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ABSTRACT 

Researchers have performed studies with the addition and dispersion of a few weight 

percent of nanoscale particles in polymer matrices to mitigate the brittleness and microcracking 

of polymer matrices without incurring weight penalty and improve their strain to failure and 

fracture toughness. This thesis aims at studying these length scale effects in nano-fillers, 

identifying the existence of a lower bound on flaw-size that marks the transition from brittle 

fracture to strength-based failure in nanocomposites, resulting in a deviation from linear elastic 

fracture mechanics (LEFM) predictions. Crack-tip bond-order based prediction of critical value 

of stress intensity factor is also addressed in this work. The objective of this work also includes 

employment of an atomistic J-integral as a suitable metric for the evaluation of fracture 

behaviour in materials at nanoscale. Good agreement is observed between atomistic and LEFM 

predictions using far-field stress and J-integral computations. While the far-field stress based 

atomistic data enables global prediction of the system undergoing fracture, the J-integral around 

the crack tip sheds light on local near-crack-tip stress state. Both far-field and near tip predictions 

are seen to deviate from LEFM predictions below a certain length-scale. In addition, effects such 

as nonlocality in molecular dynamics (MD) computations and entropic effects at the atomistic 

scale add to the discrepancy with LEFM.  The fracture study on crystalline (graphene) was 

performed to lay the foundation for atomistic predictions of fracture in amorphous (polymer) 

nanocomposite systems. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

 Composites have numerous advantages over conventional material systems in terms of 

higher specific stiffness and specific strength, reduced easier installation costs coupled with 

lower life-cycle costs and improved safety. All these advantages have contributed to the global 

acceptance of composite materials in diverse applications in the fields of aerospace, automotive, 

and infrastructure. Due to considerable reduction of structural weight leading to significant fuel 

savings, composites have been finding its extensive use in aerospace industry. The Boeing 787 

contains almost 50% composites of its total weight in carbon composites. The reason why CFRP 

is often used for primary airframe structures is because of its high specific stiffness and strength 

ratio, tailor ability, light- weight, good corrosion resistance and radar absorption, and ease of 

manufacturing. 

This clearly indicates a trend of increasing use of various types of composites, 

accompanied by a decreasing use of metals in aerospace structures. Advanced composites are 

also being used in high performance automobile components, as well as infrastructural 

applications. Reduced emission due to enhancement in fuel efficiency is achieved by 

considerable reduction of weight of the car without compromising performance.  

Recent years have witnessed notable improvement in mechanical properties of nano-

reinforced polymer composites [1-5]. Compact-tension (CT) fracture tests conducted by Kumar 
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et. al [6] corroborate these observations, as presented in Figure 1.1, showing an increase in peak 

failure load by 141% and 190% and a corresponding increase in fracture toughness by 142% and 

200% over baseline specimens at room temperature for EPON-862 epoxy modified with mere 

0.1 wt.% and 0.5 wt.% nano-graphene respectively.  

 

 

 

 

 

 

 

 

Quasi-static fracture studies 

published in work of Kumar et al. [7] has 

shown remarkable improvement in each 

mode mix case as depicted in the mixed-

mode fracture toughness envelop shown in 

Figure 1.2. 

 Other researchers [8] have also 

reported similar observations of 

improvement in fracture properties of graphene reinforced epoxy and the enhancement was attributed 

to deflection of the crack due to the presence of graphene. The observed improvement of 

Figure 1.1: Compact tension fracture test results for baseline and nanographene 

reinforced EPON 862 epoxy specimens (at room temperature) [6] 

Figure 1.2: Improvement of normalized mixed 

mode fracture envelop for epoxy nano-

composite with increased reinforcement [7]  
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properties at macroscale appears to be due to nanoscale interactions between the constituent 

materials, which cannot be explained by a simple micro-mechanics model based on the rule-of-

mixtures. Consequently, the fundamental mechanism(s) responsible for this enhanced fracture 

toughness at the nanoscale is still not well understood. 

Nanoscale simulations are required to be performed to understand this local influence of 

nanoparticles on the nanocomposite system. But modeling a macro-system with purely nanoscale 

modeling quickly becomes computationally intractable. Hence, multi-scale models need to be 

developed to bridge this disparity in length and time scales. Appropriate computational tools 

such as molecular dynamics at nanoscale, generalized method of cells at micro-scale and finite 

element analysis at macro-scale could be used to effectively transfer information from one length 

scale to the other to reduce the total computation time.  

  MD simulations can be viewed as a bridge between the deterministic and local behaviour 

of the macroscopic material system and the nonlocal statistical nature of atomistic interactions. 

MD offers us possibility to predict the time evolution of a system of interacting particles and 

estimate the relevant physical properties. Nowadays, MD (as well as Density Functional Theory 

(DFT)) is frequently used in analysing atomistic-scale behaviour of materials since it is able to 

capture complex interactions of particles at molecular level and help us to better understand the 

Nano-scale phenomena including energetic and entropic effects at elevated temperature.  

In conventional macro-scale continuum fracture mechanics, the J-integral is defined as the 

divergence of the Eshelby energy-momentum tensor and has been widely used to quantify the 

crack driving force available from thermo-mechanical loading as well as material 

inhomogeneities.  One advantage of using J-integral over other fracture metrics such as strain 

energy release rate (G) is that the J-integral is applicable even in the presence of significant 
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material nonlinearity. However, in order to extend the concept of the continuum J-integral to the 

atomistic domain, the following key issues must be resolved: (a) computation of continuous 

variables, such as displacement and their derivatives, from discrete atomistic quantities, (b) 

including nonlocality in J that is inherent in atomistic computations due to long range inter-

atomic forces, and (c) incorporating entropic effects due to thermal motion in a atomistic system 

which is not present in conventional continuum description. The framework of the atomistic J-

integral fully allows for finite deformation thermo-mechanics, nonlocality inherent in MD, and 

entropic effects due to the thermal motion of atoms at elevated temperature. In 2014, Zhang et. al 

[9] performed molecular dynamics (MD) simulation on monolayer single-crystal center-cracked 

graphene sheet with different crack lengths to determine the effect of nano-size crack length on 

fracture energy. They concluded from their simulations that linear elastic fracture mechanic 

(LEFM) is valid for graphene because 0 2 /c a E    =constant, where c is the critical far-

field stress at fracture initiation, 0a is the half crack length,  is the energy per unit area to form a 

new surface, and E is the Young’s modulus of graphene. However, it is evident from their 

simulation data that this is true only for total crack lengths greater than ~10 nm. There is 

significant deviation from LEFM below this crack length due to a gradual transition from brittle 

fracture to strength based (ductile) failure. Several researchers have recently investigated this 

nanoscale flaw- size effect [10-13] and have concluded that there exists flaw size insensitivity, 

and therefore, deviation from LEFM at the nanoscale. Others have found that the flaw size 

insensitivity at the nanoscale does not exist [14]. Predictions obtained using the atomistic J are 

compared with LEFM predictions to underscore the flaw size effect for the case of a single (zig-

zag) graphene sheet with a center crack under tensile loading at elevated temperature s. Further, 

the investigation into nanoscale flaws in graphene and CNT led to the development of quantized 
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fracture mechanics (QFM) which states that the discrete nature of crystal lattice should only 

allow certain discrete value of critical energy release rate, with forbidden bands in between [10].  

   This thesis deals with the nanoscale study of a nano-graphene system. A methodology to 

study fracture at atomistic level is discussed. Fracture toughness of a material is related to the 

critical value of J-integral, therefore, J-integral will be used as a metric for estimating the crack 

driving force as well as the fracture toughness of the material in this dissertation. Though 

fracture can be characterized through parameters such as strain energy release rate (G), stress 

intensity factor (K) they are applicable only in the linear and elastic range of the stress-strain 

response of the material. On the other hand, J-integral is identical to G in the linear range but has 

the advantage of being applicable in the nonlinear range as well as being path independent. Also, 

the critical value of J-integral is directly related to fracture toughness of the material. Because it 

is now well-established that the complex interactions at molecular level can only be understood 

by numerical methods which appeal to theoretical formalisms at the nanoscale, molecular 

dynamics (MD) will be used to analyze and understand nano-scale fracture phenomena. The 

ability to simulate a large number of atoms (atomic systems simulated by MD are typically much 

larger ab-initio methods [14] allows us to have better statistical estimates of system 

thermodynamic properties such as thermal conductivity and mechanical properties such as the 

Young’s modulus. By retaining the level of detail required to describe the structure of atomic 

systems coupled with the selection of proper force-field parameters to accurately describe the 

various molecular interactions [15] the necessary bulk properties of any system can be closely 

simulated. 

1.2 Objectives 

Nano-graphene reinforced polymer nanocomposites proved to be one of the toughest 
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materials under subjections to fracture. Therefore, it needs to be figured out how the 

nanoparticles can be employed as matrix reinforcement of optimized size to maintain a flaw size 

less than the critical value such that debond cracks along nanoparticle-polymer interface will 

remain below a critical length scale thereby enhancing toughness of the nano-composite in 

macro-scale phase of the multi-scale model. In other words, the percentage of nano-graphene 

reinforcement needs to be optimized for the system to exhibit maximum toughness against 

fracture. But molecular dynamics (MD) being the most fundamental phase of the multiscale 

model, the first and the most essential step of encountering the problem is to analyze the most 

fundamental particle of the system, which is a nano-graphene in MD environment.  

Existence of a finite valued far-field critical-stress, known as theoretical strength, 

corresponding to failure of a material system even with a zero-length of crack (pristine case), has 

been recognized in this thesis as opposed to LEFM prediction of stress tending towards infinity 

for a limiting case of no-crack. Based on this above recognition, the critical half-length of an 

initial crack, was theoretically evaluated, that needs to be present in a material system, to mark 

the transition from damage induced failure (based on theoretical strength) to fracture induced 

failure (based on initial crack length). For a strong nanomaterial like Graphene, the theoretical 

critical half-length of crack was found to be 1.33Å. Essentially being a length-scale effect, this 

demands a thorough investigation of nano-mechanical behavior of the material system  

The objective of this thesis is to investigate the observed deviation of atomistic predictions from 

LEFM predictions for nano-scale flaw sizes in graphene. It aims at understanding the 

mechanisms behind the length-scale based crack size effect on far-field critical stress (failure 

strength) at the nanoscale. The key issues to be investigated in this thesis are: (a) flaw size effect, 

(b) non-local effects due to the long-range inter-atomic forces which can result in the existence 
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of finite stresses at crack tip and finite traction on crack faces, (c) entropic effects due to the 

random thermal motion of atoms.  In addition, the thesis will investigate Quantized Fracture 

Mechanics (QFM) based prediction of post-initiation stresses for discrete openings of lattice for 

self-similar crack growth cases, bond order based prediction of fracture toughness of the nano-

graphene, and development and application of  an atomistic J-integral vector incorporating the 

above attributes (a-c) including entropic effects as a suitable metric for the evaluation of fracture 

behavior in materials at the nanoscale and their stated deviations from LEFM prediction. 

Specifically, the J-integral will be employed in this thesis to investigate flaw-tolerance at the 

nanoscale reported by many researchers, as well as to develop a methodology to predict the 

initiation fracture toughness of the material and the resistance to fracture as a function of crack 

length.  For this purpose, a bond-order based potential (ReaxFF) available in LAMMPS 

molecular dynamics (MD) software will be utilized to accurately pinpoint bond separation.  

Predictions obtained using the atomistic J will be compared with LEFM predictions to 

underscore the flaw size effect for the case of a single (zig-zag) graphene sheet with a center 

crack under tensile (Mode-I) loading. 

1.3 Outline 

The thesis consists of six chapters.  Chapter 1 presents background and motivation for the 

current work. Advantages, applications of composites and the need for multi-scale analysis of 

composites are discussed in that chapter. A review of literature relevant to the current research is 

presented in Chapter 2. Chapter 3 provides a discussion of the basic concepts of molecular 

dynamics simulations. The underlying theories, along with various parameters involved in MD 

are discussed. A brief discussion of the software, LAMMPS, used for MD simulations is also 

presented in that chapter. 

A detailed discussion of the theoretical background and methodologies are presented in 
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Chapter 4. This chapter includes the idea of deviation of atomistic predictions from LEFM and 

equations pertaining to evaluation of theoretical critical flaw-dimension. It also includes the 

methodologies adopted to implement the QFM predictions to this problem based on bond-order 

and discusses the approach used for evaluating J-integral at the nanoscale. Formulae for using 

discrete atomistic data to obtain the parameters involved in J-integral are presented, along with 

the numerical evaluation methodology. To verify the methodology, J-integral was computed for 

a nanoscale graphene sheet under Mode-I loading. The detailed procedures of modelling and 

simulation are presented in Chapter 5. The results of all these studies are presented and discussed 

in Chapter 6. The chapter is divided into two parts. The effect of localization box size and radius 

of influence necessary for calculation of atomistic J-integral were investigated and discussed in 

this chapter. Chapter 7 contains a summary discussion of all the results obtained, original 

contributions of this work, along with scope for future work.
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CHAPTER 2 

LITERATURE REVIEW 

Recent years have witnessed the versatility of carbon fibers, graphene and nano-graphene 

reinforced polymer composites for its diverse applications in aerospace, automobile, bio-

medical, infrastructure and sports equipment. There is a need for more research on polymers for 

a better understanding of their mechanical properties and tailor-ability for their application to a 

particular field. Significant contributions have been made by the scientific community towards 

not only developing various techniques to enhance mechanical properties, but also the 

fundamental ways in which they are studied and analyzed, i.e. the shift towards methods of 

computational modeling. 

 
Experimental studies have indicated that the mechanical properties of polymers can be 

improved to a significant extent by using nano-fillers and improving the processing of these 

nano-composites. The computational efficiency has facilitated modeling of these nanocomposites 

in extreme details, especially at the nanoscale using methods like molecular dynamics, which is 

important for understanding the mechanisms responsible for property enhancement using nano-

fillers. The most fundamental and primary step of this understanding comes from the detailed 

atomistic study of the mechanical response of the nano-fillers, which in this case are nano-

graphene platelets. A lot of research has been conducted in recent years to study the mechanical 

properties as well as drawing atomistic observations of graphene as a material. A comprehensive
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review of previous work in these areas is presented in this chapter. 

2.1 Nanoscale modelling of fracture in graphene 

 

Modelling particle interactions at the nanoscale requires approaches that can account for 

the complex, nonlinear constitutive behaviour at this length scale. Molecular Dynamics (MD) 

has been proven effective in capturing the typical phenomena related to fracture at the nanoscale 

[16-22]. Abraham et al. [23] successfully demonstrated the ability of molecular dynamics (MD) 

for simulating fracture in large scale atomic systems. Atomic systems containing million atoms 

(in 2D lattice) were used to simulate brittle and ductile materials using Lennard-Jones and 

embedded-atom potentials respectively. A comparison between experimental and computational 

observations was made. Computationally observed phenomena like dynamic instability of crack 

tip and were found to comply with laboratory findings. In another article by Abraham [24] a 

detailed discussion of simulating crack propagation in solids using molecular dynamics is 

presented. The discussion focusses on crack dynamics and the propagation speed of crack. It was 

noted that a brittle crack starts propagating in a straight line, but the motion becomes erratic due 

to instabilities in the dynamics of the crack. Also, this transition occurs at one-third of the 

Rayleigh wave speed. This behavior was found to be independent of the material properties, 

imperfections and interatomic potentials. MD was also used to study the properties of graphene 

and to understand fracture behavior at nanoscale [15]. Thermodynamic and mechanical 

properties can be estimated via statistical mechanics using MD if a sufficient number of atoms 

are included in the molecular model and the simulation is carried out for a long enough time 

span, in accordance with the ergodic principle [25]. 

2.2 Nonlocal Effects at the Atomistic Scale 

 

Significant deviations from continuum based LEFM predictions can occur in the 
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atomistic domain due to long range (nonlocal) interaction between atoms located at and around 

the crack tip.  This deviation from LEFM due to nonlocal effect at the crack tip manifests itself 

through (a) a finite magnitude “peak stress” near the crack tip in contrast to a singular stress field 

predicted by LEFM, and (b) significant non-zero tractions on the crack faces due to nonlocal 

effects. Eringen et al. [26] were among the first to modify continuum-based LEFM equations by 

employing an integral form of the stress-strain constitutive law and deriving non-singular stress 

fields for an isotropic solid undergoing Mode I fracture with appropriate non-local boundary 

conditions. The kernel function used in the nonlocal derivation enabled the introduction of a 

characteristic length scale into the problem, such as inter-atomic distance, which is absent in 

LEFM.   Allegri at al [27] extended the derivation to include mode-mix and orthotropic material 

behavior and showed that the magnitude and the location of the peak stress near the crack tip 

depended on the degree of anisotropy. 

2.3 Atomistic J-integral 

 

The use of J-integral [28] as a fracture criterion for inelastic materials at the macro-scale 

can be found extensively in the literature [29-30]. Researchers have attempted to extend the 

application of the J-integral to nanostructured materials [12,18,31,32], given the need for a 

suitable metric to quantify debonding along material interfaces at the nanoscale (e.g. grain 

boundary decohesion, dislocation, debonding between CNT and polymer matrix, etc.). Eshelby 

[33] demonstrated that that the J-integral could be interpreted as the divergence of the Eshelby 

Energy-Momentum tensor.  Further, Eshelby demonstrated that at finite temperatures, the proper 

energy potential for computing the J-integral depends on the thermodynamic process or 

ensemble. To quote Eshelby on this subject [33]  “What we have called elastic energy is, more 

precisely, internal energy under adiabatic conditions and Helmholtz free energy under isothermal 
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conditions” , given that  Helmholtz free energy Ψ U T= −  where U is internal energy,  is the 

entropy density, and T is the temperature in Kelvin. Consequently, from the basic definition of 

free energy, the Helmholtz free energy is the proper potential for computing J at finite 

temperatures for an isothermal process as it includes the entropic contribution [36]. Because free 

energy is complex to compute directly since it inherently involves computation of entropy 

density, it is not surprising that most attempts at estimating atomistic J-integral to date were 

performed at near zero temperatures [12, 13, 31, 34, 35], where differences between the internal 

energy and Helmholtz free energy are insignificant.   Jones et al. [31] developed a novel MD-

based methodology for computing the J-integral in nanostructured materials through the 

construction of continuum fields from discrete atomic data using Hardy’s [36] localization 

functions. These continuum fields were subsequently used to compute contour-integral 

expression for J that involves gradients of continuum fields, such as, the deformation gradient 

tensor. Nakatani et al. [37] employed changes in potential energy density in an MD simulation to 

estimate strain energy density. Because their system cannot be clearly determined to be 

isothermal or adiabatic, the relevant stress potential metric is unclear. Xu et al. [38] used a 

system energy release rate approach to compute critical vale of J for ductile fracture of a Nano-

sized crystal of nickel. Their analysis computes J-integral using changes in potential energy due 

to crack growth without entropic effects, even though the process takes place isothermally at a 

temperature of 300 K. Latapie et al. [39] use a similar MD approach to examine ductile fracture 

behaviour of nanosized crystals of iron (Fe) at elevated temperatures of 100, 300, and 600 K. 

None of these past attempts at computing fracture energy at finite temperatures have made use of 

the energetic and entropic contribution, except for work by Jones et al. [18], which obtained J-

integral at elevated temperature using Helmholtz free energy for a Lennard-Jones model of a 
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perfect gold (Au) crystal. However, the results presented by Jones et. al. lack thermodynamic 

consistency because of negative global entropy production below a certain critical temperature 

(~12 K) for uniaxial and biaxial stretch., which is physically inadmissible. 
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CHAPTER 3 

                MOLECULAR DYNAMICS SIMULATIONS 

3.1 Introduction  

Molecular dynamics (MD) is a technique based on Newtonian mechanics for 

computation of physical and chemical interactions of atoms and molecules. The method was 

originally conceived by theoretical physicists in the late 1950s (Alder and Wainwright) to study 

the interactions of hard spheres. In 1960s, the method was applied for simulating liquid argon 

and subsequently for simulating water. Then, it emerged as one of the primary tools for 

investigation of biological systems in the 1970s, with MD being used to simulate proteins for 

pharmaceutical applications. Molecular dynamics today finds application in numerous fields 

with its efficient ability to simulate nano-scale interactions, including, but not limited to systems 

pertaining to studies of, physics, material science and biology. The process involves numerically 

solving the Newton’s equations of motion for an N-particles system. For an N atom, molecular 

system we have the equation of motion of atom i at time t as, 

1 2( , ,..., )
( 1,2,.. )

t t t
t tN

i i it

i

V x x x
m x i N


= −  =


F

x
                       (3.1) 

In MD, the atomistic configuration at an initial time is fed into the algorithm, along with 

the required force fields chosen to mathematically define the various atomic interactions. The 

internal force Fi at any atom i (of mass mi and position xi), is computed from the energy potential 

(V) chosen by the user as shown in Eq. (3.1). This chapter reviews the molecular dynamics 
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theory, important parameters and concepts. A discussion of the open-source MD software used, 

Large scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) [40], and a 

visualization software called Open Visualization Tool (OVITO) [41] will be presented. 

 3.2   Molecular Dynamics Simulation Procedure 

MD is a method of simulating interactions between atoms and molecules at nano-scale 

without recourse to detailed and costly quantum mechanical (ab-initio) calculations. A typical 

MD simulation is illustrated in the flowchart shown in Figure 3.1. The initial positions and 

velocities of individual atoms are supplied in a data file which can be read through an input 

script. Depending on the type of molecular system, the data file may consist of other information 

like force field parameters; bond, angle and dihedral information etc. The initial system is in its 

energy-minimized state. If it is finite temperature simulation (i.e., T>0K), initial velocities are 

assigned to the atoms. 

 

 

 

 

 

Deformations, if any, are applied. Temperature and pressure are maintained using 

appropriate thermostat and barostat respectively. Using the formula given by Eq. (3.1), forces of 

each atom at any time t are calculated as derivatives of the potential function. Newton’s second 

law is used to compute accelerations of the atoms. Various numerical integration schemes are 

Figure 3.1: Flowchart of a MD process 
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then used to determine the updated positions of each atom at the next timestep. This process is 

repeated until the termination condition is reached. Output data files can be generated at specific 

time intervals and can be analyzed. A brief discussion of each aspect of MD simulation is 

presented in the following sections. 

3.3  Numerical Integration Algorithms 

Due to the complicated nature of the potential functions, it is not feasible to solve the 

equations of motion analytically. Thus, numerical time-integration is used to determine the 

updated positions and velocities of individual atoms in an MD system. Various numerical 

integration algorithms are available. The following criteria should be considered while choosing 

an algorithm: 

a) Conservation of energy and momentum is necessary; 

b) Computational efficiency must be prominent; 

c) Integration timestep should be long enough; 

d) The approximations should be reasonable enough showing minimum deviations from 

classical trajectories 

The basic assumption in all integration algorithms is that the positions, velocities and 

accelerations can be approximated by a Taylor series expansion. Some of the integration 

algorithms are discussed here. 

3.3.1 Verlet Algorithms 

Application of Verlet algorithm in molecular dynamics was popularized in the 1960s 
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[42]. This method uses the positions ‘r’ and accelerations of the atoms at time ‘t’ along with the 

positions at time ‘t- t’ in order to calculate the new position at time ‘t+ t’. Using Taylor series 

expansion, position at time ‘t+ t’ and ‘t- t’ can be written as, 

21
( ) ( ) ( ) ( )

2
r t t r t v t t a t t+  = +  +   

21
( ) ( ) ( ) ( )

2
r t t r t v t t a t t− = −  +                 (3.2) 

where, v is the velocity and a is the acceleration. Taking a sum of the two equations, the 

updated position in terms of previous position and accelerations can be written as, 

2( ) 2 ( ) ( ) ( )r t t r t r t t a t t+ = − − +                       (3.3) 

It is evident from the equation that explicit computation of velocities is not required. 

While it is simple to implement and computation resource friendly, this method is not very 

accurate. 

3.3.2 Leap-frog Algorithm 

 Some of the shortcomings of the Verlet algorithm can be overcome by using the leap-

frog algorithm [43]. It involves explicit computation of midstep velocities ‘v’ at time 0.5t t+   is 

given by (3.4) 

( 0.5 ) ( 0.5 ) ( )v t t v t t a t t+  = −  +                       (3.4) 

The positions ‘r’ and velocity ‘v’ at time t t+ can then be computed as  

( ) ( ) ( 0.5 )r t t r t v t t t+  = + +    
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( )( ) 0.5 ( 0.5 ) ( 0.5 )v t v t t v t t= −  + +                (3.5) 

The velocities leap over the positions and the positions in turn leap over the velocities 

and hence the name of the algorithm. Though this method has the advantage of explicit 

computation of velocities, the positions and velocities are calculated at the different times. 

3.3.3 Beeman’s Algorithm 

A variant of the Verlet algorithm, Beeman’s algorithm [44] produces positions identical 

to the Verlet method but used a different formula for velocities. In this method, the velocities ‘v’ 

and positions ‘r’ are given by the following expressions 

( ) ( ) 1.5 ( ) 0.167 ( )v t t v t a t t a t t t+  = +  − −   

2( ) ( ) ( ) 0.5 ( )r t t r t v t t a t t+ = +  +                (3.6) 

Along with a better energy conservation, this method produces a more accurate 

expression for velocities. The downside is the computational expense because of the increased 

complexity of the expressions. 

3.3.4 Velocity Verlet Algorithm 

One of the more commonly used numerical integration methods used in MD simulations 

is the velocity Verlet algorithm [45]. As the name indicates, it is a variation of the Verlet 

algorithm discussed earlier. In this method, the velocities ‘v’ and positions ‘r’ at time t t+  are 

given by, 

( )( ) ( ) 0.5 ( ) ( )v t t v t a t a t t t+ = + + +   
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( ) 2( ) ( ) 0.5 ( )r t t r t v t t a t t+ = +  +           (3.7) 

This algorithm produces updated positions and velocities of the atoms without 

compromising on the precision, which occurs in the original Verlet method. The velocity Verlet 

algorithm has been implemented in LAMMPS [46] and is used in this thesis. More discussion on 

LAMMPS will be presented in a different section. 

3.4 Thermostats 

Temperature plays a vital role in MD simulations. For finite temperature simulations, it is 

important that the desired value is maintained as closely as possible by using a thermostat 

facilitates this. This section presents a discussion of the various types of thermostats available. 

From statistical mechanics, temperature of a system of atoms is defined as the average of kinetic 

energies of all particles. Considering the kinetic energy of the system is K, the temperature T of 

an N atom system can be given as, 

2

3 B

K
T

Nk
=                     (3.8) 

where, kB is Boltzmann's constant, and the angular brackets imply average over an ensemble. It is 

not possible to keep the temperature at a fixed value during the simulation due to the random 

fluctuations in velocities. Therefore, only the average value of temperature can be maintained at 

a constant value during simulations. As given by Eq. (3.8), the temperature of a system depends 

only on the kinetic energy of the atoms, which in turn depends on the random velocities of atoms 

in the system. Velocities scaling can hence be used to control the temperature of a system, which 

can be achieved using a thermostat. Some of the commonly used thermostats are discussed 

below. 
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3.4.1 Anderson Thermostats 

In Anderson thermostat, the system is coupled to a heat bath using stochastic forces 

which modify the kinetic energy of the atoms in the system [47]. The time between the collisions 

is decided randomly. When a collision event occurs, the velocity of the selected particle is 

replaced by a value chosen from a random Boltzmann distribution for that specified temperature. 

3.4.2 Berendson Thermostats 

Berendson thermostat is another way to rescale the velocities of the atoms in the system 

to provide a temperature control during molecular dynamics simulations [48]. In this method, the 

heat bath at the desired temperature is coupled with the MD system. Any changes in the kinetic 

energy of the system are suppressed by this thermostat and thus, temperature control is achieved. 

This thermostat is suitable for larger systems and due to its computational efficiency, it is widely 

used. 

3.4.3 Nose-Hoover Thermostats 

The Nose-Hoover thermostat is considered to be one of the most accurate and 

computationally efficient method for temperature control in an MD simulation. Originally 

developed by Nose [49], and subsequently improved by Hoover [50] , it is a deterministic 

scheme for constant temperature simulations. The heat bath is considered as an integral part of 

the system by adding an artificial variable ‘s’ with an associated mass ‘Q’ and a velocity ‘s’. The 

extent of coupling between the heat bath and the MD system is determined by the magnitude of 

‘Q’. The simulations reported in this dissertation employ this thermostat for maintaining the 
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desired temperature. 

3.5 Barostats 

Most laboratory experiments are conducted at constant temperature and pressure. Hence, 

as with temperature, it is important to maintain proper pressure control during MD simulations. 

Berendsen barostat [51] and Anderson barostat [52] are two commonly used barostats to control 

pressure in MD simulations. In order to maintain the desired system pressure, the dimensions of 

the simulation box are dynamically adjusted. 

3.6 Ensembles 

An ensemble is a collection of all possible systems within a phase space that have 

different microscopic states but have an identical thermodynamic state. It is a useful way of 

obtaining system averages from various microscopic states that could occur. Three types of 

ensembles are commonly used in molecular dynamics simulations. They are NVE, NVT and 

NPT, where N is the number of particles (atoms) in the system, E is the total energy of the 

system, V is the volume of the system, T is the temperature and P is the pressure. A schematic of 

each of these ensembles is shown in Figure 3.2. A brief discussion of each type of ensemble 

follows. 

 

 

3.6.1 NVE Ensemble 

Figure 3.2: Ensembles 
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NVE ensemble, also known as microcanonical ensemble, is used to describe an isolated 

system. As the name suggests, in this ensemble, the number of particles (N), volume (V) and 

total energy (E) of the system remains unchanged. It usually corresponds to a process where 

there is no exchange of heat or particles with its surroundings. 

3.6.2 NVT Ensemble 

NVT ensemble is also known as canonical ensemble and refers to a system where the 

number of particles (N), volume (V) and temperature (T) are conserved. Is it also known as 

constant temperature molecular dynamics since the temperature of the system remains 

unchanged throughout the simulation. This ensemble represents a system in thermal equilibrium 

with a heat bath at the prescribed temperature (T). A thermostat is used to add or remove energy 

from the MD system. Various types of thermostats like Nose-Hoover, Berendsen, Andersen etc. 

are available in MD. A discussion on the types of thermostats was presented earlier. 

3.6.3 NPT Ensemble 

Also known as isothermal-isobaric ensemble, NPT corresponds to a system where the 

number of particles (N), pressure (P) and temperature (T) remain unchanged over time. Similar 

to NVT ensemble, a thermostat is required to conserve temperature of the system. In addition, a 

barostat is needed to conserve the pressure. Different types of barostats have been discussed 

earlier. This ensemble most closely resembles the laboratory experimental conditions since most 

experiments are conducted under constant pressure and temperature. 

3.7 Boundary Conditions 

In order to obtain the bulk propertied from MD simulations, it is important to account for 
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the edge effects. One way of eliminating these edge effects is to simulate an extremely large 

system to ensure that the surfaces and edges have only a small influence on the properties. Due 

to computational expenses, this method is not feasible. The use of periodic boundary conditions 

facilitates the simulation of an infinitely large system while being computationally efficient. The 

simulation box is replicated throughout space to form an infinite large system, as shown in 

Figure 3.3 [53]. During the simulation, when the position of a particle in one box is updated, this 

change is replicated on that particle in all the boxes. Any edge effects are thus eliminated 

because when a particle leaves one box, an identical particle enters through the opposite face.  

 

 

 

 

 

3.8 Potential Functions 

Potential function plays a critical role in molecular dynamics simulations. Since 

accelerations of the atoms/particles are determined by the potential function, which in turn 

determine the updated velocities and positions of the atoms/particles, it is vital that the potential 

function is appropriately defined. Potential function is a mathematical description of the potential 

energy of a system of interacting particles. It characterizes the way interactions occur between all 

the particles in a molecular dynamics system. Quantum mechanical calculations and 

Figure 3.3: Schematic illustrating a 3D simulation box with 

Periodic Boundary Conditions in all directions 
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experimental observations are used to obtain the parameters in a potential function. Various 

potential functions can be defined to simulate various molecular systems such as biological, 

chemical, etc. The type of molecular system being used in a particular simulation dictates the 

exact functional form and parameters of the potential function. 

Quantum mechanics (QM) based methods provide a better description of the interactions 

in a system with many particles. However, doing purely QM based calculations on a large 

system becomes computationally unfeasible. In order to reduce the fully quantum descriptions to 

a potential function description involves the Born-Oppenheimer approximation, which allows the 

energy of the system to be written as a product of mutually independent functions of nuclear and 

electron coordinates [54]. Additionally, the nuclei of the atoms could be treated as point particles 

which follow Newtonian dynamics. In MD, the position and configuration of electrons within the 

shell of atoms are ignored and focus is entirely on the energy due to the position of nuclei with 

respect to each other. This facilitates the use of MD to simulate large molecular systems. The 

molecular force fields employed in MD algorithm are in general empirical fits to quantum 

mechanical calculations. In certain cases, the molecular dynamics algorithm is able to provide 

results as good as the highest quantum mechanical calculations, for a fraction of computer time 

[54]. 

The potential functions play a critical role in molecular dynamics simulations. Defining 

the correct potential function is very crucial since, the potential functions determine the 

acceleration of the atoms or particles, which is then used to update the positions and the 

velocities of all the atoms or particles in the system. There are many force fields available in 

literature, resourceful for simulating various types of systems. Traditionally, force fields with 

fixed bond topologies were used to model covalent systems by defining the bonds at the 
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beginning of the simulation and remain fixed throughout. Some of the common force fields used 

in such methodologies are, AMBER, OPLS, CHARM and COMPASS. The MD systems 

modeled using such force fields with their corresponding assumptions have been analyzed and 

proven to be appropriate for systems like polymers and proteins. However, these force fields are 

not adaptable to reactive systems, and they are not able to replicate the bond breakage and/or 

bond formation reactions in the MD system. So, to overcome this, reactive force fields are 

suggested to be used for material research, which allows us to study crack-formation, 

propagation and fracture. Reax Force Field (ReaxFF) is a reactive force field based on the bond 

order, developed by Adri van Duin et al. [55]. In this thesis, a bond order based potential 

function called Reactive Force Field (ReaxFF) is used. 

3.8.1 Reactive Force Field (ReaxFF) 

Traditional potential functions like OPLS are much simpler to use and are computational 

friendly, but they are unable to simulate chemical reactions since they lack the capability to 

simulate bond formation and bond breakage between the atoms. However, more recent potential 

functions like Reactive force field (ReaxFF), which is a bond order-based force field, allows 

continuous bond breakage and formation [55], and suits more closely to simulate material 

behavior under sustained loading. This advantage is used to serve the purpose of this dissertation 

more relevantly. ReaxFF uses the bond distance-bond order relationship on one hand and the 

bond order-bond energy relationship on the other, to simulate the proper dissociation of bonds to 

separated atoms. Valence terms like angle and torsion, present in the force field are also defined 

in terms of the same bond orders, which when the bonds break, goes to zero. Non-bonded 

interactions between the atoms, like van der Waals and Coulombic potentials, are also taken into 

consideration in the ReaxFF force field, thereby incorporating all the interactions presents in the 



 

26 

system. The ReaxFF parameters are derived from quantum chemical calculations on bond 

dissociation, reactions of small molecules, heat formation and geometry data of several stable 

hydrocarbon compounds.  

Similar to the empirical force fields like OPLS, the total energy of the system is described 

by ReaxFF as a sum of various partial energies as shown in Equation (3.9) 

Esystem = Ebond + Eover + Eangle + Etors + EvdWaals + Ecoulomb +Especific       (3.9) 

Each of these partial energy terms is a function of bond order, which depends on the 

interatomic distance. The dependency of Bond Order between two atoms i and j, to the 

interatomic distance between them, can be described as: 

2 5 6

1 3 5

0 0 0

exp exp exp

bo bo bop p p

ij ij ij

ij bo bo bo

r r r
BO p p p

r r r

          
     = + +     
               

                (3.10) 

Here, rij is interatomic distance, ro is equilibrium bond length and the pbe terms are 

empirical parameters obtained from fitting DFT computation. Bond-order has a value between 

zero and one.  It is evident that as the bond order goes to zero between two adjacent atoms, the 

energy of the covalent bond will also reduce to zero and the bond is about to break. 

 

 

 

Once the bond order is computed, all the partial energies are determined. For example, 

Figure 3.4: Schematic plot between Bond Order and Interatomic Distance 
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the bond energies can be computed using the formula given by, 

( ) ( )( )2

1exp 1 bep

ij e ij be ijE D BO p BO= − −                                   (3.11) 

where, BOij is the bond order for atoms i and j, De and pbe,1  are the bond parameters. All 

the other partial energies can be calculated using similar formulae based on bond order. Since 

interatomic distance is the only parameter governing all the energies, keeping track of bond order 

facilitates dynamic formation and breakage of chemical bonds. This attribute is extremely 

effective in simulating initiation and propagation of nanoscale cracks. One of the downsides of 

using ReaxFF compared to OPLS is the need for increased computational resources. 

3.9 Overview of LAMMPS 

The molecular dynamics simulations for this research have been performed using 

LAMMPS. It stands for large-scale atomic/molecular massively parallel simulator. LAMMPS is 

a free and open source software maintained by Sandia National Laboratories. It is a classical 

molecular dynamics code designed for simulating molecular and atomic systems on parallel 

computers using spatial-decomposition techniques. It can be used to model atoms or, more 

generically, as a parallel particle simulator at the atomic, meso, or continuum scale. LAMMPS is 

highly portable and can be run on a single processor or in parallel. LAMMPS runs from an input 

script. The input file starts with definitions of atoms, units and boundary conditions. A number of 

atom types are supported in LAMMPS like atoms, coarse-grain particles, metals, granular 

materials and more. Different unit systems, such as LJ, real, metal etc. are available in 

LAMMPS. The actual units of the physical quantities are dictated by the unit system defined in 

the input script. For example, time is measured in femtoseconds in real system while it is 
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measured in picoseconds according to the metal unit system. Boundary conditions can be chosen 

to be either periodic or non-periodic. 

Atomistic data is read from a data file. The data file consists of co-ordinates, bonds, 

angles and dihedral information for all atoms. Appropriate potential field coefficients, simulation 

parameters are also defined in the input file. LAMMPS supports numerous potential functions, 

including OPLS and ReaxFF used in this dissertation. Other parameters like temperature can also 

be defined along with appropriate ensemble conditions like NVE, NPT or NVT. The atoms in the 

MD system are contained in a simulation box. Any deformation applied to the box is transferred 

to the system of atoms. The deformation parameters are defined in the input file. LAMMPS 

allows to calculate time and spatial averages of physical quantities, such as temperature, 

pressure, energies, etc. The time-step and number of steps are also specified in the input file. 

Desired output parameters can be stored in separate text files at specified time-step intervals. 

LAMMPS has no inherent way of graphically analyzing the output files and so another tool 

called OVITO is used for that purpose. 

3.10 Open Visualization Tool (OVITO) 

In order to translate the raw output data from LAMMPS, Open Visualization Tool 

(OVITO) was used. It is a free, open source visualization and analysis software which can be 

used on all major operating systems. It was originally developed by Alexander Stukowski at 

Darmstadt University of Technology in Germany [41]. Apart from the ease of use, some of the 

other advantages of OVITO include support for multiple file formats, diverse analysis tools like 

color coding of atoms, slicing, bond analysis etc. The visualizations created in OVITO can be 

exported as high quality images and animations. 
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CHAPTER 4 

THEORETICAL BACKGROUND 

4.1 Flaw Size Insensitivity 

Postulating the existence of stress singularity at a crack tip in a material continuum, linear 

elastic fracture mechanics (LEFM) proposes a material property termed fracture toughness (i.e., 

KIc or GIc) to determine whether a brittle solid loses its load-carrying capability due to crack 

initiation and propagation. If there is a macroscale central crack in an finite width plate is 

subjected to remote uniform tension, the critical far-field stress required to initiate fracture, σcr, 

as a function of crack length, 2a, can be estimated by,   

                                            ,far field

2
cr

E

a

 



− =                                       (1) 

where, E is the Young’s modulus,  is 

the energy required per unit area to create a new 

fracture surface,   is a finite geometry 

correction factor, and w is the width of the plate. 

According to Eqn. (1), on the basis of fracture 

energy as a material constant, once the crack 

length, 2a, approaches nanoscale, the far-field 

critical stress (σcr) could exceed the theoretical 

strength (σth) of a perfect solid.  Because this is

Figure 4.1: Crack length effect at the 

nanoscale leading to a brittle to ductile 

transition 
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not physically admissible, the critical crack length can be calculated as [16,56],  
2

2
cr

th

E
a

 


=  ,  

which is the crack length below which the strength of nanoscale structures is governed by the 

theoretical strength and not by fracture energy, thereby triggering a brittle fracture to  strength-

based transition in the failure mode as schematically depicted in Fig. 1. For a centre-cracked 

graphene sheet of width w = 30 nm, assuming a Young’s modulus E = 471 GPa, surface energy 

 = 5.9 J/m2 and theoretical strength  σth  = 115 GPa, the critical half-crack length, cra ,  is 

calculated to be 0.1338 nm (1.338 Å) for  = 0.99.  Consequently, flaw-size insensitivity in a 

graphene sheet will only become evident for flaw sizes at or below 0.27 nm (2.7 Å), which is 

very small even by the standard of atomistic scale. However, for epoxy polymer, the critical 

crack length is calculated to be around 2560 nm or 2.5 microns, which is quite large from 

atomistic modelling viewpoint.    

4.2 Effect of non-locality in nanoscale 

While the above brittle to ductile transition and resulting flaw-size tolerance is postulated 

based on purely continuum mechanics considerations, there is an additional nanoscale rationale 

for deviation from LEFM.  As pointed out by several researchers, nonlocal interactions can give 

rise to a non-singular stress field near the crack tip leading to a strength-based failure criterion 

for isotropic [26] and for orthotropic materials [27]. They have shown evolution of finite stresses 

at the crack tip in nonlocal orthotropic continua for all the three fracture modes of fracture. They 

have also shown the existence of non-zero self-balanced tractions on the crack edges for both 

isotropic and orthotropic continua.  Because atomistic simulations are inherently non-local, it is 

likely that the resulting non-zero tractions along the crack face and finite stress concentration 

ahead of the crack-tip would lead to anomalous fracture behaviour deviating from the Griffith 
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theory.  

 

 

 

 

 

 

 

 

 

4.3 Quantized Fracture Mechanics 

Consider the fracture of a crystalline nanoscale linear elastic infinite plate in tension with 

a uniform thickness t, lattice spacing of a, crack tip radius  , and with a crack of length 2l 

orthogonal to the applied far-field (Mode I) stress.  The failure of the material is described by the 

fracture toughness and the critical far field stress at failure by the fracture quantum at the 

atomistic length-scale [10] 
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The implication here is that the flaw length, 2l, can only grow in discrete increments of 

the lattice spacing a, and hence can only be an integer function of a, that is, 2l= na. Therefore, 

Eqn. (4.3) mandates that the QFM based far-field critical stress is allowed to have certain 

discrete values corresponding to n =1,2 3 etc., with forbidden bands in between.  Of course, 

when 2l/a is large, and n tends to infinity, then QFM reverts to conventional continuum fracture 

Figure 4.2: Nonlocal effect at nanoscale  
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mechanics. By tracking the bond order at the crack tip and computing the critical value of J-

integral at the crack tip at successive bond breakage during crack growth, atomistic J-integral 

should be able to provide clear evidence for the quantized fracture effect as discussed later in this 

paper. In this context, our proposed approach is more robust and accurate than the approach 

employed by Dewapriya et al [12] using J-integral, because they assumed that carbon-carbon 

bond breakage in an armchair graphene sheet occurs at 15% strain and did not use the reduction 

of bond order to zero to ensure bond separation. 

4.4 Different modes of fracture and their continuum quantification 

Fracture can be defined as the separation of a structure into two or more pieces when 

subjected to mechanical loading. It is associated with the development of a displacement 

discontinuity in the structure followed by crack growth. When the direction of loading is 

perpendicular to the direction of crack growth, it is called mode I fracture (see Figure 4.3), which 

will be the fracture mode studied in this research. 

 

 

 

 

 

 

 

Fracture can be characterized through parameters such as strain energy release rate (G), 

stress intensity factor (K), and the J-integral (J). The critical values of these parameters represent 

the fracture strength of a material. Once the critical value is reached, crack initiation occurs in 

Figure 4.3: Three modes of fracture  
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the material. While G and K are widely used to characterize fracture, they are applicable only in 

the linear elastic range of the stress-strain response of the material. On the other hand, J-integral 

is identical to G in the linear range but has the advantage of being applicable in the nonlinear 

range as well as being contour path independent. Also, the critical value of J-integral at crack 

initiation is directly related to fracture toughness of the material, while the value of J as a 

function of crack length during crack growth provides the resistance of the material to crack 

growth, or R-curve. The applicability of J-integral for characterizing fracture is discussed in 

Chapter 2. Based on these advantages, J-integral was used as fracture criterion at the nanoscale 

in this research. 

4.5  J-integral and its atomistic evaluation methodology  

This study employs MD simulations to compute atomistic J-integral, in order to quantify 

the influence of nano-fillers (such as graphene platelets) on fracture toughness of a polymer. The 

concept of J-integral was developed by J R Rice [28]. In conventional macro-scale fracture 

mechanics, the total J-integral vector (JT), defined as the divergence of the Eshelby energy-

momentum tensor [33] (as shown in Eq. (4.4)), has been used to quantify the crack driving force 

available from thermo-mechanical loading as well as material inhomogeneities. 

Ω Ω

( Ψ )T US dA H P dA 

 

= = − = − 
T

J N N N J J                      (4.4) 

In Eq. (4.4), S  is the Eshelby energy-momentum tensor, Ψ  is the free energy density, H  

is the displacement gradient tensor, P is the first Piola-Kirchhoff stress tensor, N is the outward 

normal to the surface Ω  along which contour the J-integral is being evaluated, JU is the 

contribution to J-integral due to internal energy (U), and Jη is the entropic contribution (JU and Jη 

will be discussed in detail in following sections). Here it is assumed that ensemble average *  is 
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approximated by the time average of the quantity over a sufficiently long period of time. The 

critical value of scalar component Jk at crack initiation is related to the fracture toughness of the 

material, where the subscript k denotes Cartesian components of the J vector (k=1, 2, 3) in three-

dimensions and these components are related to but are not the same as the three primary fracture 

modes. Specifically, 1
I II IIIJ J J J= + +  and ( )2 2 I IIJ J J= − , where subscripts imply Cartesian 

components of the J-vector, and the superscripts imply standard fracture modes [57]. In the 

absence of Mode III, i.e., for purely in-plane deformation, the above equations can be solved to 

obtain the individual fracture modes from the cartesian components of the J vector as given by,

2 2
I 1 1 2J J J

J
2

 −
= , and 

II I
1J J J= − . Therefore, the Cartesian components of the J-integral 

can be used as a suitable metric for estimating the crack driving force as well as the fracture 

toughness of a material as the crack begins to initiate, for Mode I, Mode II and for mixed mode 

fracture processes undergoing proportional loading. However, for the conventional macroscale 

definition of the J-integral to be valid at the nanoscale in terms of the continuum stress and 

displacement fields (and their spatial derivatives) requires the construction of local continuum 

fields from discrete atomistic data and 

using these data in the conventional 

contour integral expression for J, as given 

by Eq. (4.4) [18,33]. One such 

methodology was proposed by Hardy 

[36], that allows for the local averaging 

necessary to obtain the definition of free 

energy, deformation gradient, and Piola-

Figure 4.4:  Illustration of a localization box 

with atom α inside and atom β outside the box 
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Kirchoff stress as fields (and divergence of fields) and not just as total system averages. The 

formulae used for evaluating each term on the R.H.S. in Eq. (4.4) from MD simulations are 

given below. The energetic component of total J (JU) is computed using the formula,   

                                  
Ω

( U )T
U H P dA



= −J N N                (4.5) 

In order to facilitate J-integral computation using discrete atomistic data, localization 

boxes (as shown in Figure 4.4) are constructed along the integral contour the position of an atom 

with respect to the box determined the value of localization function. The localization function 

has to satisfy the following conditions: 0  and
Ω

1dV = . The localization function used in this 

work is given by Eq. (4.6). 

( )

2 2

1
   

2 2

2 2

      0

x x
I I

y y

I I

x y z

z z
I I

L L
X X X

L L
if Y Y Y

L L L

L L
Z Z Z











−   +




−   +
− = 


−   +




X X     (4.6) 

where, xL ,
yL and zL are the dimensions of the localization box and IX , IY and IZ are the 

coordinates of the centroid, as illustrated in Figure 2. The terms required for computation of JU 

can now be defined as, 

( ) ( ) ( )
1 1

, ( ) ( )

M

I I I R

I

K

U t N t U 




 

= =

= − −X X X X X       (4.7) 

( ) ( ) ( ) ( )
1 1

, , ( )

MK

I I I

I

H t t N t






= =

=  =  − α
x xX u X X X X u  (4.8) 
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( ) ( )
1

1
,

2
= 

= − 
M M

P t B  

  

X f X X    (4.9) 

In Eq. (4.7), 
α  is atomistic potential of atom  , ( )RU X  is the reference potential 

energy density of atom   at 0 K,   is the Hardy localization function, M  is the number of 

atoms in the localization box and IN ( )X are interpolation functions, with I=1,K, where K is the 

total number of nodes. In Eq. (4.8), ( ), tu X  is the displacement vector. In Eq. (4.9), 
f is the 

vector representing the force between atoms  and  , 
X is the vector representing the 

difference in their positions, and B  is the bond function defined by Hardy [36]. Detailed 

derivation of Eq. (4.7), Eq. (4.8) and Eq. (4.9) follows. 

4.5.1   Evaluation of energy density field (U):  

( ) ( )( ) ( )
1

,

M

XU t t  



  

=

= − −X X X                    (4.10) 

( ) ( ) ( ) ( )
1

,

M

RU t t U 



 

=

= − −X X X X                        (4.11) 

where, α is atomistic potential, X
  is the reference potential energy density of at 0 K, 

is the localization function, ( )RU X  is the reference potential energy density of atom   at 0 K. 

Defining, 

( ) ( ) ( )
1

,

M

I I I It t 




  

=

= −X X X                                 (4.12) 

( ) ( ) ( )I

1

, ,

K

I I

I

t N t 

=

=X X X                                  (4.13) 

where, ( )IN X  are the interpolation functions (discussed later). Substituting (4.12) and 

(4.13) in (4.10), 
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( ) ( ) ( ) ( )
1 1

), (R

K M

I I I

I

U t N Ut 




 

= =

= − −X X X XX             (4.14)  

where, M is the number of atoms in the localization box and IN ( )X are interpolation 

functions, with I=1, K, where K is the total number of nodes 

4.5.2 Evaluation of Displacement gradient ( H ): 

( ) ( ) ( ) ( )I

1

, ,

K

I

I

H t t N t

=

=  =  x xX u X X u                                (4.15) 

( ) ( ) ( ) ( )
1 1

,

K M

I I I

I

H t N t






= =

=  − α
xX X X X u                           (4.16) 

where, ( ), tu X  is the displacement vector of atom  , M is the number of atoms in the 

localization box and IN ( )X are interpolation functions. 

4.5.3 Evaluation of First Piola-Kirchhoff Stress:  

The bond function is used to account for the interatomic forces where one atom is inside 

the localization box and the other one is outside. In such cases, only the fraction of the bond 

length inside the localization box is used for force computations. The bond function can be 

defined as, 

( ) ( )( )( )
1

0

  1B d    = − + − − α βX X X X                                     (4.17) 

where, λ goes from 0 to 1 if β is inside the box. Otherwise only till the fraction of 
X

inside the box.  

Setting     = + −  = −r X X X dr dX and taking derivative of ( )   + −X X X  with 

respect to λ, 

( ) ( ).
r

r X

     
 

 

       
= = − = −  + −    

       
xX X X X X             (4.18) 
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Integrating the above equation with respect to λ from 0 to 1, 

( )
1 1

0 0

.d d  
   




= −  + −

 xX X X X                                 (4.19) 

( ) ( ) ( ). B    − − − = − xX X X X X X                           (4.20) 

From the definition of momentum density, 

( ) ( ) ( )0

1 1

M Md d
m m

dt dt


     

 

  
= =

= − = + − 
V V

X X f b X X        (4.21) 

From internal force term, 

( ) ( ) ( ) ( )
1 1 1

1

2

M M M M M
      

      

   
= =  = 

 − = − = − − −
   f X X f X X f X X X X  (4.22) 

Substituting (4.19) & (4.20) in (4.21), 

( ) ( )0

1

1
.

2

M Md
B m

dt

     

  

 
= 

  
 = −  + −  

  
  x

V
f X X b X X            (4.23) 

( ) ( )0

1 1

1
.

2

M M Md
X m

dt

     

   

 
=  =

  
=  −  + − 

  
 x

V
f X B b X X            (4.24) 

From momentum balance equation,  

0 0.
d

P
dt

 =  +x

V
b                                                   (4.25) 

Comparing (4.24) and (4.25), 

( ) ( )
1

1
,

2

M M

P t B  

  = 

= − X f X X                                (4.26) 

The expression for bond function is defined as follows. Considering a localization box as 

shown in Figure 4.5 with one atom ( ) inside the box and another atom (  ) outside the box. 

To scale the influence of the atom outside the box, a new position of atom  is determined as, 

If 11
2

I XL
X X  + then 11

2

N I XL
X X = +  else 1 1

NX X =  

If 11
2

I XL
X X  −    then 11

2

N I XL
X X = −  else 1 1

NX X =  
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If 22
2

I YL
X X  +    then 22

2

N I YL
X X = +    else 2 2

NX X =  

If 22
2

I YL
X X  −  then 22

2

N I YL
X X = −  else 2 2

NX X =  

If 33
2

I ZL
X X  +  then 33

2

N I ZL
X X = +  else 3 3

NX X =  

If 33
2

I ZL
X X  −   then 33

2

N I ZL
X X = −  else 3 3

NX X =  

where the superscript ‘N’ denotes the new value of the position and xL , yL , zL  are the 

dimensions of the localization box and I is the centroid of the localization box. Now, 

If 31  0i iX X  −−   then 1iR =  else 

( )
( )

11

1

11

NX X
R

X X

 

 

−
=

−
 

( )
( )

22

2

22

NX X
R

X X

 

 

−
=

−
 

( )
( )

33

3

33

NX X
R

X X

 

 

−
=

−
 

If 1 2R R  then 1R R= , else 2R R= . If 3R R  then 3R R=  

Then, bond function is given by 

                                                    
X Y z

R
B

L L L

 =                                             (4.27) 

4.6 Atomistic J-integral at Finite Temperature:  

From statistical mechanics, the Helmholtz free energy density is given by [25], 

Ψ U T  Bk T
Log Z

V
= − = −                                        (4.28) 

 where U is the internal energy density, T is the temperature,  is the entropy density, V is 

the volume of the ensemble, Bk is Boltzmann’s constant  and Z is the partition function of the 
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atoms occupying the region. Note that the general definition of free energy density   includes 

the entropy term and therefore is valid for finite temperature applications of the atomistic J-

integral. The conventional definition of J-integral under isothermal condition does not consider 

the entropic contribution to the free energy, and consequently, may lead to significant over-

estimation of the J-integral at the atomistic level at elevated temperature. As alluded to in Eq. 

(4.4), total J-integral at a finite temperature is given by 

UTJ J J= −                           (4.29) 

In Eq. (4.29), JU is the value of J-integral without considering entropic contribution and is 

given by Eq. (4.5) and J  is the entropic contribution. It is evident that at 0 K, the T  in Eq. 

(4.28) is absent and hence, the equation for JU can be used to compute JT. However, at higher 

temperatures, T term can have significant contribution due to thermal excitation of the atoms 

leading to a reduction in JT. Entropic contribution J can be quantified for a defect free 

crystalline material using the local harmonic (LH) approximation and is given by given by Eq. 

(4.30) [18].  

3

log detB
LH

B

J
k T

D NdA
V k T




=
  
  
   

                                        (4.30) 

In Eq. (27), Bk is Boltzmann’s constant, is Planck’s constant, V is volume of the atom, 

T is the absolute temperature, and DLH is the dynamical matrix based on the LH approximation 

of atoms vibrating within a defect-free crystal lattice. The LH approximation is essentially an 

Einstein model of the vibrational frequencies and has been used extensively in MD-continuum 

coupling. As shown in Eq. (4.30), computation of the dynamical matrix is necessary to quantify 

the entropic contribution to J-integral. At elevated temperatures, there is significant random 

thermal vibration of the atoms about their mean position (not to be confused with the motion of 
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atoms due to propagating stress waves) and the vibrational modes of the lattice are given by the 

eigenvalues of the dynamical matrix. The procedure to compute dynamical matrix is discussed in 

the next section.  

 4.6.1 Evaluation of dynamical matrix (DLH) 

     From statistical mechanics, the dynamical matrix required for quantifying entropic 

contribution to J-integral is given by [18]), 

2 N
P

LH P2
PP P P

r1 1
D '(r )

2mV u m u r





 

  
= = 

 
                                               (4.31) 

where, 
N N

0

1
(r )

2V


 

 =   is the potential energy of the crystal per unit volume,  r is 

the vector  representing the average interatomic distance between atoms  and , and r  is its 

magnitude . Because we are dealing with a single atom in the representative volume element 

(RVE) because of the LH approximation, atom α is designated as atom P. In Eqn. (4.31) ,  Pu  is 

the displacement vector representing random thermal motion of atom P about its mean position, 

m is the atomic mass,  (r) is the pairwise potential, V is the volume of the undeformed crystal 

lattice containing N atoms, 
Pr is the position vector of atom β measured from the position of the 

generic atom P, and prime denotes P

P

( r )

r









.Using the chain-rule of differentiation, Eq. (4.31) can 

be expressed as, 

P P P P

LH P P

P P P P P P

r r r r1 1
D ( ''(r ) '(r ) [I ])

m r r r r r

   

 

     

=   + −             (4.32) 

where, I is identity tensor. Using data from MD simulations in Eq. (4.32), the dynamical 

matrix can be evaluated which can then be used to compute the entropic contribution to J-
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integral using Eq. (4.30). For example, consider a pairwise potential given by,   

                   
0

2

P P(r) K( r r )  = −                                                  (4.33) 

where, K is the energy constant and 
0Pr  is the equilibrium interatomic distance. The 

position vector of an atom  in rectangular Cartesian coordinates is given by 

 

P P P
ˆr x i y j z k   = + +                                                              (4.34) 

And its magnitude is 

2 2 2

P P Pr x y z   = + +                                                             (4.35) 

The terms required for evaluation of DLH can then be written as,  

2

P P P P P

2 2 2

2

P P P P P

2 2 2

2

P P P P P

2 2 2

x x y x z

r r r

r r x y y y z

r r r r r

x z y z z

r r r

    

  

      

    

    

  

 
 
 
 
  =
 
 
 
 
 

      (4.36) 

2

P P P P P

2 2 2

2

P P P P P

2 2 2

2

P P P P P

2 2 2

x x y x z
1

r r r

r r x y y y z
I 1

r r r r r

x z y z z
1

r r r

    

  

      

    

    

  

 
− − − 

 
 
 −  = − − −
 
 
 
− − − 
 

     (4.37) 
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2

P P P P P

2 2 2

2

P0 P P P P P

2 2 2

2

P P P P P

2 2 2

x x y x z
1

r r r

r r 2k(r r ) x y y y z1
'(r) [I ] 1

r r r r r r r

x z y z z
1

r r r

    

  

        

      

    

  

 
− − − 

 
 

−
  −  = − − −
 
 
 
− − − 
 

 (4.38) 

2

P P P P P

2 2 2

2

P P P P P

2 2 2

2

P P P P P

2 2 2

x x y x z

r r r

r r x y y y z
''(r) 2k

r r r r r

x z y z z

r r r

    

  

      

    

    

  

 
 
 
 
   =
 
 
 
 
 

 (4.39) 

Substituting Eq. (4.38) and (4.39) in Eq. (4.32), the final for evaluation of DLH can then 

be written as,  

       

2 2

P P P P P P P P P P

2 2 2 2 2 2

2 2

P P P P P P0 P P P P P

LH 2 2 2 2 2 2

2

P P P P P P P P P P

2 2 2 2 2

x x y x z x x y x z
1

r r r r r r

x y y y z 2k(r r ) x y y y z1
D 2k 1

m r r r r r r r

x z y z z x z y z z
1

r r r r r

         

     

           

      

         

    

 
− − − 

 
 

−
 = + − − −
 
 
 

− − − 
 

P

2

2r





  
  
  
  
  
  
  
  
   

  


(4.40) 

Bond order based ReaxFF potential was used to obtain the effective dynamical matrix 

was attempted. However, the second derivative of the potential energy ( '' ) came out negative 

for a large portion of the deformation domain, resulting in complex determinant of the dynamical 

matrix. This might be attributed to inaccurate phonon dispersion behavior simulated in graphene 

due to certain ReaxFF parameters and will be the subject of future investigation. For the present 

consideration, a harmonic potential of the form given in Eqn. 4.33 was fitted to the bond order 

based ReaxFF potential using least squares as shown in Figure 4.5. The value of the energy 

constant, K obtained from the fit is 219 Kcal/mole at 300 K and was used for the determination 
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of the DLH matrix shown in Eqn. 4.41. 

4

LH

1.233 0
D x10

0 1.233

 
=  
 

   Kcal/(g. Å2 )                    (4.41) 

 

 

 

 

 

 

 

 

The determinant of the 2x2 DLH matrix ( det LHD  ) thus obtained is 1.52 x 108, and was 

input to equation 4.30 to evaluate the entropic contribution to the atomistic J –integral. 

4.7 Numerical Evaluation of Atomistic J-integral:  

Numerical integration through Gaussian quadrature was employed to evaluate atomistic 

J-integral using the equations given in previous sections. The J-integral contour around the crack 

is divided into seven segments and each segment is further divided into localization boxes, as 

shown in Figures 4.6 and 4.7. The discrete atomistic values of potentials and displacement 

gradients obtained from MD simulations were converted into field quantities using the finite 

element type interpolation functions for a nine node element (given by Eq. (4.42), in terms of 

element local co-ordinates   and  ) (i.e., set K=9 in Eq. (4.8) and (4.9)) 

Figure 4.5: Evaluation of ReaxFF equivalent energy constant K  
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                    (4.42) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.6: Gaussian quadrature points along the integration contour depicting  

localization boxes on one arm 
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For example, the energetic part of the J-integral vector for the segment AB is given by,  

ˆ ˆ( )

b

T
AB

a

h UN H PN dY= −J                                             (4.43) 

Referring to Figure 4.8, assuming, 1 2Y C C= + and applying boundary conditions, 

( )1 21a C C= − + and ( )1 21b C C= + , leads to 1 ( ) / 2C b a= − and 2 ( ) / 2C b a= + . Hence,  

1
2

b a
dY C d d 

− 
= =  

   

1

1

1

ˆ ˆ(   )T
AB h UN H PN C d

−

= −J

 

( ) ( ) ( )1

1

ˆ ˆ
GN

T
AB k k k k

k

C h U N H P N w  

=

 = −
 J

 

( ) ( ) ( )1

1

ˆ ˆ
GN

T
AB k k k k

k

C h U N H P N w  

=

 = −
 J

 

Figure 4.7: 9-noded Finite Element framework for computation at the Gauss Points  
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( ) ( ) ( )1

1

ˆ ˆ
GN

T
AB k k k k

k

C h U Y N H Y P Y N w

=

 = −
 J

 

where, 1 2k kY C C= + , k are the Gaussian quadrature points, and kw are the corresponding 

Gaussian weights , and NG is the number of gauss points used in the numerical integration. 

J-integral can be calculated using this procedure at all Gaussian quadrature points along 

each segment, and then summed. Details regarding the graphene sheet used, simulation 

parameters and simulation results are presented in the next chapter . 

K (MPa.m1/2) 

JI (J/m2) 

AB CD FG BC GA 

0 0 0 0 0 0 

1.809137 1.465201 
-0.93596 

-0.34054 
0 

0 

2.177237 8.965188 
-1.30577 

-1.04356 
0 

0 

2.913241 21.26553 
-5.0284 

-4.53839 
0 

0 

 

 

Table 4.1 Sample values of J-integral computed along one path for graphene at 300 K 
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CHAPTER 5 

MODELLING AND SIMULATION 

The modelling and simulation of the nano-graphene sheet is performed by passing 

through a few modules and steps controlling essential molecular parameters which will be 

explained below. Periodic boundary condition is maintained in all three directions throughout the 

procedure. 

5.1 Modelling module  

A pristine graphene sheet was modelled with height of 20 nm and width of 30 nm with 

zigzag edge morphology as shown in Figure 

5.1. The width was selected to ensure that the 

tip of the crack introduced in the graphene 

sheet would not experience spurious 

interaction effects due to the periodic 

boundary condition. The pristine graphene 

sheet consists of 23,616 atoms and was 

modeled using Virtual Molecular Dynamics 

(VMD) software [58].  

5.2 Energy-minimization module   

The entire graphene system needs to be taken to the most stable equilibrium state 

Figure 5.1: Modelled graphene sheet in VMD   
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corresponding to its minimum energy configurational state. The energy minimization was done 

in LAMMPS using it’s built in Steepest Descent (SD) algorithm. The minimization process was 

conducted in 0.5 pico-second (5000 steps with timestep size of 0.1 femtosecond). The 

temperature of the system approached 0 K, and the configuration attained the most stable state 

feasible in this module. 

5.3 Thermal equilibration module    

The temperature of the energy-minimized graphene sheet is at 0K. However, the 

isothermal straining simulation needs to be performed at room temperature. Consequently, the 

temperature of the graphene system is elevated through a steady stepped-equilibration process in 

this module for NPT ensemble conserving number of atoms (N), pressure (P) of magnitude 1 bar, 

and specified temperature (T) for each step of equilibration. NPT equilibration allows stress-free 

volumetric expansion of the system throughout this module. The said stepped equilibration was 

conducted by resting (equilibrating all energies) the system at each of the temperatures 10K, 

20K, 30K, 60K, 90K, 120K, 150K, 180K, 210K, 240K, 270K for 0.8 picosecond (8000 steps 

with time-step 0.1 femtosecond) and finally at 300K for 5 picoseconds (50000 steps with time-

step 0.1 femtosecond). A stable energy state corresponding to 300K is achieved along with 

complete absence of any thermally induced out-plane distortions in the graphene sheet after this 

module. This energy-minimized and thermally equilibrated configuration will now be subjected 

to the isothermal uniaxial tensile straining at 300K. 

5.4 Modelling discrete crack for defected sheets   

For modelling the crack of a specific geometry, selected number of lattices was removed 

from the system producing nano-slits at the center of the sheet as shown in Figure 5.2. During 

inclusion of vacancy, there are chances of rearrangement of bond forces for which the system 
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needs to be re-equilibrated in an NPT environment at 300K for 0.3 picosecond. 

 

 

 

 

 

 

 

 

 

 

 

5.5 Isothermal uniaxial tensile straining module   

A steady, step-wise, isothermal uniaxial tensile strain was applied to the system in NVT 

environment at 300 K temperature at a strain rate of 1.5 picosecond-1. Virtual non-periodicity 

was imposed in boundary condition along X-direction of the system by including small gaps on 

each side between the simulation box and the vertical edges of the MD model, to safeguard 

against interactions between adjacent cracks.  

During the deformation of the simulation box in the Y-direction, there are risks of 

eccentric straining due to geometric non-collinearity of top and bottom edges of the atomic 

system at elevated temperature of 300K due to asymmetrical thermal motion. Consequently, 

“end-grips” were added into the MD system both along the top and bottom edges (shown by 

green boxes in Fig. 5.3). For this purpose, the atoms belonging to the so-called end-grip zone 

Figure 5.2: A30.59 Å crack is created at the center of the sheet removing 11 hexagonal lattices. 

X-Y coordinates are shown in the box on left. 
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were pre-defined to have zero relative velocity along the Y-direction thereby inducing the 

required rigid body motion in that zone. The end-grips were 10.76 Å wide and consisted of 1250 

atoms on each side (top & bottom) as shown in Figure 5.3. The end grips were located with their 

centers 96.8Å away from the center of the sheet. 

 

 

 

 

 

 

 

 

 

 

 

For the fracture simulations, strain along the Y-direction was ramped up in piecewise 

linear steps, with relaxation time in between steps to allow equilibration of the system. For the 

first ramp step, the simulation box was deformed at a prescribed strain rate of 1.5 x1012 sec-1 over 

500 time-steps, with each time-step being 0.2 femtosecond. This was followed by relaxation over 

the next 499 steps (i.e. 99.8 femtoseconds) to allow for equilibration of energy before the next 

straining step. The process was repeated for subsequent ramp/relaxation steps until fracture of 

the graphene sheet occurred. In order to ascertain the effect of strain rate on the fracture process 

in graphene, different strain rates and relaxation times were employed. It was observed through 

rigorous simulations that the fracture process for graphene was relatively independent of strain 

Figure 5.3: A typical center-cracked sheet undergoing isothermal tensile straining  
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rate if the relaxation ratio, defined to be the ratio of relaxation time to the strain rate, was kept 

constant.  

5.6 Post-processing module   

Virial stress outputs were obtained from LAMMPS after each simulation. From the 

definition of virial stress, it comprises of both potential (configurational) and kinetic (thermal) 

terms. Consequently, the viral stress at the beginning of the deformation was non-zero due to the 

presence of residual thermal stress in the graphene sheet.  Hence, during post-processing, the 

initial magnitude of virial residual stress was subtracted from the final residual stress to obtain 

the Cauchy stress at any given point.  In this work, continuum interpretation of stresses 

corresponds to the volumetric average of far-field Cauchy stresses. Therefore, a Cauchy stresses 

were sampled within a zone 86Å away from the center of the sheet as shown by red boxes in Fig. 

5.3. The geometry of the far-field zone is 10Å in height consisting 1196 atoms on each side (top 

& bottom) as shown in Figure 5.3. 
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CHAPTER 6 

RESULTS AND DISCUSSIONS 

The results and discussions of all the MD simulations and post-processing are hereby 

presented in this chapter. 

6.1 Isothermal Straining  

Various cases were simulated with different initial lengths of the center crack in a single 

graphene sheet to study the atomistic predictions and compare them with LEFM predictions. At the 

atomistic scale, crack lengths cannot be selected arbitrarily, and are directly related to the number of 

atomic lattices removed from the graphene sheet. Table 6.1 shows the length of crack (2a ) created by 

the removal of different number of lattices from the center of the sheet. 

TABLE 6.1. Relationship between lattice removal and crack length 

No. of removed lattice ‘n ’ Length of created crack ‘ 2a ’ (Å) 

Pristine (n=0) 0 

Single-atom defect 2.78 

1 4.90 

3 9.94 

5 15.17 

7 20.41 

9 25.5 

11 30.50 
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 Snapshots of the failure simulations for n=0 (initially pristine sheet) and n=11 (large initial 

crack) cases are shown in Figure 6.1. Figures 6.1(a) and 6.1(b) shows the initial states of both cases 

while Figures 6.1(c) and 6.1(d) show their states after peak stress is reached and they start failing under 

mode-I uniaxial tensile strain loading in the Y-direction. As it can be observed, the pristine system with 

no initial defect exhibits a random damage induced failure at the edge at a strain of 23%. On the other 

hand, a steady self-similar crack growth was observed for the n=11 case, in conformance with LEFM. 

Sharp crack propagation leading to brittle failure is observed for this case since it starts failing at about 

only 6% applied strain. It should be noted that the initial crack length of about 30Å is approximately 

10% of the total width of the graphene sheet, and therefore the crack tip should not experience 

spurious edge effects. 

For the pristine sheet, the failure stress is found to be 108.24 GPa which is in good 

Figure 6.1: a) n=0 initial state; b) n=11 initial state; c) n=0 after failure; d) n=11 after failure 

a b 

c d 
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agreement with published the value of 115.05 GPa [59] for graphene. This yields a value of 

Young’s modulus of 471.3 GPa. This value of Young’s modulus was consistently used 

throughout all the post processing computations.  

The Y-direction stress vs. strain plots for n=0 (pristine) and n=11 cases are shown in 

Figures 6.2(a) and 6.2(b) respectively (see blue line). For the pristine sheet, a crack tip does not 

exist, and hence crack-tip bond order could not be shown in the stress strain plot. The green line 

in Figure 6.2(b) shows the evolution of the Bond Order between two atoms at the crack tip of the 

sheet with n=11. The bond order is calculated using equation (3.10). As the bond stretches and 

ijr  increases with the application of tensile strain, the bond order is steadily reduced and 

approaches zero when bond failure occurs, as shown in Fig. 6.2(b).  It is interesting to note that 

far-field stress (blue line in Fig 6.2(b)) reaches a peak value just before the bond order at the 

crack tip reduces to zero, signifying failure initiation.  Crack initiation and subsequent failure of 

the sheet occurs following the peak stress level. The appearance of peak stress where crack-tip 

bond order reduces to zero, establishes bond order as an effective indicator of failure initiation in 

a covalently bonded material system undergoing fracture. 

Figure 6.2: (a) Far-field stress (blue line) as a function of applied strain for n=5. (b) Far-

field stress (blue line) as a function of applied strain for n=11. Failure occurs when bond-

order goes to zero as shown by the green line. 
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6.2 Length-scale effect of flaw size in nanoscale  

The critical far-field stresses were evaluated for graphene sheets with different initial crack 

lengths using MD simulations. From linear elastic fracture mechanics (LEFM) using modified 

Griffith’s formulation given in equation (4.1), the corresponding far field stress for a given initial crack 

length was computed for comparison with MD data. These comparisons are plotted in Figure 6.3 for 

different crack lengths. For LEFM predictions, a Young’s modulus E of 471.3 GPa, surface energy of 

graphene  of 5.9 J/m2 as published in the literature [14], and width of the sheet w as 30nm were used. 

The theoretical value of cra was computed to be 1.5Å as stated earlier. 

 

 

 

 

 

 

 

 

 

 

It can be seen that as crack length decreases in Figure 6.3, the critical far-filed stress 

predicted using MD (red curve) closely agrees with LEFM predictions (blue curve) until it 

reaches a crack length of ~1.5 Å. Below the critical crack length of 1.5 Å, a significant difference 

is observed between MD and LEFM predictions, primarily due to the transition from brittle 

fracture to strength-based failure in the graphene sheet, thereby rendering LEFM predictions 

Figure 6.3: Stress at failure for each case of initial half-crack lengths 
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invalid in that regime.  It is notable that the critical crack length of 1.5 Å from MD simulations 

agrees well with the theoretical prediction of 1.3 Å obtained from eqn. (4.2).  

Based on this atomistic study it can be inferred that for materials having lower theoretical 

strength (like polymers) will have a higher value of cra , thereby exhibiting considerable deviation 

from LEFM predictions over a larger domain of crack lengths. 

 

6.3 Comparison with QFM predictions  

As shown in Figure 6.4 the far-field stress for a center-cracked graphene sheet obtained using 

QFM ( QFM ) is plotted as a function of n. For 0 = i.e. sharp crack tip, equation (4.3) reduces to the 

equation for LEFM prediction of far-field stresses with initial crack length of l+a/2 . Hence, the LEFM 

prediction is also plotted and shown in Figure 6.4 (green curve). For atomistic predictions of quantized 

far-field stresses, an algorithm was developed to regulate a real-time detection and monitoring of the 

crack tip during crack growth and stress reduction after the failure is initiated. With every bond 

breakage and updated crack tip atoms, the far-field atomistic stress was computed in far-field zone and 

plotted which is shown in Figure 6.4 for comparison with LEFM and QFM predictions. 

Figure 6.4 depicts good agreement between QFM, LEFM and atomistic (MD) predictions. The MD 

data also verifies the QFM premise that at the atomistic scale far-field critical stress is allowed to have 

certain discrete values corresponding to n =1, 2, 3 etc., with forbidden bands in between, unlike the 

continuous curve given by LEFM (in green). The likely reason for the consistent deviation of QFM 

data points from LEFM prediction is due to the radius of the crack tip assumed in QFM. 

 

 

 



 

58 

 

 

 

 

 

 

 

 

 

6.4 Non-local effect in nanoscale  

As discussed in Section 1.4, non-local effects at the nanoscale due to long-range 

interatomic forces can also cause significant 

disagreement of atomistic predictions from that of 

local continuum-based theories, such as, LEFM. The 

two aspects that were investigated in this  thesis is the 

existence of finite stress at crack tip and finite traction 

at crack face at the nanoscale for the nanographene 

subjected to uniaxial tension.  

The stress field ahead of the crack tip along 

the width of the symmetric nanographene sheet at about 6% strain is plotted (blue curve) in Fig. 

10 along with the near-tip LEFM stress field prediction (green curve). The influence of non-

locality in nanoscale (MD) is manifested in the existence of finite stress of around 90 GPa at the 

crack tip in contrast with the infinite stress at the crack tip predicted by LEFM theory. The 

convergence of the MD stress field to the far-field stress (red-dashed line) applied to the 

Figure 6.4: Accuracy of atomistic predictions in computing quantized far-field 

stresses  

Figure 6.5: Existence of finite valued 

stress at crack tip 
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graphene system as one moves away from the crack tip, confirms the consistency of the MD 

result. 

Similarly, the average traction on the crack-face from MD is also evaluated to establish 

the existence of non-local tractions along the supposedly stress-free crack faces. The average 

traction at the crack face is computed from the temporally and spatially averaged virial stress 

tensors of the atoms in similar fashion as described in the previous paragraph. Subsequently, the 

total traction force is computed by multiplying 

the average stress with the total area of the 

crack face to evaluate a strain-based time-

history of the total traction force as shown in 

Fig. 6.6. Figure 6.6 clearly shows the disparity 

between total traction forces from MD (blue   

curve) and the traction free LEFM (green line) 

results at the crack face. Note that the total 

traction force on the crack face predicted by MD 

decreases at crack initiation due to an increase in crack length relative to the cut-off radius for 

viral stress computation. In the limit, as crack length becomes very large compared with the cut-

off radius (i.e., a macro-scale crack), effectively traction-free crack surface is achieved as 

predicted by LEFM.  Appearance of finite traction along the crack face from atomistic 

predictions again demonstrates the existence of non-locality at the nanoscale in contrast to the 

traction-free consideration of local continuum-based LEFM theories. 

6.5 Atomistic J-integral with and without the effect of entropy 

This section will focus on evaluation of atomistic J-integral following the procedures described 

Figure 6.6: Evolution of finite traction at the 

crack face 
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in sections 4.5 and 4.6.  Convergence studies were carried out to ensure the accuracy and robustness of 

these procedures. 

6.5.1 Choice of box size  

Each of the five arms of the J-integral contour as shown in Fig. 4.6 consists of three Gauss-

points (i.e. ng = 3) for computation of the integral along the respective arm through Gaussian 

quadrature. The computation at each of those Gauss-points can be carried out using Hardy’s 

localization function over the domain of localization-box with the particular Gauss-point as its centroid. 

The size of the so-called ‘localization box’ is an important parameter which affects the value of J-

integral significantly. Too small a size of the box results in carrying out FEA over very small number 

of atoms for computation at a Gauss point resulting in inaccurate results. Too large a box size results in 

high degree of overlap between them due to neighboring Gauss-points along a certain arm of the 

contour. Thus, a proper choice of this box-size mandates a convergence study of the First Piola-

Kirchoff stress as a function of box size, to ensure box-size independence. The values of the First Piola-

Kirchoff stress as a function of the l computational box size is shown in Figure 6.7. As can be seen, 

good convergence in the stress state is achieved beyond a box size of 27 A. Thus, a box having each 

side of length 30 Å is selected for all MD stress computations in this thesis. 

 

 

 

 

 

 

 

 Figure 6.7 : Influence of localization box size on computed stress values for graphene 
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6.5.2 Choice of radius of influence cloud  

Convergence of Piola-Kirchoff stress is necessary for consistent results of J-integral as stated in 

the last sub-section. Calculation of Piola-Kirchoff stress needs a stable computation of pair-forces 

between atoms f as shown in equation (4.27). Now, this radius of influence (i.e.,  cut-off radius) of 

the ensemble  of neighboring atoms   required for computation of total pair-force with respect to an 

atom  is a key  parameter which affects the consistency of Piola-Kirchoff stress. A convergence 

study was carried out by varying the length of the radius of influence as shown in Figure 6.8. As can be 

seen for this figure, a minimum cut-off radius of 3Å was sufficient to attain a converged value of the 

Piola Kirchoff stress, and therefore a cut-off radius of 5 A is chosen for the all  MD computations 

performed in the thesis. 

 

 

 

 

 

 

 

 

 

 

6.5.3 Validation of path independence of J-integral  

In all the results presented in this thesis, J-integral computation was carried out along three 

concentric contours. Path independence of J is an essential property which needs to be verified to 

Figure 6.8 Effect of radius of influence cloud on computed stress values for 

graphene 
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validate the computed results. The different concentric paths selected are shown in Fig. 6.9. 

The result of plotting the energetic component of JI vs KI obtained along different contours is 

shown in Fig. 6.10 along with the LEFM prediction. The figure shows considerable path-

independence of the J-computation and the LEFM prediction is seen to be passing almost 

through the average of the three contours until a certain value of KI. The deviation of the J-

integral curve from LEFM will be discussed in the later sections of this Chapter. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Figure 6.10 Path Independence of atomistic JU (Energetic Component) 

Figure 6.9 Concentric contours for validation of Path-Independence 
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6.5.4 Computation of J2 component  

For a crack to be propagating along x-x direction (i.e., Mode I) implies that the component of J 

along the y-y direction is much lower relative to the one along x-x direction. Figure 6.11 shows the 

time-history of path-independent J2 along y-y direction, indicating the trivial nature of this component 

for Mode I crack propagation. It is seen that the plot is oscillating about zero validating the expected 

trivial nature of this component for Mode I crack propagation. The oscillations of the plot is likely due 

to thermal vibration of atoms at 300 K. 

 

 

 

 

 

 

 

 

 

6.5.5 Path Independence of the entropic component  

The dynamical matrix DLH matrix was evaluated, based on which the entropic contribution of 

the J-integral was computed at different configurational states. The result obtained plotting the entropic  

component Jη at various states of KI along different contours is shown in Fig. 6.12 along with  Bond 

Order. The figure clearly shows  good path-independence of the entropic J-computation. 

 

 

 

Figure 6.11 Non-existence of the path independent y-y component of atomistic JU  
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6.5.6 Computed JI vs KI with and without considering entropic effects 

Based on the results discussed in Section 3.1, it was established that for a computation 

box size of 30 Å, the J-integral computations are independent of localization box size. Figure 

6.13 shows the comparison of atomistic J-integral computed at 300 K for a zig-zag configuration 

compared with LEFM predictions for a localization box size of 30 Å (averaged over three 

concentric contours). In Fig. 6.13 (a), JU (in blue) is the portion of the atomistic J-integral which 

includes only internal energy contribution, (that is, without including entropic contribution). The 

ordinate on the right-hand side of the plot depicts the variation in bond order between the atoms 

just ahead of the crack tip. It can be observed that as the sheet is stretched in tension, the atomic 

bond gets stretched, and accordingly the bond order decreases as a function of loading (KI). 

When the bond order goes to zero the bond is effectively broken, providing a critical value of J 

(JIc) at crack initiation. As can be observed from Fig 6.13, there is good agreement between 

LEFM (in red) and the energetic component of J-integral (JU) until the bond order (in green) at 

the crack tip reduces to zero, indicating crack initiation.  As the crack initiates and starts to 

propagate the atomistic JU increases abruptly to capture local intensification of the energy release 

Figure 6.12 Path Independence of atomistic Jη (Entropic Component) 
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rate, which conventional LEFM is unable to account for due to lack of an embedded failure 

criterion.  Similarly, in Fig. 6.13 (b), JT (in blue) is the total computed atomistic J-integral 

including both energetic and entropic contributions, calculated using the local harmonic 

approximation, as discussed in Sections 2.3 and 2.4.  However, using the classical definition of J 

(i.e., JT=JU) does not account for the entropic contribution that becomes significant at higher 

temperatures, as underscored by the difference between the total J-integral (JT) and the energetic 

J-integral (JU) computed at 300K as shown in Figures 6.13(a) and (b).  With increasing 

temperature, the entropic contribution becomes ever more significant leading to the reduction of 

predicted value of total J (JT) from LEFM predictions, as mandated by Eqn. (9).  Interestingly, as 

shown in Figure 6.13, the JT curve, analogous to the JU curve, increases abruptly marking a 

temporally local release of energy at the instant of crack initiation as the bond order goes to zero, 

and this total fracture toughness value at 300 K (JTC = ~22 J/m2), which is 15% less than that of 

the energetic component (JUC=~26 J/m2) agrees reasonably  with its measured value published in 

the literature (JIc =~16 J/m2 [9]) for graphene at 300 K. The undulations in the bond order value 

at 300 K are possibly because of thermal excitation of atoms at elevated temperature. The results 

indicate that the reduction of bonder order to zero corresponds fairly well with when the value of 

computed J-integral abruptly deviates from LEFM predictions and crack initiation occurs. It also 

underscores the fact that the entropic contribution to total J at 300 K is approximately 15% and is 

likely to increase at higher temperatures. This rapid change of slope of JI vs. KI could be 

considered as the point of crack initiation and could directly be related to the fracture toughness 

of the material system in a predictive sense. 
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6.5.7 Tracking internal energy density (U), First Piola-Kirchoff Stress (P) and 

Displacement Gradient Tensor (H) at crack initiation and during crack growth 

The  x-component of the J-integral i.e. J1 can be evaluated from equation 4.5 and can be 

written  as 

 1 1 11 11 1 21 21 1 11 12 2 21 22 2J UN N N N N dA


= − − − − H P H P H P H P      (6.1) 

For Mode I loading considered in this case study, the magnitudes of H12, H21, P12 and P21 

are extremely small and insignificant relative to those of  H11, H22, P11 and P22 resulting in  the 

dependence of J1 only on these components of both the displacement gradient tensor and the first 

Piola-Kirchoff stress tensor.  Therefore , internal energy density (U),  components of first Piola-

Kirchoff stress (P11, P22) and displacement gradient (H11, H22) tensors were obtained performing 

Gaussian quadrature over computations at each Gauss point along the J-contour path and 

summed, as defined in Eqn. 6.1,  for various strain states until the initiation of the crack at the 

Figure 6.13 Atomistic J-integral computations in graphene with zig-zag morphology as a 

function of KI for purely energetic contribution and total (with energetic and entropic) 

contributions at 300K shown along with change in Bond Order at the crack tip 
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center of the sheet as well as during crack growth. As seen from Figure 6.14 (a), as the crack 

starts initiating as indicated by the crack-tip bond-order going to zero, the internal energy density 

increases abruptly as the crack initiates, followed by a reduction in internal energy density as the 

crack begins to grow. . Similarly, in Fig. 6.14 (b) the H11 component of the deformation gradient 

decreases monotonically until the crack starts initiating after which it decreases to zero. Finally, 

in Fig. 6.14 (c) the P11 component of the first Piola-Kirchoff stress attains its peak value as the 

crack starts initiating  after which it rapidly reduces  to zero. Thus, internal energy being the sole 

contributor, after the crack starts initiating, the resulting energetic component of J-integral 

follows the trend of the internal energy vs strain plot from that point. 

 

 

 

 

 

 

 

 

(a) 
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Figure 6.14 Computed (a) internal energy density (U),  components of (b) 

displacement gradient tensor (H11), (c) first Piola-Kirchoff stress tensor (P11) 

with incremental strain shown along with varying Bond Order at crack tip for 

center crack length of 30.95 Å 

(b) 

(c) 
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CHAPTER 7 

CONCLUSION AND FUTURE WORK 

Ability of atomistic predictions in quantifying fracture mechanisms was established in 

this thesis for crystalline material like graphene. The failure of LEFM in predicting fracture 

behavior below certain critical length-scale was underscored.  Due to its inherent ability to model 

bond breakage, ReaxFF potential was used to successfully model crack propagation in a 

graphene sheet. Atomistic predictions were observed to deviate from LEFM predictions for cases 

of sheets having their half-crack length below the cra . The atomistic prediction of theoretical 

strength for pristine case was validated from published data and they are seen to be close enough 

to be considered reliable.  Following theoretical predictions, MD predictions were seen to 

converge and show considerable agreement with LEFM predictions for the cases of graphene 

sheets having their initial half-crack lengths greater than cra which again validates the trend of 

atomistic predictions. A stress jump was observed for atomistic predictions between pristine (no 

defect) and single-atom defect case, which was supposed to be flat as per theoretical 

expectations. But that jump is attributed to appearance of a finite vacancy with even a single 

atom defect with respect to the pristine case. This effect will be clearer for polymers or other 

amorphous materials having low strengths and high value of cra allowing higher resolution of 

crack lengths below the critical value. Consistency of atomistic prediction with that of continuum 

were checked and confirmed for certain cases through fracture strength, QFM etc. The  
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post-processed MD simulated system were also employed in predicting post-crack-initiation 

behavior of the material and compared with predictions based on QFM approach. A good 

agreement was achieved between the atomistic and LEFM  predictions for a case of half-crack 

length higher than cra  which opens a lot of scope of application of the atomistic predictions to 

post-crack-initiation timesteps to those cases having half crack lengths below cra where LEFM 

loses its validity. Effect of non-locality was also recognized, investigated and reported through 

existence of finite stress at crack tip and also evolution of finite traction at crack face in contrast 

to LEFM considerations. A methodology for using atomistic J was revisited, including energetic 

and entropic effects, and discussed in detail. The atomistic J-integral values were found to be in 

good agreement with the values available in the literature.  

Future work would include determination of how nanoparticles can be employed as 

matrix reinforcement of optimized size to maintain a flaw size less than the critical value such 

that debond cracks along nanoparticle-polymer interface will remain below a critical length scale 

thereby enhancing toughness.  The fracture properties prediction methodology discussed in this 

thesis could be extended to amorphous polymer systems with appropriate potential functions. 

However, the use of Local Harmonic approximation employed in the determination of the 

dynamical matrix for graphene will no longer be applicable for an amorphous polymer, and a 

new technique will need to be developed to obtain the entropic component of J. The change in 

values of J-integral with crack propagation could be used to develop resistance curves (R-curve) 

for polymers with nanoscale reinforcements. The data obtained from these nanoscale studies can 

be used in multiscale analysis of advanced materials. Appropriate computational tools such as 

molecular dynamics at nanoscale, generalized method of cells at micro-scale and finite element 

analysis at macro-scale should be used to effectively transfer information from one length scale 
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to the other in order to reduce the total computation time. One such hierarchical multiscale 

modeling scheme is illustrated in Figure 7. Here, atomistic J-integral data from nanoscale MD 

simulations can be input into microscale analysis using techniques such as generalized method of 

cells (GMC) including the influence of nanoparticle on the fracture toughness of the polymer 

matrix.  The microscale model is, in turn, called by a macroscale finite element analysis model 

(FEA) at each element integration point, and failure of fiber and/or matrix is determined at that 

point. If there is failure at the microscale, then load redistribution takes place at the macroscale 

through element stiffness reduction. The process is repeated iteratively.  In this manner, the 

hierarchical multiscale technique could be employed to predict progressive failure in 

nanoparticle reinforced composite material at the structural level.     

 

 

 

 

 

 

 

 

Figure 7 Schematic of a hierarchical multiscale model for analysis of structures 
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