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Classical periodic trajectories are shown to exist for a test particle moving in an external SU(2) gauge 
~eld. !?e field is assui:ned to be static and of the form proposed by Wu and Yang. The energy of the system 
1s positive, so the orbits are expected to give rise to a spectrum of metastable states. A Bohr-Sommerfeld 
~uantiz~tion ~cheme is proposed for finding the spectrum. The results are applied to the problem of a particle 
mteractmg with a Polyakov-'t Hooft monopole, via the explicit solution of Prasad and Sommerfield. 

A number of classical static solutions found to 
SU(2) gauge field equations are of the Wu and Yang 
form. 1 - 3 In this paper we shall examine the mo
tion of a test particle in the field of such solutions. 

The Wu and Yang ansatz1 for SU(2) gauge fields 
can be written 

(1) 

where r 2 =I;t1x,2, x1=x1/r, andg is a coupling 
constant. a=l,2,3 indicates the internal-space in
dex. Let us !l,SSume that (1) corresponds to a 
stable classical solution of the Yang-Mills field 
equations. 

Now let us add the test particle .. It is described 
by space-time coordinates x,, plus an additional 
3-component vector I", which precesses in the in
ternal space. The particle equations were found 
by Wong1 to be 

where 

(2) 

(3) 

(4) 

and v,,. = x,,.. The dot indicates a proper-time de
rivative, but here we shall just consider nonrela
tivistic motion. Using (1) one can deduce the fol
lowing constants of motion for the system: 

(a) the energy, which here is just purely kinetic, 

E=½mv2, v2 =v1v1 ; (5) 

(b) the total angular momentum5 

el;= (x x mv); + [1- K(r)lxal°X; +K(r}I1 ; (6) 

(c) the magnitude of r 
IIl=(I"I")l/2_ (7) 

The equations of motion obtained by substituting 
(1) into (2) and (3) are nontrivial. Here we shall 
examine a case where they reduce to familiar par
ticle equations of electrodynamics. Consider tra
jectories with 

15 

...... 
,a I 1 ... a ... X Xv , =± I z, z= ~, I. xxv 

;• 

Substituting this ansatz into (2) and (3) yields 

ja=o' 

.;. IIIK' ... ... 
mv=±-r-vxz, 

(8) 

(9) 

(10) 

where K' = dK/ dr. From (9) both vectors za and z 
are held fixed. From (10) the particle motion is 
identical to that of a charged particle, charge · 
~ = ± I JI , in an axially symmetric magnetic field 
B = (K' /r)z. Only here the particle is constrained 
to a plane, since z is constant. The plane is per
pendicular to z and contains the origin. Solving 
for all possible trajectories would require explicit 
knowledge of K(r). Here we shall instead examine 
trivial trajectories which are common to all dif
ferentiable functions K(r}, K(r) * constant. These 
trajectories are circular orbits with center r = O 
Let us define R(t) and V(t) to be the position and· 
velocity at time t along a circular orbit. Then 
from (10) 

m't,=± III K'(R)VR 
R2 ' 

(11) 

where R= IRI, V= !vi, and we have used R•V=O. 
Since for circular orbits the centripetal force is 
directed toward the center, the sign ambiguity in 
(11), and consequently (8), is removed by the sign 
of K'(R). . 

Let us find the stability properties of these or
bits. In general the vectors x and r can be written 

X=(p+R)R+R0V+/;Z, (12) 

r = 11 I [a.Ra+ t3Va - E(K'}(l - 0!2 - /32) 1 / 2 .z•] (13) 

where R~R/R, V=V /V, and Z=R x V. E(x} is the 
usual step function. Upon taking a = t3 = p = 0 = /; = O 
one obtains the above-mentioned circular orbits. 
We wish to examine slightly perturbed trajectories, 
so let us require p, /; « R and 0, a, f3 « 1. To first 
order (13) can be replaced by 

r = II I [aR"+ t3V" - E(K').za]. (14) 
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Upon substituting (12) and (14) into (2) and (3) and 
keeping only the first-order terms, one obtains 
the following five equations: 

• 1-K. 
a+ -ir- ~ - wK/3 = 0, 

a (1-K}wt K -0 
,., - R ,,+ w a- ' 

.• [1-K2 . J 
~ + w2 K' R (~ + aR) + ~ = 0, 

RB.+wp=O, 

.. ( II 1)2 K"K' p+w2p+R0w+ m ~p=0, 

where 
V IIIIK'I 

w=-= ---
R mR 

(15) 

(16} 

(17) 

(18) 

(19) 

(20) 

and ~ = E:(K')i:. (K and its derivatives are evaluated 
at r=R.) Note that the variables p and 0, corre
sponding to variations in the plane of the classical 
orbit, decouple from the variables a, (3, and ~-
To find their evolution let us differentiate (19) and 
apply (18): 

...• ( 111)2 K"K' . O 
p + m -ir-P= . 

The normal-mode solutions are 

where C1 is a constant and 

RK" 
(01)2 = w2/[t . 

(21) 

(22) 

(23) 

Equations (15), (16}, and (17) yield two more nor
mal-mode solutions. Differentiating (15) and sub
stituting (16) and (17) yields 

a+ w2{K2R-1 (1+ ~-:-:) ~+ [K2- (1-~11+K)]a} 

= 0. (24) 

Equations (17} and (24) are second-order differen
tial equations involving a and ~ only. Their solu
tions are 

a=-C2e''½t, ~=RC2ern2t, P=wC2em2t, •(25) 

and 
a=(K-1-K'R)93ernst, ~=RC3emst, 

p = w(K'KR + 1 -K2)C3e111st, 

where C2 and C3 are constants and 

(02)2= w2' 

(03)2= w2K(K+ l ;!2). 

(26) 

(27) 

(28) 

The stability of the circular orbits is determined 
by the stability frequencies O;. The orbits are 
stable only if (01)2 >O, for all i= 1, 2, 3. According 
to Gutzwiller, 6 the significance of the stability of 
a periodic classical orbit is the following: Stable 
orbits will give rise to II-function-like singular
ities in the semiclassical density of states func
tion, whereas unstable orbits will give rise to 
broadened peaks. 

Let us apply Bohr-Sommerfeld techniques to find 
the semiclassical energy spectrum. From (6) the 
angular momentum of a particle traversing a cir
cular orbit of radius R is 

(29) 

where 
f(R) =-"K - K'R . (30) 

If we assign the values j + ½ and s + ½ to fj I and 
Iii, respectively, where j, s= 0, ½, 1, ... , the ra
dius I?. =R1s gets quantized by 

j+½ l.t(R1s> I= -1 • (31) 
s+2 

From (5) the corresponding energies are 

E 18 = 2~ [(s+ 1/2)K'(R18))2. (32) 

To these energies let us add contributions from 
perturbed orbits. If the classical orbit is stable 
at R =R18 the perturbations are harmonic. So let 
us simply express the total energy by ' 

(33) 

where n/s are non-negative integers and lois I is 
defined as the positive root of [01(R18)]2. 

Let the classical orbit at R=R18 be unstable. We 
deduce from Gutzwiller' s6 analysis that the maxi
maximu~ of the peak in the density· of states func
tion is given by (33) with the imaginary term (or 
terms) subtracted. The width is given by the modulus 
(or sum of the moduli) of the imaginary stability 
frequency (ies). 

In either case, whether the classical orbit be 
stable or unstable we would expect the correspond
ing quantum states to be metastable since the par
ticle energy is positive. Note in addition that there 
exists a degeneracy in J3 corresponding to the ini
tial freedom of choice for z. 

Now let us apply the preceding results to the 
problem of a test particle interacting with the 
Polyakov-'t Hooft monopole.2 It was shown7 that 
at large distances from the monopole,. where K(r) 
=K'(r)=0, the motion of the particle in ordinary 
space is identical to that of an electric charge in 
a magnetic monopole field. The effective electric 
times magnetic charge for the system is I 1x1 • [Iix1 
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FIG. 1. f, (01) 2/w2, and (0 3) 2/w2 are plotted versus the 
normalized orbital radius. 

is a constant of the motion when K(r)=K'(r)=O.] 
The motion of the Ji vector is that of a precession 
about .x1T(i); T(i) is a set of basis vectors in the in
ternal space. We are now able to examine a class 
of trajectories "inside" the monopole. For sim
plicity let us utilize the explicit expression for 
K(r) found by Prasad and Sommerfield, 8 

Cr 
K(r) = "nhC , {34) 

Sl r 

whereCisaconstant. Using{34)weplot/, n//w2 , 

and n// w2 versus Cr in Fig. 1. It is evidentthat there 
are no stable circular orbits with fixed isospin. The 
orbit is unstable in two normal modes when Cr 
:c 1.61 and unstable in one normal mode when 0 
<Cr.,; 1.61. Let us examine the Bohr-Sommerfeld 
quantized orbits in the latter region. In Table I we 
compute CR 18, Ei•m/C2 , and nf•m/C 2, i= 1, 2, 3 
for s=3, -½, .and 4. i=3 is the unstable mode. Note 
that there are no states for s < 3 in the region Cr 
'% 1.61. 

Although the preceding results were applied to a 
specific (nonphysical) solution of the Polyakov-'t 
Hooft monopole, the conclusion of no stable cir
cular orbits is probably true in general. If so, the 
likelihood of permanently trapping a particle inside 

*Work supported in part by the U. S. Energy Research 
and Development Administration, Contract No. EY-
76-S-02-3533. 
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s j CRJs :!!LEJ• 
c2 

.121.gJ• 
c2 1 

mo Js 
c2 2 ..m.ot• 

c2 

3 1 1.18 0.512 0.533 0.858 0.384i 2 
1 4 1.05 0.599 0.757 1.042 0.429i 2 
4 9 0.96 0.685 0.944 1.219 0.469i 2 

a Polyakov-'t Hooft monopole would appear small. 
Such a conclusion is consistent with the result 
found by. Swank et al.,9 that there are no bound 
states of a fermion and the Polyakov-'t Hooft mo
nopole. 

As a second and final example let us choose the 
external field to be the nontrivial static solution 
of the free SU{2) field· equations found by Wu and 
Yang.10 When A: is of the form {1) the free field 
equations yield the following equation for K: 

r 2K" =K(K2 -1). {35) 

The solution we are interested in has the boundary 
conditions 

K-Oasr-0 K-±(1-£)asr-oo {36) 
' r . ' 

where c > 0. Upon substituting (23), (27), and {28) 
into {35) we obtain 

(01 )2 + (03 )2 = {Kn2 ) 2 • {37) 

Since the right-hand side of this expression is 
always positive (n1 )2 and (03 )2 cannot simultaneous
ly be negative. Thus a classical circular orbit can 
either be (a) stable or (b) unstable in one normal 
mode. By examining the numerical solution, how
ever, we find that (a) is true for no values of r. 
Therefore we once again conclude that there exist 
no stable circular orbits. 
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