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Deformed Wong particles 

A. Stern and I. Yakushin 
Department of Physics, University of Alabama, Tuscaloosa, Alabama 35487 

(Received 13 May 1993) 

By generalizing the Feynman proof of the Lorentz force law, recently reported by Dyson, we derive 
equations of motion for particles possessing internal degrees of freedom I" which do not, in general, gen
erate a finite algebra. We obtain consistency criteria for fields which interact with such particles. We 
use the results to argue that SU(2) gauge invariance is broken to U(l) when a particle with internal 
SUq(2) degrees of freedom is coupled to SU(2) gauge fields. We further claim that when such an SUq(2) 
particle acts as a source for the field theory, the second-rank antisymmetric field tensor, in general, can
not be globally defined. 

P ACS number(s): 11.15.Kc, 11.10.Qr 

I. INTRODUCTION 

Recently there has been interest in constructing gauge 
theories based on quantum algebras [ 1]. Among the 
motivations for this activity is the hope of introducing a 
new symmetry-breaking mechanism in gauge theories 
which could eventually be used to generate masses for 
vector fields. In the previous approaches, the Lie alge
bras associated with gauge fields were deformed, with the 
resulting gauge field components having nontrivial com
mutation properties. In this article, we shall rather be in
terested in deforming the Lie algebras associated with 
particles which can couple to gauge fields (the field com
ponents being c numbers at the classical level). More 
generally, we shall examine the dynamics of particles pos
sessing internal degrees of freedom r that do not gen
erate a finite algebra. To obtain the dynamics, we need 
only postulate the particle's Poisson brackets and assume 
the existence of a Hamiltonian evolution. The procedure 
is completely analogous to the Feynman proof of the 
Lorentz force law, recently reported by Dyson [2]. The 
proof has been generalized to the case of a particle in
teracting with gravity and also with Yang-Mills fields in 
Ref. [3], and a particle with external (or spin) SUq(2) de
grees interacting with a magnetic field in Ref. [4]. Our 
results offer yet a further generalization. They can be ap
plied to the case of a particle with internal (or isospin) 
SUq(2) degrees of freedom interacting with an SU(2) 
gauge field. We argue that when this happens, SU(2) 
gauge invariance is broken to U(l). We later obtain con
sistency criteria for fields having such a particle as a 
source. We claim that in the presence ofan SUq(2) parti
cle source, the second-rank antisymmetric field tensors 
cannot, in general, be globally defined. 

The outline of this article is as follows. We obtain the 
generalized Lorentz force law in Sec. II. In Sec. III, we 
apply it to the case where r span a Lie algebra and in so 
doing recover the Wong particle equations [5]. The case 
where r generates an SUq(2) algebra, and the breaking 
of SU(2) gauge invariance is discussed in Sec. IV. Finally, 
the consistency criteria for the associated field equations 
are examined in Sec. V. 
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II. THE GENERALIZED PARTICLE EQUATIONS 

We begin by examining a classical nonrelativistic parti
cle of mass m. The relativistic generalization will be con
sidered later in this section. We denote the spatialcoor
dinates of the particle by x; and its velocity by vi, 
i = 1, 2, 3. They are functions of some time parameter t, 
and we assume v;=x i, where the dot denotes time 
differentiation. For the Poisson brackets involving x and 
v, we now postulate 

{xi,xi) =O, 

. . 1 .. 
{x',v 1)=-6'1 . 

m 

(1) 

(2) 

Next, we introduce internal degrees of freedom which we 
denote by Ia=Ia(t), a= 1, ... ,D, and assume the follow
ing Poisson bracket relations for them: 

[ r,Jh) = cah(J) ' 

[x;,r)=O. 

(3) 

(4) 

More generally, we assume that for arbitrary functions A 
and B of the variables x and I we can write 

in any local region of phase space, where Ba denotes a 
derivative with respect to r. We shall make no special 
assumptions for the functions cab(J), except 

cab= _Cha 

and (5) 

which follows from antisymmetry of the Poisson brackets 
and the Jacobi identity. We see that the I's need not gen
erate a finite algebra. 

From the above Poisson brackets relations, along with 
the assumption that v ; and j a are functions of x, v, I, and 
t only, we can show that the equations of motion for the 
particle must be of the form 
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mv i=;Jii(x,t,I)vi+;Ji0(x,t,J)' 

j a=-.A,ia(x,t,I)vi-.A,Oa(x,t,l)' 

where the "fields" 

;Jl-'v(x,t,J)= -Tµ(x,t,I) 

(6) 

(7) 

and "potentials" .:Aµa(x,t,J) (µv, .. . =0,1,2,3) satisfy 
the consistency conditions 

;J;i'·;Jµv + ff ;]VA+ ;/JV';]}..µ= 0 , 

l,d;Jµvcad=:l)/1'.A, va_ :IY.:Aµa , 

t,dCab.A,µd=t,d.A,µbCad_t,d.A,µaCbd . 

We define ff by 

ff=aµ-.A,µdt,d ' 

(8) 

(9) 

(10) 

ai and a0 denoting partial derivatives with respect to xi 
and t, respectively. 

Following Feynman [2], to prove these results we 
define ;Jii and .A ia according to 

;Jii=-;7ii=mz{vi,vij and.:Aia=m{vi,I°l, (11) 

and apply Jacobi identities. From the Jacobi identity in
volving xi, vi, and vk, we find that xi has zero Poisson 
brackets with ;Jik, while from the Jacobi identity involv
ing xi, vi, and Ia, we find that xi has zero Poisson brack
ets with .A,ia. It is for this reason that ;Jii and .A ia are 
functions of x, t, and J only. Equation (10) with index 
µ=i follows simply from the Jacobi identity involving I°, 
lb, and v ;_ Additional Jacobi identities give the following 
consistency conditions on cab, ;Jii, and .A, ia: 

J...sd;Jiicad= { vi,.A,ial -{ vi,.A,jal ' 
m 

(12) 

(13) 

By taking the time derivative of the Poisson bracket re
lations, an4 assuming the usual Leibniz rule, we can 
deduce the general form of the equations of motion for 
the system. The time derivative of Eqs. (2) and (4) leads 
to 

and (14) 

m { X iJ al= -.A, ia(x, t,J) , 

respectively. Then from the Poisson brackets (1), (2), and 
(4), v i and j a must be of the form (6) and (7). Equations 
(6) and (7) then define.A 0a and ;JiO_ We can obtain condi
tions on the function .A oa by taking the time derivative of 
(3), leading to 

{j a,Jbj-{j b,I°j =l,dCabj d. 

After substituting (7) and using (10) with index µ=i, we 
then find condition (10) with index µ=0. 

The remaining conditions are obtained by taking the . 
time derivative of Eqs. (11). By differentiating 
.A, ia = m { v i,I°J with respect to t and using (6) and (7), we 
get 

ao.A, ia+ai.A, iavj-l,d.A, ia.A,jdvj-l,d.A, ia.A, Od 

=6 ;JiiCdav.+6 ;JiOCda_m {vi .A,ia)V· 
d J d , J 

- m { v i,.A, Oa J . (15) 

We can equate terms linear in vi and terms independent 
of vj, leading to the two separate conditions. One of 
them is 

(16) 

where we have used (12). If we more generally assume 
that 

;JJif(x,J}=-m{vi,f(x,I)l, 

for any function f (x,J), then the other condition is just 
(9) with (µv)=(i0). Also for this, we have used the result 
that { vi,.A,iaJ and { vi,.A, oal are independent of v, which 
follows from the Jacobi identity involving x, v,.:A ia, and 
x,v,.:A 0a, respectively. Upon using (16), the condition (12) 
reduces to (9) with (µv)=(ij). 

By differentiating ;]ii=m 2{vi,vi) with respect tot and 
using (6) and (7), we get 

aO;]ii+ ak;]iivk -l,d ;]ii.A, kdVk -l,d ;]ii.A_ Od 

=m( {;Pk,vilvk-{ ;Jik,vijvk + {;JiD,viJ-{;JiD,vij). 

(17) 

· Again we can equate terms linear in V; and terms in
dependent of v;, leading to the two separate conditions (8) 
with (µv}..)=(ij0) and 

J...;J)k;]ii= { vi, ;Jik) _ {vi, ;JikJ . 
m 

Substituting the latter into Eq. (13) then gives (8) with 
(µv}..)=(ijk). We thereby have verified all equations 
[(6)-(10)]. 

In the above proof we have assumed the Leibniz rule 
for the time derivative acting on Poisson brackets; that is, 

d . . 
dt { A,B l = { A ,Bl+ { A,B l . 

This may not be valid in general [3]. However, it is true 
if the system admits a Hamiltonian H, and the equations 
of motion can be written as Hamilton's equations of 
motion using H. For our system, we can find a Hamil
tonian. It is 

(18) 

We can then write the equations of motion (6) and (7) 
(along with x i=vi) according to 

. . . . . avi 
P={Ia,Hl, xl={xl,H), and v 1={v1,H)+Tt. 

(19) 

For this we assume (11) and the following Poisson brack
ets for the interaction Hamiltonian H 1 : 

· 1 ·o avj 
{v 1,H1 )=-;;;-;P -at and {l°,H1 }=-.:A0a. (20) 



4976 A. STERN AND I. YAKUSHIN 48 

Here we allow for an explicit time dependence in the ve
locities vi. At the end of this section we shall give an ex
pression for vi and H1 in terms of canonical phase-space 
variables. 

It is easy to generalize the above system to the relativ
istic case. For this we can keep all the Poisson brackets 
{1}-(4), as well as (11) and (20), while we replace the 
Hamiltonian (18) by 

(21) 

Now ;;.Ji=-vi; rather, we have xi=vi/VvV+l. This is 
obtained from the Hamilton's equations of motion (19), 
along with 

.!!_ [ mx µ l =;Jµv(x,I)xv • (22) 
dt V -x Px p 

j a= -.Aµa(x I)x 
' µ' 

(23) 

where xµ are components of a four-vector with x 0 =t and 
we use the Minkowski metric tensor 

[ 77µvl =diag( -1, 1, 1, 1) . 

Equation (22) is the relativistic generalization of (6). 
So far, the above theory resembles a Kaluza-Klein 

theory because the "fields" ;1µv and "potentials" .A; are 
functions of internal coordinates r, as well as space-time 
coordinates xµ. To reduce the theory to one which is 
defined on four-dimensional space-time, it is necessary to 
make certain assumptions on the fields, such as they fac
torize into space-time-dependent and internal-space
dependent pieces. Ansiitze for the fields must be con
sistent with the conditions (8)-(10). We shall also require 
that the Ansiitze do not put restrictions on the particle 
degrees of freedom. 

Now define .Aa=.Aa(x,I) to be the one-form on Min
kowski space, with components .Aµa. For .A a we choose 

(24) 

where g is a constant and Ab is a one-form on space-time. 
Equation (24) satisfies Eq. (10) for all values of x and I, 
and for any cab(I) satisfying Eq. (5). Upon substituting 
the Ansatz (24) into Eq. (9), we get 

cab(J) [ ~ 6b;}(x,I)-dAb(x) 

- ; 6bcde(J)Ad(x)A Ae(x) l =0, (25) 

;J being the two-form on Minkowski space, with com
ponents ;1µv_ d and A denote the exterior derivative on 
Minkowski space and the exterior product, respectively. 
Ignoring I-independent terms, Eq. (25) is solved by 

l_;J(x,I)=dAar+KAa A Abcab(J), (26) 
g 2 

with .A a and ;} given in Eqs. (24) and (26); Eq. (8) follows 
as an identity. [More generally, we may add an !
independent two-form to (26), and from (8) that two-form 
is closed.] 

Starting from the Ansatz (24) is now easy to find an ex
plicit form for the velocities v; and the interaction Hamil
tonian H 1 appearing in Eq. (18) [or (21)] in terms of 
canonical coordinates and momenta. For this we denote 
the canonical momenta by p; and assume that they have 
zero Poisson brackets with the internal variables. The 
remammg Poisson brackets are {pi,pi) =0 and 
{xi,pi) =f/i. Now V; and H1 can be written 

mv; (x,p,I) = Pi -g A~ (x )r 

and (27) 

H1(x,I)=-gA~(x)r. 

From these definitions we recover Eqs. (11) and (20). The 
resulting Hamiltonian (18) [or (21)] is identical to that of 
a Wong particle [ 5]. 

III. THE WONG EQUATIONS 

The dynamics for a particle (in a Yang-Mills field) is 
obtained when we set cab equal to a sum of terms linear 
in I. That is, 

(28) 

the coefficients ct being the structure constants associat
ed with some Lie algebra G. Equations (5) correspond to 
ct=-cJa and 

cJcc:d+c:tc;d+ctc:d=0 . 

From Eqs. (24) and (26), .A a and ;J are also linear func
tions of I, Ab= Ab (x) corresponding to Yang-Mills con
nection one-forms and g being the coupling constant. If 
we write 

;J(x,I)=gFa(x)ld, (29) 

then we can identify Fa=Fa(x) with the field strength 
two-form for Yang-Mills theory, 

Fd=dAa+; ct Ab A Ae , (30) 

from which it follows that (8) is the usual Bianchi identity 
for Yang-Mills fields, 

dFa +gc!d Ab AFa=0. 

Equations (22) and (23) correspond to the Wong equa
tions of motion for a particle in a non-Abelian gauge field 
[5]. 

IV. THE Q-DEFORMED WONG EQUATIONS 

For general functions cab(I) of I, ;J(x,I) does not fac
torize as in Eq. (29). In the case of quantum algebras, 
some components cab(I) are linear functions of 1a, while 
others are nonlinear. We next consider the example of 
SUq(2). 

The SUq(2) algebra is standardly realized for quantum 
operators 3+, 3-, and :I° by the commutation relations 
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2:fl _ -2:fl 
[.7+,.T]=[2.7°]q=c: q q_ 1 

q-q 

(31) 

[These commutation relations reduce to the SU(2) algebra 
relations in the limit q--+ 1.] To obtain the corresponding 
classical system, let us replace the quantum operators 
.7+, .7-, and .7° by classically commuting variables which 
we denote by I 1+il2, I 1-iJ2, and J 3, respectively. We 
also replace the commutation relations (31) by i times 
Poisson brackets. The result is 

and (32) 

[J1,J2j =½[2J3]q 

From these relations, we identify the functions cab ac
cording to C 23 =J1 C 31 =J2 and C 12 =_!_[2J3] Then 

' ' 2 q• 
we can write 

.:Aa(x,J)=gEabc Ab(x)[Ic+sc3h (13)] ' 

;1(x,J)=gFa(x)r+g2 A 1 /\ A 2 h (13) , 

h(J3)=½[2J3]q-J3, 

(33) 

(34) 

where Fa is the SU(2) Yang-Mills two-form Eq. (30) with 
ct='=abd_ From Eq. (8) we again get identities involving 
the fields. 

Although we have not "deformed" the Wong particle 
Hamiltonian (18) [or (21)] from the SU(2) case, we have 
deformed the Poisson brackets (32), · and consequently 
also the equations of motion, from the SU(2) case. We 
thereby obtain "q-deformed" or SUq(2) Wong equations 
(22) and (23), with .:A a and ;1 given in (33) and (34). From 
them we can show that 

(J1)2+(J2)2+_1_ [ q213 +q-213 
__ 1_] 

2lnq q-q- 1 lnq 
(35) 

is a constant of the motion. The term 1 /lnq was sub
tracted in parentheses so that (35) converges in the limit 
of q--+ 1. In that limit, it just becomes the classical analo
gue of the quadratic Casimir operator for SU(2). It is not 
hard to show that (35) has zero Poisson brackets with r, 
and consequently all phase-space variables for any value 
of q. Hence, it is the classical analogue of a Casimir 
operator for SUq(2). 

;1(x,J) given in Eq. (34) is invariant under infinitesimal 
U(l) gauge transformations. Under such transforma
tions, Aa and r undergo the infinitesimal changes 

BAa =6a3dA3+gEab3AbA3, sr=g'=ab3IbA3' (36) 

where A3 is an infinitesimal function of the particle 
space-time coordinates. It follows that the SUq(2) Wong 
equation (22) is invariant under U(l) gauge transforma
tions. The same is true for the equation of motion (23) 
using (33). 

If we interpret Aa as a connection one-form for SU(2) 
Yang-Mills theory, then Eq. (36) corresponds to a U(l) 
subgroup of SU(2) Yang-Mills transformations. Under 

the full set of SU(2) Yang-Mills transformations, an 
infinitesimal change in Aa is given by 

(37) 

where Aa is an infinitesimal function of the space-time 
coordinates. Is there a compensating transformation on 
r such that the SU q ( 2) Wong equations are invariant for 
A1, A2cfa0? We now argue that the answer is no. The 
proof is by contradiction. In order that ;1(x,J) given in 
Eq. (34) be invariant under (37), r must undergo a 
change Br, which satisfies the equation 

Fb(Blb+gEabcrAC )+gEab3Aa 

/\ [ Abf(I3)613+(dAb +g'=bcd AcAd)h(I3)]=0, 

where 

But there exists no solution for Br for arbitrary Ab, and 
arbitrary A1,A2• To see this, consider gauge transforma
tions about the first axis, Aa =Ba 1A 1 and set 
F 2 =F3=A 1 =O. Then for arbitrary A2, the above con
dition states that 

A36/ 1=dA1h(J3). 

But A3 and dA 1 are independent (closed) one-forms on 
Minkowski space. Hence, the condition cannot be 
satisfied. The same conclusion is reached when we con
sider transformations about the second axis, Aa =6a2A2 
and set F 1 =F3 = A 2 =O. We therefore conclude that in 
the presence of SUq(2) Wong particles, the SU(2) gauge 
invariance of SU(2) Yang-Mills theory is broken to U(l). 

V. THE FIELD EQUATIONS 

In the above generalization of the Feynman proof of 
the Lorentz force equation, the dynamics of particles has 
been fully specified [Eqs. (22) and (23)]. The same cannot 
be said about the dynamics of fields. Equations (8)-00) 
are insufficient for determining the field dynamics. This, 
of course, was also the case for electromagnetism. The 
Gauss' law and Ampere's law actually did not follow in 
the proof of Feynman [2] and had to be postulated by 
hand. Not surprisingly then, we too must postulate addi
tional field equations in order to fully specify the dynam
ics. In these equations particles now act as sources for 
the fields. These equations are not completely arbitrary 
as they must satisfy certain consistency criteria. For the 
case of electromagnetism, the latter is just the statement 
that the current is conserved. To see what it is when the 
particle source possesses internal degrees of freedom 1a, 
we introduce the space-time dependent quantities J; (y) 
and ~;b(y) = - ~ta(y) and define them as 

J;<yl= J dt B4(y -x U)>r(tl.xµ(t), (38) 

~ib(y)= f dt 64(y -x (t))Cab[I(t)]xµ(t). (39) 

Here x µ ( t) and r( t) are the space-time coordinates and 
internal coordinates, respectively, of the source and the 
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integration is over the particle world line. Now by multi
plying the equation of motion (23) by 64(y -x (t)) and in
tegrating overt, we obtain the relations 

aa J~(y)+gAf(y):l:~b(y)=0' 
Yµ 

(40) 

where we have assumed (24). If we equate J~ (y) and 
:l:~b(y) to some functionals of A~ (y) (and possibly other 
fields) along with their derivatives, then Eqs. (38) and (39) 
represent field equations for the system in the presence of 
a source. Furthermore, Eq. (40) then corresponds to a set 
of consistency criteria that the fields must satisfy. 

For the case where the source is a Wong particle, the 
"charges" 1° and C 0 b[I] appearing in (38) and (39) are 
linearly related [Eq. (28)]. Consequently, so are :l:~b and 
J;: :l:~b=ctJ;. Here, Eq. (40) can be written 

(41) 

DV ([Dv]ab =av6i +gcga AJ') denoting the covariant 
derivative. This condition is just the statement that the 
Yang-Mills current is covariantly conserved. It is identi
cally satisfied with the usual choice of Yang-Mills field 
equations, 

(DvFvµ)a=J~ , (42) 

since upon substituting into the condition (41), we get 
Dµ(DvFvµ)=0. 

For the case where the source is a q-deformed Wong 
particle, the "charges" cab[I] and r are not all linearly 
related, and no simple relation exists between all the :l:~b 
and J;. For SUq(2) particle sources, there are six quanti
ties :l:~b and J~, but from Eqs. (32) we can make the 
identifications: :l:;3 =J t and :l:!1 =J;. Four independent 
quantities remain which we denote by J1q)a and 6.µ- We 
define them by 

J(q)I =J' J(q)2 =J2 
µ µ• µ µ ' 

J<q)3 =:l:'2 and 6. =:l:'2-J3 µ µ• µ µ µ 
(43) 

From Eqs. (38) and (39) we thus have four field equations. 
The conditions (40) can be written 

(DµJ<ql )a=aµ!l. 6a3 
µ µ ' 

where Dµ is the covariant derivative for SU(2). Using 
Eqs. (38) and (39), we then have 

(DµJ1q) )a(y)=6a3 J dt 64(y -x (t)) :th [I3(t)] ' (44) 

where h [J3(t)] was defined after (34). In the limit q-1, 
6.µ vanishes and J1q)a-J~. Then Eqs. (44) reduce to (41) 
and are solved by Eq. (42). We thereby recover the field 
equations for SU(2) gauge theory in that limit. 

If we interpret Jta as the current associated with a q
deformed Wong particle, then Eq. (44) shows that it is 
not covariantly conserved for arbitrary q and Ia. [Here 
"covariantly" means with regard to SU(2) transforma
tions.] The same conclusion is reached upon taking J~ to 
be the current associated with q-deformed particles. In 
terms of this current, the condition (40) becomes 

(DµJµ )a= -gEab3 Af!l.µ . 

Let us examine the case where dh I dt is non vanishing 
only for a finite segment L (beginning at a time t = t I and 
ending at a time t =t2) of an SUq(2) particle's world line. 
Now, ifin analogy to Yang-Mills theory, we were then to 
write 

(DvF )°=fq)a (45) vµ µ , 

we speculate that the fields components F~v(y) may not 
all be globally defined on .M, '- L, .M, denoting Minkowski 
space. To argue this point it is useful to make the simpli
fying assumptions that all fields and potentials in the 1 
and 2 directions of internal space are zero. [This could 
be done consistently, ifwe were allowed to set J 1=J2=0, 
for all t, and hence J1q)I =Jt2 =0. But with J 1=J2=0 
and J 3 changing continuously, (35) cannot remain a con
stant of the motion. As an alternative, let us instead im
agine that the vector I precesses rapidly about the third 
axis. That is, 1 1 and J 2 are oscillating rapidly (compared 
with J 3), J 1 and J 2 are thus "fast" variables, and 1 3 is a 
"slow" variable. If we then time average over the "fast" 
variables we obtain the desired simplification; namely, 
Jt 1 =J1q)2 =0. The resulting time-averaged fields and 
potentials can then be made to point in the third direc
tion in the internal space.] Now define •J(ql3 to be a 
three-form whose components are dual to Jt3• From 
Eq. (44), d •J<ql3 is proportional to 

f dt64(y-x(t)) :th[I3(t)]. 

Away from the finite segment L, •J<q>3 is a closed three
form. But if S 3 is a three-sphere whose enclosing four
dimensional volume V4 contains L, then from Stoke's 
theorem 

J •J(ql3= f d •J(ql3 
s3 v4 

ex f dtdd h[I3(t)] 
.L t 

=h[J3(t2)]-h[J3(t 1 )]. (46) 

It follows that if h (1 3 ) undergoes a nonzero change along 
L, then •J<ql3 is not an exact three-form on S3. Thus if 
we write •J(ql3=d•F3, the two-form •F3 (and hence the 
antisymmetric field tensor F!v> cannot be everywhere 
defined on S 3. ( More generally, if we define * 6. to be the 
three-form whose components are dual to 6.µ [defined in 
Eq. (43)] and if h (13 ) undergoes a nonzero change along 
L, then *6. is closed but not exact on S 3• Note that for 
this to be valid no time averaging of the fields is neces
sary.) 

The above is an adaptation of a result found long ago 
by Rasetti and Regge [6] in the context of superfluid heli
um. There the analogue of F!v was the antisymmetric 
potential used to describe phonon excitations, while the 
source was interpreted as corresponding to the injection 
of helium atoms in the superfluid. 
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