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ABSTRACT

Noncommutative geometry is a proposed description of spacetime at energies near

or beyond the Planck scale. A particularly intriguing representation of a noncommuta-

tive algebra is the matrix representation. Matrix models have been shown to include

geometry, gravity and nonperturbative aspects of string theory.

We wish to use matrix models to study noncommutative aspects of cosmological

models. We begin by studying a matrix model analog of the BTZ black hole, which is a

solution of 2+1 general relativity. We propose a Chern-Simons type theory constructed

from finite dimensional matrices. After introducing the notion of a rotationally invari-

ant boundary, we count the degeneracy of physical degrees of freedom associated with

the boundary. This number coincides with the number of degrees of freedom needed

to reproduce the Bekenstein-Hawking entropy relation. Next we study rotationally in-

variant solutions to d dimensional matrix models. We find d-1 dimensional solutions

which have desirable cosmological features, in particular, we find matrix models that

resolve cosmological singularities. In the last section, we restrict our attention to a

Lorentzian analog of the complex projective plane, which is a four-dimensional solution

of an eight-dimensional matrix action.
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1 INTRODUCTION

Motivation

One major challenge of theoretical physics is to formulate a consistent theory of

quantum gravity. From a simple powercounting argument, it can be seen that due to

the dimensionful coupling constant of general relativity, Newton’s constant, the theory

is perturbatively non-renormalizable1. The higher one goes in a perturbative expansion

about a flat background, the more counterterms one must add and with no clear mech-

anism for a sensible implementation of renormalization to occur. While it may seem

unnecessary in most physical processes to fully quantize gravity, there are certain ques-

tions that require such a treatment. General relativity predicts singularities in spacetime.

These are places in which the theory breaks down and can no longer be trusted. It is

believed that a quantum theory of gravity would resolve these singularities. Addition-

ally, Hawking showed that black holes can radiate when aspects of quantum theory and

general relativity are considered together [2]. Classically, this process does not happen

and there has been much debate about whether this process conserves information and if

it violates unitarity, a fundamental principle in quantum theories. A complete treatment

of quantum gravity should address these questions.

Different proposals have been set forth to understand the ultraviolet completion of

general relativity, such as string theory [3],[4] and loop quantum gravity [5]. One common

1 The theory may, however, be nonperturbatively renormalizable[1].
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theme among these proposals is that the structure of spacetime itself must change at dis-

tance scales comparable to the Planck scale. DeWitt made an argument that the energy

required to probe spacetime at this scale would be so great that the structure of space-

time itself would be modified; this leads to fundamental uncertainty relations among the

coordinates of spacetime points [6],[7]. Similar to the familiar relations among conjugate

variables in quantum mechanics, this uncertainty can be captured by a noncommutative

feature of the spacetime coordinates. The study of such configurations is called non-

commutative geometry and has gained much interest in theoretical physics. It seems

possible that noncommutative geometry will play a role in understanding spacetime at

or near the Planck scale. Aside from motivation to study noncommutative geometry as a

self-contained topic, it naturally arises independently in the context of string theory and

emergent geometry, making it a relevant subject in successful approaches to quantum

gravity.

Noncommutativity

The procedure to construct a noncommutative spacetime is analogous to that of pass-

ing from a classical system to a quantum one; the spacetime coordinates are promoted

to operators which do not all commute. An example of such a spacetime is described by

a commutation relation such as

[x̂µ, x̂ν ] = iθ̂µν (1.1)

where θ̂µν is an antisymmetric tensor operator with dimension length2. The simplest

and canonical example of a noncommutative algebra is given when θ̂µν is independent

of x̂µ. x̂µ are Hermitian generators of an associative but noncommutative C∗-algebra

acting on a Hilbert space and are an essential ingredient in defining non-commuting

spacetime. In the commutative limit, the right hand side of (1.1) should tend to zero in

which one arrives at the ordinary commuting spacetime. Noncommuting spacetime has

been referred to as a ’point-less’ geometry, inspired by the analogous idea in mechanics
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that upon quantization, the phase space gets smeared out with points being replaced by

Planck cells. The commutation relation (1.1) induces a spacetime uncertainty of

∆xµ∆xν ≥ 1

2
|θµν |. (1.2)

Because the x̂µ do not commute, they cannot be simultaneously diagonalized.

A noncommutative field theory may be constructed by considering an ordinary La-

grangian and proposing that the spacetime coordinates satisfy (1.1). The fields in this

case are functions of x̂µ. Large classes of noncommutative field theories have been stud-

ied in this manner, initially with the hope to provide a natural UV regularization mech-

anism [10]. In another equivalent construction, noncommutative field theory may be

formulated by using a ?-product approach which generalizes the notion of multiplication

among ordinary spacetime variables.

Noncommutative analogs of Yang-Mills theories have also been studied, leading to

noncommutative gauge theories which share similarities to the large N Yang Mills of t’

Hooft [19]. Noncommutative gauge theories have also been shown to arise in certain

limits of string theory and even M-theory [29, 30].

There are also applications with no connection to quantum gravity. Noncommuta-

tive geometry arises in the contexts of condensed matter systems. In particular, this

spacetime deformation is useful in studying the quantum Hall effect [20].

In many cases the fundamental degrees of freedom of a noncommutative theory may

also be expressed in terms of matrices which provide a natural realization of a non-

commutative algebra. In addition to being a simple way to express noncommutative

geometry, these models are believed to capture nonperturbative aspects of string the-

ory and therefore contain aspects of a dynamical quantum gravity. Moreover, matrix

models have been used to provide a mechanism of emergent geometry and gravity, even

outside the context of string theory [12]. In such models, spacetime is obtained as a
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noncommutative brane solution to a Yang-Mills type matrix model. Classical Einstein-

Hilbert gravity arises on this 3+1 dimensional brane solution in a semi-classical limit.

The mechanism for describing emergent gravity in this scenario is fundamentally dif-

ferent from how gravity arises in string theory matrix models where it lives in the 10

dimensional bulk [18].

The aim of this thesis is to explore the use of matrix models as representations of

noncommutative algebras in relation to topics of black hole physics and cosmology. After

giving an introduction to the construction of noncommutative geometry, we will propose

a matrix model inspired by the 2+1 dimensional Chern-Simons theory in order to de-

scribe a two dimensional black hole solution in chapter III. The model allows us to count

the density of states associated with the black hole from which we obtain the expected

entropy. Chapter IV will be used to obtain solutions resembling open, closed and static

universes in a commutative limit from Yang-Mills type matrix models. There we begin

by constructing solutions that arise in the commutative limit containing two spacetime

dimensions. We then construct solutions containing four spacetime dimensions. In both

cases we are able to resolve cosmological singularities. Concluding remarks will be given

in chapter V.
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2 NONCOMMUTATIVE GEOMETRY

We begin by giving a very brief summary of the axiomatic formulation of noncom-

mutative geometry by Alaine Connes. For more details see [8].

To understand what a noncommutative space is, it is instructive to first consider

a commutative space. Let X be a Hausdorff space with continuous complex valued

functions, f . These functions form a commutative associative algebra, A= C0(X). This

is a C∗ algebra where addition and multiplication are defined pointwise, involution is

given by complex conjugation, and the norm is given by the norm of functions. For

each algebra element there exists a homomorphism mapping the algebra to the complex

numbers, C: φx = f(x), x ∈ X. The set of all such homomorphisms defines the spectrum

of A, ΦA, which is also the space of irreducible representations of A. Moreover, for each

algebra element there is a dual element that maps the algebra spectrum to C given by

f̂(φ) = φ(f). This means that there is a mapping γ : C0(X) → C0(ΦA). The Gelfand

theorem states that for any C∗ algebra, this map is an isometric ∗-isomorphism, and we

can identify the topological space, X, with the spectrum of the algebra, ΦA. Specifically,

this means that the irreducible representations of A can be used to identify points x of

the manifold. According to this result from Gelfand, Naimark and Segal, the topological

knowledge of the space X is equivalent to the knowledge of the algebra A [9].

In order to do physics one typically studies a manifold with a metric and uses differ-

ential geometry to study objects such as one-forms on the manifold. The idea of Connes

was to include all of these geometric features in a purely algebraic way. For this, he

proposed that a compact Riemaniann spin manifold can be reconstructed completely by
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a spectral triple, (A,H,D) [8]. This triple is composed of an algebra A of functions, a

Hilbert space H on which this algebra acts and a self-adjoint Dirac operator D acting

on H. The spectrum of A carries the information about the manifold as a topological

space, while D carries the information of the metric. This spectral triple can be general-

ized by considering a noncommutative but associative algebra of functions instead. This

development laid the axiomatic groundwork for noncommutative geometry [8]. While

we lose the notion of vector fields, derivatives, and even coordinates themselves in a

noncommutative geometry, we are able to characterize these objects in a completely

algebraic way.

Before this formal algebraic approach was developed, Weyl introduced a systematic

way to describe noncommutativity on classical phase space by introducing a map between

phase space functions and Hilbert space operators in the context of quantum mechanics

[11]. In the phase space formalism, one can deform the product of functions on phase

space using a ?-product which results in an algebra isomorphic to the operator algebra

in the Hilbert space. The procedure for using this product is known as deformation

quantization. In the case of the Heisenberg algebra generated by position and momentum

operators used in quantum mechanics and satisfying [q, p] = ih̄, we wish to deform the

commutative algebra of C∞(R2). We then write the product of two functions as

f ? g = Σ∞n=0

1

n!

(
ih̄

2

)n
Πn (f, g) (2.1)

where the ? denotes an associative but not necessarily commutative product and Π is a

Poisson bivector: Π = Πij∂i∧∂j. This bivector is defined as a map C∞(R2)× C∞(R2)→
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C∞(R2) which must be skew symmetric, satisfy the Leibniz rule and Jacobi identity:

Π(f, g) = −Π(g, f) (2.2)

Π(fg, h) = fΠ(g, h) + gΠ(f, h) (2.3)

Π(f,Π(g, h)) + Π(g,Π(h, f)) + Π(h,Π(f, g)) = 0 (2.4)

Expansion in powers of n is given by:

Π0 (f, g) = f g (2.5)

Πn (f, g) = Σn
k=0(−1)k

(
n

k

)
∂k

∂pk
∂n−k

∂qn−k
f × ∂n−k

∂pn−k
∂k

∂qk
g. (2.6)

More generally, the choice of product is not unique. In this procedure of deformation

quantization, the ?-product is expanded in terms of a small parameter, h̄, such that

when h̄ approaches zero, the usual commutative product among functions, the commu-

tative limit, is retained1. The n = 1 term in (2.6) gives the ordinary Poisson bracket.

Deformation quantization thus develops quantum mechanics by deforming the algebra of

functions on a symplectic manifold. In fact, any symplectic manifold may be quantized

using a non-unique ?-product defined such that

f ? g = f g +
ih̄

2
{f, g}+O(h̄2) (2.7)

In some sense, one may think of the symplectic structure of a manifold as simply an

indication that there is a deformation of the algebra of functions into a noncommutative

algebra [8]. The above formulas are valid for manifolds with a constant Poisson structure.

1 h̄ is a fixed dimensionful number in quantum mechanics. As the expansion is also a derivative

expansion, ’small’ h̄, effectively means that the functions f and g vary slowly.
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According to the Darboux theorem, any symplectic manifold can locally be written such

that the Poisson structure is constant. For a global description, one must construct a

Fedosov manifold by introducing a torison-free symplectic connection to the manifold.

Finally, for arbitrary Poisson manifolds2, Kontsevich quantization generalizes (2.1) [14].

This formulation of quantum mechanics can be used for describing noncommuta-

tive geometry as well. Construction of such spaces amounts to quantization of even-

dimensional symplectic manifolds. While this method of quantization works for general

commutation relations, it will be described below in detail assuming a constant non-

commutativity parameter and the Moyal ?-product. In this case, θij clearly satisfies

(2.2-2.4).

2.0.1 Weyl Symbols and Star Products

Consider a commutative algebra of functions onR4 with the usual pointwise product.

Assuming that the derivatives of the functions fall off sufficiently rapidly at infinity, we

may describe any function, f , by its Fourier transform:

f̃(k) =

∫
d4x eikµx

µ

f(x), f(x) =
1

(2π)4

∫
d4k e−ikµx

µ

f̃(k). (2.8)

We would like to replace the coordinates xi of R4 by operators x̂i ∈ R4
θ which will satisfy

(1.1) in the case of constant θ. The Weyl symbol of f is defined as

Ŵ (f) =
1

(2π)4

∫
d4k e−ikµx̂

µ

f̃(k), (2.9)

such that Ŵ (eiqµx
µ
) = eiqµx̂

µ
, i.e., W maps functions to operators [16]. The Wigner map

is the inverse, mapping operators to functions: Ŵ−1(eiqµx̂
µ
) = eiqµx

µ
.

2Recall that symplectic manifolds are special cases of a Poisson manifold in which the symplectic

form is non-degenerate.
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In general, to define a ?-product, we must pick an ordering prescription which maps

monomials in the coordinate, xi to polynomials of the operators, x̂i. One choice is a

normal ordering which places all operators x̂ to the right and all operators ŷ to the left.

Here we have chosen the so-called Weyl ordering, which is a totally symmetric ordering

prescription. When acting on monomials of xi, the Weyl symbol gives

Ŵ (xi1 , ..., xim) =
1

m!
∂ki1 , ..., ∂kim (kix̂

i)m (2.10)

which in the example of two operators gives,

Ŵ (xixj) =
1

2!
(x̂ix̂j + x̂jx̂i) (2.11)

One may also combine operators to form new operators. Consider:

Ŵ (f ? g) = Ŵ (f)Ŵ (g). (2.12)

Using (2.9), the product of two operators Ŵ (f) and Ŵ (g) can be written as

Ŵ (f) Ŵ (g) =
1

(2π)n

∫
dnk dnp eikix̂

i

eipj x̂
j

f̃(k)g(̃p). (2.13)

Since we are assuming the canonical structure for (1.1), we may use the Baker-Hausdorff-

Campbell formula on the operator product to give the form:

eikix̂
i

eipj x̂
j

= ei(kj+pj)x̂
j− 1

2
kipj [x̂

i,x̂j ]

= e−i(kj+pj)x̂
j− i

2
θijkipj . (2.14)

9



Then from (2.9) we have

f ? g = Ŵ−1[Ŵ (f)Ŵ (g)]

= Ŵ−1[
1

(2π)4

∫
d4kd4p (ei(kj+pj)x̂

− i
2
kiθ

ijpj)f̃(k)g̃(p)] (2.15)

= e
i
2
θij ∂

∂xi
∂

∂yj f(x)g(y)|y→x.

The limit θ → 0 gives the desired ordinary multiplication among functions. This is

known as the Moyal star product (also referred to as the Weyl-Groenewold product)

and is defined for constant θ [13]. (2.15) is a representative from an equivalence class of

?-products. Two products, ? and ?′ are equivalent if and only there exists a differential

operator

Df := f + Σ∞i=1Di(f)εi (2.16)

such that

f ?
′
g = D−1(Df ? Dg) (2.17)

where ε is a small deformation parameter.

While in the above we considered θij independent of x, every correspondence between

spacetime and a noncommutative algebra will require its own class of ?-products.

We may also define the operators of derivatives and integrals, detailed in [15]. For-

mally the derivative should satisfy the Leibniz property for A,B ∈ R4
θ:

∂i(AB) = ∂i(A)B + A∂i(B). (2.18)
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By writing the Moyal-Weyl star product explicitly, we notice a natural way to express

the derivative in terms of θ:

[xi, f(x)]? = xi ? f(x)− f(x) ? xi = iθij∂jf(x). (2.19)

This kind of derivative is called an inner derivative. In terms of operators, this derivative

is given by the adjoint action of the algebra of operators on itself [16]:

[x̂i, f(x̂)] = iθij∂jf(x̂) (2.20)

[∂̂i, x̂j] = δji , [∂̂i, ∂̂j] = 0. (2.21)

The trace of a Weyl operator is related to integration over spacetime. In the case of

R4
θ, where d4µ(x) is an integration measure on R4

Tr Ŵ [f ] =

∫
d4µ(x)f(x), (2.22)

where an appropriate normalization has been assumed. Generally, integration can be

defined as an operation satisfying:

∫
Tr ∂iA = 0,

∫
Tr [A,B] = 0 (2.23)

with A,B ∈ R4
θ. Integration is symmetric under cyclic permutations of the functions

which is a property inherited from the trace.

Indeed, noncommutative geometry can be approached in two general ways. Either

one can work with an ordinary product in the noncommutative algebra of Weyl operators,

or we can work with a deformed noncommutative star product, if it exists, among the

commutative algebra of functions on spacetime. The aim of this section is to highlight

this correspondence in the context of deformation quantization in order to give a physical

11



intuition behind the ideas of noncommutative geometry. On the other hand, the central

theme of this thesis is to use matrix representations of noncommutative algebras to

study gravity related topics and we will not be utilizing the ?-product approach. Next

we review the matrix representation as well as how matrix models naturally arise in

different areas of physics.

2.0.2 Matrix Representation

An elementary example of a noncommutative algebra is, MatN , the algebra of N

× N matrices with entries in the complex numbers. The noncommutative analog of

compact spaces is constructed by promoting the algebra of functions on the manifold to

operators written as N × N matrix representations acting on a suitable Hilbert space.

Spaces corresponding to these types of noncommutative algebras are then called fuzzy

spaces. Fuzzy spaces are important in that they preserve the group of isometries of the

original space although the algebra of functions is truncated and finite [17]. We will see

this explicitly in the case of the fuzzy sphere in the next section. Formally, these spaces

may also be described in terms of a spectral triple, (MatN ,HN ,∆N) where ∆N is the

matrix analog of the Laplacian and the algebra of N × N matrices, MatN , act on the

N dimensional Hilbert space, HN [22].3 For manifolds which are not compact, matrix

bases are also possible if the Hilbert space is countable, or only analytic functions are

considered [21].

Fuzzy Sphere

To illustrate the above ideas, we will review the construction of the fuzzy sphere,

a generalization of the ordinary 2-sphere, which is one of the most studied noncommu-

tative spaces [85],[86],[88],[87]. The sphere S2 can be defined by considering Cartesian

3The Laplacian is given by a double commutator just as in quantum mechanics e.g., ∆f(x̂) =

−[p̂, [p̂, f(x̂]] where p̂ψ = i ∂
∂xψ in the position representation for wavefunction ψ.
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coordinates xi with i = 1, 2, 3 in R3 satisfying the relation

x2
1 + x2

2 + x2
3 = R2 (2.24)

with R ∈ R. We will be concerned with properties of the algebra of smooth functions

defined on the sphere. At first we may consider discretizing the sphere by replacing it

with a lattice. For that we can consider two points of the sphere, the north and south

poles, denoted (a,b). The functions at these points can be written as the algebra of 2 ×

2 diagonal matrices:

 f(a) 0

0 f(b)

 .

There is no nontrivial action of the group of rotations, SO(3), on this algebra of 2

× 2 diagonal matrices [84]. To restore rotational invariance, we can replace the algebra

of functions with a noncommutative algebra. Consider coordinates replaced with su(2)

generators, Ji, in a finite dimensional irreducible representation4:

xi → x̃i := κJi. (2.25)

where [Ji, Jj] = iεijkJk and κ ∈ R. The Casimir in an n dimensional irreducible repre-

sentation is given by J2
1 +J2

2 +J2
3 = n2−1

4
1, where 1 is the n dimensional identity matrix.

The algebra of functions is now expressed as a noncommutative matrix algebra. The

4Alternatively, the algebra of functions satisfying (2.26) form an U(su(2)) module ?-algebra with

irreducible representations spanned by spherical harmonics, Ylm. The matrix representation is con-

structed by introducing a cutoff in the spectrum in such a way that matrix alegbra is also a U(su(2))

module ?-algebra. Coherent state quantization can be used to extend the map (2.25) into an isometry

between between spherical harmonic representations and matrix representations [26].
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generators must satisfy (2.24):

x̂2
1 + x̂2

2 + x̂2
3 = κ2(J2

1 + J2
2 + J2

3 ) = R2. (2.26)

Specifically, we have that

κ2 =
4R2

n2 − 1
. (2.27)

The upshot of this construction is that this matrix algebra respects the rotational sym-

metry of the sphere. Let h ∈ su(2) and U ∈ SU(2). There is a natural definition of this

group action on our matrix algebra which leaves the algebra invariant

h→ h′ := UhU † (2.28)

where † denotes the hermitian conjugate. The generators x̃i do not commute, but satisfy

[x̃i, x̃j] = iκεijkx̃k. (2.29)

As the dimension of the representation we choose increases, the more eigenvalues these

matrices will have. This corresponds to better and better resolution of the sphere, hence

the name fuzzy sphere.

From (2.27), if we hold R fixed and let n → ∞, we have that κ → 0 and the

coordinates become the regular commuting coordinates of S2.

2.1 Noncommutativity from strings

Aside from constructing fuzzy and general noncommutative spaces from a matrix

representation, there are motivations from string theory to study noncommutative ge-

ometry and matrix models representations in particular.
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2.1.1 Strong fields

One way that noncommutativity arises in string theory is from a perspective similar

to that of the Landau problem in condensed matter physics, i.e., from application of

a strong magnetic field. Below we review how noncommutativity arises in the Landau

problem which is the simplest case[16].

Consider the Lagrangian

L =
m

2
~̇x2 − ~̇x · ~A (2.30)

with the vector potential Ai = −B
2
εijx

j and the electric charge and c set to one. This

describes a charged particle moving in the plane ~x = (x1, x2) with an applied uniform

magnetic field, B, perpendicular to the plane.

In the limit m→ 0, (or equivalently in the limit of very strong B field with fixed m)

the Lagrangian becomes

L0 = −B
2
ẋiεijx

j (2.31)

The corresponding Hamiltonian identically vanishes indicating that the system contains

constraints. In the usual method of canonical quantization, one would replace the Pois-

son bracket by commutators and the phase space variables by operators acting on a

Hilbert space. Because this is a system with second class constraints, the correct proce-

dure is to instead construct Dirac brackets which are defined in terms of these constraints

of the system, and then proceed with the usual techniques of canonical quantization

[24],[25]. The constraints are

φi = pxi + εij
B

2
xj ≈ 0. (2.32)
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These constraints may be strongly set to zero upon calculating the Dirac brackets in

which case one finds a nonvanishing bracket among spacetime coordinates,

{
xi, xj

}
=
εij

B
. (2.33)

In the quantum theory, (2.33) becomes [xi, xj] = ih̄εij

B
. This limit corresponds to the

projection of the state into the lowest Landau level, and it is readily seen that this

introduces a noncommutativity among spacetime coordinates.

Something similar happens in string theory. In this case, one considers the action for

open bosonic strings moving in a flat Euclidean, ten-dimensional space in the presence

of a constant Neveu-Schwarz two-form field, B, and ending on Dp-branes [31]

S =
1

4πα′

∫
Σ

(d2σgij∂ax
i∂ax

j − 2πα′Bijε
ab∂ax

i∂bx
j). (2.34)

Here, gij is the metric tensor of the background spacetime, ∂a = ∂
∂σa

, and Σ is the string

worldsheet parameterized by σa, a = 1, 2. xi are the embedding functions into flat

space and the string tension, T, Regge slope, α′, and string length, ls, are related by:

T = 1
2πα′

= 1
2πl2s

. Bij can be thought of as a magnetic field on the brane. In a low-energy

limit with Bij fixed, the kinetic terms for the embedding functions of the string vanishes.

The second term can be written as boundary term:

S∂Σ = − i
2

∫
∂Σ

Bijx
i∂tx

j, (2.35)

where t is the coordinate parameterizing the boundary. This boundary string action

is then analogous to the Landau action of electrons in a strong magnetic field. From

there, one obtains a noncommutativity of the spacetime coordinates as in (2.33). Strictly

speaking, the xi(t) only describe the boundary degrees of freedom of the open strings
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and not the motion of particles. Nonetheless, this analogy demonstrates how noncom-

mutativity can arise in the context of string theory.

2.1.2 How matrices arise

The aim of superstring theory is to consistently formulate all of the fundamental

interactions of nature. The fundamental degrees of freedom are internal oscillation

quanta of the string, which corresponds to particles. The string spectrum contains

gravitons and massless gauge fields and since it demands supersymmetry, the theory

also accounts for fermions. At low energy, the string perturbation theory reproduces

Einstein equations for closed strings and Yang-mills equations for open strings. At the

Planck scale, the string interactions can not be described with perturbation theory alone;

one needs to include the non-perturbative effects. There are multiple consistent string

theories that are related to one another through dualities transformations. It is believed

that these superstring models are limiting cases of a unified theory. The construction,

which is hypothesized to contain all the current string theories, is called M-theory and

is an eleven-dimensional theory. It’s low energy limit is consistent with 11-dimensional

supergravity and gives rise to an eleven-dimensional supermultiplet containing the metric

gµ,ν , gravitino,Ψα
µ and an antisymmetric tensor field, Aµ,ν,λ. It is currently unknown what

the fundamental degrees of freedom of this theory will be away from the low energy limit.

One attempt at writing a dynamical formulation of M-theory is the matrix model of

Banks, Fisher, Shenkar and Susskind (BFSS)[29]. A similar formulation was developed

to provide a non-perturbative definition of type IIB superstring theory by Ishibashi,

Kawai, Kitazawa, and Tsuchiya (IKKT)[30]. The degrees of freedom for both models

are N x N Hermitian matrix elements. These matrix models then naturally employ the

use of noncommutative geometry.

To see how matrices can arise in the open superstring theory, we can consider soliton-

like solutions in the theory called p-branes. A p brane sweeps out a p+1 dimensional
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world volume and has finite tension and carries Ramond-Ramond (RR) charges. Al-

though the perturbative string states are not usually charged with respect to the RR

sector fields, solitons may carry electric and magnetic RR charges. Polchinski [32] showed

that these states could be described as Dirichlet branes (or Dp-branes, ”D” denoting

Dirichlet and ”p” indicating the number of dimensions) which are then an inherently

nonperturbative feature of string theories. The ends of open strings can move along

the Dp-brane and satisfy Dirichlet boundary conditions in the direction normal to the

surface. In the low energy regime, the dynamics of superstring theory is dominated by

massless string states. Low energy interactions of these massless degrees of freedom can

be described with a Lagrangian and the result is that the dynamics of the Dp-brane is

described by an effective field theory on it’s world volume. Even-dimensional Dp-branes

occur in type IIA theory and odd-dimensional ones appear in the type IIB theory.

The massless degrees of freedom of the open string ends are gauge fields and their

superpartners. The effective theory for the low energy limit of an individual Dp-brane

becomes a ten-dimensional U(1) gauge theory ”dimensionally reduced” such that the

fields are no longer dependent on the coordinates orthogonal to the Dp-brane world

volume. For a Dp-brane parameterized by ξ0...ξp, (p+1) degrees of freedom describe the

components of a vector potential tangential to the Dp-brane. The other (9-p) compo-

nents correspond to scalars 5 and are associated with the coordinates of the Dp-brane

fluctuations. If we want to describe a state with an RR charge of N, this is equivalent

to a stack of N Dp-branes where each brane carries a U(1) gauge field. Since strings can

begin and end on different branes and are oriented, the number of degrees of freedom for

a stack of N branes is proportional to N2. When the branes are very close together all

of these degrees of freedom are massless and the gauge symmetry of the effective theory

becomes U(N) in the low energy limit [27]. The Lagrangian of this effective theory is

5They transform as scalars with respect to coordinate transformations on the world volume.

18



a reduction of the ten-dimensional supersymmetric U(N) gauge theory to one of (p+1)

dimensions. The scalar fields describing the transverse coordinates of the Dp-brane in

this case can be represented by N × N Hermitian matrices. The figure below depicts

the situation for the case of two parallel Dp-branes.

Figure 2.1: In the case of two bound parallel Dp-branes, the strings can end on the

same brane or start on one and end on the other. There are 4 massless vector states for

coincident branes, i.e., they form a U(2) group representation [28].

Having given a motivation of how noncommutative geometry and matrices arise in

the context of string theory, we will look into more details of the matrix models of BFSS

and IKKT, which will have a similar structure to the matrix models further studied in

this thesis.

2.1.3 IKKT

The IKKT matrix model [30] is an effective action obtained from a 10-dimensional

supersymmetric gauge theory by projecting the spacetime domain to a point. After

the projection, the matrix elements are independent of space and time coordinates.

Upon taking the matrix size to infinity, this zero dimensional matrix model is claimed to

provide a non-perturbative definition of type IIB superstring theory. The Lagrangian for
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the IKKT model is a matrix analog of the superstring action in the Schild gauge. This

formulation is equivalent to the Nambu-Goto formulation upon introducing an auxiliary

field,
√
g(σ0, σ1), which is a positive definite function. The classical Schild action is

given by

SGS =

∫
d2σ[− α

4
√
g
{Xµ, Xν}2 +

i

2
ψ̄Γµ{Xµ, ψ}) + β

√
g]. (2.36)

The indices, µ, ν run from 0 to 9 and are raised and lowered with a flat background metric

diag ηµ,ν = (+,−...−). The bosonic degrees of freedom are contained in Xµ(σ1, σ2)

which are in a vector representation of SO(1,9). The fermionic field Ψα(σ1, σ2) carries

a Spin(1,9) Majorana-Weyl spinor index, α = 1, ..., 16. Poisson brackets are given by

{X, Y } = εab∂aX∂bY and Γµ satisfy anticommutation relations {Γµ,Γν} = 2ηµν . It can

be checked that the action also has spacetime N = 2 supersymmetry.

The superstring (2.36) action becomes a matrix model by substituting

Xµ(σ0, σ1)→ AIJµ (2.37)

Ψα(σ0, σ1)→ ΨIJ
α (2.38)

Here AIJµ and ΨIJ
α are N × N Hermitian matrices, bosonic and fermionic respectively.

The matrix elements can be constructed using

M(x, y)IJ = Σn,mj(x, y)m,n(Jm,n)IJ (2.39)

where j(x, y)m,n are functions on R2 and provide a suitable basis for the function space

we are constructing a matrix representation for. J IJm,n is a basis for gl(N). In particular,

20



we have the following maps,

AIJµ =

∫
d2σNXµM

IJ (2.40)

Xµ = TrAµM. (2.41)

In the N →∞ limit, we have that

Tr→
∫
d2σN (2.42)

[., .]→ i

N
{., .} . (2.43)

This limit may not exist for each algebra of functions. An explicit construction has been

worked out for several cases such as the sphere and torus [28].

Using the above substitutions, the IKKT model is written as

S = tr(
α

4
[Aµ, Aν ]

2 +
1

2
Ψ̄Γµ[Aµ,Ψ] + β) (2.44)

where integration has been replaced with a matrix trace and Poisson brackets have

been replaced with commutators. In a double scaling limit, N → ∞ and g2 → 0 with

Ng2 fixed, (2.36) can be viewed as a ”classical” limit of (2.44) where we may use the

replacements (2.42 -2.43).

Multi-object solutions correspond to block diagonal forms for the Aµ and Ψ. In

this block diagonal form, the action is really a sum over traces of each of the blocks.

Each one of the traces is the Schild action in the classical limit which corresponds to a

theory of multi-string states. Aside from its invariance under N = 2 supersymmetry,

(2.44) is invariant under U(N) gauge transformations.6 They induce the infinitesimal

6These transformations become the symplectic transformations on the string world sheet in the limit
N →∞.
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variations: δAµ = i[Aµ, ω], δΨα = i[Ψα, ω], where ω are N × N Hermitean matrices

with infinitesimal elements.

The classical equations of motion of the bosonic sector of (2.44) are obtained by

extremizing the action with respect to variations in Aµ and are given by

[Aµ, [Aµ, Aν ]] = 0. (2.45)

Trivial solutions are expressed in the form of a diagonal matrix

Aµ =


x1
µ

. . .

xNµ

 . (2.46)

These are the classical vacuum solutions of the theory and xµ are interpreted as space-

time coordinates of D-instantons7. These solutions were found to be stable against

quantum corrections by using the standard background field method to show that the

one loop quantum corrections to the classical solutions vanish [30]. In this calculation,

the fermionic contributions to quantum corrections are necessary to cancel the bosonic

contributions and provide even spacing of the eigenvalues of (2.46) and RD symmetry.

There are also Bogomol’nyi-Prasad-Sommerfield (BPS) solutions (those that preserve

half the supersymmetry) and are also found to be stable against quantum corrections.

Interaction among various objects in the theory is described with off diagonal blocks

of the matrices that arise due to quantum corrections in the loop calculations. The

interaction between the BPS solutions can also be calculated in the model and agrees

with the expected behavior at long distance with the interactions in supergravity.

The action (2.44) is interpreted as an effective theory for the large N reduced ten-

dimensional super Yang-Mills model (SYM) [34]. While this large N reduced SYM

7To consider other D-objects, one must take the N →∞ limit.
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theory cannot be defined perturbatively, there is believed to be a nontrivial fixed point

of the renormalization group of the theory such that the continuum limit about this

point provides a nonperturbative definition of it. The conjecture is that this large N

reduced ten-dimensional super Yang-Mills theory is a constructive definition of (2.44)

and is equivalent to type IIB superstring theory.

2.1.4 BFSS Model

Compactification of M-theory on a circle of radius R leads to the theory of type IIA

superstrings, which is governed by a 10-dimensional action. The parameter of M-theory

is the Planck length, lp and string theory is characterized by a dimensionless coupling

gs and a string tension T = 1
2πα′

where α′ = l2s
2

with ls the string length scale. The

parameters of M-theory and string theory are related by

R = g2/3
s lp ls = g−1/3

s lp (2.47)

In this sense, M-theory is the strong coupling limit of IIA string theory and as gs →∞

the radius tends to infinity and the theory becomes 11-dimensional. An infinite set of

Kaluza-Klein modes appear in the ten-dimensional theory from each state in the gravity

supermultiplet upon compactification. The massive modes in this tower of states are

interpreted as nonperturbative objects in the superstring theory.8 Precisely, the bound

state of N D0-branes is associated to a graviton with momentum p− = N/R where

N=(0,1,2...) and light cone coordinates have been introduced:

t = x+ = (x0 + x10/
√

2) (2.48)

x− = (x0 − x10/
√

2). (2.49)

8Their masses go like N/gs.
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Compactification is given by identifying x− = x−+2πR where R is the compactification

radius.

The BFSS matrix model [29] claim is that the fundamental degrees of freedom of

M-theory in the light cone gauge are D0-branes. The degrees of freedom are contained

in nine N × N Hermitian bosonic matrices, X i(t) i = 1, ..., 9 and a spinor in nine spatial

dimensions with 16 supercharges, θα(t) (α = 1, .., 16). Their dynamics is determined

from the Lagrangian:

L = tr

{
1

2R
(DtX

i)2 +
R

4
[X i, Xj]2 + θDtθ + iRθγi[X

i, θ]

}
(2.50)

with nine-dimeniosnal Dirac matrices, γi satisfying the anticommutation relations {γi, γj} =

2δij. This matrix Lagrangian is a fully quantum model as opposed to the effective action

for D0-branes. This means that the Lagrangian does not only describe the lowest energy

states, but it also describes all the quantum interactions once one considers the large N

limit. The classical equations of motion to (2.50) are found by setting all off diagonal

elements to zero such that

[X i, [Xj, X i]] = 0 (2.51)

The matrices are related to world sheet coordinates just as X i(σ, τ) are in string

theory, with the exception that here the matrices include all the dynamical information

and not just information about free string states. Multigraviton states correspond to

block diagonal matrices and the off diagonal elements represent their interactions. If

the separation between the gravitons is small, the off diagonal degrees of freedom can

be integrated out of the action, but as the distance decreases these off diagonal pieces

interact with one another which corresponds to gravitons scattering. The one loop

effects reproduce those of 11-dimensional supergravity, and in principle all scattering
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cross sections in the theory can be obtained. The notion of spacetime only emerges

when the gravitons are greatly separated and can not scatter.

2.2 Gauge Theory

A natural way to formulate a gauge theory on arbitrary noncommutative spaces is by

making the coordinate operators transform under the adjoint action of the U(N) group.

One can then introduce a gauge connection in an analogous way to how the covariant

derivative is defined in commutative gauge theories [36]. Assume the noncommutative

space is defined by an associative algebraic structure Ax with generators, x̂i, and the

canonical structure, (1.1), where θ̂ij = θij and is independent of x̂i. (We shall assume

this for the entire subsection.) A gauge connection, Ai is a one-form with values in

Ax such that Ai = Ai†. An infinitesimal gauge transformation of ψ ∈ Ax is given by

ψ → ψ + δψ where δψ(x̂) = iα(x̂)ψ(x̂) and α(x̂) is an infinitesimal function. Then

δ(x̂iψ) = ix̂iα(x̂)ψ (2.52)

which is not necessarily equal to iα(x̂)x̂iψ. Covariant coordinates can be introduced

such that

δ(X̂ iψ) = iα(x̂)X̂ iψ i.e., δ(X̂ i) = i[α, X̂ i] (2.53)

which is what we expect from the transformation law for an ordinary gauge theory. For

this we define

X̂ i = x̂i + Ai(x̂) Ai(x̂) ∈ Ax (2.54)
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where the transformation properties of Ai can be derived as

δAi = i[α,Ai]− i[x̂i, α]. (2.55)

We have already seen that the commutator is a derivation, [x̂i, f ] = iθij∂jf where θij is

the inverse of θij which means that

δAi = i[α,Ai]− θij∂jα. (2.56)

This is similar to the transformation of the non-abelian gauge potential in the commu-

tative gauge theory. In that case, α and Ai are elements of some Lie algebra. We can

define a tensor

F ij = [X̂ i, X̂j]− iθij (2.57)

that transforms covariantly, δF ij = i[α, F ij].

Let α = uiθijx̂
j. Then (2.56) is

δαA
i = uj∂jA

i + ujθji (2.58)

which from the second term can be seen as just a translation of Ai. We see that the

gauge symmetry group contains spacetime translations. That internal gauge transfor-

mations and spacetime translations cannot be seperated in noncommutative geometry

is reminiscent of gravity theories and not commutative gauge theories.

There is a map between noncommutative and commutative Yang-Mills theories es-

tablished by Seiberg and Witten [33]. That these two gauge theories are related is due

to the fact that regularization used in quantum field theories is not unique. Some pre-

scriptions of regularization of e.g., (2.34) (with background gauge fields added) lead to a
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noncommutative gauge theory while others lead to the usual commutative gauge theory.

Since the regularization used should not alter the physics, there exists a map relating

noncommutative gauge transformation on noncommutative gauge fields to commutative

gauge transformations on commutative gauge fields called the Seiberg-Witten map. In

order to see the relation, we will need to compare commutative and noncommutative

gauge transformations. We will call the commutative gauge potential ai and the non-

commutative gauge potential Ai. ε is infinitesimal gauge parameter in the commutative

case. The gauge transformation rules in each case are given by:

δεai = ∂iε+ i[ε, ai]. (2.59)

δAi = i[α,Ai]? − i[xi, α]?. (2.60)

where ? is the Moyal ?-product. We can expand (2.60) in orders of θij. In this case, the

second term of (2.60) can be written as a derivative

[xi, α]? = iθij∂jα. (2.61)

We would like to write the noncommutative gauge field and parameter in terms of

the commutative ones. To do that, Seiberg and Witten proposed that the following

consistency relation should hold for Ai and α which are dependent on a, ε, and θ only.

Ai(a) + δαAi(a) = Ai(a+ δεa). (2.62)
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One can then construct a map order by order in θ such that the lowest order gives a

commutative theory. For the Moyal ?-product and abelian ai we find that

Ai = ai −
1

2
θklak(∂lai + ∂lai − ∂ial) +O(θ2) (2.63)

α = ε− 1

2
θklak∂lε+O(θ2) (2.64)

The construction of the Seiberg-Witten map is not be unique and must be constructed

for each associate algebra, Ax.
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3 CHERN-SIMONS INSPIRED MATRIX MODEL

Classically, black holes are objects which only absorb and do not emit radiation.

In 1973, Bekenstein proposed that the laws of black hole mechanics have a similar

structure to laws of thermodynamics [41]. Soon afterward, Hawking showed that when

one considers quantum mechanical effects, black holes actually emit black body radiation

to spatial infinity. It consists of all particle species with a temperature T = κ
2π

[2]. To see

how this arises, one can consider a quantum field theory near the black hole horizon which

constitutes a curved background. In a flat spacetime, general solutions to the equations

of motion can be expanded in a complete, orthonormal set of modes. One can define

positive and negative frequency modes with respect to the global timelike Killing vector

and then associate them with creation and annihilation operators whose eigenstates all

form a basis for the Fock space. In the flat spacetime, the number of particles and the

vacuum state are invariant under Lorentz transformations and different observers agree

on which state is the vacuum. In curved spacetime, where time translation invariance

is not necessarily preserved under coordinate transformations, there is in general no

timelike killing vector defined over all space, and modes can not be globally defined

as having a positive or negative frequency. Since the vacuum is defined as the state

annihilated by the negative frequency modes, different observers will not agree upon

which state is the vacuum or its particle content. As a result, an observer not in free

fall near the horizon will detect radiation from the black hole. This Hawking radiation

has a constant temperature proportional to the surface gravity, κ, which is defined as

the magnitude of acceleration with respect to Killing time of a stationary particle just
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outside the black hole horizon. Using this relation along with the first law of black hole

mechanics, it is natural to associate an entropy to the black hole [2, 41]. The intriguing

relation is that the maximum entropy is related to the surface area of the black hole and

not the volume, a statement of the holographic principle. This is depicted in Figure 3.1.

In 3+1 dimensions the entropy relation is given by the Bekenstein-Hawking relation,

S = A
4h̄G

, where A is the area of the horizon.

Figure 3.1: Each unit of entropy is associated with 4 units of Planck area [37].

In statistical mechanics, entropy is related to the number of microstates that make up

the system under study. This should mean that there are microstates associated with the

black hole, and it is believed that these microstates are associated with spacetime in some

manner on the quantum scale. In this way, black holes are one of our most promising

probes for studying quantum gravity. Different programs, such as string theory [45] and

loop quantum gravity [46],[47] have reproduced the correct Bekenstein-Hawking entropy

relation in some cases.1

General relativity in 2+1 dimensions - two spatial dimensions and one of time- has

been studied as a toy model for investigating the quantum properties of spacetime. Even

though there are no dynamical gravitational degrees of freedom, 2+1 gravity with a

negative cosmological constant admits a black hole solution, known as the Banados-

Teitelboim-Zanelli (BTZ) solution [38] . This solution is fully characterized by an

Arnowitt-Deser-Misner (ADM) type mass, angular momentum and charge. Like the

1Extremal (and near extremal) black holes are considered in string theory.
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Kerr black hole solution, a non-extremal rotating BTZ black hole has an inner and

outer radius. It has been shown that this black hole can arise from collapsing matter

[39]. For the BTZ black hole, whose horizon is one dimensional, the entropy goes as

S =
πr+

2G
(3.1)

with G the gravitational constant in 2+1 dimensions and r+ the outer horizon radius.

In 1988, Witten showed that one could rewrite general relativity in 2+1 dimensions

as a Chern-Simons theory, whose quantization is well studied [35]. The BTZ black hole

solution can also be obtained in the Chern-Simons formulation [38],[40]. Carlip, and

subsequently Banados, were able use the Chern-Simons theory [48],[50] to obtain the

correct entropy associated to the BTZ black hole from first principles. These models

use conformal field theory techniques2 along with complicated boundary conditions to

obtain the correct results. The degeneracy of boundary states are associated with black

hole horizon microstates, but the counting relies on using a nonunitary theory which is

not well understood. There are simpler derivations, but none detail which fields contain

the relevant degrees of freedom contributing to the black hole entropy or where those

degrees of freedom live. See ([52],[49],[53]) .

In what follows, we propose a matrix model inspired by a noncommutative Chern-

Simons theory in order to account for the degrees of freedom associated with the entropy

of the BTZ black hole. Since a commutative Chern Simons theory does contain gravity,

it seems plausible that the matrix model would also contain gravity in the commutative

limit. While Chern-Simons theory without a boundary is a trivial topological field

theory, the introduction of boundaries or defects does allow for nontrivial degrees of

freedom [42]. We introduce a ’boundary’ in the matrix model and show that it can

2The boundary is two dimensional and the Chern-Simons theory naturally induces a Wess-Zumino-

Witten action on the boundary.
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account for the degenerate set of states associated with the expected entropy for the

BTZ solution.

3.0.1 Noncommutative Chern-Simons

The noncommutative Chern-Simons theory [51] is given by 2 infinite dimensional

square matrices Xi; i = 1, 2 which are covariant coordinates with units of distance

and transform under the adjoint action of the U(N) gauge group. These coordinates

are related to the noncommutative gauge potentials, Ai, of Chern-Simons by Xi =

Ai + xi where derivations are given by [xi, ] = ∂i. In what follows we consider only

noncommutativity among xi and time is kept as a continuous variable. The commutative

Chern Simons Lagrangian in 2+1 dimensions is given by Lcs = k
4π
tr(A∧dA+ 2

3
A∧A∧A),

where A is defined in the Lie algebra and tr is the trace over their matrix representations.

Here we consider the abelian, noncommutative matrix version of the Chern Simons

theory, which when expressed in terms of the Xi (and also expressed in canonical form

seperating the temporal and spatial components) can be written using an invariant trace

Lcs(Xi, Ẋi) =
k

2θ0

Tr
(
εijDtXiXj − 2iθ0A0

)
, (3.2)

where the covariant derivative is defined by

DtXi = Ẋi + [A0, Xi] , (3.3)

and the dot denotes differentiation in the time t, which is assumed to be continuous.

k and θ0 are real constants. The former, which we assume to be positive, is known

as the level, and here takes integer values.[43],[44]. Level quantization was a result of

the fact that the Lagrangian is not invariant under gauge transformations, but rather

changes by a time derivative. θ0 is the noncommutativity parameter, and has units of

length-squared. k and θ0 will play different roles in the subsequent sections. A0 is an
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infinite dimensional square matrix whose elements correspond to Lagrange multipliers.

Reality for the Lagrangian requires A0 to be antihermitean, while Xi can be hermitean

or antihermitean. Our convention will be to take Xi antihermitean.

The action corresponding to (3.2) is S =
∫
dt L

(N)
CS (Xi, Ẋi). The equations of motion

obtained by varying Xi and A0 are

[Xi, Xj] = iθ0εij1 (3.4)

DtXi = 0, (3.5)

where 1 denotes the identity matrix. The equation of motion (3.4) defines the Heisenberg

algebra, which implies that the space spanned by coordinatesXi is the Moyal-Weyl plane,

with noncommutativity parameter θ0.

The action is invariant under noncommutative gauge transformations which can be

constructed. In the Hamiltonian formalism, gauge transformations are generated from

the first class constraint3, Fij = [Xi, Xj]−iθ0εij1 ≈ 0 which are associated with (3.4). See

[24], [54] for Dirac’s theory of quantization of gauge theories, i.e., when the symplectic

form of a mechanical system is degenerate. The generator of gauge transformations is

then given by

G(Λ) =
−k
2θ0

εijTrΛFij. (3.6)

Infinitesimal variations are of the form

δΛXi = [Xi,Λ]

δΛA0 = DtΛ , (3.7)

3First class constraints are those quantities that have vanishing Poisson bracket with other dynamical

quantites and constraints in phase space.
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where Λ is an infinite dimensional square matrix, with time-dependent matrix elements.

The reality conditions for Xi and A0 are preserved provided Λ is antihermitean. Since A0

is nondynamical and each first class constraint removes two physical degrees of freedom

from the matrix elements X1 and X2, no degrees of freedom remain in this noncommu-

tative theory. That is, there is one first class constraint for each pair of matrix elements.

The fact that this model is trivial is not surprising since the commutative Chern Si-

mons theory also contains no degrees of freedom when there is no nontrivial topology or

boundary. Since no degrees of freedom remain, one can not hope to account for the BTZ

entropy in this scenario. In the commutative case, one needed to introduce a boundary

or a nontrivial topology in order to support physical degrees of freedom. The analogy to

a boundary in the matrix model may be to consider finite dimensional matrices which

is done in the next section.

3.1 Matrix Chern-Simons

In order to study the matrix model in more detail, we consider the case of finite

dimensional matrices. Here the covariant coordinates Xi; i = 1, 2 are N × N matrices.

In the finite dimensional case, the Lagrangian must be modified so that equation of

motion (3.4) is consistent. That is, taking the trace of both sides of (3.4) results in an

inconsistent equation. This inconsistency is corrected if A0 is traceless and takes values

in the defining representation of the su(N) Lie algebra. The Lagrangian in this case

simplifies to

L(N)
cs (Xi, Ẋi) =

k

2θ0

εijTrDtXiXj, (3.8)

where Tr represents a standard matrix trace. Now instead of (3.4), variations of A0 lead

to

[Xi, Xj] = 0 , (3.9)
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while variations in Xi again give (3.5). The equation of motion (3.9) implies that the

space spanned by spatial coordinates Xi is commutative, as opposed to what one gets

from (3.4). (Here θ0 no longer plays the role of a noncommutativity parameter.) It

has been argued that commuting configurations do not support propagating degrees

of freedom in four-dimensional gravity.[12] There should not be propagating degrees of

freedom in a 2+1 gravity theory, however, and so it is reasonable to consider commuting

configurations here.

Because the Lagrangian (3.8) does not contain the previous TrA0 term, it is invariant

under SU(N) gauge transformations, with infinitesimal variations given by (3.7). Here

Λ are traceless antihermitean matrices. Because the action no longer changes by a total

time derivative, the Chern-Simons level, k, does not get quantized in this model. Since

Xi has units of length, all we require is that k/θ0 has units of inverse length-squared.

The counting of degrees of freedom in the finite Chern-Simons matrix model is best

studied in the Hamiltonian formalism. There are 2 sets of primary constraints arising

from the momenta given by

Φk = (πk)−
k

2θ0

εkj(Xj) ≈ 0 where (πk)µν =
∂L

∂(Ẋk)µν
=

k

2θ0

εkj(Xj)νµ (3.10)

Φ0 = (π0) ≈ 0 where (π0)µν =
∂L

∂ ˙(A0)µν
= 0. (3.11)

The canonical Hamiltonian of the theory is given by

HC = − k
θ0

εijTr(A0XiXj) (3.12)

and the total Hamiltonian

HT = HC + µ0Φ0 + µiΦi, (3.13)

35



where the µ0, µi are functions of the coordinates and momenta. One must check if these

primary constraints lead to other secondary constraints by checking the consistency of

their time derivatives. This is done by computing their Poisson bracket with the total

Hamiltonian. We find secondary constraints in such a way arising from (3.11).

Φ̇0 =
k

θ0

εijXiXj ≈ 0. (3.14)

(3.10) does not produce any secondary constraints. Equation (3.14) become first class

constraints which generates gauge transformations of the theory which we show below.

One can work in the reduced phase space by setting the second class constraints strongly

equal to zero and simultaneously using the new Poisson bracket of the theory which is

given by

{(Xi)αβ, (Xj)γδ} =
θ0

k
εijδαδδβγ , (3.15)

where α, β, γ, δ, ... = 1, ..., N are the matrix indices. This Dirac bracket is computed

using the second class constraints and for two functions on phase space has the form

{f, g}DB = {f, g}PB −
∑
a,b

{f, φ̃a}PBM−1
ab {φ̃b, g}PB, (3.16)

where M−1
ab is the inverse matrix of the second class constraints: {φ̃a, φ̃b}PB = Mab The

first class constraints (3.14) generate SU(N) gauge transformations

G(Λ) = − k

2θ0

εijTrΛ[Xi, Xj], (3.17)

where Λ is traceless. This is since {Xi, G(Λ)} = [Xi,Λ]. Using (3.15), they form a closed

algebra

{G(Λ), G(Λ′)} = G([Λ′,Λ]) (3.18)
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and therefore are first class.

There are now N2−1 first class constraints which should eliminate 2(N2−1) degrees

of freedom from the matrix theory. This means that we will have at least two degrees

of freedom remaining amongst X1 and X2. Actually, there are more. It turns out that

the assumption that the first class constraints each remove two degrees of freedom is

incorrect. To count the number of physical degrees of freedom, one starts with the

unconstrained 2N2−dimensional phase space spanned by the two matrices Xi, i = 1, 2.

The traceless parts of these matrices, call them X tl
i , i = 1, 2, can be taken to be

elements of the su(N) Lie algebra in the defining representation. Using the SU(N)

gauge symmetry, one of them, say X tl
1 , can be rotated to the (N − 1)-dimensional

Cartan sub-algebra. (The result is unique up to Weyl reflections.) This corresponds

to a gauge fixing. (Actually, it is only a partial gauge fixing, as the rotated X tl
1 are

invariant under rotations by the Cartan generators.) From the gauge constraints, the

remaining matrix X tl
2 must commute with the gauge fixed X tl

1 . If the latter spans all of

the su(N) Cartan-subalgebra (we call this the generic case), then X tl
2 must also be in

the Cartan-subalgebra. So 2(N −1) phase space variables remain amongst X tl
i , i = 1, 2,

after eliminating the gauge degrees of freedom. Upon including the SU(N) invariant

traces of X1 and X2, one then ends up with 2N independent degrees of freedom. They

can be expressed in terms of the SU(N) invariants TrXn
1X

m
2 , n and m being integers.

The above argument shows that only 2N of them are independent in the generic case.

For the example of N = 2, we can take them to be

TrX1 , TrX2 , TrX2
1 , and TrX2

2 . (3.19)

More generally, (3.19) correspond to a minimal set of independent degrees of freedom

for the matrix model.
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Let us examine the simplest case of N = 2. (N > 2 will be studied in detail in the

following section.) The 2× 2 antihermitean matrices X1 and X2 can be expressed as

X1 =

√
θ0

2k
pµτµ X2 =

√
θ0

2k
qµτµ , µ, ν, ... = 0, ..., 3 (3.20)

where τ0 = i1 and τ1,2,3 = iσ1,2,3. 1 and σ1,2,3, respectively, denote the unit matrix and

Pauli matrices. Then (3.15) correspond to canonical brackets for qµ and pµ,

{qµ, pν} = δµν . (3.21)

The traces of Xi, which are proportional to q0 and p0, are SU(2) invariants. The traceless

parts of Xi, corresponding to ~q = (q1, q2, q3) and ~p = (p1, p2, p3), transform as vectors,

so additional SU(2) invariants are ~q2, ~p2 and ~q · ~p, the dot denoting the scalar product.

These invariants are not all independent since the constraint (3.9) means that the cross

product of ~q and ~p vanishes. Excluding the special (non generic) cases where one of

the vectors vanishes and the other is arbitrary, we get that ~q and ~p are parallel. Then

there are a total of four independent gauge invariant quantities, q0, p0, ~q2 and ~p2, or

equivalently, (3.19).

3.1.1 Rotational Symmetry

It has been argued that the horizon of the black hole should have a rigid rotational

symmetry4 [49]. Including the analogue of this symmetry in the commutative Chern-

Simons theory was necessary for the entropy counting argument. In that case, the theory

was allowed to have the topology of a cylinder with the corresponding rigid rotations

being the diffeomorphisms that are generated from an infinitesimal vector field tangential

to the boundary which carries only time dependence. Since we would like to associate

4Rigid rotations are those rotations that vary by a constant amount at each point. In Carlip’s work

they are generated by the lowest mode Virasoro operator, L0.
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our work to the black hole solution, we assume our action should also be invariant under

the matrix analog of rigid rotations.

The matrix model can be modified to include an additional U(1) gauge symmetry

which will act nontrivially on the spatial coordinates of the matrices and is thus anal-

ogous to a spatial rotation symmetry. As mentioned in the introduction, translations

in the noncommutative theory are equivalent to gauge transformations. We need to

write down the matrix analog of this symmetry as well as a consistent Lagrangian which

includes this new symmetry. The transformations on the matrices are assumed to be

analogous to rotations of components of a vector. Let Ai, i = 1, 2 be a vector field in

R2. In the commutative case, this rigid rotation is given by the Lie derivative and has

the form δAi = ε(t)(LAi + εijAj) where L = εijxi∂xj is the usual angular momentum

and xi are coordinates in R2. The action of angular momentum in the matrix model is

given by the derivation:

L∆M = [∆,M ], (3.22)

where 4 is time independent and M is an arbitrary N × N matrix. The dynamical

matrices then transform as

δεXi = ε(t)(L∆Xi + εijXj). (3.23)

The A0 matrix is assumed to have a transformation of the form: δεA0 = ε(t)L∆A0+ε̇(t)Υ.

This means that the variation of the Lagrangian will be given by

δεLCS = ε̇(t)
k

2θ0

Tr (εijL∆XiXj +XiXi + εij[Xi, Xj]Υ). (3.24)
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This variation is a total derivative if Υ is given by Υ = iaXiXi − ∆ along with the

constraint Tr( XiXi + i∆
a

) = 0 which can be imposed by adding a Lagrange multiplier

term to L
(N)
CS

LCS =
k

2θ0

εijTrDtXiXj + µTr (XiXi +
i∆

a
) (3.25)

with

δεA0 = ε(t)L∆A0 + ε̇(t)(iaXiXi −∆). (3.26)

Now, both (3.23) and (3.26) leave the action invariant, with the variation of the Lagrange

multiplier given by:

δεµ = −ε̇(t) k

2θ0

. (3.27)

The equations of motion for (3.25) are given by varying the action with respect to A0,

Xi and µ

[Xi, Xj] = 0 (3.28)

DtXi +
2θ0

k
µεijXj = 0 (3.29)

Tr (XiXi +
i∆

a
) = 0. (3.30)

(3.30) has nontrivial consequences. Upon restricting iTr∆/a > 0, it states that all matrix

elements of Xi lie on the surface of a 2N2 − 1 dimensional sphere. (Recall that Xi are

antihermitean.) However, from (3.15), one does not have the standard Poisson structure

on a sphere. The constraint (3.30) implies that all matrix elements have a finite range,

corresponding to the diameter of the sphere. This means that boundary conditions must

be imposed in all directions in the phase space, making quantization problematic. [The

situation is even worse for the case Tr∆ = 0, since then the constraint (3.30) says that all

matrix elements of the antihermitean matrices Xi vanish!] This obstacle to quantization
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can be easily rectified by a simple modification of the reality conditions on the matrices

Xi, which we choose below.

3.1.2 Observables

So far, we have constructed a Lagrangian which is invariant under SU(N) gauge

transformations as well as spacetime rigid rotations, which we will refer to as Diff0

gauge symmetry. In order to proceed to the quantum theory, one must differentiate

between the physical and gauge degrees of freedom. All of the elements of the matrices,

Xi, are not physical degrees of freedom. The generator of SU(N) gauge transformations

is given in (3.17) and the generator of rigid rotations is

V∆ =
k

2θ0

Tr (εijL∆XiXj +XiXi +
i∆

a
) ≈ 0 (3.31)

since it gives {Xi, V∆} = δεXi = ε(t)(L∆Xi + εijXj). This generator forms a closed alge-

bra with the SU(N) generator, {V∆, G(Λ)} = G([∆,Λ}), and together they correspond

to N2 first class constraints. That this algebra closes implies that the internal SU(N)

transformations are coupled to the external rigid rotations, Diff0. The combination de-

fines the action of the semidirect product group, SU(N) ⊗Diff0. These constraints do

not eliminate all the degrees of freedom, however. To see this, we can examine first the

case for N=2 and then generalize to the case for N > 2.

The reality conditions for the matrices can be chosen in a particular way. In order for

the constraint (3.31) to define an unbounded surface ( which is still 2N-1 dimensional),

one can choose the Xi such that a) the trace is real and b) the traceless part is antiHer-

mitian. Λ and ∆ are both antiHermitian, with Λ being time-dependent and traceless

and ∆ being constant.

In order to count the degrees of freedom left in the system, it is again instructive to

start with the N=2 case. The SU(2) invariants ~q2, ~p2 and ~q ·~p still contain the Diff0 gauge
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degree of freedom. The Diff0 constraint coming from (3.30) in canonical coordinates is

written as

q2
0 + p2

0 ≈ −→q
2

+−→p 2
+ d0 (3.32)

where d0 = k
θ0a

(−iT r∆). This Diff0 constraint can be removed by fixing the gauge

−→q 2 ≈ 0. Then from (3.32), −→p 2
is constrained in terms of the remaining independent

coordinates: q0 and p0 (or TrX1, T rX2). This particular gauge fixing makes it such that

the new Dirac bracket is equal to the previous one: {q0, p0} = −1. A quadratic invariant

is given by q2
0 + p2

0 and is the form of a harmonic oscillator Hamiltonian.

Generalizing to arbitrary N, the quadratic invariant can be written as

I(2) =
1

N
((TrX1)2 + (TrX2)2) (3.33)

where the invariants, TrX1 and TrX2 obey the following algebra

{TrX1, T rX2} =
θ0N

k
. (3.34)

A gauge fixing condition which eliminates the Diff0 degree of freedom ( the analog of

−→q 2 ≈ 0 for general N) in this case is given by

ψ = TrX2
2 −

1

N
(TrX2)2 ≈ 0. (3.35)

(3.33) is a quadratic invariant that has units of distance squared and will later be asso-

ciated to the squared radius of the black hole. The algebra (3.34) is still preserved after

the the gauge fixing. In addition, it’s quantization gives the Heisenberg algebra:

[ ˆTrX1, ˆTrX2] = i
θ0N

k
. (3.36)
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These invariants can then be written in terms of lowering and raising operators:

ˆTrX1 =

√
θ0N

2k
(a† + a), ˆTrX2 =

√
θ0N

2k
(a† − a) (3.37)

where [a†, a] = 1. The operator form of (3.33) can be written in terms of the number

operator, a†a with eigenvalues:

I(2)
n =

2θ0

k
(n+

1

2
) , n = 0, 1, 2.. (3.38)

There is another way to explicitly isolate the degrees of freedom in the matrices Xi

which will be a more convenient method for the analysis we would like to do in the case

of N > 2. To begin with here, we have 8 degrees of freedom in the matrices. To remove

some of the SU(N) gauge freedom, we can first rotate the vector −→p to the third direction

by requiring p1 = p2 = 0. From the constraint, (3.28), it means that q1 = q2 = 0. This

leaves us with 4 of the original 8 degrees of freedom. Next, we impose the constraint

(3.32) and fix the gauge to eliminate the Diff0. degree of freedom. For this gauge

fixing, we can choose q0 ≈ 0. The remaining physical degrees of freedom are then q3, p3

and they satisfy the Dirac bracket {q3, p3} = 1. The harmonic oscillator Hamiltonian

associated with these invariants is q2
3 + p2

3 , and the eigenvalues of this Hamiltonian are

2n+ 1, n = 0, 1, 2...

Now to generalize to the N x N case, it is convenient to express X1 and X2 in a

Cartan-Weyl basis of U(N).

X1 =

√
θ0

k

(
p01√
N

+ i
√

2paHa + ip−−→αE−→α

)
X2 =

√
θ0

k

(
q01√
N

+ i
√

2qaHa + iq−−→αE−→α

)
.

(3.39)
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The set {Ha, a = 1, ..., N − 1} spans the Cartan sub algebra which means that

[Ha, Hb] = 0. (3.40)

The E−→α are root vectors that satisfy the following commutation relations:

[Ha,E−→α ] = αaE−→α (3.41)

[E−→α , E−→β ] =


αaHa α + β = 0

N−→α ,−→β E−→α+
−→
β

α + β is a root

0 α + β is not a root.

A standard representation can be chosen such that

TrHaHb =
1

2
δa,b TrE−→αE−→β = δ−→α+

−→
β ,0

TrHaE−→α = 0. (3.42)

Now, the Dirac brackets for the variables q and p are found from (3.15)

{q0, p0} = −1 (3.43)

{qa, pb} = δa,b (3.44)

{q−→α , p−→β } = δ−→α+
−→
β ,0
. (3.45)

The first class constraints associated with the SU(N) gauge transformations can also be

written in terms of the canonical variables, q and p:

Φa =
∑
−→α

αaq−→α p−−→α ≈ 0, (3.46)
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Φ−→α =
√

2
∑
a

αa(q−−→α pa − p−−→α qa) +
∑
−→
β 6=−→α

N−→α−−→β ,−→β q−−→β p−→β −−→α ≈ 0. (3.47)

Just as was done in the N=2 case, one can fix some of the SU(N) gauge freedom by

rotating the traceless part of X1 to the SU(N) Cartan sub algebra. The freedom to

rotate around the Cartan generators is not fixed and this choice corresponds to only a

partial gauge fixing. This can be done by imposing the gauge fixing constraint p−→α ≈ 0.

It follows from (3.47) that all q−→α also vanish. The gauge fixing conditions turn the

first class constraints (3.46, 3.47) into second class constraints, and the Dirac bracket

between the remaining degrees of freedom (q0, p0, qa, pa) is computed to be the same as

in (3.43, 3.44). Explicitly, the Dirac bracket is given by

{A,B}DB = {A,B}PB +
∑
−→α

1√
2αapa

({A, φ−→α }{p−→α , B} − {B, φ−→α }{p−→α , A}). (3.48)

Now the phase space has been reduced to 2N dimensions, but there is still the Diff0

constraint to deal with. This constraint is again written as q2
0 + p2

0 ≈ −→q
2

+ −→p 2
+ d0

where −→q and −→p are now N-1 dimensional vectors. After applying this Diff0 constraint

and fixing the gauge so that q0 ≈ 0, there are 2(N-1) independent degrees of freedom.

The Dirac bracket (3.43, 3.44) is once again preserved by this gauge fixing.

3.1.3 Degeneracy

The aim is to relate the degeneracy of the eigenvalues of the Hamiltonian −→q 2
+−→p 2

to the density of states of the BTZ black hole. For the case N=2 there is no degeneracy;

there is one eigenvalue for each state of the oscillator.

In the case N > 2, q2
0 + p2

0 ≈ p2
0 ≈ −→q

2
+ −→p 2

+ d0 is a sum of N-1 harmonic

oscillator Hamiltonians, and there will be a degeneracy in the eigenvalues. The operator

analogue of (3.33) is written in terms of the number operators of each of the N-1 harmonic

oscillators, na = 0, 1, 2.... Then the eigenvalues are 2
∑N−1

a=1 na + N − 1 + d0 and (3.38)

45



becomes:

2θ0

k

(
N−1∑
a=1

na +
N − 1 + d0

2

)
. (3.49)

Since the eigenvalues of (3.38) and (3.49) should be the same, we can find a relation

which sets the value of the parameter d0.

n =
N−1∑
a=1

na, d0 = 2−N. (3.50)

The degeneracy of the nth excited state is the same as that for the nth excited state

of an isotropic N-1 dimensional harmonic oscillator, which is defined here in terms of

bosonic raising and lowering operators. Then, the degeneracy of the nth excited state is

what one would have from considering n identical bosons occupying N-1 positions. This

is equivalent to partitioning a number, n, into parts in which no part can be greater

than N-1. This is known to be defined as follows [[55]]

g
(N)
N =

N−1∑
k=1

p(n, k). (3.51)

If we define the asymptotic limit as the size of the matrices N → ∞ as well as the nth

excited state n → ∞, then the degeneracy is given by the Hardy-Ramanujan formula

[56]:

g
(N)
N → 1

4n
√

3
exp (π

√
2n

3
). (3.52)

The entropy is related to the log of the number of miscrostates in a system. After taking

the log and using the definition for n from (34), we find that the entropy of the nth

excited state in the asymptotic limit is given by

Sn ∼ π

√
kI

(2)
n

3θ0

. (3.53)
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We now want to identify the quadratic invariant, (3.33), with the squared radius of the

black hole, r2
+ and the two constants of the theories: k

θ0
and 3

4G2 . From this we obtain the

usual entropy (3.1). This identification also sets the scale for the eigenvalues of (3.33),

and hence r2
+. It says that they are separated by 8

3
G2, and that the smallest value for

the horizon radius is 2√
3
G.
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4 MATRIX MODEL COSMOLOGY

Solutions to the equations of motion of general relativity are known to contain space-

time singularities, points at which the metric becomes infinite. Often these singularities

are due solely to the choice of the coordinate system and therefore do not have a phys-

ical meaning. In order to determine if the solution is regular at some point, one may

construct diffeomorphism invariant quantities and analyze their behavior at this point.

A spacetime can also be characterized as containing singularities (which are not due to

the choice of coordinates) if it is geodesically incomplete. This means that the motion of

a freely falling particle cannot be determined after a finite time upon reaching the sin-

gularity. One such singularity is the causal singularity occuring in the classical version

of the Big Bang model. At the hypothetical time t = 0, timelike geodesics can not be

extended to the past. Moreover, the universe at this time is believed to have zero spatial

dimension, infinite density, infinite temperature and infinite spacetime curvature. It is

believed that upon including quantum gravitational effects, these singularities can be

resolved.

The standard models of cosmology are referred to as Friedman-Lemaitre-Walker

(FLRW) models. These models are constructed to represent a spatially homogeneous

and isotropic universe which can either be contracting or expanding. In polar coordi-

nates, the metric is given by

ds2 = −c2dt2 + a(t)2 dr2

1− kr2
+ r2dΩ2, where dΩ2 = dθ2 + sin2 θdφ2. (4.1)
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k represents the curvature of the uniform 3-dimensional space that can in principle be

either positive, negative or zero: k=0 corresponds to spatially flat solutions, k > 0 gives

spatially closed solutions and k <0 gives hyperbolic 3-geometries. The spatial compo-

nent of (4.1) is allowed to be time dependent in which all such dependence is contained

in the dimensionless scale factor, a(t). These models contain an overall six dimensional

isometry group resulting from the conditions that the universe be completely spatially

homogeneous and isotropic. The isotropic condition requires the spatial directions to

contain an O(3) rotational symmetry. The spatially homogeneous condition requires

that each spacelike 3-surface at constant time be invariant under translations in three

dimensions. Einstein’s field equations are used in order to find the explicit time depen-

dence of the scale factor. In particular, given a mass density, pressure, and cosmological

constant, (ρ, p, Λ, respectively) they lead to the Friedmann equations: ȧ2+kc2

a2 = 8πGρ+Λc2

3

and ä
a

= −4πG
3

(
ρ+ 3p

c2

)
+ Λc2

3
, where dots represent derivatives with respect to time. Cur-

rent observations indicate that the universe is best described by a uniformly expanding

four-dimensional manifold which is spatially flat at each time slice.

Matrix models have been shown to contain gravity with spacetime geometry emerging

dynamically, and solutions to these matrix models have been shown to include black

holes and cosmological spacetimes [58],[59],[12],[60],[61],[62],[63],[64],[65]. As was shown

in the previous chapter, matrix models are capable of describing black hole entropy

which is a phenomena arising only once quantum mechanics is taken into consideration

along with general relativity. Additionally, since these matrix models are related to

nonperturbative effects in string theory, these models have promise to include these

effects in the cosmological solutions and potentially contain a mechanism for controlling

the classical singularities. A Newtonian type cosmology was shown to result from the

BFSS matrix model [80]. This model, however, lacks manifest Lorentz invariance. We

instead prefer to begin with an IKKT type model in which time and space are initially
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treated on the same footing and a covariant theory can result in the continuum limit.

Being a definition of superstring theory, the IKKT model is originally constructed as

a ten dimensional model. It has been shown that the rotational invariance of the nine

spatial dimensions are spontaneously broken to SO(3), which acts with the defining

representation on three spatial dimensions [64]. This gives us justification to study the

model in less than ten dimensions.

Our aim is to first study rotationally invariant spacetime cosmologies emerging as

solutions in the commutative limit of matrix models in d dimensions. For this, we must

define the notion of rotational invariance in for the matrix solutions. The resulting

solutions to the equations of motion will then be d-1 dimensional. As studying lower di-

mensional toy models proved to be fruitful in the previous chapter, we will again begin by

considering general solutions with a two-dimensional commutative limit. Afterward we

restrict our attention to those rotationally invariant models possessing four-dimensional

solutions. In particular, we will examine the Lorentzian analog of the complex projective

plane which arises as a four dimensional cosmological solution of an eight-dimensional

action. In each case, we will be only concerned with the bosonic sector of IKKT type

matrix models.

In general, exact matrix solutions are nontrivial to obtain, irregardless of the di-

mension. Obvious solutions are those defining a finite dimensional Lie algebra such as

the fuzzy sphere for the three dimensional action. We will be able to study generalized

classes of invariant solutions by expressing the matrix equations of motion in terms of

recursion relations. In general we do not find exact solutions to the matrix model, but

are able to interpret solutions in the commutative limit. We are able to find solutions

in the commutative limit which resemble open, closed and static cosmologies. Such so-

lutions are always endowed with a Poisson structure. Most impressively, we are able to

find solutions which resolve cosmological singularities.
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4.1 Three dimensional case

We first examine the bosonic sector of a Lorentzian IKKT-type matrix model in

three spacetime dimensions. The dynamics for the three infinite-dimensional Hermitean

matrices Y µ, µ = 0, 1, 2 is determined from the action

S(Y ) =
1

g2
Tr
(
−1

4
[Yµ, Yν ][Y

µ, Y ν ]−2

3
iαεµνλY

µY νY λ
)
, (4.2)

where a totally antisymmetric cubic term is added to the standard Yang-Mills term and

α and g are constants. Our conventions are ε012 = 1, and we raise and lower indices

with the flat metric ηµν =diag(−1, 1, 1). The resulting equations of motion are

[[Yµ, Yν ], Y
ν ]−iαεµνλ[Y ν , Y λ] = 0. (4.3)

They are invariant under:

i) Lorentz transformations Y µ → LµνY
ν , where L is a 3× 3 Lorentz matrix,

ii) translations in the three-dimensional Minkowski space Y µ → Y µ + vµ1, where 1 is

the unit matrix, and

iii) unitary ‘gauge’ transformations, Y µ → UY µU †, where U is an infinite dimensional

unitary matrix.

We seek matrix solutions which are rotationally invariant in the 1-2 plane. In order

to define a notion of rotational invariance for the matrix model solutions, we seek so-

lutions which reduce to rotationally invariant solutions in the commutative limit. The

commutative limit of a matrix model is defined in analogous fashion to the classical limit

of a quantum system as described in the introductory section. This limit is taken by

replacing the matrices Y µ with commuting spacetime coordinates yµ. y0 and yi, i = 1, 2

can be regarded as time and space coordinates, respectively. In addition, one replaces
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the commutator of functions of Y µ by some Poisson bracket { , } of the corresponding

functions of yµ. For this one introduces a noncommutativity parameter Θ, and defines

the commutative limit by Θ→ 0. To lowest order in Θ, [F(Y ),G(Y )]→ iΘ{F(y),G(y)}

for arbitrary functions F and G. In 2 + 1 dimensions this is easily defined. The dynami-

cal degrees of freedom in this case are contained in three infinite-dimensional Hermitean

matrices Y µ, µ = 0, 1, 2, with 0 being the time index and 1 and 2 being spatial indices.

We can take rotationally invariant matrix configurations for (Y 0, Y 1, Y 2) to be those

satisfying

[Y+Y−, Y
0] = 0 , (4.4)

where

Y± = Y 1 ± iY 2. (4.5)

In the commutative limit (4.4) goes to

{(y1)2 + (y2)2, y0} = 0. (4.6)

In order for this Poisson bracket to be satisfied, the spatial radius must be a function of

only the time y0 coordinate

(y1)2 + (y2)2 = a2(y0) , (4.7)

which defines a rotationally invariant manifold embedded in three spacetime dimensions.

The commutative limit of the matrix equations was examined previously in [73] and

a family of rotationally invariant solutions were obtained. The Poisson brackets on the

three dimensional space spanned by yµ are singular, and a function of the coordinates

can be found which is central in the Poisson bracket algebra. Setting that function

equal to a constant yields a two dimensional surface M2, upon which a nonsingular

Poisson bracket can be defined. Similar arguments can be made to recover an even
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dimensional manifold starting with a d =odd dimensional matrix model. Say that τ and

σ parametrize the two-dimensional surface, where τ is a time-like parameter and σ is

space-like. We will assume that any time slice ofM2 is a circle, 0 ≤ σ < 2π. In terms of

the three embedding coordinates the surface is defined by the functions yµ = yµ(τ, eiσ).

SinceM2 is a two-dimensional surface the Jacobi identity is automatically satisfied, and

for any two functions F(τ, eiσ) and G(τ, eiσ) on M2 we can write

{F ,G}(τ, eiσ) = h
(
∂σF∂τG − ∂τF∂σG

)
, (4.8)

where in general h is some function of τ and eiσ.

Since the matrix model action (4.2) and the equations of motion (4.3) can be ex-

pressed in terms of commutators, their commutative limit can be expressed in terms

of Poisson brackets. In order that all terms survive in the commutative limit, we need

that α vanishes in the limit, more specifically, that it is proportional to Θ. We write as

α→ +υΘ, with υ finite. Then the commutative limit of the action is

Sc(y) =
1

g2
c

∫
M2

dµ(τ, σ)
(1

4
{yµ, yν}{yµ, yν}+

υ

3
εµνλ y

µ{yν , yλ}
)
, (4.9)

where gc is the commutative limit of the coupling g and dµ(τ, σ) is the integration

measure on M2. The latter is required to be consistent with the cyclic trace identity,

∫
M2

dµ(τ, σ) {F ,G}H =

∫
M2

dµ(τ, σ)F {G,H} , (4.10)

for arbitrary functions F , G and H on M2. We can then take

dµ(τ, σ) = dτdσ/h. (4.11)
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The commutative limit of the equations of motion (4.3) is given by

{{yµ, yν}, yν}−υεµνρ{yν , yρ} = 0. (4.12)

The dynamics retains its invariance under i) Lorentz transformations, ii) translations and

iii) gauge transformations. Infinitesimal gauge variations have the form δyµ = Θ{Λ, yµ},

where Θ again denotes the noncommutativity parameter and Λ is an infinitesimal func-

tion on M2.

We denote solutions to the equations of motion by yµ = xµ(τ, eiσ), and focus on

solutions with an SO(2) isometry group, associated with rotations in the 1-2 plane. For

this we write the ansatz 
x0

x1

x2

 =


τ

a(τ) cosσ

a(τ) sinσ

 . (4.13)

Here we have introduced a factor a(τ) which is the radius at any τ -slice. The ansatz

(4.13) is consistent with (4.7). The invariant interval on the surface is

ds2 = −(1− a′(τ)2) dτ 2 + a(τ)2 dσ2 , (4.14)

the prime denoting differentiation in τ . This gives the Ricci scalar

R =
2a′′(τ)

a(τ)
(

1− a′(τ)2
)2 . (4.15)

Rotational invariance in the 1-2 plane requires that we restrict h in (4.8) to being a

function of only τ . In order to have a solution to (4.12), the functions a and h need to
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satisfy (
(aa′h)′ + h− 2υ

)
h = 0

(
2ha′ + ah′ − 2υa′

)
ah = 0. (4.16)

From these equations it follows that h2g is a constant of integration.h(τ) can be elimi-

nated by setting h = 1√
−g and obtain a second order equation for the scale factor

a′′

a
=

(
a′

a

)2

− 1

a2
+

2υ

a
(1− a′2)

3
2 . (4.17)

This yields the integral of the motion

E = a/
√

1− a′2 − υa2 (4.18)

which was shown in [73] to be associated with the energy of a bosonic string. We

obtain the following Friedmann-type equation for a(τ):

(a′
a

)2

− 1

a2
= − 1

(E + υa2)2
. (4.19)

Solutions to (4.19) can be expressed in terms of inverse elliptic integrals, which are

plotted in figure 1. For all the solutions plotted there (except the limiting case of υ = 1
2
)

we assume that a has a turning point at τ = 0, i.e., a(0) = 1 and a′(0) = 0. The solutions

describe closed, stationary and open spacetimes, the choice depending on values for υ

[73]. Closed two-dimensional spacetimes, having initial and final singularities, occur for

υ < 1
2
. The limiting case of υ = 1

2
gives the static or cylindrical spacetime solution [72].

Open universe solutions correspond to υ > 1
2
.
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Υ = .4

Υ = .5
Υ = .6

Υ = 1

0.5 1.0 1.5 2.0 2.5 3.0 aHΤL

-3

-2

-1

1

2

3

Τ

Figure 4.1: Numerical solution to (4.17) for υ = −1.5, 0, .4, .5, .6 and 1. υ = .5 and 1

correspond to the cylinder and de Sitter solutions, respectively. The boundary values

are a(0) = 1 and a′(0) = 0.

Exact expressions for the solutions exist for different values of υ. They are:

a) For the case of υ = 0, one has the simple expression

a(τ) = cos τ , −π
2
≤ τ ≤ π

2
, (4.20)

where once again we assumed a(0) = 1 and a′(0) = 0, which leads to singularities at

τ = ±π
2
. It defines the surface (x1)2 + (x2)2 = cos2(x0), with metric given by

ds2 = cos2 τ (−dτ 2 + dσ2) , (4.21)
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and Ricci curvature R = −2 sec4(τ), the latter being singular at τ = ±π
2
. The Poisson

brackets of the embedding coordinates are

{x0, x1} =
x2

cos2(x0)
{x0, x2} = − x1

cos2(x0)
{x1, x2} = tan(x0) , (4.22)

where we used (4.8) and h = 1√
−g .

b) For υ = 1
2

the solution is simply

a = 1. (4.23)

The manifold is just a cylinder of unit radius with a flat metric tensor

ds2 = −dτ 2 + dσ2. (4.24)

Using (4.8) and h = 1√
−g one now gets the Poisson brackets

{x0, x1} = x2 {x0, x2} = −x1 {x1, x2} = 0 , (4.25)

which define the three-dimensional Euclidean algebra.

c) When υ = 1 one gets

a(τ)2 = 1 + τ 2 , (4.26)

corresponding to a de Sitter spacetime,

(x1)2 + (x2)2 − (x0)2 = 1. (4.27)

The invariant measure is given by

ds2 = − dτ 2

a(τ)2
+ a(τ)2dσ2 , (4.28)
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corresponding to yielding a constant positive Ricci curvature R = 2. The Poisson brack-

ets on the surface define the su(1, 1) algebra

{x0, x1} = x2 {x0, x2} = −x1 {x1, x2} = −x0 . (4.29)

Since the Poisson brackets for solutions b) and c) define Lie algebras, their noncom-

mutative analogues are easy to obtain. One simply replaces the Poisson brackets by

commutation relations. With the exception of these two cases, obtaining the matrix

analogues of classical solutions is nontrivial. We give a procedure for finding ‘rotation-

ally invariant’ matrix solutions in the following subsections.

4.1.1 Rotational Invariance

Here we search for matrix analogues of the rotationally invariant solutions of the

previous section to the commutative equations of motion (4.12). Our aim is to obtain

the spectra of the matrices which solve the equations, which then give lattice versions

of the commutative solutions depicted in the plots in figure 4.1. After first defining the

meaning of rotational invariance for the matrices, we obtain recursion relations for the

spectra. Exact solutions to the recursion relations are discussed and additional remarks

concerning finite dimensional solutions are made.

As a preliminary step it is convenient to write down an alternative expression for the

commutative solutions of section 4.1. For this we utilize a different parametrization of

the two dimensional manifolds. We replace τ by some other time coordinate t, which

along with σ, satisfies the fundamental Poisson bracket

{σ, t} = 1 , (4.30)

which has a simple noncommutative extension. The previous commutative solutions can

now be written as yµ = xµ(t, eiσ). We then regard x0 and the scale factor, which we now
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denote by ã, as functions of t, thereby replacing (4.13) with


x0

x1

x2

 =


x0(t)

a(t) cosσ

a(t) sinσ

 (4.31)

Then the equations of motion (4.12) give

2∂tã (∂tx
0−υ) + ã ∂2

t x
0 = 0 (∂tx

0−υ)2 − υ2 + ∂t(ã∂tã) = 0 (4.32)

The first equation implies that

k = ã2 (∂tx
0−υ) (4.33)

is independent of t. The second equation then says that the dynamics ã2 is determined

by a simple force equation:

1

2
∂2
t (ã

2) = −k
2

ã4
+ υ2 (4.34)

The solutions are characterized by k and the conserved ‘energy’ 1
4

(
∂t(ã

2)
)2

− k2

ã2 − υ2ã2.

They are, of course, equivalent to those found previously. To see this one only needs to

apply the reparametrization t→ τ = x0(t).

Using (4.5) to define Y±, the equations (4.3) can be written according to

[Y+, [Y−, Y
0]] +

1

2
[Y 0, [Y+, Y−]] − α[Y+, Y−] = 0

[Y 0, [Y 0, Y−]] +
1

2
[Y−, [Y−, Y+]] + 2α[Y 0, Y−] = 0 (4.35)

We wish to write down a rotationally invariant ansatz for the matrices Y 0 and Y± which

reduces to (4.31) in the commutative limit. Different definitions are possible. We require

that our choice satisfies (4.4). Our ansatz shall be expressed in terms of functions of
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two infinite dimensional matrices t̂ and eiσ̂, and are the matrix analogues of t and eiσ,

respectively. The former is hermitean and the latter is unitary. The matrix analogue of

the Poisson bracket (4.30) is the commutation relation

[eiσ̂, t̂] = −∆eiσ̂ , (4.36)

where ∆ is a central element with units of time which is assumed to be linear in the

noncommutative parameter. eiσ̂ generates time translations t̂ → t̂ + ∆. Together eiσ̂

and t̂ generate the algebra of the noncommutative cylinder [91],[92],[72].

For solutions to (4.35), which we denote by Y µ = Xµ, we take

X+ = X1 + iX2 = A(t̂)eiσ̂ X0 = X0(t̂). (4.37)

This is consistent with our definition (4.4) of rotation invariance. Here we restrict

X0 and A to being real polynomial functions of t̂. Then A(t̂) and X0(t̂) are infinite

dimensional hermitean matrices. In the commutative limit, the ansatz (4.37) agrees

with the expression (4.31). After substituting the ansatz into (4.35) one gets

(
X0(t̂)−X0(t̂−∆)− α

)
A(t̂)2 −

(
X0(t̂+ ∆)−X0(t̂)− α

)
A(t̂+ ∆)2 = 0

1

2

(
A(t̂−∆)2 + A(t̂+ ∆)2 − 2A(t̂)2

)
+
(
X0(t̂)−X0(t̂−∆)− α

)2

− α2 = 0 (4.38)

The first equation states that
(
X0(t̂)−X0(t̂−∆)−α

)
A(t̂)2 is invariant under discrete

translations t̂→ t̂+ n∆, n =integer, and is the matrix analogue of (4.33).

We next write down recursion relations for the eigenvalues of the matrices X0(t̂) and

A(t̂). The spectrum for the operator t̂ is discrete, with equally spaced eigenvalues

tn = t0 − n∆ , n ∈ Z , (4.39)
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where t0 is real. This follows since from the commutation relations (4.36), e2πit̂/∆ is a

central element. It is a constant phase e2πit0/∆1 in any irreducible representation of the

algebra, from which (4.39) results.

The eigenvalues of X0(t̂) and A(t̂) are real and we denote them by

x0
n = X0(tn) an = A(tn). (4.40)

From (4.37), X+ and X− act as lowering and raising operators, respectively, on the

corresponding eigenvectors. Since the eigenvalues of X2
1 +X2

2 = 1
2
(X+X− +X−X+) are

positive definite, we get that a2
n + a2

n−1 ≥ 0, for all n. However, since we want A(t̂) to

be hermitean, we get the stronger condition that

a2
n ≥ 0 , (4.41)

for all n. From the equations of motion (4.38) we get the following recursion relations

for the eigenvalues:

(
x0
n − x0

n+1 − α
)
a2
n −

(
x0
n−1 − x0

n − α
)
a2
n−1 = 0

1

2

(
a2
n+1 + a2

n−1 − 2a2
n

)
+
(
x0
n − x0

n+1 − α
)2

− α2 = 0. (4.42)

From the first equation, k =
(
x0
n − x0

n+1 − α
)
a2
n is independent of n, and then from the

second equation we get a recursion relation for just an

1

2

(
a2
n+1 + a2

n−1 − 2a2
n

)
+
k2

a4
n

− α2 = 0 , (4.43)

which is valid provided an doesn’t vanish. (4.43) is the lattice version of (4.34). Given

the values for any neighboring pair of eigenvalues for A, we can determine the the entire
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series {an}. Then starting with one time eigenvalue, we can determine all of {x0
n} using

x0
n − x0

n+1 = α + k/a2
n .

Solutions are plotted in figure 4.2 for α = .5, .51 and .6 with k = .5 and boundary

values a0 = a1 = 1, x0
0 = 0. α = .5 corresponds to the noncommutative cylinder. α = .51

and .6 are examples of discrete versions of open universe solutions. Another example of

a discrete open universe is the noncommutative de Sitter solution which corresponds to

k = 0.

Α=.5 Α=.51

Α=.6

1 2 3 4 5 6 7 an

-10

-5

5

10

x0
n

Figure 4.2: Solutions to the recursion relation (4.43) for α = .5, .51 and .6 with k =(
x0
n − x0

n+1 − α
)
)a2
n fixed to be .5. α = .5 corresponds to the noncommutative cylinder

solution, while α = .51 and .6 are examples of noncommutative analogues of open

universe solutions. The initial conditions are a0 = a1 = 1 and x0
0 = 0.

While figure 4.2 shows matrix analogues of the cylindrical and open spacetime solu-

tions, here we are unable to obtain matrix analogues of closed spacetimes. Related to

this issue is the absence of solutions having α < .5 (or more generally, |α|< |k|, along

with initial conditions a0 = a1 = 1). For these cases, a2
n decreases to zero as one goes

away from the initial values. (a2
n = 0 is analogous to zero radius in the continuous case;
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i.e., a cosmological singularity.) As a2
n decreases to zero, the k2/a4

n term dominates in

the recursion relation (4.43), i.e., the leading term in the expression for a2
n+1 goes like

−k2/a4
n < 0. Then for some n, a2

n becomes negative, which is inconsistent with her-

miticity. Thus, either such solutions do not exist or there must be raising or lowering

operators that kill all states with a2
n < 0.

We note that the analysis leading to recursion relations (4.42) and (4.43) is only

valid for infinite dimensional solutions to the matrix equations, and moreover when the

index n spans all positive and negative integers. (4.37) is not valid if this is not the

case. Alternatively, if n does not span all positive and negative integers it still may be

possible to write

X+ = AU , (4.44)

where A and U are diagonal and unitary matrices, respectively, and X0 is a diagonal

matrix. This is a generalization of the ansatz (4.37). Both (4.37) and (4.44) imply

that X+X− commutes with X0, and so they are consistent with the definition (4.4) of

rotational invariance. Then X+X− and X0 have common eigenvalues. In the case where

(4.37) holds they are, respectively, a2
n and x0

n. Even if (4.37) does not hold, it may still

be possible that the recursion relations (4.42) for the eigenvalues x0
n and a2

n of X0 and

A2, respectively, are valid after restricting the values of the label n in some fashion.

There are well known examples of rotationally invariant matrix model solutions which

are exact solutions of the recursion relations (4.43). For example, a trivial solution of

the recursion relation (4.43) is

x0
n = −2αn+ x0

0 an = a0 (4.45)

where k = αa2
0 and n ∈ Z. x0

0 and a0 are real and here are identified with eigenvalues of

X0 and A for the noncommutative cylinder. The solution represents the discrete version
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of the constant solution for a = 1 in (4.23). The noncommutative cylinder solution

Y µ = Xµ is defined by the commutation relations

[X0, X+] = 2αX+ [X+, X−] = 0 , (4.46)

from which one recovers Poisson brackets (4.25) in the limit α→ 0. x0
n and an in (4.45)

are the eigenvalues, respectively, of X0 and the square root of X+X−, which is central

in the algebra. The latter is constant in any irreducible representation of the algebra

and is the radius-squared of the noncommutative cylinder. X+ and X− are raising and

lowering operators, respectively, for the eigenvectors of X0.

4.1.2 The question of finite dimensional solutions

One can ask whether or not there exist nontrivial finite dimensional matrix solutions

of the equations of motion (4.3). This question is relevant for knowing whether or not

there are matrix solution analogues of the closed spacetime cosmologies. The latter are

expected to emerge upon taking the N →∞ limit of the N ×N matrix solutions, along

with initial and final singularities on the resulting spacetime manifold. So for example,

one can ask if there is a matrix analogue of the closed spacetime solution (4.20) of the

commutative equations of motion (4.12).

As stated above, if a2
n tends to zero, it becomes necessary to terminate the series

generated by the recursion relations (4.43) in order to prevent a2
n from becoming negative.

There must then exist a bottom or top state, which would correspond, respectively, to

an initial or final singularity in the continuum limit. Any matrix analogue of a closed

spacetime solution must have both a bottom and top state, and thus the matrix solution

should be finite dimensional. In this regard, we have not been able to find any nontrivial

finite dimensional matrix solutions to (4.3), and thus here we do not have matrix model
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analogues of the closed spacetime solutions of subsection 2.1; i.e., all the solutions of

(4.17) with υ < 1
2
.

Although we do not have a proof that there are no nontrivial N × N solutions, for

arbitrary finite N , to the matrix equations (4.3), it is easy to show that no nontrivial

solutions exist for the simplest case of N = 2. In that case we can set Xµ equal to a

linear combination of Pauli matrices, one of which, say X0, we can take up to a factor

to be σ3. (Terms in Xµ which are proportional to the identity matrix trivially solve the

equations of motion.)

X0 = σ3 X1 = uiσi X2 = viσi ,

where ui and vi are real. Here we are not making any additional restrictions such as

rotational invariance. Upon substituting into the equations of motion (4.3) one gets

u3ui + v3vi −
(
~u2 + ~v2

)
δi3 − αεijkujvk = 0

~u · ~v ui − v3δi3 −
(
~u2 − 1

)
vi − αεij3uj = 0

~u · ~v vi − u3δi3−
(
~v2 − 1

)
ui + αεij3vj = 0

The only real solutions are ui = u3δi3, vi = v3δi3, but these are trivial solutions since

then all Xµ are proportional to σ3. Thus there are no nontrivial 2× 2 matrix solutions

of the equations of motion (4.3)

We find that by adding a quadratic term we can find finite dimensional representa-

tions of solutions. The total matrix model action becomes

Stotal(Y ) = S(Y ) +
β

2g2
TrYµY

µ
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=
1

g2
Tr
(
−1

4
[Yµ, Yν ][Y

µ, Y ν ]−2

3
iα̃εµνλY

µY νY λ +
β

2
YµY

µ
)
, (4.47)

where β is a real constant and we now denote the coefficient of the cubic term by

α̃ in order to distinguish it from the noncommutative parameter α appearing in the

rotationally invariant classical solutions of the previous section. The matrix equations

of motion now read

[[Yµ, Yν ], Y
ν ]−iα̃εµνλ[Y ν , Y λ] = −βYµ. (4.48)

The i) 2 + 1 Lorentz symmetry of the background space, as well as iii) the unitary gauge

symmetry, is preserved by the last term, but ii) translation symmetry is broken when

β 6= 0.

This system contains new solutions, as well as some of the previous solutions (even

when β 6= 0). Before discussing the matrix solutions, we first examine solutions in the

commutative limit of the matrix model.

4.1.3 Commutative limit with quadratic term

We first write down the modification of the commutative equations of subsection

2.1. Now a much larger family of solutions exist. We shall give a (mostly) qualitative

discussion of these solutions.

The commutative limit of the matrix model action can once again be expressed using

the Poisson bracket (4.8) on some two-dimensional manifoldM2. In order for the cubic

term in the action to survive in the limit we again need for its coefficient to be linear in

the noncommutativity parameter Θ, i.e., α̃ → +υΘ. The quadratic term in the action

will survive in the limit provided that β goes like Θ2, i.e., β → ωΘ2, with ω finite. Then

(4.9) is replaced by

Sc(y) =
1

g2
c

∫
M2

dµ(τ, σ)
(1

4
{yµ, yν}{yµ, yν}+

υ

3
εµνλ y

µ{yν , yλ}+
ω

2
yµy

µ
)

(4.49)
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where dµ(τ, σ) = dτdσ/h is once again the invariant integration measure on M2. Not

surprisingly, translational invariance is broken when ω 6= 0. The resulting equations of

motion are now

{{yµ, yν}, yν}−υεµνρ{yν , yρ} = ωyµ. (4.50)

Upon substituting the rotationally invariant expression (4.13) into (4.50), we get the

following equations for a and h, both of which are assumed to be functions of only τ

(aa′h)′h+ h2 − 2υh = ω 2h(h− υ)a′a+ a2h′h = ωτ, (4.51)

the prime again denoting a derivative in τ . It follows that h2g−ω(a2− τ 2) is a constant

of integration, where once again g is the determinant of the induced metric. We then

get an explicit formula for h, and hence the integration measure

h =

√
c1 − ω(a2 − τ 2)

(1− a′2)a2
, (4.52)

c1 being the constant of integration. Here we see that the measure is not simply expressed

in terms of the metric, except for the case ω = 0 where we recover the result h = 1√
−g of

the previous section. For all ω and υ, h can be eliminated from the differential equation

for a, which can be written

a′′ − a
′2

a
+

1

a
− 2υ

ah
(1− a′2)− ω

h2

(τ
a

)′
= 0 (4.53)

generalizing (4.17). The breaking of time translation symmetry when ω 6= 0 implies the

absence of a conserved energy, and consistent with that, we have not found a general-

ization of the quantity (4.18) which is conserved when ω = 0.
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There is now a large family of solutions, including those already discussed when

ω = 0. Among them are some exact solutions, all of which have h equal to a constant

value.

1. There are two distinct dS2 solutions to (4.51) of the form (4.26) when υ2 + 2ω > 0

and ω 6= 0. [Here we assume υ and ω are finite.] They yield the following constant

values for h,

h± =
1

2
(υ ±

√
υ2 + 2ω) . (4.54)

The solution is degenerate when υ2 + 2ω = 0, and no de Sitter solution exists for

υ2 + 2ω < 0.

2. A dS2 solution exists to the equations of motion in the limit υ, ω → ∞, with ω
υ

finite and nonzero. In this limit, the kinetic energy (or Yang-Mills) term is absent

from the action (4.49). In this case

h = − ω

2υ
. (4.55)

If both the kinetic energy term and the quadratic term are absent from the action

and only the totally antisymmetric term remains, i.e., υ → ∞ and ω
υ
→ 0, then

there are only trivial solutions to the equations of motion, {xµ, xν} = 0. In the

matrix model, all matricesXµ commute in this case. This result does not generalize

to higher dimensions where one can have nontrivial solutions of the equations of

motion when only a totally antisymmetric term appears in the action, as we show

in the next section.

3. Another solution, which exists only when ω 6= 0, is a sphere, (x1)2 +(x2)2 +(x0)2 =

1, embedded in three-dimensional Minkowski spacetime [75].
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The solution represents a closed spacetime cosmology with the initial and final

singularity occurring at the latitudes where the spatial radius is not zero. The

solution can be expressed in terms of the su(2) Poisson bracket algebra.

In general, solutions to (4.51) are labeled by four independent parameters: υ, ω, c1 (the

integration constant in (4.52)) and the value of a′ at some τ = τ0. (The value of a at a

given τ merely determines the overall scale.) The solutions can be obtained numerically

and some novel results appear when ω 6= 0. In figure 4 we plot τ versus a(τ) for υ = 0

and different values of ω. A closed spacetime results for ω ≤ 1, a dumbbell shaped curve

(with two maxima for a(τ)) appears for 1 < ω < 2 and an open spacetime for ω ≥ 2.

Ω = 2.5

Ω = 2

Ω = 1.8

Ω = 1.5

Ω = 1

Ω = 0

2 4 6 8 aHΤL

-10

-5

5

10

Τ

Figure 4.3: Numerical solutions to (4.51) for υ = 0 and ω = 1, 1.5, 1.8, 2 and 2.5. The

boundary conditions are a(0) = 1 and a′(0) = 0.
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Recursion relations

When β 6= 0, the right hand sides of the matrix equations of motion (4.35) no longer

vanish and substitution of the ansatz (4.37) into the equations of motion (4.48) yields

(
X0(t̂)−X0(t̂−∆)− α̃

)
A(t̂)2 −

(
X0(t̂+ ∆)−X0(t̂)− α̃

)
A(t̂+ ∆)2 + βX0(t̂) = 0

1

2

(
A(t̂−∆)2 + A(t̂+ ∆)2 − 2A(t̂)2

)
+
(
X0(t̂)−X0(t̂−∆)− α̃

)2

− α̃2 − β = 0. (4.56)

(
X0(t̂)−X0(t̂−∆)− α̃

)
A(t̂)2 is not invariant under discrete translations t̂→ t̂+ n∆,

n =integer, except for β = 0. The recursion relations (4.42) for the eigenvalues (4.40)

are now generalized to

(
x0
n − x0

n+1 − α̃
)
a2
n −

(
x0
n−1 − x0

n − α̃
)
a2
n−1 + βx0

n = 0

1

2

(
a2
n+1 + a2

n−1 − 2a2
n

)
+
(
x0
n − x0

n+1 − α̃
)2

− α̃2 − β = 0. (4.57)

Once again, starting with any two neighboring eigenvalues for A2 and one time

eigenvalue x0
n one can use the recursion relations to generate a matrix solution. As

before solutions are only valid providing all a2
n ≥ 0. This means that either n spans all

positive and negative integers or the series is terminated at some n (and then (4.37) no

longer holds).
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4.2 Four dimensional solutions

We consider five hermitean matrices Y µ, with indices µ, ν, .. = 0, 1, 2, 3, 4, which are

raised and lowered with the five dimensional Minkowski spacetime metric η =diag(−1, 1, 1, 1, 1).

We propose a five dimensional matrix action

Stotal(Y ) =
1

g2
Tr
(
−1

4
[Yµ, Yν ][Y

µ, Y ν ] +
4

5
α5 εµνλρσY

µY νY λY ρY σ +
β

2
YµY

µ
)
, (4.58)

where ε01234 = 1 and g, α5 and β are real constants. The dynamics for Y µ is invari-

ant under 4 + 1 Lorentz transformations and unitary gauge transformations, but not

translations. The resulting equations of motion are

[[Yµ, Yν ], Y
ν ] + 4α̃5 εµνλρσY

νY λY ρY σ = −βYµ. (4.59)

A fuzzy four sphere solution has been found for these equations when β = 0 and the back-

ground metric is Euclidean [67], [69],[70]. We propose that an analogous construction

should be possible in Minkowski spacetime to obtain a noncommutative four dimen-

sional de Sitter space. While other nontrivial solutions to this model are not known, we

can show that large families of solutions exist after taking the commutative limit of this

matrix model.

In order to take the commutative limit, it is convenient to write the fifth order term

in the trace (4.58) using the commutator, 1
5
α5 εµνλρσY

µ[Y ν , Y λ][Y ρ, Y σ]. Then we take

a commutative limit in the usual way: replace matrices Y µ by coordinate functions

yµ, now defined on a four dimensional manifold M4, and matrix commutators by iΘ

times the corresponding Poisson bracket onM4 where Θ denotes the noncommutativity

parameter. If all three terms in the action are to survive in the limit we need that α5

goes to a finite value, α5 → υ5 and, as before, β → ωΘ2, with υ5 and ω finite. The
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limiting action in that case is

Sc(y) =
1

g2
c

∫
M4

dµ4

(1

4
{yµ, yν}{yµ, yν}−

υ5

5
εµνλρσ y

µ{yν , yλ}{yρ, yσ}+
ω

2
yµy

µ
)
, (4.60)

where dµ4 denotes the invariant integration measure, on M4. Variations of yµ give the

equations of motion

{{yµ, yν}, yν}+ υ5εµνλρσ{yν , yλ}{yρ, yσ} = ωyµ. (4.61)

Infinitesimal gauge variations have the form δyµ = Θ{Λ, yµ}, where Λ is an infinitesimal

function on M4.

We denote coordinates on a local patch of M4 by τ , σ and ξi, i, j, ... = 1, 2, 3. τ is

time-like, while σ and ξi are space-like, the latter spanning a unit two-sphere (ξ1)2 +

(ξ2)2 + (ξ3)2 = 1. A rotationally invariant ansatz for solutions yµ = xµ(τ, σ, ξi) to the

equations of motion (4.60) is:


x0

xi

x4

 =


τ

a(τ)ξi sinσ

a(τ) cosσ

 .

The spatial coordinates x1, x2, x3, x4 span a three-sphere of radius a(τ) at time slice,

~x2 + (x4)2 = a2(τ) , (4.62)

where ~x2 = xixi, and the isometry group is SO(4). For this one assumes 0 ≤ σ ≤ π,

with σ = 0, π corresponding to the poles. The invariant interval on the surface is

ds2 = −(1− a′(τ)2) dτ 2 + a(τ)2 (dσ2 + sin2 σds2
S2) , (4.63)
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where ds2
S2 is the invariant interval on the two-sphere and dσ2+sin2 σds2

S2 is the invariant

interval on the three-sphere. There is a gravitational source present, indicated by a

nonvanishing Ricci scalar and Einstein tensor. They are, respectively,

R =
6(1− a′(τ)2 + a(τ)a′′(τ)

a(τ)2
(

1− a′(τ)2
)2 (4.64)

and

Gττ =
3

a(τ)2
Gσσ = −

(
1− a′(τ)2 + 2a(τ)a′′(τ)

)
(

1− a′(τ)2
)2

Gθθ = sin2 σ Gσσ Gφφ = sin2 σ sin2 θ Gσσ , (4.65)

θ and φ being the usual spherical coordinates on the two-sphere.

Since the manifold we are considering is four dimensional, it is possible to define a

nonsingular symplectic structure. Although there is no nonsingular Poisson structure

on the three sphere, we can write Poisson brackets which are consistent with three

dimensional rotation symmetry, i.e., corresponding to rotations among the three spatial

coordinates xi. The fundamental Poisson brackets are

{σ, τ} = h(τ, σ) {ξi, ξj} = κεijkξ
k , (4.66)

where κ is constant. The Jacobi identity is trivially satisfied. Here we allow for h to

be a function of σ as well as τ . This ansatz along with (4.2) will allow for nontrivial

solutions to the equations of motion.

Below we examine three different families of solutions to the equations of motion

(4.61). In each case only two out of the three terms in the action (4.60) contribute :
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1.) We first consider the limiting case where both ω, υ5 → ∞, with ω
υ5

and κ finite

and nonvanishing. In this limit the first term in the action (4.60) (i.e., the Yang-Mills

term) does not contribute. The equations of motion are then

υ5εµνλρσ{yν , yλ}{yρ, yσ} = ωyµ. (4.67)

They are solved by a(τ)2 = τ 2 + 1 which defines the four dimensional de Sitter space

dS4

− (x0)2 + ~x2 + (x4)2 = 1. (4.68)

The Poisson structure on this space is determined by the two parameters ω
υ5

and κ. The

solution for h(τ, σ) is

h(τ, σ) = − ω

8κυ5

csc2 σ

a(τ)2
, (4.69)

From (4.69), the Poisson brackets of the embedding coordinates xµ are

{x0, xi} =
ω

8κυ5

xix4

(~x2)
3
2

{x4, xi} =
ω

8κυ5

xix0

(~x2)
3
2

{x0, x4} = − ω

8κυ5

1√
~x2

{xi, xj} = κ
√
~x2 εijkx

k. (4.70)

It can be checked that the Poisson bracket relations are consistent with the de Sitter

space condition (4.68). The Poisson brackets are invariant under the action of the

three-dimensional rotation group, although they do not preserve all the isometries of

de Sitter space. More specifically, SO(4, 1) is broken to SO(3) × L2, where L2 is the

two-dimensional Lorentz group.

The Poisson brackets of the coordinate functions xµ on dS4 are not associated with

a finite dimensional Lie algebra, and so its matrix analogue of the commutative solution

is nontrivial. This is in contrast to the ds2 solution in [74]. By changing the background
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metric to η =diag(−1, 1, 1, 1,−1) we can obtain a four dimensional anti-de Sitter space

and by switching the background metric to η =diag(1, 1, 1, 1, 1) we recover a four sphere

[74].

2.) Here we set κ = υ5 = 0 and take h = h(τ). Now the second term in the action

(4.60) does not contribute to the dynamics. The Poisson brackets are noninvertable in

this case, and the equations of motion trivially reduce to the two dimensional system

([74]) with υ = 0; i.e. h(τ) and a(τ) should satisfy

(aa′h)′h+ h2 = ω 2h2a′a+ a2h′h = ωτ. (4.71)

There is a one parameter (not including integration constants) family of solutions which

can be obtained numerically. σ, 0 ≤ σ < 2π, is periodic and parametrizes the longitudes

on the three-sphere, where σ = 0 and π denote the poles and correspond to coordinate

singularities.

3.) Finally we consider ω = 0 , κ 6= 0. Now the third term in the action (4.60) does

not contribute. If we set

h(τ, σ) = f(τ) sin2 σ , (4.72)

then the solution to (4.61) with spacetime index µ = 0 is

f(τ) = 2κυ5a(τ)2 +
c1

a(τ)2
, (4.73)

where c1 is an integration constant. The remaining equations of motion, µ = i, 4, are

solved when a(τ) satisfies

a′(τ)2 =
(κa(τ)

f(τ)

)2

+ 1 (4.74)

This implies that |a′(τ)| cannot be less than one. So, for instance, a(τ) cannot have

turning points and there can be no closed space time solutions. Moreover, from (4.63)
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the induced metric has a Euclidean signature, even though the background metric is

Lorentzian. Solutions of this form have no two-dimensional analogues. They simplify in

some limiting cases:

i.) In the case υ5 → 0, one gets

a′(τ)2 =
κ2

c2
1

a(τ)6 + 1 f(τ) =
c1

a(τ)2
(4.75)

a(τ) is then expressible in terms of inverse elliptic integrals.

ii.) The limit κ→ 0, c1 6= 0, gives a linearly expanding (or contracting) universe

a(τ) = ±τ f(τ) =
c1

τ 2
, (4.76)

iii.) Another simplifying limit is c1 → 0, leading to

a′(τ)2 =
1

4υ5a(τ)2
+ 1 f(τ) = 2κυ5a(τ)2 , (4.77)

which can be easily integrated

a(τ) =
1

2

√
(2τ + c2)2 − 1

υ2
5

, (4.78)

where c2 is an integration constant. This solution describes an open spacetime. Here

we must restrict the time domain to |2τ + c2|≥ 1/|υ5|. The solution for a(τ) goes

asymptotically to τ and it is singular in the limit υ5 → 0, as well as κ→ 0.

In general, solutions of (4.73) and (4.74) are parametrized by κ, υ5 and the integration

constant c1. (The initial value for a just determines the overall scale.) Some examples

of numerical solutions for a(τ) are plotted in figure 6 for different values for υ5 and c1

and fixed κ = 1. In one example, c1 = 0 and υ5 = 5, there is an initial rapid inflation
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followed by a linear expansion. In contrast, the example, c1 = 1 and υ5 = 0,a linear

expansion is followed by a rapid inflation.

c1 = 1 Υ5 = 1
c1 = 1 Υ5 = 0

c1 = 0 Υ5 = .5

0.5 1.0 1.5 2.0 2.5 aHΤL
0.2

0.4

0.6

0.8

1.0

1.2

1.4

Τ

Figure 4.4: Numerical solution for (4.73) and (4.74) for κ = 1 and three different sets of

values for υ5 and c1. τ is plotted versus a(τ), with initial condition a(0) ≈ 0 in all cases.

For the choice of c1 = 1 and υ5 = 1, one gets an approximate linear expansion. The

choice of c1 = 0 and υ5 = 5 has an initial rapid inflation followed by a linear expansion,

while the choice c1 = 1 and υ5 = 0 has an initial linear expansion followed by a rapid

inflation.

4.2.1 Perturbations about dS4

Here we consider the four-dimensional de Sitter solutions which resulted upon taking

the limit ω, υ5 → ∞, with ω
υ5

finite. The solutions have a Poisson structure which is

determined by two finite nonvanishing parameters ω
υ5

and κ. In this subsection we expand

about the commutative dS4 solutions, expressing perturbations in terms of commutative

gauge and scalar fields. This requires finding the appropriate Seiberg-Witten map, which

is given explicitly in the Appendix.
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We again write the embedding coordinates yµ according to yµ = xµ + ΘAµ where

Θ is the perturbation parameter and the perturbations Aµ are now functions on dS4.

Locally then Aµ are functions of τ, σ and coordinates on S2, which we take to be the usual

spherical coordinates θ and φ, 0 < θ < π and 0 ≤ φ < 2π. The action (4.58) is gauge

invariant, at least up to first order in Θ. So Aµ can be regarded as noncommutative gauge

potentials up to first order in Θ. A Seiberg-Witten map can be constructed on dS4, so

that Aµ can be re-expressed in terms of commutative gauge potentials Aa, a = τ, σ, θ, φ,

and a scalar field Φ. In order to produce the leading order correction to the action we

need to obtain the Seiberg-Witten map up to first order. The result is given in (B.2)

and (B.3) of the Appendix.

We next substitute yµ = xµ+ΘAµ, along with (B.2) and (B.3), into the action Sc(y).

For the integration measure we take

dµ4 =
dµS2

h(τ, σ)
=

sin θ dτdσdθdφ

h(τ, σ)
= −8κυ5

ω

√
−g dτdσdθdφ , (4.79)

where dµS2 is the invariant measure on the sphere, h(τ, σ) is given in (4.69) and g is the

determinant of the metric on dS4. Thus

Sc(y) ∝
∫ √
−g dτdσdθdφ

(
−υ5

5
εµνλρσ y

µ{yν , yλ}{yρ, yσ}+
ω

2
yµy

µ
)

(4.80)

After removing all of the total derivatives we arrive at the following simple expression

for the leading order (i.e., quadratic) terms in the action Sc(y) (up to a proportionality

constant)

Θ2

∫ √
−g dτdσdθdφ

(
ω

υ5

FτσΦ

a(τ)2 sin2 σ
+ 8κ2FθφΦ

sin θ
− 12κΦ2

)
, (4.81)
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where Fab = ∂aAb− ∂bAa are the commutative field strengths. No kinetic energy terms

appear for the scalar and gauge fields, which is not surprising since there were no kinetic

energy term for yµ in (4.80). (We therefore don’t have to be concerned with the issue

of the kinetic energy terms having opposing signs in this case.) The scalar field couples

to the radial component of the electric and magnetic fields. The field equations imply

that Φ is frozen to a constant value, while the field strengths are constrained by

ω

υ5

Fτσ
a(τ)2 sin2 σ

+ 8κ2 Fθφ
sin θ

= 24κΦ (4.82)

So for example, in the absence of an electric field, the perturbations give rise to a

magnetic monopole source with charge equal to 1
4π

∫
Fθφ dθ∧dφ = 3Φ

4πκ

∫
sin θ dθ∧dφ =

3Φ
κ

. The monopoles spontaneously breaks the de Sitter group symmetry down to the

three-dimensional rotation group, due to the same symmetry breaking that is present in

the Poisson brackets on the surface (4.70).

4.2.2 Rotationally Invariant Matrix Solutions

We previously wrote down an ansatz for rotationally invariant matrices for the three-

dimensional matrix model and their resulting equations of motion. Here we propose to

do the same in the five-dimensional case. Rotational symmetry in this case is applied to

the three matrices X i, i = 1, 2, 3 (and not also X4). This is consistent with the SO(3)

symmetry of the solutions in subsection 5.1 of the commutative equations of motion.

We show that the five matrix equations (4.59) reduce to three upon taking into account

rotational symmetry, and in a special case reduce to the matrix equations of section 3.

A natural choice for the matrix analogues of the ansätse (4.2) and (4.66) is


Y 0

Y i

Y 4

 =


t⊗ 1

u⊗ ji

v ⊗ 1
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where t, u, v are hermitean matrices and ji generate the fuzzy sphere

[ji, jj] = iακ εijkjk (4.83)

Without loss of generality, we can choose its radius to be one, jiji = 1. Upon substituting

into the five matrix equations (4.59) one gets that t, u, v must satisfy

−[[t, u], u]− [[t, v], v] + 4iα̃5ακ [u2, [u, v]]+ = −βt

−[[u, t], t] + [[u, v], v]− 4iα̃5ακ [u2, [t, v]]+ + 4iα̃5ακ [[u, v], [t, u]] + 2α2κ2u3 = −βu

−[[v, t], t] + [[v, u], u] + 4iα̃5ακ [u2, [t, u]]+ = −βv ,

where [ , ]+ denotes the anticommutator.

While we have not found general solutions to these matrix equation, the system

simplifies when κ = 0, or equivalently α = 0. In that case the equations reduce to

those of the three-dimensional system (4.48) with (t, u, v) = (Y 0, Y 1, Y 2) and α̃ = 0.

Therefore the recursion relations (4.57) can be applied in this case to numerically gen-

erate the spectra of matrices satisfying (4.37). The commutative limit of such solutions

corresponds to solutions 2 of subsection 4.2.
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4.3 CP2 Spacetime

We have so far been able to obtain matrix solutions in lower dimensions that re-

solved cosmological singularities as well as contained regions of Lorentzian signature in

the commutative limit [75]. We have also constructed four dimensional cosmological so-

lutions, but without corresponding matrix solutions. A natural generalization to a four

dimensional fuzzy cosmology with a matrix solution is the tensor product S2,L
F × S2

F ,

where S2,L
F is the fuzzy sphere with a Lorentzian region and S2

F is the fuzzy sphere in

a Euclidean background. The computation follows that of [75]. After a modification

of the IKKT type action, we may find another type of four dimensional solution to

the matrix model which is the noncommutative analog to the complex projective space,

CP2. This coset space is useful since it allows us to write down an exact matrix model

solution. Embedding this coset space in a Minkowski background provides a four dimen-

sional Lorentzian spacetime in the commutative limit with resolution of the cosmological

singularity in the matrix model.

The complex projective space CPn is the set of all complex 1-dimensional subspaces

through 0 in Cn+1. It is a compact, smooth 2n-dimensional manifold. We can define an

equivalence relation on Cn+1\{0}:

x ∼ y↔ x = λy for some λ 6= 0 in C with |λ| = 1. (4.84)

A point in CPn is a line through 0 in Cn+1 and the set of all equivalence classes defines

CPn.

81



Figure 4.5: Each line in Cn+1 through 0 constitutes a point in CPn. This can also be

restricted to the sphere S2n+1. The sphere S2n+1 is a fibration over CPn with fibre S1,

i.e., each point in CPn is represented by a circle in S2n+1.

To define CP2 one starts with a three-dimensional complex vector space spanned

by z = (z1, z2, z3), where zi ∈ C are not all zero, and then makes the identification

of z with γz, for all complex nonzero values of γ. CP2 can equivalently be defined as

the space of U(1) orbits on the unit 5−sphere S5. The latter is spanned by z with

|z|2= z∗i zi = 1, where i is summed from 1 to 3, and a point on the space of U(1) orbits

is {eiβz, 0 ≤ β < 2π}. Upon introducing the following Poisson brackets

{zi, z∗j } = −iδij {zi, zj} = {z∗i , z∗j } = 0 , (4.85)

one can generate the U(1) orbits from the 5−sphere constraint

C = z∗i zi − 1 ≈ 0 (4.86)

Infinitesimal variations δε along an orbit are then

δεzi = {zi, C}ε = −iεzi δεz
∗
i = {z∗i , C}ε = iεz∗i (4.87)
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CP2 is also defined as SU(3)/U(2), i.e., the space of adjoint orbits of su(3) through

λ8, where λα, α = 1, 2, ..., 8 are the Gell-Mann matrices, CP2 = {Uλ8U †, U ∈ SU(3)}.

Upon introducing

xα =
z̄λαz

|z|2
, (4.88)

one recovers the su(3) Lie algebra from the Poisson bracket algebra on CP2. Using the

commutator [λα, λβ] = 2ifαβγλγ we get from (4.85) that

{xα, xβ} =
2

|z|2
fαβγxγ , (4.89)

after imposing the constraint (4.86). xα are invariant under z ↔ γz, γ ∈ C, and so

they span a four-dimensional constrained surface, i.e., CP2, in R8. The constraints are

contained in

xαxα =
4

3
dαβγxβxγ =

1

3
xα (4.90)

where dαβγ are defined from the anticommutator of Gell-Mann matrices [λα, λβ]+ =

4
3
δα,β13 + 2dαβγλγ, 13 being the 3× 3 identity matrix. The constraints in (4.90) follow

from the expression for xα in (4.88).

The metric on CP2 is given by

ds2
E =

4

|z|4
(
|z|2|dz|2−|z̄dz|2

)
, (4.91)

where |dz|2= dz∗i dzi and z̄dz = z∗i dzi. It is known as the Fubini-Study metric and is

invariant under: z → γz and dz → dγ z+ γdz. The isometry of the metric is SU(3)/Z3,

with corresponding transformations: z → Uz, U ∈ SU(3)/Z3. The Fubini-Study metric

is recovered from the embedding (4.88) of CP2 in the R8 target space, where one assumes
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a flat Euclidean metric tensor. That is, starting with the invariant length

ds2
E = dxαdxα , (4.92)

and then substituting (4.88), one recovers (4.91).

The metric tensor in (4.91) can be re-expressed in terms of a pair of complex coor-

dinates ζa = za/z3, a = 1, 2 (away from z3 = 0), which are invariant under z → γz.

Along with their complex conjugates, they span CP2 when z3 6= 0. In terms of these

coordinates, the invariant length (4.91) becomes

ds2
E = 2 gab̄ dζadζ

∗
b =

4

(|ζ|2+1)2

(
(|ζ|2+1)|dζ|2−|ζ̄dζ|2

)
, (4.93)

where |ζ|2= ζ∗aζa, |dζ|2= dζ∗adζa and ζ̄dζ = ζ∗adζa. It is well known to satisfy the

sourceless Einstein equations with a positive cosmological constant, specifically Λ = 3
2
.

From (4.85), the Poisson brackets are given by

{ζa, ζ∗b } = −i(|ζ|2+1)(ζaζ
∗
b + δab) {ζa, ζb} = {ζ∗a , ζ∗b } = 0 , (4.94)

Their inverse gives the symplectic two-form

Ω = − i
2
gab̄ dζa ∧ dζ∗b , (4.95)

which is also the Kähler two-form.

The invariant length and Kähler two-form can furthermore be expressed in terms of

left-invariant Maurer-Cartan one forms ωi on SU(2), satisfying dωi + εijkωj ∧ ωk = 0.
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For this take ωi = i
2
Tr σi u

†du, where u is the SU(2) matrix

u =
1

|ζ|

 ζ∗1 −iζ2

−iζ∗2 ζ1

 (4.96)

and σi are Pauli matrices. One can write

ds2
E =

4(d|ζ|)2

(|ζ|2+1)2
+

4|ζ|2

(|ζ|2+1)
(ω2

1 + ω2
2) +

4|ζ|2

(|ζ|2+1)2
ω2

3 (4.97)

and

Ω = −2 d

(
|ζ|2

(|ζ|2+1)
ω3

)
(4.98)

While the isometry of the metric tensor is SU(3)/Z3, for any |ζ| (6= 0) -slice the metric

tensor and symplectic two-form are invariant under SU(2)× U(1)/Z2. The latter sym-

metry is also present for the manifolds we obtain in section five. (On the other hand,

the SU(3)/Z3 isometry is broken for those manifolds.) The SU(2)× U(1)/Z2 transfor-

mations on u are of the form u → u′ = v u eiλσ3 , v ∈ SU(2) and λ ∈ R, which leave ω3

and ω2
1 +ω2

2 invariant. We can parametrize the SU(2) matrices in (4.96) by Euler angles

(θ, φ, ψ) according to

ζ1 = ei(
ψ+φ

2 ) cos
θ

2
|ζ| ζ2 = ei(

ψ−φ
2 ) sin

θ

2
|ζ| , (4.99)

where in order to span all of SU(2), 0 ≤ θ < π , 0 ≤ ψ < 2π and 0 ≤ φ ≤ 4π. On the

other hand, to parametrize the Maurer-Cartan one forms, we only need φ to run from 0

to 2π. In terms of the Euler angles, the metric is given by

ds2
E =

4(d|ζ|)2

(|ζ|2+1)2
+

|ζ|2

(|ζ|2+1)
(dθ2 + sin2 θdφ2) +

|ζ|2

(|ζ|2+1)2
(dψ + cos θdφ)2 (4.100)
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The Killing vectors ka, a = 1, ..., 4, generating the SU(2)× U(1)/Z2 isometry group on

any |ζ| (6= 0) -slice are expressed in terms of the Euler angles according to

k1 ± ik2 = e±iφ
(
∂

∂θ
± i
(

cot θ
∂

∂φ
− csc θ

∂

∂ψ

))
k3 =

∂

∂φ
k4 =

∂

∂ψ
(4.101)

4.4 Fuzzy CP2

We may think of fuzzy CP2 or CP2
F as the quantization of CP2. For this one replaces

the complex coordinates zi and z∗i , i = 1, 2, 3, by operators a†i and ai,[17],[112] satisfying

the commutation relations of raising and lowering operators

[ai, a
†
j] = δij [ai, aj] = [a†i , a

†
j] = 0 (4.102)

In analogy with the 5−sphere constraint (4.86), one fixes the eigenvalue of the total

number operator a†iai to some positive integer value n. This restricts Hn to be spanned

by the N = (n+2)!
2n!

harmonic oscillator states {|n1, n2, n3 >}, ni = 0, 1, 2, ..., where

n = n1 + n2 + n3. The action of the raising and lowering operators is incompatible

with this restriction, so a†i and ai cannot generate the algebra of CP2
F . One can instead

work with functions of the operators a†iaj, which do have a well defined action on the

N−dimensional Hilbert space Hn. Of course, a†iai acts trivially on Hn. The remaining

operators, a†iaj − 1
3
δija

†
kak, generate SU(3) and are the noncommutative analogues of

(4.88), which we can also write as

Xα =
1

n
a†iλ

α
ijaj , α = 1, 2, ..., 8 (4.103)

From them we recover the su(3) Lie-algebra

[Xα, Xβ] =
2i

n
fαβγXγ (4.104)

86



Xα acting on Hn generate an irreducible representation of SU(3), which is uniquely

specified by the values of the quadratic and cubic Casimirs, XαXα and dαβγXαXβXγ.

They are contained in the following fuzzy analogues of the quadratic CP 2 constraints

(4.90),

XαXα|Hn =
4

3
+

4

n
(4.105)

dαβγXαXβ|Hn =
(1

3
+

1

2n

)
Xγ|Hn , (4.106)

in addition to

fαβγXαXβ|Hn =
6i

n
Xγ|Hn (4.107)

The quadratic constraints (4.105-4.107) tend towards the commutative constraints (4.90)

in the large n (or equivalently, large N) limit. (4.105) assigns a value to the quadratic

Casimir, while for the cubic Casimir we then get

dαβγXαXβXγ|Hn=
4

9
+

2

n
+

2

n2
(4.108)

The CP2
F algebra is the algebra of N×N matrices which are polynomial functions of Xα,

satisfying the constraints (4.105-4.107). The standard choice for the Laplace operator

on CP2
F is ∆E = [Xα, [Xα, ...]]. Star products for CP2

F are known.[111],[112] Under the

star product, denoted by ?, the CP2
F algebra is mapped to a noncommutative algebra of

functions on CP2. For example, from (4.104), the images Xα of the operators Xα under

the map satisfy the star commutator:

X α ? X β −X β ? X α =
2i

n
fαβγX γ (4.109)
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In the commutative limit n→∞, the star product of functions is required to reduce to

the point-wise product (at zeroth order in 1/n), and the star commutator of functions

reduces to i times the Poisson bracket of functions (at first order in 1/n). So for example,

the left hand side of (4.109) goes to i
n
{X α,X β} as n→∞, and in that limit, X α satisfy

the same Poisson bracket relations as xα in (4.89). Therefore χα can be identified with

the CP2 embedding coordinates in the large n limit.

4.5 CP2
F solutions to matrix models

4.5.1 Euclidean background

CP2
F is easily seen to be a solution of a Yang-Mills matrix model with a Euclidean

background metric. For this we introduce M × M matrices Y α, α = 1, ..., 8, whose

dynamics is governed by the action [106]

SE(Y ) =
1

g2
Tr
(
−1

4
[Y α, Y β]2 +

2

3
iα̃fαβγY αY βY γ

)
, (4.110)

where α̃ is a real coefficient. The first term in the trace defines the Yang-Mills matrix

action (which can be trivially extended to ten dimensions) appears in the IKKT matrix

model.[30] It is invariant under rotations in the eight-dimensional Euclidean space. This

SO(8) symmetry is broken by the second term, which instead is invariant under the

adjoint action of SU(3), with infinitesimal variations δY α = 2ifαβγY βεγ, for infinitesimal

parameters εα. Both terms are invariant under the common subgroup of rotations in the

α = 1, 2, 3 directions, as well as translations in the eight-dimensional Euclidean space.

The action (4.110) has extrema at

[[Y α, Y β], Y β] + iα̃fαβγ[Y β, Y γ] = 0 (4.111)
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CP2
F is a solution to (4.111). That is, we identify Y α with N×N matrix representations

of the Xα, defined in the previous section. For this we need to make the identification

α̃ = 2/n, n being an integer such that N = (n+2)!
2n!
≤M .

4.5.2 Lorentzian background

The matrix action (4.110) was written in an eight-dimensional Euclidean ambient

space. Here we change the ambient space to eight-dimensional Minkowski space, with

metric tensor η = diag(1, 1, 1, 1, 1, 1, 1,−1). In order to find nontrivial solutions we also

add a quadratic term to the action, which now reads

SM(Y ) =
1

g2
Tr
(
−1

4
[Y α, Y β][Yα, Yβ] +

2

3
iα̃fαβγYαYβYγ +

β

2
Y αYα

)
, (4.112)

with indices raised and lowered using η. The action is an extremum when

[[Y α, Y β], Yβ] + iα̃fαβγ[Yβ, Yγ] + βY α = 0 (4.113)

A simple solution Y α = Ȳ α to (4.113) is CP 2
F , now written in a Lorentzian back-

ground:

Ȳ α = nα̃Xα (4.114)

Here α̃ and β are constrained by

β = −6α̃2 (4.115)

For any fixed n, which defines a matrix representation, this solution is expressed in terms

of only one free parameter, which sets an overall scale. This CP 2 solution is not invariant

under all of SU(3), since general transformations do not preserve the time-like direction

of the background metric. On the other hand, the time-like direction is preserved under

the adjoint action of the SU(2) × U(1) subgroup. In order for the Laplace operator

associated with this solution to be consistent with the eight-dimensional Minkowski
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metric tensor η, we should take it to be ∆M = [Y α, [Yα, ...]], rather than the Laplace

operator on CP2
F .

A more general solution to (4.113) which is also invariant under SU(2)× U(1) is

Ȳ i =
nρ

2
X i , i = 1, 2, 3

Ȳ a = v
nρ

2
Xa , a = 4, 5, 6, 7

Ȳ 8 = w
nρ

2
X8 (4.116)

where v, w, ρ, α̃ and β are constrained by

v =
1

2

√
γ + 5 + w − w2 − w3

1 + w

α̃

ρ
=

5 + w + 7w2 − w3 − γ
4 (1 + 4w − w2)

β

ρ2
= −3 (1 + 15w − 8w3 − w4 + w5 + (1 + 2w − w2) γ)

4(1 + w) (1 + 4w − w2)
(4.117)

and

γ =
√

25− 6w + 7w2 + 4w3 − 17w4 + 2w5 + w6 (4.118)

For any fixed n, this solution is determined by two parameters ρ and w, the former of

which sets the overall scale. Again, here we assume the Laplace operator to be ∆M =

[Y α, [Yα, ...]]. The solution is a one-parameter deformation of the previous CP 2
F solution,

given by (4.114) and (4.115), and we can regard w as the deformation parameter. The

previous solution is recovered for w = 1, since then (4.117) gives v = 1, α̃ = ρ
2

and

β = −3
2
ρ2. v is real and finite for the domain −1 < w <

∼ 1.32247. v tends towards the
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lower bound ≈ .493295 as w goes to the upper limit ≈ 1.32247, while it is singular in

the limit w → −1. v versus w is plotted for this domain in figure 1.
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Figure 4.6: v versus w is plotted for the one-parameter family of deformed CP 2
F solutions

given in (4.116) and (4.117).

4.6 Commutative limit

The discussions in section four assume N × N representation for the CP2
F solution

(4.114), (4.115), and the deformed CP2
F solution (4.116)-(4.118). Here we take the

N →∞ limit of these solutions to reveal different spacetime manifolds. We begin with

the undeformed CP2
F solution (4.114), (4.115).

4.6.1 CP2 in a Lorentzian background

For convenience we first fix the scale of the solution (4.114), (4.115) by setting α̃ =

1/n and β = −1/n2. Thus Ȳ α = Xα, for any n. For some star product we can

introduce their corresponding symbols Ȳα, and so Ȳα = X α, where X α satisfies the star

commutator (4.109). Then in the n → ∞ limit, Ȳα obey the Poisson brackets (4.89),

and constraints of the form (4.90). In the limit, Ȳα can be expressed in terms of complex
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coordinates z as in (4.88), which once again span a four-dimensional manifold. However,

now the manifold, strictly speaking, is not CP2. While we recover the CP2 constraints

(4.90) and (4.89) in the commutative limit, the induced metric on the manifold cannot

be the Fubini-Study metric (4.91). The latter followed from the Euclidean background

metric tensor on R8, given in (4.92). Now the embedding matrices Ȳ α, and their symbols

Ȳα, span eight-dimensional Minkowski space. The induced metric tensor on the surface

is thus computed from the invariant length for the eight-dimensional Minkowski space,

ds2
M = dȲαdȲα = ds2

E − 2(dX 8)2, (4.119)

where we assume Ȳα = X α. Then by writing X α = z̄λαz
|z|2 , one gets corrections to the

Fubini-Study metric

ds2
M = ds2

E −
2
(
d(z̄λ8z)

)2

|z|4
−

2 (z̄λ8z)2
(
d|z|2

)2

− d|z|4 d(z̄λ8z)2

|z|8
(4.120)

In terms of the coordinates ζa = za/z3, a = 1, 2, which are invariant under z → γz, we

get

ds2
M = ds2

E −
24|ζ|2

(|ζ|2+1)4
(d|ζ|)2

= 4
(|ζ|2−1)2 − 2|ζ|2

(|ζ|2+1)4
(d|ζ|)2 +

4|ζ|2

(|ζ|2+1)
(ω2

1 + ω2
2)

+
4|ζ|2

(|ζ|2+1)2
ω2

3

(4.121)

,where the left-invariant one forms ωi were defined previously in section two.

The metric tensor obtained here differs from that on CP2, and furthermore is not

Kähler. On the other hand, the symplectic two-form remains unchanged, i.e. it is

(4.98). SU(3)/Z3 is no longer an isometry. Instead, the metric tensor (4.6.1) and

symplectic two-form are invariant under SU(2) × U(1)/Z2, generated by the Killing
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vectors (4.101). A novel feature is that the metric tensor has variable signature. It has

Euclidean signature for 0 < |ζ|2< 2 −
√

3 and |ζ|2> 2 +
√

3, and Lorentzian signature

for 2−
√

3 < |ζ|2< 2 +
√

3. The metric tensor, along with the Ricci scalar, is singular at

the boundaries |ζ|2= 2±
√

3 between the regions, and so the boundaries define physical

singularities. [There are also coordinate singularities located at |ζ|= 0 and |ζ|→ ∞, just

as is the case with the CP 2 metric tensor given by (4.97).] Away from the singularities,

the manifold is spatially homogeneous and axially symmetric at each point, and the

invariant length (4.6.1) has a form which is similar to that of a Taub-NUT space (more

specifically, the Taub region of Taub-NUT space since the coefficient of ω2
3 is positive).

We now restrict to the Lorentzian region 2 −
√

3 < |ζ|2< 2 +
√

3. |ζ| is a time

parameter in this region, and one has the following properties:

a) There are time-like geodesics which originate at the initial singularity, which we choose

to be at |ζ|=
√

2−
√

3, and terminate at the final singularity at |ζ|=
√

2 +
√

3. The

elapsed proper time along a geodesic with ω1 = ω2 = ω3 = 0 can be written as a function

of |ζ|

τ(|ζ|) = 2

∫ |ζ|
√

2−
√

3

√
−r4 + 4r2 − 1

(r2 + 1)2
dr (4.122)

The the total proper time from the initial singularity to the final singularity is τ
(√

2 +
√

3
)
≈

.672 .

b) From the volume of any time-slice, which can be constructed from the determinant of

the metric, 3g||ζ|, at the time-slice, one can assign a spatial distance scale a as a function

of |ζ|,

a(|ζ|)3 =

∫ √
3g||ζ| dθdφdψ =

8π2|ζ|3

(|ζ|2+1)2
, (4.123)

where the integration is done over the time-slice, which can be parametrized by the

Euler angles in (4.96). A novel feature of this spacetime is that the distance scale is

nonvanishing at the time of the initial and final singularities, corresponding to |ζ|=
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√
2−
√

3 and |ζ|=
√

2 +
√

3, respectively,

a(

√
2−
√

3) ≈ 1.896 a(

√
2 +
√

3) ≈ 2.940

A plot of the normalized scale a/a|τ=0 as a function of the time τ from τ = 0 (the time

of the initial singularity) to the time of the final singularity appears in in figure 3 (solid

curve). It is seen to grow and de-accelerate.

4.6.2 Deformed CP2 in a Lorentzian background

We can obtain a one-parameter family of spacetime manifolds, including the one

obtained previously, by taking the commutative limit of the deformed CP2
F solution

(4.116)-(4.118). Here it is convenient to set ρ = 2/n. Then the symbols Ȳα of the

matrices Ȳ α for the solution in (4.116) satisfy

Ȳ i = X i , i = 1, 2, 3

Ȳa = vX a , a = 4, 5, 6, 7

Ȳ8 = wX 8 , (4.124)

where X α again denote the symbols of the CP2
F matrices. Recall v is real and finite for

the domain −1 < w <
∼ 1.32247, while w is given in (4.117) and plotted in figure 1. In the

n→∞ limit, we shall keep v and w fixed, which implies as before that α̃ and β vanish

in the limit, α̃ ∼ 1/n and β ∼ 1/n2. The invariant length in the eight-dimensional

Minkowski space now reads

ds2
M = dȲαdȲα = v2ds2

E + (1− v2)(dX i)2 − (w2 + v2)(dX 8)2 , (4.125)
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where we substituted the commutative solution (4.124). Using the identities

(dX i)2 =
4 |ζ|4

(1 + |ζ|2)2
(ω2

1 + ω2
2) +

4 |ζ|2

(1 + |ζ|2)4
(d|ζ|)2 (dX 8)2 =

12 |ζ|2

(1 + |ζ|2)4
(d|ζ|)2 ,

(4.126)

which follows from X α = z̄λαz
|z|2 and the previous definition of the left-invariant one forms

ωi, we now get

ds2
M = 4

(
v2(|ζ|2−1)2 + (1− 3w2)|ζ|2

(1 + |ζ|2)4

)
(d|ζ|)2 +

4|ζ|2(v2 + |ζ|2)

(1 + |ζ|2)2
(ω2

1 + ω2
2)

+
4 v2|ζ|2

(|ζ|2+1)2
ω2

3

(4.127)

This expression reduces to (4.6.1) when w = v = 1. The symplectic two-form is again

given by (4.98).

As in the previous case, the metric tensor and symplectic two-form are invariant

under SU(2) × U(1)/Z2, generated by the Killing vectors (4.101). The induced metric

tensor now has physical singularities at |ζ|= |ζ±|, where

|ζ±|2=
2v2 + 3w2 − 1±

√
(3w2 − 1)(4v2 + 3w2 − 1)

2v2
, (4.128)

which using (4.117) are functions of only w. The singularities are plotted as a function

of w in figure 2. There are two singularities for the domains −1 > w > − 1√
3

and

1√
3
< w <

∼ 1.32247, one singularity (at |ζ|= 1) for w = ± 1√
3
, and none for − 1√

3
< w <

1√
3
. As before, they define the boundaries between regions of Euclidean signature and

Lorentzian signature. (The regions of Lorentzian signature are shaded in the figure.)

For the domain − 1√
3
< w < 1√

3
, the metric tensor in (4.127) has a Euclidean signature

for all |ζ|2.
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Figure 4.7: Singularities at |ζ|2= |ζ±|2 are plotted as a function of w using (4.128).

They define boundarises between regions of Lorentzian signature (shaded) and Euclidean

signature (unshaded).

Once again there are time-like geodesics which originate at the initial singularity,

which we choose to be at |ζ|= |ζ−|, and terminate at the final singularity at |ζ|= |ζ+|.

The generalization of the expression (4.122) for the elapsed proper time along a geodesic

with ω1 = ω2 = ω3 = 0 can be written as

τ(|ζ|) = 2

∫ |ζ|
|ζ−|

√
(3w2 − 1)r2 − v2(r2 − 1)2

(r2 + 1)2
dr (4.129)

The generalization of the expression (4.123) for the volume at a |ζ|-slice, which we again

denote by a(|ζ|)3, is

a(|ζ|)3 =

∫ √
3g||ζ| dθdφdψ =

8π2v|ζ|3(|ζ|2+v2)

(|ζ|2+1)3
, (4.130)

We examine the region of Lorentzian signature for four different choices for w (and

hence v), including the case w = v = 1 of the previous subsection, in figure 3. There
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we plot the normalized scale a/a|τ=0 as a function of the time τ , starting from τ = 0

(the time of the initial singularity) to the time of the final singularity. In all cases the

distance scale a is nonvanishing at the time of the initial and final singularities, and

the scale grows and de-accelerates. The largest and longest expansion occurs when w

takes its maximum value of ∼ 1.3225, while the spacetime only exists for an instant for

w = ± 1√
3
.
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Figure 4.8: a/a|τ=0 as a function of the time τ from τ = 0 (the time of the initial

singularity) to the time of the final singularity for four different choices for w (and hence

v): w ≈ 1.3225 (large dashed curve), w = 1.25 (dot-dashed curve), w = 1 (solid curve)

and w = .75 (small dashed curve).
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5 CONCLUSION

Matrix models have been shown to describe geometry, gravity, and even nonpertur-

bative aspects of string theory, and as such are candidates for a quantum theory of

gravity. In particular, matrix models provide a simple way to incorporate dynamical

noncommutative geometry into physical theories. Our motivation has been to use ma-

trix models to study aspects of cosmological models and black holes that are believed

to be related to effects of quantum gravity.

In chapter III, we introduced a BFSS type matrix model in order to study the BTZ

black hole solution to 2+1 dimensional gravity. For this, we start with a noncommutative

Chern Simons theory. The noncommutative Chern Simons theory can be expressed as

a matrix model in which the dynamical variables are infinite dimensional matrices. In

this case, the equations of motion correspond to the Moyal-Weyl plane and there are

no physical degrees of freedom left in the model. If instead one begins with a finite

version of this theory, which we call a matrix Chern Simons theory, there are physical

degrees of freedom left in the model. This model contains an internal SU(N) gauge

symmetry and can be extended to contain an external rigid rotation symmetry. This

external symmetry proves to be important if one wishes to recover the BTZ entropy

relation. This symmetry exactly corresponds to the first class constraint which gives

us a degeneracy of eigenvalues of the quadratic invariant of the model. This quadratic

invariant has units of distance squared and should thus be identified with the square

of the radius of the black hole, which is also an invariant. It is the degeneracy of this
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invariant which we identify with the density of states of the black hole. In the asymptotic

limit, the log of this degeneracy is equivalent to the entropy of the BTZ black hole.

The Chern Simons matrix model we have introduced successfully reproduced the

BTZ entropy formula. Here, we have considered commuting configurations which are

not normally considered in the literature. This model is also linear in the time deriva-

tives as opposed to the Yang-Mills type of matrix models which are quadratic in the

time derivatives. An important next step would be to obtain the commutative limit of

this model in which one hopes to recover the BTZ geometry. Other matrix models have

been shown to contain geometry in the commutative limit, including the 4 dimensional

Schwarzschild solution [12], but it is not clear how such a limit should be taken in our

case. An interesting addition to this model is to include a kinetic term to the Lagrangian.

This is essentially a modification of the bosonic sector of the BFSS action. The work de-

scribed above did not consider any fermionic degrees of freedom. Incorporating fermions

may lead to the possibility of modeling a unitary mechanism for Hawking radiation in

terms of a matrix model.

A similar framework may be possible in higher dimensional versions of the matrix

model described above. For example, the Background Field (BF) model [57] is a topo-

logical field theory whose action has been shown to be equivalent to Einstein-Cartan

action when one includes certain constraints. It may be possible to use the matrix ana-

log of the BF model to count the entropy of the Schwarzschild black hole. This work

indicates that matrix models could prove to be a useful means to study both commu-

tative and noncommutative configurations and the geometry which results from them.

These models allow us to consider directly the degrees of freedom in the theory which

may be useful for considering gravity in the quantum regime.

We next turn our attention to using matrix models to study realistic cosmological

models. Our motivation in chapter IV has been to find solutions to matrix models which
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resemble cosmological solutions of Einstein equations and which agree with observations

of the Universe. We have studied two and four dimensional solutions to the bosonic

sector of IKKT type matrix models, where we have written down a matrix analog of

rotational invariance in these cases. We have found both exact matrix solutions as well as

solutions in the commutative limit corresponding to open, closed and static universes.

The solutions we study contain a distance scale which in some cases have desirable

features. In the four dimensional case, for example, we obtain a solution that has an

initial inflationary stage followed by a non-inflationary era.

In general, exact matrix solutions are nontrivial to obtain. A particular exact four

dimensional solution that we have studied is the matrix version of the complex projective

plane. From there we have found a Lorentzian analog of CP2 by embedding the solution

in a higher dimensional Minkowskian background. The solution we obtain contains

regions of Euclidean and Lorentzian signature separated by three dimensional singular

regions. We interpret these singularities as cosmological singularities beyond which time

itself no longer makes sense. This is demonstrated by both the infinite scalar curvature

as well as time-like geodesics which are shown to be incomplete at the singularities. An

interesting feature is that these singularities occur at non-zero spatial size. This solution

has a distance scale which initially grows but eventually deaccelerates. This does not

seem to resemble our actual universe which is observed to be continually expanding and

accelerating. The commutative limit is described by a metric tensor and symplectic

two-form on a spacetime manifold that are both invariant under SU(2) x U(1)/Z2. It is

similar to the Taub region of a Taub-NUT spacetime.

While we have found solutions resembling cosmological solutions, we have not shown

that Einstein’s equations arise in a limit of the matrix model equations of motion. An

important step in this work would be to understand how this limit may arise. None

of the studies here have included fermionic degrees of freedom. It was necessary to
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include fermions in the IKKT and BFSS matrix models in order to obtain stable classical

configurations. We have also not studied the stability against quantum effects for our

solutions, but we do note that the quadratic terms explicitly break supersymmetry as

well as translational invariance.

It may be possible to study the noncommutative aspects of the spacetime singulari-

ties in more detail. Noncommutative geometry is specified by a spectral triple in which

the Dirac operator plays an important role in determining the noncommutative metric

and a notion of distance between pure states. It is not known, however, how to define

such a self-adjoint operator for a topological space which is non-compact, or a geometry

described by a pseudo-Riemannian metric. The commutative limit of this solution con-

tains regions of Euclidean signature as well, and it may be possible to study the Dirac

operator corresponding to those regions. This may provide insight into understanding

the noncommutative structure near the singularities.

It may be possible to find more realistic cosmological solutions from these or other

matrix models. Noncompact noncommutative coset spaces are natural guesses for config-

urations which should have both an exact matrix solution and lead to four dimensional

open universes in the commutative limit. In such a case, the commutative limit will

have to be redefined since such a geometry will require infinite dimensional matrices to

begin with. If these solutions also contain an initial non-zero spatial size, it may provide

a mechanism for avoiding an initial inflationary era. Moreover, a similar mechanism

for resolving singularities may be possible in resolving the singularities of black hole

solutions.
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6 APPENDIX

Here we obtain the Seiberg-Witten map up to first order in the noncommutativity

parameter for the four-dimensional de Sitter solution of section IV.

We first obtain the zeroth order result. This is easy to determine by comparing the

gauge transformation properties of the commutative gauge potentials Aa, a = τ, σ, θ, φ

with those of the noncommutative potentials Aµ, using the Poisson brackets (4.66).

The gauge variations of the former are simply δAa = ∂aλ, λ being an infinitesimal

commutative gauge parameter on dS4, while the latter is given by δAµ = {Λ, xµ} +

Θ {Λ, aµ}, where Λ is an infinitesimal noncommutative gauge parameter. The result is

δAµ = −h
(
∂τΛ∂σxµ−∂σΛ∂τxµ

)
+

κ

sin θ

(
∂θΛ∂φxµ−∂φΛ∂θxµ

)
+ΘδA(1)

µ +O(Θ2) , (B.1)

where h = h(τ, σ) is given in (4.69). Then at zeroth order in Θ the commutative gauge

potentials are tangent to dS4, while an additional degree of freedom Φ is associated with

perturbations normal to the surface. Thus the zeroth order result for Aµ and Λ is given

in

Aµ = h
(
Aτ∂σxµ −Aσ∂τxµ

)
+

κ

sin θ

(
Aθ∂φxµ −Aφ∂θxµ

)
+ Φxµ

+ ΘA(1)
µ +O(Θ2)

Λ = λ+ ΘΛ(1) +O(Θ2)

(B.2)
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For the first order terms, A
(1)
µ and Λ(1), we demand consistency with the equation

δAµ = {Λ, xµ}+ Θ {Λ, aµ}. A solution is

A(1)
µ = ∂τxµ

(
a3a′

2

(
h2A2

τ + κ2 sin2 σA2
Ω

)
+
ha

2
∂τ

(h
a
A2
σ

)
− hκ

sin θ

(
AθFσφ +Aφ∂θAσ

))

+ ∂σxµ

(
h2AτFστ −

h

a
Aσ∂τ (ahAτ ) +

1

4
∂σh

2A2
τ −

κ2 sin(2σ)

4
A2

Ω

+
hκ

sin θ

(
AθFτφ +Aφ∂θAτ

))

+
κ ∂θxµ
sin θ

(
h
(
AτFσφ + cotσAτAφ −

1

a
Aσ∂τ (aAφ)

)
+
κ

2

(∂θA2
φ

sin θ
− cos θA2

Ω

))

− κ ∂φxµ
sin θ

(
h
(
AτFσθ + cotσAτAθ −

1

a
Aσ∂τ (aAθ)

)
+

κ

sin θ

(
AθFθφ +Aφ∂θAθ

))

− xµ
2

(
h2
(
a2A2

τ −
A2
σ

a2

)
+ κ2a2 sin2 σA2

Ω

)

− h

(
Aτ∂σ(Φxµ)−Aσ∂τ (Φxµ)

)
+

κ

sin θ

(
Aθ∂φ(Φxµ)−Aφ∂θ(Φxµ)

)

Λ(1) = hAσ∂τλ−
κ

sin θ
Aφ∂θλ ,

(B.3)

where we define A2
Ω = A2

θ + A2
φ/sin

2 θ. Fab = ∂aAb − ∂bAa are the commutative field

strengths. In obtaining (B.3) we have used the explicit expression for the de Sitter

solution, a2 = τ 2 + 1.
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