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Abstract. In this paper we apply the AdS/CFT correspondence to study a strongly coupled
plasma far from equilibrium with a strong emphasis on the shear behavior. The plasma serves
as a model for an electrically charged quark-gluon plasma. On the gravitational side, we use
an ingoing Vaidya black brane spacetime. The highest rate of mass infall is confined to a short
time interval.

1. Introduction
According to present cosmological models, the universe was radiation-dominated after the
inflation phase and while expanding it cooled down following the law T ∝ t−1/2 where T is the
temperature and t is the time after the big bang. Until about 10−5 s the temperature exceeded a
value of 200MeV and the universe was filled with a very special state of matter called the quark-
gluon plasma (QGP) [1]. Such a state is supposed to be present in the interior of neutron stars
and in supernova explosions. The QGP describes highly compressed baryonic matter at high
temperatures subject to quantum chromodynamics (QCD). QCD has a large coupling constant
at low energies which implies that the fundamental degrees of freedom, quarks and gluons, do
not manifest individually, but are confined to hadrons. At larger energies corresponding to
temperatures close to the critical temperature Tc ∼ 200MeV, the coupling decreases so that
quarks and gluons deconfine and form the QGP. Finally, at even higher energies, the theory
becomes weakly coupled.

The treatment of the QGP around Tc is challenging because the QCD coupling constant is
too large to allow for perturbation theory. There is much activity to describe the QGP by, e.g.,
hydrodynamics, kinetic theory, effective field theory, and lattice QCD (for a detailed treatment
cf. e.g. [2]). A particular approach is provided by the AdS/CFT correspondence. It connects
a supergravity theory on an asymptotically Anti-de Sitter (AdS) spacetime with a non-abelian
conformal field theory (CFT) on the flat conformal boundary of that spacetime. As a strong-
weak duality, the gravitational spacetime is weakly curved, while the conformal field theory is
strongly coupled. Even more general versions have been conjectured, the strong and strongest
form, which also allow stronger curvature on the gravity side and smaller couplings on the field
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theory side. Furthermore, the gauge/gravity duality can also address non-conformal fields on
the boundary (cf. e.g. [3]).

On the experimental side, a QGP has already been produced in heavy-ion collisions at the
Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC) which was proven
by observation of elliptic flow and jet quenching [4, 5]. Experimental data allows to extract
how the highly inhomogeneous initial state after the collision comes to local equilibrium and
how it reacts to fluctuations. The corresponding transport coefficients serve as benchmarks for
theoretical approaches towards the QGP. One prominent representative is the ratio of shear
viscosity to entropy density, η/s. Its extrapolated value lies close to the AdS/CFT prediction
of 1/(4π) for gauge theories at large ’t Hooft coupling which possess a supergavity dual [6–8].

While the hydrodynamic description requires local thermodynamic equilibrium and is
therefore applicable only at advanced times after the heavy-ion collision, the AdS/CFT
correspondence can be used at earlier times in the far-from-equilibrium regime [9–14].

We focus our interest on determining the shear behavior of a hot, charged, strongly coupled
plasma far from equilibrium. The paper is organized as follows: In section 2 we introduce the
quantities relevant for our calculation and show relations among them based on the AdS/CFT
correspondence. Moreover, we discuss shear for long-scaled perturbations in the hydrodynamic
regime. A sketch of our calculation procedure together with the spacetime model can be found
in section 3. Section 4 focuses on the evolution of fluctuations using numerical methods. We
conclude in section 5.

2. AdS/CFT correspondence and hydrodynamics
The AdS/CFT correspondence allows to investigate a quantum field theory at finite temperature
by studying a black brane, i.e., an infinitely extended black hole with planar topology in a
higher-dimensional product spacetime which consists of an asymptotically AdS spacetime and a
compact manifold [15]. The field can be thought to be located on the d-dimensional boundary
of the (d+1)-dimensional AdS bulk spacetime. Since it is possible to associate thermodynamic
properties to black objects (black hole thermodynamics), several quantities can be compared
directly. For example, the temperature of the field on the boundary, T , is given by the Hawking
temperature of the black brane, TH. The entropy of the field state equals the Bekenstein-Hawking
entropy, SBH. Therefore the entropy density s follows from the ratio between SBH and the field
extension, which is Vol

(
R
d−1) for the Poincaré patch:

T = TH =
κ

2π
, s =

SBH

Vol(Rd−1)
=

A

4GVol(Rd−1)
. (1)

Here κ and A denote the surface gravity and the horizon area of the black brane and G is the
higher-dimensional gravitational constant.

The AdS/CFT correspondence or, more generally, the gauge/gravity duality states the
equality of the grand-canonical partition function of the field theory on the boundary at r →∞
and that of supergravity in the bulk. The GKP-Witten relation dynamically connects the field
quantities, e.g., a U(1) current on the boundary with a U(1) bulk field. By choosing a non-
vanishing electric chemical potential μ on the boundary, the field state becomes electrically
charged. The electrodynamic U(1) gauge symmetry on the boundary is modeled by the trace of
the maximal abelian subgroup of the SU(N ) R-symmetry whereN is the number of supercharges
present [3]. The bulk gauge field Am gives rise to the chemical potential by its boundary
asymptotic behavior,

μ = A0|rh − A0|r→∞ (2)

where rh denotes the position of the black brane apparent horizon. The energy-momentum
tensor of the field theory is sourced by the boundary value of the bulk metric gmn. Since
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shear introduces transverse momentum diffusion, the field response is encoded in the spatial off-
diagonal components of the energy-momentum tensor. The corresponding metric components
are of particular interest for us.

The quark-gluon plasma in the experimentally accessible regime behaves as a strongly coupled
fluid. This is due to the fact that the energies in heavy-ion collisions are still too small to decrease
the coupling constant significantly. Close to equilibrium, the QGP evolution and its reaction to
perturbations long-scaled in space and time can be described by relativistic hydrodynamics. In
contrast to an ideal fluid (IF) which is inviscid, fluctuations in the QGP are damped. In order to
capture the dissipative behavior, the constituent equation for the ideal fluid energy-momentum
tensor is replaced by a derivative expansion. At zeroth order there are the components of an
ideal fluid, T IF

μν , while the non-ideal fluid (NIF) components are contained in TNIF
μν [16, 17]. Up

to first order we obtain

Tμν = T IF
μν + TNIF

μν

= (ε uμuν + P Δμν) +
(−η σμν − ζ∇ρu

ρΔμν +O
(∇2

))
. (3)

Referring to a given reference frame, the fluid velocity is denoted by uμ, the energy density by
ε, and the pressure by P . The projector Δμν and the shear tensor σμν read

Δμν ≡ gμν + uμuν , σμν ≡ 2∇〈μuν〉 (4)

where angle brackets stand for the the symmetric traceless part of a tensor with respect to the
corresponding indices. The shear viscosity η and bulk viscosity ζ are examples of transport
coefficients. The latter describes the frictional resistance to compression or expansion. The
former determines the transverse momentum diffusion which manifests itself, e.g., as the velocity
profile of a fluid when applying shear. Consider a 3-dimensional case with a local Cartesian rest
frame and a fluid between two surfaces parallel to the x-z plane. A force in the x-direction
applied tangentially to one surface with an amount F per area A leads to a velocity gradient
∂yux,

−Tyx =
F

A
= η σyx = η ∂yux. (5)

Thus the shear viscosity corresponds to a non-vanishing off-diagonal transverse component of
the energy-momentum tensor.

3. Calculation procedure
As we have seen in the preceding section, shear is related to the xy-component of the energy-
momentum tensor Tμν . For field states close to equilibrium the shear viscosity η can be obtained
by a Green-Kubo relation from the associated retarded Green’s function Gxy,xy

R .
We are interested in the behavior of the quark-gluon plasma under shear in the far-from-

equilibrium regime and thus outside of the hydrodynamic range of applicability. This is the
sketch of our approach: In the same way as above, we focus on T xy and apply linear response
theory. We introduce a linearized metric perturbation, hxy, in order to obtain the linearized
answer in the expectation value of the energy-momentum tensor, 〈δT xy〉. Since in our setup the

corresponding background quantities vanish, g
(bg)
xy = 0,

〈
T (bg)xy

〉
= 0, we have gxy = hxy and

〈T xy〉 = 〈δT xy〉.
The field state far from equilibrium is achieved by choosing a rapidly changing background

solution in the bulk. Therefore time-translation invariance is broken, but the background is still
spatially homogeneous and isotropic. This allows us to perform a Fourier transformation of the
metric perturbation with respect to the transverse coordinates 
x to get rid of the corresponding
derivatives. The equation of motion of the metric fluctuation is solved numerically with the
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infalling boundary condition at the black brane horizon. The one-point function 〈T xy〉 is
extracted from the boundary behavior of the bulk field. Choosing a special profile for the
metric fluctuation, a Dirac delta distribution, the one-point function in presence of this source is
the retarded Green’s function. This allows us to study the two-point function in time [11, 13, 14].

In our investigation, we want to drive a homogeneous and isotropic holographic plasma
far from equilibrium by a sudden temperature rise. Therefore, we choose a 4-dimensional
asymptotically AdS Vaidya spacetime in the bulk (cf. e.g. [18, 19]; for a related study on this
subject cf. [20]). The metric in Poincaré form reads

ds2 = r2
[
−
(
1− M(v)

r3
+

Q2(v)

2r4

)
dv2 + dx2 + dy2 +

2

r2
dr dv

]
. (6)

where v is the ingoing Eddington-Finkelstein coordinate which coincides with ordinary time
t on the boundary. The AdS radial coordinate is denoted by r, and the coordinates x and
y denote Cartesian non-compact transverse coordinates. The Vaidya solution generalizes the
Schwarzschild black brane to the case of a time-dependent mass M(v). We further allow for
a time-dependent electric charge Q(v). The apparent horizon of the black brane is located at
rh(v). Here and in the following, all quantities are normalized to appropriate powers of the AdS
radius L.

The time dependence is due to the infall of pressureless matter which propagates at the speed
of light, known as null matter. By choosing the mass of the brane to increase rapidly in a short
null time interval, we provide the intended energy deposition. This is realized by the mass profile

M(v) = m+
1

2
ms

(
1 + tanh

(
v − ts
σs

))
(7)

where the steepness is parametrized by σs. The initial mass is denoted by m, the infalling mass
by ms. At time ts on the boundary, the temperature undergoes the phase of maximum increase
rate. An example of this profile is shown in Fig. 1. The infalling null matter contributes to the

-4 -2 0 2 4
v

1.2

1.4

1.6

1.8

2.0

M(v)

Figure 1. Sample mass profile M(v) of
the black brane due to the infall of null
matter. It shows the smooth transition
from the initial mass m = 1 to the final
mass m + ms = 2 centered around ts = 0
within a short time period determined by
σs = 0.5.

bulk energy-momentum tensor and carries an electric current,

T bulk, null
mn =

ms sech
2
(
ts−v
σs

)
r − 2σsQ(v) ∂vQ(v)

2σs r3
δvm δvn, Jm

bulk, null = −
∂vQ(v)

r2
δmr . (8)

Furthermore, the black brane has a time-dependent electric charge Q(v) and couples to the
U(1) gauge field Am. The gauge field takes on a non-trivial value at the boundary which plays
the role of the electric chemical potential μ(v) on the field theory side,

Am(v, r) = −
(
μ(v) +

Q(v)

r

)
δvm, μ(v) = −Q(v)

rh(v)
. (9)
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4. Metric fluctuation
To study the properties of the plasma, we introduce linearized perturbations of the background
fields, namely hμν associated to the metric and aμ associated to the gauge field. We apply the
radial gauge in which the r-components of the fluctuations vanish. In the linearized equations of
motion, hxy decouples from the other fluctuations. Using the inverse radial coordinate z ≡ 1/r

and rescaled metric fluctuation ĥxy ≡ hxy/z
2, the equation of motion reads

0 = −2z
(
1−M(v) z3 +

Q2(v)

2
z4
)
∂2
z ĥxy

+
(
4 + 2M(v) z3 − 2Q2(v) z4

)
∂zĥxy − 4 ∂vĥxy + 4z ∂v∂zĥxy. (10)

The equation of motion can be solved numerically. The analytic boundary expansion of the

field in terms of the radial coordinate reveals two independent coefficients, the source h
(0)
xy of

the boundary operator T xy, as well as, at subleading order, the expectation value 〈T xy〉 up
to contact terms. According to linear response theory, we can obtain the Green’s function in

position space by evaluating the one-point function in presence of a Dirac delta-like source ĥpulsexy ,

〈T xy(t1, 
x1)〉h = −
∫

ddξ Gxy,xy
R

(
t1, τ ; 
x1 − 
ξ

)
ĥpulsexy (ξ)︸ ︷︷ ︸

=δ(τ−t2) δ(�ξ−�x2)
= −Gxy,xy

R (t1, t2; 
x1 − 
x2) . (11)

A sketch of the spacetime including the metric fluctuation is presented in Fig. 2. In order to
implement the boundary source in the numerical solution procedure, we approximate it by a
Gaussian profile,

ĥpulsexy (v) = Ap δ(v − tp) 
 Ap√
2π σpv

exp

(
−1

2

(
v − tp
σpv

)2
)
. (12)

Here Ap denotes the integrated amplitude of the pulse with width σpv at boundary time tp.
In this way, we can deduce the retarded Green’s function from the boundary behavior of the
fluctuation in an easy way. Currently, the results of this numerical calculation are being checked
and analyzed.

Figure 2. Sketch of the spacetime. At
boundary time ts the mass infall reaches its
maximum, while tp defines the time interval
of width σpv at which the metric fluctuation
is sourced. The black brane horizon is given
by zh (red line).

5. Conclusion
The AdS/CFT correspondence allows the characterization of a plasma far from equilibrium. The
position-space Green’s function can be a measure of the shear property of the time-dependent
plasma. We investigated a 4-dimensional charged asymptotically AdS Vaidya spacetime as a
gravitational dual for a homogeneous and isotropic excitation of the plasma. We derived the
Green’s function in terms of the one-point function in the presence of a Dirac delta-shaped
source. Our investigation paves the way for a deeper understanding of the quark-gluon plasma
far from equilibrium via the AdS/CFT correspondence.
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