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The one-dimensional steady-state expansion of a monatomic gas from a spherical source in a
gravity field is studied by the direct simulation Monte Carlo method. Collisions between molecules
are described by the hard sphere model, the distribution of gas molecules leaving the source
surface is assumed to be Maxwellian, and no heat is directly deposited in the simulation region.
The flow structure and the escape rate (number flux of molecules escaping the atmosphere) are
analyzed for the source Jeans parameter k0 (ratio of the gravitational energy to thermal energy of
the molecules) and Knudsen number Kn0 (ratio of the mean free path to the source radius) ranging
from 0 to 15 and from 0.0001 to 1, respectively. In the collisionless regime, flows are analyzed for
k0 ¼ 0  100 and analytical equations are obtained for asymptotic values of gas parameters that
are found to be non-monotonic functions of k0 . For collisional flows, simulations predict the
transition in the nature of atmospheric loss from escape on a molecule-by-molecules basis, often
referred to as Jeans escape, to an organized outflow, often referred to as hydrodynamic escape. It is
found that the structure of the flow and the escape rate exhibit drastic changes when k0 varies over
a narrow transition range 2  3. The lower limit of this range approximately corresponds to a
critical Jeans parameter equal to 2.06, which is the upper limit for isentropic, supersonic outflow of
a monatomic gas from a body in a gravity field. Subcritical, k0  2, flows are qualitatively similar
to free outgassing in the absence of gravity, resulting in hypersonic terminal Mach numbers and
escape rates that are independent of k0 in the limit of small Knudsen numbers. Supercritical,
k0  3, flows are controlled by thermal conduction and demonstrate qualitatively different trends.
The ratio of the actual escape rate to the Jeans escape rate at the source surface is found to be a
non-monotonic function of Kn0 spanning the range from 0.01 to 2. At k0  6, the ratio of the
actual escape rate to the Jeans escape rate at the exobase is found to be 1.4–1.7. This is unlike
the predictions of the slow hydrodynamic escape model, which is based on Parker’s model for
the solar wind and intended for the description of the atmospheric loss at k0 > 10. At k0 < 6, the
actual escape rate can be well approximated by a modified Jeans escape rate, which accounts
C 2011 American Institute of Physics. [doi:10.1063/1.3592253]
for non-zero gas velocity. V

I. INTRODUCTION

The study of thermal atmospheric escape from a planetary body is of great interest at present due to extensive
spacecraft and telescopic data on the atmospheres on bodies
in the outer solar system1,2 and on exoplanets.3–5 However,
the large amount of data on Titan’s atmosphere from the
Cassini spacecraft6 led to the use of models for thermal
escape that disagreed considerably even for a single component, spherically-symmetric atmosphere.6–8 This disagreement persisted due to a lack of understanding on how the
escape changes in character from evaporation on a molecule
by molecule basis to an organized macroscopic flow, often
referred to as hydrodynamic escape.2 At a large distance
from a body, each of these gives way to almost free molecular flow (FMF) and, therefore, the basic assumptions of the
continuum models of hydrodynamic escape9,10 become
inconsistent with flow conditions.
Such a problem can in principle be solved using the
Boltzmann kinetic equation, which can simultaneously
describe continuum flow near a planet and very rarefied flow
at large distances from the planet, where the Boltzmann equa1070-6631/2011/23(6)/066601/16/$30.00

tion gradually gives way to the Vlasov equation. The simplest
kinetic problem of thermal escape resembles the problem of
spherical gas expansion into vacuum in a gravity field.
The problem of the steady-state expansion of a monatomic gas from a spherical source in the absence of a gravity
field has been studied in collisionless11 and collisional flows
based on the elliptical distribution function approximation12,13 as well as on the asymptotic14,15 and numerical16,17
analysis of the approximate Bhatnagar-Gross-Krook kinetic
equation and by using direct simulation Monte Carlo
(DSMC) modeling.18–20 Experimental measurements of temperatures on the centerline in free jet expansion,21 which is
known to be close to the expansion from a spherical source,
demonstrate qualitative agreement with the above theories
with some quantitative deviations in parallel temperature in
the far field. Later on, it was found that these deviations
could be at least partly attributed to the quantum effects in
molecular collision in low-temperature gas.22
The kinetic approach in the thermal escape problem was
mostly applied to study the transport and escape rate of
minor light species diffusing through an equilibrium field of
heavy species in multicomponent atmospheres.2,23–25 The
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kinetic studies of thermal escape of major species or thermal
escape from a single component atmosphere are mostly
based on the well-known Chamberlain model,26 where the
flow is assumed to be collisionless above the nominal exobase, i.e., at the distance from the planet center where the
mean free path of gas molecules is equal to the atmospheric
scale height.2 Studies of the effect of collisions on the molecular transport in a single component atmosphere are very
limited7,27,28 and have not provided a complete picture of the
phenomena. In particular, the applicability of the slow
hydrodynamic escape (SHE) model, based on Parker’s
model for the solar wind,29,30 and its predictions of the
escape rates from the atmospheres of bodies in the outer solar system, such as Pluto,9,31,32 have not been quantified by
kinetic simulations.
Here, we systematically study the flow structures of a
monatomic and neutral gas in the upper regions of planetary
atmospheres. Using the DSMC method, we examine the
transition from outgassing at zero gravity to gravity-dominated flows leading to thermal escape. The results from
these simulations are compared with predictions for free
molecular flow and for continuum isentropic flow of an
ideal gas in a gravity field. The problem setup is similar to
those used in numerical studies of the one-dimensional
steady-state expansion of a rarefied gas from a spherical
source, e.g., Refs. 16, 17, 19, and 20. The main differences
arise from the presence of a gravity field. Although this
problem has been of interest for years, and we are aware
that non-thermal processes induced by UV photons and
plasma bombardment occurring near or above the nominal
exobase can dominate thermal escape,6,33,34 the systematic
study here will provide guidance in understanding atmospheric escape rates and leads to some surprising results.
Gravity produces qualitative changes in the flow structure
as compared with expectations based on analysis of free
expansion at zero gravity. In particular, we find that the
dimensionless escape rate is a non-monotonic function of
the source Knudsen number and that for sufficiently large
gravity field, the temperature remains relatively high, and,
hence, hypersonic flow does not occur even at large distances from the exobase. In addition, for a wide range of flow
conditions, the escape rate does not differ significantly
from the Jeans rate calculated assuming free molecular flow
above the exobase contrary to some applications of the
SHE model, e.g., Ref. 31.
The paper is organized as follows. We first discuss the
kinetic model of spherical gas expansion in a gravity field.
This is followed by a description of free molecular flow,
since the thermal escape problem at finite Knudsen numbers
inherits aspects of corresponding free molecular flow. We
then describe our simulation scheme and give detailed results
for a large range of Knudsen numbers and Jeans parameters
with emphasis on the transition in the nature of the flow
from very small to large Jeans parameters. In this way, we
compare the simulations results to the free molecular flow
and to that for isentropic outflow, we discuss the dependence
of the escape rate on both Knudsen number and Jeans parameter, and we consider the energy balance in the thermally
escaping atmosphere. This is followed by our conclusions.
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II. KINETIC MODEL OF GAS EXPANSION FROM A
SPHERICAL SOURCE IN A GRAVITY FIELD
A. Problem setup and governing parameters

The spherically-symmetric one-dimensional outgassing
problem from the surface of a spherical source of radius R0
having a spherically-symmetric gravity field is considered in
a form relevant to thermal escape from an atmosphere of a
planetary object (planet, satellite, or comet, Fig. 1). The
source surface may be the actual surface of the body with a
vapor pressure determined by the solar insolation or a virtual
surface in the atmosphere above which little additional heat
is deposited and at which the density and temperature are
known. In latter case, the energy driving escape is the thermal energy supplied from below the lower boundary.
The flow of a monatomic gas of molecules with mass m
is described by a velocity distribution function, f ðr; vjj ; v? ; tÞ,
where r is the radial distance, vjj and v? are the parallel and
perpendicular components of the velocity vector of a gas
molecule, and t is the time. Macroscopic gas parameters hWi
that correspond to molecular quantities Wðr; vjj ; v? Þ can be
calculated as follows16
hWiðr; tÞ ¼ 2p

þ1
ð 1
ð

Wðr;vjj ; v? Þf ðr; vjj ;v? ; tÞv? dv? dvjj : (1)

1 0

Examples of Eq. (1) are the gas number density, n (W ¼ 1),
the gas velocity, u (W ¼ vjj =n), the parallel, Tjj
(W ¼ mðvjj  uÞ2 =ðnkÞ, k is the Boltzmann constant), and
perpendicular, Tjj (W ¼ mv2? =ð2nkÞ), gas temperatures. The
denominators in definitions of Tjj and Tjj are different by a
factor of 2, because Tjj is defined by the averaged kinetic
energy of two degrees of freedom, so the gas temperature is
T ¼ ðTjj þ 2T? Þ=3.
Exit boundary
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FIG. 1. (Color online) The computational domain for the one-dimensional
thermal escape problem, where all parameters are functions of only radial
distance r. The domain is bounded by the source surface of radius R0 and
the exit boundary of radius R1 . Dashed curves show three types of collisionless trajectories of molecules: Elliptical trajectory of a returning molecule
(A), elliptical trajectory of an orbiting molecule (B), and hyperbolic trajectory of an escaping molecule (C). Vector of velocity of a molecule is represented by its parallel, vjj , and perpendicular, v? , components laying in the
orbit plane.
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A gas molecule is assumed to be affected by a gravitational force, FG ¼ dUG =dr ¼ GMm=r2 , where UG ðrÞ
¼ GMm=r is the gravitational energy of a molecule in the
field of a body of mass M placed at r ¼ 0 and G is the gravitational constant. The mass of the gas confined by the gravity
field in the vicinity of the source is assumed to be much smaller
than M, which is typical for planets other than the gas giants,
so that the self-gravity of the gas molecules is neglected.
The time dependent variation of f ðr; vjj ; v? ; tÞ is
described by the one-dimensional Boltzmann kinetic equation,35,36 which can be written in the considered case as
follows16,37
 2

vjj v? @f
@f
@f
v? FG @f
þ
þ vjj þ

¼ IB ðf ; f Þ; (2)
r
m @vjj
r @v?
@t
@r
where IB ðf ; f Þ is the Boltzmann collision integral (see supplemental material at Ref. 54).
It is assumed that the velocity distribution of gas molecules with vjj > 0 on the source surface is Maxwellian with
given number density n0 , temperature T0 , and zero gas velocity, i.e.,
!
mðv2jj þ v2? Þ
~
;
(3a)
vjj > 0 : f ðR0 ; vjj ; v? ; tÞ ¼ f 0
2


n0
Ek
~
;
(3b)
exp 
f 0 ðEk Þ ¼
kT0
ð2pkT0 =mÞ3=2
where Ek is the kinetic energy of a molecule. The actual
number density, temperature, and gas velocity on the source
are different from n0 , T0 , and zero, since the velocity distribution of molecules returning to the source is different from
that given by Eqs. (3). If the source surface is the real surface
of a planetary body, then Eqs. (3) are equivalent to the
Hertz-Knudsen model of evaporation, e.g., Ref. 35, if n0 is
the number density of the saturated vapor at temperature T0 ,
with complete absorption of gas molecules returning to the
surface.
The exit boundary at r ¼ R1 is assumed to be placed far
enough from the source, where the number density is sufficiently low, so the flow above this boundary can be treated
as nearly collisionless. With such an assumption, a molecule
leaving the exit boundary with the kinetic energy above the
gravitational binding energy, i.e., with mv2 =2 þ UG ðR1 Þ > 0,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where v ¼ v2jj þ v2? , will escape in a hyperbolic trajectory,
while a molecule leaving the domain with velocities vjj and
v? in an elliptical trajectory will return to the domain with
velocities vjj and v? , because the source center is a focal
point of the trajectory. In a steady state, the time lag between
molecules leaving from and returning to the domain is insignificant. Thus, the molecule return process resembles specular reflection at the exit boundary.7,27 The boundary
conditions on the exit boundary then take the form

vjj < 0 : f ðR1 ; vjj ; v? ; tÞ ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where ve ðrÞ ¼ 2GM=r is the escape velocity at distance r
from the source center. Although the collisions can affect an
expanding flow even at large distances, r=R0  103 ,12,14 the
boundary conditions given by Eq. (4) are successfully used
for simulations of thermal escape.7 The effect of the position
of the exit boundary, R1 , on the numerical results is discussed in Sec. IV.
Although Eq. (2) is written for non-stationary flows,
Eqs. (2)(4) are used to calculate steady-state flows. For this
purpose, it is assumed that the evaporation described by Eqs.
(3) starts at t ¼ 0, when the flow domain is empty, and the
steady-state flow is reached at t ! 1.
In this paper, the hard sphere (HS) model36 of molecules
of diameter d is used. For the HS model, the problem given
by Eqs. (2)(4) can be written in a dimensionless form using
two governing parameters: a Knudsen number, Kn0 , and a
Jeans parameter (the gravitational binding energy of the molecules divided by the thermal energy), k0 , which are calculated on the source surface, i.e.,
Kn0 ¼

l0
R0
; k0 ¼
;
R0
H0

(5)

pﬃﬃﬃ
where l0 ¼ ð 2pd2 n0 Þ1 is the mean free path of HS molecules in the equilibrium state36 with the velocity distribution
function f~0 ðmðv2jj þ v2? Þ=2Þ and H0 ¼ kT0 R20 =ðGMmÞ is the
atmospheric scale height2 on the source surface that characterizes the linear scale of the gas density variations in the
gravity field. At large Jeans parameters, H0 is the more
appropriate linear scale of the flow field, so that the effect of
collisions on the flow can be better characterized by the
Knudsen number l0 =H0 ¼ Kn0 k0 . The Knudsen numbers,
Kn0 and l0 =H0 , are unambiguously related to each other at
k0 6¼ 0. However, at k0 ¼ 0, l0 =H0 degenerates, so that Kn0
can be used as a governing parameter at all k0 . For more
complex models of inter-molecular collisions, the dimensionless problem can depend on additional governing parameters, but the trends will be similar to those that are found in
this work.28
Distinctive features of the thermal escape problem, as
compared with the free expansion at zero gravity, are caused
by the dependence of the flow on k0 . For objects in the solar
system, k0 varies from 0.01 for comets, 10-20 for escape
from Pluto, 40-60 for escape from Titan, and up to 2000
for deep atmospheres on Earth, Venus, Saturn, and Jupiter.2
In this paper, however, we limit simulations, for practical
purposes, to the ranges Kn0  104 and k0  15 except in
free molecular flow, where we consider k0  100. At Titan
and Pluto, Kn0  104 corresponds to radial distances that
are larger than 1.4 Titan’s radii or  0:92rexo and 1.7 Pluto’s radii or  0:54rexo , where rexo is the exobase radius and
Kn0 is based on the number density of the primary atmospheric species (nitrogen N2) and diameter d ¼ 4:76  1010
m estimated for N2 at T ¼ 100 K.36
B. Escape rates

f ðR1 ; vjj ; v? ; tÞ; v < ve ðR1 Þ
;
0;
v  ve ðR1 Þ
(4)

The calculation of the escape rate U, the number flux of
molecules escaping the atmosphere, is a primary target of
the thermal escape theories.2 In order to find U in the kinetic
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model given by Eqs. (2)(4), one needs to count all molecules
that intersect the exit boundary with vjj  0 and v  ve ðR1 Þ.
The escape rate then can be found with Eq. (1) at r ¼ R1 ,
where W ¼ 4pR21 vjj Hðvjj ÞHðv  ve ðR1 ÞÞ and HðxÞ is the
Heaviside step function, i.e., HðxÞ ¼ 1 if x > 0 and HðxÞ ¼ 0
otherwise. If f in Eq. (1) is a Maxwellian with zero gas velocity, this approach results in the familiar Jeans equation for the
escape rate.26 To understand how U is affected by the depth
into an atmosphere, we also define a local virtual escape rate
/ðrÞ, i.e., the upward flux of molecules with velocities sufficient to escape v  ve ðrÞ if the flow above r is collisionless
/ðrÞ ¼ 8p2 r 2

þ1
ð 1
ð

0

vjj Hðv  ve ðrÞÞf ðr; vjj ; v? Þv? dv? dvjj ; (6)

0

where f ðr; vjj ; v? Þ is a steady-state solution of the problem
given by Eqs. (2)(4). Then
U ¼ /ðR1 Þ:

(7)

In steady state, U is equal to the number flux of molecules
through the one-dimensional domain, 4pr2 nðrÞuðrÞ
¼ U ¼ const, while the difference between U and /ðrÞ
roughly characterizes the effect on the net escape rate of
inter-molecular collisions in the atmosphere above r.
We will compare U to a few approximate escape rates
traditionally used in the thermal escape literature. These can
be obtained from Eq. (6). In particular, assuming that at distance r, the fraction of escaping molecules has a Maxwellian
distribution, i.e.,

f ðr; vjj ; v? Þ ¼

nðrÞ

exp 
ð2pkTðrÞ=mÞ3=2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
at v2jj þ v2?  ve ðrÞ;

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kTðrÞ
ð1 þ kðrÞÞ expðkðrÞÞ;
(10)
/J ðrÞ ¼ 4pr nðrÞ
2pm
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where S ¼ uðrÞ= 2kTðrÞ=m and Se ¼ ve ðrÞ= 2kTðrÞ=m
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ kðrÞ are the velocity coefficients based on the local gas
velocity and local escape velocity, kðrÞ ¼ GMm=ðkTðrÞrÞ is
pﬃﬃﬃ Ð S
the local Jeans parameter, and erfðSÞ ¼ ð2= pÞ 0
expðx2 Þdx is the error function. If one additionally assumes
that uðrÞ ¼ 0, then Eq. (6) results in the Jeans escape rate
/J ðrÞ given by Eq. (10).
In the thermal escape literature, following Chamberlain,26 it is usually assumed that Eq. (10) can be applied on
the nominal exobase with radial position rexo , which is
defined
pﬃﬃﬃ by the condition lðrexo Þ ¼ Hðrexo Þ, where lðrÞ
¼ ð 2pd2 nðrÞÞ1 and HðrÞ ¼ kTðrÞr 2 =ðGMmÞ are the local
equilibrium mean free path of HS molecules and the local
atmospheric scale height.2 In this approximation, the escape
rate can be estimated as the Jeans escape rate at the exobase
/J ðrexo Þ. In recent studies, the modified Jeans escape rate at
the exobase, /J;mod ðrexo Þ, is also found to be an appropriate
approximation of the actual escape rate.5
The virtual escape rate on the source surface, i.e., the
escape rate in free molecular flow,
n0 C0
U0 ¼ /ðR0 Þ ¼ /J ðR0 Þ ¼ 4pR20 pﬃﬃﬃ ð1 þ k0 Þ expðk0 Þ;
2 p
(11)
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where C0 ¼ 2ðk=mÞT0 ; will be used to scale the escape rates
at given k0 . Below, we also scale U using the flux U0;0 of molecules leaving the source and entering the simulations region

!

2kTðrÞ
(8)

and inserting Eq. (8) into the right part of Eq. (6), one can
obtain a modified Jeans escape rate /J;mod ðrÞ in the form

/J;mod ðrÞ ð1=2Þ exp½ðS2 þ S2e Þ þ ðSSe þ S2  1=2Þ exp½ðSe  SÞ2  þ
¼
S2 ð1 þ S2e Þ expðS2e Þ
/J ðrÞ

2

mððvjj  uðrÞÞ2 þ v2? Þ

pﬃﬃﬃ 3
pS ½1  erfðSe  SÞ

U0;0 ¼ U0 jk0 ¼0 ¼

;

4pR20 n0 C0
pﬃﬃﬃ :
2 p

(9)

(12)

The problem given by Eqs. (2)(4) at k0 ¼ 0, therefore, is
different from the outgassing problem at zero gravity considered, e.g., in Ref. 19, where molecules, returning to the
source, scatter back to the flow and U ¼ U0;0 . For a HS gas,
ratios U=U0 and U=U0;0 depend only on k0 and Kn0 .
III. FREE MOLECULAR FLOW

Since the flow in the transition regime inherits some
properties of free molecular flow (FMF), where collisions
between gas molecules are absent (Kn0 ! 1), a study of
FMF will help in understanding the effect of collisions. If
collisions are neglected, then IB ðf ; f Þ ¼ 0 in Eq. (2) and a
steady-state solution of the collisionless kinetic equation
with boundary conditions given by Eqs. (3) can be written as
follows38
f ðr; vjj ; v? Þ ¼ f~0 ðE  UG ðR0 ÞÞHðE  UG ðR0 Þ
 L2 =ð2mR20 ÞÞ½1  HðEÞHðvjj Þ;

(13)

where E ¼ mðv2jj þ v2? Þ=2 þ UG ðrÞ and L ¼ mrv? are the
total energy and angular momentum of a molecule. By
inserting Eq. (13) into the right part of Eq. (1), one can find
the macroscopic gas parameters. Though these parameters at
any r=R0  1 can be derived analytically in terms of the
error function, e.g., Refs. 38–40, we calculated these integrals numerically.
In FMF, the dimensionless distributions of gas parameters
depend only on k0 . Computational results for k0 ¼ 0  100
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FIG. 2. (Color online) Number density
n=n0 (a), gas velocity u=C0 (b), parallel
Tjj =T0 (c) and perpendicular T? =T0 (d)
temperatures vs. radial distance
r=Rﬃ0 in
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
free molecular flow. C0 ¼ 2kT0 =m.

--- ----

~· /

~·

10 1

102
Radial distance r I R0

103

IO.o ._,__.__,_.....,....,_......_,--.._.._.__._..._.....,__,__,_.....,....,_=
10°
10 1
102
103
Radial distance r I R0

(Fig. 2) show that three characteristic ranges of k0 can be
defined. At k0 < 0:03  0:1, the distributions are qualitatively
similar to those in the case k0 ¼ 0. At 0:03  0:1
< k0 < 2  3, the flow is characterized by the presence of a
local maximum in Tjj =T0 , while Tjj =T0 < 1 on the source surface. At k0 > 2  3, u=C0  0 and Tjj =T0  1 at r=R0 ¼ 1.
The gradual increase of Tjj =T0 on the source surface with an
increase in k0 is the natural effect of an increase in the fraction
of molecules returning to the surface. At large k0 , u=C0 and
Tjj =T0 approach their asymptotic values slowly, so these parameters are subject to significant variations in the region,
where n is in many orders of magnitude smaller than n0 .
The asymptotic behavior of flow parameters at
r=R0 ! 1 can be represented in the form

nðrÞ ! n~1

Tjj ðrÞ ! Tjj1 ;

R0
r

2
;

uðrÞ ! u1 ;Þ2 ;

 2
R0
~
T? ðrÞ ! T ?1
;
r

(14)

where the terminal values u1 , Tjj1 and coefficients n~1 , T~?1
are functions of k0 . If one insert Eqs. (13) into Eq. (1), then
in the limit r=R0 ! 1


1
n~1 1
k0 þ
expðk0 Þ;
¼
(15a)
2
2
n0
u1
1 k0 þ 1
;
¼ pﬃﬃﬃ
C0
p k0 þ 1=2

(15b)



Tjj1 k0 þ 3=2 2 k0 þ 1 2

¼
;
k0 þ 1=2 p k0 þ 1=2
T0

(15c)

T~?1 1 k20 þ k0 þ 3=4
:
¼
2 k0 þ 1=2
T0

(15d)

Equations (15a)(15c) coincide with corresponding equations obtained in Ref. 40, but Eq. (15d) is different. Equation
(15d), however, is in agreement with numerical results
shown in Fig. 2(d) and at k0 ¼ 0 provides the correct ratio,
T~?1 =T0 ¼ 3=4, while the corresponding equation for
T~?1 =T0 in Ref. 40 does not satisfy these requirements.
Values of n~1 =n0 , Tjj1 =T0 , and T~?1 =T0 have local
extrema at k0 ¼ 1=2, k0 ¼ ð4  pÞ=ð2p  4Þ  0:376, and
pﬃﬃﬃ
k0 ¼ ð 2  1Þ=2  0:207, correspondingly (Fig. 3). The
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
terminal Mach number, Ma1 ¼ u1 = ð5=9ÞkTjj1 =m
(here T1 ¼ Tjj1 =3), decreases monotonically from
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
18=ð15p=4  10Þ  3:18 at k0 ¼ 0 to
18=ð5p  10Þ
 1:78 at k0 ! 1.
The escape rate in FMF can be calculated either directly
on the source surface, applying Eq. (6) at r ¼ R0 , or as
4pr2 nu in the limit at r ! 1 using Eqs. (14) and (15).
Furthermore, applying Eq. (6) at any r in FMF, one finds that
U ¼ /ðrÞ ¼ /ðR0 Þ ¼ U0 . On the other hand, U 6¼ /J ðrÞ at
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r > R0 and, in particular, U=/J ðrÞ ! 10p=3Ma1 at
r ! 1, i.e., in this case, the Jeans equation (10) underestimates the actual escape rate in 6-10 times.
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The numerical parameters for simulations were chosen
following to general recommendations for the DSMC method
(see section S2 of supplemental material at Ref. 54 for details
of the computational algorithm and numerical parameters).36
Here, we discuss only the choice of the exit boundary position,
R1 , which is critical for DSMC simulations of thermal escape.
To accurately calculate the escape rate, R1 =R0 should be chosen to be large enough that the distribution of the virtual escape
rate /ðrÞ approaches an asymptote inside the computational
domain. Simulations show, however, that even if the flow
structure depends somewhat on R1 =R0 (Fig. 4(a)), /ðR1 Þ and,
hence, the escape rate U is independent of R1 =R0 with high
accuracy (Fig. 4(b)). Thus, the choice of R1 depends on the
aim of simulations. For accurate calculations of flow parameters, R1 =R0 should be chosen to be large enough that the distribution of /ðrÞ reaches its asymptote. In order to calculate the
escape rate, R1 =R0 needs only be large enough to have a region
of unaltered flow near the lower boundary.
Simulations show that distributions of gas parameters
are fairly sensitive to R1 =R0 only in the narrow range
k0 ¼ 1:7  2:4, around the critical Jeans parameter
kc ¼ 2:06, which is introduced in Sec. V A. Out of this
range, /ðrÞ reaches its asymptotic value quite fast (e.g., see
Fig. 11(a) as discussed in Sec. V C). At k0 ¼ 10 and
Kn0 ¼ 0:01, the error in U is smaller than 1% if R1 =R0  10
(Fig. 4(c)), but the asymptotic behavior of the macroscopic
parameters is established at much larger r=R0 (e.g., see Fig.
8 that is discussed in Sec. V A). With increasing k0 , the convergence to asymptotes occurs at even larger r=R0 .
At k0  10, all simulations, except those shown in Fig.
8, were performed with R1 =R0 ¼ 40, while simulations at
k0 > 10 were performed with R1 =R0 ¼ 6. This choice allows
for prediction of the flow structure in the whole computational domain at arbitrary k0 with exception of the range
k0 ¼ 1:7  2:4.
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FIG. 3. (Color online) Asymptotic coefficients (at r=R0 ! 1) for number
density, n~1 =n0 (thin solid curve), gas velocity, u1 =C0 (dashed curve), and
parallel, Tjj1 =T0 (dash-dotted curve), and perpendicular, T~?1 =T0 (dashdouble-dotted curve) temperatures given by Eqs. (15) in FMF.
Thick solid
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
curve corresponds to the terminal Mach number Ma1 ¼ u1 = ð5=9ÞkTjj1 =m.

IV. DIRECT SIMULATION MONTE CARLO FOR THE
THERMAL ESCAPE PROBLEM

Collisional gas flows in the thermal escape problem
given by Eqs. (2)(4) are simulated numerically by the
DSMC method with a collisional sampling algorithm based
on the no-time-counter method.36 Molecular trajectories are
calculated based on equations of motion, which correspond
to the convective operator in Eq. (2) and describe motion of
a molecule on its orbit plane. The algorithm for calculation
of post-collisional velocities vjj and v? of colliding molecules is described in section S1 of supplemental material at
Ref. 54.
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FIG. 4. (Color
online) Local Mach numpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ber Ma ¼ u= ð5=3Þðk=mÞT (a) and virtual escape rate /ðrÞ=U0 (b) vs. radial
distance r=R0 at k0 ¼ 1:9, Kn0 ¼ 0:01,
and various R1 =R0 , and escape rate U=U0
vs. position of the exit boundary R1 =R0 at
k0 ¼ 10 and Kn0 ¼ 0:01 (c). In panels a
and b, solid (red online), dashed (green
online), and dash-dotted (blue online)
curves correspond to R1 =R0 ¼ 100,
R1 =R0 ¼ 40, and R1 =R0 ¼ 10. In panel b,
dash-double-dotted line shows the value
of the actual escape rate U=U0 . /ðrÞ and
U0 are given by Eqs. (6) and (11).
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V. COMPUTATIONAL RESULTS FOR THERMAL
ESCAPE AT FINITE KNUDSEN NUMBERS
A. Flow structure

A systematic study of thermal escape at finite Kn0 was
performed for values of k0 equal to 0, 0.3, 0.6, 1, 3, 10, and
15. It was found that flows at finite Kn0 inherit many features
of the corresponding FMFs with respect to variation of k0 .
Somewhat surprisingly, for finite Kn0 , the range of k0 under
consideration can be divided into the two characteristic
ranges divided by the bound at k0 ¼ 2  3, which was already introduced in the analysis of FMF in Sec. III. The purpose of this sub-section is to reveal the difference in flow
structures at k0  2 and k0  3.
The effect of Kn0 on the flow parameters is illustrated in
Figs. 57 for k0 ¼ 0, 1, 3, and 10. Dashed curves in Figs.
57 represent gas parameters vs. r=R0 in an isentropic
expansion of a monatomic gas (with the Poisson ratio equal
to 5/3) described by equations
r2 nu ¼ r2 n u ;

(16a)

T
T
¼ 2=3 ;
2=3
n
n

(16b)

5k
u2 GM 5 k
u2 GM
Tþ 
¼
T þ 
;
2m
r
2m
r
2
2

(16c)

where n , u , and T are the reference gas parameters
at r ¼ r . Consistent with boundary conditions given by
Eqs. (3), the flow on the source surface is always subsonic

(a)

(Fig. 6). If applied to subsonic flow, Eqs. (16) predict the
deceleration of the flow.29 Therefore, they can be applied
only for the supersonic part of the flow with reference parameters taken on the sonic surface. Equations (16), reformulated
for a polyatomic gas, were used to study escaping flows from
Kuiper belt objects.41
At small and moderate k0 and small Kn0 , the distributions of n=n0 and u=C0 in the supersonic region remain close
to isentropic flow even at large distances from the source.
In particular, the terminal gas velocity is close to the maximum gas velocity umax achievable in isentropic flow at
r=R0 ! 1, which can be estimated from Eq. (16c) as
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2
umax
5T
u
R0
10 T
R0
¼
¼
þ
 k0
 k0 : (17)
2 T0
3 T0
C0
C0
r
r
At sufficiently large Jeans parameters, however, the flow
remains subsonic out to very large distances from the source
surface (Fig. 8(a)), so that the model given by Eqs. (16) is
inapplicable. The reason for this is obvious: At large Jeans
parameters, the total enthalpy of the fluid particles in an isentropic flow, which is conserved owing to Eq. (16c), is insufficient to overcome the potential well of gravity. That is, the
upward heat flux must provide sufficient energy for molecular escape in order to maintain a positive escape rate.
For Kn0 ! 0, the model of isentropic expansion is not applicable at k0 > kc , where the “critical” Jeans parameter kc
can be estimated from Eq. (16c) that results in the condition
ð5=2ÞT =T0 þ ðu =C0 Þ2  k0 R0 =r > 0, which must be satisfied at large r=R0 . Since r =R0 ! 1 at Kn0 ! 0, kc can be
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then obtained from equation kc ¼ ð10=3ÞT ðkc Þ, where
T ðk0 Þ ¼ T ðk0 Þ=T0 is the dimensionless temperature on the
sonic surface at Kn0 ! 0. Value of T ð0Þ can be found, considering evaporation from a planar surface.16 Numerical analysis of this problem based on the Bhatnagar-Gross-Krook
equation for the Maxwell gas16 results in T ð0Þ ¼ 0:6434 that
corresponds to kc ¼ 2:14. In our DSMC simulation, values
of T ðk0 Þ are estimated at Kn0 ¼ 0:0003. This gives
T ð0Þ ¼ 0:642, T ð1Þ ¼ 0:636, and T ð2Þ ¼ 0:622. Extrapolation of these values results in a slightly different estimate,
kc ¼ 2:06. As seen below, the flow structure changes drastically when k0 varies in a transition range 2  3, so that flows
at subcritical, k0  2, and supercritical, k0  3, Jeans parameters are qualitatively different from each other. The value kc
approximately corresponds to the upper limit of subcritical k0 .
With an increase in k0 , the number density (Fig. 5) tends
to drop faster. The asymptotic behavior, n / 1=r 2 , is established quite close to the source surface (at r=R0  2) when
k0 ¼ 0, while at k0 ¼ 3 and 10, n=n0 is far from its asymptote even at r=R0 ¼ 40. Thus, collisional flows at finite k0
are characterized by the same slow convergence to the
asymptotic behavior which is seen in Fig. 2 for FMF.
At k0 ¼ 0 and k0 ¼ 10, the gas velocity (Fig. 6) is a
monotonic function of radial distance, while at intermediate
k0 ¼ 1 and k ¼ 3, uðrÞ can vary non-monotonically with r.
At k ¼ 3, the dependence of u=C0 on r=R0 undergoes qualitative changes, with values of u=C0 becoming much smaller
that those at smaller Jeans parameters. Moreover, the general
tendency of variation of u=C0 with Kn0 is changed: At
k0 ¼ 3, the relative velocity u=C0 at given r=R0 tends to
decrease with decreasing Kn0 , while at k0 ¼ 1, the behavior
of u=C0 is opposite.
At k0 ¼ 3, the flow is seen to be truly subsonic. At
k0 ¼ 10, the flow velocity u does not exceed the isentropic
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sound speed ð5=3ÞkT=m, however, u can slightly exceed
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the isothermal sound speed, kT=m, the critical velocity in
Parker’s hydrodynamic model29 re-formulated for a monatomic gas. For example, for k0 ¼ 10 and Kn0 ¼ 0:01,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u ¼ kT=m at r=R0  80. At Kn0 ¼ 0:001, this does not
occur until r=R0 exceeds 100. At such distances,
lðrÞ=HðrÞ > 103 , so the isothermal speed of sound is reached
in the region of FMF. If r=R0 increases, the flow approaches

101
Radial distance r I R0
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FIG. 8. (Color
online) Local Mach numpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ber Ma ¼ u= ð5=3Þðk=mÞT (a) and perpendicular temperature T? =T0 (b) vs.
radial distance r=R0 at k0 ¼ 1 (red
online) and k0 ¼ 10 (green online).
Solid curves are obtained for
Kn0 ¼ 0:01, dashed curve in panel a is
obtained for Kn0 ¼ 0:001. In panel a,
inset shows temperature ratio Tjj =T? vs.
r=R0 for Kn0 ¼ 0:01 and vertical ticks
mark the positions of the exobase at
Kn0 ¼ 0:01. In panel b, dash-dotted and
dash-double-dotted
lines
represent
inverse linear and inverse quadratic scaling laws, correspondingly.

the FMF limit and can become supersonic far from the
source at arbitrary k0 .
There are qualitative changes in distributions of Tjj in
the case of sub- and supercritical k0 (Fig. 7). At k0 ¼ 10,
Tjj =T0 has a much larger terminal value than at k0 ¼ 0. Thus,
although the freezing of the parallel temperature is a common feature of the free expansion from a spherical
source,12,13,16,21 a distinctive feature of the thermal escape
problem is the essential dependence of the terminal Tjj =T0 on
k0 , which tends to rise with increasing k0 at fixed Kn0 . Relatively large terminal values of Tjj =T0 are inconsistent with
the SHE model, where the temperature is assumed to
approach zero at r ! 1.31
B. Non-equilibrium effects. Hydrodynamic and Jeans
regimes of thermal escape

With an increase in r=R0 , flows gradually approach translational nonequilibrium. This causes the difference between
the parallel, Tjj , and perpendicular, T? , temperatures, the freezing of Tjj at a non-zero level, and the change of the asymptotic
behavior of T? at large r=R0 as compared to both free molecular and isentropic flows.12,14,16,21
In order to make the difference in asymptotic behavior
of flows at sub- and supercritical k0 more apparent, the flows
with k0 ¼ 1 and k0 ¼ 10 at Kn0 ¼ 0:01 and Kn0 ¼ 0:001
were calculated in a domain with R1 =R0 ¼p
100
(Fig. 8). For
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k0 ¼ 10, the local Mach number Ma ¼ u= ð5=3Þðk=mÞT is
still far from its terminal value even at r=R0 ¼ 100. Consistent with this, the Mach number at the exobase is small.
Hypersonic flow, therefore, never occurs at supercritical k0
and, hence, the asymptotic theories of free expansion based
on the hypersonic approximation12,14,15 are not applicable to
the thermal escape problem at k0 > kc .
At k0 ¼ 0 and k0 ¼ 1, T? =T0 at small r=R0 follows the
scaling law T? =T0 / ðr=R0 Þ4=3 characteristic for isentropic
expansion,12 while T? =T0 / ðr=R0 Þ1 at large r=R0 , i.e., far
from the source T? =T0 decreases more slowly than predicted
for FMF. This behavior is in agreement with results obtained
in Ref. 12 for the spherical expansion at zero gravity. At
k0 ¼ 10, T? =T0 at large r=R0 tends to follow a scaling law
T? =T0 / ðr=R0 Þ2 , that is characteristic for FMF, Eqs. (14),
and shown in Fig. 8(b) by the dash-double-dotted line. This
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is observed because the flow at k0 ¼ 10 is almost collisionfree at r=R0 > 20, where lðrÞ=R0 > 2000 and the average
number of collisions per cell per time step is as small as
104  106 .
The ratio T? =Tjj (inset in Fig. 8(a)), considered a measure
of translational non-equilibrium,12,13,16,18,21 appears to decrease
with increasing r=R0 . The nominal upper boundary req of the
near equilibrium part of the flow can be defined by the condition T? =Tjj ¼ 0:99.21 For Kn0 ¼ 0:001, then req =R0 is equal to
 1:2 at k0 ¼ 0  2,  14 at k0 ¼ 3,  1:7 at k0 ¼ 10, and
 2:2 at k0 ¼ 15. In the latter case lðreq Þ=Hðreq Þ  9:7, i.e.,
req > rexo and, thus, an increase in k0 at small Kn0 favors the
translation equilibrium at the exobase.
The lack of translational equilibrium results not only in
the difference between Tjj and T? but also in a drastic deviation of the parallel velocity distribution from a Maxwellian
(Fig. 9). At subcritical k0 and small Kn0 , e.g., at k0 ¼ 1 and
Kn0 ¼ 0:001 (Fig. 9(a)), the net distribution function of
parallel velocity on the source surface (curve 1) is far from a
Maxwellian, since molecules returning to the surface after
collisions have a non-equilibrium distribution. The distribution appears to be close to a Maxwellian at the top boundary
of the Knudsen layer (curves 2) and remains close to a
Maxwellian up to the exit boundary.
At supercritical k0 and small Kn0 (Figs. 9(b) and 9(c)),
the most probable molecular velocity remains close to zero in
the whole domain. The distribution of the parallel velocity on
the source surface in this case is quite close to a Maxwellian
(curves 1 and dashed curve 2 are not shown in Figs. 9(b) and
9(c) because visually they coincide with solid curve 2). At
large r=R0 , the distribution becomes essentially asymmetric
and nonequilibrium, since there is depletion in high-speed
molecules moving downward (Fig. 9(c)). Thus, at supercritical
k0 , the distribution function of gas molecules deviates much
further from the elliptical distribution than in the case of zero
gravity.12 The perpendicular velocity distributions remain
fairly close to a Maxwellian calculated with corresponding
local temperature T? at both sub- and supercritical k0 .
The difference in the mechanism of gas acceleration at
sub- and supercritical k0 determines the nature of thermally
escaping flows. At subcritical k0 , the whole distribution is
shifted with r=R0 toward larger vjj and the gas velocity u is

3.5

C. Escape rate

In Figs. 10(a) and 10(b), the ratios of the actual escape
rate, U, found in DSMC simulations to the evaporation rate,
U0;0 , Eq. (12), and to the virtual escape rate, U0 , evaluated
at r ¼ R0 , Eq. (11), are shown vs. Kn0 for various k0 . At
k0 ¼ 0, U0 ¼ U0;0 , and the ratio U=U0 decreases with
decreasing Kn0 and approaches a limiting value
ðU=U0 Þlim  0:82, which corresponds to an outgassing flow
from a planar surface.19The limiting return flux (0:18U0 ) is
close to 0:19U0 found in the outgassing problem with diffuse
scattering of returning molecules.19
For k0 > 0, both U=U0;0 and U=U0 are non-monotonic
functions of Kn0 with the position of the maximum shifted to
smaller Kn0 with increasing k0 . With decreasing Kn0 , the
effect of the source radius becomes less significant, and U=U0
at a given k0 approaches its limiting value ðU=U0 Þlim . At
k0  2 and Kn0 ! 0, U=U0;0 ! 0:82 independently of
k0 and, therefore, ðU=U0 Þlim ¼ ðU=U0;0 Þlim ðU0;0 =U0 Þ
¼ 0:82 expðk0 Þ=ðk0 þ 1Þ is an increasing function of k0 .
The maximum ðU=U0 Þlim is achieved at k0 ¼ 2 and it is equal
to 2.04. Thus, the constancy U=U0;0 ¼ 0:82 at Kn0 ! 0 is
characteristic for subcritical Jeans parameters and can be used
to determine the upper boundary kc1 ¼ 2 of the range of subcritical k0 .
1, values of U=U0;0 (not shown
At k0  3 and Kn0
in Fig. 10(a)) are much smaller than 0.82 and the drop in U=U0
is striking, e.g., U=U0  0:02 at k0 ¼ 3 and Kn0 ¼ 0:0003.
Because U=U0 is found to decrease even near our lowest
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always close to the most probable velocity of molecules.
This is the hydrodynamic regime, i.e., the regime of an
organized outflow from a gravitationally unbound atmosphere, where the most probable molecular velocity is larger
than the escape velocity below the exobase.42 At supercritical k0 , the macroscopic flow is mostly provided by the depletion of high-speed molecules moving downward, resulting in
highly nonequilibrium asymmetric velocity distributions.
This is the Jeans escape regime, i.e., the regime where the
most probable molecular velocity is smaller than the escape
velocity below the exobase and the escape occurs due to
molecules from the tail of the velocity distribution.
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FIG. 9. (Color online) Normalized distribution functions of parallel velocity
vjj =C0 of gas molecules for k0 ¼ 1 (a),
k0 ¼ 3 (b), and k0 ¼ 10 (c) at
Kn0 ¼ 0:001. Solid curves are obtained
at r=R0 ¼ 1 (curves 1), r=R0 ¼ 1:001
(curves 2), r=R0 ¼ 1:1 (curves 3),
r=R0 ¼ 2 (curves 4), r=R0 ¼ 4 (curves
5), r=R0 ¼ 10 (curves 6), and r=R0 ¼ 40
(curves 7). In panel b, curve 1 visually
coincides with curve 2. Dashed curve 2
represents Maxwellian distribution with
the same nðrÞ, uðrÞ, and Tjj ðrÞ as found
in the corresponding DSMC simulation.
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FIG. 10. (Color online) Escape rate
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Kn0 (b), and escape rate U=U0 vs. Jeans
parameter k0 (c). In panel c, vertical
dashed lines mark the boundaries
kc1 ¼ 2 and kc2 ¼ 3 of the hydrodynamic escape domain (gravitationally
unbound atmosphere) I, the transition
region II, and the Jeans escape domain
(bound atmosphere) III. U0;0 is the flux
of molecules leaving the source and
entering the simulations region, Eq.
(12). U0 is the virtual escape rate on the
source surface, Eq. (11).
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Knudsen number, Kn0 ¼ 0:0001, at k0 > 2, our simulations
cannot predict ðU=U0 Þlim in the limit that Kn0 ! 0.
If Kn0 is small and fixed, e.g., Kn0 ¼ 3 104 (curve with
square symbols in Fig. 10(c)), then U=U0 as function of k0
drops steeply in a narrow range of k0 from its maximum 2.04
at k0 ¼ kc1 to its minimum 0.02 at k0 ¼ kc2 ¼ 3. The value
kc2 can be considered as a nominal lower boundary of the
range of supercritical k0 . This boundary, however, is difficult
to calculate accurately, since numerical errors are maximal at
k0 ¼ 2  4. At Kn0  0:1, calculated values of kc2 are in the
range 3-3.5 and at small Kn0 kc2 appears to approach 3. The
latter is accepted as an estimate of kc2 for small Kn0 . The steep
decrease of U=U0 in the transition range kc1  k0  kc2 is
related to the behavior of the gas velocity and the Mach number Ma. Approaching kc1 from subcritical k0 at small Kn0 , the
distribution of Ma in the supersonic part of the flow becomes
flatter. At k0 slightly larger than kc1 , u and Ma drop in the
entire domain, so that the distribution of u becomes qualitatively similar to that shown in Fig. 6(c).
The virtual escape rates /ðrÞ, given by Eq. (6), are
found for several Kn0 and shown in Fig. 11 as functions of
r=R0 . This sheds light on the origin of the non-monotonic dependence of U=U0 on Kn0 at k0 > 0 seen in Fig 10(b). For
FMF /ðrÞ=U0 ¼ 1, while at finite Kn0 , the effect of collisions on the virtual escape rate at non-zero gravity is twofold. First, collisions near the source surface, where the gas
is relatively dense, result in a return to the source of a fraction of molecules, which originally leave the source with
velocities that are above the escape velocity ve ðR0 Þ. This
results in the formation of a return flux of molecules onto the

6

8

IO

12

14

Jeans parameter A-0

source surface. Second, due to collisions some molecules at
high altitudes can gain the energy needed to escape. This can
result in an increase of /ðrÞ=U0 above 1 at some distance
from the source for moderate and large Kn0 . With decreasing
Kn0 , the first factor prevails and the distribution /ðrÞ=U0
acquires a local minimum (curve for Kn0 ¼ 0:001 in Fig.
11(a)). The actual escape rate can be either larger or smaller
than U0 depending on relative contributions of these two
mechanisms.
From curves for Kn0 ¼ 0:01 and Kn0 ¼ 0:001 in Fig.
11, it is seen that treating the escaping molecules as originating at the nominal exobase is a rough approximation and,
in fact, a significant fraction of these molecules is produced
in collisions well above the exobase.7,43On the other hand,
the size of domain over which most of the escaping molecules are produced is ð2  4Þrexo . This allows us to estimate the position of the exit boundary, R1 , needed to
accurately calculate the escape rate at k0  10. This is not
the case for subcritical k0 . For example, at k0 ¼ 0 and
Kn0 ¼ 0:01, /ðrÞ=U0 approaches its asymptotic value already at r=R0  1:3 (inset in Fig. 11(a)). The radial size of
this domain is a few times larger than that for the domain of
subsonic flow and much larger than the thickness of the
Knudsen layer.
D. Approximate calculations of the escape rate

In this sub-section, the actual escape rate U is compared
with the Jeans, /J ðrÞ, and modified Jeans, /J;mod ðrÞ, escape
rates given by Eqs. (10) and (9). Following Chamberlain,26
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FIG. 11. (Color online) The ratio /=U0 , the virtual escape rate, /ðrÞ given
by Eq. (6) compared to the virtual escape rate on the source, U0 , vs. radial
distance r=R0 at k0 ¼ 10 in FMF (dash-double-dotted curve), at Kn0 ¼ 0:3
(solid curve), Kn0 ¼ 0:01 (dashed curve), and Kn0 ¼ 0:001 (dash-dotted
curve); inset shows the distribution of /ðrÞ=U0 vs. r=R0 at k0 ¼ 0 and
Kn0 ¼ 0:01, and vertical ticks mark the positions of the exobase.

the escape rate is often estimated as /J ðrexo Þ, where rexo is
the location of the nominal exobase. In order to analyze the
validity of this approximation for various k0 , we plot the ratio of U to /J ðrÞ (Fig. 12(a)). The profile of U=/J ðrÞ can be
quite complex even well above the exobase exhibiting one
or two local extrema. The ratio U=/J ðrexo Þ can be much
larger than 10 for k0 ¼ 1, while U=/J ðrexo Þ < 2 for k0 ¼ 10.
As k0 goes from 6 to 15, the ratio U=/J ðrexo Þ varies from
1.7 to 1.4.28 The large values of U=/J ðrexo Þ at subcritical k0
are observed because the flow at the exobase is hypersonic
(Fig. 8(a)), while u ¼ 0 is assumed in the derivation of
/J ðrÞ. Thermal escape at large uðrexo Þ is often called atmospheric blowoff2,34 and has been applied to early atmospheric
loss and is characteristic for atmospheres around comet
nuclei.44–46 One can extend the Jeans escape rate to roughly
describe rapid atmospheric loss, if one accounts for the nonzero u and calculates the modified Jeans escape rate
/J;mod ðrÞ given by Eq. (9). A few approaches can be used to
estimate u, e.g., Ref. 5. For subcritical k0 and small Kn0 ,
IO
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first approximation for u near the exobase can be found
from the isentropic model given by Eqs. (16). Using uðrÞ
that is found in DSMC simulations, ratio U=/J;mod ðrÞ
becomes less than a factor of 1.5 (Fig. 12(b)). At k0 < 2,
U=/J;mod ðrÞ  1 holds at large r because the distribution
function of vjj remains close to a Maxwellian (Fig. 9(a)).
Thus, for subcritical k0 , /J;mod ðrexo Þ approximates U with
error in a few percents. At k0  6, /J ðrexo Þ  /J;mod ðrexo Þ
because uðrexo Þ is relatively small.
For near- and supercritical k0 , the position of the exobase approximately follows the power law rexo =R0 / Knv
0
(Fig. 13(a)), where the exponent v is a function of k0 and
decreases from 1.03 at k0 ¼ 3 to 0.11 at k0 ¼ 15. At
Kn0 ¼ 1=k0 when l0 =H0 ¼ 1, the nominal exobase is still
slightly above the surface, because the number density on
the surface is smaller than n0 and, hence, the real mean free
path is large than l0 .
In Fig. 13(b) for k0 ¼ 3, the ratio U=/J ðrexo Þ is a nonmonotonic function of Kn0 . The presence of the maximum is
related to the presence of maxima in distributions of
U=/J ðrÞ shown in Fig. 12(a). At k0 ¼ 10 and k0 ¼ 15, the
ratio U=/J ðrexo Þ is limited by a factor of 2 (Fig. 13(b)). The
difference between U and /J ðrexo Þ occurs because a fraction
of the escaping molecules is produced by collisions above
the exobase (U > /ðrexo Þ) and due to deviations of the velocity distribution on the exobase from a Maxwellian
(/ðrexo Þ 6¼ /J ðrexo Þ).
Thus, DSMC simulations clearly show that for
k0 ¼ 6  15, the Jeans escape rate /J ðrexo Þ given by Eq. (10)
applied on the exobase serves as a fairly good approximation
to the actual escape rate. This result is in dramatic disagreement with certain applications of the SHE model for the
atmospheres of Pluto and Titan, where the predicted values
of U are orders of magnitude larger than /J ðrexo Þ for
k0 ¼ 10  40.9,10,31,32 On the other hand, our results are
found to be in a partial agreement with SHE simulations of
thermal escape of hydrogen H from the early Earth’s atmosphere47 in the region above the temperature maximum,
where the volumetric heating of the atmosphere is presumably small. With the diameter d ¼ 3 1010 m of H atoms
estimated from the conductivity law used in the SHE simulations, we found a good agreement between the SHE and
DSMC simulations in distributions of nðrÞ, uðrÞ, and TðrÞ

(b)

A0 = 10

------

2.5

FIG. 12. (Color online) Ratio of the
actual escape rate, U, to the Jeans escape
rate, /J ðrÞ, calculated with Eq. (10)
(panel a) and to the modified Jeans
escape rate, /J;mod ðrÞ, calculated with
Eq. (9) (panel b) vs. radial distance r=R0
for k0 ¼ 1 (dashed curves) and k0 ¼ 10
(solid curves) at Kn0 ¼ 0:1 (black
online) and Kn0 ¼ 0:01 (red online).
Vertical ticks mark the positions of the
exobase.
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FIG. 13. (Color online) Position of the
exobase rexo =R0 (a) and the ratio
U=/J ðrexo Þ of the actual escape rate U to
the Jeans escape rate /J ðrexo Þ at the exobase (b) vs. Knudsen number Kn0 . The
results are obtained for k0 ¼ 3 (solid
curves with square symbols), k0 ¼ 10
(dashed curves with triangle symbols),
and k0 ¼ 15 (dash-dotted curves with
circle symbols). In panel a, lines are fits
with exponents v
to rexo =R / Knv
0
shown in the figure. In panel b, results
for k0 ¼ 3 are not shown at Kn0 < 102 ,
when the exobase is found to be outside
the computational domain.
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and in the escape rate (within 20%) for the smallest U considered in Ref. 47. For the density distribution corresponding
to the largest U in Ref. 47, the DSMC escape rate is found to
be in a few times smaller.
E. Energy balance

Understanding the energy balance is important for
understanding thermal escape. That is, the upward energy
flux at large k0 must counterbalance the downward flux of
gravitational energy in order to maintain a flux of escaping
molecules in steady-state outflow. In this sub-section, we
consider the energy balance for supercritical k0 , taking
k0 ¼ 10 as characteristic.
In accord with the steady-state analogue of Eq. (2), the
total energy transfer rate E_ through any spherical surface
concentric with the source center is constant and can be represented in the form
E_ ¼ E_ Q þ E_ H þ E_ S þ E_ G ;

(18)

where
E_ Q ¼ 4pr2 q,
E_ H ¼ Uðð5=2ÞkT þ mu2 =2Þ,
2
E_ S ¼ 4pr us, and E_ G ¼ UUG ðrÞ are the heat, total enthalpy, viscous dissipation, and gravitational energy transfer
rates,
q ¼ 2p

þ1
ð
ð 1

m½ðvjj  uÞ2 þ v2? 
f ðr; vjj ; v? Þv? dv? dvjj
ðvjj  uÞ
2

law q / r 3 . Far above the exobase (at r=R0 > 10 in Fig.
14), the exponent in the scaling law approaches 2.
In the SHE model, the heat flux on the source surface is
often determined in the flux-limited approximation, assuming E_ Q ¼ 0.47 At Kn0
1, both jE_ S j and Umu2 =2 on the
source are much smaller than absolute values of other terms
in the right part of Eq. (18). Neglecting jE_ S j and Umu2 =2,
the heat flux on the source is equal to q0 ¼ U½ð5=2ÞkT0
GMm=R0 =ð4pR20 Þ, i.e., q0 is proportional to U. The additional condition needed to determine the “free” parameters
in the p
SHE
model, q0 and U, is a critical point, where
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uðrÞ ¼ kTðrÞ=m. In our simulation, we do not impose any
conditions on q0 or E_ Q , so the values of q0 and U are a result
of the simulations. In spite of this fact, results of kinetic
simulations can be in agreement with the flux-limited
approximation. This is the case when E_ is much smaller
than E_ Q and jE_ G j at r ¼ R0 (Fig. 14) and q0 / U (Fig. 15).
On the other hand, kinetic simulations often predict escape
rates that are an order of magnitude smaller than those
found using the SHE model. We attribute this difference to
10-2~ - - - - - - - - - - - - - - - - ,
t.0 = 10

/

Exobase

Kn 0 = 0.001

1 0

(19)
is the heat flux, and
s ¼ nkT  2pm

þ1
ð
ð 1

ðvjj  uÞ2 f ðr; vjj ; v? Þv? dv? dvjj

(20)

1 0

is the radial component of the viscous stress tensor.
At small Kn0 , variations of E_ Q and E_ G tends to counterbalance each other near and below the exobase (Fig. 14). At
r=R0 ¼ 20  40, all terms in Eq. (18) have the same order of
magnitude. At larger distances, the contribution of E_ G
becomes insignificant. Thus, near and below the exobase,
4pr 2 q / UGMm=r, and the heat flux satisfies a rough scaling
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FIG. 14. (Color online) Total energy transfer rate E=
its components as given by Eq. (18) vs. radial distance r=R0 at k0 ¼ 10 and
Kn0 ¼ 0:001. E_ Q =E_ 0 (solid curve), E_ H =E_ 0 (dashed curve), E_ S =E_ 0 (dash-dotted curve), and E_ G =E_ 0 (dash-double-dotted curve) are the heat, total enthalpy, viscous dissipation, and gravitational energy transfer rates.
E_ 0 ¼ 4pR20 n0 kT0 C0 . Vertical line marks the position of the exobase.
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region of nearly free molecular flow, is expected, it is qualitatively different from that at k0 ¼ 0.48 In the SHE model,
the Fourier law is applied above the exobase, since the
boundary conditions for the hydrodynamic equations
include,
following to Parker29, the critical point, where
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u ¼ kT=m which usually lies in the region of FMF.

Exobase atKn 0 = 0.01

VI. CONCLUSIONS
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FIG. 15. (Color online) Heat flux q=q0 vs. radial distance r=R0 calculated
for k0 ¼ 10 and Kn0 ! 1 (FMF, curve 1), Kn0 ¼ 0:3 (curves 2, red online),
Kn0 ¼ 0:01 (curves 3, green online), and Kn0 ¼ 0:001 (curves 4, blue
online). Dashed curves show actual values of q=q0 as found in DSMC simulations, while solid curves show values of q=q0 calculated based on the Fourier law given by Eq. (21), where TðrÞ is found in DSMC simulations and
jðTÞ is the thermal conductivity given by Eq. (22). q0 ¼ n0 kT0 C0 . Vertical
ticks mark the positions of the exobase.

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the fact that the condition uðrÞ ¼ kTðrÞ=m is satisfied in
the FMF region,47 where hydrodynamic equations fail. As a
result, the SHE model cannot predict the position of the
critical point and, consequently, cannot reliably predict the
structure of the upper atmosphere.
In the SHE model (see Eq. (S3) in supplemental material
at Ref. 54), it is assumed that the heat flux is maintained out
to the very large r (far above the exobase) and can be
described by the Fourier law in spite of the well-known fact
that for spherical expansion at zero gravity the Fourier law
provides poor approximation for the actual heat flux in the
far field, e.g., Ref. 20. In order to test this assumption at
k0 6¼ 0, we calculate the Fourier heat flux
qF ¼ jðTÞ

dT
;
dr

(21)

based on the temperature TðrÞ obtained in DSMC simulations, where the thermal conductivity jðTÞ is taken from the
first approximation of the Chapman-Enskog method for a HS
gas,36

1=2
25 k
1k
T
jðTÞ ¼
;
32 d 2 Pr p m

(22)

where Pr ¼ 2=3 is the Prandl number for a HS gas.36
The Fourier heat flux (solid curves in Fig. 15) is found
to be close to the actual heat flux within the quasi-equilibrium part of the flow, r < req , where jTjj =T?  1j.0:01.21
As one approaches the exobase, qF starts to deviate significantly from q and far above the exobase, the Fourier heat
flux can be orders of magnitude larger than the actual heat
flux. Although the large difference between qF and q, in the

DSMC simulations of the thermal escape from a single
component atmosphere of a monatomic gas of hard spheres
reveal the existence of a narrow transition range of the
source Jeans parameter, k0 ¼ 2  3, around which the character of the flow changes. The lower limit of this range
approximately corresponds to a critical Jeans parameter
kc ¼ 2:06, the upper bound of the range of k0 , where supersonic isentropic outflow is energetically possible. Trends in
variations of both the flow structure and the escape rate as
functions of Kn0 differ qualitatively for subcritical (k0  2)
and supercritical (k0  3) Jeans parameters.
At subcritical k0 , the initial enthalpy of fluid particles on
the source surface is sufficient to drive escape from the gravity
well and the atmospheric structure is similar to that observed
at zero gravity, where the flow at large distances from the
source is hypersonic. The flow contains a near-surface region
of non-isentropic flow, where the gas accelerates up to the
sonic speed. The flow parameters above the sonic surface can
be approximated by those found from the model of isentropic
flow. The ratio of the actual escape rate to what we define as
the virtual escape rate on the source surface, Eq. (11), is found
to be a non-monotonic function of Kn0 and its maximum
increases with increasing k0 . The characteristic feature of
flows at subcritical k0 is that in the limit of small Kn0 , the
escape rate becomes independent of k0 and is equal to 82%
of the rate of molecules evaporating from the source surface.
The actual escape rate in this case can be in orders of magnitude larger than the Jeans escape rate, Eq. (10), at the exobase,
but this difference is caused mainly by non-zero gas velocity
at the exobase, which is not accounted for in Eq. (10). A modified Jeans escape rate, Eq. (9), at the exobase, which accounts
for the non-zero gas velocity, can be used to estimate the
actual escape rate in this regime.
At supercritical k0 , the initial enthalpy of fluid particles
is insufficient to escape the potential well, and the steadystate escape from the atmosphere is maintained by the
upward heat flux, which tends to counterbalance the downward flux of gravitational energy. The terminal value of the
Mach number in this case is close to 1, so that neither the
hypersonic approximation nor the isentropic model can be
used. The asymptotic behavior of the perpendicular temperature appears to be close to that for free molecular flow, at
least in the part of the flow simulated here and, hence, different from the asymptotic behavior at subcritical Jeans parameters. The ratio of the actual escape rate to the virtual escape
rate on the source surface, Eq. (11), approaches zero as
Kn0 ! 0.
At supercritical k0 , the velocity distribution near the
exobase deviates much further from the elliptical distribution
than in the case of zero gravity. Due to the depletion of high-
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speed molecules moving back to the dense region of the
atmosphere, the parallel velocity distribution becomes essentially nonequilibrium and asymmetric, while the most probable molecular velocity remains close to zero even at large
distances from the source. At small Kn0 and k0 3, however, translation equilibrium is very nearly maintained in the
exobase region, e.g., at k0 & 12 and Kn0  103 , the flow on
the exobase is found, within the uncertainties of the simulations, to be in local equilibrium. At k0  6, the ratio of the
actual escape rate to the Jeans escape rate, Eq. (10), at the
exobase falls into the range 1.4–1.7.
The large set of simulations described here shows that,
for k0 ¼ 6  15, which is the suggested domain of the SHE
model,9,10 the escape rate is fairly close to the Jeans escape
rate when heat is deposited below R0 , in drastic disagreement
with certain applications of the SHE model.9,10,31,32 The
DSMC simulations also reveal that the basic assumptions of
this model do not correspond to the real flow conditions at
supercritical Jeans parameters, e.g., the temperature does not
drop to zero, hypersonic flow is not achieved, flow is essentially nonequilibrium on the exobase at k0 . 12, and the
heat flux near and above the exobase can differ by orders of
magnitude from the heat flux predicted by the Fourier law.
Therefore, care must be used in predictions of the escape
rate when applying the SHE model. A major drawback of
the SHE model is the use of boundary conditions at large
distances from the source, where hydrodynamic equations
are not applicable. In Parker’s model, the existence of an
“isothermal” critical point for k0 & 10 was intended to take
into account the boundary conditions,29 but at k0  10, this
point lies in the region of free molecular flow. Such conditions cannot be used to determine unknown conditions on
the source surface. Therefore, although the kinetic solution
of the thermal escape problem approaches the hydrodynamic
solution at Kn0 ! 0, as it has been shown in Ref. 55, exact
agreement can only be obtained if the boundary conditions
used are the same as those determined in a molecular kinetic
model. An accurate comparison of hydrodynamic and
kinetic models using the same boundary conditions are in
progress.
In real planetary atmospheres, both the asymptotic behavior of gas parameters in the far field and the escape rate are
subjects of multiple effects that are not accounted for in the
thermal escape model described here, e.g., heating of the
atmosphere in the simulation volume and more accurate treatment of inter-molecular collisions12 including quantum
effects22 and rotational18,49,50 and vibrational51 nonequilibrium of polyatomic molecules. In addition, non-thermal
effects are produced by the space environment: solar UVinduced photo-ionization and dissociation and interaction with
the local plasma and fields.2,52 However, many qualitative
properties of thermal escape, which are revealed in this study
using the simple hard sphere model, will remain unchanged
when more accurate cross sections are taken into account.28
Therefore, scaling an atmosphere by parameters k0 and Kn0 ,
the extensive results presented here can be used to describe
thermal escape from real atmospheres. In particular, of considerable recent interest are kinetic estimates of the thermal
escape rate for the atmospheres of Titan and Pluto, for which
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the interaction with the space environment is not robust. This
is the subject of our current work.53
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