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We find a spherically symmetric solution to the gauged SU(2)L © SU(2)R chiral model. It corresponds to a new classical solution to the Weinberg-Salam model in the limit of infinite self-coupling
and sin 29w= 0. It has an energy of 11.6 TeV and is classically unstable under small perturbations of
the fields. Quantum corrections may stabilize the solution via the introduction of higher-order
terms in the effective action. We then investigate the solutions when a particular choice of a
correction, the Skyrme term, is added to the Lagrangean. The energies of the (presumably) classically stable solutions are in the teraelectronvolt region.
PACS numbers: 12.15.-y, 11.10.Lm, 11.15.Kc, 14.80.Gt

As accelerator energies approach the electroweaksymmetry-breaking scale and beyond, it may become
feasible to observe nonperturbative effects in the
Weinberg-Salam model. In particular, a number of authors1·2 have investigated the possibility of nontopological soliton solutions to the classical equations of
motion.
Concurrently, there has been a recent revival of interest in soliton solutions in the nonlinear chiral
model. 3- 7 These solitons discovered by Skyrme3 over
twenty years ago are topological in nature, where the
topological index is associated with the baryon
number. 5
When the Higgs-boson mass Mtt in the WeinbergSalam model goes to infinity, the model becomes
equivalent to a gauged chiral model. Some authors
have considered the possibility of solutions to the
Weinberg-Salam model (with Mtt- oo) which are
analogous to Skyrme's soliton. 8• 9 In this Letter we
shall exhibit such a solution. The solution is nontopological in nature. This is essentially due to the fact
that the boundary conditions of the gauged chiral
model differ from those of the ungauged chiral model.
In Skyrme's model a fourth-order term (the
"Skyrme term") was added to the standard chiralmodel Lagrangean. This term insured the existence of
a static solution, since it scaled differently from the
usual chiral Lagrangean. For us, no modification of
the Weinberg-Salam model is required for this purpose. The gauge-boson kinetic-energy term scales differently from the Higgs-boson Lagrangean, allowing
for the possibility of a localized solution. (In the
Skyrme model, the Skyrme term may be replaced by
an interaction with vector mesons. Static localized
solutions to such models have been found by Adkins

and Nappi. 10)
Unlike the Skyrme soliton, our solution is unstable
under small perturbations of the classical fields. Stability11 however may be recovered with the inclusion of
fourth-order terms like the Skyrme term in the effective Lagrangean. Such terms result naturally as quantum corrections to the model. 12 We will discuss the
solutions with the (gauged) Skyrme term added, and
conjecture that they correspond to real particles.
We assume the standard Weinberg-Salam model
with a single Higgs doublet <I>= ( cf, 1, </, 2 ). The Higgsboson Lagrangean is

!f tit = (f:i; ,,_<I>) t ({}""<I>) + µ, 2<1> t <I> _ >.. ( <I> t <I>) 2,

( l)

where ,q;,,. is the SU (2) L ® U (1) covariant derivative,
9 ,,_ = fJ,,_ - ( ig/2)A,,_ - (ig'/2)B,,_, A,,_= A,,_· T. It is
convenient to define the matrix

( <Pi <Pi)
M= -<f,j <P2 ,

(2)

and then perform the polar decomposition M = hU,
where U E SU ( 2) and h is real. We shall make two assumptions: (i) g' = 0 and (ii) h is "frozen" in its vacuum expectation value ( h) 2= µ, 2/2>.. > 0. Assumption (i) is equivalent to our taking sin 20w = 0. As was
pointed our previously 13 it is necessary for finding a
spherically symmetric solution. It is hoped that since
sin20w is small, we are not too far from reality. Assumption (i) leads to the global SU (2) v symmetry
u- vuvt, A,. - VA,. vt, VE SU(2). Assumption
(ii) is equivalent to our taking an infinite Higgs-boson
mass in the tree-level approximation. Applying (i)
and (ii) and adding the Yang-Mills kinetic-energy term
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we get
g.i,+gA
= t(h) 2 Tr(D,,,U)t(D"'U)-tTrF,,,.,P",

gauged SU(2)L ® SU(2)R chiral model [with SU(2)L
being the gauge group]. Chiral models are known to
have an identically conserved current
(3)

where F,,,.,=o,,,A.,-o.,A,,,-(ig/2)[A,,,,A.,], and D,,,U
= o,,, U - ( ig/2)A,,, U.
Equation (3) is the classical Lagrangean for the

In the (ungauged) chiral model the charge q
= f d 3x K 0 is an integer. Finite energy demands that
U tends to a constant at spatial infinity. Space is then
compactified to a three-sphere which is mapped by U
to the SU(2) manifold. The integer q is associated with
the homotopy group 71" 3 (SU(2))=Z. Now when
SU(2) L is gauged, we only have the condition
D,. U - 0 at spatial infinity. If we like, we can choose
u- 1 at lxl - oo resulting in an integer-valued q, but
this procedure has no gauge-invariant meaning. On
the other hand, the charge q = f d3x k 0 is gauge invariant, but it has no topological meaning. Only in the
case where A,. is a pure gauge need it be an integer. In
what follows we show that there exists a static localized
solution to the equations of motion, with q not an integer. One can of course claim that q being an integer
means that we have a topological configuration. However, under a gauge transformation G with G - 1 at
infinity, q changes by an integer, and therefore no
E = (811" ( h )/ g)
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Kµ. = (2411" 2 )-lEµvA.p TrfJ., uuta). uutap uut.

For us KIL is not meaningful since it is gauge variant.
A gauge-invariant current K,,. can instead be defined
which, however, is not conserved:

physical significance can be assigned to it.
We specialize to the spherically symmetric configuration. By spherical symmetry we mean that the
fields are invariant under simultaneous rotations in
Minkowski space and the internal SU (2) v space:
-2ie/jkx/v ku + [T,,U] =0,

We work in the gauge A 0 = 0. The general solution to
(6) is
U = cos6 + iT ·

xsin6,

(7)
a--r(AXXT ) -+-T,+-/3
6-/3( T·XA)AX·,
I

--2 ,=-gA

f

I

f

f

Only two of the four variables 6, a, /3, and 6 in (8)
correspond to dynamical degrees of freedom. This is
so since (i) u appears in (8) with no derivatives and
hence is an auxiliary variable; (ii) there is a residual
U (1) gauge symmetry,
0- 6- X(r),

a-

a cos2X(r) -/3 sin2X(r),

2ua ) 2 + p 2 (6' + u ) 2

u -

u

[p 2 (6' + u )]'= 2a sinW,

a"= (4a/p 2 )(a 2 - ¼+p 2u 2 ) +2a -cosW,

(IO)

u = - p26'/ (p2 + 4a2).

The boundary conditions at the origin result from
the demand that Eqs. (7) be well defined. We have
6(0) = 11"n, a(O) =- t, where n is an integer, which we
1332

(8)

can set equal to zero. By requiring finite energy we
have 6 ( oo) = t71" m, a ( oo) = ( - 1) mt, where m is an
integer.
Our method for solving Eqs. (IO) is first to rewrite
them in first-order form. We then use the asymptotic
expressions for the solutions, i.e.,
6- Bp,

(11)

a- t+Ap 2,

for p - 0

+ X'(r). ( 9)
We shall eliminate the gauge freedom by setting /3 = 0.
In this gauge the equations of motion are
{3- a sin2X(r) +{3cos2X(r),

I

where 6, a, /3, and 6 are functions of the radial coordinate rand x1 = xi/ r. After substituting (7) into the expression for the energy we find

+ 2(a + sin20-t ) 2 + 2(/3 + sin6 cos6) 2 ).

CT=6p.

(6)

- 2iEukx/v kA1+ [ T ,,A,]- 2iE11kAk = 0.

fo"" dp( 2p- 2 [a 2 + {3 2 - ¼]2 +(a'+ 2{3u ) 2 + (/3' -

Here p = g ( h) , / 2 is a dimensionless variable, the
prime denotes differentiation with respect to p, and

(4)

0- tm11"-D[l + (.J2p)- 1 Je- ✓2P,

a - ( - 1) mt + C [ 1 + (.J2p) -

1 ] e- ✓2p,

(12)

for p - oo, and integrate both (11) and (12) to some
finite p = Po• By adjusting the parameters A, B, C, and
D we then match the values of the functions and their
derivatives at p 0 • One would expect that the
minimum-energy solution occurs when Im I = 1. However, we were unable to find solutions for Im I odd,
because our first-order equations are singular when a
goes through a zero. For m = 2 we were able to find a
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solution. Its energy density is localized inside a small
fraction of a fermi, and for the total energy we find
E= (81r(h)/g)(l.79); using Mw=83 GeV and
g = 0.67, then E = 11.6 TeV.
Upon substituting Eqs. (7) into the expression for
the charge ii, and applying the gauge condition /3 = 0,
we get ii == 0.18 for the above solution.
In the Skyrme model the topological charge q is
identified with fermion number. 5 Similarly, it has
been claimed that the charge ii is identified with fermion number in the Weinberg-Salam model. 14 The
computation is performed by a coupling to fermion
fields and application of a derivative expansion. The
latter is valid if the inverse fermion mass is smaller
than the "size" of the soliton. Thus if (a) there exist
sufficiently heavy fermions and (b) our solution corresponds to a state in the quantum theory, it is expected
to have very exotic quantum numbers.
Concerning (b), the existence of a state in the quantum theory is in general insured for solutions which
are stable under perturbations in the classical fields.
This, however, is not the case for our solution. It is
not difficult to find a variation 66 (p) which lowers the
energy of the solution. Hence we do not have a local
minimum in the energy.
Even though the solution is classically unstable it
may be possible to recover stability in the quantum
theory. In the quantum theory higher-order terms appear in the effective action. 12 For the Skyrme model
these terms were necessary for the existence of a soliton solution. For us they could possibly cure the classical instability. An example of such a term is
(32e 2 )- 1 Tr[ ut Dµ. U, ut Dv UJ2,
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Fig. l. ii is given there for selected values of (g/ e) 2 ; it
approaches unity (i.e., q - q) only as the lower
branch of the solution approaches the Skyrme solution, 7 where the gauge degrees of freedom become
unimportant.
In the case of unstable or saddle-point solutions, the
quantum mechanical relevance of the solutions is an
open theoretical question.17 Already quite a few examples of saddle-point solutions have been discovered
in the Weinberg-Salam model. 1• 2 One which is
thought to have physical significance is the sphaleron
solution of Klinkhamer and Manton. 13 It corresponds
to an energy maximum along a noncontractible loop
(NCL) of field configurations which passes through
the vacuum. Its energy £ 0 == 10 TeV is the height of
the barrier for tunneling between topologically distant
vacua. Such processes are known not to conserve
baryon number. Tunneling via instantons is negligibly
small 18 ; however, baryon-number-nonconserving processes may be greatly enhanced if energies of order £ 0
are readily available, as in the time of the very early
universe. 19
Unlike in Ref. 13 our solutions are neither associated with baryon-number nonconservation nor with
NCL's, since we are at Mtt= oo. 20 The first fact results
from the vanishing of the integral over the anomaly,
and the second one from the absence of a zero for h.
The lower branch of the solutions may correspond
to real particles (in analogy with the nucleon) which
can be called "weak skyrmions," of mass of the order
of teraelectronvolts. If 1/ e 0.2 as in strong interactions, then E 3 TeV, thus raising the exciting possi-

=

=

(13)

which reduces to the Skyrme term in the limit g - 0.
By continuous variation of the parameters g and e it is
possible to deform our solution (corresponding to the
limit e - co) to the Skyrme soliton solution
(g- 0). 15 The Skyrme soliton was shown to be classically stable. 16 Thus in traversing a path in the g-e
plane from our solution to the Skyrme solution we
should encounter a transition from a classically unstable solution to a stable one. So there could exist
some range for the parameter e which admits stable
solutions. Although it is often easy to find unstable
modes of a particular unstable solution, the proof of
stability is in general very difficult. 16 After adding the
gauged Skyrme term [Eq. (13)] to the Lagrangean, we
solve the corresponding equations of motion. For
each value of (g/ e) 2 ~ 0.39 there are two solutions
[for higher (g/ e) 2 no solutions exist]. The first is classically unstable and reaches the previously discussed
solution as 1/ e goes to zero. The second solution approaches the classically stable solution of the ungauged
Skyrme mode1 7 as g - 0, and is likely to be classically
stable too. Energies for both solutions are depicted in

>
~ 10

Q.97

w
0,99

6

0.1

0.2

04

0.3

(g /e) 2

FIG. 1. The energy in teraelectronvolts of the solutions to
the equations of motion with the gauged Skyrme term [Eq.
(13)) added, as a function of (g/e) 2 • g=0.67 is the standard coupling and e appears in the coefficient of the Skyrme
term. The arrow denotes the value of (g/e) 2 if e 5.4 as in
strong interactions. Values of q = d3 x i<: 0 [see Eq. (5)) are
given near the curves.
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bility of directly observing weak skyrmions through
the process of longitudinal- W-boson fusion in future
colliders.
In a future publication we will discuss in detail our
solutions, noncontractible loops in the limit Mtt = cxi,
baryon-number nonconservation, quantization, and
phenomonology.
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Note added.-After completion of this work we obtained a report by Ambj0rn and Rubakov 21 where static solutions were found to the equations of motion
resulting from Eqs. (3) and (13) for various values of
g/e:;,=.O. We agree with their energies, but disagree
with their conclusions about stability (contrary to their
claim stability was not demonstrated by them for any
g/ e) and about baryon-number nonconservations
(there are none for Mtt= cxi). Furthermore, because
of their coordinate rescaling they could not discuss the
solution in the pure Weinberg-Salam model (g/ e = 0)
displayed here.

<a>on leave from Physics Department, Technion, Haifa,
Israel.
(b)On leave from lnstitut Rudjer Bor.kovic, Zagreb,
Croatia, Yugoslavia.
1Y. Nambu, Nucl. Phys. B130, 505 (1977); M. 8. Einhorn
and R. Savit, Phys. Lett. 77B, 295 (1978); V. Soni, Phys.
Lett. 93B, 101 (1980). There are of course many references
discussing the strong Higgs sector and its phenomenological
consequences, but without the implications of possible classical solutions. See M. S. Chanowitz and M. K. Gaillard,
Nucl. Phys. B261, 379 (1985), and references therein.
2N. S. Manton, Phys. Rev. D 28, 2019 (1983); F. R. Klinkhamer and N. S. Manton, Phys. Rev. D 30, 2212 (1984);
P. Forgacs and Z. Horvath, Phys. Lett. 138B, 397 (1984);
J. Boguta and J. Kunz, Phys. Lett. 154B, 407 (1985); F. R.
Klinkhamer, Lawrence Berkeley Laboratory Reports No.
LBL-19221, 1985 (to be published) and No. LBL-19807,
1985 (to be published).
3T. H. R. Skyrme, Proc. Roy. Soc. London, Ser. A 260,
127 (1961), and Nucl. Phys. 31, 556 (1962), and J. Math.
Phys. 12, 1735 (1971).
4N. K. Pak and H. Ch. Tze, Ann. Phys. (N.Y.) 117, 164
(1979).

1334

31 MARCH 1986

5 A. P. Balachandran, V. P. Nair, S. G. Rajeev, and
A. Stern, Phys. Rev. Lett. 49, 1124 (1982), and Phys. Rev.
D 27, 1153 0983).
6E. Witten, Nucl. Phys. B223, 422,433 (1983).
7G. S. Adkins, C. R. Nappi, and E. Witten, Nucl. Phys.
B228, 552 0983).
8J. M. Gipson and H. Ch. Tze, Nucl. Phys. B183, 524
(1981); J. M. Gipson, Nucl. Phys. B231, 365 (1984), and in
So/itons in Nuclear and Elementary Particle Physics (World
Scientific, Singapore, 1984), p. 289.
9E. D'Hoker and E. Farhi, Nucl. Phys. B241, 109 (1984),
and B248, 77 0984).
10G. S. Adkins and C. R. Nappi, Nucl. Phys. B233, 109
0984). See also D. Klabucar, Phys. Lett. 149B, 31 (1984);
Y. lgarashi et al., Nagoya University Report No. DPNU-8502, 1985 (to be published).
11 The term "stability" has been used quite liberally in the
literature with regard to classical solutions. For many authors classical stability refers merely to the existence of a
solution. For us classically stable solutions are those which
correspond to local minima of the energy.
128. W. Lee, C. Quigg, and M. B. Thacker, Phys. Rev. Lett.
38, 883 0977); H. Haber and G. Kane, Nucl. Phys. B144,
525 (1978); T. Appelquist and R. Shanker, Nucl. Phys.
B158, 317 (1979); T. Appelquist and C. Bernard, Phys. Rev.
D 22, 200 (1980); A. C. Longhitano, Phys. Rev. D 22, 1166
(1980), and Nucl. Phys. B188, 118 0981); I. J. R. Aitchison
and C. M. Fraser, Phys. Lett. 146B, 63 (1984); P. MacKenzie, F. Wilczek, and A. Zee, Phys. Rev. Lett. 53, 2203
(1984).
13Klinkhamer and Manton, Ref. 2.
14Gipson, Ref. 8. E. D'Hoker and J. Goldstone, Phys.
Lett. 158B, 429 (1985).
15We have verified this result using numerical methods.
For any g/ e, 0 < (g/ e) 2 ~ 0.39, we can find two distinct
solutions to the equations of motion resulting from (3) and
(13). One solution approaches the Skyrme soliton in the
limit (g/ e)L... 0, while the other approaches our solution.
When (g/e) 2 tends to ==0.39 both solutions coalesce to
one.
16Yu. P. Rybakov and V. I. Sanyuk, Niels Bohr Institute,
Copenhagen, Report No. NBI-HE-81-49, 1981 (unpublished). For stability under nonspherical perturbations, see
M. P. Mattis and M. Karliner, Phys. Rev. D 31, 2833
0985).
17J. Bagger, W. Goldstein, and M. Soidate, Phys. Rev. D
31, 2600 (1985).
18G. 't Hooft, Phys. Rev. Lett. 37, 8 (1976).
l9y_ A. Kuzmin, V. A. Rubakov, and M. E. Shaposhnikov,
Phys. Lett. 155B, 36 (1985); for possible relevance to accelerators, see N. H. Christ, Phys. Rev. D 21, 1591 (1980).
20In the limit of infinite Higgs-boson mass the solution of
Ref. 13 becomes singular.
21 J. Ambjern and V. A. Rubakov, Nucl. Phys. B257, 433
(1985). See also V. A. Rubakov, Nucl. Phys. B245, 481
(1984).

