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SO(10) Vortices, Zero Modes, and Family Cloning 

A. Stern 
Center for Particle Theory, University of Texas at Austin, Austin, Texas 78712 

(Received 11 October 1983) 

The properties of certain recently proposed topological vortices which can occur at either 
grand-unification or intermediate energy scales are examined. These vortices are topological
ly stable in that they survive any subsequent symmetry breakings. We find them also to be 
dynamically stable because some of their quantum numbers have fractional values. Zero
energy bound states with certain fermions are found and these states are seen to transform 
like SU (5) families and mirror families. We also comment on the analog of the Rubakov
Callan effect for the above vortices. 

PACS numbers: 14.80.Pb, 11.30.Ly, 12.10.En, 98.80.Bp 

It is known that topological vortices1 appear in 
many grand-unified models. These objects have a 
characteristic mass per unit length = M 2/g2, where 
M ~ O (1015- 17 GeV) and g is the relevant coupling 
constant. They have been shown to be useful in 
generating density perturbations which can lead to 
galaxy formation. 2 

In this Letter we examine some other properties 
of vortices occurring in grand-unified models. In 
particular, we shall study the problem of fermionic 
excitations about a classical vortex solution. In 
many previous examples of fermions interacting 
with topological solitons, zero-energy eigenstates 
have been exhibited. The presence of these eigen
states has led to some surprising conclusions for the 
quantum properties of the soliton. For example, 
the soliton may have fractional fermion number. 3 

The presence of zero modes is also relevant for the 
catalysis of proton decay by GUT monopoles.4 It is 
therefore of interest to study topological vortices, 
resulting from a realistic grand unified model, 
which possess zero mode solutions. We will show 
that the Z2 vortices proposed by Kibble, Lazarides, 
and Shafi5 are of this type. 

Before discussing the fermionic excitations we 
first review some properties of Z2 vortices.6 Such 
vortices appear whenever a simply connected group 
G spontaneously breaks to H ® Z2• If one as
sumes that H is connected, then 1r 1 ( GI ( H 
® Z 2)) = 1r0 (H ® Z 2) = Z 2• Consequently, the 

vacuum characterized by the set of Higgs fields <I> 
has two distinct topological sectors, (<I>) vortex and 
(<I>) 0, the latter associated with a homotopically 
trivial mapping. 

Z2 vortices can occur naturally in theories where 
the Higgs scalars associated with a symmetry break
down transform under G = {g} via a similarity 
transformation, i.e., 

(1) 

More generally, the Higgs scalars may transform as 
tensor products of such fields <I>. Then Z 2 
= (g = ± 1) is an invariance group of the vacuum. 
Vortices appear in the theory provided that Z2c G 
and it is not already contained in a continuous con
nected invariance group Hof the vacuum. The two 
vacuum sectors (<I>) vortex and (<I>) o can be connect
ed by a double-valued transformation g(9) E G, 

(<I>) vortex= g (<I>) ok- 1, 

(2) 
g(9)= -g(9+21r), 

where 9 is the polar angle, say in the 1-2 plane. If 
we choose g(9) to be generated by K, then from 
Eq. (2) K must involve a linear combination of bro
ken generators of G. If we set the gauge potentials 
A,.= 0 in the trivial vacuum sector, then 
A,.~ aµ,gg- 1 ~ K in the vortex sector. Conse
quently, the vortex flux is directed (in the internal 
space) towards the generators of G/ H. 

For the Z2 vortex of Ref. 5 the group G was tak
en to be Spin(lO) with Higgs scalars in 10-, 45-, and 
126-dimensional representations. The 10 trans
forms as in Eq. (1) and the remaining Higgses can 
be written as tensor products of the 10. Conse
quently, Z2 is an invariance group of the vacuum. 
In Ref. 5 the vortices appear after the breakdown to 
H = SU (5), utilizing the 126 Higgs scalars. The 
discrete invariance group Z2 is not contained in H 
since g = - 1 is inconsistent with the unimodular 
condition. If we were to break instead to the group 
H' = U (5) ( via, say a 45 of Higgs) no vortices 
would appear since Z2 is contained in U(5). H' 
differs from H (locally) by the single generator 
Y'=2Y-f(B-L), where Y, B, and Lare weak 
hypercharge and baryon and lepton numbers. Thus 
if we were to remove Y' from the set of generators 
of G/ H the Z 2 vortices disappear. This suggests 
that the flux of the vortex points in the Y' direc-<I>-+ g<l>g-1. 
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tion. In the work of Das7 an explicit solution was constructed. 
Following the breaking scheme of Ref. 5, 

126 45 10 
Spin(l0)- SU(5) ® Z2- SU(3) ® SU(2) ® U(l) ® Z 2 - SU(3) ® U(l) ® Z 2, (3) 

the vortices remain topologically stable all the way down to low energies. An alternative scheme, 
45 45 126 10 

Spin(l0)- U{5)- U(3) ® U(2)- SU(3) ® SU(2) ® U(l) ® Z 2 - SU(3) ® U(l) ® Z 2, (4) 

can be utilized to produce vortices at intermediate 
energies. In scheme (4) vortices are produced after 
the third symmetry breaking. At this stage the 
symmetry associated with the single generator Y' is 
broken. Thus, as in the previous scheme, vortex 
flux points in the Y' direction. Also as before, the 
vortices will be topologically stable down to low en
ergies. The possibility of breaking the U(l) sym
metry associated with Y' at electroweak energies 
has been investigated. 8 Such theories have been 
shown to be consistent with low-energy 
phenomenology. Consequently, Z2 vortices could 
occur with masses just above the electroweak scale. 9 

Next we consider couplings of the fermions to 
the vortex. The fermions are incorporated as usual 
into a sixteen-dimensional spinor representation of 
Spin{l0), corresponding to the 1, 5, and 10* 
representations of SU (5). The Y;- ch-;;:rge assign
ments are: - ½, for particles in the .2_; + ½, for par
ticles in the 10*; + ½, for the singlet. Here we as
sume, for simplicity, that the particles in the 5 and 
10* are massless. We shall ignore the singlet-neu
trino and also Yukawa-interaction terms. In the 
external field A of the vortex, we have 

Uf + ig,/)'IJ.I L = 0, (5) 

where we are taking all fermions to be left handed. 
The coupling constant g is related to electric charge 
by g = ( 2/ ..Jf5) e at the SO (10) breaking scale. In 
terms of two-component spinor notation Eq. (5) 
becomes 

mo+ cr303 + cr a U}a + igA0 ) ]if.,= 0, a= 1, 2, (6) 

where we have taken A0 =A 3=0. For the vector 
potentials A 0 we take 

Y' xb 
Aa =d(x)-e0b-2 , 

g p 

.st!- 1 asp-+ oo, (7) 

_,. 0 asp-+ 0, p= lxl. 
Zero-energy normalizable solutions to Eq. (6) ex

ist provided I Y' I > 1.10 For Y' = - ½, correspond
ing to the particles in the .2., there exists only one 
such solution. If .st/ is a function of p only the solu-

tion takes the form 

(8) 

There are no normalizable zero-energy solutions for 
particles in the 10*. Consequently, particles like de, 
e - , and v e can bind to the vortex while u, uc, d, 
and e + cannot. 

Of course, the vortex can bind with more than 
one fermion at a time. Thus if we consider interac
tions with one family of fermions a total of 32 de
generate vortex states appear. (The degeneracy will 
be lifted when we consider the particle masses and 
fermion-fermion interactions.) The quantum 
numbers of these states will be computed later in 
this Letter. Upon consideration of interactions with 
N families of fermions a total of 32N vortex states 
occur. Thus with scheme (4), an enormous 
number of vortex states could be present at inter
mediate energies. 

Next we examine scattering of the 5 and 10* fer
mions off the SO(l0) vortex. We shall consider 
scattering off of a stringlike vortex, i.e., the particle 
energy w will be assumed to be far below the Y' -
breaking scale. To obtain the correct boundary con
ditions at the origin we set .stf (p) = 0 (p - R), as
sume that the wave functions are well behaved at 
p = 0, and then take the limit R _,. 0. The resulting 
wave functions are well behaved in the limit p _,. 0 
for Y' = ½- However, for the case Y' = - ½, we get 
the mode 

(9) 

whose corresponding probability density is singular 
at p = 0. (The Y,'s are the usual Bessel functions.) 
Equation (9) corresponds to the zero-energy mode 
and indicates that fermions in the .2. can penetrate 
the vortex interior while those in the 10* cannot. 
Despite the difference in wave functions, the low
energy scattering amplitude sums up to the same 
function (up to a phase) in the two cases. 

Although vortices are classically stable in two 
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spatial dimensions, closed vortex solutions in three 
spatial dimensions are expected to collapse. How
ever, quantum considerations may prevent such a 
collapse. Proceeding in a fashion similar to de 
Vega, 11 we find that the field operator for a fermion 
with charge Y' = -½- or - ½ in the presence of a vor
tex has the form 

(10) 

where 'Y/ is a normalized, zero-energy, bound-state 
eigenfunction and a is a fermionic destruction 
operator. The dots indicate scattering contribu
tions, including discrete modes along the circumfer
ence (parametrized by cp) of the closed loop. The 
number operator associated with If, r' is 

1 J d2x r21r dcp t 
Ny,= 2 (21r )2 Jo 21r tdlf, Y'' If, r'] 

= -½-6 r', - 3/2 [at' a] + ... ' (11) 

where the trace in Eq. (11) is on spinor indices. 
Then for the vortex ground state I ) vortex, we have 
( N 112) vortex= 0 and ( N _ 3/2) vortex = - -½-. Contribu
tions to the baryon number of the bare vortex come 
from the de quarks, B = 3 ( - +) ( N - 3/2) vortex= -½- • 
Since the result is fractional we expect this vortex 
state to be stable. It can, on the other hand, annihi
late with an antivortex state or with certain vortex 
bound states; i.e., a vortex bound with all three de 
quarks will have baryon number equal to - -½-. The 
baryon number for a vortex with one (two) bound 
de quark(s) is¼ ( - ¼ ). 

The SU(5) quantum numbers (i.e., electric 
charge, weak hypercharge, and color) for the bare 
vortex are all zero. This is due to the tracelessness 
of the SU (5) generators. Thus I ) vortex is an SU (5) 
singlet. The eigenvalue of an SU(5) operator Tact
ing on a bound state aJ1 aJ2 • • • at I ) vortex equals 
the sum of the values of Ton the fermions lf, 1, 

i=l,2, ... ,n, i.e., 

It follows that the 32 vortex states transform as 5, 
10, 10*, .2,*, and two singlet representations of 
SU (5). They thus can be interpreted as a family 
and mirror family of particle states, one of which is 
expected to be fermionic while the other is bosonic. 
If the unbound vortex state I ) vortex is bosonic, then 
the family will be fermionic while the mirror family 
is bosonic. 

2120 

The above analysis holds for the case of one fam
ily interacting with the vortex. For the case of two 
families, a total of 322 vortex states appear, of 
which we can associate at least two sets of fermionic 
SU(5) families and mirror families. Higher SU(5) 
representations also appear. Although some vortex 
states will have integral baryon number, the value 
of other quantum numbers, such as strangeness, 
will be fractional; e.g., for I ) vortex, B = 1 and 
S = -½-. Thus we expect that all states are stable. 

It has been conjectured recently12 that GUT vor
tices may catalyze proton decay in analogy to the 
Rubakov-Callan effect4 for monopoles. For the 
above vortices, however, this possibility seems re
mote; i.e., even if the vortices are created at grand
unification energies. The preceding analysis indi
cates that a condensate of de, e, and v exists in the 
vortex interior. From Lorentz invariance and 
SU(3) ® SU(2) ® U(l) invariance, however, such 
a condensate would have zero baryon number. 
Consequently baryon-number-changing processes 
are not expected to be enhanced. On the other 
hand, certain neutral processes, such as those medi
ated by the gauge boson associated with Y', may be 
enhanced in the presence of the vortex. 

The author is indebted to S. Nandi, P. Salomon
son, B.-S. Skagerstam, and T. Vallon for very useful 
discussions. He also wishes to thank J. Nilsson and 
the Institute of Theoretical Physics, Goteborg, for 
making his visit to Goteborg possible and pleasant. 
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