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Equations of motion and the Lagrangian formalism for extended objects coupled to Abelian and non
Abelian gauge fields are developed. These equations are minimal generalizations of the corresponding . 
equations for point particles. It is seen that the string superconducts when it couples to an Abelian gauge 
field. Further, in this case, (a) the total charge on it is quantized, and (b) the total magnetic flux through it 
is quantized and conserved if it is closed and no segment of it is electrically neutral. The Lagrangians which 
lead to the equations of motion are not unique. Here, for a suitable Lagrangian, property (a) emerges at the 
classical level, the total charge being a topological invariant which labels the elements of 11'1[U(l)]; Both of 
these properties partially generalize to other extended objects and non-Abelian gauge fields. It is pointed out 
that for some Lagrangians, extended objects may have topological invariants (the analogs of total charge) for 
any gauge group. Supersymmetric extensions of the interaction Lagrangians are also outlined. For a point 
particle, such an extension correctly describes a spin-ha.if particle in an Abelian or a non-Abelian gauge 
field. 

I. INTRODUCTION 

The description of a point particle in interaction 
with a gauge field is well known. When the gauge 
field is Abelian; the equations are those of Max
well and Lorentz. When it is non-Abelian, they are 
those of Yang and Mills' and Wong. 2 In this paper, 
we develop the minimal generalizations of these 
equations to describe the interactions of extended 
objects (strings, shells, bags)3 ' 4 with Abelian or 
non-Abelian gauge fields, 

There have been attempts in the past to describe 
the interactions of extended objects with gauge 
fields. In particular, the interaction of a string 
with an Abelian gauge field has been studied by 
many authors. 5 - 7 In this paper, we will propose 
interactions for arbitrary extended objects in any 
gauge field. For the case of a string in an Abelian 
gauge field, our proposal becomes similar to that 
of Nambu.5 We believe, however, that our treat
ment of the classical dynamics is more complete. 
The work of Ademollo et al. 6 concentrates on an. 
interaction where the Abelian gauge field couples 
only to the ends of the string (in the absence of a 
nontrivial space-time metric). Our interaction is 
not restricted in this fashion. We should also 
mention here the work of Dirac,8. who developed 
a theory for the interaction of a shell with the 
electromagnetic field. In another paper,9 it is 
shown that our system of equations contains his 
system as a special case. 

In Sec. II, we recall the equations for a point 
particle in an arbitrary gauge field'' 2 and some 
of their features relevant to us. 

20 

In Secs. III and IV, the equations of Sec. II are 
generalized to extended objects. It is seen that 
(a) the string Sl,lperconducts when it couples to an 
Abelian gauge field and (b) the non-Abelian string 
shows an analogous non-Abelian "superconduct
ivity." The quantization conditions associated with 
the total charge on an Abelian string and the total 
flux through a closed Abelian string are summar
ized~ These superconductivity and quantization 
properties partially generalize to any extended 
system in an arbitrary gauge field. Such generali
zations are briefly discussed. 

In Secs. V and VI, the Lagrangians 10 which lead 
to the equations of motions of Sec. III and the as
sociated variational problems are studied. These 
Lagrangians are not unique. It is shown that, if 
they are suitably chosen, then the charge quanti
zation conditions for Abelian extended objects can 
be derived at the classical level. 15 These condi
tions emerge for topological reasons, the total 
charge being a topological invariant. For the 
string, for example, it.labels the elements of the 
homotopy group ir1[U(l)]. It is also pointed out that 
for such specific choices of the Lagrangians there 
may be similar topological invariants associated 
with extended objects for arbitrary gauge fields, 

There are possible methods to supersymmetrize 
the interaction parts of these Lagrangians. They 
are outlined in Sec. VII. For a point particle, it 
is shown that such a generalization describes a 
spin-half particle in a Yang-Mills field and is es
sentially equivalent to the Lagrangian discussed in 
Refs. 12-14. 

439 © 1979 The American Physical Society 
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II. GAUGE THEORY OF POINT PARTICLES 

In this section, we discuss the equations of mo
tion for a point particle in a Yang-Mills field. The 
material is not new. 1 • 2 

The gauge group G is assumed to be given as a 
group of unitary matrices. It is .of dimension [ G]. 
Its Hermitian generators T(a) are normalized by 

TrT(a)T({3) = o,,a . (2.1) 

The gauge potentials are Cl; and the field strengths 
are ff'~v- We also define the matrices 

Clµ =<xtT(a) , 

ff'µv = S:tvT(a) • 

(2.2) 

The trajectory of the particle is z"(o-0). It has 
internal degrees of freedom characterized by an 
internal "vector" 

1 0(0-0) =J~(o-o)T(a) • (2.3) 

This vector transforms under the adjoint repre
sentation of G. 

Let .P =dzµ/ do-0 and let 

£ 0= -m(-zllzµ)l/2, 

So"' f duo.Co 
(2.4) 

denote the free Lagrangian and action of the par
ticle. The equations for the particle and the field 
are 

:a° a:~~) = - e Tr['5'1111(z )I 0 (o-O)]P(o-0 ) , (2.5) 

:Dµg:µv(x)=e f do-064(x-z(o-0)) 

XJO(o-°)z v(O"O) = J v(.X) • (2.6) 

Here :Dµ is the usual covariant derivative aµ 
- ie[ aµ, • ] and e is the coupling constant. 

The left sides of these equations fulfil identities 
which we now study. 

(a) We have the identity 

:Dv :OJI g:11v = 0 • (2. 7) 

It implies that JV(x) is covariantly conserved: 

(2.8) 

Therefore, 

. Duf0 (c;0)= dl;~~o) -ie.P[«v(z),I 0 (a°)]=O. (2.9) 

For an Abelian G, (2.9) implies that J 0(o-0) is a 
constant number., say 1, and we recover the usual 
expression for Jv (x). 

(b) We have the identity 

(2.10) 

This is due to the reparametrization invariance of 
the free particle action S0 • It is invariant under 
the change 

(2.11) 

where E (o-0) characterizes the infinitesimal varia
tion. But 

f o( d a.co\-( o)•µ oSo = - da dao az" / t:. a z •. (2.12) 

Equation (2.10) follows. 
Since 

(2.13) 

(2.10) leads to nothing new for the particle case. 

Ill. GAUGE THEORY OF STRINGS 

A. Equations of motion for a general gauge group 

For simplicity, we treat closed strings until 
Sec. IIID. Our strategy is to generalize the con
siderations of the previous section in the simplest 
possible fashion. 

Let .C0 be the usual free Lagrangian density3 

,c, = --1- (-detM)112 
0 2ira' ' 

(3.1) 

Here c; = (a°, a1) paramet.rizes the string. We also 
introduce two internal vectors 

P(a) =I~(a)T(a), a=O, 1 (3.2) 

which are generalizations of the internal vector 
1°(a0 ) of the point particle. They transform under 
the adjoint representation of G. They can be inter
preted as current densities (of the internal sym
metry) on the world sheet of the string. 

Now we postulate the following equations in an
alogy with (2.5) and (2.6): 

(3.3) 

(3.4) 
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Here a0 = a/aa0 • 

Next we consider identities which are the ana
logs of those in the previous section. 

(a) The identify (2. 7) is still valid and implies 

!Dv\JV(x)=O. (3.5) 

Hence, 

Dal° (a)= a ala (a) -ieaaz v(a)[ <iv(Z ),JG (a)]= 0 • 

In the passage from (3.5) to (3.6), no surface 
terms arise as the string is closed. 

(3.6) 

(b) Reparametrization invariance leads to the 
analog of (2.10) (cf. Ademollo et al. 6 ): 

. µ ( ) a.ea - o 
i)bz (J 8aa[ 8azµ(a)] - • 

Thus we must require 

Tr[Fab (z)Ib (a)]= 0, 

where 

(3.7) 

(3.8) 

(3.9) 

The Eqs. (3.3), (3.4), (3.6), and (3.8) define the 
closed string in interaction with a non-Abelian 
gauge field. 

B. The closed Abelian string 

When G is Abelian, we can choose the generator 
as 1. Then (3,8) becomes 

(3.10) 

(The index a in J ~ is now redundant and has been 
suppressed.) 

Consider first the case when the curre.nt 

I (a) =(J0 (a), J 1(a)) (3.11) 

does not vanish id,entically at any point of the 
string: 

J(a)a#O for any a. (3.12) 

(3.13) 

We can assume that aa2µ is timelike and a1zµ is 
spacelike. Thus (in a suitable frame9 ) the compo
nent of the electric field in the string direction is 
zero on the string. This is so even if the space 
component I 1(a) of the current does not vanish on 
the string. That is, the string is superconducting. 

The variables of the closed string are periodic 
in a1 with period 2ir, say. Integrating. (3.13), we 

find 

(3.14) 

where 

. (3.15) 

Thus the magnetic flux enclosed by the string is 
conserved. Well-known semiclassical arguments 
suggest that this flux is quantized 

21T Ia da1A 1(z)=2irttk, k=O, ±1, .•. (3.16) 

(see Ref. 9). 
The current I (a) is conserved by (3.6). We show 

in Sec. VA 1 that it is possible to choose a La
grangian formulation such that the associated 
charge Q is quantized in the classical theory15: 

J2,r 

Q =e da 11° 
0 

=el, l=O, ±1, ±2, •... (3.17) 

(It is easy to show that Q is equal to J d3xJ0 pro
vided it is assumed that a0 = z 0 .) This is true re
gardless of the. validity of (3.12). Furthermore, 
for this Lagrangian, it is shown in Sec. VA 1 that 
Q is a topological invariant associated with the 
string. 

Thus when we have (3.12), we find that (1) the 
string is superconducting, and (2) the magnetic flux 
through the string is quantized and conserved. 
Furthermore, even if (3.12) is not true, we can 
choose a Lagrangian description such that (3) 
the total charge on the string is quantized in the 
classical theory,1 5 and (4) the total charge is a 
topological invariant associated with the string. 

Let us now discuss the physical meaning of the 
case when (3.12) is not true. Suppose that at 
"time" a0 , 

J(ao,a1)=0, p1~a1~p1 (3.18) 

(here p1 and p1 can depend on a0 ). Then this seg
ment of the string is electrically entirely neutral. 
The field F ab is unrestricted on this segment of 
the string. There may. of course be a current in 
the rest of the string. By restricting the a 1 inte
gration in JV [Eq. (3.4)} to this latter segment, 
and retaining surface terms in evaluating the iden
tity (3.5), one finds 

(3.19) 

(The limits are taken with a 1 within this latter 
segment.) This just expresses the continuity of 
1 1 at p1 and p1 in view of (3.18). 
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The following is a more general statement of the 
continuity condition (3.19). Let Mbe the two
dimensional sheet traced out by the string. Let 
S be any portion of M. Its complement Sc =M\S 
need not be neutral. If a= a( 7) is the parametric 
equation of the boundary as of S, the normal n(T) 
to as is defined by 

n (7) aaa (T) = O (3.20) 
a 87 • 

Then the normal component of I is continuous on 
as: 

na (T)la[a(T)] is continuous on as • (3.21) 

Thus, in general, the closed Abelian string con
sists of several superconducting and neutral 
pieces. The current flux out of each superconduct
ing segment is zero. Also, in general, we have 
no information about the magnetic flux enclosed 
by the string. 

. C. The closed non-Abelian string23 

These considerati~ns generalize to the non
Abelian string as follows: 

(1) At a point z (a) of the string, if a component 
1a (a) of the current is not zero, it defines a di
rection in the internal-symmetry space. The 
components of the field F ab in this direction van
ish by (3.8). Thus, if J a (a) :f. O, the string "super
conducts" at a in a direction parallel to Ia (a) in 
the internal-symmetry space. There are at most 
two such directions (corresponding to a= 0 and 1) 
in the internal-symmetry space. 

(2) The field F ab at z(c,) is unrestrained by (3.8) 
if1°(a) =I 1(c,) = o. 

(3) The superconducting directions can change 
from point to point of the string. 

(4) If there are segments of the string with no 
current, (3.21) generalizes intact. 

(5) The non-Abelian generalizations of the Abel
ian flux conditions (3.14) and (3.16) will be dis
cussed elsewhere. 9 [See also the discussion cen
tered around Eq. (6. 7).] The charge quantization 
condition (3.17) as well as the existence of topo
logical invariants seem to have non-Abelian gen
eralizations. See Secs. V C 6 and V C 7 in this con
nection. 

D. The open string 

The modifications required for (Abelian or 
non-Abelian) open strings are easy to infer. Equa
tions {3.3) and {3.4) have to be supplemented by 
the standard boundary conditions on z (a) at the 
ends of the string c,1 = O and 21T, say. 3 (Interaction 
does not modify these conditions. Cf. Sec. VD.) 

Equations (3.6) and (3.8) are still valid. The 
evaluation of (3.5) leads to surface terms and the 
conditions (3.19)(with p1 = 0 and p 1 = 27T) on the cur
rent at the string extremities. 16 The condition 
(3.21) continues to hold. 16 It reduces to the condi
tions at the string extremities when S is identified 
withM. 

The open string as well behaves like a mixture 
of superconducting and neutral segments. For a 
discussion of the analog of (3.17) and topological 
invariants; see Sec. VD. 

IV. GAUGE THEORY OF SHELLS AND BAGS 

The gauge theory of higher-dimensional objects 
can be treated similarly. 

Let z (a) give the parametric representation of 
such an extended object M embedded in space-time 
with a= (a0 , a1, ••. , a"- 1). We associate n internal 
vectors 

1a(a)=I~T(a), a=O, 1, .•. ,n -1 

with M. They form a current 

J(c,)=(JO{c,), Jl(c,), ... ,Jff-l(c,)) 

(4.1) 

(4.2) 

The equations {3.3),. {3.4), (3.6), and (3.8) gen
eralize in exactly the same form, except that a 
and b now take on n values. 17 The generalization 
of the continuity requirement on I [Eq. (3.21)] is 
also the same. If Mhas a boundary, it gives the 
boundary conditions for 1 a on aM when we set S 
=M. Of course, as is now parametrized by n -1 
variables 7= (7°, 71, ••• , 7n-2). Accordingly, the 
definition of the normal n( 7) to a S is changed to 

a~(~ . 
na(T)ar=O, k=0,1, ••• ,n-2. (4.3) 

Since the components Fab of the field in the di
rection of the current are still zero [Eq. (3.8)], 
the object exhibits superconducting characteristics 
for any n. Furthermore, the classical Lagrangian 
can be so chosen that the total charge on the Abel
ian extended object is quantized as in (3.17). This 
property has a non-Abelian analog (if quantum 
theory is used). These points as well as topologi
cal invariants are discussed in Secs. VC6 and VI. 
For a detailed study of the superconducting pro
perties of extended objects, see Ref, 9. 

V. A LAGRANGIAN FORMALISM FOR STRINGS 

There are several Lagrangians which lead to 
the required equations of motion. In this section, 
we discuss string Lagrangians which can be 
written in terms of z, Ciµ, and group elements. 
Such a Lagrangian for an Abelian string leads to 
the charge quantization condition at the classical 
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level. Section VI discusses the general structure 
ofthese Lagrangians for point particles as well 
as all extended objects. 

A. The closed Abelian string 

We start our considerations with this system 
which is simplest to discuss. 

The action is 

where 

and 

Here £ 0 is defined in (3.1) and €ab is the anti
symmetric symbol with € 01 = 1. We have also 
associated two new variables g and h with the 
string. They are membe'rs of the group U(l): 

g(a) = el~Ca> ' 

h(a) = e1x<a>, 1/!, x real. 

(5.1) 

(5.2) 

(5,3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

The covariant derivative Dbg of g is defined by 

Dbg(a) = abg(a) - ieAb(a)g(a), 

Ab(z) = (abz"(a))<!,.[z(a)]. 
. (5.8) 

[This covariant derivative is to be distinguished 
from the one in (3.6).] The factor l/2ir is intro
duced in (5.6) in order that the total charge comes 
out as integer multiples of e (and not of 2ire, say). 
[Cf. (5.17).]18 

Under a gauge transformation due to an element 
s of the gauge group, «,. is transformed in the 
standard way, g is transformed to sg, and h is 
unaltered. The structure g" 1Dbg and £rare then 
gauge invariant. Also, S0 and Sr are individually 
invariant under the reparametrizations a - <{:, (a) if 
g, h, and z" are transformed as scalars. 

1. Variation of Cj,. 
Since 

(5.9) 

it is clear that variation of a,. leads to Maxwell's 
equation [ Cf. (3.4)] with 

ie f J"(x) = - 2 d2a i54(x- z(a))€abh- 18bh60 z"(a). . 
ir (5.10) 

Comparison of (3.4) and (5.10) shows that 

1a(a) = - ;1T €abh-18bh. (5.11) 

In view of (5.10), the action S 1 can be written 
as the four:.dimensiop.al integral of -J"a., if a 
surface term is discarded. 18 This form of the 
interaction is similar to the one in point-particle 
electrodynamics. See in this connection Refs. 5-7. 

2. Variation ofg 

Using (5. 7) and varying l/J, we find the equation 
of continuity 

a.1a(a)=O, (5.12) 

which owing to (5.11) is now an identity. 19 (We will 
see in Sec. V C 2 that the corresponding equation 
in the non-Abelian case is not an identity.) 

3. Variation of h 

Variation of h, that is, of X, leads to 

F.b(z)=O, (5.13) 

which is (3.13). Its generalization to (3.10) will 
be discussed in Sec. VB. 

4. Variation ofz" 

Variation of z" leads to 

8 8.f,o ie 8 [ ab -1 ( )] 
• a(a.z") + 2ir a € h abhet,, z 

= ~: €abh- 1 8bh8az"a,,«.(z) (5.14) 

or 

a. 8~~;,,)=-e~,..(z)Jaa.z•, (5.15) 

which is the Abelian version of (3.3). 

5. The continuity requirement ( 3.21) 

This is easily found. Let us divide the inte-
, gration region in the action Sr into two regions S 

and Sc. When g is now varied, there are surface 
terms from as and asc. They have to cancel when 
the action is an extremum. This leads to the re
quired result. 

6. The charge quantization condition (3.17) 

Since h is single-valued on the string, x fulfills 

x(2ir) - x(O) = 2irl, l = o, ± 1, ± 2, .... (5.16) 
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Hence 

(5.17) 

7. Topological invariants 

For a closed Abelian string, at a given time, h 
and g define maps from the circle S1 to the group 
U(l ). The latter is topologically S1 • The degrees 
of these maps can thus be nontrivial. The integer 
l in (5.17) is the degree of the map h. It is con
served because it is an integer. The quantization 
and conservation of Q can thus be topologically 
characterized here. Note also that g and hence 
the associated topological invariant are not physi
cally interesting. 19 Hence for a closed Abelian 
string there remains only one physically interest
ing topological invariant. 

B. Relaxation of the equation Fab (z) = 0 

The variational principle formulated above leads 
only to Fab(z) = 0 and not to the more general equa
tion Fab(z)Jb = 0. We can derive the latter by 
restricting the variations of h (and hence of x) to 
those which are due to reparametrizations in a: 

l5h(a) = Ec(a)Bch(a), 

l5x(a) = Ec(a)a0 x(a). 
(5.18) 

For such variations the result (3.10) follows easily 
from (5.4) and (5. 6 ). 20 

We note the following: (a) Restriction to such 
variations is consistent with reparametrization 
invariance. 21 (b) Let 

a-<fJ(a) (5.19) 

be a reparametrization transformation. The 
transformation h- </J*h (the pullback of h by¢) is 
then defined by 

(¢ *h)(a) = h[ <p (a)] . (5.20) 

We can now say that h and h' are equivalent if h' 
=</J*h for some ¢. Thus the </J's define an 
equivalence relation on the h's. The equivalence 
class {¢*h} is reparametrization invariant and 
characterizes the charge distribution in an intrin
sic way. Further, the permitted variations (5.18) 
are now within an equivalence class. Hence, the 
labels of these equivalence classes are not being 
varied. Such a label is thus characteristic of each 
given string if the permitted variations are (5.18); 
it is then analogous to mass or electric charge in 
the conventional Lagrangian for a point particle in 
an electromagnetic field. 22 (c) It is not clear as 
to how to set up the canonical formalism with these 

restricted variations. For further discussion of 
such variations, see Secs. VIA and VIE. 

C. The closed non-Abelian string 

The action is 

8 = 80 + 8n, + 8 I 

where 80 is as in (5.2) while 

8r=f d2aJ:,1, 

- J:,YM = -¼ Tr5' .,.5',w' 

J:, r= tEabTr(h· 18ah)(g" 1D~). 

(5.21) 

(5.22) 

(5.23) 

(5.24) 

(5.25) 

Here g and h are functions of a and have values in 
the group G. The normalization factor t is the 
analog of 1/211 in(5.6).It is discussed in Sec.VC6. 
The remaining symbols are defined as in-(5.8). 
The gauge group and reparametrization trans
formations act on the variables as in Sec. VA. 
The action (5.21) is invariant under these trans
formations. 

1. Variation of <i., 

As in Sec. VA 1, this variation leads to (3.4) 
where 

J"(x) = -ie~J d2a {54(x- z(a))Eabg(h·1abh)g 180z "(a). 
(5.26) 

Hence· 

(5.27) 

2. Variation ofg 

The most general variation of g is 

l5g=iE°'T(a)g, (5.28) 

where E: 01 are arbitrary funcUons of a. This leads 
after a partial integration to 

(5.29) 

Since {T(a)} is a basis for the Lie algebra of G, 
the result 

(5.30) 

3. Variation ofh 

In the non-Abelian problem, the full variation of 
h does not seem to lead to Fab = 0, but to an equa
tion which is difficult to interpret. So we consider 
only those variations of h which are induced by 
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reparametrizations: 

oh= E0 (a)a,,h. (5.31) 

[See in this connection Remark (b) in Sec. VB and 
also Sec. VI A and VI F.] 

It is convenient to couple this variation with the 
variation 

(5.32) 

of g due to the same reparametrization. [This 
implies no loss of generality. Equation (5.30) 
(which is due to the general variation of g) and the 
one implied by these simultaneous variations of h 
and g are clearly equivalent to Eq. (5.30) and the 
one implied by the variation (5.31) of h alone.] 
Now S 1 is invariant (modulo surface terms) if h 
andg are varied as in (5.31) and (5.32) and zµ is 
also varied by the same reparametrization: 

(5.33) 

This is because S 1 is reparametrization invariant. 
Thus we can replace the simultaneous variations 
(5.31) and (5.32) by the single variation (5.33) (up 
to an irrelevant sign). Only Ab varies in£ 1 under 
the latter: 

Mb(z) = o[Ciµ(z)abzµ] 

= (E0 8 0zv)avc:tµ(Z )8bzµ + Ci,,(z)[8b(E0 8 0zµ)] 

(5.34) 

Substitution in S 1 leads after a partial integration 
and use of (5.30) to24 

(5.35) 

4. Variation ofzl' 

As for the Abelian case, this leads to (3.3). 

5. The continuity requirement ( 3.21) 

The argument used in the Abelian problem 
yields the result. 

6. Generalization of the charge quantization condition (3.17) 

Unlike Abelian groups, the charges associated 
with 1° do not have simple expressions for non
Abelian groups. Hence, it is not clear if there is 
now an analog of (5.17) at the classical level. We 
also do not know of a way to fix the value of ~ at 
this level. 

At the quantum level, these charges are the 
Hermitian generators of the Lie algebra of G. 
Their spectra are thus severely constrained. , We 
thus expect constraints on ~ and h [and more 
generally on K and K in (6.2) and (6.6)]. They will 
be similar to the constraints found in Ref. 9 on 

the parameters of the Lagrangian [.K of (6.5)] for 
a Yang-Mills particle. It may be that they are so 
stringent that the Lagrangians under consideration 
cannot be quantized, Then we will have to use one 
of the Lagrangians of the next section. Note that 
such constraints are expected to be present for 
shells and bags as well. 

7. Topological invariants 

As in the Abelian case (Sec. VA 7), for closed 
strings, at a given time, h and g define maps 
from the circle S1 to G. So they are elements of 
one of the equivalence classes of the homotopy 
group rr1 (G). Obviously, time evolution will not 
shift them from one equivalence class to another. 
It follows that there are topological invariants 
associated with h and g. These invariants are the 
labels of the equivalence classes in ,r1 (G). Buth 
and g enter the equations of motion only through 
the combination which defines the current 1°. 
Hence only the vestige of the topological properties 
of h and g which survive in this combination are 
physically interesting (See Sec. VA 7 in this 
connection.) We do not know how to characterize 
this vestige. 

D. The open string 

Considerations for the (Abelian or non-Abelian) 
open·string are essentially similar to those for 
the closed string. The actions and the derivations 
of the equations of motion are the same. The con
ditions on I at the boundaries of the open string 
(see Sec. illD) are derived like the continuity re
quirement (cf. Sec.VA 5) by taking S to be the en
tire integration region in the action. The con
ditions on z at the boundaries of the open string 
are obtained in the usual way from the variation 
of z .3 The interaction does not influence these 
conditions due to the boundary conditions on I. 
The boundary conditions on z are thus the same 
as those for the free string. (Similar remarks 
are valid for any extended object.) The validity 
of the Abelian charge quantization condition (3 .1 7) 
follows at the classical level if we restrict h by 
the requirement that it have the same value at the 
string extremities 

h(a°, O)=h(a°, 21r). (5.36) 

(Such a requirement may be forced on us in quan
tum theory where the charge operator has a quan
tized spectrum.15 For a closed string, it is im
plied already at the classical level.) For a non
Abelian string, see Sec. VC 6. Of course, with 
boundary conditions such as (5.36), we generate 
topological invariants· also for open strings. 
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VI. LAGRANGIAN FORMALISM: GENERAL DISCUSSION 

In this section, we give a unified treatment of the 
Lagrangian formalism for point particles and ex
tended objects. It is valid for any gauge field. The 
Lagrangians of Sec. V emerge from this section 
by suitable specializations. 

A. General treatment 

The action is of the form (5.21). We are inter
ested in the general expression for SI. If the ob
ject M is n-dimensional, it is given by 

SI= f d"CT£I' (6.1) 

£I =-i TrKg"1D0 g, n = 1 

=-iE41a2·••anTrK g·1D g n?,,2. a1 a2 •• •an- 1 an , 

(6.2) 

Here, Kand Ka1a2 ... an.i are functions of 
CT=(CT°, CT1, •.. , CT"· 1 ) which parametrizes M. They 
have values in the Lie algebra of G and are Her
mitian. [That is, they are linear combinations of 
the generators T(a) with real coefficients.] As 
usual, g is a function of CT with values in the group 
G. The definition of D0 and D is similar to that 
. ~ 
m (5.8). The Levi-Civita symbol is normalized by 
the rule 

Each a; is summed from O to n - 1. The symbol 
Ka1a2•••an.i is antisymmetric in a;• Of course, for 
an Abelian M, the trace operations in (6.1) and 
(6.2) are trivial. We may also remark that under 
gauge transformations, the K's are not trans
formed, while a., and g are transformed as in 
Sec.VA. The interactions (6.1) and (6.2) are 
gauge invariant. 

In the variational problem, z", a.,, and g are 
varied as in Sec. V. The variations of K and 
Ka1a2•··an-l are restricted to those induced by re
parametrizations. (See the remarks in Sec. VB 
in this connection.) Here, under the latter, K is 
transformed like a scalar and K is trans-• a1a2•••an-l 
formed hke the component of a covariant tensor 
of rank n - 1. (The interaction SI is reparametri
zation invariant.if g and z" are also transformed. 
as scalars.) They lead to the required equations 
as in Sec. VC 3. [They do. not lead to (3.13), but 
only to (3.8). Also, for a comparison of this ap
proach to a previous treatment of point particles ,11 

see Sec. VIB.] The Lagrangians of Sec. v as
sume specific choices for K for n. = 2. Below 

. 41 ' 
we discuss other possible choic.es. Such choices 
restrict the dynamics. For examples of such re-

strictions, see Sec. VIC. Thus the most general 
dynamics is obtained by using (6.1) and (6.2) with
out restrictions on Kand K 

. a1 a2• • •an- 1 • 

As m Sec.VA 1, we find from (6.1) and (6.2) 
that 

I 0=gKg·1, n=l (6.3) 

1a=Ea1a2• .. an.1 ag[K ] -1 n?,, 2 • 
41a2•·•an .. 1 g ' (6.4) 

Often we want to have a "closed" dynamics 
where no CT-dependent "external" variables influ
ence the physics. This requirement severely re-
stricts Kin (6.1) and (6.2) if we vary them only 
by reparametrizations. It seems to require that 
there must exist a gauge (which eliminates the 
freedom to reparametrize) in which K is reduced 
to a constant R, for in that gauge all the o--depen
dent terms in .£I are fully varied while the constant 
R is not. Thus the variational principle looks con
ventional in that gauge. [Of course, the vari- -
ational principle does not yield Eq. (3 .8) in that 
gauge. However, we saw in Sec. III that it is a 
consequence of Eq. (3.3). The latter follows from 
the variational principle in that gauge as well.] 
The general form of K can be obtained from the 
constant R by a reparametrization transform
ation CT- cp(o-): 

K(CT) =K =constant, n = 1 (6.5) 

Ka a ··•a (o-) =aa ¢b1(CT)a ¢b2(0-) • • • FJ ,1-.bn-l(CT) 
1 2 n-1 1 42 4n- l '+' 

xRbb•••b , n?,,2. (6.6) 1 2 n-1 
With this form, in the variational problem the 

' ' cf> s are simultaneously transformed by repara-
metrization while the K's are not varied. 

We may note the following here: (1) By (6.6), 
the tensor K defines a closed {but not necessarily 
exact25 ) differential form with values in the Lie 
algebra. This form gives an intrinsic character
ization of the internal-symmetry properties of the 
extended object M. Its analog K for the point par
ticle uniquely determines the representation of G 
in the associated quantum mechanics (see Ref. 11). 
(2) It is easy to show that in the gauge where 

· 1° =K, the non-Abelian particle dynamics resem
bles that for the Abelian group if ( 6 .5) is true. 
(The proof is like the one below.) This result 
partially generalizes for n"" 2 if we have (6.6). 
Thus let 

Ja =g-llag, 

Ba =g•lAag+ !:..g-laag. 
e 

Then {6 .6) gives the identity 

aaJa=o' 

{6.7) 

(6.8) 

while the analog of (3.6) (valid for any M) gives 
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a0J•-ie[B 0 ,J•]=O. (6,9) 

Hence 

(6.10) 

Thus the nonlinear terms in (3.3) and (3.8) (gen
eralized to any M) vanish in this gauge. Also the 
conservation of J" is an identity as in the Abelian 
case (cf. Sec. V A2). But the analogy seems to 
stop here for n;, 2, owing essentially to the fact 
that the indices take on n values. Thus, for in
stance, [J•, Jb] need not be zero for a* b in the 
non-Abelian case. (3) The gauge transformation 
(6.7) is defined only on M. If the map 

M!.c 

is homotopically nontrivial, it is impossible to 
extend g to a smooth function defined on all of 
Minkowski space. Such an extension will thus de
fine a singular gauge transformation on G/J. 

B. The point particle 

If the normalization (2.1) is taken into account, 
we see that (6.1) is identical in form to the Lag
rangian in Ref. 11. The only difference is that K 
was treated as a constant in case (1) of Ref. 11 
(which is the case relevant for us) while here we 
vary K by reparametrizations. However, this 
does not seem to be a significant difference. A 
simple calculation shows that this new variation 
does not lead to additionalequations. [The anal
og of (3 .8) for a point particle is an identity. See 
(2.13).] Also in view of the discussion in Sec. 
VIA [cf. Eq. (6.5)], we may wish to restrict K to 
be a constant. Note that for G =U(l), (6.1) leads 
to the Maxwell and Lorentz force equations.11 

C. Abelian extended objects 

The action of Sec. VA correspond to the special
ization 

(6.11) 

One generalization of this to an n-dimensional ob
ject is 

Here the square brackets denote complete anti
symmetrization arid 

w<1 >=h<1 >-1a h<1> h<nEU(l) (6.13) 
4 i 0 i ' • 

Thus we associate n - 1 additional group elements 
with each point of M. The normalization constant 
~ is to be fixed as explained in Ref. 18. The trans
formation law for the tensor K and the rules for 
the variation of the action imply that (1) h <ll•s are 

to be transformed like scalars under repara
metrization, [cf. Eq. (5.20)]; (2) all k<1 >•s are to 
be simultaneously varied by reparametrization 
while deriving the equations of motion. 

In this case (h1 , h2 , ••• , h•-1) define a map m 
from the time slice M of M to the (n - 1)-dimen
sional torus 51 x 51 x , •• x 51 

Mm= <111,h2, ... ,h•-l>51 x51 X •• •X51. (6.14) 

The integral 

Q/l = f du 1 du 2 •.•du•· 11° (6 .15) 

(which defines the charge Q) gives the "winding 
number" of this map. (We have to fix ~ so that it 
is an integer. Cf. Ref. 18.) It follows that if M 
itself is an (n - 1 )-dimensional torus, we should 
take ~ = 1 and 

Q=el, l=0,±1,±2, .... (6 .16) 

But if the winding number is topologically con
strained to be. zero, the total charge is zero and 
we cannot fix ~- This happens, for instance, for 
n =3 and M =the two-sphere 52. 

Thus the choice (6.12) implies a restriction on 
dynamics. If M is topologically such that the 
winding number of the map m is trivial, it con
strains M to have total charge zero. The normal
ization ~ is then undetermined. 

As in Sec.VA 7 there may be topological invari
ants associated individually with the maps h <i >, g. 
The set [M, S1 ] classifies these invariants. An 
element of this set is the class of maps homotopic 
to each other. As in that section, only the com
bination of these invariants which enters the total 
charge seems physically interesting. 

If M has a boundary, it is possible to require 
that h<1>•s do not vary on aM and thereby ensure 
the charge quantization condition at the classical 
level [cf. Sec. VD]. 

Another possible choice for K0 a •• ·a is9 
1 2 n-1 

K.1=a.1A, n=2 (6.17) 

K•1•2· .. ·•-l =a[a1A•2•a· .. ·•-1l• n?, 3 

where the tensor A is real-valued and globally 
defined.25 If M is closed, then this choice gives 
zero total charge by (6.15) and Stokes's theorem. 
Note that with this choice, the full variation of A 
leads to the equation F ab(z) = 0. 

D. Non-Abelian extended objects 

Here we indicate some possible specializations 
for the tensor Kin (6.2). 

It is not satisfactory to use (6.12) and (6.13) (with 
h <1 > g G) for the following reason: w!: >(u) are in the 
Lie algebra of G. Expressions such as (6.12) which 
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involve taking products of Lie algebra elements 
(and not just their commutators) are not intrin
sically defined by the Lie algebra. So J.\ will in 
general depend on the representation chosen for 
h<1> andg.26 

A choice which avoids this problem is the fol
lowing: Define 

L -[w<l> [ <2> [ <n-2> <n-1>] ]] 
a1a2•••an .. 1 - a1 , Wct2 'o o • Wan .. 2 'Wan .. 1 • • • 

(6.18) 

and let 

K•1•2••••n-1 =i.;L[a1"2"""4n-1l (6.19) 

(the factor i has been inserted since L is anti
Hermitian.) 

Discussion of the generalized charge quantiza
tion condition and topological invariants is as in 
Secs. VC 6 and VC 7. (Of course, the set rr1(G) of 
Sec. VC 7 is now to be replaced by [M,G]. Cf, 
Sec. VIC.) 

A choice such as (6.17) is also possible with 
Aa a •• •a being Lie algebra valued and Hermitian. 

2 3 n-1 
E. Restrictions due to Eq. (6.6) 

Equation (6.6) further restricts the special 
forms of K we have exhibited. We shall now brief
ly discuss these restrictions. 

For G =U(l) and n =2, Eq. (6.6) requires that h 
in Sec.Vis of the form 

(6 .20) 

The charge quantization condition then fixed Xi to 
be an integer [assuming ¢1(a) denotes the space
like direction.] We can choose similar forms for 
h<0 in (6.13) [h<1 >=exp(ixd0 ¢•), x:0 =constant]. 
We can always locally fulfil (6.17) by setting25 

A ="'b1R n =2 
'Y . bi' ' 

(6.21) 

Such an expression is valid also for the non-Abel
ian form of (6.17). The restrictions on the non
Abelian h's and h <i>•s seem less easy to infer. 

It may be emphasized that we do not require h 
to reduce to a constant in some gauge. We re
quire only h-1 a.h to do so since only the latter 
combination occurs in £ 1 • 

VII. SUPERSYMMETRIC POINT PARTICLES AND 

EXTENDED OBJECTS IN GAUGE FIELDS 

There are obvious generalizations of the interac
tions {6.1) and (6.2) to supersymmetric systems. 

· We first discuss the point particle in detail.27 The 
treatment o~ extended systems is then indicated. 

A. Point particles27 

We first enhance the· parameter space to two di
mensions by adding a Hermitian Grassmann vari
able 0. We then modify the variables in the Lag
rangian as follows: (a) The coordinate z" is re
garded as a Hermitian superfield which depends 
on a 0 and 0. (b) The supersymmetric extension of 
the group element g is obtained by writing 

g(a 0 , 0) = exp[iT(a}y "(a 0 , 0)]. (7.1) 

Here we regard y"' as even Hermitian superfields. 
(c) We treat K as a Lie-algebra-valued constant 
in this section. [That is, if K=T(a)K", then the 
Kc,'s are treated as real constants.] This is con
sistent with the discussion in Sec. VIA [cf. Eq. 
(6.5)] and Ref. 11. 

The character of t9-e Yang-Mills field C:t is not 
altered. Only the vahables which characterize 
the particle are supersymmetrized. 

The supersymmetric version of the interaction 
£ 1 is obtained (up to a factor -i) from (6.1) by the 
preceding modifications and be replacing ordinary 
derivatives with supersymmetric derivatives. 
Thus (6.1) is changed to 

£ 1 =-TrK(g-1[ti. - ie(ti.z" )C:t" (z) ]g), (7.2) 

a .0 a 
A= 80 +i 'a';o. 

[Here we have chosen a gauge which eliminates a 
zweibein field from £ 1 • Cf. Ref. 27,] The free 
action for supersymmetric point particles is well 
known.27' 28 

We now show that (7 .2) correctly describes a 
Dirac particle in interaction with a gauge field. 
We can write 

z"(a 0 , 0) =z"(a 0 ) +i0ijJ"(a 0 ), (7.3) 

g(a 0 , 0) = [1 +0/(a 0 ) ]g(a 0 ), (7.4) 

(7.5) 

Here l/J" and/"' are odd Hermitian Grassmann 
variables and g(a0 ) is a group element in the con
ventional sense. The form (7 .4) is consistent with 
the unitarity of g(a 0 ,0). Substituting these equa
tions in (7.2), expanding C:t..(z(a0 , 0)] in powers 
of 0 and doing the 0 integration, we find24 
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£ 1 =-i TrKg(o-0)·1D0g(o-0) - ie1/)"'(o-0)ql'(o-0) TrJ0(o- 0)a,,. Gv(z(o-0)) 

+ e1/),,.(o-O) TrG,,.(z(o-o))[/(ao) ,Jo(ao)] + ½ Tr/(o-D)[/(ao) ,Jo(o-0)], (7.6) 

JD(o-0) =g(o-O)Kg(o-0)-1 • 

The variable/ originates from g(o-0,0) and hence 
does not occur in the free Lagrangian. Now £1 

does not involve 80/. Hence a0 / does not occur 
anywhere in the Lagrangian. Thus it is permis
sible to substitute in £1 for f from the equations 
of motion. The variation of/" gives 

[/(o-o) + e1/)"'(o-o)G,,.(z(o-o)), 10(0-0)] = 0 • (7. 7) 

If this is used to eliminate /,£ 1 becomes24 

£I= -i TrKg(o-o)-lDog(o-o)- ½ ie1/),,.(ao)1/Jv(O'o) 

X TrI 0(a 0)g: ,,.v(z(o-0)). (7 .8) 

This is essentially the interaction. which has been 
fully discussed before and shown to describe a 
Dirac particle in a gauge field.12-14 The only dif
ference is that the first term in :C1 is described 
differently in these papers. Instead of the group 
element, they use (commuting or anticommuting) 
vectors in some representation of the group G to 
construct the analog of this term. The only con
sequence of this difference is that while (7. 7) al
ways describes an irreducible G multiplet when 
quantized, such may not be the case for the inter-

action of Refs. 12-14. (See Ref. 11 for a discus- . 
sion of this point and of the relation between the 
different Lagrangians.) 

The following may be noted: The presence of the 
f terms in the Lagrangian is necessary_ in order 
that successive supersymmetric transformations 
close (that is, form a· "group" and do not generate 
additional transformations) without the use of 
equations of motion. This result is shown in Refs. 
29 and 27. 

B. Extended objects 

We now indicate a method to supersymmetrize 
(6.2). 

The parameter space is enhanced by adding n 
Hermitian Grassmann variables e•(a=l,2, ••• ,n). 
Then the variables in the Lagrangian are modified 
as follows: (a) The coordinate z"' is treated as a 
Hermitian superfield, z"' =z"'(o-, 0). Here, 0 
=(01 ,02; .•• ,0"). (b} The group element g is ·su
persymmetrized as in (7 .1). (c) A natural ap
proach to generalize (6.2) seems to be to start 
with the form (6.6). Thus we write 

KMM•••M l(o-,0)=aMq:,N1(0-,0)aMq:,N2(0-,0) .. ,aM q:,Nn-1(0-e)KNN N 
. 1 2 n- 1 2 . n- 1 ' l. 2 • • • n-1 • 

(7.9) 

Here the indices take values which correspond to 
both o-'s and O's •. The-various factors are even 
(odd) if they have an even (odd) number of indices 
which correspond to e's. The symmetry proper
ties of Kand Kin (7.9) are the natural supersym
metric generalizations of the antisymmetry prop
erties of Kand Kin Sec. VI. The factor K is a 
constant. Both K and K are linear combinations 
of T(a)'s. 

The character of the Yang-Mills field G is un-,,. 
altered, We also introduce a vielbein field -
H!(o-,0) and its inverse H1{o-,0). The latter trans
forms "superspace" indices to "tangent space" 
indices on left multiplication. (Cf •. Ref. 27). 

Possible generalizations of (6.2) we suggest are 
of the form 

SI= f d"o-d"0 £I, 
(7 .10) 

x TrKM M ·••M ig-iDM g' 1 2 n- n 

DMng= aMng- ie(aMnz,,.)G,,.(z)g. (7.11) 

Here E is a suitable generalization of E in (6.2). It 
is to be so chosen that S1 is even. In the vari
ations problem cf:, 's are simultaneously varied by 
reparametrization while K is not varied. 

It can be shown by known methods27 that the an
alog of (7.10) for n=1 reduces to (7.2) after a 
gauge choice. Also the arguments which led from 
(6 .2) to (7 .10) are fairly standard.27 Note that 
(7 .10) does not fully specify the interaction. For 
instance, E has not been fully specified. Further
more, as written, S1 can contain anticommuting 
constants through the presence of R. Hence we 
may have to require that anticommuting compo
nents of K be zero. 

Unfortunately, we are not aware of a satisfact
ory supersymmetric generalization of the free 
action to extended objects. Even for strings, 
none of the actions suggested so far seem to lead 
to all the equations of motion and the equations of 
constraint.3° For this reitSOn, we have not pur-
sued the study of (7 .10). · 
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