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[1] Data assimilation is the Bayesian conditioning of uncertain model simulations on
observations to reduce uncertainty about model states. In practice, it is common to make
simplifying assumptions about the prior and posterior state distributions, and to employ
approximations of the likelihood function, which can reduce the efficiency of the filter. We
propose metrics that quantify how much of the uncertainty in a Bayesian posterior state
distribution is due to (i) the observation operator, (ii) observation error, and (iii)
approximations of Bayes’ Law. Our approach uses discrete Shannon entropy to quantify
uncertainty, and we define the utility of an observation (for reducing uncertainty about a
model state) as the ratio of the mutual information between the state and observation to the
entropy of the state prior. These metrics make it possible to analyze the efficiency of a
proposed observation system and data assimilation strategy, and provide a way to examine
the propagation of information through the dynamic system model. We demonstrate the
procedure on the problem of estimating profile soil moisture from observations at the
surface (top 5 cm). The results show that when synthetic observations of 5 cm soil moisture
are assimilated into a three-layer model of soil hydrology, the ensemble Kalman filter does
not use all of the information available in observations.

Citation: Nearing, G. S., H. V. Gupta, W. T. Crow, and W. Gong (2013), An approach to quantifying the efficiency of a Bayesian
filter, Water Resour. Res., 49, 2164–2173, doi:10.1002/wrcr.20177.

1. Introduction

[2] Uncertainties in model estimates and forecasts of
dynamic systems are often expressed probabilistically, and
data assimilation is the Bayesian process of conditioning
state uncertainty distributions on observations of the mod-
eled system [Wikle and Berliner, 2007]. Intuitively, data
assimilation relies on a model to provide prior information
about the behaviour of a dynamic system and observations
provide independent, collaborating evidence. In this sense,
prior knowledge is the set of physical laws by which we
expect the system to operate, and the Bayesian data assimi-
lation prior is a probability distribution representing (a)
uncertainty in the representation of these physical laws
themselves, (b) uncertainty about the isomorphism between
mathematical or numerical representations of physics and
the actual physics of the system, and c) uncertainty in the
boundary condition. To update these prior uncertainty distri-
butions using observations it is necessary to have a model
of the observation process; this model and any associated

observation uncertainty constitutes the Bayesian likelihood
function.

[3] When designing an observing system, it is often de-
sirable to estimate the value of certain types of hypothetical
observations; this is especially important if collecting
observations is expensive. Observing system simulation
experiments (OSSEs; which are synthetic studies) can be
used to evaluate the strength of computational approaches
to conditioning models on observations [Reichle et al.,
2001]. A typical data assimilation OSSE will compare the
uncertainties associated with model forecasts before and af-
ter assimilating a set of synthetic observations generated
according to the specifications of the proposed observing
system. The result is usually an estimate of the change in
forecast accuracy or precision.

[4] For practical reasons, most data assimilation algo-
rithms use approximations of Bayes’ Law. Therefore, there
are three factors that might combine to reduce the effec-
tiveness of Bayesian learning from observations:

[5] (1) The mapping from states to observations may not
be injective (i.e., a one-to-one mapping), so that even perfect
observations do not translate into perfect state estimates.

[6] (2) The signal to noise ratio in the observations may
be small.

[7] (3) Approximations of Bayes’ Law may result in spu-
rious updates to the state uncertainty distributions.

[8] Any set of observations contains a certain amount of
information about model states, this amount is determined
by (1) and (2), while (3) results in information loss. Although
it is possible to estimate the effects of reducing noise in the
observations simply by changing the specifications for gener-
ating synthetic observations, traditional OSSE analyses do
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not formally differentiate between the individual contribu-
tions of (1–3) to the posterior uncertainty. Furthermore, they
do not formally track the assimilated information through the
dynamic system model.

[9] In this paper, we propose a set of metrics which
quantify the fraction of uncertainty in posterior state distri-
butions (after data assimilation) related to each of the three
factors listed above. We discuss, specifically, the case of
one-dimensional observations. Efficiency is computed by
comparing the reduction in uncertainty about model states
actually achieved to that which is potentially attainable.
These metrics, based on the quantification of uncertainty as
discrete Shannon entropy [Shannon, 1948], provide a con-
sistent way to measure both (a) the potential ability of an
observing system to inform specific science questions, and
(b) the importance of various limiting factors in the data
assimilation process. In addition, they can be used to track
information introduced into a dynamic system model via
Bayesian updating (updating acts as a perturbation on the
system) through time and state space and therefore provide
a method for illustrating dynamic information flow.

[10] Section 2 provides an overview of probabilistic fil-
tering and observing system simulation experiments, and
presents the proposed efficiency metrics. Section 3 demon-
strates the usefulness of the metrics for a aystem designed
to estimate profile soil moisture content from observations
of surface soil moisture. Section 4 concludes and discusses
some limitations of the method.

2. Theory: Background and Proposed Metrics

2.1. Bayes Filters

[11] Nonlinear dynamical system (NLDS) simulators
used for data assimilation are usually numerical integrators
of stochastic differential equations of the form [Miller
et al., 1999]:

dxt ¼ m ut; xtð Þdt þ v ut; xtð ÞdWt; (1)

where xt 2 Rdx and ut 2 Rdu are the simulator state and
boundary condition at time t respectively and Wt is a Wie-
ner process. Solutions to (1) at discrete times t ¼ 1; . . . ; T
are approximated by sampling a Markov process [Liu and
Gupta, 2007]:

xt ¼M ut; xt�1ð Þ þ mt; (2)

where the state transition functionM is an approximation of
the drift function m and mt are noise sampled from the Gaus-
sian distribution m � O� . Periodically, the state of the system
is observed according to an observation functionH :

yt ¼ H xtð Þ: (3)

[12] The observation process is typically associated with
some error so that the actual observation is:

zt ¼ yt þ "t; (4)

where yt; zt 2 R, and the observation error "t is drawn from
an arbitrary distribution "t�O".

[13] In the above, (2) constitutes a hidden Markov model
(HMM) and implies probability distributions pM x1:T ju1:Tð Þ
and pH z1:T jx1:Tð Þ respectively, where T is the number of
simulation time steps. To make predictions with this model
it is essential to know the distribution of the forcing data
Ou which, along with the conditional distributions pM and
pH, define a joint probability distribution over model states
and observations for the simulation period t 2 1; . . . ; T .

[14] Data assimilation addresses the question ‘‘what can
be learned about x by observing z?’’ and the Bayesian an-
swer is a smoother ; given observations during the simula-
tion period, the posterior uncertainty in x1:T is given by:

p x1:T jz1:T ; u1:Tð Þ ¼ pH z1:T jx1:Tð ÞpM x1:T ju1:Tð ÞR
pH z1:T jx1:Tð ÞpM x1:T ju1:Tð Þ@x1:T

: (5)

[15] In the general case, no analytical solution to (3)
exists and it is impractical to sample the posterior directly
due to the fact that it is dxT -dimensional (dimension of the
state multiplied by the number of integration time steps).
Therefore, it is often necessary to make some simplifying
assumptions, the most common being that the state at time
t � T is conditionally independent of observations at times
greater than t. This assumption results in a filter :

pFðxtjz1:t; u1:tÞ

¼ pH ztjxtð Þ
R

pM xtjxt�1; utð ÞpF xt�1jz1:t�1; u1:t�1ð Þ@xt�1R
pH ztjxtð Þ

R
pM xtjxt�1; utð ÞpF xt�1jz1:t�1; u1:t�1ð Þ@xt�1@xt

;

(6)

which can be applied sequentially using the posterior at
time t in the integral which defines the prior at time t þ 1.

[16] Since the filter posterior distribution is only dx-
dimensional at any given time, it is sometimes feasible to
use Markov Chain Monte Carlo (MCMC) techniques to
generate approximate independent and identically distrib-
uted (iid) samples from the posterior. However, because
MCMC sampling is computationally expensive and must
be performed at every observation time step, additional sim-
plifying approximations are often used to facilitate analytical
estimates of the posterior. Common approximations include
emulating the prior, likelihood, and posterior as Gaussian
and M and H as linear [the Kalman filter; Kalman, 1960],
emulating the prior and posterior as a discrete set of samples
from Gaussians andH as linear [the ensemble Klaman filter;
Evensen, 2003], or emulating the prior as a set of discrete
samples and estimating the posterior by resampling the prior
[the bootstrap filter; Gordon et al., 1993].

2.2. Ensemble Kalman Filter

[17] Ensemble filters estimate the various HMM distribu-
tions from a set of k iid samples, which at each simulation
time step consists of k samples of the prior (Xb

t 2 Rdx;k ;
called the background), k samples of the observation
(Y b

t 2 R1;k) derived from X b
t according to (2.2), and k sam-

ples of the posterior (X a
t 2 Rdx;k ; called the analysis). The

ensemble filter most commonly used in hydrology, and the
one which we will use in our example (section 3), is the en-
semble Kalman filter [EnKF; Evensen, 2003]. Given an ob-
servation z�t where O" is jointly Gaussian independent in
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time with variances rt 2 R, maximum likelihood estimates
of the posterior (where each background ensemble member
is taken to be the mean of the prior) can be approximated by
linearizing H around the ensemble mean and minimizing the
expected squared error to obtain:

X a
t ¼ X b

t �
1

k � 1
X b

t � X b
t

� �
Y b

t � Y b
t

� �0

1

k � 1
Y b

t � Y b
t

� �
Y b

t � Y b
t

� �0
þ rt

� ��1

Y b
t � Z�t

� �
;

(7)

where Z�t 2 R1;k are samples from the observation uncer-
tainty distribution Z�t � N z�t ; rt

� 	
. Under the stated con-

ditions (Gaussian prior, Gaussian O" and linear H), X a
t is

an iid sample of the posterior of (5) and can be used as
the condition of the prior at time step t þ 1: each sample
in X b

tþ1 is found by sampling pM with a single member of
the X a

t ensemble taken to be the previous state condition.

2.3. Observing System Simulation Experiments

[18] (1) Synthetic experiments that examine whether a
proposed observing system and data assimilation strategy
can be expected to produce posterior state distributions
having increased accuracy (or reduced uncertainty) com-
pared to the HMM simulator distributions are called
observing system simulation experiments [OSSEs; Arnold
and Dey, 1986]. The typical data assimilation OSSE is
called an identical-twin experiment [e.g., Crow and Van
Loon, 2006] and consists of three principle components:

[19] (1) k samples of the forcing data, state and observa-
tion distributions called the open loop samples; these are
denoted U 2 Rdu;k;T , Xo 2 Rdx;k;T and Zo 2 R1;k;T respec-
tively. We will also consider error-free samples of the ob-
servation Y o 2 R1;k;T .

[20] (2) A single sample from the forcing data and HMM
distributions which is used to define the true state of the
NLDS system; this is called the truth system and denoted
u* 2 Rdu;T , x* 2 Rdx;T , y* 2 R1;T , and z* 2 R1;T .

[21] (3) k samples of the state distributions conditional
on z* after data assimilation; these are called the analysis
samples and denoted X a 2 Rdx;k;T .

[22] At every time step, once the analysis Xa
t is deter-

mined, Za
t can be sampled from pH. Similarly, forecasts can

be derived from analysis vectors by propagating X a
t forward

in time Tf time steps (via the simulator) without assimilating
any observations. We will denote this set of forecasts X f 2
Rdx;k;T ;Tf where X f

t;s represents a sample of the forecast dis-
tribution for time step t þ s made after assimilating the ob-
servation at time t. Notice that X f

t�1;1 ¼ Xb
t , and that the

open loop sample Xo
t , at time t, is not a sample from the fil-

ter prior.
[23] Since the choice of truth system is random, it is nec-

essary to repeat each OSSE a number of times, in this case
n ¼ k times. The results of analyzing these OSSEs will
thus be a comparison between n analysis and forecast sam-
ples against a single open loop sample. In this case, we
used n ¼ k such that each open loop sample was used indi-
vidually as the truth system for a single OSSE; this is nec-
essary and the reason is explained in section 2.4.

[24] The most common way to evaluate an OSSE is in
terms of accuracy of the ensemble mean, for example Pauwels

et al. [2007] compared the mean-squared errors (MSE) of
the expected value of open and assimilation loop state esti-
mates. We propose instead to quantify the contributions of
(1–3) (from section 1) to uncertainty in the posterior state
distributions.

2.4. Quantifying Observation Utility and Filter
Efficiency

[25] The amount of information contained in the realiza-
tion of a random variable � distributed over a discrete event
space � according to distribution p� is �log p� �ð Þ

� �
[Shan-

non, 1948]. The entropy of the distribution p� over � is the
expected amount of information from a sample of p� :

H �ð Þ ¼ �
X
�2�

p� �ð Þlog p� �ð Þ
� �

: (8)

[26] Entropy can be interpreted as a measure of uncer-
tainty about � according to the distribution p� . The expected
amount of information about one random variable � con-
tained in a realization of another random variable  is called
the mutual information between � and  :

I �; ð Þ ¼ �
X
�2� �

X
 2� 

p�; �;  ð Þ log
p�; �;  ð Þ

p� �ð Þp  ð Þ

� �
: (9)

[27] The mutual information normalized by the entropy
of the predictand is known as the Theil index [Theil, 1967],
which is a fractional measure of the expected uncertainty
reduction due to Bayesian conditioning since:

I �; ð Þ ¼ H �ð Þ � H �j ð Þ: (10)

[28] If we approximate the HMM state and observation
spaces as discrete, the Theil utility of any single observation
taken at time t for reducing uncertainty in the ith state dimen-
sion can be estimated from the background ensembles:

T i;t ¼
I xb

i;t; zb
t

� �

H xb
i;t

� � : (11)

[29] Theil utility ranges between zero and one: T ¼ 1
implies that the mapping from xi;t to zt is deterministic and
injective and T ¼ 0 implies that xi;t and zt are statistically in-
dependent. In general, Theil utility could be used to estimate
the utility of any observation for estimating any simulator
component including parameters, states, other observations or
forecasts.

[30] The fraction of entropy in the analysis distribution
due to noninjectivity of the observation function H is pro-
portional to one minus the Theil utility of observations
with no observation error:

EHi;t ¼
H xb

i;t

� �

H xa
i;t

� �
0
@

1
A 1� T i;t �ð Þ
� �

¼
H xb

i;t

� �
� I xb

i;t; yb
t

� �

H xa
i;t

� � : (12)

[31] Theil utility is denoted as functionally dependent on
the observation error distribution which, when there is zero
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observation uncertainty, is the Dirac delta function. The
fraction of entropy in the analysis distribution due to obser-
vation error is:

EO"i;t ¼
H xb

i;t

� �

H xa
i;t

� �
0
@

1
A T i;t �ð Þ � T i;t O"ð Þ
� �

¼
I xb

i;t; yb
t

� �
� I xb

i;t; zb
t

� �

H xa
i;t

� � ;

(13)

and the fraction due to approximating Bayes’ Law at each
time step is the scaled difference between the entropy of
the analysis distribution and the entropy of the true Bayes-
ian conditional distribution:

EFi;t ¼
H xa

i;t

� �
� H xb

i;tjzb
t

� �

H xa
i;t

� � ¼ 1� EHi;t � E
O"
i;t : (14)

[32] Generally, (10)–(12) can be used to assess the frac-
tion of posterior uncertainty on the ith state dimension at
time t due to assimilating an observation at any time less
than t. Specifically, this means that we can estimate the effi-
ciencies for assimilating observations to make forecasts. The
posterior entropy fractions related to forecast state distribu-
tions X f

t;s will be indexed Ec
i;t;s where c is either H, O", or

F . The statistics EH, EO", and EFwill be called the simulator,
observation, and filter inefficiency effects respectively.

[33] Since each OSSE was repeated n times to account for
the random choice of truth system, and because the mutual
information terms in (10) and (11) represent an expected
value over observation space, the expected value of the en-
tropy of the analysis distribution over truth systems was
used in (10)–(12). To ensure that mutual information esti-
mates are comparable with the expected value of the entropy
of the analysis sample, it is important that each open loop
ensemble member be used as a truth system exactly once.

3. Demonstration: An OSSE for Estimating
Root-Zone Soil Moisture

[34] This section describes an example OSSE which
compares the inefficiency metrics outlined in the previous
section with a standard MSE evaluation. This example is
motivated by the problem of estimating root-zone soil
moisture from observations taken at the surface.

[35] Measurements of radar scattering and emission can
provide noninvasive estimates of water content of the top
few centimeters of soil with penetration depth dependent on
wavelength: �2 cm at C-band and �5 cm at L-band. Many
efforts have been made to estimate root-zone soil moisture
from radiometer observations using data assimilation [e.g.,
Bolten et al., 2010; Crow and Wood, 2003; Galantowicz
et al., 1999; Li and Islam, 1999; Margulis et al., 2002]
including several observing system simulation experiments
which test the feasibility of such approaches using synthetic
observations [Crow and Reichle, 2008; Dunne and Ente-
khabi, 2005; Flores et al., 2012; Reichle et al., 2001, 2002b,
2008]. The OSSE described in this section assimilates syn-
thetic observations of soil moisture in the surface soil layer
(5 cm) into a three-layer soil moisture model with total depth
of 30 cm.

3.1. A 3-Layer Soil Moisture Model

3.1.1. State Transition Function
[36] The HMM simulator state transition function con-

sisted of a dynamic soil moisture accounting model based
on the two-layer model of soil hydrology developed by
Mahrt and Pan [1984]. The three-dimensional state vector
consisted of volumetric water content in three soil layers
with cumulative depth dm ¼ 30 cm; the states are denoted
�if gi¼1;2;3 [m3/m3]. We used layer thicknesses of d1 ¼ 5

cm, d2 ¼ 10 cm and d3 ¼ 15 cm. Aside from the total
depth of the root zone (dm), model parameters included
Brooks and Corey [1964] hydraulic coefficients: porosity
(�s ; (m3/m3)), bubbling pressure ( b ; (cm)), saturated hy-
draulic conductivity (Ks ; (cm/day)) and pore size distribution
index (b ; (�)), as well as the residual moisture content (�r ;
(m3/m3)). The boundary condition was described by values
of daily cumulative precipitation (Pt ; (cm/day)) and values
of daily cumulative potential evaporation (Et ; (cm/day)).

[37] At the beginning of each time step, the average vol-
umetric water content in each layer was used to estimate
unsaturated conductivity and soil diffusivity of that layer
according to Brooks and Corey [1964]:

Ki ¼ Ks
�i;t�1 � �r

� �
�s � �rð Þ

� �3þ2
b

; (15)

Di ¼
 bKi

b �s � �rð Þ : (16)

[38] Infiltration into the first two soil layers (cm/day)
was calculated as:

I1 ¼ min Pt;
2

d1
D1 �s � �1;t�1

� �
þ Ks; d1 �s � �1;t�1

� ���

þ dm � z1ð Þ �s � �2;t�1

� ��
; d1 �s � �1;t�1

� ��
;

(17)

I2 ¼ min Pt � I1ð Þ; 2

d2
D2 �s � �2;t�1

� �
þ Ks; d2 �s � �2;t�1

� ���

þ dm � z2ð Þ �s � �3;t�1

� ��
; d2 �s � �2;t�1

� ��

(18)

[39] Direct evaporation [cm/day] from the top soil layer
was:

Ea ¼ min Et;
2

d1
D1 �1;t�1 � �r

� �
þ K1

� �
; d1 �1;t�1 � �r

� �� �
;

(19)

[40] Soil moisture in each layer was updated according to:

�1;t ¼ �1;t�1 þ
1

d1
I1 � Ea � 2

D1

d2
�1;t�1 � �2;t�1

� �
� K1

� �
; (20)

�2;t ¼ �2;t�1 þ
1

d2
I2 þ 2

D1

d2
�1;t�1 � �2;t�1

� ��

�2
D2

d3
�2;t�1 � �3;t�1

� �
þ K1 � K2

�
;

(21)
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�3;t ¼ �3;t�1 þ
1

d3
2

D2

d3
�2;t�1 � �3;t�1

� �
� K3 þ K2

� �
: (22)

[41] The middle layer (�2Þ was added to the model by
Mahrt and Pan [1984] to allow for sufficient infiltration.
3.1.2. Simulation Period and Boundary Conditions

[42] The three-layer model from section 3.1 was forced
for T ¼ 730 days with daily precipitation and potential
evaporation data collected at the Leaf River watershed in
Mississippi, USA beginning on 5 November 1952. Forcing
data uncertainty was assumed to be multiplicative and
log-normally distributed so that the log-transformed (multi-
plicative) perturbations to measured precipitation and
potential evaporation used to generate ensemble samples of
u1:T were Gaussian distributed with mean zero and covari-

ance �u ¼
0:25 �0:12
�0:12 0:09


 �
. This forcing data uncer-

tainty distribution was adapted from the distribution used
by Reichle et al. [2007]; the covariance between perturba-
tions to precipitation and potential evaporation was �0:8
and we did not consider temporal autocorrelation. We also
assumed that 8% of rainfall events were undetected and
added a rainfall amount sampled uniformly from the entire
set of precipitation measurements to 8% of the days when
zero rainfall was reported. We did not consider state transi-
tion uncertainty, so that O� ¼ � and all uncertainty was
assumed to come from measurements of the boundary con-
dition. Model parameters values were Ks ¼ 1, �s ¼ 0:45,
�r ¼ 0:06, b ¼ 0:75, and  b ¼ 5:5.
3.1.3. Observation Function

[43] Synthetic observations of 5 cm soil moisture were
generated according to:

yt ¼ �1;t (23)

zt ¼ yt þ "t (24)

with the observation uncertainty distribution "t � O" ¼
N 0; 10�4
� 	

. This observation error distribution has stand-
ard deviation 0:01 (m3/m3) so that the observation of the
surface soil moisture state was expected to fall within
60:02 (m3/m3) of the true state 95% of the time. The initial
state for each ensemble member was sampled from the dis-
tribution �i;0 � N 0:1; 10�4

� 	
for each layer i ¼ 1; . . . ; 3,

which represents an initially uncertain soil moisture profile
with mean of 0.10 (m3/m3) in each layer.

3.2. Ensemble Size

[44] In application, ensemble size will be dependent on
the desired accuracy and precision of the various entropy
estimates described in section 2.4. The entropy and mutual
information estimates in (6) and (7) are maximum likeli-
hood estimators (MLEs) for discrete random variables, and
the asymptotic bias of an MLE estimator of entropy (Bmle )
is bounded by –ln 1þ m�1

k

� �
� Bmle � 0, where m is the

number of histogram bins; the upper bound at zero is tight
when k=m�>1 [Paninski, 2003]. We approximated the
continuous HMM state and observation spaces as discrete
using a histogram bin width given by Scott [2004]:

w ¼ 3:73�̂k�
1
3; (25)

and chose an ensemble size according to this bound on the
bias of the scaled filter inefficiency effect :

H xa
i;t

� �
EFi;t ¼ H xa

i;t

� �
þ H zb

t

� �
� H xb

i;t; z
b
t

� �
: (26)

�̂ refers to the standard deviation of the background state
sample, the analysis state sample, or observation sample at
time t. Assuming that the range of each sample from a dis-
tribution for which we wished to estimate entropy was
approximately 7.5 standard deviations (2� 3:73�̂), so that

m � 4
ffiffiffiffiffi
k23
p

for estimates of the entropy of the joint distribu-

tions between states and observations H xb
i;t; z

b
t

� �� �
, the

biases of the quantities H xa
i;t

� �
EFi;t were bounded above by

approximately ln 1þ 4k�
1
3 � k�1

� �
. Given that this is a

loose bound and noting that the mean of the entropies of
the marginal EnKF posteriors over �3 was about 3.4 nats,
we chose an ensemble size k ¼ 1000 so that the upper
bound on the fraction of posterior uncertainty due to filter
inefficiency was approximately 0.34 nats, or about 10% of
the mean of entropies of the �3 filter posteriors. This en-
semble size is much larger than what is needed to estimate
the EnKF prior [Reichle et al., 2002a].

3.3. Methods of OSSE Analysis

[45] We report the time-averaged simulator, observation
and filter inefficiency effects related to analysis and fore-
cast posterior state distributions:

Ec
i;t;s ¼

1

T � sð Þ

XT�s

t¼1

Ec
i;t;s: (27)

[46] Each Ec
i;t;s statistic estimates an inefficiency effect

related to assimilating observations of �1 to reduce uncer-
tainty about �i at the present time (s ¼ 0) and up to Tf days
into the future (0 < s � Tf ).

[47] MSE statistics are also reported; these consist of,
for each state dimension i ¼ 1; . . . ; 3, the expected value
over truth systems of the MSE of the mean of the analysis
state vector normalized by the MSE of the ensemble mean
of the open loop state vector (X a

i;t;l is the ensemble mean of
the analysis state sample due to assimilating observations
of the l th truth system through time t) :

MSE a
i ¼

1

N

XN

l¼1

XT

t¼1
X a

i;t;l � x�i;t;l

� �2

XT

t¼1
X o

i;t � x�i;t;l

� �2
; (28)

as well as the similarly normalized MSE of the assimilation
loop forecast ensemble mean state estimates:

MSE f
i;s ¼

1

Nt

XNt

l¼1

XT�s

t¼1
X f

i;t;s;l � x�i;tþs;l

� �2

XT�s

t¼1
X o

i;tþs � x�i;tþs;l

� �2
: (29)

[48] These statistics were calculated for EnKF assimila-
tion of observations generated with the error distribution
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O" ¼ N 0; 10�4
� 	

and also with a reduced error distribution
O0" ¼ N 0; 10�8

� 	
to directly test the effect of reducing ob-

servation error on assimilation results. The effect of reduc-
ing observation error was quantified as the fractional
reduction in MSE due to decreasing observation error var-
iance, which is notated MSE �

i;s:

3.4. Assessing the Effects of Simulator Uncertainty

[49] A separate experiment was conducted to assess the
relative effects of boundary condition uncertainty and state
transition uncertainty by scaling Ou and O� variances. A
separate simulator was sampled for 81 linearly spaced val-
ues of k ¼ �u; ��f g 2 R2

0:01;2½ �; 0:01;2½ � so that multiplicative
perturbations to measured forcing data came from the

log-normal distributions O0u ¼ lnN 0; �u�u½ � and state tran-
sition perturbations came from distributions O0� ¼
N 0; 10�4� � I 3

� 	
. The Theil utilities of perfect observa-

tions (no observation error) for estimating the �2 state at
one time step in the future were calculated from each of
these simulators using the open loop samples. Since esti-
mating Theil utility did not require data assimilation, no
truth systems were sampled. We report the time-averaged
Theil utility over T � 1 time steps as a function of the scal-
ing factors k.

3.5. OSSE Results

[50] Figure 1 plots the first 60 time steps of the open
loop ensembles and assimilation loop ensembles resulting

Figure 1. Example EnKF synthetic twin OSSE results for a single truth system are plotted for 60 time
steps (of T ¼ 730) with an ensemble size of k ¼ 1000. The observation error distribution for this experi-
ment was O" ¼ N 0; 10�4

� 	
and observations were assimilated at every time step. Comparison of prior

and posterior distributions over (top) the state �1 and (bottom) observations zt ¼ �1;t þ "t.
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from assimilating observations from a single truth system
with O" ¼ N 0; 10�4

� 	
. The EnKF MSE statistics calcu-

lated by (18) (Figure 2) with s ¼ 0 were always smaller
than one, which indicated that MSE of the expected value
of the analysis posteriors were smaller than MSE of the
expected values of the open loop priors.

[51] Figure 2 shows that the expected value (over time
and truth systems) of the effects on MSE of assimilating
observations of �1 on estimates of states �2 and �3 persist
for one and two time steps respectively before attenuating.
This is an indication that the boundary condition (precipita-
tion and evaporation), which largely influences �1 directly,
was the predominant contributor of uncertainty in this sim-
ulator. On average, assimilating observations with O" ¼
N 0; 10�4
� 	

reduced the ensemble mean MSE at time t by
about 80%, and reducing the observation error to O0" ¼
N 0; 10�8
� 	

further reduced the ensemble mean MSE by
almost 100% in all three states. It was possible to estimate
all three true states exactly using precise observations, how-
ever the effect of reducing observation error variance was
almost completely mitigated by the first forecast time step.

[52] Figure 3 illustrates the time-averaged inefficiency
metrics related to each model state. The predominant con-
tribution to posterior state uncertainty was the observation

mapping: EH > 0:5 except when estimating �1 at the time
of observation. In the latter case, observation uncertainty
contributed approximately 80% of the posterior state en-
tropy and EnKF assumptions contributed just over 20%.
This result might appear to differ from the MSE analysis
which showed that close to 100% of posterior �1 estimation
error could be mitigated by reducing observation error,
however the efficiency analysis showed that when the ob-
servation variance is effectively greater than zero, the pos-
terior uncertainty in �1 was partly due to observation error
and partially due to EnKF simplifications of the prior and
posterior probability density functions. Gaussian pdfs have
the highest entropy of any density function with given var-
iance and the true density functions over states do not have
unbounded support, so approximating these as Gaussian in
the prior and posterior added entropy to the posterior.

[53] Most importantly, the fact that some of the EF > 0
(bottom subplot in Figure 3) indicates that there was unused
information in the observations – that is, uncertainty was
not reduced as much as it could have been. The filter did not
estimate the density function of the surface layer correctly,
and this artifact propagated through the soil layer between
time steps. The MSE analysis showed that it took one time
step for uncertainty in the boundary condition to propagate

Figure 2. Normalized differences in MSE of posterior
EnKF state forecasts (from (18.1) and (18.2)) due to assimi-
lating observations from (top) O" ¼ N 0; 10�4

� 	
and (mid-

dle) O0" ¼ N 0; 10�8
� 	

are plotted as a function of forecast
time. The bottom plot shows the fractional improvement
(MSE �

i;s) due to reducing observation uncertainty standard
deviation from 10�2 to 10�4.

Figure 3. Time-averaged simulator, observation error
and EnKF inefficiency effects related to assimilating an ob-
servation at time t with prior Xb

t to improve forecasts of
soil moisture states at forecast times t þ s ; s ¼ 0; . . . 10.

NEARING ET AL.: OSSE DA ENTROPY METRICS

2170

,,--.._ 
\J.) a 

-..___..,,, 

~ 0.5 
"Cf) 

~ 
0 

,,--.._ 
.._ \J.) 

a 
-..___..,,, 

~ 0.5 
"Cf) 

~ 
0 

<I 
~ 
"Cf) 0.5 

~ 

I 
I 

0 

I 
I 

0 

Normalized MSE 

-- ,,,,,,,,, ,,,,,, , , --, , , , , 
-- 01 (0-5 cm) 

I 
- - - 02 (5-15 cm) 

...... , 03 (15-30 cm) 

2 4 6 8 10 

, ---- ,,,, 
,,, ,,, , ,, , ,, ,, 

, , , , 
I 

I 

2 4 6 8 10 

,,,,,,,, ,,, ,,,, 

2 4 6 8 10 

Forecast Timestep 

,, ,,,, 

;;e 
0.8 \ 

\ 

vs) 
0.6 

.,. 

.... . ~.:-: ,':"· .~.:-: ,-:-, .~ . :-: ,':", '' ''''' ' ' '' 

':,· -- ' 

0.4~~-~---~------~--~ 
0 2 4 6 8 10 

0.6~--~---~--~~--~--~ 

0.4 
C) 
vs) 0.2 

0 I I I I I 1 ' 

0.6 

0.4 
k. 
vs) 

0.2 

0 2 

~ .~ ..... " '" 
' ,II I I,,' .... -

· - •- · .... . .. •· I .. , .. I 

4 6 8 

-- 01 (0-5 cm) 

- - - 02 (5-15 cm) 

,, , ,,, , 03 (15-30 cm) 

,,,,,,,,,, , ,,,,,,, ,, 

0 
0 2 4 6 8 

Forecast Timestep 

10 

10 



between soil layers and here we see evidence of assimilated
information propagating between soil layers. In this particu-
lar case, zt was more closely related to �2;tþ1 than �2;t and
also more closely related to �3;tþ2 than to �3;t : for example,
the average Theil utility of yt for estimating �2;t was 0:10
and the average Theil utility of zt for estimating �2;t was
0:37, indicating that filtering might be the wrong way to
approach the problem of estimating �2. The soil moisture
reanalysis by Dunne and Entekhabi [2005] highlighted a
similar effect, by showing that an approximate smoother
resulted in improved soil moisture state estimates as com-
pared to an approximate filter, however our analysis indi-
cates that a six-dimensional posterior might be sufficient
(condition distributions of �1;t, �2;t:tþ1, and �3;t:tþ2 on zt).

[54] Since the EH were the largest inefficiency effects,
we evaluated the effects of scaling the variances of Ou and
O� ; Figure 4 plots the time-averaged Theil utilities of per-
fect observations (Dirac delta function error distributions)
for reducing uncertainty in the �2 state at one time step in
the future. This figure takes the form of a response surface
due to varying k ¼ �u; ��f g 2 R2

0:01;2½ �; 0:01;2½ �. The utility of

perfect observations decreased with decreasing uncertainty
in the boundary condition due to the fact that observations
of a highly uncertain system were more informative than
observations of a system with little uncertainty. When the
boundary condition uncertainty was high, observation util-
ity decreased with increasing state transition error
perturbations, due to the fact that state transition perturba-
tions added noise to the system and served to decorrelate

�1;t and �2;tþ1. When the boundary condition uncertainty
was low, increasing state transition perturbations increased
the utility of observations due to the fact that there was no
value in observations if there was no uncertainty in the
system.

4. Summary and Discussion

[55] The information-based analysis of observing system
simulation experiments described in this paper is novel and
has the potential to inform the design of data assimilation
systems. There are a number of methods for analyzing the
value of observations in a data assimilation context [e.g.,
Gelaro et al., 2007], however existing methods are only
able to provide estimates of the value of observation in the
context of a particular filter, which does not allow for any
estimate of the efficiency of the filter itself. By framing the
problem in the context of uncertainty reduction, it is possible
to make direct estimates of the informativeness of observa-
tions and the propagation of information through an NLDS
simulator without additional simplifying assumptions.

[56] The major limitation of this method is that it is only
possible to measure the information content in a small sub-
set of observations. Due to the curse of dimensionality
[Bellman, 2003], it is difficult to estimate the entropy of, or
mutual information between, probability distributions of
high-dimensional random variables. This has two implica-
tions. First, we cannot calculate the potential utility of a
smoother since a time series of T observations must be

Figure 4. Combined effects on time-averaged Theil utility of observations of �1;t (0–5 cm soil mois-
ture) for predicting �2;tþ1 (5–15 cm soil moisture at one time-step in the future) due to covarying the
scale of the variances of distributions over boundary conditions and state transition perturbations
(k ¼ �u; ��f g 2 R2

0:01;2½ �; 0:01;2½ �).
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treated as a T -dimensional variable. The method we have
demonstrated suggests an analysis of the expected value of
collecting additional observations, or increasing observing
frequency, by calculating the expected and actual reduction
in entropy due to assimilating zt given that z1:t�1 have been
assimilated by some filter; however such estimates are not
independent of filter assumptions due to the fact that the fil-
ter influences the prior at each time step. The second impli-
cation is that the method is restricted to estimating the
efficiency of assimilating only one-dimensional observa-
tions at any given time. If more than one type of observa-
tion (perhaps from different observing systems) or spatially
distributed observations were available, each observation
dimension would have to be analyzed separately. In certain
cases it might be practical to project sets of cotemporane-
ous observations into low-dimensional space and then to
estimate the mutual information between these projected
observations and model states. Certainly, mutual informa-
tion-based methods similar to what we have outlined in this
paper could be developed to test locality assumptions in
spatially distributed data assimilation applications. There
are also methods for calculating joint entropies using kernel
approximations of underlying probability mass function
which do not require reprojections [e.g., Ahmad and Lin,
1976]; however, these methods are ultimately subject to
the same curse of dimensionality which limits all nonpara-
metric density estimation, and are only practical up to a
few dimensions. In both the Theory and Demonstration
sections (sections 2 and 3), we estimated the entropy of
one- and two-dimensional probability density functions and
considered only one observation at a time.

[57] The computational cost of the proposed OSSE
approach is dominated by sampling the HMM simulator,
which requires running an NLDS simulator. The total num-
ber of model evaluations required is T 1þ Tf

� �
kNt, and the

ensemble size depends on the desired accuracy and preci-
sion of the entropy calculations. The central limit theorems
for many discrete entropy estimators are known and can be
used to determine an appropriate ensemble size based on
application requirements.

[58] It is important to remember that uncertainty reduc-
tion does not necessarily equate to improved accuracy. In
many applications, such as flood or drought forecasting,
Type II error can have serious consequences, and the possi-
bility of over-constrained or inaccurate posteriors should
always be evaluated. The method we propose does not
evaluate bias in the assimilation, only whether uncertainty
reduction meets the potential.

[59] The strategy of evaluating data assimilation based on
tracking the information contained in observations is intui-
tive. It is important to understand how this information
‘‘penetrates’’ the model to allow for improved estimates of
states which are only indirectly related to observations. Kal-
man-type filters assume linear relationships between model
states, vis-a-vis the Gaussian prior, and estimating the non-
parametric or semiparametric mutual information between
states and observations allows for an evaluation of this
assumption without actually knowing a priori the joint state
distribution. By understanding what information is contained
in observations about what model states, we might be able to
design directed assimilation strategies using Bayes’ Law to
condition appropriately chosen marginal distributions.
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