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ABSTRACT 

 

Real-Time Hybrid Simulation (RTHS) is a powerful and cost-effective dynamic 

experimental technique. In civil engineering, RTHS has the advantage of investigating the 

dynamic behavior of full-scale and complex structures by testing only the critical components. 

To implement a stable and accurate RTHS, the time delay in the experiment loop needs to be 

compensated. This delay is mostly introduced by servo-hydraulic actuator dynamics and can be 

reduced by applying appropriate compensators. Several existing compensators have 

demonstrated effective performance in reducing the actuator time delay. But most of them have 

been applied only in cases where the structure under investigation is subjected to inputs with 

relatively low-frequency content such as earthquake motion. To make RTHS an attractive 

technique for engineering applications with broader excitation frequency, a discrete-time 

feedforward compensator is developed via various optimization techniques to enhance the 

performance of RTHS. The effectiveness of the proposed compensator is demonstrated through 

both numerical and experimental studies. 

The proposed compensators are successfully applied to RTHS tests to study the seismic 

behavior of a linear-elastic reinforced concrete building equipped with a new type of tuned mass 

damper, known as the Disruptive Tuned Mass (DTM) damper designed by the National 

Aeronautics and Space Administration (NASA). The obtained results show that the proposed 

compensator reduces the time delay adequately and leads to a successful RTHS test. Results also 

suggest that the DTM damper can successfully reduce the response of the building subjected to 
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the seismic loads. In addition, the dynamic properties of the DTM damper are fully investigated 

and a mathematical model is suggested for it.  
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INTRODUCTION 

 

Natural hazards such as earthquakes and strong winds strike cities continuously across 

the world and in severe cases cause huge causalities and damage to society. Advanced devices 

such as dampers and base-isolation can be installed in structures to increase their safety and 

protect their functionality when the structures are subjected to dynamic loads. However, the 

performance of these devices and the behavior of the structures that are equipped with them 

under dynamic loads need to be studied and understood prior to implementation of the devices in 

the structures. Although available computational methods such as time-history analysis or modal 

analysis can simulate the behavior of common structural components under dynamic loads, the 

behavior of more complicated devices, such as those with high nonlinearity, for which 

mathematical models are not available, need to be investigated through experimental 

simulations. 

1.1 Dynamic experimental testing in structural engineering 

Three major dynamic tests that are used in civil engineering to investigate the behavior of 

components subjected to time-variant loads are: i) shake table test, ii) quasi-static test and iii) 

Hybrid Simulation (HS) test (Carrion and Spencer 2007; Maghareh et al. 2014). 

In a shake table test, a model of the structure, which is usually scaled to a fractional size 

of the real structure, is built on top of the table and is exposed to a predefined vibration. This 

type of test provides a realistic vision of the behavior of the structure for the researchers. 
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However, performing a shake table test is expensive and time-consuming; furthermore, scaling 

the structure for this type of test can skew the results (Carrion and Spencer 2007; Molina et al. 

2004; Wallace et al. 2005). Qusai-static tests permit researchers to perform full-scaled 

experiments mostly to determine the hysteretic behavior of the structural components. In this 

type of test, a predefined input (displacement or force) is applied to a specimen on an extended 

time scale and, as a result, rate-dependent behavior of the components cannot be captured. In 

hybrid simulation (HS), which sometimes is called pseudo dynamic, the structure under 

investigation is divided into experimental (physical) and numerical (analytical) substructures. 

The experimental substructure contains those components that are the researchers’ main concern, 

for which accurate mathematical models are typically not available. The numerical substructure 

contains the rest of the structure with well-understood behavior. Real-time hybrid simulation 

(RTHS) in contrast with HS and quasi-static tests is performed in real-time. Thus, it can capture 

the rate-dependent behavior of the elements. Compared to shaking table test, RTHS is cost 

effective and time-saving because the researchers need to build only a part of the structure 

(experimental substructure). Because of that, RTHS enables researchers to conduct full- or large-

scale tests. Also, in contrast to the shaking table test where the model can be subjected to only 

ground motion, in RTHS, the other types of dynamic loadings such as strong winds and tsunami 

can be simulated (Phillips 2012). 

In RTHS, the transfer system (usually hydraulic actuators or shake tables) forms the 

interface between the numerical and experimental substructures. In a typical displacement-

controlled RTHS, displacements determined from the numerical substructure of the test are 

imposed onto the experimental substructures by actuators, and meanwhile, forces generated in 

the physical components are fed back into the numerical substructure to be used for the 
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displacement calculation of the next time step. This closed-loop process introduces “time delay” 

and frequency dependent “time lag” into RTHS (Carrion and Spencer 2007; Carrion et al. 2009). 

The stability and accuracy of an RTHS is mainly affected by four criteria: 1) dynamic 

properties of the entire structure under investigation, 2) accuracy of the numerical substructure 

and numerical integration method used to solve the equation of motion, 3) the division of the 

structure into the numerical and experimental substructure, and 4) the transfer system which 

forms the interface between the substructures. All four criteria can affect the time delay and time 

lag in an RTHS. To improve the accuracy and stability of RTHS tests, several researchers 

tackled these concerns. Chen and Ricles (2008) developed a model-based integration algorithm 

method using discrete control theory to obtain the solution of a discretized equation of motion. 

This method, which is known as the CR method, is an unconditionally stable integration 

algorithm which has the same equivalent damping and period elongation as the Newmark 

method with constant average acceleration. However, the CR method is explicit which makes it a 

better choice for RTHS compared to the implicit Newmark method with constant average 

acceleration. Chen et al. (2009) successfully implemented the CR method in RTHS. Later, Kolay 

and Ricles (2014) developed a family of unconditionally stable integration methods which add 

numerical energy dissipation to the simulation and improves the stability of RTHS. In this 

method which is known as the KR-𝛼 method, the amount of energy dissipation can be controlled 

by varying the only free parameter in the method, 𝜌∞. Note that the CR method is a special case 

of the KR-𝛼 method which does not dissipate energy. Kolay et al. (2015) successfully 

implemented the KR-𝛼 method in RTHS. Maghareh et al. (2014) studied the effect of different 

ways of partitioning the entire structure into the numerical and experimental substructures on the 

stability of RTHS. They also developed a performance metric, the predictive performance 
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indicator (PPI), to estimate the stability of an RTHS before carrying it out in the laboratory. The 

other main criterion that affects the stability and accuracy of RTHS is the transfer system 

between the numerical and experimental substructures. In a typical RTHS, hydraulic actuators 

are the transfer system. Hydraulic actuator dynamics adds time lag into the RTHS and causes a 

desynchronization between the measured force and the computed displacement in the numerical 

substructure. This desynchronization can destabilize the entire RTHS. 

1.2 Research objective 

This research aimed to introduce a new compensator for the hydraulic actuators with 

application in RTHS. While most of the compensators used in RTHS are designed to reduce the 

time delay when the actuator is subjected to inputs with relatively low-frequency content, the 

proposed compensator can also reduce the time delay when the actuator is subjected to inputs 

with relatively high-frequency content (0~30 Hz). Therefore, the RTHS can be used to 

investigate the dynamic properties of the devices that work under higher frequency input such as 

a suspension system of a vehicle (Chonhenchob et al. 2012; Gillespie and Sayers 1981; Tyan and 

Tu 2015).  The proposed compensator is designed based on a dynamic model of the actuator and 

the specimen attached to it. The design procedure includes an optimization process which 

provides an optimal compensation performance for the compensator. Also, by developing the 

proposed compensator in discrete-time domain, it can avoid the continuous-time to discrete-time 

conversion and the associated conversion error during the compensator’s implementation in 

digital computers (Schneider et al. 1991). 

The dissertation also aims to study the dynamic properties of a new type of tuned mass 

damper, known as disruptive tuned mass (DTM) damper designed by NASA. The dynamic 

properties of the DTM damper are investigated and a mathematical model is proposed. In 
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addition, the dissertation studies the performance of the DTM damper in reducing the response 

of a two-story reinforced concrete building subjected to ground motion. 

1.3 Dissertation layout 

 CHAPTER 2 presents a review of the previous compensators designed for RTHS. 

 CHAPTER 3 formulates the equation of motion of a multi-degree-of-freedom structure 

subjected to ground motion and external forces. Then, it shows how the equation of motion is 

split into two separate equations for the numerical and experimental substructures. 

CHAPTER 3 shows how in RTHS, the equation of motion of a multiple-degree-of-

freedom structure subjected to ground motion and external forces is split into two parts based on 

the numerical and experimental substructures. 

 CHAPTER 4 proposes the FIR compensator and explains the design procedure of this 

model-based compensator in discrete-time domain. Also, the compensation performance of the 

FIR compensator is fully demonstrated through numerical and experimental studies. 

 CHAPTER 5 introduces the disruptive tuned mass (DTM) damper designed by NASA. 

The dynamic properties of this new class of tuned mass damper are also investigated in this 

chapter. 

 CHAPTER 6 studies the behavior of a two-story reinforced concrete building equipped 

with the DTM damper subjected to a ground motion through conducting RTHS. In the performed 

RTHS tests, the FIR compensator is used to reduce the actuator time delay. 

 CHAPTER 7 discusses the performance of the DTM damper in reducing the response of 

different buildings subjected to ground motions. It also determines the optimum properties of the 

DTM damper such that the response of the building under investigation becomes minimum. 
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 CHAPTER 8 summarizes the dissertation and conclusions. It also proposes 

recommendations for future research work. 
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LITERATURE REVIEW 

 

In past decades, hybrid simulation tests were performed on an extended time scale due to 

the limitation of the available equipment, especially the actuators. As a result, the rate-dependent 

properties of the specimen could not be captured. However, a hybrid simulation which is 

conducted in real-time is able to capture the rate-dependent behavior of the specimen under 

investigation (Nakashima 2001). Mahin and Shing (1985) studied the seismic response of a 

single degree of freedom structure by conducting both shaking table tests and RTHS. The 

comparison between the results obtained from these two types of experimental techniques 

showed an acceptable agreement between them. Darby et al. (1999) performed a series of RTHS 

tests using a hydraulic actuator for a single degree of freedom structure with mass, damping, and 

stiffness. In each of the tests, one of the mass, damping, or stiffness was modeled in the 

laboratory and the other components were modeled numerically. Then, a comparison between 

the results obtained from the RTHS and the results obtained from the analytical modeling of the 

entire structure was drawn which showed the results are similar; i.e. the RTHS successfully 

captured the dynamic behavior of the components. 

2.1 Compensators for RTHS 

As discussed in the introduction, the closed loop between the numerical and experimental 

substructures introduces “time delay” and “time lag” into the RTHS (Carrion and Spencer 2007; 

Carrion et al. 2009). “Time delay” is not frequency dependent, and sources include 
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communication latency (digital-to-analog and analog-to-digital conversion) and computational 

time (Carrion and Spencer 2007; Carrion et al. 2009; Phillips and Spencer 2013). Faster 

communication devices, more efficient software or algorithms, and smaller time steps can reduce 

time delay (Phillips and Spencer 2013). On the other hand, coupling dynamics between the 

servo-hydraulic actuator and test specimen introduce “time lag” into RTHS. Time lag depends on 

both the frequency of excitation and condition of the specimen (Carrion et al. 2009; Dyke et al. 

1995; Phillips and Spencer 2013). A single term—“actuator time delay” or simply “time delay” 

is applied in this dissertation to characterize the overall effect of all the time delays and lags 

present in the RTHS loop. Actuator time delay generates desynchronization between the 

numerical and experimental substructures, which causes a destabilizing effect that is equivalent 

to adding a negative damping into the RTHS. If this negative damping becomes larger than the 

inherent damping of the structure, the entire RTHS loop will fail due to instability (Darby et al. 

1999; Darby et al. 2001; Horiuchi et al. 1999; Horiuchi et al. 1996). Therefore, reducing the 

actuator time delay is essential to a successful implementation of stable and accurate RTHS. 

Delay compensation techniques, or simply compensators, have been designed to achieve this 

goal. 

2.1.1 Compensation based on a constant time delay assumption 

2.1.1.1 Extrapolation technique 

Early compensators were designed based on the assumption that actuator time delay is 

constant. Horiuchi et al. (1996) introduced an extrapolation technique which does not need any 

information about the substructures, actuator dynamics or excitation signals. In this technique, a 

polynomial curve is fitted using a certain number of desired displacements obtained previously, 
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and then the future displacement command is predicted by using curve fit. The extrapolation 

technique in RTHS was applied in (Darby et al. 1999; Horiuchi et al. 1999; Horiuchi et al. 1996) 

where the structures under investigation were subjected to excitations (e.g., ground motions, 

sinusoidal sweeps, and chirps) within the frequency range from 0 to 10 Hz (Horiuchi et al. 1999; 

Horiuchi and Konno 2001; Horiuchi et al. 1996).  

2.1.1.2 Extrapolation technique with interpolation steps 

The extrapolation technique was advanced by Darby et al. (2001) and Nakashima and 

Masaoka (1999). These researchers added interpolation steps into the extrapolation technique to 

improve its performance. Interpolation helps the actuator to move smoothly and avoids stress 

relaxation effects. This method, similar to the extrapolation technique, is independent of the 

actuator dynamics model and has low computational demands. 

2.1.1.3 Inverse compensation 

Chen (2007) and Chen and Ricles (2009a) assumed a first order transfer function for the 

actuator based on a constant time delay as follows 

 𝑇(𝑧−1) =
1

�̃� − (�̃� − 1) ⋅ 𝑧−1
 (1) 

where 𝑧 is the 𝒵-transform variable and �̃� = 𝜏 + 1, where 𝜏 is the actuator time delay that is 

experimentally obtained prior to the RTHS test. As it can be seen, the transfer function 

formulated in equation (1) is minimum phase (i.e., both zeros and poles are inside the unit disk). 

Hence, the inverse of this transfer function is stable and can be implemented as the compensation 

controller in RTHS. This controller is known as the inverse compensation and is formulated as 
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 𝐺𝐼𝑛𝑣(𝑧
−1) = �̃� − (�̃� − 1) ⋅ 𝑧−1 (2) 

The performance of the inverse compensation technique is satisfactory throughout the 

frequency range for which the identified delay model (equation (1)) is accurate. The numerical 

study of this dissertation will investigate the performance of the inverse compensation when the 

actuator is subjected to inputs with different frequency bandwidths. 

Based on the constant delay assumption, the aforementioned compensators might have 

compromised performance if the actual time delay in the loop varies during RTHS. 

2.1.2 Adaptive compensators 

The adaptive compensators are designed based on a varying time delay assumption and 

mostly utilize time domain information to estimate the time delay during RTHS or to modify 

their adaptive gains during the experiment. However, the frequency dependency property of the 

actuator time delay is ignored in the development of these compensators. 

2.1.2.1 Online delay estimation technique  

Darby et al. (2002) showed that the actuator time delay varies with the stiffness of the 

experimental substructures during RTHS. Further, they considered this variation in time delay 

and proposed an on-line technique to estimate the actuator time delay while the test is in 

progress. In this technique, the error between the measured and desired displacement is used to 

adjust the convergence and oscillation of the delay estimation. Performance of this technique in 

RTHS for structures subjected to earthquake or sinusoidal base excitation with frequency up to 5 

Hz is shown in the same study. 
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2.1.2.2 Direct estimation of delay 

Ahmadizadeh et al. (2008) improved the online delay estimation technique (Darby et al. 

2002) by increasing the speed of time delay estimation during RTHS. In this technique, the last 

three data points of the desired and measured displacements of the actuator are used to estimate 

the time delay. 

2.1.2.3 Feedforward error compensation 

Jung and Shing (2006) also considered the variation of time delay in RTHS and 

introduced a feedforward error compensation scheme. In this technique, the derivative of the 

desired displacement is added as a feedforward signal to the output signal of a proportional-

integral-derivative (PID) digital controller. The application of this compensation technique in 

RTHS for a SDOF structure subjected to a ground motion has shown successful results (Jung and 

Shing 2006). 

2.1.2.4 Dual compensation 

Chen and Ricles (2009b) addressed the variation of the actuator time delay in RTHS by 

implementing a dual compensation scheme. In this scheme, the error between the desired and 

measured displacement of the actuator is used as a supplementary compensation to boost the 

performance of the inverse compensation. 

2.1.2.5 Tracking error-based adaptive compensation 

Chen and Ricles (2010) introduced an adaptive compensation technique based on the 

inverse compensation (Chen 2007). In the adaptive compensation technique, they used the 

tracking indicator (TI) method (Mercan 2007) to estimate the time delay while the RTHS is in 
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progress. Chen and Ricles successfully carried out their compensators in RTHS for structures 

subjected to earthquakes (Chen and Ricles 2009a; Chen and Ricles 2009b; Chen and Ricles 

2010; Chen et al. 2009). 

2.1.2.6 Adaptive time series compensator 

Chae et al. (2013) developed the adaptive time series (ATS) compensator for RTHS. In 

this method the compensated displacement is computed based on a time series of the actuator 

outputs with varying coefficients. During the RTHS, the coefficients of ATS compensator are 

modified continuously to reduce the error between the target and measured displacement of the 

actuator. Most of the adaptive compensators use gains that are calibrated based on a trial-and-

error method. However, the ATS compensator coefficients are modified continuously during an 

RTHS to reduce the error between the target and the measured displacement of the actuator. 

2.1.3 Model-based compensators 

The actuator time delay varies with the condition of the physical test specimen and the 

excitation frequency. This complicated relationship can be well explained by the coupling 

dynamics between actuator and specimen, namely control-structure interaction (CSI) (Dyke et al. 

1995). Therefore, model-based compensators are developed via CSI to address the specimen and 

frequency dependency. The purpose of compensation is to shape the output of the plant to 

accurately track the reference input. Both feedforward and feedback controllers can be applied 

for compensation applications. A feedback controller is only activated when tracking error starts 

to develop, whereas a feedforward controller directly shapes the output toward the reference 

without the knowledge of the error, and hence substantially improves the tracking performance 

and speed when the plant dynamics is well-understood and modeled (Marlin 2000). 
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A feedforward control can be obtained by directly inverting the plant dynamics (Goodwin 

et al. 2001). Figure 1 shows the block diagram of the plant, 𝑇(𝑧), in series with a feedforward 

compensator, 𝐺(𝑧). In this block diagram 𝑅, 𝑈, and 𝑌 indicate the reference signal, compensated 

signal, and measured signal in the frequency domain, respectively. To achieve the desired goal of 

reference tracking, the plant dynamics need to be canceled with the feedforward controller, such 

that the measured signal matches the reference signal. Therefore, the simplest feedforward 

controller that can be obtained is the direct inverse of the plant dynamic, 𝐺(𝑧) = 𝑇−1(𝑧), where 

𝑧 is the 𝒵-transform variable. However, the behavior of the direct inverse 𝑇−1 needs to be further 

examined for RTHS compensation purpose. 

In some applications, such as commanding a shake table to reproduce a desired 

earthquake record that is available prior to the test, a non-causal feedforward controller can be 

implemented (Gross et al. 1994). However, due to the looped configuration between the 

numerical and the experimental components in RTHS, the input signal for the actuator is not 

available before performing the current step of the test. Thus, a stable and causal feedforward 

controller is required. As will be explained later, obtaining such a controller is no easy task in 

many cases. As shown earlier, in the past decade many control techniques have been developed 

by the RTHS community for servo-hydraulic compensation. To demonstrate the compensation 

performance of the proposed feedforward controller, two existing controllers in RTHS with 

feedforward formulation are selected and implemented herein for a comparison study. In 

addition, because the model-based design of discrete-time domain compensation techniques has 

 

Figure 1. Block diagram of a plant in series with a feedforward controller 

Feedforward 
Controller

Plant
(Actuator + specimen)

𝑅(𝑧) 𝑌(𝑧)
𝑇 𝑧𝐺(𝑧) =

1

𝑇 𝑧

𝑈(𝑧)
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not been fully explored in RTHS, three widely used model-based discrete-time feedforward 

compensation techniques (Butterworth et al. 2008; Tomizuka 1987; Wen and Potsaid 2004) in 

other engineering applications (e.g., hard disk drive control) have also been briefly described and 

implemented in this study for comparison purposes. 

2.1.3.1 Model-based feedforward compensator 

Although the inverse compensation technique (Chen 2007) is proposed based on a first 

order actuator transfer function model, a higher order transfer function can capture the CSI more 

accurately and eventually leads to a better compensator. Carrion and Spencer (2007) developed a 

model-based feedforward compensator in the continuous-time domain. They showed that the 

transfer function of the plant (actuator attached to a physical specimen) can be identified using 

the form below 

 𝑇(𝑠) =  
𝐾

∏ (𝑠 − 𝑝𝑖)
𝑘
𝑖=1

 (3) 

where 𝑇(𝑠) is the transfer function between the desired and measured displacement of the 

actuator in Laplace transform, 𝑠 is the variable of Laplace transform, 𝑝𝑖’s are the system poles, 

𝐾 = ∏ 𝑝𝑖
𝑘
𝑖=1  is the gain of the transfer function, and 𝑘 is the number of system poles. The inverse 

of equation (3) is strictly improper and will result in unbounded responses in RTHS. By 

introducing a unit gain low-pass filter connecting in series with the inverse of the plant 

dynamics, a proper compensator is obtained as follows (Carrion and Spencer 2007) 

 𝐺𝑀𝐹(𝑠) =  
∏ (𝑠 − 𝑝𝑖)
𝑘
𝑖=1

𝐾
⋅

𝛼𝑘𝐾

∏ (𝑠 − 𝛼𝑃𝑖)
𝑘
𝑖=1

= 𝛼𝑘
∏ (𝑠 − 𝑝𝑖)
𝑘
𝑖=1

∏ (𝑠 − 𝛼𝑃𝑖)
𝑘
𝑖=1

 (4) 

where 𝐺𝑀𝐹(𝑠) is the transfer function of the model-based feedforward compensator defined in 

the continuous-time domain, and 𝛼 is a predefined constant which determines the performance of 
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the compensator. Note that the compensation performance of the compensator is improved as 𝛼 

increases, but the value of 𝛼 should be chosen such that the poles of the compensated system 

remain within the Nyquist limit of the digital controller used for RTHS implementations (Carrion 

and Spencer 2007). 

2.1.3.2 Model-based feedforward feedback compensator 

Phillips and Spencer (2011) also used a third- or fourth-order transfer function of the 

servo-hydraulic actuator to design their model-based compensator. However, they overcame the 

properness problem of the pure inverse of the transfer function by introducing a finite difference 

method to obtain the higher-order derivative of the displacement. The performance of the model-

based feedforward compensator (Carrion and Spencer 2007) and the model-based feedforward 

feedback compensator (Phillips and Spencer 2011), when the actuator is subjected to band-

limited white noise (BLWN) with frequency bandwidth range from 0 up to 15 Hz are shown in 

(Phillips and Spencer 2011; Phillips and Spencer 2013). 

2.1.4 Discrete controllers (compensators) used in other fields 

As digital computing and control gain popularity over the years, discrete-time systems 

arise as sampled continuous-time systems in many engineering fields. However, sampled 

minimum phase systems are often non-minimum phase (Fu and Dumont 1989; Hagiwara 1996). 

Åström et al. (Åström et al. 1984) have shown that a continuous-time system with relative degree 

larger than two will always generate a discrete-time system with unstable zeros (outside the unit 

disk) if the sampling frequency is higher than a threshold. Unfortunately, this threshold is 

reasonably low for many applications, and therefore sampled data systems with unstable zeros 

are quite common. For the plant system used in this study, the same observation has been made. 
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APPENDIX I shows that the zero of the discrete-time transfer function of the plant becomes 

unstable (therefore non-minimum phase) when the sampling frequency goes beyond 41 Hz. As a 

result, the inverse of the corresponding discrete-time transfer function will not be stable and 

cannot be applied directly in RTHS, because the sampling frequency in this study is 1024 Hz, 

much larger than this threshold. Moreover, sensors and the actuators that are physically non-

collocated can cause the system transfer function to be non-minimum phase as well (Butterworth 

et al. 2008). Unlike the issue of improperness in designing continuous-time domain 

compensators, the inversion of a non-minimum phase system becomes the main technical 

challenge in designing compensators in the discrete-time domain. 

In general, the transfer function of the plant in discrete-time domain can be described as 

 𝑇(𝑧−1) =
𝑧−𝑑 ⋅ 𝐵∗(𝑧−1)

𝐴∗(𝑧−1)
 (5) 

where 𝑧 is the 𝒵-transform variable, 𝑑 is the dead time which is equal to the number of time 

steps before the plant can first respond to an input. 𝐴∗(𝑧−1) and 𝐵∗(𝑧−1) are two reciprocal 

polynomials characterizing the poles and zeros of the plant, respectively. The system 

identification described later shows that the dead time is negligible and hence set as zero for 

modeling the plant in this study. By considering 𝑑 = 0 in equation (5), the transfer function of 

the plant reduces to 

 𝑇(𝑧−1) =
𝐵∗(𝑧−1)

𝐴∗(𝑧−1)
 (6) 

Also, the transfer function of a non-minimum phase system is expressed as 

 𝑇(𝑧−1) =
𝐵∗(𝑧−1)

𝐴∗(𝑧−1)
=
𝐵+∗(𝑧−1) ⋅ 𝐵−∗(𝑧−1)

𝐴∗(𝑧−1)
 (7) 
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where the reciprocal polynomials 𝐵+∗(⋅) and 𝐵−∗(⋅) contain the stable zeros and unstable zeros 

of the transfer function, respectively. Because of the unstable zeros in 𝐵−∗(𝑧−1), the inverse of 

the transfer function (1/𝑇) is not stable, and cannot be applied directly as a compensator. Several 

techniques shown below were developed to design feedforward compensators for non-minimum 

phase (discrete-time) systems. 

2.1.4.1 Non-minimum Phase Zero Ignore (NPZ-Ignore) 

The NPZ-Ignore (Butterworth et al. 2008) compensator disregards zeros which lie outside 

the unit disk and only cancels out the dynamics of the poles and stable zeros of the system. The 

NPZ-Ignore compensator can be formulated as 

 𝐺𝑁𝑃𝑍−𝐼𝑔𝑛𝑜𝑟𝑒(𝑧
−1) =

𝐴∗(𝑧−1)

𝐵+∗(𝑧−1) ⋅ 𝐵−∗(1)
 (8) 

And the transfer function of the compensated system (𝑇𝑐𝑚𝑝) can be obtained as  

 

𝑇𝑐𝑚𝑝(𝑧
−1) = 𝑇 ⋅ 𝐺𝑁𝑃𝑍−𝐼𝑔𝑛𝑜𝑟𝑒 

=
𝐵−∗(𝑧−1)

𝐵−∗(1)
 

(9) 

In equation (9), 𝐵−∗(1) guarantees a unit steady-state gain for the compensated system. 

2.1.4.2 Zero Phase Error Tracing Controller (ZPETC) 

ZPETC was introduced by Tomizuka (Tomizuka 1987) and designed in a way such that 

the compensated system retains the phase of the desired signal (i.e., the Bode phase plot of the 

compensated system is equal to zero). The ZPETC compensator is formulated as 

 �̂�𝑍𝑃𝐸𝑇𝐶(𝑧
−1) =

𝐴∗(𝑧−1) ⋅ 𝐵−∗(𝑧)

𝐵+∗(𝑧−1) ⋅ 𝐵−∗(1)2
 (10) 
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The transfer function of the compensated system using ZPETC is 

 

�̂�𝑐𝑜𝑚(𝑧
−1) = 𝑇 ⋅ �̂�𝑍𝑃𝐸𝑇𝐶 

=
𝐵−∗(𝑧−1) ⋅ 𝐵−∗(𝑧)

𝐵−∗(1)2
 

(11) 

Appendix II shows that the phase of the compensated system equals zero over the entire 

frequency range. However, the existence of 𝐵−∗(𝑧) in equation (10) shows that the ZPETC 

compensator is non-causal. Although ZPETC has been widely used in many engineering fields, 

such as motion control and hard disk drive control where previewed information can be obtained 

for input signal, it cannot be directly applied in RTHS. To overcome this causality issue, the 

ZPETC compensator is modified by introducing 𝑧−𝑞 (i.e., 𝑞 time steps of delay) as  

 

𝐺𝑍𝑃𝐸𝑇𝐶(𝑧
−1) = �̂�𝑍𝑃𝐸𝑇𝐶(𝑧

−1) ⋅ 𝑧−𝑞 

=
𝐴∗(𝑧−1) ⋅ 𝐵−∗(𝑧) ⋅ 𝑧−𝑞

𝐵+∗(𝑧−1) ⋅ 𝐵−∗(1)2
 

=
𝐴∗(𝑧−1) ⋅ 𝐵−(𝑧−1)

𝐵+∗(𝑧−1) ⋅ 𝐵−∗(1)2
 

(12) 

In deriving equation (12), 𝐵−∗(𝑧) = 𝑧𝑞 ⋅ 𝐵−(𝑧−1) is applied; 𝑞 is the degree of the reciprocal 

polynomial 𝐵−∗(⋅). With the above modification, the ZPETC becomes causal. The compensated 

system using modified ZPETC compensator is obtained as 

 

𝑇𝑐𝑜𝑚(𝑧
−1) = 𝑇 ⋅ 𝐺𝑍𝑃𝐸𝑇𝐶  

= �̂�𝑐𝑜𝑚(𝑧
−1) ⋅ 𝑧−𝑞 

=
𝐵−∗(𝑧−1) ⋅ 𝐵−(𝑧−1)

𝐵−∗(1)2
 

(13) 

By comparing equation (13) with equation (11), it shows that the compensated system now has a 

constant delay equals 𝑞 time steps. The modified ZPETC is implemented for the later 

comparison study in Section 4.3.3 and 4.3.4. 
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2.1.4.3 Zero Magnitude Error Tracing Controller (ZMETC) 

The goal of ZMETC (Wen and Potsaid 2004) is to provide a compensator such that the 

compensated system preserves the magnitude of the input signal. The transfer function of 

ZMETC is formulated as 

 𝐺𝑍𝑀𝐸𝑇𝐶(𝑧
−1) =

𝐴∗(𝑧−1)

𝐵+∗(𝑧−1) ⋅ 𝐵−(𝑧−1)
 (14) 

The compensated system using ZMETC compensator has a transfer function as shown below 

 

𝑇𝑐𝑜𝑚(𝑧
−1) = 𝑇 ⋅ 𝐺𝑍𝑀𝐸𝑇𝐶  

=
𝐵−∗(𝑧−1)

𝐵−(𝑧−1)
 

(15) 

Appendix III provides the proof that the magnitude of the compensated system shown in 

equation (15) is equal to one across the entire frequency range, which implies the compensator 

maintains the magnitude of the input signal.
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REAL-TIME HYBRID SIMULATION FORMULATION 

 

This section formulates the equation of motion of the numerical and the experimental 

substructures of an RTHS. 

The equation of motion (EOM) of the entire structure can be written in the form of a 

second-order differential equation as below 

In this equation, 𝑀, 𝐶, and 𝐾 are mass, damping and stiffness matrices of the entire structure 

(before splitting it into numerical and experimental substructure) and 𝑢, �̇�, �̈� are the 

displacement, velocity, and acceleration vectors of the structure with respect to the ground, Γ is 

the influence vector which selects those DOFs that are affected by the ground motion, 𝐹 is the 

external force vector and 𝑃 combines the effect of ground motion and the external forces. 

In this equation, 𝑀 is the mass matrix of the entire structure (combination of the 

numerical and the experimental substructures) and is extended below 

 𝑀 =

[
 
 
 
 
 
𝑀𝑁𝐵_𝑁𝐵 𝑀𝑁𝐵_𝑁 𝑀𝑁𝐵_𝐼 0 0

𝑀𝑁_𝑁𝐵 𝑀𝑁_𝑁 𝑀𝑁_𝐼 0 0

𝑀𝐼_𝑁𝐵 𝑀𝐼_𝑁 𝑀𝐼_𝐼 = 𝑀𝐼_𝐼
𝑁 +𝑀𝐼_𝐼

𝐸 𝑀𝐼_𝐸 𝑀𝐼_𝐸𝐵
0 0 𝑀𝐸_𝐼 𝑀𝐸_𝐸 𝑀𝐸_𝐸𝐵
0 0 𝑀𝐸𝐵_𝐼 𝑀𝐸𝐵_𝐸 𝑀𝐸𝐵_𝐸𝐵]

 
 
 
 
 

 (17)  

𝐶 is the damping matrix of the entire structure, 

 𝑀�̈� + 𝐶�̇� + 𝐾𝑢 = −𝑀Γ�̈�𝑔 + 𝐹 = 𝑃 (16)  
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 𝐶 =

[
 
 
 
 
 
𝐶𝑁𝐵_𝑁𝐵 𝐶𝑁𝐵_𝑁 𝐶𝑁𝐵_𝐼 0 0

𝐶𝑁_𝑁𝐵 𝐶𝑁_𝑁 𝐶𝑁_𝐼 0 0

𝐶𝐼_𝑁𝐵 𝐶𝐼_𝑁 𝐶𝐼_𝐼 = 𝐶𝐼_𝐼
𝑁 + 𝐶𝐼_𝐼

𝐸 𝐶𝐼_𝐸 𝐶𝐼_𝐸𝐵
0 0 𝐶𝐸_𝐼 𝐶𝐸_𝐸 𝐶𝐸_𝐸𝐵
0 0 𝐶𝐸𝐵_𝐼 𝐶𝐸𝐵_𝐸 𝐶𝐸𝐵_𝐸𝐵]

 
 
 
 
 

 (18) 

𝐾 is the stiffness matrix of the entire structure, 

 𝐾 =

[
 
 
 
 
 
𝐾𝑁𝐵_𝑁𝐵 𝐾𝑁𝐵_𝑁 𝐾𝑁𝐵_𝐼 0 0

𝐾𝑁_𝑁𝐵 𝐾𝑁_𝑁 𝐾𝑁_𝐼 0 0

𝐾𝐼_𝑁𝐵 𝐾𝐼_𝑁 𝐾𝐼_𝐼 = 𝐾𝐼_𝐼
𝑁 + 𝐾𝐼_𝐼

𝐸 𝐾𝐼_𝐸 𝐾𝐼_𝐸𝐵
0 0 𝐾𝐸_𝐼 𝐾𝐸_𝐸 𝐾𝐸_𝐸𝐵
0 0 𝐾𝐸𝐵_𝐼 𝐾𝐸𝐵_𝐸 𝐾𝐸𝐵_𝐸𝐵]

 
 
 
 
 

 (19) 

𝑢, �̇�, and �̈� are the displacement, velocity, and acceleration vectors with respect to the ground 

and are formulated below 

 𝑢 =

[
 
 
 
 
𝑢𝑁𝐵
𝑢𝑁
𝑢𝐼
𝑢𝐸
𝑢𝐸𝐵 ]

 
 
 
 

, �̇� =

[
 
 
 
 
�̇�𝑁𝐵
�̇�𝑁
�̇�𝐼
�̇�𝐸
�̇�𝐸𝐵 ]

 
 
 
 

 , �̈� =

[
 
 
 
 
�̈�𝑁𝐵
�̈�𝑁
�̈�𝐼
�̈�𝐸
�̈�𝐸𝐵 ]

 
 
 
 

 (20) 

And Γ is the influence vector which selects those DOFs that are affected by the ground motion, 𝐹 

is the external force vector, and 𝑃 combines the effect of ground motion and the external forces. 

These three vectors are extended below. 

 

Γ =

[
 
 
 
 
ΓNB
ΓN
ΓI
ΓE
ΓEB]
 
 
 
 

, 𝐹 =

[
 
 
 
 

𝐹𝑁𝐵
𝐹𝑁

𝐹𝐼 = 𝐹𝐼
𝑁 + 𝐹𝐼

𝐸

𝐹𝐸
𝐹𝐸𝐵

 

]
 
 
 
 

,

𝑃 = −𝑀Γ�̈�𝑔 + 𝐹 =

[
 
 
 
 

𝑃𝑁𝐵
𝑃𝑁

𝑃𝐼 = 𝑃𝐼
𝑁 + 𝑃𝐼

𝐸

𝑃𝐸
𝑃𝐸𝐵

 

]
 
 
 
 

 

(21) 
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Note that the above matrices and vectors are partitioned based on the location of the DOFs in the 

structure where 𝑁𝐵 denotes the DOFs located at the boundary of the numerical substructure, 𝑁 

denotes the DOFs inside the numerical substructure, 𝐼 denotes the DOFs at the interface of the 

numerical and the experimental substructure, 𝐸 refers to the DOFs inside the experimental 

substructure, and 𝐸𝐵 refers to those DOFs that are located at the boundary of the experimental 

substructure. Based on this partitioning, the mass, damping, and stiffness sub-matrices at the 

interface of the numerical and the experimental substructures are 𝑀𝐼_𝐼 = 𝑀𝐼_𝐼
𝑁 +𝑀𝐼_𝐼

𝐸 , 𝐶𝐼_𝐼 =

𝐶𝐼_𝐼
𝑁 + 𝐶𝐼_𝐼

𝐸 , and 𝐾𝐼_𝐼 = 𝐾𝐼_𝐼
𝑁 + 𝐾𝐼_𝐼

𝐸  (see equations (17) to (19)). The term 𝑃𝐼 can also be partitioned 

based on the experimental and the numerical terms as 𝑃𝐼 = 𝑃𝐼
𝑁 + 𝑃𝐼

𝐸  (see equation (21)). The 

EOM at the interface of the substructures can be derived from equation (16) to (21). 

 

(𝑀𝐼_𝑁𝐵�̈�𝑁𝐵 +𝑀𝐼_𝑁�̈�𝑁 +𝑀𝐼_𝐼
𝑁 �̈�𝐼) + (𝑀𝐼_𝐼

𝐸 �̈�𝐼 +𝑀𝐼_𝐸�̈�𝐸 +𝑀𝐼_𝐸𝐵�̈�𝐸𝐵) 

+(𝐶𝐼_𝑁𝐵�̇�𝑁𝐵 + 𝐶𝐼_𝑁�̇�𝑁 + 𝐶𝐼_𝐼
𝑁 �̇�𝐼) + (𝐶𝐼_𝐼

𝐸 �̇�𝐼 + 𝐶𝐼_𝐸�̇�𝐸 + 𝐶𝐼_𝐸𝐵�̇�𝐸𝐵) 

+(𝐾𝐼_𝑁𝐵𝑢𝑁𝐵 + 𝐾𝐼_𝑁𝑢𝑁 + 𝐾𝐼_𝐼
𝑁 𝑢𝐼) + (𝐾𝐼_𝐼

𝐸 𝑢𝐼 + 𝐾𝐼_𝐸𝑢𝐸 + 𝐾𝐼_𝐸𝐵𝑢𝐸𝐵) 

= 𝑃𝐼
𝑁 + 𝑃𝐼

𝐸  

(22) 

In this equation, the underlined terms are associated with the experimental substructure and the 

remaining terms are related to the numerical substructure. The experimental terms in equation 

(22) (the underlined terms) can be lumped in a new term, 𝑅𝐸. So, equation (22)  can be written in 

a new form 

 
(𝑀𝐼_𝑁𝐵�̈�𝑁𝐵 +𝑀𝐼_𝑁�̈�𝑁 +𝑀𝐼_𝐼

𝑁 �̈�𝐼) + (𝐶𝐼_𝑁𝐵�̇�𝑁𝐵 + 𝐶𝐼_𝑁�̇�𝑁 + 𝐶𝐼_𝐼
𝑁 �̇�𝐼)

+ (𝐾𝐼_𝑁𝐵𝑢𝑁𝐵 + 𝐾𝐼_𝑁𝑢𝑁 + 𝐾𝐼_𝐼
𝑁 𝑢𝐼) + 𝑅

𝐸 = 𝑃𝐼
𝑁 + 𝑃𝐼

𝐸  
(23) 

In an RTHS test, 𝑅𝐸 is measured in the laboratory and the rest of the terms in equation 

(23) are determined numerically, including 𝑃𝐼
𝐸 . The latter term is related to the experimental 

substructure, however, in most of the RTHS tests, it is not possible to apply the effect of ground 
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motion directly onto the specimen in the laboratory. Thus, this term is calculated numerically as 

follows 

 𝑃𝐼
𝐸 = −(𝑀𝐼_𝐼

𝐸 𝛤𝐼 +𝑀𝐼_𝐸𝛤𝐸 +𝑀𝐼_𝐸𝐵𝛤𝐸𝐵)�̈�𝑔 + 𝐹𝐼
𝐸 (24) 

The EOM of the numerical substructure can be extracted from equations (16) to (21) and 

equation (23) 

 𝑀𝑁𝑁�̈�𝑁𝑁 + 𝐶𝑁𝑁�̇�𝑁𝑁 + 𝐾𝑁𝑁𝑢𝑁𝑁 + [

0
0

𝑅𝐸 − 𝑃𝐼
𝐸
] = 𝑃𝑁𝑁 = [

𝑃𝑁𝐵
𝑃𝑁
𝑃𝐼
𝑁
] (25) 

In this equation, 𝑅𝐸 is the experimental restoring force and is measured in the laboratory, and 

𝑢𝑁𝑁 includes the displacement at the interface of the substructures (𝑢𝐼). By solving the above 

EOM, the displacement at the interface is determined (𝑢𝐼). Then, this displacement is imposed 

onto the experimental substructure and the generated restoring force (𝑅𝐸) is measured and fed 

back into the numerical substructure EOM (equation (25)) for calculation of the next time step 

displacement.  
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FIR COMPENSATOR FOR REAL-TIME HYBRID SIMULATION 

 

The existing compensators used in RTHS have shown successful time delay 

compensation with inputs having only relatively low-frequency contents (up to 15 Hz). These 

compensators are sufficient for the use of earthquake engineering research. However, many 

engineering systems such as a vehicle suspension system are subjected to relatively higher 

frequency inputs (Chonhenchob et al. 2012; Gillespie and Sayers 1981; Tyan and Tu 2015). To 

make RTHS an attractive technique to investigate dynamic behavior of engineering systems 

working under a relatively higher frequency range, this study proposes a novel discrete-time 

compensator. This newly introduced compensator aims to provide effective delay compensation 

performance when subjected to inputs with a higher frequency range (0~30 Hz). In addition, by 

developing directly the compensator in the discrete-time domain, it can avoid the continuous-

time to discrete-time conversion and the associated conversion error during the compensator’s 

implementation in digital computers (Schneider et al. 1991).  

4.1 Compensator formulation 

In this study, the plant (the servo-hydraulic actuator coupled with the physical specimen) 

is modeled using an Auto-Regressive with Exogenous (ARX) model, which is formulated as  

 
𝑦(𝑡) + 𝑎1𝑦(𝑡 − 1) + ⋯+ 𝑎𝑛𝑎𝑦(𝑡 − 𝑛𝑎)

= 𝑏1𝑢(𝑡 − 𝑑) + ⋯+ 𝑏𝑛𝑏𝑢(𝑡 − 𝑑 − 𝑛𝑏 + 1) + 𝑒(𝑡) 
(26) 
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where 𝑦 is the output, which is the measured displacement of the actuator; 𝑢 is the input which is 

the desired displacement of the actuator; 𝑑 indicates dead time, which is equal to zero as 

explained earlier; 𝑒 is disturbance; 𝑛𝑎 equals the number of system poles, and 𝑛𝑏 equals the 

number of system zeros plus one. Based on equation (26), the corresponding discrete-time 

transfer function of the plant can be obtained via the 𝒵-transform as 

 𝑇(𝑧−1) =
𝑏1 +⋯+ 𝑏𝑛𝑏𝑧

−𝑛𝑏+1

1 + 𝑎1𝑧−1 +⋯+ 𝑎𝑛𝑎𝑧
−𝑛𝑎

 (27) 

As explained in Section 2.1.4, the above transfer function is likely to be non-minimum phase and 

can be rewritten into the same form as equation (7), based on the characteristics of its zeros. 

Instead of directly inverting the transfer function 𝑇(𝑧−1), which will result in an unstable system, 

this study proposes the compensator 𝐺𝐹𝐼𝑅 to take the following form  

 𝐺𝐹𝐼𝑅(𝑧
−1) =

𝐴∗(𝑧−1)

𝐵+∗(𝑧−1)
⋅ 𝐻(𝑧−1) (28) 

where 𝐻(𝑧−1) is the term to approximate the inverse of 𝐵−∗(𝑧−1), and is defined as a finite 

impulse response (FIR) filter  

  𝐻(𝑧−1) = ℎ1 + ℎ2𝑧
−1 +⋯+ ℎ𝑛𝑧

−𝑛+1 (29) 

Here, ℎ1, ℎ2, ..., ℎ𝑛 are 𝑛 unknown parameters of the compensator, which will be determined by 

an optimization process explained in the Section 4.2. One of the properties of the FIR that have 

been exploited here is that the FIR filter is inherently stable. Because of the use of the FIR, 𝐺𝐹𝐼𝑅 

is used to denote the proposed compensator in equation (28), and it is termed as “FIR 

compensator” in this dissertation. The compensated system using the proposed FIR compensator 

is expressed as 
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𝑇𝑐𝑜𝑚(𝑧

−1) = 𝑇 ⋅ 𝐺𝐹𝐼𝑅 =
𝐵+∗(𝑧−1) ⋅ 𝐵−∗(𝑧−1)

𝐴∗(𝑧−1)
⋅
𝐴∗(𝑧−1)

𝐵+∗(𝑧−1)
⋅ 𝐻(𝑧−1) 

= 𝐵−∗(𝑧−1) ⋅ 𝐻(𝑧−1) 

(30) 

 

4.2 Optimization schemes 

The goal of this study is to determine 𝐻(𝑧−1), such that the resulting compensator, 𝐺𝐹𝐼𝑅, 

can adequately provide effective time delay compensation performance up to a specific cut off 

frequency, 𝑓𝑐,. Figure 2 shows a schematic Bode plot of the compensated system transfer 

function 𝑇𝑐𝑜𝑚 (equation (30)). In Figure 2, the frequency range from 0 to 𝑓𝑐 is referred to as 

passband and the frequency range from 𝑓𝑐 to the Nyquist frequency is referred to as stopband. 

Ideal compensation performance demands the magnitude of 𝑇𝑐𝑜𝑚 be equal to one and the phase 

of 𝑇𝑐𝑜𝑚 be equal to zero within the passband. To achieve this goal, three different optimization 

schemes, Least Square (LS), Weighted Least-Square (WLS), and MiniMax (MM) are applied to 

determine 𝐻(𝑧−1), as described by equation (29), in the FIR compensator.  

 

Figure 2. Schematic Bode plot of compensated system transfer function 
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To formulate the optimization problem, the frequency domain is discretized into 𝑁 

discrete points, 𝑓𝑖’s with 𝑖 = 1,… ,𝑁 (see Figure 2). Before introducing the objective functions, 

note that the 𝒵-transform variable 𝑧 is related to frequency as 

 𝑧 =  𝑗𝜔𝛿𝑡 =  𝑗2𝜋𝑓𝛿𝑡 (31) 

where 𝛿𝑡 is the sampling period; 𝜔 denotes circular frequency; 𝑓 denotes frequency, and 𝑗 is the 

imaginary unit (√−1) which retains its definition throughout the whole dissertation. With 

equation (31), the transfer function 𝑇𝑐𝑜𝑚(𝑧
−1) (equation (30)) in the 𝑧 domain is mapped into 

𝑇   (𝑓𝑖) in the frequency domain for the Bode plot (frequency response) calculation. The 

objective function of the WLS scheme is defined as 

 

m  
ℎ1,ℎ2,…,ℎ𝑛

{∑𝑤𝑖. ‖𝑇   (𝑓𝑖; ℎ1, ℎ2, … , ℎ𝑛) − 1‖
2

𝑖

} ,

{
𝑤𝑖 ≥ 1      𝑓𝑖 ∈         
𝑤𝑖 = 1      𝑓𝑖 ∈         

 

(32) 

In equation (32), ℎ1, ℎ2, ..., ℎ𝑛 are 𝑛 compensator parameters to be determined for 𝐻(𝑧−1) 

(equation (29)); 𝑓𝑖 denotes the 𝑖𝑡ℎ discretized frequency point; 𝑤𝑖 is the weight associated with 

the 𝑖𝑡ℎ discretized frequency; 𝑇𝑐𝑜𝑚(𝑓𝑖) is the complex value of the compensated system transfer 

function (equation (30)) at frequency 𝑓𝑖; and ‖⋅‖ indicates the modulus of the complex number, 

which in this dissertation is the norm of the error between the compensated system transfer 

function and one. A larger 𝑤𝑖 means a higher importance is placed on the error norm at 

frequency 𝑓𝑖. In this study, the objective function of the WLS scheme has 𝑤𝑖 = 1000 for points 

in the passband and 𝑤𝑖 = 1 for points in the stopband. 

The same objective function as shown in equation (32) is used for the LS scheme with 

𝑤𝑖 = 1 for points in both the passband and stopband. On the other hand, the MM objective 
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function minimizes the maximum of the absolute of the compensated system transfer function. 

The objective function for MM is formulated in equation (33). 

 m  
ℎ1,ℎ2,…,ℎ𝑛

{m x  ‖𝑇   (𝑓𝑖; ℎ1, ℎ2, … , ℎ𝑛)‖} , 𝑓𝑖 ∈          (33) 

The same constraints are applied to all three optimization schemes: 

1. Steady-state gain is equal to one (see Figure 2), i.e, 

 ‖𝑇𝑐𝑜𝑚(𝑓 = 0; ℎ1, ℎ2, … , ℎ𝑛) − 1‖ = 0 (34) 

2. Magnitude of the compensated system across the passband is equal to one (see Figure 2), 

i.e, 

 √ ∑ (‖𝑇   (𝑓𝑖; ℎ1, ℎ2, … , ℎ𝑛)‖ − 1)2

𝑓𝑖 ∈ passband

= 0 (35) 

3. Phase of the compensated system across the passband is equal to zero (see Figure 2), i.e, 

 

√ ∑ {   [𝑇𝑐𝑜𝑚(𝑓𝑖; ℎ1, ℎ2, … , ℎ𝑛)]}

𝑓𝑖 ∈ passband

2

= 0 (36) 

where    (⋅) determines the argument of a complex number. In the implementation of these 

constraints, a tolerance   is applied on the right-hand-side of the equations (34)-(36) instead of 

zero to improve the convergence of the optimization process. Figure 2 also schematically 

demonstrates the use of the tolerance  . Choosing a different number of parameters (𝑛) for 

𝐻(𝑧−1), different values for cut off frequency (𝑓𝑐), and different optimization schemes will lead 

to different FIR compensators with different performances. A detailed comparison will be 

demonstrated in the following numerical and experimental studies. The MATLAB (MATLAB 

2014) Optimization Toolbox was used to solve the optimization problem formulated above. 
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4.3 Performance of the FIR compensator 

4.3.1 Test-bed and characterization of plant model 

A test-bed is established as the experimental platform to examine the performance of all 

the implemented controllers, including the proposed FIR compensator. It consists of a servo-

hydraulic actuator and a spring-mass system attached to it (Figure 3). The test-bed offers a linear 

dynamic system as a fair environment to compare the compensation performance of the 

implemented controllers, because most of them are designed based on linear system models. The 

stiffness of the spring is 8 kips/in (1400 kN/m), the weight of the mass box is 1278 lb (580 kg), 

and the load capacity of the actuator is 110 kips (489 kN) with a stroke of ±10 inches (±0.254 

m). The sampling frequency of the digital servo-hydraulic controller is 1024 Hz. All experiments 

were performed in the Large Scale Structures Laboratory (LSSL) at The University of Alabama. 

To characterize the plant, ten bandlimited white noises (BLWNs) with two different 

frequency bandwidths (= 0~64, 0~128 Hz) and five different peak amplitudes (= 0.1, 0.2, 0.5, 1, 

and 1.5 in, corresponding to 2.54, 5.08, 12.7, 25.4, and 38.1 mm) were applied as the desired 

actuator displacement. Based on the desired displacement and measured displacement, two 

different dynamic models, one in the continuous-time domain and one in the discrete-time 

domain, were identified. 

 

Figure 3. Experimental setup in the LSSL at The University of Alabama 
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4.3.1.1 Continuous-time plant model 

The experimental data obtained using the above ten BLWNs led to similar frequency 

responses for the plant. Figure 4 shows the average of these ten frequency responses. In this 

figure, the slopes of the secant lines of the Bode phase plot indicate the time delay of the plant at 

the corresponding frequencies (Oppenheim and Schafer 2010; Smith 2008). From Figure 4, it is 

clear that the slopes of the secant lines in the phase plot are frequency dependent. Similar to 

Carrion and Spencer (2007), two different transfer functions based on equation (3), one with 3 

poles and one with 4 poles, were fit to the frequency response of the plant shown in Figure 4. 

Table 1 shows the poles and the gains of these two models. 

Table 1. Poles of two fitted transfer functions for the plant 

Model # 
No. poles 

(𝑘) 
𝑝1 𝑝2 𝑝3 𝑝4 𝐾 

1 3 poles −128.06 
−32.08
+ 87.34𝑗 

−32.08
− 87.34𝑗 

Not 

applicable 

1.155
× 106 

2 4 poles 
−119.39
+ 186.346𝑗 

−119.39
− 186.34𝑗 

−37.77
+ 78.93𝑗 

−37.77
− 78.93𝑗 

3.834
× 108 

By using these two identified transfer functions and different values of 𝛼 = 3, 5, and 7, 

six model-based feedforward compensators (see equation (3)) are designed for the later 

comparison study. 
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Figure 4. Frequency response of the plant 

4.3.1.2 Discrete-time plant model 

The same recorded data were also used to generate a discrete-time transfer function for 

the plant. Based on the ARX formulation given in equation (26), by varying different 

combinations of 𝑛𝑎 and 𝑛𝑏, a total of 841 ARX models were generated using the least squares 

method in MATLAB (MATLAB 2014). Then, 72 new data sets (different from the data sets used 

to obtain the transfer function) were applied to the model selection process to identify the “best-

fit” model. Each data set contains 10 seconds of BLWNs with a 0~64Hz bandwidth and 0.1 in. 

(2.54 mm) or 0.2 in. (5.08 mm) amplitude. Four criteria listed below were considered to select 

the best-fit model based on the collected data (72 data sets): 

1. Mean Square Error (MSE) 

 M E =
∑ [𝑒(𝑡𝑖)]

2𝑁
𝑖=1

𝑁
 (37) 

In which 𝑒(𝑡𝑖) is the error between the fitted model and the captured data at step 𝑖, and 𝑁 is the 

total number of samples. 
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2. Goodness of fit (FIT) 

 FIT =
√M E

σ[𝑦(𝑡𝑖)]
 (38) 

where σ(⋅) is the standard deviation. 

3. Akaike Information Criterion (AIC) 

 AIC = l (M E) + 2 ⋅
𝑑𝑖𝑚

𝑁
 (39) 

where 𝑑𝑖𝑚 = 𝑛𝑎 + 𝑛𝑏 is the total number of parameters in the fitted ARX model, representing 

the model order. 

4. Bayesian Information Criterion (BIC) 

 BIC = l (M E) + l (𝑁) ⋅
𝑑𝑖𝑚

𝑁
 (40) 

For each of the 4 criteria above, the model that generates the smallest value based on 

equations (37) through (40) is considered as the “best-fit” model for the corresponding criteria. 

This process was performed for all 72 data sets generated for the model verification. For each of 

these 4 criteria, a histogram plot was generated to see how frequently a model was selected as the 

best model. The model with the highest number of occurrences in the histogram plot was 

considered as the best model based on that criterion. However, these criteria will not necessarily 

provide the same best model. To avoid an overfitting problem, the BIC criterion was eventually 

picked for the model selection process, because it posed a higher penalty on the model order than 

AIC for large data sets (Feigelson and Babu 2012). Figure 5 shows a histogram plot generated 

based on the BIC criterion. The model which had the highest occurrence in this histogram plot 

was selected as the best ARX model of the plant. Note that the selected ARX model has a dead 

time that is equal to zero. 
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Figure 5. Histogram plot for BIC criterion 

This best-fit ARX model is used to derive the discrete-time transfer function expressed as 

equation (7). The numerator and denominator of this transfer function are shown in equation (41) 

 

𝐵+∗(𝑧−1) = 1 

𝐵−∗(𝑧−1) = −5.508 × 10−5 + 9.164 × 10−5 𝑧−1 

𝐴∗(𝑧−1) =  A  8th          l   m  l 

(41) 

The denominator of the plant transfer function (𝐴∗(𝑧−1)) has a degree of 8. For clarity, its 

detailed expression is omitted in equation (41). By letting 𝐵−∗(𝑧−1) = 0 in equation (41), the 

unstable zero (𝑧 = 1.664) of the plant transfer function can be calculated. Because of this 

unstable zero, the plant is non-minimum phase and its pure inverse is unstable. NPZ-Ignore, 

ZPETC, ZMETC, and the FIR compensator are all designed based on the discrete-time transfer 

function presented in equation (41). All the codes for model identification and selection 

discussed in this section are programmed in MATLAB (2014). 

4.3.2 Compensation performance indicators 

Two indicators are defined to examine the performance of the compensators: time delay 

and relative root-mean-square (RMS) error. 

The ARX model with the 
highest number of 
occurrence was selected 
as the best model. 
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4.3.2.1 Time delay 

The slope of the secant line in the Bode phase plot (see Figure 4) can represent the time 

delay at a specific frequency, which can be expressed as (Oppenheim and Schafer 2010; Smith 

2008) 

 T m    l   (𝜔) =  −
   [𝑇(𝜔)]

𝜔
 (42) 

where     (⋅) is the argument of a complex number in radians and 𝜔 is the circular frequency at 

which the time delay is calculated. As shown in Figure 4, the time delay is frequency dependent. 

In this study, the average time delay calculated within the frequency bandwidth of the input 

signal is considered as the time delay indicator. The goal of time delay compensation in RTHS is 

to reduce the overall time delay to less than one time step. In that case, the measured 

displacement of the actuator, and more importantly, the measured force in the specimen, can be 

effectively considered “synchronized” with the desired displacement of the actuator. Herein, the 

sampling frequency of the test-bed is 1024 Hz, which corresponds to a 0.97 millisecond (ms) 

sampling period. Therefore, the goal of the delay compensation in this study is to reduce the 

overall time delay to less than 0.97 ms or roughly 1 ms. Note that a lower value for time delay 

indicates a better compensation performance. 

4.3.2.2 Relative root-mean-square (RMS) error 

The relative RMS error between the desired displacement and measured displacement of 

the actuator is another compensation performance indicator. It is defined as 
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In this equation, 𝑑𝑖
𝑑      𝑑𝑖

𝑚 are the desired and measured displacement of the actuator at time 

step 𝑖, respectively. As for the time delay, a lower value for the Relative RMS error indicates a 

better compensation performance. 

4.3.3 Numerical study 

Three different optimization schemes (WLS, LS and MM) with 6 different numbers of 

parameters (𝑛 = 25, 50, 75, 100, 200, and 300) and 4 different cut-off frequencies (𝑓𝑐 = 32, 64, 

96, and 128 Hz) were used to design a total of 72 FIR compensators based on the discrete-time 

transfer function of the plant shown in equation (41). For the numerical study, four different 

BLWNs with maximum amplitude of 0.2 in. (0.00508 m) and bandwidth = 0~5 Hz, 0~10 Hz, 

0~20 Hz, and 0~30 Hz were generated as the desired displacement of the actuator.  

4.3.3.1 Transfer function of the compensated plant after applying FIR compensators 

Figure 6 (a) shows the Bode plot of the identified plant transfer function (equation (41)) 

before applying any compensation. Based on this figure, although the performance of the 

actuator is acceptable for inputs with very low-frequency content (less than 2 Hz), it deteriorates 

quickly as the frequency of the input increases. However, the actuator performance in both 

magnitude and phase are improved significantly by applying the FIR compensators. Figure 6 (b) 

shows the transfer function of the plant after applying FIR compensators with 𝑛 = 100, 𝑓𝑐 =

32 Hz and different optimization schemes (WLS, LS, and MM). As this figure shows, the 

magnitude and the phase of the compensated plant remains around 0 dB and 0 degrees 

 RM ECMP(%) =  
√∑ (𝑑𝑖

𝑚 − 𝑑𝑖
𝑑)
2

𝑖  

√∑ (𝑑𝑖
𝑑)
2

𝑖

× 100 (43) 
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throughout a fairly broad passband range (i.e., the desired compensation range), respectively, 

which suggests an excellent compensation performance. Another observation is that a high-pass 

behavior is seen in the stopband frequency range (see Figure 6 (b)). Due to this high-pass 

behavior, if a significant amount of high-frequency disturbances are present in the input signal, 

they may be amplified and further contaminate the compensated signal. Although such behavior 

is not observed in this compensation performance study, future research will be conducted to 

improve the robustness of the proposed compensator under possible disturbances. 

 
a) without compensation 

 
b) after applying the FIR compensators 

4.3.3.2 FIR compensator performance under BLWN with bandwidth = 0~20 Hz 

This section demonstrates the performance of the FIR compensator under a BLWN with 

bandwidth of 0~20 Hz and maximum amplitude of 0.2 in. (0.00508 m) throughout the numerical 

study. 

Figure 6. Transfer function of the plant. Note: Horizontal axis is in logarithmic scale and all 3 

FIR compensators have 𝑛 = 100 and 𝑓𝑐 = 32 Hz. 
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4.3.3.2.1 Time delay 

Plots (a) to (c) of Figure 7 show the time delay of the compensated plant (equation (30)) 

after applying all 72 FIR compensators. Each row of this figure corresponds with one of the 

optimization schemes. The horizontal axes of the plots show the number of parameters and cut-

off frequency used in designing the FIR compensator, while the vertical axis depicts the 

calculated time delay based on equation (42). Each of the black dots on any of the surfaces 

represents the calculated time delay associated with one of the 72 FIR compensators. Figure 8 

follows the same convention, except its vertical axis represents the relative RMS error (equation 

(43)) instead of time delay.  
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The surfaces in plots (a) to (c) of Figure 7 were generated by interpolating among the 

calculated time delays for each of the 24 FIR compensators (4 different cut-off frequencies and 6 

different number of parameters in each plot) to capture the trend of the time delay. The plots 

show that all of the FIR compensators exhibit similar behavior, reducing the actuator time delay 

to less than 1 ms which is the goal of the delay compensation. Another important observation is 

 
Figure 7. Time delay after applying FIR compensators. (a) to (c): Numerical study; (d) to (f): 

Experimental study. (Input: BLWN with bandwidth = 0~20 Hz and maximum amplitude = 0.2 

in. (0.00508 m)) 
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that the performance of the FIR compensators in reducing the time delay increases as the number 

of parameters (𝑛) increases, and the cut-off frequency (𝑓𝑐) reduces. Therefore, choosing a higher 

number of parameters and a smaller value for the cut-off frequency (𝑓𝑐) (i.e. a smaller 

compensation frequency range) leads to a compensator with reduced time delay.  

4.3.3.2.2 Relative RMS error 

Plots (a) to (c) of Figure 8 illustrate the Relative RMS error between the desired 

displacement and measured displacement of the actuator. The surfaces in these plots were 

generated by interpolating among the Relative RMS errors calculated based on equation (43) for 

each of the 24 FIR compensators in each plot. Similar to the time delay (see Figure 7, plots (a) to 

(c)), the relative RMS error decreases as the number of parameters increases and the cut-off 

frequency decreases (see Figure 8, plots (a) to (c)).  



40 

4.3.3.3 Performance comparison of all compensators under four different BLWNs 

Performance of the FIR compensators (designed based on the LS scheme with 𝑓𝑐 = 64 Hz 

and 𝑛 = 100), 6 model-based feedforward compensators (designed based on two obtained 

continuous-time models (see Table 1) and three different 𝛼 = 3, 5,     7), inverse 

 
Figure 8. Relative RMS error between desired and measured displacement of actuator after 

applying FIR compensators. (a) to (c): Numerical study; (d) to (f): Experimental study. (Input: 

BLWN with bandwidth = 0~20 Hz and maximum amplitude = 0.2 in. (0.00508 m). 
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compensation technique (designed based on different values of �̃� (see equation (4)) according to 

the time delay related to the different BLWN signals), NPZ-Ignore, ZPETC, and ZMETC were 

all compared through the numerical study. Note that only the results from the model-based 

feedforward compensator designed based on the 3-pole model and 𝛼 = 7 are shown in Figure 9 

for brevity, because it achieves the best performance among all the 6 model-based feedforward 

compensators. In this study, 4 different BLWNs with maximum amplitude of 0.2 in. (0.00508 m) 

and bandwidth of 0~5 Hz, 0~10 Hz, 0~20 Hz, and 0~30 Hz were used as the desired 

displacement of the actuator. Again, both performance indicators introduced earlier were used to 

demonstrate the performance of the abovementioned compensators. 

4.3.3.3.1 Time delay 

Figure 9 shows the time delay before and after applying the compensators under different 

BLWNs. As can be seen from this figure, the actuator time delay increased as the bandwidth of 

the BLWN increased. As explained earlier, the goal of delay compensation is to keep the time 

delay within one time step. The boundaries of this time range (-1 ms and 1 ms) are specified by 

dashed-lines in Figure 9. Based on this figure, the FIR compensator had the best performance 

among all of the studied compensators. The FIR compensator reduced the time delay to the 

smallest obtained values (-0.1ms < 𝜏 < 0ms) under all the BLWNs. The negative sign of the time 

delays obtained for the FIR compensator indicate phase leads in the simulations. However, the 

phase leads were very small and within one time step (the goal of compensation) which suggests 

the measured displacement can be considered as synchronized with the desired displacement. 

Another observation is that the ZPETC also reduced the time delay to less than 1 ms for all the 

BLWNs. 
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Moreover, the inverse compensation technique reduced the time delay to less than 1 ms when the 

input signal was BLWN with bandwidth of 0~5 Hz. Yet, the performance of the inverse 

compensation technique decreased as the frequency bandwidth of the inputs became broader. 

This trend indicates that the inverse compensation technique performed well through the 

frequency range for which the delay model (equation (1)) was accurate. Other compensators 

could not decrease the time delay to less than 1 ms, and their performance in reducing the time 

delay remained almost the same for all 4 BLWNs. 

 
Figure 9. Time delay before and after applying different compensators. Input: BLWN with 

maximum amplitude = 0.2 in. (0.00508 m) and 4 different bandwidths.  
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4.3.3.3.2 Relative RMS error 

Figure 10 includes the relative RMS error calculated based on equation (43) for the same 

numerical simulations. As can be seen in this figure, the relative RMS error increases as the 

frequency bandwidth of the input increases. Also, the effectiveness of all the compensators in 

reducing the relative RMS error decreases as the frequency bandwidth of the input increases. 

This trend is more significant for the inverse compensation technique. Similar to the time delay 

(see Figure 9), the proposed FIR compensators demonstrated the best performance in reducing 

the relative RMS error. 

4.3.4 Experimental study 

The experimental study was carried out using the test-bed shown in Figure 3. The 

compensation performance of all 72 FIR compensators together with the model-based 

feedforward compensator, NPZ-Ignore, ZPETC, and ZMETC were investigated. The desired 

 
Figure 10. Relative RMS error before and after applying different compensators. Input: 

BLWN with maximum amplitude = 0.2 in. (0.00508 m) and 4 different bandwidths.  
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displacement signals for the actuator were four BLWNs with bandwidth of 0~5, 0~10, 0~20, and 

0~30 Hz and maximum amplitude of 0.2 in. (0.00508 m). These BLWNs were the same as those 

used in the numerical study.  

Table 2 presents the average time delay and relative RMS error when the actuator was 

subjected to the 4 abovementioned BLWNs, before and after applying the 72 FIR compensators. 

Based on the results presented in this table, both time delay and relative RMS error increased as 

the bandwidth of input increased (see the 2nd and the 4th columns of the table) before the 

compensation was applied. However, the FIR compensators effectively reduced both time delay 

and relative RMS error under all BLWNs. The third column of Table 2 shows the average of 

calculated time delays after applying different FIR compensators. Based on these data, the FIR 

compensators reduced the time delay to less than 1 ms. Also, the FIR compensators reduced the 

relative RMS error for BLWNs with bandwidth of 0~5 Hz, 0~10 Hz, 0~20 Hz, and 0~30 Hz 

from 28.3%, 75.6%, 135.2%, and 137.3% to an average of 3.6, 6.2, 13.3, and 27.3%, 

respectively. 

The focus of this section is on demonstrating the performance of the FIR compensators 

under BLWNs with relatively broader frequency bandwidths. The results obtained for the 

BLWNs with bandwidth of 0~5 Hz and 0~10 Hz, which were less demanding compensation 

cases, are not presented in detail for brevity. The rest of the experimental study is dedicated to 

presenting the obtained results under BLWNs with bandwidth of 0~20 Hz and 0~30 Hz.  
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Table 2. Time delay and relative RMS error of the actuator before and after 

applying the FIR compensators 

Input 

bandwidth 

(Hz) 

Actuator time delay (ms) Relative RMS error (%) 

Before 

compensation 

After 

Compensation 

Before 

compensation 

After 

Compensation 

0 ~  5 14.9 -0.51 28.3 3.6 

0 ~ 10 16.7 -0.26 75.6 6.2 

0 ~ 20 20.8 0.64 135.2 13.3 

0 ~ 30 21.1 0.94 137.4 27.3 

 

4.3.4.1 Transfer function of the plant before and after applying FIR compensators 

Figure 11 (a) shows the experimentally obtained Bode plot of the plant before applying 

any compensators. Below this Bode plot, the actuator time delay calculated using equation (42) 

is shown. Again, the frequency dependency of the time delay is clearly demonstrated in this 

figure. The FIR compensators effectively reduced the actuator time delay shown in Figure 11 (a). 

Figure 11 (b) depicts the experimentally obtained Bode plot of the plant after implementing the 

FIR compensator generated by WLS scheme with 𝑛 = 300 and 𝑓𝑐 = 64 Hz. The implemented 

FIR compensator successfully reduced the average of time delay from 21.1 ms (see Table 2) to 

0.358 ms, which is a significant improvement. In the Bode phase plot of Figure 11 (a), a red 

dashed-line passing through the origin was fit to the data. The slope of this straight line also 

represents the time delay. The slope of this line became almost zero in the Bode phase plot of 

Figure 11 (b) indicating that the time delay is almost zero. In addition, the FIR compensator 

reduced the relative RMS calculated based on equation (43) from 137.4% (see Table 2) to 

21.4%. 
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a) Before compensation b) After compensation 

Figure 11. Bode plot of the plant and corresponding time delay (Input displacement: BLWN 

with bandwidth = 0~30 Hz and max. disp. = 0.2 in. (0.00508 m)): a) Results before applying 

any compensators; b) Results after applying FIR compensator obtained from WLS schemes 

with 𝑛 =  300 and 𝑓𝑐  =  64 Hz. 

4.3.4.2 FIR compensator performance under BLWN with bandwidth = 0~20 Hz 

4.3.4.2.1 Time delay 

Plots (d) to (f) in Figure 7 demonstrate the averaged time delay of all the 72 FIR 

compensators obtained from the experimental results under the BLWN with bandwidth of 0~20 

Hz and maximum amplitude of 0.2 in. (0.00508 m). As can be seen from these plots, most of the 

72 FIR compensators adequately reduced the time delay from 20.8 ms (see Table 2) to less than 

1 ms, except a few cases with cut-off frequency 𝑓𝑐 equal to 128 Hz. Also, the surfaces in these 

plots depict that the delay compensation performance of the FIR compensators increases as the 

number of parameters increases and the cut-off frequency decreases (similar trend as seen in the 

numerical study). The results obtained from the BLWN with bandwidth of 0~10 Hz and 0~30 Hz 

showed a similar performance trend as BLWN with bandwidth of 0~20 Hz (Figure 7) and 

therefore those results are not shown here for succinctness. 
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4.3.4.2.2 Relative RMS error 

Plots (d) to (f) of Figure 8 summarize the relative RMS error of the 72 FIR compensators 

under the BLWN with bandwidth of 0~20 Hz. All the FIR compensators reduced the relative 

RMS error from 135.2% (see Table 2) to less than 16% except for one of the compensators 

generated based on the MM optimization scheme (see Figure 8 (f)).  

Similar to the trend observed for the numerical study, the relative RMS error obtained 

based on the experimental results reduced as the number of parameters increased and cut-off 

frequency decreased. The experimental results confirmed the earlier observation from the 

numerical study that the compensation performance (both time delay and relative RMS error) 

improved as the number of parameters increased and cut-off frequency decreased. Because the 

number of parameters (or the model order) is directly linked to the computational demand during 

the real-time implementation, the above observation implies a trade-off between the 

computational demand and compensation performance. Once an operational excitation frequency 

bandwidth is specified, an appropriate model order of the FIR compensator can be determined 

based on the desired compensation performance and computational demand. For real-time 

computation, the computational demand is usually measured by the average task execution time 

(TET)—the average time required to finish the computation in each time step. Later in this 

dissertation, the relationship between the TETs for running the FIR compensators and the 

number of parameters used in the corresponding compensators will also be shown. 

In addition, the comparison between the numerical and experimental results (Figure 7 and 

Figure 8) shows that the general trends revealed in the surfaces are very similar; but, the surfaces 

obtained based on the experimental results are slightly elevated compared to those obtained 

based on the numerical results. This difference implies a reduction in the performance of the FIR 
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compensator, which may be due to noise in the experiment or modeling uncertainties in 

characterizing the plant. 

4.3.4.2.3 Time history responses 

Figure 12 (b) illustrates the time history responses of the actuator after applying 4 

different FIR compensators (WLS optimization scheme with 𝑛 = 25     300 and 𝑓𝑐 =

32 𝑎𝑛𝑑 128 Hz) under BLWN with bandwidth of 0~20 Hz and maximum amplitude of 0.2 in. 

(0.00508 m). The relative RMS error of these 4 compensators is represented by each corner of 

the surface in Figure 12 (a). Plots (c) and (d) of Figure 12 (the zoom-in views of the 

displacement time histories) illustrate that all four FIR compensators enabled the actuator to 

track the desired signal effectively. However, the best performance was achieved by the FIR 

compensator with the largest number of parameters (𝑛 = 300) and the smallest cut-off frequency 

(𝑓𝑐 = 32 Hz), whereas, the least effective performance was achieved by the FIR compensator 

with the lowest number of parameters (𝑛 = 25) and the highest cut-off frequency (𝑓𝑐 = 128 Hz). 

This time domain observation agrees with the observation seen in the time delay and relative 

RMS error surfaces. Table 3 presents the time delay and relative RMS error calculated for these 

four cases. Based on these results, both relative RMS error and time delay reduced as the number 

of parameters increased and cut-off frequency decreased. 
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Table 3. Time delay and relative RMS error for 4 different 

experimental cases using WLS compensator. Input: white noise with 

bandwidth = 0~20 Hz and maximum amplitude = 0.2 in. (0.00508 m) 

Test 
Number of 

Parameters 

Cut-off 

frequency (Hz) 

Time delay 

(ms) 

Relative RMS 

error (%) 

Case 1 300 32 0.40 13.16 

Case 2 25 32 0.56 13.18 

Case 3 300 128 0.83 14.17 

Case 4 25 128 1.44 16.31 

4.3.4.3 Performance comparison of all compensators under BLWN with bandwidth = 0~30 Hz 

The performance of 15 FIR compensators (designed based on different optimization 

schemes with 𝑓𝑐 = 64 Hz and 𝑛 = 75, 100, 200, 300,     400) together with 6 model-based 

feedforward compensators (designed based on two obtained continuous-time models (see Table 

1) and three different 𝛼 = 3, 5,     7), NPZ-Ignore, ZPETC, and ZMETC were investigated 

through experimental study. In this study, the desired displacement of the actuator is the BLWN 

with bandwidth of 0~30 Hz and maximum amplitude of 0.2 in. The numerical study suggested 

 

Figure 12. Experimental results for WLS scheme. (a): Relative RMS error surface for the plant 

with different WLS compensators; (b): Time history displacement response of the plant to 

BLWN with bandwidth = 0~20 Hz and maximum amplitude = 0.2 in. (0.00508 m); (c) and (d): 

Zoom-in view of the plant response. 
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that although the inverse compensation method showed a good compensation performance under 

the inputs with relatively low-frequency bandwidth (0~5 Hz), its performance under the BLWN 

with bandwidth of 0~30 Hz was not sufficient and may cause safety concerns during experiments 

(see Figure 9). As a result, this section does not investigate the performance of the inverse 

compensation method under the BLWN with bandwidth of 0~30 Hz. 

4.3.4.3.1 Time delay 

The time delays calculated based on the experimental results obtained for all the 

compensators are illustrated in Figure 13 (a). The actuator time delay before compensation was 

21.1 ms (see Table 2). All the feedforward compensators reduced the actuator time delay 

successfully. However, the only compensators that reduced the time delay to less than 1 ms (the 

goal of compensation) were FIR compensators. Furthermore, this figure shows that the delay 

compensation performance of the model-based feedforward compensator improved as the value 

of 𝛼 increased. However, the model-based feedforward compensator designed based on model 

#2 (see Table 1) lost its effective performance when 𝛼 is 7. 

 
a) Actuator time delay 

 
b) Relative RMS error 

Figure 13. Actuator time delay and relative RMS error obtained from the experimental data. 

Input: BLWN with bandwidth = 0~30 Hz and maximum amplitude = 0.2 in. (0.00508 m) 
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4.3.4.3.2 Relative RMS error 

Figure 13 (b) shows the relative RMS error calculated based on the experimental results 

obtained for all the studied compensators. Before compensation, the relative RMS error was 

137.4% (see Table 2). Similar to the time delay compensation performance, the FIR 

compensators reduced the relative RMS errors to approximately 20%, which was much smaller 

compared with that for other compensators. 

4.3.4.3.3 Task execution time (TET) 

In this study, the FIR compensators were implemented in the laboratory by using a 

speedgoat performance real-time target machine equipped with an Intel core i7 3.5 GHz 

processor and 4 GB of RAM. In Figure 14, the measured average TETs for running the FIR 

compensators in the experiments are depicted versus the number of parameters used in the 

compensators. As can be seen, for all the FIR compensators designed based on different 

optimization schemes, the average TET increased as the number of parameters increased. 

However, all the TETs were less than 5% of the sampling period (= 1/1024 s) used in this study. 

Hence, the FIR compensators are computationally efficient even with a large number of 

parameters. 

 

Figure 14. Task execution time 
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DISRUPTIVE TUNED MASS DAMPER 

 

In recent years, engineers have designed a variety of devices and control strategies for 

different types of structures such as buildings, bridges, and rocket launching stations to control 

and mitigate their undesired responses to the natural hazards such as strong winds and seismic 

motions. Soong and Spencer (2002) categorized the protective devices that are used for 

enhancing the safety and functionality of buildings and bridges against dynamic loads into three 

groups: 

1. Base isolation 

2. Passive energy dissipation 

3. Active structural control. 

Base isolators are mainly installed at the base elevation of the building, between the 

foundation and columns, to decouple the building from its foundation. For bridges, the base 

isolators are mostly installed between the piers and the deck of the bridge. Therefore, without 

changing the dynamic properties of the structure, the base isolators reduce the transmission of 

vibration from the foundation into the structure on top of it. Because base isolators are not 

installed inside structures, they are a suitable choice for seismic retrofit of historical buildings 

where conserving their architecture is important. 

While base isolators do not change the dynamic properties of the structure above the 

isolation system, passive and active structural devices change the dynamic properties of the 
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structure to enhance their safety and functionality against dynamic loads. Passive devices such as 

metallic yielding dampers, tuned mass dampers (TMD), and viscous fluid dampers dissipate the 

dynamic energy of structures as they respond to vibrations. Alternatively, active devices such as 

active mass dampers (AMD) insert energy into the structure to control the undesired response to 

dynamic loading. Thus, active control strategies can be more efficient compared to passive 

control strategies if they are designed and utilized properly. Introducing energy into structures by 

installing active devices can be problematic if the control strategies used for applying the loads 

do not work properly. As a result, implementation of an active device in a structure requires 

more knowledge and can be challenging. Furthermore, semi-active devices such as 

magnetorheological (MR) dampers combine the stability of passive devices with the versatility 

of active devices to provide a reliable protective system. 

The rest of this section introduces a new passive damper called a Disruptive Tuned Mass 

(DTM) damper.  

5.1 Modeling of DTM damper 

The National Aeronautics and Space Administration (NASA) Marshall Space Flight 

Center (MSFC) developed Fluid Structure Coupling (FSC) technology to lessen severe 

vibrations in the Ares I launch vehicle. Later, NASA developed a new class of tuned mass 

vibration control system called a Disruptive Tuned Mass (DTM). The performance of the DTM 

damper to reduce the vibration of a vehicle test facility at MSFC was investigated by NASA 

engineers, and promising results were obtained. The DTM damper has the potential to be used in 

civil structures such as buildings or bridges to improve their safety and functionality when they 

are subjected to strong winds or seismic motions. 
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This section of the dissertation is dedicated to modeling the DTM damper. Figure 15 

shows a DTM damper prototype in the Large Scale Structures Laboratory (LSSL) at The 

University of Alabama. The main components of the DTM damper are a moving mass, springs, 

an expandable air chamber with a valve, and a supporting frame on which the moving mass can 

slide. The moving mass and the supporting frame weigh 569.5 and 250.0 lbm, respectively. The 

stiffness and the damping ratio of the DTM damper are determined based on the results obtained 

from characterization tests performed in the laboratory and will be presented later in this section. 

The damping ratio of the DTM can be tuned by changing the valve of the air chamber. Figure 16 

shows the DTM damper valve. 

 

Figure 15. DTM damper prototype 
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Figure 16. DTM damper valve 

  

5.1.1 Derivation of the DTM model 

Figure 17 shows a graphical model of the DTM damper. In this model, the effect of the 

air chamber and the valve in the DTM damper are equivalent to a linear system of a spring (𝑘𝑣) 

and a dash-pot (𝑐𝑣). The rest of the DTM is modeled as a single-degree-of-freedom system with 

mass (𝑚𝑑), stiffness (𝑘1), and damping (𝑐1). Based on this model, the equation of motion for the 

DTM damper can be expressed as 

In this equation, 𝑚𝑑 denotes the mass of the moving part, 𝑐1 and 𝑘1 denote the damping and 

stiffness of the damper that are not introduced by the valve; 𝑐𝑣 and 𝑘𝑣 are the damping and 

stiffness that represent the valve dynamics; 𝑥𝑑2𝑠 and �̇�𝑑2𝑠 are the relative displacement and 

relative velocity of the DTM damper with respect to the supporting frame, and �̈�𝑑 is the absolute 

acceleration of the DTM damper. 

 𝑚𝑑�̈�𝑑 + 𝑐1�̇�𝑑2𝑠 + 𝑘1𝑥𝑑2𝑠 + (𝑐𝑣�̇�𝑑2𝑠 + 𝑘𝑣𝑥𝑑2𝑠) = 0 (44) 
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Figure 17. Graphical model of the DTM damper 

By lumping the damping together and the stiffness together, equation (44) can be represented by 

the following equation  

where 𝑐𝑑 = 𝑐1 + 𝑐𝑣 represents the overall damping effect of the DTM damper and 𝑘𝑑 = 𝑘1 + 𝑘𝑣 

denotes the overall stiffness effect of the DTM damper. In this equation, the absolute 

acceleration of the damper (�̈�𝑑) equals �̈�𝑑2𝑠 + �̈�𝑠 where �̈�𝑑2𝑠 is the relative acceleration of the 

moving mass with respect to the supporting frame and �̈�𝑠 is the absolute acceleration of the 

supporting frame. By substituting these two terms in equation (45) and rearranging the terms, the 

equation of motion of the DTM damper can be represented in a new form 

By applying the Laplace transform to equation (46), the transfer function of the DTM damper 

can be obtained 

The input of this transfer function is the acceleration of the supporting frame (�̈�𝑠) and the output 

is the relative displacement of the moving mass with respect to the supporting frame (𝑥𝑑2𝑠). 

 𝑚𝑑�̈�𝑑 + 𝑐𝑑�̇�𝑑2𝑠 + 𝑘𝑑𝑥𝑑2𝑠 = 0 (45) 

 𝑚𝑑�̈�𝑑2𝑠 + 𝑐𝑑�̇�𝑑2𝑠 + 𝑘𝑑𝑥𝑑2𝑠 = −𝑚𝑑�̈�𝑠 (46) 

 𝑇𝐷𝑇𝑀 =
−𝑚𝑑

𝑚𝑑𝑠2 + 𝑐𝑑𝑠 + 𝑘𝑑
 (47) 
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In this research, the mass of the moving part (𝑚𝑑) is known and the transfer function of the DTM 

damper can be identified as soon as the damping (𝑐𝑑) and the stiffness (𝑘𝑑) are determined. 

5.1.2 Characterization tests 

The dynamic properties of the DTM damper with three different valves as well as the 

DTM without a valve were studied and appropriate mathematical models were fit to the obtained 

results. To characterize the DTM, the device was installed on a shaking table with a stroke of 

±10 inches (±0.254 m). To measure the force generated by the device, four load cells were 

mounted beneath each leg of the supporting frame. The capacity of each load cell is 450 lbf 

(2000 N). One LVDT and one LVT were installed between the supporting frame and the moving 

mass of the device to measure the relative displacement and relative velocity of the moving mass 

with respect to the supporting frame. Moreover, one accelerometer was attached to the moving 

mass and another was attached to the supporting mass. Then, the DTM damper was subjected to 

different BLWNs, chirps, and sinusoidal signals. The BLWNs had different frequency ranges 

(0~2, 0~3, 0~5, 0~7, and 0~10 Hz) and different maximum amplitudes ranging from 0.03 to 0.80 

in. To better observe the frequency-dependent behavior of the DTM damper, chirp signals with 

different maximum amplitude and different frequency ranges (0~5, 0~10 Hz) were used. Also, 

the sinusoidal signals had different frequencies ranging from 0.5 to 5 Hz and different maximum 

amplitudes. 

After subjecting the DTM damper to the aforementioned excitations, the collected signals 

were used to identify the damping (𝑐𝑑) and stiffness (𝑘𝑑) of the DTM damper by utilizing the 

MATLAB optimization toolbox (MATLAB 2014). With these two values, the transfer function 

of the DTM damper model (equation (47)) was determined. 
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5.1.2.1 DTM damper valve #1 

The average of the experimental transfer functions of the DTM damper obtained from 

different BLWNs is shown in Figure 18 with a blue solid line. Also, the transfer function of the 

identified model (equation (47)) is depicted by a red dashed line in the same figure. The 

identified model suggests a damping equal to 1915.6 N.s/m and a stiffness equal to 93476 N/m 

for the DTM damper. Based on the experimental transfer function plot, the natural frequency of 

the DTM damper (the frequency at which the amplitude is maximum) is 3.00 Hz. Note that the 

natural frequency of a single-degree-of-freedom structure, such as the DTM damper, can be 

calculated by using the following equation as well 

where 𝜔𝑛 and 𝑓𝑛 denote the natural circular frequency and natural frequency of the single-

degree-of-freedom structure, respectively. This equation gives a natural frequency of 3.03 Hz for 

the DTM damper. Furthermore, the damping ratio of the DTM damper can be calculated by 

using the following equation 

where 𝜁 represents the damping ratio and 𝑐 is the damping of a single-degree-of-freedom 

structure (here, the identified damping for DTM, 𝑐𝑑). The computed damping ratio based on 

equation (49) is equal to 19.67%. This large damping ratio causes the amplitude plot of the 

transfer function for the DTM damper to have a wide peak around the natural frequency (see the 

top plot in Figure 18). 

 𝑓𝑛 = 2 × 𝜋 × 𝜔𝑛;           𝜔𝑛 = √
𝑘

𝑚
 (48) 

 𝜁 =
𝑐

2 × 𝑚 × 𝜔𝑛
        (49) 
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Figure 18. Experimental transfer function of the DTM and model fit to it (Valve #1) 

5.1.2.2 DTM damper valve #2 

As explained previously, by changing the valve in the DTM, the dynamic properties of 

the device will change. Figure 19 shows the average of the transfer functions of the DTM 

damper with valve #2 obtained from the experimental data, as well as the transfer function 

obtained from the identified model. Based on the plot, the natural frequency of the DTM is 2.81 

Hz. Also, based on the identified model for the DTM with valve #2, the following dynamic 

properties were computed: 𝑐𝑑 = 928.76 N.s/m, 𝐾𝑑 = 82842 N/m, and 𝜁 = 10.17%. Moreover, a 

comparison between Figure 18 and Figure 19 shows that the transfer function of the DTM with 

valve #2 has a narrower but larger amplitude peak around the natural frequency, which indicates 

a smaller damping ratio for the damper. 
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Figure 19. Experimental transfer function of the DTM and model fit to it (Valve #2) 

5.1.2.3 DTM damper valve #3 

Figure 20 illustrates the average of the transfer functions of the DTM with valve #3. The 

identified properties for the DTM damper with this new valve are: 𝑓𝑛 = 2.81, 𝑐𝑑 = 644 N.s/m, 𝐾𝑑 

= 81061 N/m, and 𝜁 = 7.13%. 

5.1.2.4 DTM damper valve #4 

To make the DTM damper an efficient device for reducing the undesired vibration of 

civil structures, a damping ratio around 5% is required. To achieve this damping ratio, the 

opening between the reed petal tip and edge of the valve, where air exits from the air chamber, 

was increased (see Figure 16). The average of the transfer functions of the DTM damper (with 

the new configuration (valve #4)) obtained from different BLWNs is shown in Figure 21. The 

identified model for the DTM damper with this new configuration led to the following 

properties: 𝑓𝑛 = 2.81, 𝑐𝑑 = 491.6 N.s/m, 𝐾𝑑 = 80810 N/m, and 𝜁 = 5.38%. This configuration of 

the DTM damper has the dynamic properties that are needed for civil structures. Later, the 
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performance of the DTM damper with this configuration in the response reduction of a two-story 

building will be shown. 

 

Figure 20. Experimental transfer function of the DTM and model fit to it (Valve #3) 

 

 

Figure 21. Experimental transfer function of the DTM and model fit to it (Valve #4) 
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5.1.2.4.1 DTM damper model obtained under BLWNs 

As was mentioned earlier, the average of the obtained transfer functions for the DTM 

from different BLWN excitations together with the transfer function of the models fit to the 

experimental data are presented in Figure 18 to Figure 21. However, the DTM damper model can 

be also identified based on each of the BLWN excitations to observe the effect of the frequency 

content and amplitude of the excitation on the identified models. Figure 22 shows the identified 

damping ratio for the DTM under 22 different BLWNs with frequency bandwidth of 0~2 Hz, 

0~3 Hz, 0~5 Hz, 0~7 Hz, and 0~10 Hz with different maximum amplitudes. As can be observed 

from this figure, the identified damping ratios for the DTM damper under these different 

excitations are similar to each other and are approximately 5.4%. This indicates that the damping 

properties of the DTM damper do not change based on the amplitude of the frequency content of 

the excitation. 

Figure 23 depicts the identified natural frequencies of the DTM damper under the same 

22 BLWNs. Again, it can be seen that the identified natural frequency of the DTM damper is 

 

Figure 22. Identified daping ratio for the DTM damper with valve #4. Input: BLWN. 
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independent of the excitation and is approximately 2.8 Hz. These observations from Figure 22 

and Figure 23 suggest that the DTM damper is a linear system which can be modeled by 

identifying its damping (or damping ratio) and stiffness (or natural frequency). 

 

Figure 23. Identified natural frequency for the DTM damper with valve #4. Input: BLWN. 

5.1.2.4.2 DTM damper model obtained under chirp 

In addition to the mentioned BLWNs, 15 chirp signals with a frequency range from 

0~5Hz and 0~10Hz with different amplitudes were used as the excitations for the DTM damper. 

Figure 24 shows the identified damping ratios of the DTM damper under the chirp signals. As 

can be seen from this figure, the identified damping ratios are similar and are approximately 

5.4%. It should also be noted that the small variation in the identified damping ratios is due to the 

existence of noise in the collected signals. 
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The identified natural frequencies for the DTM damper under chirp signals are shown in 

Figure 25. Similar to the damping ratio, the natural frequency of the DTM damper is independent 

of the excitation and is identified as approximately 2.8 Hz.  

 

Figure 25. Identified natural frequency for the DTM damper with valve #4. Input: chirp. 

 

 

 

Figure 24. Identified daping ratio for the DTM damper with valve #4. Input: chirp. 
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5.1.2.5 DTM damper without valve 

Figure 26 shows the transfer function of the DTM damper without the valve. As can be 

observed from this figure, the transfer function of the DTM damper without valve has a large and 

narrow amplitude peak around the natural frequency. Note that the y-axis range of the amplitude 

plot in this figure is 6 times larger than the y-axis in the amplitude plots in Figure 18 to Figure 

21. 

 

Figure 26. Experimental transfer function of DTM and model fit to it (without valve) 

The identified properties of the DTM damper with different valves are summarized in 

Table 4. Based on this table, the identified damping for the DTM (𝑐𝑑) changes considerably by 

changing the valve. However, changing the valve does not significantly affect the identified 

value for the stiffness (𝑘𝑑) which indicates that the stiffness associated with the valve (𝑘𝑣) is 

small compared to 𝑘1 (see equation (44) and Figure 17). 
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Table 4. Identified properties for the DTM damper 

Valve  # 
𝑚𝑑 

(kg) 

𝑐𝑑 

(N.s/m) 

𝑘𝑑 

(N/m) 

Damping ratio 

(%) 

Natural frequency 

(Hz) 

1 258.32 1915.6 93476 19.67 3.00 

2 258.35 928.76 82842 10.17 2.81 

3 258.35 644 81061 7.13 2.78 

4 258.35 491.6 80810 5.38 2.81 

Without valve 257.55 70.025 80943 0.769 2.81 
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REAL-TIME HYBRID SIMULATION FOR A TWO-STORY BUILDING EQUIPPED WITH 

DTM DAMPER 

 

This chapter investigates the effect of the FIR compensator for improving the 

performance of the hydraulic actuator used in RTHS. A two-story reinforced concrete building 

studied by Sarno and Manfredi (2012) is adapted here as the building under investigation. The 

building is equipped with the DTM damper to reduce its undesired responses to the ground 

motion. The following section demonstrates the properties of the FIR compensator used in this 

study. Then, details of the building under investigation will be introduced. Eventually, the RTHS 

results are presented to show the ability of the FIR compensator for improving the performance 

of the actuator as well as the effects of the DTM damper on the reduction of building responses 

to seismic motion.  

6.1 FIR compensator design 

The FIR compensator is designed based on the dynamic model of the actuator attached to 

the shake table with the DTM damper mounted on top of it. The design procedure for the FIR 

compensator is explained in CHAPTER 4. 
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Figure 27. Experimental and identified transfer function of actuator attached to shaking table 

with DTM mounted on top. 

Figure 27 shows the transfer function for the actuator attached to the shaking table (blue 

solid line) together with the identified transfer function for the actuator based on its ARX model 

(red dashed line). As can be seen, there is a good agreement between the two curves. Moreover, 

it can be observed that the performance of the actuator deteriorates as the frequency increases for 

both amplitude and phase. As a result, the FIR compensator is designed to improve the 

performance of the actuator and reduce the time delay. Note that the actuator time delay before 

applying the compensator is 15.64 ms. Figure 28 shows the transfer function of the FIR 

compensator designed by using the WLS optimization scheme with 𝑓𝑐 = 10 Hz and 𝑛 = 400. The 

transfer function for the actuator after applying the FIR compensator is shown in Figure 29. A 

comparison between the transfer function for the actuator before (Figure 27) and after applying 

the FIR compensator (Figure 29) shows that the performance of the actuator improved in both 

amplitude and phase. Also, the FIR compensator reduced the time delay from 15.64 ms to -0.86 

ms. 
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Figure 28. Transfer function for the FIR compensator designed by the WLS scheme with 𝑓𝑐 = 

10 Hz and 𝑛 = 400. 

 

 

Figure 29. Transfer function for the actuator after applying the FIR compensator. 

Table 5 presents the actuator time delay and the relative RMS error between the desired 

and measured displacement of the actuator before and after applying the FIR compensator. The 

desired displacements of the actuator were BLWNs with bandwidth of 0~7 Hz and maximum 

amplitude of 0.10, 0.15, 0.20, and 0.25 in. Based on the obtained results, the FIR compensator 

reduced the time delay from 15.6 ms to less than 1 ms for all cases except the BLWN with 
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maximum amplitude equal to 0.15 in. Also, the FIR compensator reduced the relative RMS error 

from 46% to approximately 10%.  

Table 5. Actuator time delay and relative RMS error between the desired and  the 

measured displacement of the actuator 

Maximum amplitude 

of the desired 

displacement (in.) 

Time delay (ms) Relative RMS error (%) 

Before 

compensation 

After 

compensation 

Before 

compensation 

After 

compensation 

0.10 15.668 -0.736 46.57 10.05 

0.15 15.565 -1.007 45.78 9.93 

0.20 15.606 -0.938 45.54 10.16 

0.25 15.803 -0.757 47.17 9.76 

 

6.2 Building under investigation 

A schematic drawing of the linear-elastic reinforced concrete building under 

investigation, generated in SAP2000, is shown in Figure 30. The building has two stories with 

two spans in the x-direction and one span in the y-direction. The height of each floor is 3.6 m 

(11.81 ft). The length of each span in the x-direction is 2.85 m (9.35 ft) and the span length in the 

y-direction is 4.7 m (15.42 ft). All the columns of the building are fully fixed to the ground. 

 

Figure 30. Schematic drawing of the two-story reinforced concrete building 
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The elastic modulus of concrete is 26672 MPa (3868 ksi). Figure 31 depicts the cross-

sections of the beams. All beam cross-sections are 30 cm (11.8 in.) wide and 50 cm (19.7 in.) 

deep. The rebar configuration of the first and last 20% of the beam length (from support) are 

different with the rebar in the mid-span. The longitudinal rebar are ∅12 and ∅16 with a diameter 

of 12 mm (0.47 in.) and 16 mm (0.63 in.), respectively. Figure 32 shows the cross-sections of the 

columns. All columns cross-sections are 30 cm (11.8 in.) wide and 30 cm (11.8 in.) deep. The 

cross-sections of the columns located at the first floor and the second floor of the building have 

four ∅16 and four ∅12 as the longitudinal rebar, respectively. 
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Figure 31. Beam sections (unit: cm) 

 

 

 

 

 

2 Ø 12

1 Ø 16

2 Ø 12

30 cm

2 Ø 12

2 Ø 12

30 cm

5
0

 c
m

2 Ø 12

3 Ø 16

2 Ø 12

30 cm

5
0
 c

m

1 Ø 16

2 Ø 12

2 Ø 12

30 cm

5
0

 c
m

4 Ø 16

2 Ø 12

1 Ø 16

2 Ø 12

30 cm

5
0

 c
m

2 Ø 12

2 Ø 12

30 cm

5
0

 c
m

2 Ø 12

3 Ø 16

2 Ø 12

30 cm

5
0
 c

m

2 Ø 16

2 Ø 12

2 Ø 12

30 cm

5
0

 c
m

3 Ø 16



72 

 Column sections 
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Figure 32. Column sections (unit: cm) 

A 3D model of the building with 40 nodes was generated in MATLAB (MATLAB 

2014). In the model, each beam was modeled by 3 elements and each column by one element. 

The entire building model has 40 nodes. Each node has 6 DOFs, and the entire model has 240 

DOFs. By considering a rigid diaphragm for each floor and neglecting all rotational DOFs and 

all vertical DOFs except the vertical DOFs associated with the nods at the intercepts of the 

column and beam elements, the number of DOFs reduced to 16. 

Figure 33 shows the displacement response of the 2nd floor to a seismic motion for two 

models of the building: a model with all 240 DOFs and a reduced model with 16 DOFs. As can 

be seen, the responses of the two models to the same excitation are similar. However, the 

computational demand of the model with 240 DOFs is significantly larger than that of the model 

with 16 DOFs. As a result, the model with 16 DOFs is sufficient to study the behavior of the 

building under investigation. The first two natural frequencies associated with the lateral modes 

of the building in the x-direction (the direction with two spans, also see Figure 30) are 2.81 Hz 

and 7.77 Hz, respectively. Also, the damping ratios associated with these two modes are 4.2% 

and 10%, respectively. The building is considered to be equipped with five DTM dampers to 

reduce its response when it is subjected to seismic loads in the x-direction (the direction with two 
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spans). It is assumed that all the DTM dampers are installed on the second floor of the building, 

thus, the behavior of all the DTM dampers is identical. This assumption also helps the RTHS to 

be performed with only one DTM damper in the laboratory. The ratio between the mass of the 

five DTM dampers and the mass of the building is 2.06%. The building was subjected to three 

well-known seismic motion records: El-Centro 1940 (station: El Centro array), Northridge 1994 

(station: Sylmar), and Kobe 1995 (station: Amagasaki).  

 

Figure 33. Time-history response of the building to a seismic motion 

RTHS was used to obtain the response of the building to the aforementioned excitations. 

In the RTHS, the numerical substructure includes the building model, and the experimental 

substructure includes the DTM damper. Note that because it is assumed that the behavior of all 5 

DTM dampers is identical, the experimental substructure in the RTHS only includes one damper. 

However, the force generated by the DTM damper in the laboratory is multiplied by 5 to 

represents the effect of 5 DTM dampers. Then, this force is sent back into the numerical 

substructure for solving the EOM of the building model. 
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6.3 RTHS results 

The building explained in the previous section was subjected to three different 

acceleration records: El Centro, Northridge, and Kobe. The seismic records were scaled such that 

the DTM damper functioned in its safe range (i.e. the relative displacement of the DTM damper 

stayed within a range that would not damage the DTM). Two different configurations of the 

DTM damper were used in this study: 1) with valve #4, and 2) without the valve. Furthermore, 

the response of the uncontrolled (without any dampers) building to the mentioned seismic loads 

was studied. 

6.3.1 Building response to El Centro earthquake 

Figure 34 shows the El Centro acceleration record with accelerations reduced to 10% of 

the true values. 

Then, the building model without the damper, the building model with the DTM with 

valve #4, and the building model with the DTM without the valve were subjected to the El 

Centro acceleration record. Figure 35 shows the displacement time histories for the 2nd floor of 

the three building models to the ground motion. The maximum displacement response of the 2nd 

 

Figure 34. Scaled El Centro acceleration record 
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floor and the RMS of the displacement of the 2nd floor are summarized in Table 6. As shown in 

this table, the maximum displacement of the 2nd floor of the uncontrolled building was 0.0987 in. 

This displacement was reduced after equipping the building with the DTM damper with valve to 

0.0824 in (16.5% reduction). Also, the RMS of the displacement was reduced from 0.0143 in. to 

0.0129 in. (9.79% reduction). The DTM damper without the valve reduced the maximum 

displacement to 0.0867 in. (12.2% reduction). However, the DTM damper without the valve 

increased the RMS of the displacement to 0.016 in. (9.79% increase). Based on the results, it can 

be concluded that the DTM damper with valve #4 reduced the response of the building better 

than the DTM minus the valve. Note that the response of the uncontrolled building was obtained 

from a pure numerical simulation. However, the response of the building equipped with DTM 

was obtained using RTHS. 

  

 

Figure 35. Time history responses of the building to 10% of El Centro earthquake: (a) 

Uncontrolled building; (b) Building with DTM (without valve); (c) Building with DTM (valve 

#4). 
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Table 6. Response of different building models to the El Centro ground motion 

model 

Max. disp. of 

the 2nd floor 

(in.) 

Reduction in 

the max. disp. 

(%) 

RMS of the 

disp. of the 

2nd floor (in.) 

Reduction in 

the RMS of 

disp. (%) 

uncontrolled 0.0987 - 0.0143 - 

DTM (valve #4) 0.0824 16.5 0.0129 9.79 

DTM (without 

the valve) 
0.0867 12.2 0.0157 -9.79 

6.3.2 Building response to Northridge earthquake 

The three building models were subjected to 3.9% of the Northridge acceleration record 

(see Figure 36). The displacement time histories of the 2nd floor of the buildings are shown in 

Figure 37. 

 

Figure 36. Scaled Northridge acceleration record 

Based on Table 7, the maximum displacement of the 2nd floor before adding any damper 

to the building was 0.0960 in. However, the DTM damper with valve #4 and without a valve 

reduced the maximum displacement to 0.0939 in. (2.2% reduction) and 0.0938 in. (2.3%), 

respectively. Although the dampers did not reduce the maximum displacement of the building 

significantly, they reduced the RMS of the displacement significantly. The DTM valve #4 and 

the DTM without a valve reduced the RMS from 0.0120 in. to 0.0089 in. (25.8% reduction) and 
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0.0107 in. (10.8% reduction) and, respectively. Again, it can be concluded that the DTM damper 

with valve performed better than the DTM without a valve. 

 

 

Table 7. Response of the different building models to the Northridge ground 

motion 

model 

Max. disp. of 

the 2nd floor 

(in.) 

Reduction in 

the max. disp. 

(%) 

RMS of the 

disp. of the 

2nd floor (in.) 

Reduction in 

the RMS of 

disp. (%) 

uncontrolled 0.0960 - 0.0120 - 

DTM (valve #4) 0.0939 2.2 0.0089 25.8 

DTM (without 

the valve) 
0.0938 2.3 0.0107 10.8 

 

6.3.3 Building response to Kobe earthquake 

The time-history responses of the three building models to 13.5% of the Kobe record (see 

Figure 38) are shown in Figure 39. As can be observed from this figure, the DTM damper with 

Figure 37. Time-history responses of the building to 3.9% of Northridge earthquake: (a) 

Uncontrolled building; (b) Building with DTM (without valve); (c) Building with DTM (valve 

#4). 
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and without the valve reduced the displacement response of the building significantly. According 

to Table 8, the DTM damper without a valve and the DTM damper with valve #4 reduced the 

maximum displacement of the 2nd floor from 0.1236 in. to 0.1108 in. (10.4% reduction) and to 

0.0854 in. (30.9% reduction), respectively.  

 

Figure 38. Scaled Kobe acceleration record 

Also, the DTM damper without and with valve #4 reduced the RMS of the displacement from 

0.0242 in. to 0.0149 in. (38.4% reduction) and to 0.0133 in. (45.0% reduction), respectively. 

Thus, both devices successfully controlled the response of the building when it was subjected to 

the Kobe ground motion. However, the results obtained show the superior performance of the 

DTM with valve compared to the performance of the DTM damper without a valve in reducing 

the response of the building. 
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Table 8. Response of different building models to the Kobe ground motion 

model 

Max. disp. of 

the 2nd floor 

(in.) 

Reduction in 

the max. disp. 

(%) 

RMS of the 

disp. of the 

2nd floor (in.) 

Reduction in 

the RMS of 

disp. (%) 

uncontrolled 0.1236 - 0.0242 - 

DTM (valve #4) 0.0854 30.9 0.0133 45.0 

DTM (without 

the valve) 
0.1108 10.4 0.0149 38.4 

 

6.3.4 Validation of the RTHS 

To validate the results obtained from the RTHS tests, the entire two-story building 

together with the DTM damper installed on the top of the building were modeled in MATLAB 

Simulink (MATLAB 2014). The model was then subjected to the same acceleration records as 

those used in section 6.3.1 to 6.3.3. 

Figure 39. Time-history responses of the building to 13.5% of Kobe earthquake: (a) 

Uncontrolled building; (b) Building with DTM (without valve); (c) Building with DTM (valve 

#4). 
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Figure 40 shows the displacement responses of the 2nd floor of the building equipped with 

the DTM obtained from the RTHS and from the numerical simulation when the building is 

subjected to 10% of the El Centro acceleration record. A zoom-in view of the responses is 

depicted in Figure 41. As can be seen from these two figures, there is a good agreement between 

the results obtained from the RTHS and results obtained from a numerical simulation, which 

indicates the RTHS results are reliable. 

 

Figure 40. Comparison between results obtained from RTHS and numerical simulation 

Note that the relative RMS error between the results obtained from the numerical simulation and 

the RTHS with respect to the numerical simulation is 10.7%. 
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Figure 41. Comparison between results obtained from RTHS and numerical simulation (zoom-

in view) 

Table 9 summarizes the relative RMS error between the results obtained from the 

numerical simulation and results obtained from the RTHS. The table also presents the actuator 

time delay in the RTHS. As can be seen, the FIR compensator reduced the actuator time delay to 

less than 1 ms in all the performed RTHS tests. 

Table 9. Actuator time delay and relative RMS error between the numerical 

simulation and RTHS results 

Damper Earthquake Actuator time delay (ms) Relative RMS error (%) 

DTM with 

valve #4 

El Centro 0.372 10.06 

Northridge -0.389 11.35 

Kobe -0.338 13.95 

DTM without 

a valve 

El Centro -0.068 16.48 

Northridge -0.490 19.79 

Kobe -0.579 25.60 
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DISCUSSION ON DTM DAMPER 

 

To fully understand the performance of the DTM damper in reducing response of 

buildings when they are subjected to ground motion, the entire building and DTM damper were 

modeled numerically in MATLAB (MATLAB 2014). The building was then subjected to a 

ground motion and the maximum 2nd-floor displacement, maximum 2nd-floor acceleration, RMS 

of 2nd-floor displacement, and RMS of 2nd-floor acceleration were calculated to investigate the 

effects of the DTM damper on the building.  

7.1 Effects of the available DTM damper on buildings with different natural frequencies 

The DTM damper tested at The University of Alabama was modeled numerically in 

Section 5.1. In this section, the effect of the DTM damper with valve #4 and the DTM damper 

without the valve in reducing the response of buildings with different natural frequencies are 

studied. For this purpose, the same building introduced in Section 6.2 was used in this 

investigation. Also, the natural frequency of the first mode of the building in the loading 

direction was varied from 1.96 Hz to 5.00 Hz. Another parameter that was studied is the ratio 

between the mass of the damper and the mass of the building. This mass ratio varied from 0 (i.e. 

uncontrolled building) to 0.05. The building was then subjected to the El Centro ground motion 

and responses were calculated. 
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7.1.1 Building with DTM with valve #4 

Figure 42 summarizes the 2nd-floor response of buildings to the El Centro earthquake. 

This figure depicts the maximum displacement and maximum acceleration which are associated 

with the safety and comfort of the building, respectively, and RMS of displacement and RMS of 

acceleration which are associated with the inserted energy into the building during the 

earthquake. Plots (a) and (c) of this figure shows that the maximum displacement and RMS of 

the displacement reduce as the natural frequency of the building increases.  

 Displacement Acceleration 

M
ax

im
u
m

 

  

R
M

S
 

  

Also, plots (b) and (d) indicate that the maximum and RMS of the 2nd-floor acceleration are 

minimum for buildings with natural frequency of 2.5 Hz and 3 Hz, respectively. Moreover, as 

the mass ratio increases, the maximum and RMS of the acceleration generally reduces. 

Figure 42. Responses of the 2nd floor of buildings equipped with DTM: a) Maximum 

displacement; b) Maximum acceleration; c) RMS of displacement; d) RMS of acceleration. 

(a) (b) 

(c) (d) 
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7.1.2 Building with DTM without a valve 

This section investigates the behavior of the buildings equipped with DTM damper 

without a valve. 

Figure 43 shows the 2nd-floor response of the buildings to the El Centro earthquake. 

Similar to the buildings equipped with the DTM with valve #4, the maximum and RMS 

displacements of the 2nd floor reduced as the natural frequency of the building increased.  
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Also, the maximum and RMS of the 2nd-floor acceleration are minimum for buildings with 

natural frequency of 2.5 Hz and 2.9 Hz, respectively. Similar to displacement, acceleration of the 

building generally reduced as the mass ratio increased. 

Figure 43. Responses of the 2nd floor of buildings equipped with DTM without a valve: a) 

Maximum displacement; b) Maximum acceleration; c) RMS of displacement; d) RMS of 

acceleration. 

(a) (b) 

(c) (d) 
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7.1.3 Comparison between DTM with and without a valve 

To compare the performance of the DTM damper with and without a valve, responses of 

the building with natural frequency equal to 2.81 Hz (the same as the building in Section 6.2) are 

extracted from Figure 42 and Figure 43 and are presented together in Figure 44. In this figure, 

the blue solid line represents the response of the building equipped with the DTM with valve and 

the red dashed line represents the response of the building equipped with the DTM without a 

valve.  
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As can be observed from this figure, the performance of the DTM damper with the valve #4 

compared to the performance of the DTM without a valve is superior in reducing the maximum 

Figure 44. Responses of 2nd floor of the buildings equipped with DTM with valve #4 and 

without a valve: a) Maximum displacement; b) Maximum acceleration; c) RMS of 

displacement; d) RMS of acceleration.  

(a) (b) 

(c) (d) 
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displacement, maximum acceleration, RMS of displacement, and RMS of acceleration. This 

observation agrees with the results obtained in CHAPTER 6 where the same building was 

investigated in the laboratory by performing RTHS tests. 

7.2 Tuning DTM for a specific building 

Although in CHAPTER 6 and Section 7.1 the building was tuned based on the available 

DTM damper, in the real world the DTM damper would be tuned based on the dynamic 

properties of the building. In this section, a building with natural frequency of 2.81 Hz (similar to 

the building in Section 6.2) together with a DTM damper are modeled numerically. For this 

investigation, the properties of the building were constant but the natural frequency of the DTM 

(associated with the stiffness of the DTM (𝑘𝑑) in equation (46)) varied from 0.1 Hz to 10 Hz, 

and the damping ratio of the DTM (associated with the damping of the DTM (𝑐𝑑) in equation 

(46)) varied from 0.5% to 15%. Also, the mass of the DTM was taken to be 1% of the mass of 

the building. The building was then subjected to a BLWN with bandwidth of 0~10 Hz and 

maximum amplitude of 1 g. The same four criteria (Maximum and RMS displacement and 

maximum and RMS acceleration of the 2nd floor) used earlier were used to investigate the 

performance of the DTM dampers and to identify the DTM best suited for the building under 

study. Figure 45 shows the surfaces associated with these four criteria. Based on plot (a) of 

Figure 45, an optimal DTM damper for minimizing the maximum displacement of the 2nd floor 

of the building has a natural frequency (𝑁𝑓) of 1.7 Hz and a damping ratio (𝜁) of 6%. Also, the 

DTM damper for best reducing the maximum acceleration has a natural frequency (𝑁𝑓) of 1.8 Hz 

and a damping ratio (𝜁) of 2%. Moreover, the RMS of the displacement and RMS of the 

acceleration of the 2nd floor can be minimized by a DTM damper with a natural frequency (𝑁𝑓) 

of 1.8 Hz and a damping ratio (𝜁) of 4%. 
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Figure 45. Responses of the 2nd floor of buildings (𝑁𝑓=2.81 Hz) equipped with DTM with 

mass ratio = 1%: a) Maximum displacement; b) Maximum acceleration; c) RMS of 

displacement; d) RMS of acceleration.  

(a) (b) 

(c) (d) 
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SUMMARY AND CONCLUSIONS 

 

This chapter summarizes the dissertation and conclusions. 

8.1 Summary of work 

The first chapter of the dissertation introduced the motivation of this research which is to 

develop a new compensator for RTHS. Designing the compensators directly using discrete-time 

plant models is a new topic in RTHS. In the development of the FIR compensator in CHAPTER 

4, the dissertation has clearly explained the technical challenge in designing the compensator in 

the discrete-time domain as inverting the unstable zeros obtained from sampling continuous-time 

systems. Based on the ARX models of the plant, the dissertation proposed a feedforward 

compensator using a finite impulse response (FIR) filter. The developed compensator was 

obtained via different optimization schemes (WLS, LS, and MM) to provide optimal 

compensation performance, even when the excitation signal has a relatively high-frequency 

bandwidth (0~30 Hz). 

The efficacy and effectiveness of the FIR compensators were examined in both numerical 

and experimental compensation studies and demonstrated in a series of RTHS tests. Meanwhile, 

the model-based feedforward compensator, NPZ-Ignore, ZMETC, and ZPETC compensators 

were also implemented and investigated in these studies. The results show that the proposed FIR 

compensators can effectively reduce time delay and relative RMS error between the input and 
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output of the plant system, and demonstrated a better performance than existing feedforward 

compensators. 

 CHAPTER 5 introduced the DTM damper designed by NASA. It also provided 

mathematical models for the DTM with different configurations. 

 CHAPTER 6 studied the behavior of a two-story building equipped with the DTM 

damper. For this purpose, 12 RTHS tests were conducted. The results showed the superior 

performance of the DTM with a valve compared to the performance of the DTM without a valve. 

Also, the FIR compensator used in these RTHS tests successfully reduced the time delay to less 

than 1 ms. 

 CHAPTER 7 investigated the performance of the DTM damper for reducing the 

response of different linear-elastic buildings with different natural frequencies. This chapter also 

compared the performance of the DTM with and without a valve in reducing the response of the 

buildings. It also studied the effect of different DTM dampers with different damping and 

stiffness on the behavior of the two-story building introduced in Section 6.2.  

8.2 Conclusions 

This dissertation introduced an optimal discrete-time compensation technique for 

hydraulic actuators used in RTHS. The results showed that the FIR compensators can adequately 

reduce the time delay and relative RMS error between the desired and measured displacement of 

the actuator. It was also observed that the performance of the FIR compensator is superior to the 

performance of the existing feedforward compensators. Three main observations about the 

performance of the FIR compensators are listed below: 
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1. All the designed FIR compensators effectively reduced the time delay and relative RMS 

error under different BLWN with bandwidths of 0~5 Hz, 0~10 Hz, 0~20 Hz, and 0~30 

Hz. 

2. The performance of the FIR compensators increased as the number of parameters (𝑛) 

increased and the cut-off frequency (𝑓𝑐) decreased. 

3. Both numerical and experimental studies showed that the best compensation performance 

can be obtained by implementing the FIR compensators, specifically when the input 

signal has a relatively high-frequency bandwidth (0~30 Hz). 

Based on this study, it was found that the proposed FIR compensator technique not only 

provides excellent compensation performance under various bandwidths, but also offered great 

flexibility in its formulation by varying the model order with desired compensation performance 

and computational demands. Once an operational excitation frequency bandwidth is specified, an 

appropriate model order of the FIR compensator can be determined based on the trade-off 

between desired compensation performance and computational demand. 

Furthermore, results obtained in CHAPTER 6 and CHAPTER 7 showed that the DTM 

damper can successfully reduce the response of linear-elastic buildings subjected to ground 

motions. Also, the results showed the superior performance of the DTM with a valve compared 

to the performance of the DTM without a valve. 

8.3 Future study 

 As shown in Figure 6 and Figure 28, a high-pass behavior is obtained for the FIR 

compensator beyond the cut-off frequency. If significant amount of disturbances 

are present, they may be amplified and further contaminate the compensated 

signal due to this behavior. Future research could be conducted to improve the 
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robustness of the proposed compensator under possible disturbances during 

RTHS. 

 The FIR compensator is designed based on a dynamic model of the actuator and 

the specimen attached to it. Thus, high nonlinearity in the specimen can reduce 

the performance of the FIR compensator. Future research could be performed on 

improving the performance of the FIR compensator under this condition. 

  CHAPTER 6 studied the performance of the DTM damper mounted on a low-rise 

reinforced concrete building. Future work can investigate the performance of the 

DTM damper in reducing the response of a high-rise building under the dynamic 

loads. 
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APPENDIX I 

SAMPLED CONTINUOUS-TIME SYSTEM 

 

In analyzing and identifying the plant system, the input and output signals in the system 

are sampled, digitized, and recorded by data acquisition (DAQ) equipment. Then, a 

corresponding discrete time system can be effectively identified using the sampled data. 

However, sampled minimum phase systems are often non-minimum phase (Fu and Dumont 

1989; Hagiwara 1996). This appendix will demonstrate that when the plant system used in this 

study, which can be characterized as a 3-pole or 4-pole minimum phase continuous-time system, 

is sampled under a reasonably low frequency, the resulting discrete time system will become 

non-minimum phase. 

Åström et al. (Åström et al. 1984) have shown that a continuous-time system with 

relative degree larger than two will always generate a discrete time system with unstable zeros 

(outside the unit disk) if the sampling frequency is higher than a threshold. The following 

calculations show how the actuator transfer function in the continuous-time domain can be 

discretized and how to identify the threshold for generating unstable zeros. 

The transfer function of the plant system used in this study can be formulated in the 

continuous-time domain as shown in equation (3). The poles of the two identified transfer 

functions for the actuator are presented in Table 1. A zero-order hold (ZOH) process is 

connected in series with the plant system to simulate the sample and hold process. The transfer 

function of the continuous-time system 𝑇(𝑠) connected to a ZOH process is given as (Åström 

and Wittenmark 2013) 
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 𝑇𝑍𝑂𝐻(𝑠) =
1 − 𝑒𝛿𝑡⋅𝑠

𝑠
𝑇(𝑠) (I. 1) 

where 𝑇𝑍𝑂𝐻(𝑠) is the transfer function of the plant after ZOH is applied, 𝑇(𝑠) is the transfer 

function of the actuator in continuous-time domain (equation (3)), and 𝛿𝑡 is the sampling period. 

By applying the 𝒵-transform to equation (I. 1), it leads to the discrete time transfer function 

 𝑇𝑍𝑂𝐻(𝑧) = 𝒵[𝑇𝑍𝑂𝐻(𝑠)] = (1 − 𝑧
−1) ⋅ 𝒵 [

𝑇𝑍𝑂𝐻(𝑠)

𝑠
] (I. 2) 

where 𝒵(⋅) indicates the 𝒵-transform. 

By assuming that the plant model can be characterized by the 3-pole continuous-time 

transfer function and substitute this transfer function into the equations (I. 1) and (I. 2). The 

discrete time transfer function of the actuator becomes  

 𝑇𝑍𝑂𝐻(𝑧) = −
𝑐1𝑧

−1 + 𝑐2𝑧
−2 + 𝑐3𝑧

−3

𝑝1𝑝2𝑝3(1 − 𝑒𝑝1𝛿𝑡𝑧−1)(1 − 𝑒𝑝2𝛿𝑡𝑧−1)(1 − 𝑒𝑝3𝛿𝑡𝑧−1)
 (I. 3) 

where in equation (I. 3), 𝑝1, 𝑝2,     𝑝3 are three poles of the actuator transfer function in the 

continuous-time domain (see from Table 1) and 𝑐1, 𝑐2     𝑐3 are defined as follow 

 

𝑐1 = 𝐴𝑝2𝑝3(1 − 𝑒
𝑝1𝛿𝑡) + 𝐵𝑝1𝑝3(1 − 𝑒

𝑝2𝛿𝑡) + 𝐶𝑝1𝑝2(1 − 𝑒
𝑝3𝛿𝑡) 

𝑐2 = − 𝐴𝑝2𝑝3(1 − 𝑒
𝑝1𝛿𝑡) ⋅ (𝑒𝑝2𝛿𝑡 + 𝑒𝑝3𝛿𝑡) − 𝐵𝑝1𝑝3(1 − 𝑒

𝑝2𝛿𝑡)

⋅ (𝑒𝑝1𝛿𝑡 + 𝑒𝑝3𝛿𝑡) − 𝐶𝑝1𝑝2(1 − 𝑒
𝑝3𝛿𝑡) ⋅ (𝑒𝑝1𝛿𝑡 + 𝑒𝑝2𝛿𝑡) 

𝑐3 = − 𝐴𝑝2𝑝3(1 − 𝑒
𝑝1𝑇) ⋅ 𝑒𝑝2𝑇 ⋅ 𝑒𝑝3𝑇 − 𝐵𝑝1𝑝3(1 − 𝑒

𝑝2𝑇) ⋅ 𝑒𝑝1𝑇 ⋅ 𝑒𝑝3𝑇

− 𝐶𝑝1𝑝2(1 − 𝑒
𝑝3𝑇) ⋅ 𝑒𝑝1𝑇 ⋅ 𝑒𝑝2𝑇 

(I. 4) 

where 𝐴, 𝐵 and 𝐶 are shown below 
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𝐴 =
𝑝1𝑝2𝑝3

(𝑝2 − 𝑝1) ⋅ (𝑝3 − 𝑝1)
 

𝐵 =
𝑝1𝑝2𝑝3

(𝑝1 − 𝑝2) ⋅ (𝑝3 − 𝑝2)
 

𝐶 =
𝑝1𝑝2𝑝3

(𝑝1 − 𝑝3) ⋅ (𝑝2 − 𝑝3)
 

(I. 5) 

The zeros of 𝑇𝑍𝑂𝐻(𝑧) are then determined by letting equation (I. 3) equal zero under 

different sampling periods (𝛿𝑡). The interested reader can follow the same procedure to derive 

the discrete time transfer function of the actuator based on the 4-pole continuous-time model.  

Figure I. 1 shows the relationship between the magnitude of zeros of the discrete time 

transfer function with different sampling frequencies (= 1/𝛿𝑡 ). Based on plot (a) of Figure I. 1, 

for model #1 (continuous-time transfer function with 3 poles), a sampling frequency larger than 

41 Hz for discretization leads to a discrete time transfer function with a zero outside the unit 

disk, i.e., the resulting discrete time transfer function becomes non-minimum phase. A similar 

observation can be made for model #2 (continuous transfer function with 4 poles) in Figure I. 1. 

(b): one of the zeros becomes unstable when the sampling frequency is higher than 42 Hz. To 

have a better observation about the variation of zeros, Figure I. 1 (a) and (b) include zoom-in 

plots where the sampling frequency varies from 1 to 40 Hz. In this dissertation, a sampling 

frequency of 1024 Hz was used, which implies that the obtained discrete time transfer function 

will have unstable zeros. This statement has been confirmed from the obtained ARX models as 

well. 
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a) Model #1 (transfer function with 3 poles) 

 
b) Model #2 (transfer function with 4 poles) 

Figure I. 1. Magnitude of zeros of the discrete-time transfer function obtained based on 

different sampling frequencies. Note: Model #1 and Model #2 are introduced in equation (3) 

and Table 1. 
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APPENDIX II 

CALCULATION OF THE PHASE ANGLE OF THE COMPENSATED SYSTEM USING 

ZPETC 

 

The following proof shows that the phase angle of the compensated system transfer 

function (equation (11)) equals 0 across the entire frequency domain. The denominator of 

equation (11) is a constant (= 𝐵−∗(1)2) which does not affect the phase angle of the transfer 

function. The proof below only needs to show that the numerator of equation (11) is also a 

constant (real number) which does not alter the phase angle. The numerator is expressed as  

 

𝐵−∗(𝑧−1) ⋅ 𝐵−∗(𝑧) 

         = (𝑏0 + 𝑏1𝑧
−1 + 𝑏2𝑧

−2 +⋯+ 𝑏𝑚𝑧
−𝑚). (𝑏0 + 𝑏1𝑧 + 𝑏2𝑧

2 +⋯

+ 𝑏𝑚𝑧
𝑚) 

= 𝑏0
2 + 𝑏0𝑏1𝑧 + 𝑏0𝑏2𝑧

2 +⋯+ 𝑏0𝑏𝑚𝑧
𝑚   

+ 𝑏1𝑏0𝑧
−1 + 𝑏1

2 + 𝑏1𝑏2𝑧 + ⋯𝑏1𝑏𝑚𝑧
𝑚−1

+ 𝑏2𝑏0𝑧
−2 + 𝑏2𝑏1𝑧

−1 + 𝑏2
2 +⋯+ 𝑏2𝑏𝑚𝑧

𝑚−2

+⋯

+ 𝑏𝑚𝑏0𝑧
−𝑚 + 𝑏𝑚𝑏1𝑧

−𝑚+1 + 𝑏𝑚𝑏2𝑧
−𝑚+2 +⋯+ 𝑏𝑚

2  

(II. 1) 

By rearranging equation (II. 1) to combine the conjugate terms, it can be shown that 

 

𝐵−∗(𝑧−1) ⋅ 𝐵−∗(𝑧) 

            = (𝑏0𝑏1𝑧 + 𝑏1𝑏0𝑧
−1) + ⋯+ (𝑏0𝑏𝑚𝑧

𝑚 + 𝑏𝑚𝑏0𝑧
−𝑚) 

+ (𝑏1𝑏2𝑧 + 𝑏1𝑏2𝑧
−1) + ⋯+ (𝑏0

2 + 𝑏1
2 +⋯+ 𝑏𝑚

2 ) = R  l   m    

(II. 2) 

Thus, both the numerator and denominator of the compensated system transfer function are real 

numbers, which implies that the system compensated by ZPETC preserves the phase angle of the 

input signal across the entire frequency range. 
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APPENDIX III 

CALCULATION OF THE MAGNITUDE OF THE COMPENSATED SYSTEM USING 

ZMETC 

 

The following proof shows the magnitude of the compensated system transfer function 

(equation (15)) is equal to 1 across the entire frequency range. Equation (15) is expanded as 

 𝑇𝑐𝑜𝑚(𝑧
−1) =

𝐵−∗(𝑧−1)

𝐵−(𝑧−1)
=

𝑏0 + 𝑏1𝑧
−1 +⋯+ 𝑏𝑚𝑧

−𝑚

𝑏0𝑧−𝑚 + 𝑏1𝑧−𝑚+1 +⋯+ 𝑏𝑚
 (III. 1) 

where 𝑏𝑖’s (𝑖 = 0,1, … ,𝑚) are the coefficients of the polynomials and 𝑚 is equal to the number 

of unstable zeros of the system transfer function (equation (7)). In the above equation, by 

factoring 𝑧−𝑚 from the denominator and multiplying both the numerator and denominator by 

1 𝑏0⁄ , the compensated system transfer function becomes 

 

𝑇𝑐𝑜𝑚(𝑧
−1) =

𝑏0 + 𝑏1𝑧
−1 +⋯+ 𝑏𝑚𝑧

−𝑚

𝑏0𝑧−𝑚 + 𝑏1𝑧−𝑚+1 +⋯+ 𝑏𝑚
⋅
1 𝑏0⁄

1 𝑏0⁄
 

=
1

𝑧−𝑚
⋅
1 + 𝑏1𝑧

−1 +⋯+ 𝑏𝑚𝑧
−𝑚

1 + 𝑏1𝑧 + ⋯+ 𝑏𝑚𝑧𝑚
 

(III. 2) 

where 𝑏𝑖 = 𝑏𝑖 𝑏0⁄  for 𝑖 = 1, 2, … ,𝑚. Assume 𝑟𝑖’s are the roots of the numerator polynomial, 

then the above equation can be rewritten as 

 𝑇𝑐𝑜𝑚(𝑧
−1) =

1

𝑧−𝑚
⋅
∏ (1 − 𝑟𝑖𝑧

−1)𝑚
𝑖=1

∏ (1 − 𝑟𝑖𝑧)
𝑚
𝑖=1

 (III. 3) 

By using equation (31) and changing the variable in equation (III. 3), the compensated system 

transfer function is converted to the frequency domain as 
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 𝑇𝑐𝑜𝑚(𝑧
−1) ∣𝑧=𝑒𝑗𝜔𝛿𝑡= 𝑇𝑐𝑜𝑚(𝜔) =

1

𝑒−𝑗𝜔𝑚𝛿𝑡
⋅∏

1 − 𝑟𝑖𝑒
−𝑗𝜔𝛿𝑡

1 − 𝑟𝑖𝑒𝑗𝜔𝛿𝑡

𝑚

𝑖=1
 (III. 4) 

Equation (III. 4) can be expanded by using Euler’s formula, 

 𝑇𝑐𝑜𝑚(𝜔) =
1

𝑒−𝑗𝜔𝑚𝛿𝑡
∏

1− 𝑟𝑖[   (𝜔𝛿𝑡) − 𝑗    (𝜔𝛿𝑡)]

1 − 𝑟𝑖[   (𝜔𝛿𝑡) + 𝑗    (𝜔𝛿𝑡)]

𝑚

𝑖=1
 (III. 5) 

By letting 𝑋 =    (𝜔𝛿𝑡) and 𝑌 =    (𝜔𝛿𝑡), the above equation changes to 

 𝑇𝑐𝑜𝑚(𝜔) =
1

𝑒−𝑗𝜔𝑚𝛿𝑡
∏

(1 − 𝑟𝑖 ⋅ 𝑋) + 𝑗𝑌

(1 − 𝑟𝑖 ⋅ 𝑋) − 𝑗𝑌

𝑚

𝑖=1
 (III. 6) 

The magnitude of the compensated system transfer function can be computed as  

 

‖𝑇𝑐𝑜𝑚(𝜔)‖ = ‖
1

𝑒−𝑗𝜔𝑚𝛿𝑡
‖ ⋅∏

‖(1 − 𝑟𝑖 ⋅ 𝑋) + 𝑗𝑌‖

‖(1 − 𝑟𝑖 ⋅ 𝑋) − 𝑗𝑌‖

𝑚

𝑖=1

= 1 ⋅∏
√(1 − 𝑟𝑖 ⋅ 𝑋)2 + 𝑌2

√(1 − 𝑟𝑖 ⋅ 𝑋)2 + (−𝑌)2

𝑚

𝑖=1
= 1𝑚+1 = 1 

(III. 7) 

Thus, the system compensated by ZMETC preserves the magnitude of the input signal across the 

entire frequency range. 
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