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We examine solutions to the classical Ishibashi-Kawai-Kitazawa-Tsuchiya matrix model equations in
three space-time dimensions. Closed, open and static two-dimensional universes naturally emerge from
such models in the commutative limit. We show that tachyonic modes are a generic feature of these
cosmological solutions.
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I. INTRODUCTION

Matrix models promise to be a convenient tool for
studying nonperturbative aspects of string theory [1,2].
Space-time geometry, field theory and gravity can dynami-
cally emerge from such models [3,4], and thus can have
implications in cosmology [5–8]. The matrix model
approach to cosmology has the advantage of including
nonperturbative string theory effects and possibly resolving
cosmological singularities [6]. Previously, numerical simu-
lations were used to show how a three-spatial dimensional
expanding universe can emerge from a ten-dimensional
matrix model [8]. Moreover, solutions to the classical
equations of motion have been found which resemble
expanding universes [5,8], and can support many desirable
features, such as a big bounce and an early inflationary phase
with graceful exit [7].
While the appropriate framework for matrix models is a

ten-dimensional supersymmetric theory [either Ishibashi-
Kawai-Kitazawa-Tsuchiya (IKKT) [1] or Banks-Fischler-
Shenker-Susskind [2]], an examination of simpler systems
may prove beneficial.With this in mind, we shall restrict our
attention to the bosonic sector of the IKKT matrix model in
three space-time dimensions. We write down the standard
matrix equations in Sec. II, and focus on its classical
solutions. Evidence for nontrivial solutions to the
Lorentzian matrix model equations is seen by going to the
commutative limit, where the classical equations of motion
coincide with those of a closed Nambu string, and are easily
solved. Among the solutions is the cylindrically symmetric
solution, which corresponds to a closed two-dimensional
surface with an initial and final singularity. (Such singular-
ities are not expected to appear in the analogous matrix
model solution.) This solution is the Lorentzian space
counterpart to the minimum area catenoid in Euclidean
space, whose corresponding matrix model solution is non-
trivial because it does not correspond to a finite dimensional
Lie algebra [9]. Similarly, thematrixmodel solution (assum-
ing it exists) in the Minkowski space background which
gives the cylindrically symmetric closed two-dimensional

surface in the commutative limit, is nontrivial for the same
reason. However, in this article our aim is not in finding an
explicit expression for the matrix solution. We shall instead
be examining stability questions, more specifically, in the
commutative limit. Perturbations about the solution can be
expressed in terms of an Abelian gauge field and scalar field
(or non-Abelian gauge fields and N scalar fields if one
expands about a stack of N coinciding branes). This is
possible thanks to the use of a Seiberg-Witten map [10] on
the noncommutative space associated with the solution. We
obtain the map up to first order in the noncommutativity
parameter in order to obtain the lowest order effects in the
action.Gauge transformations correspond to area preserving
coordinate transformations on the two-dimensional surface,
while the scalar field is associatedwith perturbations normal
to the surface. At leading order, the perturbed action yields
the usual description of a scalar field, which is decoupled to
the (nondynamical) gauge field. We find that the scalar field
is tachyonic, and thus that the system is unstablewith respect
to perturbations normal to the surface.
The system can be generalized with the inclusion of a

cubic term in the matrix model action, and we do this in
Sec. III. This term is the matrix analogue of a topological
term. It preserves the symmetries of the three-dimensional
matrix model and introduces a free parameter υ in the
theory. Three different types of nontrivial cylindrically
symmetric solutions to the matrix equations can result from
this model. Two are well known, and they are associated
with finite dimensional Lie algebras. One is the non-
commutative de Sitter solution with the associated algebra
beings soð2; 1Þ [11,12]. This solution is the Lorentzian
space analogue of the fuzzy sphere [13–19]. Another
solution is the noncommutative cylinder, whose associated
algebra generates the two-dimensional Euclidean group
[20–22]. Neither of these two solutions are present when
the cubic term is removed, corresponding to the υ → 0
limit. Evidence for the existence of a third class of solutions
can be seen by once again going to the commutative limit.
In that limit, we obtain solutions which are deformations of
the cylindrically symmetric solution to the Nambu string
described above. Like with the previous string solution,
they are not associated with any finite dimensional Lie*astern@ua.edu
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algebra, and so their matrix model analogues are nontrivial.
Here one gets a continuous family of cylindrically sym-
metric solutions (parametrized by υ) which can describe
closed, stationary or open space-times, the choice depend-
ing on the value of υ. A string energy-momentum tensor
can be defined for this system, and the energies of all the
solutions can be compared. In this regard, we find that the
solutions corresponding to open and stationary space-times
are energetically favored. We also perform perturbations
about the different solution, and again express them in
terms of an Abelian gauge field and scalar field. At leading
order, the action now reveals a coupling between the gauge
field and scalar, which is not present when υ ¼ 0. We find
that the effective mass squared for the scalar field
is negative for all of the solutions (and moreover, it can
be scale dependent). Thus as before, these systems are
unstable with respect to perturbations normal to the surface.
Possible generalizations and cures of the instabilities are

discussed in Sec. IV.

II. LORENTZIAN MATRIX MODEL

A. Classical equations and the commutative limit

We consider the IKKT Lorentzian matrix model in three
space-time dimensions. As here we shall only be concerned
with the bosonic sector, the dynamical degrees of freedom
are contained in three infinite-dimensional Hermitian
matrices, which we denote by Yμ, μ ¼ 0; 1; 2. For the
action SðYÞ, we have the usual quartic or Yang-Mills term

SðYÞ ¼ −
1

4g2
Tr½Yμ; Yν�½Yμ; Yν�; ð2:1Þ

g being a constant, with resulting equations of motion

½½Yμ; Yν�; Yν� ¼ 0: ð2:2Þ

Here we raise and lower indices with the flat metric
ημν ¼ diagð−1; 1; 1Þ. The equations of motion (2.2) are
invariant under (i) Lorentz transformations Yμ → Lμ

νYν,
where L is a 3 × 3 Lorentz matrix, (ii) translations in the
three-dimensional Minkowski space Yμ → Yμ þ vμ1,
where 1 is the unit matrix, and (iii) unitary “gauge”
transformations, Yμ → UYμU†, where U is an infinite-
dimensional unitary matrix.
Evidence for a nontrivial solution to (2.2) is seen by

going to the commutative limit of the matrix model.
The commutative limit corresponds to the replacement
of the matrices Yμ, μ ¼ 0; 1; 2, by space-time coordinates
yμ, μ ¼ 0; 1; 2, and the replacement of the commutator of
functions of Yμ with some Poisson bracket of functions of
yμ. For this we can introduce a noncommutativity param-
eter θ, with the commutative limit corresponding to θ → 0.
To lowest order in θ, ½fðYÞ; hðYÞ� → iθffðyÞ; hðyÞg, f;g
denoting the Poisson bracket, which is required to satisfy
the usual properties such as the Jacobi identity. In the

commutative limit, the equations of motion (2.2) take
the form

ffyμ; yνg; yνg ¼ 0: ð2:3Þ

B. A classical string solution

Throughout this article we shall be considering solutions
corresponding to cylindrically symmetric surfaces, with x0

(time) along the central axis. If yμ ¼ xμ denotes such a
solution, we can write

ðx1Þ2 þ ðx2Þ2 ¼ a2ðx0Þ: ð2:4Þ

The function a is the radius of any time slice and it plays the
role of the scale factor. In addition to a, we introduce the
function h of x0 in the following expression for the Poisson
brackets of the coordinates:

fx1; x2g ¼ hðx0Þaðx0Þa0ðx0Þ
fx2; x0g ¼ −hðx0Þx1
fx0; x1g ¼ −hðx0Þx2; ð2:5Þ

where the prime denotes differentiation with respect to x0.
The Poisson brackets are consistent with the constraint
(2.4) and satisfy the Jacobi identity. They solve the
equations of motion (2.3) provided that the two functions
a and h satisfy

ððaa0hÞ0 þ hÞh ¼ 0 ð2a0hþ ah0Þah ¼ 0: ð2:6Þ

For h ≠ 0, we get the following equation for the scale
factor:

a00

a
¼
�
a0

a

�
2

−
1

a2
: ð2:7Þ

The integral of motion is a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a02

p
, which we shall see

later is associated with the energy of a bosonic string. The
equations (2.6) are easily solved by

aðx0Þ ¼ cos x0 hðx0Þ ¼ sec2x0; ð2:8Þ

where − π
2
≤ x0 ≤ π

2
. They are consistent with the boundary

values að0Þ ¼ 1 and a0ð0Þ ¼ 0. The corresponding surface
is a closed two-dimensional space-time with an initial and
final singularity at x0 ¼ − π

2
and x0 ¼ π

2
, respectively.

Singularities are not expected to appear in the associated
matrix model solution. The surface is pictured in Fig. 1(b).
The above solution is the Lorentzian space counterpart to

the minimum area catenoid in Euclidean space. The matrix
model analogue of the catenoid in Euclidean space is
nontrivial, as it is not associated with any finite dimensional
Lie algebra [9]. The same holds for the matrix model
solution in the Minkowski space background, and methods
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similar to those used in [9] can be applied to obtain it. Our
interest here is to instead examine stability questions about
the solution. For this we restrict our attention to the
commutative limit.
In order to examine stability, consider a family of two-

dimensional closed surfaces yμ ¼ yμϵðτ; σÞ embedded in
three-dimensional Minkowski space, where ϵ parametrizes
the different surfaces, while τ and σ, 0 ≤ σ < 2π, are the
time and space parameters, respectively, spanning any
given surface. Let the surface with ϵ ¼ 0 correspond to
the classical solution (2.8), yμ0ðτ; σÞ ¼ xμðτ; σÞ. An explicit
parametrization of the solution xμðτ; σÞ is

 x0

x1

x2

!
¼
 τ
aðτÞ cos σ
aðτÞ sin σ

!
; ð2:9Þ

which only holds for the restricted time domain
− π

2
≤ τ ≤ π

2
. We recover (2.5) upon defining the Poisson

brackets of any two functions F and G of τ and eiσ

according to

fF ;Ggðτ; eiσÞ ¼ hðτÞð∂τF∂σG − ∂σF∂τGÞ: ð2:10Þ

[More generally, we can use (2.10), with h replaced by a
general function of both parameters, to define the Poisson
brackets on any of the closed two-dimensional surfa-
ces yμ ¼ yμϵðτ; σÞ].
In addition to being a solution of (2.3), (2.9) also solves

the equations of motion for a classical closed bosonic
string. More generally, (2.3) contain the string equations of
motion. For this one can introduce the induced metric

gabðτ; σÞ ¼ ∂ayμ∂byμ; a ¼ τ; σ; ð2:11Þ

on the two-dimensional surface or world sheet. The
standard Nambu-Goto action is

SNG ¼ −T
Z

dτdσ
ffiffiffiffiffiffi
−g

p
; ð2:12Þ

where g is the determinant of the induced metric, and the
constant T denotes the string tension. The equations of
motion resulting from (2.12) are

Δyμ ¼ 0; ð2:13Þ
where Δ ¼ − 1ffiffiffiffiffi

−g
p ∂a

ffiffiffiffiffiffi
−g

p
gab∂b is the Laplace-Beltrami

operator on the world sheet, gab denotes the components
of the inverse induced metric, gabgbc ¼ δac . The string
equations (2.13) are identical to (2.3) when the Poisson
structure on the world sheet involves the metric tensor,
specifically [9]

fF ;Ggðτ; eiσÞ ¼ 1ffiffiffiffiffiffi
−g

p ð∂τF∂σG − ∂σF∂τGÞ; ð2:14Þ

which leads to fyμ; yνgfyμ; yνg ¼ −2. So in comparing
with (2.10), we get the condition

h ¼ 1ffiffiffiffiffiffi
−g

p ; ð2:15Þ

which is in fact satisfied for the solution (2.8).
The string equations of motion (2.13) imply the exist-

ence of a conserved current pa
μ on the world sheet,

∂apa
μ ¼ 0, where

pa
μ ¼ −T

ffiffiffiffiffiffi
−g

p
gab∂byμ: ð2:16Þ

FIG. 1 (color online). Parametric plots of the closed universe solutions in the three-dimensional embedding space (with time along the
vertical direction) for three different values of υ < 1

2
. Subfigure (b) is the solution (2.8). Subfigures (a) and (c) are solutions for υ ¼ −1.5

and υ ¼ 0.4, respectively, when a cubic term is present in the action [c.f. sec. 3].
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From pa
μ one can construct the stress-energy tensor in the

three-dimensional embedding space, z ¼ ðz0; z1; z2Þ

TμνðzÞ ¼
Z

dσdτpaν∂ayμδ3ðz − yðσ; τÞÞ; ð2:17Þ

satisfying ∂
∂zμ TμνðzÞ ¼ 0, and thus define an energy E of the

string at any given time z0,

E ¼
Z

dz1dz2T00ðzÞ: ð2:18Þ

Upon evaluating (2.18) for a solution of the form (2.9),
one gets

E ¼ 2πT
aðz0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − a0ðz0Þ2
p ; ð2:19Þ

which using (2.8) gives 2πT . Compared to the vacuum, the
solution (2.8) is energetically disfavored (assuming T to be
positive).
Alternatively, we can address the issue of stability from

the perspective of the matrix model (or at least, its
commutative limit), which we do next.

C. Stability analysis using the Seiberg-Witten map

Here we consider small perturbations about the above
classical solution. For this we shall utilize the commutative
limit of the matrix model action (2.1). It is

ScðyÞ ¼
1

4g2c

Z
dμðτ; σÞfyμ; yνgfyμ; yνg; ð2:20Þ

where gc is the limiting value of g and dμðτ; σÞ is an
invariant integration measure on the two-dimensional sur-
face. The latter is defined such that

R
dμðτ; σÞfF ;GgH ¼R

dμðτ; σÞFfG;Hg, for arbitrary functions F , G and H on
the world sheet. So upon assuming Poisson brackets (2.10),
we can use the measure dμðτ; σÞ ¼ dτdσ=hðτÞ. Along with
Lorentz and translational invariance, the action is invariant
under the commutative analogue of the unitary gauge
transformations. Here infinitesimal gauge variations have
the form δyμ ¼ θfΛ; yμg, where θ again denotes the non-
commutativity parameter and Λ is an infinitesimal function
on the world sheet. The equations (2.3) follow from
extremizing Sc with respect to variations of yμ. For this
we do not have to require the condition (2.15) to hold for
arbitrary configurations yμðτ; σÞ.
Next we wish to evaluate the action (2.20) for small

perturbations about the solution xμðτ; σÞ, defined by (2.4)
and (2.5). For this we set

yμ ¼ xμ þ θAμ ð2:21Þ

where the noncommutativity parameter θ can be also be
regarded as a perturbation parameter and Aμ are three
functions on the world sheet. (Aμ are replaced by 3N fields
if one instead expands about a stack of N coinciding
branes.) The perturbations (2.21) induce nonvanishing
fluctuations in the induced metric tensor gab at first order
in θ, and thus Aμ affect the space-time geometry. These
functions transform as noncommutative gauge potentials
up to first order in θ. Infinitesimal gauge variations of Aμ

are given by

δAμ ¼ fΛ; xμg þ θfΛ; Aμg: ð2:22Þ

Using the Poisson brackets (2.10), gauge variations at
zeroth order in θ are along the tangential directions of the
surface, δAμ ¼ hðτÞð∂τΛ∂σxμ − ∂σΛ∂τxμÞ þOðθÞ. These
leading order gauge variations are equivalent to area
preserving1 infinitesimal reparametrizations of the surface
yðτ; σÞ:

ðτ; σÞ → ðτ − θhðτÞ∂σΛ; σ þ θhðτÞ∂τΛÞ: ð2:23Þ

If we now include first order terms, and use the para-
metrization (2.9), the gauge variations can be written as

δA0 ¼ −hðτÞ∂σΛþ θhðτÞð∂τΛ∂σA0 − ∂σΛ∂τA0Þ
δA� ¼ hðτÞð�iaðτÞ∂τΛ − a0ðτÞ∂σΛÞe�iσ

þ θhðτÞð∂τΛ∂σA� − ∂σΛ∂τA�Þ; ð2:24Þ

where A� ¼ A1 � A2.
Using a Seiberg-Witten map [10], the noncommutative

potentials Aμ can be reexpressed in terms of commutative
gauge potentials, denoted by ðAτ;AσÞ, on the surface,
along with their derivatives. Known expressions for the
Seiberg-Witten map on the Moyal plane [23] do not apply
in this case since the map must be consistent with the
Poisson bracket relations (2.5). Moreover, since the non-
commutative potentials Aμ have three components and the
commutative potentials have only two, an additional degree
of freedom, associated with a scalar field ϕ should be
included in the map. Thus Aμ ¼ Aμ½Aτ;Aσ;ϕ�. Using the
Seiberg-Witten map, commutative gauge transformation,
ðAτ;AσÞ → ðAτ þ ∂τλ;Aσ þ ∂σλÞ, for arbitrary functions
λ of τ and σ, should induce noncommutative gauge trans-
formations on Aμ: Aμ½Aτ;Aσ;ϕ�→Aμ½Aτþ∂τλ;Aσþ∂σλ;
ϕ�. For infinitesimal gauge transformations, the latter are
given by (2.22), with Λ a function of λ, along with
commutative potentials and their derivatives, Λ ¼ Λ½λ;
Aτ;Aσ�.
The Seiberg-Witten map can be obtained order by order

in an expansion in θ,

1It can be checked that the determinant of the induced metric is
gauge invariant up to first order in θ.
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Aμ ¼ Að0Þ
μ þ θAð1Þ

μ þOðθ2Þ
Λ ¼ Λð0Þ þ θΛð1Þ þOðθ2Þ: ð2:25Þ

Since we wish to expand the action Sc, and hence also yμ,
up to second order in θ, we need to obtain the Seiberg-
Witten map for Aμ up to first order. Except for the inclusion
of the scalar field, the zeroth order expression for the map is
uniquely determined from the zeroth order terms in (2.24).
At lowest order in θ, Λð0Þ ¼ λ, while the contributions to

Að0Þ
μ from the commutative gauge potentials are along the

tangent directions to the surface, i.e., Að0Þ
μ ¼ hðτÞðAτ∂σxμ−

Aσ∂τxμÞ þ the scalar field contribution. The scalar field
must then be associated with perturbations normal to the

surface; i.e. its contribution to Að0Þ
μ is proportional to ϕnμ,

nμ ¼ ð−aðτÞa0ðτÞ; x1; x2Þ. Thus at zeroth order we may
write

Að0Þ0 ¼ hðτÞð−Aσ þ a0ðτÞaðτÞϕÞ
Að0Þ
� ¼ hðτÞe�iσð�iaðτÞAτ − a0ðτÞAσ þ aðτÞϕÞ

Λð0Þ ¼ λ: ð2:26Þ

To obtain the first order result we demand consistency with
(2.24). This gives

Að1Þ0 ¼ hðτÞ
�
1

2
∂τðhðτÞA2

σÞ þ a0ðτÞhðτÞAτ∂σðaðτÞϕÞ −Aσ∂τða0ðτÞhðτÞaðτÞϕÞ
�

Að1Þ
� ¼ hðτÞe�iσ

�
∓i∂τðaðτÞhðτÞAτÞAσ ∓ iaðτÞhðτÞAτF τσ � ihðτÞaðτÞAτϕþ hðτÞAτ∂σðaðτÞϕÞ

−Aσ∂τðhðτÞaðτÞϕÞ þ
1

2
∂τða0ðτÞhðτÞA2

σÞ −
1

2
aðτÞhðτÞA2

τ

�
Λð1Þ ¼ −hðτÞAσ∂τλ ð2:27Þ

where F τσ ¼ ∂τAσ − ∂σAτ is the Uð1Þ gauge field on the
surface.
To obtain the lowest order action for the scalar field and

gauge field on the two-dimensional space-time manifold,
we substitute (2.21) and (2.25)–(2.27) into (2.20) and keep
only up to quadratic terms in the perturbation parameter θ.
After some work, we get

ScðyÞ¼
θ2

g2c

Z
dτdσ

ffiffiffiffiffiffi
−g

p �
1

4
F abF ab−

1

2
∂aϕ∂aϕ−

1

2
m2ϕ2

�
þScðxÞ; ð2:28Þ

where g is again the determinant of the induced metric gab
and m denotes a background-dependent mass for the scalar
field. The indices a; b… are raised and lowered using the
induced metric gab. This is the usual expression for the
action of a scalar field and gauge field, except for the sign in
front of the electric field contribution. However, the electric
field, which is nondynamical in two dimensions, is
decoupled from the scalar and therefore of no concern
for dynamics. The explicit expression for the action in
terms of the scale factor aðτÞ ¼ cos τ is

ScðyÞ ¼
θ2

g2c

Z
dτdσ

�
−

1

2aðτÞ2 F
2
τσ þ

1

2
ð∂τϕÞ2 −

1

2
ð∂σϕÞ2

þ 1

aðτÞ2 ϕ
2

�
þ ScðxÞ; ð2:29Þ

where the action evaluated for the classical solution yμ ¼
xμ is ScðxÞ ¼ − 1

2g2c

R
dτdσcos2τ ¼ − π2

2g2c
. From (2.29), the

scalar field is tachyonic. The system is thus unstable with
respect to perturbations normal to the surface. The
tachyonic mass squared m2 is scale dependent. By compar-
ing (2.28) to (2.29), one gets that

m2 ¼ −
2

aðτÞ4 ð2:30Þ

The tachyonic mass is inversely proportional to the scale
squared and is singular in the limit τ tends to − π

2
and π

2
.

III. ADDING A CUBIC TERM

A. Modified matrix equations and two
well-known solutions

More solutions to the matrix model are possible upon
including a cubic term in the action, which introduces a
free parameter to the theory. With this in mind, we replace
(2.1) by

SðYÞ ¼ 1

g2
Tr

�
−
1

4
½Yμ; Yν�½Yμ; Yν� þ 2

3
iαϵμνλYμYνYλ

�
;

ð3:1Þ
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where α is the free parameter. Our convention for the
Levi-Cevita tensor is ϵ012 ¼ 1. The equations of motion
now read

½½Yμ; Yν�; Yν� þ iαϵμνλ½Yν; Yλ� ¼ 0: ð3:2Þ
They preserve the symmetries (i)–(iii) of (2.2).
There are two well-known solutions to these equations,

and they are associated with finite dimensional Lie algebras.
One is the noncommutative de Sitter solution [11,12].
For this one sets Yμ ¼ Xμ, where Xμ are the generators
of the 2þ 1 Lorentz group

½Xμ; Xν� ¼ iαϵμνλXλ: ð3:3Þ
An irreducible representation results upon setting the
Casimir of the algebra XμXμ equal to a constant times the
identity. This solution is the Lorentzian space analogue of
the fuzzy sphere [13]–[19].
Another solution is the noncommutative cylinder

[20–22]. It is given by Yμ ¼ Xμ, where Xμ now generate
the two-dimensional Euclidean group,

½X0; X�� ¼ �2αX� ½Xþ; X−� ¼ 0; ð3:4Þ
with X� ¼ X1 � iX2. The algebra possesses two central
elements XþX− and exp ðπiα X0Þ, whose eigenvalues deter-
mine the irreducible representations. The eigenvalue of
XþX− is the radius squared of the noncommutative
cylinder, while the eigenvalues of the ‘time’ operator X0

are regularly spaced.
We argue that there can be a third solution to (3.2), which

is not associated with a finite dimensional Lie algebra and
is just a deformation of the previously proposed solution
to (2.2). For this we again examine the commutative limit.

B. Solutions in the commutative limit

We again introduce the noncommutativity parameter θ,
with the commutative limit corresponding to θ → 0.
In order that the both terms in (3.2) survive in the limit,
we need that α goes to zero and is of order θ as θ → 0:

α → υθ; υ finite ð3:5Þ

Then (3.2) becomes

ffyμ; yνg; yνg þ υϵμνρfyν; yρg ¼ 0; ð3:6Þ

which generalizes (2.3).
We denote solutions to (3.6) by yμ ¼ xμ. The commu-

tative analogues of (3.3) and (3.4) are examples of such
solutions, and they can be expressed in terms of the
functions a and h appearing in (2.4) and (2.5). The
commutative limit of (3.3) is

a2ðx0Þ ¼ 1

υ2
þ ðx0Þ2 hðx0Þ ¼ υ; ð3:7Þ

while the commutative limit of (3.4) is

a ¼ 1

2υ
h ¼ 2υ: ð3:8Þ

The solutions (3.7) and (3.8) represent the 2D de Sitter
universe and static universe, respectively. The υ depend-
ence was inserted in aðx0Þ in (3.7) and (3.8) in order that the
condition (2.15) is satisfied, however this is not a necessary
condition to solve (3.6). Both solutions are singular in the
limit υ → 0. Also in both cases they lead to linear Poisson
brackets.
More generally, one has a solution to (3.6) if the two

functions a and h in (2.4) and (2.5) satisfy

ððaa0hÞ0 þ h − 2υÞh ¼ 0 ð2ha0 þ ah0 − 2υa0Þah ¼ 0:

ð3:9Þ
These equations generalize (2.6). They are satisfied for
(3.7) and for (3.8). In addition to these two solutions, one
can obtain solutions to (3.9) which are deformations of
(2.8). Upon imposing the condition (2.15), we now get the
following equation for the scale factor:

a00

a
¼
�
a0

a

�
2

−
1

a2
þ 2υ

a
ð1 − a02Þ32: ð3:10Þ

This yields the integral of the motion a=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a02

p
− υa2,

and as was the case with υ ¼ 0, it can be associated with the
energy of a bosonic string, as we shall see later. This
integral of the motion leads to the following Friedmann-
type equation for the scale factor,�

a0

a

�
2

−
1

a2
¼ −

1

ðE þ υa2Þ2 ; ð3:11Þ

E being the integration constant.2 The solutions to (3.11)
resemble familiar cosmological space-times. Solutions can
be expressed in terms of inverse elliptic integrals. For the
boundary condition, let us assume that a has a turning point
at x0 ¼ 0. Then the resulting solutions can describe closed,

2In comparing with the usual expression for cosmological
evolution (in four space-time dimensions), the right-hand side of
(3.11) behaves like a negative scale-dependent energy density.
The latter is most significant at small scales. Moreover, from
(3.10) one can also identify a scale-dependent pressure term.
It too can be negative, thus mimicking dark energy. Of course, it
would be more appropriate to compare the results with cosmo-
logical solutions to Einstein gravity in two space-time dimen-
sions. However, Einstein gravity does not exist in two space-time
dimensions; the Einstein tensor identically vanishes, meaning
that the theory cannot support a nonvanishing energy-momentum
source (except for a cosmological term). On the other hand,
interpretations may be possible in the context of alternative
formulations of gravity in two space-time dimensions [24,25],
including an interesting ϵ → 0 limit of Einstein gravity in 2þ ϵ
dimensions [26].
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stationary or open space-times, the choice depending on the
value of υ. Closed two-dimensional space-times, having
initial and final singularities at some x0 ¼ �τ0, occur for
υ < 1

2
(including negative υ). An example, discussed in the

previous section, is the case of υ ¼ 0, whose solution is
given by the simple expression (2.8). It, as well as two other
examples of solutions for υ < 1

2
, is exhibited in Fig. 1.

The case of υ ¼ 1
2
coincides with the static or cylindrical

space-time solution (3.8), and is shown in Fig. 2(a). Open
universe solutions are recovered for υ > 1

2
, examples of

which are shown in Figs. 2(b) and 2(c). The case υ ¼ 1
coincides with the de Sitter solution (3.7), shown in
Fig. 2(c). There are simple expressions for the solutions
when υ ¼ 0, 1

2
and 1, pictured in Figs. 1(b), 2(a) and 2(c).

In summary, we have found solutions to (3.6) of the form
(2.4) and (2.5). In parametric form they were given by (2.9)
and (2.10). For generic values of υ, there are three distinct
solutions. They are the de Sitter universe (3.7), the static
universe (3.8) and deformations of (2.8), which are solved
by inverse elliptic integrals. At some special values of υ,
there are fewer than three distinct solutions. For υ ¼ 0 there
is only one solution, (2.8), corresponding to a closed
universe. For υ ¼ 1

2
and 1, there are two solutions, (3.7)

and (3.8), corresponding to the static universe and de Sitter
universe, respectively. With the exceptions of υ ¼ 1

2
and 1,

the solutions given in terms of inverse elliptic integrals yield
a nonlinear Poisson bracket algebra (2.5). So except for these
two cases, the corresponding matrix solutions are nontrivial.
They are not investigated here.
We address the question of stability of these solutions

first from the perspective of classical strings and then from
the perspective of the matrix models.

C. Classical string perspective

As with the case of υ ¼ 0, the parametric expression
(2.9) solves the equations of motion for a classical closed
bosonic string, in addition to solving (3.6). However when
υ ≠ 0, we must add a term, which we denote by SNS, to the
standard Nambu-Goto action:

Sstring ¼ SNG þ SNS;

SNS ¼ −
υT
3

Z
ϵμνρyμdyν ∧ dyρ: ð3:12Þ

It can be regarded as a coupling to a Neveu-Schwarz field
of the from Bμν ∝ ϵμνλyλ. Both terms in the action (2.12)
are reparametrization invariant, and respect the Poincaré
symmetry in 2þ 1 space-time. The Nambu string equa-
tions (2.13) are now modified to

Δyμ þ 2υnμ ¼ 0; ð3:13Þ

where nμ ¼ 1
2
ffiffiffiffiffi
−g

p ϵabϵμνρ∂ayν∂byρ is a spacelike unit vector

normal to the world sheet and ϵτσ ¼ −ϵστ ¼ 1. The string
equations (3.13) are identical to the equations (3.6) when
the Poisson structure on the world sheet involves the metric
tensor according to (2.14).
Once again, the string equations of motion imply the

existence of a conserved current on the world sheet.
In comparing with (2.16), it has an additional term,

pa
μ ¼ −T

ffiffiffiffiffiffi
−g

p
gab∂byμ þ υT ϵabϵμνρyν∂byρ: ð3:14Þ

FIG. 2 (color online). Parametric plots of (a) the static universe solution υ ¼ 1
2
and open universe solutions for two different

values (b) υ ¼ 0.6 and (c) υ ¼ 1 of υ > 1
2
in the three-dimensional embedding space (with time along the vertical direction) (c) is the de

Sitter solution. The boundary conditions are að0Þ ¼ 1 and a0ð0Þ ¼ 0.
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Then the string energy (2.18) evaluated for any solution
yμ ¼ xμ of the form (2.9), also acquires an extra term

E ¼ 2πT aðz0Þ
�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a0ðz0Þ2

p − υaðz0Þ
�
: ð3:15Þ

It is proportional to the integration constant E appearing in
(3.11), E ¼ 2πT E. From the choice of boundary conditions
used in Figs. 1 and 2, E ¼ 1 − υ.

Let us compare the string energies of the three different
types of solutions. The string energy vanishes when
evaluated for the de Sitter solution (3.7), EjdS2 ¼ 0, and
so this solution is degenerate with the vacuum. For the case
of the cylindrical space-time solution it is instead propor-
tional to υ, EjR×S ¼ 2πT υ. The remaining family of
solutions are associated with inverse elliptic integrals,
and describe closed universes for υ < 1

2
, the static universe

for υ ¼ 1
2
and open universes for υ > 1

2
. Let us again adopt

the boundary conditions used in Figs. 1 and 2, i.e., að0Þ ¼
1 and a0ð0Þ ¼ 0. The energy for this family of solutions is
Ejelliptic−1 ¼ 2πT ð1 − υÞ. We plot the string energies asso-
ciated with the three different types of solutions in Fig. 3.
The cylindrical space-time solution is the lowest energy
configuration in the region υ < 0. On the other hand, the
dS2 solution has the minimum energy for 0 < υ ≤ 1, and it
is degenerate with the vacuum solution. The family of open
universe solutions is the minimum energy configuration for
υ > 1. The closed universe solution never has the least
energy solution, except for the case υ ¼ 0, when it is the
only nontrivial of the three types of solutions to survive.
However it is unstable with respect to decay to the vacuum.

D. Matrix model perspective

Instead of relying on the string action (3.12), we can
analyze stability using the commutative limit of the matrix
action (3.1):

Stotalc ðyÞ ¼ ScðyÞ þ Sð3Þc ðyÞ;

Sð3Þc ðyÞ ¼ −
υ

3g2c

Z
dμðτ;ϕÞϵμνλyμfyν; yλg; ð3:16Þ

where ScðyÞ was given in (2.20) and dμðτ; σÞ is again an
invariant integration measure on the world sheet. Its
resulting equations of motion are (3.6), and now we don’t
have to impose (2.15) for this purpose. We wish to evaluate
this action for small perturbations about the three types of
solutions to (3.9). The perturbations can again be expressed
in terms of noncommutative potentials Aμ, as in (2.21),
which can then be rewritten as functions of commutative
gauge potentials, ðAτ;AσÞ and a scalar field ϕ on the
surface using the Seiberg-Witten map (2.25)–(2.27). Upon
substituting the map into (3.16), we get the action for small
fluctuations in terms of ðAτ;AσÞ and ϕ. For all three types
of solutions, we recover the terms appearing in (2.28)
describing the scalar field and electromagnetism on the
two-dimensional space-time manifold (with m2 ¼ 0 for the
cylindrical solutions). As before the kinetic energy terms
for the gauge and scalar field appear with opposite sign.
Now when υ ≠ 0 we obtain a coupling between the scalar
and gauge fields,

Stotalc ðyÞ¼θ2

g2c

Z
dτdσ

ffiffiffiffiffiffi
−g

p �
1

4
F abF ab−

1

2
∂aϕ∂aϕ−

1

2
m2ϕ2

þ 2υffiffiffiffiffiffi
−g

p ϕF τσ

�
þStotalc ðxÞ: ð3:17Þ

The explicit expression in terms of the scale factor aðτÞ is

Stotalc ðyÞ ¼ θ2

g2c

Z
dτdσ

�
−

1

2aðτÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a0ðτÞ2

p F 2
τσ

þ aðτÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a0ðτÞ2

p ð∂τϕÞ2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a0ðτÞ2

p
2aðτÞ ð∂σϕÞ2

þ
�

1

aðτÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a0ðτÞ2

p − 2υ

�
ϕ2 þ 2υϕF τσ

�

þ Stotalc ðxÞ; ð3:18Þ
where the action evaluated for any of the three classical
solutions yμ ¼ xμ can be written as

Stotalc ðxÞ ¼ −
π

g2c

Z
dτaðτÞ

�
4τυa0ðτÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a0ðτÞ2

q �
:

ð3:19Þ

The latter quantity is divergent for the solutions describing
open and cylindrical space-times. The results agree with

E 2

1.0

0.5

0.5

1.0

1.5

2.0

1.0 0.5 0.5 1.0 1.5 2.0

T

FIG. 3 (color online). Plots of the string energy (divided by
2πT ) for the three types of solutions as a function of υ.
The energy for the de Sitter solution is zero (red solid line).
The energy for the cylindrical solution is given by the blue dashed
line. (The de Sitter solution and cylinder solution are singular at
υ ¼ 0.) The energy of the family of solutions given by inverse
elliptic integrals is given by the black dashed-dotted line.
It corresponds to closed universes for υ < 1

2
, the static universe

for υ ¼ 1
2
and open universes for υ > 1

2
. The boundary conditions

are að0Þ ¼ 1 and a0ð0Þ ¼ 0.
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(2.29) in the limit υ → 0. Upon comparing (3.17) and
(3.18), the mass squared of the scalar field is

m2 ¼ −
2

aðτÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a0ðτÞ2

p �
1

aðτÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a0ðτÞ2

p − 2υ

�
:

ð3:20Þ

Evaluating it for the three types of solutions, one finds that
it vanishes for the case of cylindrical space-time solutions
(3.8), it has a positive value of 2υ2 for the case of de Sitter
solutions (3.7), while its value and sign are scale dependent
for the case of general solutions to (3.11) expressed in
terms of inverse elliptic integrals. In the latter case,
m2 ¼ 2ðυ2 − E2

aðτÞ4Þ, where E is again the integration con-
stant appearing in (3.11).
One additional step is needed to do the stability analysis

due to the coupling of the scalar field to the nondynamical
gauge field, which is present when υ ≠ 0. The gauge field
can be eliminated using its equation of motion,

F τσ

aðτÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1−a0ðτÞ2

p ¼ 2υϕþ constant. After substituting back into

the action, the mass squared for the scalar field (3.20) gets
modified to

m2
eff ¼ −2

�
υ2 þ

�
1

aðτÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a0ðτÞ2

p − υ

�
2
�
: ð3:21Þ

It is negative definite. Thus the scalar field is tachyonic for
all solutions. Moreover, the effective mass squared is scale
dependent for the family of solutions given in terms of
inverse elliptic integrals. The results for the three cases are

m2
eff ¼

8>><
>>:
−4υ2; cylindrical solution
−2υ2; dS2 solution

−2
�
υ2þ E2

aðτÞ4

�
; inverse elliptic integral solution:

ð3:22Þ

Recall that the cylindrical solution and dS2 solution are
singular in the limit υ → 0, so the scalar field can never be
massless. The result for the inverse elliptic integral solution
agrees with what we found previously (2.30) in the absence
of the cubic term. Thus all of the solutions examined here
were found to be unstable with respect to perturbations
normal to the surface.

IV. CONCLUDING REMARKS

The results obtained here indicate that instabilities may
be a common feature of the cosmological solutions to
simple matrix models. Additional terms may be included in
the IKKT matrix model action in order to cure the above
instabilities. A quartic term, with a suitably adjusted
coefficient, was shown to stabilize the cylindrical space-
time solution [22]. The quadratic term TrðYμYμÞ is suffi-
cient to cure the instability of the noncommutative dS2

solution [27]. (A quadratic term was also included to the
Banks-Fischler-Shenker-Susskind model in [5] and it
played a role of a cosmological term in the Friedmann
equations.) Similar such stabilization mechanisms should
be possible for the inverse elliptic integral solutions, which
were associated with closed and open universes. The
tachyonic mass was found to be scale dependent for the
inverse elliptic integral solutions, and is larger at smaller
distance scales. The inclusion of extra terms in this case
could produce a transition to a stable solution at a certain
distance scale. This may be of use for inflationary models,
as it is analogous to the transition from an inflationary to
noninflationary phase.
Of course, it is of interest to generalize the 2D solutions

studied here to higher dimensions, and see whether realistic
cosmological space-times arise from such models. It may
be a nontrivial problem, however, to insure full rotation
invariance in an arbitrary number of dimensions. In that
case we want to replace (2.4) by ðx1Þ2 þ ðx2Þ2þ
� � � þ ðxdÞ2 ¼ a2ðx0Þ, d > 2, but the generalization of
the Poisson brackets (2.5) to more than two spatial
embedding dimensions is not obvious. On the other hand,
one can examine solutions which are obtained by taking
products of the lower dimensional noncommutative spaces
examined here. We plan to explore these issues in com-
ing works.
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Note added.—The work presented here is similar in spirit
to that of Klammer and Steinacker [7], where four-
dimensional cosmological solutions were found to have
many desirable features. Our work differs in that we do not
need to construct alternatives to the standard induced metric
in two space-time dimensions and we require no Wick
rotations. The instabilities which we find here are
independent of the choice of metric tensor.
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