl(+ l - B ~ {,n , m - - m r {,n Un,m {,n r m Un,m-1 · (32) 
I 2 2 I I 2 

Using ( 31), the fifth equation is the hermitian conjugate of the fourth equation. Inter
actions between neighboring sites occur only in these brackets, once again making this 
a non-local algebra. In Section 7 we show how this algebra can be reexpressed in terms 
of a local one. 

Next we write 

(33) 
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where e'X, a= 1,2,3 are the generators of SB(2,C). We choose the following repre
sentation for them and the SU(2) generators which we denote by ea: 

a 1 (. ) e = 2 UTa + Eaf3JO"f3 . 

In this representation ea, and hence f~ - l, are lower triangular matrices, 2 and we can 
writer= 1 ea 0 ea and f = - 1ea 0 ea. We note here that the ordering of the SU(2) 

K K 

and SB(2,C) matrices in (30) appears to be important. Upon keeping e~-l a lower 
triangular matrix, we were unable to find a consistent Poisson structure for Bn and £~±) 
in the case where they appear in the reverse order in the definition (30) of d~±l. On 
the other hand, the reverse order is necessary if instead we choose f~ - l to be upper 
triangular matrices ( simultaneously replacing ea by upper triangular matrices). 

Now by taking the limit K - oo, the Poisson brackets (32) imply 

{ Gn,a, Gm,13} = Eaf3yDn,mGn,y + 0 (~) , 

{ Gn,a, Bm} = -iBmeaDn,m + ieaBmDn,m-1 + 0 ( ~) , 

{ Bn, Bm} = 0 (!) 
I 2 K 

(34) 

By defining Gn = -ix2Gn,a<Ta ,X, the zeroth-order terms in (34) can be written ac
cording to ( 8). We have thus recovered the algebra of the non-abelian Toda lattice. 

We note that the continuum limit of the non-abelian Toda lattice cannot be described 
in terms of the currents la and la as the SL(2, q algebra (7) is ill-defined when 
K - oo. On the other hand, when K is finite we cannot identify Ia ( x) and :la ( x) 

appearing in (9) with the currents la(x) and la(x) as we did for the non-abelian Toda 
lattice. From ( 6) and ( 23), d~ - l can be written 

(35) 

while (30), (33) and (9) imply 

(36) 

By comparing (36) and (35) we in general get a complicated expression for the 
continuum variables Ia and la in terms of Ia and Ja-

2 It can be checked that the Poisson brackets (32) are consistent with setting the matrix element [ P~ -l l 12 = 0. 
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5. Lie-Poisson symmetry 

581 

We now discuss the symmetry properties for the above Poisson structure, i.e. the 
lattice algebra defined by the Poisson brackets ( 14), ( 19) and ( 22). When we took two 
different limits ( a ----> 0 and K ----> oo) of this algebra we obtained two different Poisson 
bracket algebras (7) and (8) both of which, as we saw, admit canonical transformations. 
They were given by ( 10) for the case of the non-abelian Toda theory and (29) for the 
case of the Kac-Moody algebra. Although the a ---+ 0 and K ----> oo limits produce 
systems with canonical symmetries, no such canonical symmetries exist for this algebra 
before taking these limits. The Poisson bracket algebra defined by (14), ( 19) and ( 22) 
instead admits Lie-Poisson transformations. They are the classical analogues of quantum 
group transformations, and are defined as follows [ 14]: 

Let S denote the space of symmetries. Unlike theories containing canonical symme
tries, S carries a Poisson structure { , } s- Let O denote the space of classical observables, 
which for us is spanned by the matrices d~±), whose Poisson structure is {, }o. S acting 
on O defines a map, a- : S x O ---+ 0. S induces a Lie-Poisson action on O if a- is a 
Poisson map, which means that if f 1 and fz are functions on 0, then 

a- 0 {!1,h}o = {a- 0 !1,a-0 h}oxs, (37) 

where the product Poisson structure is assumed on OxS, which means that the symmetry 
variables have zero Poisson brackets with the classical observables. (For convenience of 
notation we shall drop the subscripts S and O on the Poisson brackets in the discussion 
below.) 

For the symmetry transformations of the classical observables d~ - l we take 

d (-)---+ d<-)' = <-ld<-l <-l 
n n Wn n Un , w~-) ,u~-) E SL(2,<C). (38) 

Thus w~ - l and u~ - ) span S and ( 38) defines the map a-. The matrices w~ - l and u~ - l 

have a non-trivial Poisson structure. If we choose 

{ <-) (-l}-[ (-) (-l]" 
Un ' Vm - r, Un Um Un,m ' 

I 2 I 2 

{ (-) (-l}- [- (-) (-l]" 
Wn 'Wm -- r, Wn Wm Un,m, 

I 2 I 2 

{ (-) (-) }-( (-) (-) - (-) ,(-) )" Un ,Wm - Un rwm Wm rin un,m-1, (39) 
I 2 I 2 2 1 

then, as we show below, (38) defines a Poisson map, and hence a Lie-Poisson symmetry. 
Here we assume that w~ - l and u~ - l have zero Poisson brackets with the observables 
d~±J, so that we get a product Poisson structure on O x S. The first Poisson bracket 
in ( 39) is compatible with group multiplication, which implies that { Un} for every n 
defines a Lie-Poisson group. The remaining Poisson brackets in (39) can be obtained 
from the first upon setting 
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(40) 

After making such a restriction we see that the d~ - J variables transform analogously 
to the Toda lattice variables Bn (10) ( only here the symmetry parameters u~ -J and 
the observables d~-J span SL(2,<C) rather than SU(2), and the transformation is Lie
Poisson rather than canonical). Since we can associate a different group element u~ -) 

with each link on the lattice, (38) correspond to gauge transformations. 
To check that ( 38) is a Poisson map we note that the left-hand side of (14) trans

forms to 

{ d ( - ) I d( - ) '} = { ( - ) d( - ) ( - ) ( - ) d( - ) ( - ) } 
n ' m Wn n Un ' Wm m Um 
I 2 I I I 2 2 2 

-{ <-J <-J }d<-J d<-J <-J <-J - Wn , Wm n m Un Um 
I 2 I 2 I 2 

+ <-J <-J d<-J d<-J { <-J <-J} Wn Wm n m Un , Um 
I 2 I 2 I 2 

+ < - J d< - J { < - J < - J } d< - J < - J 
Wn n Un ' Wm m Um 

I I I 2 2 2 

+ <-J d<-J { <-J <-J }d<-J <-J 
Wm m Wn ' Um n Un 

2 2 I 2 I I 

+ <-J <-J {d<-J d<-J} <-J <-J 
Wn Wm n ' m Un Um • ( 41) 

I 2 I 2 I 2 

Using ( 14) and (39) we then obtain 

-(d(-) 'd(-) 'r +fd(-) 'd(-) ')8 + d(-) 'rd<-) 18 + d(-) 'rd<-) 18 n m n m n,m n m n,m-1 m n n,m+l 
I 2 I 2 I 2 2 I 

(42) 

which is how the right-hand side of (14) transforms under (38). Hence (38) is a 
Poisson map. 

From the * operation we note that the d~ + J variables transform according to 

(43) 

where the ( +) symmetry parameters ( i.e. w~ + J and u~ + J) are obtained from the ( - ) 
symmetry parameters ( i.e. w~ - J and u~ - >) via the operations of inverse and conjugation, 

i.e. w~ + J = w~ - Jt-I and u~ + J = u~ - Jt-I. We can deduce the Poisson structure for all 
of the variables w~±J and u~±J by again demanding that the transformation is a Poisson 
map. For this we examine how the left- and right-hand sides of ( 19) transform under 
( 38) and ( 43). The appropriate Poisson brackets between the ( - ) and ( +) symmetry 
parameters are 
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{ u<-l u<+l}=[r u<-lu<+l]o n , m , n m n,m, 
I 2 I 2 

{ w<-l w<+l} = -[r w<-) w<+l ]8 n , m , n m n,m, 
I 2 I 2 

{ v<-l w<+)} = ( u<-l rw<+l n , m n m W~() ru~-) )On,m-1, 
I 2 I 2 2 I 

{ w<-J u<+l}=(u<+lrw<-l n , m m n w~-) ru~,+) )8n,m+I, (44) 
I 2 2 I I 2 

while the Poisson brackets between the ( +) and ( +) symmetry parameters are obtained 
by taking the conjugate inverse of ( 39) and assuming the property (18). The last three 
equations in ( 44) follow from the first if we once again apply ( 40) ( which then also 
implies w<+l = u<+l-J) 

n n-1 · 

Finally, we remark about the generators of the Lie-Poisson transformations. It is in 
general known that the charges associated with such transformations are group-valued 
[ 23 l. If we limit our discussion to SU ( 2) transformations, then we can set v,; - l = 
u,\+l = u11 E SU(2), and d~±) transforms according to 

L'n E SU(2). (45) 

The generators of these transformations are the set of all SB(2, C) matrices £~ -l. To 
see this we can compute their Poisson brackets with the variables d~±). We find 

~<-l-l{fl(-l d(±l}- d(±l» d<±l" 
t,n l-n , m -r m Un,m-l - m run,m 

I I 2 2 2 

- 2 a [ d<±l,, d<±l ,, l - -e Q9 ea m Un,m-J - m eaun,m • 
K 

(46) 

From the brackets [ ] on the right-hand side of ( 46) we can construct infinitesimal 
SU ( 2) gauge transformations analogous to ( 45). In this way £~ - l generate the Lie
Poisson transformations. We note using (33), that £~ -l contain the generators Gn of 
the canonical transformations (10) at first order in the expansion parameter I/ K. Thus 
the Lie-Poisson transformations ( 45) correspond to a deformation of the canonical 
symmetries of the non-abelian Toda lattice. 

Just as SU(2) transformations are generated by the SB(2,C) matrices, SB(2,C) 
transformations analogous to ( 45) are generated by the SU ( 2) matrices B n. 

6. Lattice dynamics 

It remains to write down the lattice Hamiltonian associated with the Poisson brackets 
(14), (19) and (22). It should give H 1N in the continuum limit, so that we recover 
the alternative formulation of the chiral model. We shall also require it to reduce to the 
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non-abelian Toda lattice Hamiltonian ( 11) when t -. oo. Both of these requirements 
are satisfied for 

The Toda Hamiltonian ( l l) is recovered using 

d<-)-.B n n, 

T d <-)d<-Jt 2 T G2 + 2 r n 11 -.-24 r 11 • as K-.oo, 
KX 

while the continuum Hamiltonian ( 4) is recovered using 

as a-.0. 

(48) 

(49) 

In Section 3, we saw that the Toda lattice Hamiltonian, Hbat was not invariant under 
the most general canonical transformation ( 10). Similarly, H{ah is not invariant under the 
general Lie-Poisson transformations (38) (where we are assuming (40)). Rather, the 
dynamics is preserved only under the action of the global SU(2) subgroup. Invariance of 
the linear terms in d~ -) implies that u}±) = Vi±) = ... = u~±) = u<±), N being the total 
number of links, while invariance of the quadratic terms further restricts u< - ) = u< +) = 
u E SU ( 2). On the other hand, the term Tr d~ - J d~ - l t alone is invariant under local 
SU ( 2) transformations generated by £~,-). Therefore, £~,- l has zero Poisson brackets 
with the quadratic term in the Hamiltonian. Its Hamilton equations of motion are then 
determined by the linear terms in ( 4 7) using the Poisson brackets ( 46). We find 

ax2Ke<-)g(-)-l =eaTre (d(-) _d(-) _d(-)t +d<-Jt) 
11 11 a 11+1 n n+l n · (50) 

From this equation we are unable to construct the conserved charges associated with the 
global symmetry purely from the £~ - l matrices. Thus we do not have the analogue of 
the conserved generators G of the non-abelian Toda lattice. 

The equations of motion for d~ - l are a bit more complicated. From the Poisson 
brackets ( 14) and ( 19) we find 

{d<-l ~ Trd(-)}=~{d(-leaTre (d<-l -d<-)) 
n ' ~ m K n a n+ I n 

m 

+ e d< - ) Tr ea ( d( - l - d( - l ) } 
a n n n-l ' 

{d<-) ~ Trd(-Jt}=~{-d(-leaTre (d<-l -d<-l)t 
n ' ~ m K n a n+ I n 

m 

+ead(-) Tre (d<-) - d(-J)t} n a n n-1 , 
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The equations of motion, which follows from the Hamiltonian ( 4 7), are then 

ax2d<-)d(-)-l = _ _£(1 + x4 K2 )[d(-)d(-)t - d(-)t d(-)l 
n n 2 n n n-1 n-1 ti 

+ e Tre,,(d<-) _d(-)) +e,,Tre (d(-) _d(-))t 
a n n-1 a n n-1 

7. Application to two-dimensional lattice gauge theories 

585 

(51) 

We saw above that the lattice descriptions of the chiral model do not fully utilize 
the symmetries (be they canonical or Lie-Poisson) of the Poisson brackets, as these 
are gauge symmetries. The symmetry breaking was due to the presence of linear terms 
in the two different Hamiltonians ( 11) and ( 47). On the other hand, if we only keep 
quadratic-like terms in the Hamiltonians, we can construct lattice gauge theories, which 
is the purpose of this section. For the two resulting systems, the relevant gauge group 
will be SU{2), although it is implemented as canonical transformations in one system 
and Lie-Poisson transformations in the other. 

The restoration of the gauge symmetry ( 10) or (38) will mean that we will be left 
with a trivial theory because we can eliminate all but a few degrees of freedom. With 
regard to the canonically invariant theory defined by the Poisson brackets ( 8), recall 
that Gn appearing in ( 11) are the generators of the gauge symmetries which here are 
implemented as canonical transformations ( I 0). We must therefore impose the Gauss 
law constraints 

Gn =0, (53) 

at all lattice sites. Furthermore, we can use the gauge symmetry ( 10) to eliminate 
the degrees of freedom in Bn, If we again assume the periodic boundary conditions 
Bn+N = Bn then this can be done everywhere except at one lattice site. 

Because of the constraints ( 53) the quadratic term in the Hamiltonian ( 11 ) vanishes. 
To recover two-dimensional lattice QCD we need to reexpress the non-abelian Toda 
lattice variables in terms of another set of variables. These new variables define a local 
algebra, specifically [T* SU(2)] ®N. Here we associate a cotangent bundle of SU( 2) 
with each point on the lattice. The new variables are a set of traceless antihermitian 
matrices En which play the role of the electric field along the links of the lattice and 
generate right SU(2) transformations at lattice site n. Their Poisson brackets can be 
written 

2 
2 { En , Em } = [ C, Em ] 8n,m , 
X I 2 2 

(54) 
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These equations along with the last equation in (8) define the cotangent bundle of 
SU(2) at each lattice site n. For a given n, En and Bn span the six-dimensional phase 
space of the rigid rotor. To recover the first two equations in ( 8) from ( 54) we can set 

(55) 

The electric fields En undergo the following canonical transformations: 

(56) 

which together with (10) preserve the Poisson brackets (54). From the definition (55) 

of Gn, the Poisson brackets of Gn with Em are given by 

(57) 

from which it again follows that Gn are the generators of the canonical transformations. 
The electric fields En are subject to the constraints ( 53) ( where Gn is expressed in 

terms of En using ( 55) ) . The two-dimensional version of the Kogut-Susskind formula
tion [ 24] of lattice QCD is recovered by choosing the Hamiltonian to be 

N 

HKs = L TrE;. (58) 
n=I 

With regard to the Lie-Poisson invariant theory defined by Poisson brackets (14), 

(19) and ( 22), if we restrict the gauge group to SU ( 2), then the analog of the Gauss 
law constraint is 

n(-) = 1 
{,n ' 

(59) 

at all lattice sites. Using (33) we recover (53) from (59) in the limit K -. oo. 
The remaining degrees of freedom Bn in d~ - l can be eliminated using the gauge 
transformation ( 45) ( except at one lattice site, if we assume the periodic boundary 
conditions d< - l = de - l) 

N+n n · 
In defining the Hamiltonian for this system, if we want to make a connection with 

two-dimensional QCD, quadratic terms like those appearing in ( 47) are unsuitable for 
this purpose. This is because they can be expressed solely in terms of the generators 
e~ -l of the Lie-Poisson transformation ( 45). For this we note that 

N N L Trd~-)d~-)t = L Tre~-)e~-)t. (60) 
n=I n=I 

Consequently, such terms are trivial due to (59). As was true in the Kogut-Susskind 
theory, we can express the dynamical variables, here e~ - l and Bn, in terms of new 
variables which span a local algebra. We can also write the Hamiltonian in terms of these 
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variables. The resulting system is a Lie-Poisson deformation of the Kogut-Susskind 
formulation of gauge theories and it has been examined previously in Refs. [ 16, 17]. 

In analogy to ( 55), we set 

( 6 I) 

where k~ - l and k~ - l are SB ( 2, C) matrices, which are analogous to the electric fields 
En in the Kogut-Susskind system. The algebra (32) fore~-) and Bn is now recovered 
from the local algebra 

{ k< - l k< - l } - [ k< - > k< - l ] ~ n ' m - r, n m Un,m ' 
I 2 I 2 

{ k< - l k< - l } = [ r k< - l k< - l J 8 n , m , n m n,m, 
I 2 I 2 

{ k(-) k<-)}=0 n , m , 
I 2 

{ k~ -) , Bm} = - Bm r k~ -) 8n,m, 
I 2 2 I 

(62) 

If we also assume the Poisson brackets 

{ k<+l k<-l} = [r k<+> k<-l ]8 n , m , n m n,m, (63) 
I 2 I 2 

where k< + l = k< - )t-I then we can show that n n , 

N L Trk~-)k~-)t 

n=l 

is gauge invariant, i.e. it has zero Poisson brackets with the gauge generators e~ - l. Unlike 
( 60), it is not trivial due to the constraints and it can be taken to be the Hamiltonian 
of the system. If we further set 

k(-)=exp{-
2
iE ea} n K nµ , (64) 

we can recover (up to factors and an infinite additive constant) the Kogut-Susskind 
Hamiltonian HKs in the K---+ oo limit. The resulting deformation of the Kogut-Susskind 
formulation of lattice gauge theories was examined previously ( in two, three and four 
dimensions) in Refs. [ 16, 17] . 

Above we have seen that by writing d~ - l = Bnk~ -) k~~?, the non-local algebra of 
[ 7] can be expressed entirely in terms of a local algebra. The latter is given by ( 62), 
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along with the first Poisson bracket in ( 32). From [ 21], we have that ( Bn, k~ - l) and 
( B n, k~ - l) define two different parametrizations of the classical double algebra ( for 
each n), one where the double variable is written as the product Bnk~ - l, and the other 
where the double variable is written as the product k~ - l Bn. 

8. Conclusion 

We have shown how to apply the current algebra of Ref. [7] in order to get a 
new lattice description of the chiral model. As this current algebra admits Lie-Poisson 
symmetries, so does the new lattice description of the chiral model. The Lie-Poisson 
symmetries get promoted to quantum group symmetries upon quantization. The quantum 
mechanical commutation relations for the operators analogous to d~ - l are known [ 7], 
while those for the operators analogous to d~ + l are readily obtained from their Poisson 
brackets. To get the quantum mechanical Hamiltonian one basically only needs to replace 
the traces in (47) with deformed traces. (See for example Ref. [21].) 

The above lattice description of the chiral model is possible because the continuum 
limit of the lattice current algebra is the same as the algebra appearing in the alternative 
Hamiltonian description of Ref. [ 11], i.e. it is the SL(2, C) Kac-Moody algebra. In 
Refs. [ 12,6] this alternative Hamiltonian description was generalized to the case of the 
chiral model with a Wess-Zumino term ( whose coefficient was arbitrary). The latter 
also relied upon the SL(2, <C) Kac-Moody algebra, only here, unlike in (7), both central 
terms were required. To include the Wess-Zumino term, we need to generalize ( 7) to 3 

{/i,(x),l,a(y)} = -{Ja(x).J,a(y)} = '=a,a·./r(x)8(x - y) + t'=a,Byfy(x)8(x - y), 

- ~ - I ~ t 
{la(x), l,a(y)} = '=a,Byly(x)8(x - y) - t '=a,Byly(x)8(x - y) + 

2
X2 8a,aax8(x - y), 

(65) 

where e is real. If we now define the complex current j ( X) according to 

'( ) _ fa(X)<Ta + i]a(X)<Ta 
J X - I - ig' ' (66) 

instead of ( 28), we recover the algebra given by ( 25) and ( 27) where K 1s now 
complex: 

K = t2 (I - it) . 
X 

(67) 

This is the most general SL(2, <C) Kac-Moody algebra. If we want to obtain it as the 
continuum limit of a lattice current algebra we need K in ( 14) to be complex. Thus far, 
we have not been successful in finding a consistent algebra for this case, i.e. one that 

3 Now in comparing with Ref. [ 12], the parameters p and r of that reference are given by p = -ff' and 
'T2 = -f-2, 
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satisfies (18), and we therefore have been unable to generalize our system in order to 
get a new lattice description of the chiral model with a Wess-Zumino term. 

Of course another concern is the question of integrability. The conserved charges for 
the two-dimensional chiral model are well known. Upon going to the lattice, a Lax 

pair construction can be made using the Toda model description if one works with 
the general linear group, rather than say SU(2) [2]. However, this construction is not 
readily adaptable to other cases. It may be that neither of the models presented here are 
integrable for arbitrary groups. However, the Hamiltonian systems on the lattice are not 
unique, and further study may yield solvable models. 
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