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Abstract Triple collocation has found widespread application in the hydrological sciences because it pro-
vides information about the errors in our measurements without requiring that we have any direct access
to the true value of the variable being measured. Triple collocation derives variance-covariance relationships
between three or more independent measurement sources and an indirectly observed truth variable in the
case where the measurement operators are additive. We generalize that theory to arbitrary observation
operators by deriving nonparametric analogues to the total error and total correlation statistics as integra-
tions of divergences from conditional to marginal probability ratios. The nonparametric solution to the full
measurement problem is underdetermined, and we therefore retrieve conservative bounds on the theoreti-
cal total nonparametric error and correlation statistics. We examine the application of both linear and non-
linear triple collocation to synthetic examples and to a real-data test case related to evaluating space-borne
soil moisture retrievals using sparse monitoring networks and dynamical process models.

1. Introduction

1.1. Motivation
Triple collocation (TC) is a technique used to estimate the second-order statistics of independent additive
errors on three [Stoffelen, 1998] or more [Scipal et al., 2010] measurement sources without any explicit
requirement to know the true values of the measured quantities. This is quite powerful in situations where
we want to understand data error but do not have any data source that we consider accurate enough to
represent reference values for the quantity of interest. An accessible overview of TC is given by Vogelzang
and Stoffelen [2012], and reviews of recent applications across the geoscience are given by McColl et al.
[2014] and Gruber et al. [2016].

One of the most common applications of TC is to estimate the error structures of remote sensing data prod-
ucts when it is not feasible to collect in situ data at the scale of a satellite pixel [e.g., Scipal et al., 2010; Chen
et al., 2017; Yilmaz and Crow, 2014; Miyaoka et al., 2017; Roebeling et al., 2012]. TC requires that all measure-
ment sources are related to the ‘‘true’’ signal up to a scaling constant plus some additive error that is inde-
pendent of truth. In many applications, this assumption is violated a priori simply by the fact that scale
mismatches mean that remote sensing retrievals and in situ instruments means do not actually observe the
same physical quantity [Gruber et al., 2016].

More generally, Gruber et al. [2016] identified five necessary assumptions about the structure of the mea-
surement sources required by TC:

1. Linearity: that all measurement sources are a combination of the scaled value of the true variable of
interest plus some additive random noise.

2. Independence of signal and noise: that the error in each measurement source is independent of the
true quantity of interest.

3. Independence across measurements: that the noise distributions are independent across the measure-
ment sources.
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4. Stationarity: that the signal and error properties of the available measurement samples are representa-
tive, and therefore can be extrapolated.

5. Representativeness: that the three (or more) measurement sources all measure essentially the same sys-
tem property.

Those same authors [Gruber et al., 2016] point out that these assumptions are difficult to justify or asses in
practice, and that ‘‘[w]hile many studies have investigated issues related to possible violations of the under-
lying assumptions, only few TC modifications have been proposed to mitigate the impact of these
violations.’’

We develop here a nonparametric interpretation of the three-measurement problem that alleviates the
need for three of these five assumptions (items 1, 2, and 5). In particular, we propose a fully nonparametric
form of TC that treats the full joint probability distribution between all measurements and the (unobserved)
truth. The result is that it is not necessary to assume any particular form of the measurement operator—in
particular, it is not necessary to assume that the measurement noise is additive or independent of the true
value of the observed variable. We require only that there be a joint distribution between some true quan-
tity and all three measurements—not even that each of the three measurements ‘‘observe’’ the same quan-
tity directly. We do, however, see no way of alleviating the assumption that the individual measurement
sources have independent errors, and, of course, the stationarity assumption is inherent in any application
of either probability theory or statistics.

Given that most real-world dynamical systems contain nonlinearities like missed events, scale-dependent
noise, power law effects, thresholds, etc., it seems reasonable to assume that measurements of these sys-
tems will often contain strong nonlinearities. As such, we expect that it would be beneficial to understand
how to treat nonlinear measurement errors without imposing any a priori assumptions about the paramet-
ric form of the underlying probability measurement distributions.

The arbitrary situation is underdetermined. What we do in this essay is highlight: (i) what can and cannot be
known about the errors of three coincident independent measurement sources absent strong linearity
assumptions, and (ii) the sense in which strong linearity assumptions force the values of the underdeter-
mined aspects of the problem. The latter is demonstrated both theoretically and empirically.

1.2. Background
Triple collocation works as follows. Suppose a true state t5 tnf gn51;...;N is observed indirectly by three or
more independent measurement sources (denoted by subscripts i; j; k) that each take the form:

xi;n � fi Xi;njTn5tn
� �

: (1)

Our notation is such that capital letters represent random variables, lower-case letters represent realizations
of random variables, the first index on measurements represents the measurement source, and the second
(or only) index represents a sample from that source. In the case where the measurements from each source
are stationary and iid, and the source operators are additive and linear in the mean we have:

xi;n5bi tn1ei;n: (2)

To a second-order approximation, this is:

xi;n � N bi tn; r
2
i

� �
: (3)

The actual noise distributions in the measurement sources may be arbitrary and must obey only weak con-
straints like homoscedasticity and finite moments, however the standard methods of TC consider only the
second moments of these distributions.

The second-order quantities that are estimable directly from sample measurements are cij5cov Xi; Xj
� �

and
cii5var Xið Þ. We may use independence between the measurement sources to derive the error variances of
each source from these as [Caires and Sterl, 2003]:

r2
i 5cii2

cij cik

cjk
: (4)

We also may derive the correlations between the measurement sources and truth as [McColl et al., 2014]:
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q2
i;t5

cijcik

ciicjk
; (5)

and also a scaled estimate of the variance of the truth:

r2
t 5

cij cik

b2
i cjk

: (6)

Equation (6) is symmetric in the measurement sources.

Equations (4)–(6) are powerful and have found widespread application in the hydrological sciences precisely
because they tell us something about the errors in our measurements without requiring that we have any
direct access to the true value of the thing being measured. In particular, these equations return second-
order properties of the noise (equation (4)) and signal (equation (5)) in coincident measurement sources.

2. Generalization

2.1. Measuring Information
The problem is to choose a set of metrics that represents meaningful integrations of the various joint and
conditional probability distributions among Xi; Xj; Xk ; T

� �
. That is, our desideratum is a set of statistics over

ratios of arbitrary joint and conditional probability distributions that fully measure the dependence and
independence of the various measurement sources and the truth.

To motivate our choice of metrics, consider how a rational knowledge state evolves against evidence. We
work in the context of Cox’ [1946] theorem, which shows that probability theory is a logical calculus. Before
collecting a set of measurements, any distributive measure over our proposition set scales multiplicatively
across the number of data according to a product rule. For example, the probability we place on any spe-
cific outcome of two independent measurements is the product of the marginal probabilities of those out-
comes. On the other hand, after collecting measurements, our proposition set scales additively according to
a sum rule: to summarize everything that we now know about the system we need an amount of informa-
tion that is proportional to the number of measurement data, less any effects of nonindependence. This
means that the appropriate model of the epistemic consequences of collecting a set of measurements is
described fully by the axioms of Shannon’s [1948] second theorem. Knuth [2005] gives a similar uniqueness
theorem in the context of logic of measurement.

The implication is that in context of probability theory we have essentially only one choice of metric that
may be used to quantify the expected information content of measurements. In particular, we quantify
ignorance as the expected change in our knowledge state that would occur if we were able to measure
truth directly:

H Tð Þ5E ln p Tð Þ21� �� �
: (7)

H is sometimes called entropy. Similarly, the information provided by any indirect measurement source Xi is
the expected reduction in ignorance due to conditioning on that source:

I T ; Xið Þ5E ln
p T jXið Þ

p Tð Þ

� 	
 �
: (8)

I T ; Xið Þ5H Tð Þ2H T jXið Þ5H Xið Þ2H XijTð Þ (9)

I T ; Xð Þ is referred to as the mutual information between random variables T and X . The quantity H Tð Þ2H
T jXið Þ is interpreted as the amount of variability in T that can be accounted for by a single measurement

source Xi , while the quantity H Xið Þ2H XijTð Þ is interpreted as the variability in Xi that is signal rather than
noise. These two quantities are always equal because the expected value in equation (8) integrates over the
joint distribution, p T ; Xið Þ, and because the probability ratio in log term may be replaced by:
p T jXið Þ

p Tð Þ 5
p T ;Xið Þ

p Tð Þp Xið Þ5
p Xi jTð Þ

p Xið Þ .

The significance of these metrics with respect to the problem of understanding error characteristics of mea-
surement sources is as follows:
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1. The ratio H XijTð Þ=H Xið Þ is the fraction of variability in the measurement source that is due to error. This
quantifies bad information (error) in the measurement and is analogous (up to scaling) with equation (4).
In actuality, H XijTð Þ is directly analogous to r2

i , but we prefer to use scaled metrics.
2. The ratio I T ; Xið Þ=H Xið Þ is the normalized nonparametric correlation between the measurement source

and the truth. This quantifies good information in the measurement and is analogous (up to scaling)
with equation (5).

3. The ratio H T jXið Þ=H Tð Þ is the fraction of information about the truth that is not contained in the measure-
ment source Xi . This quantifies information missing from the measurement and has no analogue in
equations (4)–(6).

These ratios are the statistics that we would like to estimate, and if our variables are discrete then each ratio
is bounded between 0 and 1 with the usual implications of independence or identity at the extremes [Pan-
inski, 2003].

These basic information concepts may be extended to any number of variables. For example, I T ; Xi; Xj
� �

is
the amount of information about the truth that is contained in two measurement sources, and H T jXi; Xj

� �
=

H Tð Þ is the fraction of information about the truth that is not captured by either measurement source. Inter-
estingly, multivariate information statistics, e.g., I T ; Xi; Xj

� �
, may take on either a negative or positive value,

with a positive value indicating that there is some redundancy in information provided by the two measure-
ment sources while a negative value indicates that there is synergy between the two sources [Schneidman
et al., 2003] (Synergy explained: In any system with one random variable, we have entropy according to
equation (7). In any system with two or more random variables, one variable may contain information about
the other according to equation (9). In a system with three or more random variables, any pair of variables
may carry a total amount of information about the third variable that is greater than the sum of the infor-
mation contents of the two predictors separately—this is synergy. A simple example is the summation of
two fair dice, which has entropy H 5 2.27 nats. Since both dice together completely determine the sum we
know that the information carried by the two dice about the sum is equal to the entropy of the sum, how-
ever the mutual information between any one die and the sum is only 0.48 nats, which is less than half of
the total information.)

2.2. Nonparametric Triple Collocation
We cannot directly estimate any of the three desired information ratios outlined in section 2.1 because we
do not have access to the true states of the system and we therefore cannot derive empirical joint distribu-
tions like p T ; Xið Þ. Instead, we may estimate only the shared information between the three sets of measure-
ments—both pairwise and in the triplet.

Figure 1 illustrates the most general expression of the TC problem that recognizes epistemic uncertainty
(i.e., uncertainty about the form of the measurement operators); the four primary objects in this Venn dia-
gram represent the entropy of the three measurement sources and of the truth variable according to equa-
tion (7), and the overlapping sections represent the information that the various variables share according
to equations (8) and (9). Since any three-way or four-way shared information—e.g., I Xi; Xj; Xk

� �
—may be

negative due to synergy, this Venn diagram is over signed, additive measures. The quantities that are neces-
sary to calculate our desired statistics are shaded: we have direct access to estimators of the information
spaces shaded purple, we do not have access to the information spaces shaded pink, and the areas shaded
gray are zero under an assumption that all measurements are independent conditional on the truth. In
addition to the quantities shaded purple in Figure 1, we may also directly estimate entropies of all three
measurement sources; e.g., H Xið Þ.

Assuming independence in the sources conditional on the truth, then the conditional mutual information
metrics completely measure everything that we can know (in the expectation) about missing information
and bad information or disinformation in each measurement source:

1. H XijXj; Xk
� �

measures everything that we can know about the total error in source Xi .
2. 2: I Xi; Xj

� �
1I Xi; Xk jXj
� �

measures everything that we can know about the total (good) information in
source Xi .

3. 3: I Xk ; XjjXi
� �

measures everything that we can know about the information missing from source Xi .

These quantities are illustrated in Figure 2.
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Again, we will normalize the total error and total information by H Xið Þ so that that in the discrete case these
quantities range between 0 and 1. The missing information quantity can also be normalized by H Xið Þ so as
to be directly comparable with the other two, however notice that this is not necessarily bounded at unity;
it would be bounded above if we could normalize by H Tð Þ, but we cannot since we cannot know the
entropy of a random variable representing truth.

Figure 1. This information diagram illustrates a general statement of the TC problem. The four primary components are the entropies of
the three measurement sources and the truth according to equation (4), and the overlapping areas represent information that is shared
between variables according to equations (8) and (9). The gray-shaded regions are zero under the assumption that the measurements are
independent conditional on the truth. The purple regions represent portions of the problem that can be estimated directly from available
measurement samples, and the pink-shaded regions represent the portions of the problem that we would need to know to directly esti-
mate total error and total information (either linear or nonlinear). The pink-shaded regions are the portions of the information space that
we cannot measure, and these account for the inequalities in equations (13) and (14).

Figure 2. The same Venn diagram as Figure 1, except that here the colored sections represent those measurable quantities outlined in sec-
tion 2.1. H Xi jXj ; Xk

� �
measures everything that we can know about the total error in source Xi . I Xi ; Xj

� �
1I Xi ; Xk jXj
� �

measures everything
that we can know about the total (good) information in source Xi . I Xk ; Xj jXi

� �
measures everything that we can know about the informa-

tion missing from source Xi .
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We can see from Figure 1 that the desired statistics outlined in section 2.1 are:

H Xi jTð Þ5H XijXj ; Xk
� �

2I T ; XijXj ; Xk
� �

; (10)

I T ; Xið Þ5 I Xi; Xj
� �

1I Xi; Xk jXj
� �

1I T ; Xi jXj; Xk
� �

; (11)

H T jXið Þ5 I Xk ; Xj jXi
� �

1I T ; XjjXi ; Xk
� �

1I T ; Xk jXi ; Xj
� �

1H T jXi ; Xj; Xk
� �

: (12)

These are bounded, by removal of certain positive terms, by the measurable portions of the problem as:

H XijTð Þ � H XijXj; Xk
� �

; (13)

I T ; Xið Þ � I Xi; Xj
� �

1I Xi; Xk jXj
� �

; (14)

H T jXið Þ � I Xk ; XjjXi
� �

: (15)

Notice that the first two bounds—on total error and total information—are conservative. The nonequality
in the total error and total correlation bounds (equations (13) and (14)) is due to the underdetermined cor-
relations: I T ; XijXj; Xk

� �
; while the nonequality in the missing information statistic (equation (15)) is due to

underdetermined correlation plus fundamentally unobserved variability in the truth. Our objective in this
paper is to understand how the consequences of bounding rather than estimating nonparametric total
error statistics compare with the consequences of imposing strong linearity assumptions and ignoring
higher-order moments.

These concepts can, at least in principle, be extended to any number of sources: i.e., via I X�ijXið Þ and
H XijX�ið Þ. However, in practice such sample statistics become increasingly difficult to estimate due to the
problem of dimensionality when estimating empirical joint distributions.

2.3. Linear Measurements as a Special Case
Unlike the variance-covariance metrics in equation (4), the information-theoretic metrics are not absolute—
they represent everything that we can learn about the error properties of three or more stationary measure-
ment sources from a set of measurement samples. The linearity assumptions in equation (2) coupled with
the implicit treatment of all error sources as Gaussian (standard TC does not require this, but it does ignore
all higher-order moments) are equivalent to assuming certain properties about each of the sections of the
Venn diagram in Figure 1, including about the fundamentally unmeasurable quantities I T ; XijXj; Xk

� �
. Our

position is that it is exactly the extent to which we make a priori assumptions about the information charac-
teristics of our data that we make errors in understanding the actual information characteristics of our data.

Relationships between nonparametric TC statistics and the measurement distributions can be derived
exactly for continuous random variables under the assumption that all higher-order moments are zero:

I Xi; Xj
� �

52
1
2

ln 12
c2

ij

cii cjj

 !
; (16)

I Xi; XjjXk
� �

5
1
2

ln
cii –

c2
ik

ckk
:

� 
cjj –

c2
jk

ckk
:

� 
2c2

ij 1 cii cjj 2
c2

ik cjj

ckk
1

2 cij cik cjk

ckk
2

c2
ik cii

ckk

0
B@

1
CA (17)

H XijTð Þ5 1
2

ln 2per2
i

� �
5

1
2

ln 2pe cii2
cij cik

cjk

� 	� 	
; (18)

I Xi ; Tð Þ52
1
2

ln 12q2
i;t

� 
52

1
2

ln 12
cij cik

cii cjk

� 	
: (19)

Notice that equations (16) and (17) are calculable directly from observables, and we can thus measure
whether the linearity assumptions and second-order restrictions cost us anything here during any particular
TC application. For example, we can measure I Xi; Xj

� �
directly and also (independently) calculate the right-

hand side of equation (16) directly. Any difference between these two values is due to a combination of the
linearity assumption in equation (2) plus the fact that linear TC only treats second moments of the error dis-
tributions. We can do the same thing for equation (17), however equations (18) and (19) are different. The
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latter two describe the relationship between the parametric and nonparametric total error and total correla-
tion (total information) statistics, which are our ultimate objectives. Here we cannot know the value of the
quantity I T ; XijXj; Xk

� �
without knowing the exact form of the measurement operators up to their full proba-

bility distributions. These last two relationships are thus purely illustrative of how the information theoretic
values are forced (at least up to their maximum-entropy approximations) by the strong assumption in equa-
tion (2) and approximation in equation (3).

We may go the other direction as well. Even though we cannot estimate either I T ; Xið Þ or H XijTð Þ directly in
the general case, equations (16)–(19) do allow us to solve for the variance-covariance metrics equations (4)–
(6) uniquely under the assumption that equation (3) holds—i.e., that the measurement errors are actually
Gaussian; these are:

r2
i 5

1
2ep

4e2p22e2H Xi ;Xjð Þ
� 

4e2p22e2H Xi ;Xkð Þ� �
4e2p22e2H Xj ;Xkð Þ
� 

0
@

1
A

1
2

1e2H Xið Þ

2
64

3
75 (20)

q2
i;t5 e22 Xið Þ

4e2p2 2e2H Xi ;Xjð Þ
h i

4e2p2 2e2H Xi ;Xkð Þ� �
4e2p2 2e 2H Xj ;Xkð Þ
h i

0
@

1
A

1
2

: (21)

Finally, let us establish an intuition about the basic relationship between total information and total error
ratios and linear-Gaussian noise in general. Figure 3 shows how the normalized mutual information I Xi; Tð Þ=
H Xið Þ shown on the x axis changes as a function of the variance of the (linear) measurement noise r2

i and
also with the correlation coefficient, q2

i;t assuming that equation (2) holds. This illustrates the basic relation-
ship described by equation (19), but calculated numerically for discrete entropy and information metrics.
Figure 3 also shows the same thing for equation (18): how the total error fraction H XijTð Þ=H Xið Þ varies with
r2

i and q2
i;t under Gaussian errors.

3. Examples

In this section we present several examples of deriving both linear and nonlinear TC statistics. Three of
these examples are synthetic— one synthetic example is truly linear according to equation (2), one is linear
but with non-Gaussian errors, and one is nonlinear. In these synthetic cases the truth is known exactly. The
intent of these synthetic examples is to highlight differences and trade-offs between parametric and non-
parametric strategies for using collocated measurements. The real-data example is to use several ‘‘dense’’ in
situ networks to understand the reliability of using a sparse in situ network for evaluating soil moisture
remote sensing products. Soil moisture remote sensing evaluation is one of the primary uses of linear TC.

In each example we measured the ‘‘true’’ values of the four primary quantities of interest: H XijTð Þ=H Xið Þ,
I Xi; Tð Þ=H Xið Þ, r2

i , and q2
i;t , as well as the estimates of each of these quantities using either linear or nonlinear

TC as appropriate. In the real-data examples we took as truth spatial averages of precipitation or soil mois-
ture from dense in situ networks, and then showed how using a sparse validation network affects the reli-
ability of the results.

3.1. Synthetic Examples
3.1.1. Linear Example
Our first synthetic example demonstrates that the nonparametric analysis returns reasonable estimates in
the case where the linear measurement operators hold exactly. In this example we set all bi5bj5bk51 and
varied the noise standard deviations between 0 � r � 0:5. All measurement sources had the same error
variance. The truth was a set of draws from a standard normal distribution: t1:n � N 0; 1ð Þ. All information
statistics were calculated using discrete maximum likelihood estimators [Paninski, 2003] with bin widths
ranging from 2% to 20% of the total range of measurement data. Because this is a nonparametric method
that requires sufficient data to estimate empirical joint probability distributions, we used sample size that
ranged from N5102 to N5105.

Figure 4 shows results for a sample size of N5104. The nonlinear bounds on total error and total informa-
tion are very close to the true estimates (the differences are due completely to the inequalities in equations
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(13)–(15), however we cannot reliably estimate missing information. Of course, the linear statistics are
exactly correct and are therefore not shown. In this particular case, the choice of bin width (different colored
lines in the plots) does not have a strong effect on results.

Figure 5 shows convergence of the estimators with increasing sample size. In this ideal case, linear triple
colocation requires about N5103 data points to achieve stability, whereas the nonparametric estimators
require an order of magnitude more data to achieve stability at a resolution of about 5% of the measure-
ment range. Convergence rates of the nonparametric estimators depend strongly on the resolution of the
empirical joint density functions.
3.1.2. Non-Gaussian Example
Our second synthetic example explores the effect of non-Gaussian error sources on linear and nonparametric
TC. We applied both techniques to measurements with additive errors from log-normal and generalized extreme
value (GEV) distributions. In the case of GEV errors, we performed several experiments by letting the shape

Figure 3. Theoretical relationships between (top) total nonlinear correlation and (bottom) total nonlinear error statistics on the x axes ver-
sus the linear analogues (on the y axes) obtained from traditional TC in the case where the linearity assumptions hold exactly and the
information statistics are calculated numerically using discretized random variables.
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parameter vary from 22 � k � 1, and
the scale parameter vary between
0 � s < 1. In the case of the log-normal
distribution, we performed several
experiments by letting the scale param-
eter range from 0 � s � 1.

In all cases, we also generated Gauss-
ian random errors with the same var-
iances as the log-normal or GEV errors.
As expected, the linear TC statistics
were identical over Gaussian and non-
Gaussian errors with identical varian-
ces. Since these are all ideal cases in
the sense that the measurements obey
xi;n5tn1ei;n, linear TC returns essen-
tially the exact variance of the additive
errors ei;n. That being said, linear TC fails
to account for any non-Gaussianity in
the error structure—the results are the
same for Gaussian versus non-Gaussian
errors with similar variances.

Nonparametric TC does account for
non-Gaussianity in the error structure,
but again returns only bounded esti-

mators. This is shown in Figure 6, which compares the absolute difference between the true Gaussian versus

non-Gaussian error statistics, H Xi jTð Þ
H Xið Þ , with the difference between estimated versus true statistics: i.e.,

H Xi jXj ;Xkð Þ
H Xið Þ 2

H Xi jTð Þ
H Xið Þ . Figure 6 plots results only for a bin-width of 4% of the total range of measurement data,

but results for other bin-widths (ranging from 1% to 20% of the total range of measurement data) were
almost identical. What we see in these two cases is that there is a tradeoff between estimator error and
error due to only considering the second moment of the error distribution. In most cases that we have
found, the latter is a larger effect that the former.

Figure 4. Results from a nonparametric TC analysis of the situation where all mea-
surement sources are subject to additive Gaussian noise. Different lines of each
color represent different bin-widths used for discrete entropy and information
estimators—these bin widths range from 1% to 20% of the total range of the
measurement data. Different points on each line represent different noise stan-
dard deviations with 0 � r � 0:5. All measurement sources have the same vari-
ance in each experiment.

Figure 5. Nonparametric total error statistics require at least an order of magnitude more data to achieve stability than do their linear
counterparts.
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3.1.3. Nonlinear Example
Our third synthetic example demonstrates both linear and nonlinear TC statistics applied to a nonlinear mea-
surement problem. Here we again took iid standard normal samples as the truth and structured the measure-
ment sources as follows:

xi;n5tn1ei;n ; ei;n � N 0; r2
� �

$ xi;n � N tn; r
2

� �
; (22)

xj;n5ej;ntn ; ej;n � N 0; r2
� �

$ xj;n � N 0; t2
nr

2
� �

; (23)

xk;n5tn1ek;ntn ; ek;n � N 0; r2
� �

$ xk;n � N tn; tnr
2

� �
: (24)

That is, one of our sources is subject to additive Gaussian noise, one is subject to multiplicative Gaussian
noise, and one is subject to additive heteroscedastic Gaussian noise with variance proportional to the
mean. Again, we varied the noise standard deviation between 0 � r � 0:5.

The results from these two analyses are presented in Figure 7, again with 4% binning resolution. The linear
TC analysis fails completely—the resulting estimators of total error variance and total correlation are essen-

tially random and have no relationship
with the true values of the statistics.
Indeed, when we reran the linear analysis
using several different truth and noise
samples, the values of the estimators
show no systematic relationship with the
true statistics (not shown). In contrast, the
estimates of the nonlinear total error and
total information statistics are generally
well behaved, even if the nonlinear esti-
mators only bound the values of the true
statistics due to the unconstrained nature
of the problem. Of course, it is possible to
know in advance that standard TC will fail
here, simply by noting that the different
measurement sources are not linearly
related, however the point of this exam-
ple is that the nonparametric approach
can handle this type of situation.

3.2. Evaluating SMAP Retrievals Using
Sparse In Situ Networks
Gridded soil moisture products from
NASA’s Soil Moisture Active Passive
(SMAP) satellite mission [Entekhabi et al.,
2010] are validated against two primary
types of in situ data. The first type of in
situ data come from sparse validation net-
works, where there is typically only one in
situ sensor per 36 km2 SMAP pixel, and
the second type of in situ data come from
so-called core sites, where there are gen-
erally tens of in situ sensors per SMAP
pixel and some confidence in the repre-
sentativeness of those sensors for the
larger domain. Sparse networks have the
advantage of covering a larger number of
locations on the Earth’s surface, but are
less reliable than the core sites because of

Figure 6. Comparison between underdetermination in nonparametric TC
versus the ability to account for non-Gaussian errors. The orange line is the
difference between the true and estimated total error terms, which is due to

the inequality in equations (13)–(15):
H Xi jXj ;Xkð Þ

H Xið Þ 2
H Xi jTð Þ

H Xið Þ . The purple line is the

absolute difference between true total errors for non-Gaussian errors versus
Gaussian errors with the same variances. All errors are additive.
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the large difference in spatial support of individual soil moisture sensors (on the order of centimeters) and
SMAP (on the order of kilometers), whereas soil moisture can vary significantly at scales on the order of
meters.

Linear TC is one of the primary tools used for evaluating SMAP retrievals against the sparse network of in
situ measurement locations that make their data available to the SMAP mission [e.g., Scipal et al., 2010;

Figure 7. Results from the (top) linear and(bottom) nonlinear TC analyses where the three measurement sources are subject to noise that
is: (i) additive Gaussian, (ii) multiplicative Gaussian, and (iii) heteroscedastic Gaussian.
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Chen et al., 2017]. To accomplish this, the three measurement sources are typically (i) SMAP retrievals, (ii)
the in situ network, and (iii) a land surface hydrology model forced by observed precipitation.

The purpose of our final application example is to ask about the reliability of TC statistics to validate SMAP
retrievals using a sparse network. To do this we will use data from five of the SMAP core sites, so that we
may obtain from in situ data alone a relatively reasonable estimate of the spatially averaged soil moisture in
an area that is at least the same order of magnitude as the SMAP pixel, which we will take as the ‘‘true’’ state
of the system. We can then compare the actual linear and nonlinear triple colocation statistics calculated
against this spatial average with statistics calculated using data from an individual in situ sensor, the SMAP
retrievals, and outputs from a land surface hydrology model.

This type of experiment has been done before to check the validity of linear TC for evaluating SMAP using
sparse network data [Chen et al., 2017]. We will reproduce that experiment, which uses model data from the
European Center for Medium Range Weather Forecasts (ECMWF) and area-weighted averages of the in situ
instruments as the ‘‘truth.’’ Our questions here are (i) about the extent to which the linear approximations
affect our ability to reliably estimate SMAP error and information content with TC against a sparse network,
and (ii) whether we can improve on this analysis using the nonparametric technique outlined in this paper.

To preempt the results of this analysis, linear TC is relatively effective for this application. However, nonlin-
ear TC produces total error and total information estimates that are between 1 and 2 orders of magnitude
more accurate than their linear counterparts at a data resolution of 0.04 (m3/m3), which is the nominal (i.e.,
baseline mission requirement) SMAP accuracy.

To begin, we assessed whether there were enough data to apply nonparametric TC at a particular resolu-
tion. To do this, we partitioned the data into ten random samples of each of 10 different sample sizes at
each core site. We did this at bin widths of 0.10, 0.04, and 0.02 (m3/m3). The objective is to see how many
samples are required to achieve stable estimators at different data resolutions. In general, larger bin-widths
require fewer data to achieve stable empirical density functions and stable integrations.

Results from this analysis are shown in Figure 8. What we see is that the estimators generally stabilize
around the maximum sample size. Stability is not prefect, but the stable estimators (as a function of sample
size) are achieved using about half of the available data at each site for bin-widths of about 0.02 (m3/m3) or
greater. This means that we have sufficient data to estimate stable nonparametric statistics at the desired
resolution of 0.04 (m3/m3) at all sites. Notice that this analysis of the tradeoff between data volume and res-
olution does not require any reference to truth, and therefore can be applied in any real-world situation.

Figure 9 compares the statistics of linear and nonlinear normalized total error and total correlation calcu-
lated assuming that the spatial average of all in situ measurements at each core site represents the true soil
moisture versus the linear and nonlinear estimators of these statistics derived from the measurement sour-
ces (in situ, SMAP, and ECMWF) at the single in situ points. Results are presented separately for five of the
SMAP core sites that are run by the USDA Agricultural Research Service. The total mean squared error for
these estimators over all instruments at all sites are given in the first two columns of Table 1.

Because spatially averaged core site data are not a perfect representation of truth, the last two columns of
Table 1 also report the mean squared errors for estimators of both linear and nonlinear total error and total
correlation statistics calculated against (linear and nonlinear) TC statistics calculated using the spatial aver-
ages at each site as one of the measurements (instead of an individual in situ gage). That is, we estimated
the TC statistics for ECMWF, SMAP, and a single in situ probe, and also the TC stats for ECMWF, SMAP, and
the spatial average of in situ probes, and then compared these two sets of statistics. Discrepancies between
these two sets of total error and total correlation statistics for both linear and nonlinear TC are in the last
two columns of Table 1.

The main takeaway from Figure 9 is that the linear estimators do track the true linear statistics at three of
the core sites (Little Washita, Fort Cobb, and Little River), but that at two of the core sites (Walnut Gulch and
Reynolds Creek), they are unreliable. On the other hand, the nonlinear estimators are more-or-less well
behaved across all sites. The main takeaway from Table 1 is that the total mean squared errors of the non-
linear estimators is almost consistently an order of magnitude lower than those of their linear counterparts
when the spatial in situ average is taken as truth, and is almost 2 orders of magnitude lower when the spa-
tial average is used as an independent measurement source. Again these results are for a data resolution of
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0.04 (m3/m3), however at a resolution of 0.02 (m3/m3) the mean squared errors of the nonlinear statistics
are still everywhere lower than the means squared errors of the linear statistics by at least a factor of six
(not shown).

One interesting feature of the results in Figure 9 is the comparison between linear and nonlinear statistics
at Reynolds Creek. In recent TC soil moisture analyses [e.g., Chen et al., 2017], Reynolds Creek statistics were
dropped because it was reported that data from this site violate the independence assumptions. Here the
conditional dependence of the three data sources was on average 0.16 (nats/nats) compared to an average
of 0.42 (nats/nats) of total nonlinear correlation, which does mean that the independence assumption is vio-
lated. However, from Figure 9, we see that this violation of the independence assumption is not the primary
cause of spurious (linear) total error and total correlation estimates at Reynolds creek—in fact, the problem
is at least partially due to the nonlinearity of the measurement operators at this site.

Figure 8. Assessment of the stability of total error estimates from nonparametric TC as a function of sample size and bin width. Plotted are mean estimators over ten random samples at
each sample size. Bold lines represent a bin resolution of 0.04 (m3/m3), which is the baseline accuracy requirement for the SMAP mission, and the dotted lines represent bin resolutions
of 0.02 (m3/m3) and 0.10 (m3/m3). The bottom-right subplot shows the (numerical) derivatives of statistic value as a function of sample size—derivatives at all sites are shown in this final
subplot.
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4. Summary and Discussion

One especially interesting aspect of this nonparametric triple collocation technique is the sense in which it
alleviates the representativeness error problem discussed by Gruber et al. [2016]. In standard applications of
TC, it is required that the three measurement sources observe essentially the same quantity, and so errors
arise when, for example, soil moisture is observed at different scales (e.g., kilometer scales for models and
remote sensing and centimeter scales for in situ probes). Gruber et al. [2016] gave a detailed discussion of
this problem. Here we do not require that the three measurement sources observe the same variable, only
whatever three phenomenon are observed have some probabilistic relationship with each other. That is,
the measurement sources may be related by Markov chains of the form T ! Y ! Xi , T ! Z ! Xj , and
T ! W ! Xk , where Y; Z; and W are entirely distinct system properties. The method we propose accounts
for any probabilistic relationship between the three measurement sources.

It is important to understand that imposing strong parametric assumptions in our statistical methods and
models often allows us to make strong claims within the context of those assumptions; however, such
assumptions do not allow us to understand the full information content of our data. In the case of TC,
assuming linear measurement models allows us to estimate exactly certain absolute error properties of our

Figure 9. Scatterplots of true (linear and nonlinear) statistics of normalized total error and total correlation versus their sample-based estimators at five SMAP core validation sites. The
true statistics were calculated against an area-weighted average of all in situ points, whereas the statistical estimators were each calculated for the respective measurement source at
any single in situ point.

Table 1. Mean Squared Errors in Statistics of Linear and Nonlinear Total Normalized Error and Total Correlation as Calculated Across All
In Situ Instruments At All Five USDA SMAP Core Sites, With Area-Weighted Averages of the In Situ Instruments at Each Site Taken as
‘‘Truth’’a

Spatial Average as Truth
Spatial Average as a

Measurement Source

Linear Nonlinear Linear Nonlinear

SMAP Error 0.419 0.026* 0.312 0.004*
Corr 0.317 0.026* 0.312 0.004*

ECMWF Error 0.296 0.016 0.278 0.003*
Corr 0.291 0.016 0.278 0.003*

In situ Error 0.126 0.022 0.132 0.017*
Corr 0.049 0.022* 0.132 0.017*

aAsterisks indicate a statistically significant difference between linear and nonlinear estimators according to a one-sided t-test at
a50:05; p50:01.

Water Resources Research 10.1002/2017WR020359

NEARING ET AL. NONPARAMETRIC TRIPLE COLLOCATION 5529

~AGU_ 

u -~ 
-~ 0.8 .... 
~ 
V'I 0.6 

"O 
~ 0.4 
!ti 
E 

·;:: 0.2 
V, 

C1I 

Walnut Gulch: Linear 

o~--~-----~ 
0 0.2 0.4 0.6 0.8 

u -~ 

true statistic 
Walnut Gulch: Nonlinear 
I ~r---; --~~~~~~_::;--~ 

error: SMAP 
error: ECMWF 
error: In situ 
corr: SMAP 
COIT: ECMWF 
corr: in situ 

-~ 0.8 .... 
~ 
V'I 0.6 

"O 
~ 0.4 
!ti 
E 

·;:: 0.2 
V, 

C1I 

0.2 0.4 0.6 0.8 

true statistic 

-~ 
-~ 0.8 .... 
~ 
v, 0.6 

"O 
! 0.4 
!ti 
E 

·;:: 0.2 
V, 

C1I 

Little Washita: Linear 

-~ 
-~ 0.8 .... 
~ 
V'I 0.6 

"O 
~ 0.4 
!ti 
E 

·;:; 0.2 
V, 

C1I 

Fort Cobb: Linear 

+f -~ { + -~ 0.8 

o // -~lt,1 ~ 0.6 

c9~ / + * 0.4 

Little River: Linear 

/ 
/ 

o~- -------~ 
/ , - ~ -~ 0.2 

o~-~------~ o~-- ------~ 
0 0.2 0.4 0.6 0.8 

true statistic 
Little Washita: Nonlinear 
I ~--------~ 

u / u -~ / -~ 
-~ 0.8 / -~ 0.8 .... / .... 
~ 

~ 
~ 

v, 0.6 VI 0.6 

"O 

i7/ 
"O 

! 0.4 ~ 0.4 
!ti !ti 
E E / ·;:: 0.2 

/ 
·;:: 0.2 

V, / V, 

C1I C1I 
0 0 

0 0.2 0.4 0.6 0.8 

true statistic 

0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 

true statistic 
Little River: Nonlinear 

true statistic 
Fort Cobb: Nonlinear 

/ 
/ 

/ 

-0 0 

t +g ~ · 
.. +-'.,+ 
+/ + 
/ 

/ 
/ 

0 0.2 0.4 0.6 0.8 

true statistic 

I ~--------~ 
u -~ 

-~ 0.8 .... 
~ 
v, 0.6 

"O 
~ 0.4 
!ti 
E 

·;:: 0.2 
V, 

C1I o~--------~ 
0 0.2 0.4 0.6 0.8 

true statistic 

Reynolds Creek: Linear 
I ~----- ---~ u -~ 

-~ 0.8 .... 
~ 
VI 0.6 

"O 
~ 0.4 
!ti 
E 
·;:: 0.2 
V, 

C1I 

/ 
/ 

+ 

r.l + o~----=- --~ 
0 0.2 0.4 0.6 0.8 

true statistic 
Reynolds Creek: Nonlinear 

I ~--------~ 
u -~ 
-~ 0.8 .... 
~ 
V'I 0.6 

"O 
~ 0.4 
!ti 
E 
·;:: 0.2 
V, 

C1I 

/ 
/ 

/ 
,f,2 0 

~'4~ 
+ ;t/ 

/ 
/ 

o~--------~ 
0 0.2 0.4 0.6 0.8 

true statistic 



measurement sources, but this claim only holds within the context of these linearity assumptions, which
will always be an approximation of any real, complex physical system.

Instead of looking for absolute answers constrained by unrealistic approximations, we advocate that a more
relaxed question is ‘‘what is the best we can do with the available information?’’ Our purpose here is to
demonstrate the answer to that question in the context of a three-source measurement problem. In support
of this more general approach to understanding the information content and error properties of measure-
ment data, we made three arguments:

1. Philosophically, we argued that information metrics are preferable to other types of performance metrics
(e.g., variance-based) because they are more accurate descriptions of the epistemic situation that results from
collecting observation data. This argument rests on the fact that information theory provides the only aptly
quantitative description of the knowledge obtained from collecting measurements under probability theory.

2. Theoretically, we showed that the strong assumptions and approximations of TC (additivity and ignoring
higher-order moments) are equivalent to a priori assignment of certain properties of the information
content of the measurements, which again in our opinion, is largely unhelpful if our objective is to under-
stand what we can learn from data.

3. Empirically, we showed that strong and unrealistic constraints are probably not necessary for many TC
problems. In most of our test cases, the nonparametric estimators generally outperformed their linear
counterparts in terms of estimating the true quantities of interest.

The major tradeoff is that the nonlinear statistics require us to specify a precision for our measurement data.
However, this effect can be assessed relative to the sample size required to achieve stable empirical estimators.

Notice that the first two arguments are interactive, however the empirical argument holds whether the sci-
entist does or does not value a rigorous epistemological basis for their performance metrics. We therefore
imagine that most scientists would be interested in the empirical demonstrations because these show
examples of how nonparametric TC is a practical methodology that is at least potentially more reliable than
linear TC for at least certain applications. That being said, it is our opinion that the philosophical argument
is the most valuable contribution of this paper, as this piece of epistemology can be generalized to a wide
array of statistical methods, models, and applications [e.g., Nearing et al., 2013; Nearing and Gupta, 2015].
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