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  ABSTRACT 

 As electrical and electronics engineers have striven to create more energy-dense and 

efficient designs, thermal non-idealities have risen to the forefront of such design endeavors as 

impediments to miniaturizing and densifying electrical products. In order to overcome these 

thermal design barriers, engineers require detailed prediction of their circuits' thermal 

characteristics. Modern electrical engineers must often understand the thermal dynamics of their 

systems equally as well as the electrical characteristics. In this thesis, an overview of electrical 

design areas affected by thermal concerns is given, and a literature review of thermal modeling 

techniques commonly utilized in electrical designs is provided. 

 Furthermore, the thermal modeling of atomic clock mechanical structures is identified as 

the primary focus of this thesis, and the well-known Cauer electro-thermal circuit framework for 

thermal modeling is identified as an optimal modeling solution for atomic clock geometries. 

Subsequently, a full description of the Cauer model and its associated conductive, convective, 

and radiant physics is given with specific emphasis on atomic clock thermal modeling. 

Additionally, experimental and numerical techniques utilized in the extraction of Cauer network 

parameters are discussed, and background on the practical implementation and physical behavior 

of thermal sensors is given. Last, experimental validation of the Cauer model and its applicability 

to atomic clock geometries is shown through the application of the techniques and theories 

discussed in this thesis. 
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CHAPTER 1 INTRODUCTION 

1.1. Introduction and Background 

 The growing demand for compact and efficient electrical devices has compelled modern 

electrical engineers to push the physical limits of conventional design techniques and of 

electrodynamical physics itself. However, as a byproduct of this ongoing push to create the most 

compact, efficient, and energy dense topologies possible, physical phenomena typically 

neglected in circuit analysis have risen to prominence, presenting engineers with newly emerging 

non-idealities and failure modes for which these new topologies must be designed. One such 

emergent non-ideality of particular interest in this thesis is the need for more effective and 

precise thermal management in many modern electrical applications.  What's more, the electrical 

applications affected by the need for more precise thermal management are not relegated to one 

particular application area. That is to say, thermal management is becoming an emerging design 

concern for devices of a wide variety of physical scales, practical functions, and operational 

power levels. Large scale devices, such as power lines [1], generators [2], HVAC systems [3], 

and space infrastructure [4], have historically demonstrated the need for thermal management in 

large, high-power systems. Similarly, medium and small scale devices, such as transformers [5], 

motors [2], advanced batteries [6], atomic clocks [7], and multi-chip power modules [8], have 

highlighted the need for precise thermal control in smaller electrical designs on the basis of 
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improving efficiency and stability. Figure 1 visually depicts the need for thermal modeling in 

systems of all sizes. 

 

Figure 1: Dimensional hierarchy of electrical designs impacted by thermal effects 

 

1.2. Application Areas 

 From the chip scale to that of the power grid, thermal physics has proven itself to be a 

critical design concern in electrical systems over the last century.  Consequently, the purely 

electrical models conventionally used by engineers are gradually being amended to include 

multiphysical variables such as those associated with thermal physics. One example of the 

emergent importance of thermal modeling in accurately capturing system behavior can be found 

in the miniaturization of consumer power supplies [9], which has significantly reduced the 
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thermal masses and effective surface areas of these devices. In general, miniaturized devices are 

more sensitive to ambient thermal conditions during operation than their predecessors. 

Moreover, these temperature variations can significantly impact the electrical characteristics and 

performance of a given device. Since both miniaturization and efficiency are required of modern 

power electronics systems, efforts must be made to better understand and control the thermal 

dynamics of these topologies and their associated mechanical structures [10]-[12]. By virtue of 

their temperature sensitive performance and ever-present need for further energy-densification, 

rechargeable batteries are another area wherein thermal management and analysis are a growing 

necessity [6]. 

 Similarly, the maximum power output, efficiency, and form factor of electric machines 

are limited by the thermal characteristics of their mechanical designs, and detailed knowledge of 

the thermal transfer characteristics of these machines is needed to optimize their performance 

[2],[13]-[15]. Additionally, with the advent of superconducting power line configurations on the 

horizon, the thermal management of transmission lines is evolving beyond historical concerns 

over thermal aging and wear of traditional power lines and transformers, given the extreme 

demands of these developing transmission schemes [1],[5],[16]-[18].  

 Another application area wherein thermal design is relevant to electrical performance 

characteristics is that of atomic clocks. Similar to transmission lines, generators, and 

transformers, atomic clocks are critical to modern life and infrastructure. That is to say, atomic 

clocks play a vital role in keeping global communications, Global Navigation Satellite Systems 

(GNSS), and power distribution services operational and time coordinated. However, unlike 

other thermally sensitive electrical systems discussed above, the electrical signals produced by 

atomic clocks are not intended to be used for transmitting or transforming power. Instead, atomic 
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clocks are designed to generate ultra-stable, precision timing signals. Painstaking effort must be 

expended to prevent external and internal noise sources from affecting the integrity of the output 

signal in these devices. Furthermore, one potentially significant contributor to frequency 

instability in atomic clocks is thermal effects.  Hence, whereas many power applications are 

singularly concerned with optimizing power efficiencies and avoiding failure modes through the 

consideration of thermal effects, atomic clock engineers must design their systems to minimize 

thermal perturbations. At present, there are ongoing efforts in the field of precise time to better 

understand the thermal characteristics of atomic clocks with an aim towards improving clock 

performance [7],[19]-[21]. In order to produce practical designs that optimally reduce the effects 

of dynamic thermal perturbations on atomic clock systems, it is necessary for designers to 

understand and model the mechanisms of thermal transfer in detail. By virtue of their high 

thermal sensitivity, atomic clocks present an ideal case study for understanding and developing 

thermal analysis and modeling techniques. Hence, the thermal analysis of structures similar to 

those used in atomic clocks forms the focus of this thesis. It should be noted that the mechanical 

structures of atomic clock devices typically take the form of a set of concentric cylinders. These 

concentric cylindrical layers are often associated with a given atomic clock's magnetic and 

thermal shielding. Figure 2 shows a generalized view of this concentric cylindrical geometry 

shared by many atomic clock devices. 
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Figure 2: Diagram of typical atomic clock thermal geometry 

Moreover, Figure 3 corroborates this concentric cylindrical geometry in an example active 

hydrogen maser design. 

 

Figure 3: Cross sectional diagram of hydrogen maser [22] 

 The preceding examples of the growing need for better thermal modeling and analysis 

represent only a modest sampling among a very broad range of applications which demonstrate 
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this need. However, the trend demonstrated by these examples is clear - the coupling between the 

thermal and electrical domains is likely to continue to increase across a variety of application 

areas. 

1.3. Overview of Atomic Clocks 

Owing to the focus of this thesis on the thermal transfer of atomic clock geometries, a 

brief overview of atomic clocks and their operational principles is in order. As with any other 

type of clock, the purpose of an atomic clock is the measurement of the passage of time. For 

atomic clocks and other frequency standards, this time measurement does not take the 

conventional units of seconds, minutes, hours, etc. Instead, atomic clocks function as ultra-stable 

oscillators, producing extremely consistent sinusoidal reference signals that form the basis for 

calculating conventional time measures in external systems. In an atomic clock, this sinusoidal 

reference signal is synchronized to the emission of electromagnetic waves from a population of 

chemically identical atoms that emit at the same frequency. In contrast, traditional electronic 

clocks produce a similar but less stable timing reference through the measurement of vibrations 

within a crystal oscillator. 

 Furthermore, it should be noted that the different types of atomic clocks are determined 

in part by the element chosen to create the atomic emission, the method by which the emission is 

stimulated, and the ‘interrogation’ method for acquiring the atomic signal. Some common types 

of atomic clocks include hydrogen masers, cesium standards, rubidium standards, atomic 

fountains, and trapped ion clocks. Each of these different atomic clock types has its own 

strengths and weaknesses in terms of operating time, long-term stability, and short-term stability. 

For instance, some active hydrogen masers have an exceptionally long, continuous operating 

lifetime of around 30 years and provide excellent long-term stability. Nonetheless, some newer 
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optical clock types, such as trapped ion clocks, provide better mid-term stability than atomic 

clocks but cannot operate continuously for long time spans. Table 1 shows a comparison of the 

frequency stability criteria of several atomic clock types. 
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Table 1: Comparison of common atomic clock types 

Example Image Clock Type Short-term 

Stability at 1 

[s] 

Long-term 

Stability at 

10,000 [s] 

 

Active 

Hydrogen 

Maser [23] 

1 x 10-13 1 x 10-15 

 

Cesium 

Standard [23] 
1 x 10-11 3 x 10-13 

 

Cesium 

Atomic 

Fountain [24] 

1 x 10-13 2 x 10-16 

 

Trapped Ion 

Clock [22] 
1 x 10-15 5 x 10-17 
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 Over the past half-century, atomic clocks have replaced traditional clocks as the most 

stable clock type, allowing for the creation of modern GNSS and telecommunications systems. 

This improvement in time measurement stability, provided by atomic clocks, is based in the 

discrete emission spectra of atoms. Atomically emitted photons can only exist at specific 

electromagnetic frequencies specified by the electron configurations of their parent atoms. 

Hence, the only sources of frequency instability in an atomic clock are associated with the 

acquisition and measurement of the atomic signal. Nonetheless, these sources of frequency 

instability in atomic clocks pose are not negligible. In order for atomic clock technology to 

continue advancing, methods for mitigating these instability sources must be created. Thermal 

instabilities are one of several effects that can be detrimental to the output stability of an atomic 

clock, and thermal modeling provides a means for understanding the behavior of these thermal 

effects. 

1.4. Literature Review 

 The first step in exploring the utility of thermal modeling to atomic clocks is 

understanding the hierarchy of available modeling techniques described in the literature. As 

observed by A. Boglietti, there are two general categories into which thermal analysis techniques 

typically can be categorized: thermal networks and numerical approximation [13]. Historically 

speaking, thermal network techniques predate numerical approximation techniques by a wide 

margin due to the sizable computational burden imposed by the generalized solution 

methodologies of numerical techniques. A. S. Bahman [11], Z. Gao [25], M. Stosur [26], and 

others [13],[18] cite the higher computational complexity necessitated by finite element 

numerical approximation techniques over thermal network methods and call to attention the need 

for modern computers to effectively implement these methods. Furthermore, A. E. Johnson's 
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1956 paper on thermal circuits confirms the historical endurance of the thermal network 

approach and foreshadows the then future role of computers in solving complex thermal 

problems [2]. Likewise, R. Oldenburger's 1970 paper on the theory of distributed systems 

confirms the theoretical basis of Johnson's thermal equivalent circuit formulation and provides 

an insightful look into other forms of equivalent circuits [27]. Moreover, as computer technology 

has advanced, many researchers, such as Y. Tang [10], A. S. Bahman [11], N. Jaljal [14], J. T. 

Hsu [28], and others [13], have employed a hybrid approach. In this approach, finite element 

analysis (FEA) or computational fluid dynamics (CFD) numerical approximation techniques are 

used to generate high fidelity simulations of a system's thermal dynamics. Subsequently, a 

simplified thermal network model is calibrated to these results to provide an overall model that is 

both accurate and relatively simple. 

 Two distinct approaches to thermal network formulation are as described in the literature: 

the Foster network model and the Cauer network model [29]. Figure 4 shows the generalized 

forms of both the Cauer and Foster models. 
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Figure 4: Visual comparison of Foster and Cauer network topologies 

The Foster network model is described in Hu's 2011 paper on the thermal modeling of HEV/EV 

batteries [6] and L. Codecasa's paper on thermal network types [29].  This model is an 

implementation of a given thermal system's linearized transfer function between defined 

isothermal nodes. On the other hand, in the Cauer model, each component in the network 

corresponds to a lumped, thermal property of the system as per the approach of Johnson [2], 

Swift [5], and others [13],[29]. Several papers in the literature, including works by Hu [6], Li [8], 

Jaljal [14], and Gao [25], show that Foster thermal networks can be calibrated using data from 

impulse testing experiments, FEA simulations, and even complex Cauer networks. Despite the 

Foster network's ease of calibration to experimental data, Hu [6] and Broussely [30] 

independently assert that the Foster network requires the assumption of a linear time invariant 
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thermal system, effectively linearizing any non-linear heat transfer mechanisms about a given 

operating point. 

 Unlike the Foster model's 'black box' approach to inter-terminal transfer behavior, the 

resistive and capacitive network components of the Cauer model map directly to physically 

meaningful structures within a mechanical system. These thermal quantities are analogous to 

their electrical counterparts as described by A. E. Johnson [2], G. Swift [5], P. E. Bagnoli [31], 

and others [13],[16]. This direct mapping of physical geometry to model components gives the 

model architect physical intuition as to the thermal system's dynamics. Moreover, as per S. C. 

Indrakanti's 2017 paper on superconducting cables, the direct mapping of mechanical geometry 

to components in the Cauer model allows for the simulation of thermal path failure events [16]. 

Another advantage of the Cauer model over the Foster model is its ability to separate out 

different modes of heat transfer as parallel resistances and implement non-linear heat transfer 

modes as needed. 

 In heat transfer, there are three primary transfer mechanisms: conduction, convection, and 

radiation [13],[32]. Of these three mechanisms, only conduction is typically linear across all 

reasonable temperature ranges as expected by the Foster model, with the exception of conduction 

through some atypical material media [13],[32],[33]. Unlike conduction, convection is often non-

linear in temperature, and it effectively has two modes: laminar flow convection and turbulent 

flow convection [32]. Furthermore, the particular mode of convection experienced by an object 

is dependent partially on the surrounding fluid pressure and speed. G. A. Ediss [34] asserts that, 

in sufficiently low, constant pressure systems, the bulk velocity heat transfer mechanism of 

laminar flow convection breaks down, and heat is transferred mainly through the collision of 

individual molecules via molecular conduction. Additionally, Indrakanti [16], Bellina [17], 
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Boglietti [35], Valenzuela [36], and several others have given detailed analyses on the 

computation of non-linear thermal resistances for air speeds corresponding to laminar and 

turbulent flow conditions. Of specific note with regards to turbulent flow convection is Swift's 

assertion [5] that, for sufficiently high airspeeds, the lumped capacitance model may not be 

valid. Moreover, with regards to laminar flow convection, N. J. Greiner indicates that, for 

sufficiently small temperature perturbations about a set point, convection can be assumed to be 

linear [37]. 

Similar to convection, thermal radiation is also non-linear in temperature. However, 

whereas convection can vary in its degree of non-linearity, radiation is explicitly fourth power 

temperature dependent [13],[26],[32],[37],[38]. As with non-linear convection, radiation can also 

be implemented as a non-linear thermal resistance in the Cauer model as per Boglietti’s survey 

[13] and Stosur's approach [26]. Furthermore, it is relevant to note that convection and 

conduction are known to dominate over the effects of radiation at low temperatures near room 

temperature [1],[32]. However, Greiner [37] and Rea [39] assert that, at temperatures well above 

room temperature, radiation can contribute a significant power loss to a thermal system in air. 

This claim is known to be true in the case of atomic clock geometries, which effectively suppress 

heat transfer through convection [7]. With regard to scaling parameters affecting effective 

radiant thermal resistances, Ellison [38], Sparrow [40], and Makino [41] discuss some of the 

geometric and material concerns, such as view factor, aspect ratio, and emissivity. 

Of the thermal modeling methods surveyed in this section, the Cauer model, by virtue of 

its robustness and meaningful physical interpretation, will be the primary focus of this thesis. 

However, it should be noted that a Foster-like model will be discussed as a supplementary tool 

for augmenting Cauer models through the estimation of parasitic thermal parameters such as 
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those discussed by Boglietti [13], Bellina [17], and Jackson [42]. Use of the Foster model to 

supplement the Cauer model is somewhat similar to Li’s usage [8] of analytically calculated 

contact resistances to supplement a Foster type network. Additionally, this thesis will include a 

discussion on sensor modeling techniques similar to those proposed by Mountain [43]. 

1.5. Motivations and Objectives 

 The primary motivation of this thesis is the need within the precise time community for 

better thermal models to describe the dynamic behavior of atomic clock standards. At present, it 

is believed that the development of such improved thermal clock models could result in future 

designs that better mitigate thermal influences, yielding improved frequency stability. Moreover, 

the current application of thermal analysis techniques to atomic clocks have lacked the ability to 

take dynamic system events into account and to model the individual physical effects governing 

heat transfer within these systems [44],[45]. Consequently, the primary objective of this thesis is 

the application of underutilized thermal network modeling techniques and an accepted thermal 

network topology - the Cauer model - to physical configurations typical of atomic clocks. 

Furthermore, this thesis also seeks to highlight the subtleties, non-idealities, and practical 

concerns associated with utilizing the aforementioned thermal networking approach to predict 

the thermal behavior of atomic clocks. Through this discourse on the practical implementation of 

thermal modeling techniques for clock-like geometries, this work is intended to provide a 

foundation for the future application of thermal network models in the field of precise time. 

1.6. Thesis Organization 

 This thesis is organized as follows. Chapter 2 details the Cauer thermal network model by 

providing an introduction to the electro-thermal circuit analogy; relating the electro-thermal 

circuit analogy to the composition of the Cauer model; and providing a discourse on the mapping 
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of a physical system to a Cauer model implementation. Chapter 3 provides a discussion on 

conducted and convective heat transfer mechanisms. Chapter 4 provides a comprehensive 

introduction to thermal radiation from the Planck distribution to grey body transfer. Chapter 5 

discusses the experimental and computational measurements, methods, and instruments typically 

used in determining the dynamic and static parameters of a Cauer network. Chapter 6 presents an 

experimentally-validated example of using these modeling techniques for describing the 

behavior of a test bed designed to represent the physical geometry of a vacuum-enclosed atomic 

clock. Last, Chapter 7 summarizes the contribution made to the literature by this thesis as well as 

plans for future work. 
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CHAPTER 2 THE CAUER THERMAL NETWORK MODEL 

2.1. Introduction 

 Historically, electrical and thermal physics have been observed to share distinct 

similarities in both their static and dynamic behaviors. In fact, some of the earliest work in the 

mathematical modeling of electrostatics was predicated on similar developments in thermostatics 

[46]. The Cauer thermal network model represents a natural, practical extension of these 

similarities between electrical and thermal physics. That is to say, the Cauer model allows for the 

breakdown of potentially complex, continuous thermal geometries into discrete, lumped 

equivalent circuit elements. Furthermore, the Cauer model provides a framework for analyzing 

thermal systems with a one-to-one mapping of the lumped thermal parameters to their equivalent 

electrical parameters via the use of a simple electro-thermal analogy. Through this electro-

thermal analogy, potentially complex thermal dynamics can be interchangeably intuited as an 

equivalent electrical circuit. The following sections provide a detailed analysis of the similarities 

in electrical and thermal physics that give rise to the electro-thermal circuit analogy, the electro-

thermal circuit analogy itself, the application of this analogy to the Cauer model topology, and 

the general methodology used to capture the dynamics of a thermal system in a Cauer network. 
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2.2. The Electro-Thermal Analogy 

 In electrodynamics, Maxwell's equations, given in equations (1) through (4), are widely 

regarded as the fundamental relations governing the behavior of electromagnetic bodies [47]. 

Similarly, in thermodynamics, the fundamental thermodynamic relation, given in equation (5), 

represents a consolidation of the first and second laws of thermodynamics. In some regards, the 

fundamental thermodynamic relation is analogous to the Maxwell equations in its foundational 

role in thermodynamics [48]. 

 

𝛻 ∙ 𝐸 =
𝜌

𝜀0
;  𝛻 ∙ 𝐻 = 0 

(1) 

(2) 

𝛻𝑥𝐸 =  −
𝜕𝐵

𝜕𝑡
;  𝛻𝑥𝐻 =

𝐽

𝜀0𝑐2
+

1

𝑐2

𝜕𝐸

𝜕𝑡
 

(3) 

(4) 

where H is the magnetic field strength, E is the electric field, ρ is the charge density, ε0 is the electric permeability of 
free space, c is the speed of light, and J is the current density 

 
 

𝑑𝑈 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉 (5) 

where U is the internal energy, T is the temperature, S is the entropy, P is the pressure, and V is the volume 

 

Upon an initial comparison of the Maxwell equations with the fundamental thermodynamic 

relation, it is not immediately apparent as to how electromagnetic physics and thermal physics 

can produce mathematically similar dynamics [49],[50]. Nevertheless, whereas the fundamental 

equations of electrodynamics and thermodynamics do not readily provide a basis for the 

similarity between solid body heat transfer and electrical circuit modeling, two empirically 

determined physical laws do: Ohm's Law and Fourier's Law. Both Ohm's Law and Fourier's Law 

define the linear dependence of a flux measure on the gradient of a vector potential quantity 

scaled by a constant factor, with Ohm's law applying to the electrical domain and Fourier's Law 
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applying to the thermal domain.  Equation (6) shows the differential vector form of Ohm's Law, 

wherein J is the current density, σ is the electrical conductivity of the medium, E is the electric 

field, and V is the voltage potential. Furthermore, Equation (7) shows the differential form of 

Fourier's Law, with q being the heat flux, k being the thermal conductivity of the medium, and T 

being the temperature potential. 

𝐽 = 𝜎𝐸 = −𝜎𝛻𝑉 (6) 

𝑞 = −𝑘𝛻𝑇 (7) 

A visual inspection of equations (6) and (7) shows that, as previously asserted, Ohm's Law and 

Fourier's Law take the same mathematical form, with voltage and temperature, current density 

and heat flux, and electrical and thermal conductivities being analogs between the electrical and 

thermal domains, respectively. Furthermore, equations (8) and (9) show more common forms of 

Ohm's and Fourier's Laws rewritten in terms of electrical and thermal resistance, rather than 

conductivity, where V is voltage, I is electrical current, R is electrical resistance, T is 

temperature, Q is energy, and Rth is thermal resistance. 

𝑉 = 𝐼𝑅 (8) 

𝑇 = �̇�𝑅𝑡ℎ (9) 

By the previous logic used in comparing equations (6) and (7), the electrical-thermal analogs of 

voltage and temperature, electrical current and power flow, and electrical and thermal resistance 

can be deciphered.  These analogs form the basis of the electro-thermal analogy. It should be 

noted that neither Ohm's Law nor Fourier's Law hold under all electrical and thermal conditions. 

Later sections of this thesis address the aforementioned breakdown mechanisms of Fourier's Law 

and discuss modifications to equation (9) that can be employed to compensate for some of these 

mechanisms. 
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 Whereas a comparison of Ohm's Law and Fourier's Law provides a point of entry for 

establishing the thermo-electric analogy, this comparison does not establish any similarities 

between the dynamic response behavior of electrical and thermal systems. For instance, in a 

series RC electrical network similar to that in Figure 5, a first-order response of the kind in 

Figure 6 is seen at VC when a voltage step input is injected at Vi. 

 

Figure 5: Example series RC electrical network 

R = 1 [Ω]

C = 1 [F]

+

-

+
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Figure 6: Example first order response 

This first-order response is also typically seen in the temperature of an object subjected to a step 

change in thermal input power. However, this similarity is not captured by the parallel drawn 

between Ohm's Law and Fourier's Law, because neither of the aforementioned equations model 

the transient behavior of systems with energy storage. Equation (10) describes the dynamic 

behavior of a circuit involving a capacitive storage element, where C is electrical capacitance, V 

is voltage differential across the capacitor, t is time, and I is the electrical current through the 

capacitor. 

𝐶
𝑑𝑉

𝑑𝑡
= 𝐼 

(10) 

Similarly, an analogous quantity describing the storage of thermal energy is given by the total 

heat capacitance of an object. This is defined in equation (11), where Cth is thermal capacitance, 

Q is the thermal energy stored by the object with total heat capacitance Cth, and T is the absolute 
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temperature of the object. Furthermore, through the manipulation and time differentiation of 

equation (11), equation (12) can be derived. 

𝐶𝑡ℎ =
𝛥𝑄

𝛥𝑇
 

(11) 

 

𝐶𝑡ℎ

𝑑𝑇

𝑑𝑡
= �̇� 

(12) 

Comparing equation (12) to equation (10) and recalling that voltage and temperature and current 

and power are analogous, it is readily apparent that thermal capacitance and electrical 

capacitance are likewise analogous quantities. While electrical capacitance is dependent on the 

geometry of the capacitor plates and the dielectric properties of the interposed media, thermal 

capacitance is primarily dependent on the mass of an isothermal object and the specific heat 

capacity of the material comprising the object. For a solid object of volume V composed 

uniformly of a material with mass density ρ and specific heat capacity of csp, equation (13) gives 

an expression for calculating the total heat capacity of the object, Cth [18]. 

𝐶𝑡ℎ = 𝑉𝜌𝑐𝑠𝑝 (13) 

In contrast to the thermal capacitance, electrical capacitance is dependent on the spatial 

configuration of the capacitor, rather than an intrinsic material property such as mass. This 

difference in electrical and thermal capacitance arises from the physical origin of electrical 

capacitance via the electric field. Whereas the electric field is defined for all space, regardless of 

the presence of matter, temperature is a property of matter, and, hence, a 'temperature field' 

cannot meaningfully be defined in the absence of matter [47],[48]. 

 Given the existence of a thermal analog to electrical capacitance, the question naturally 

arises as to whether or not a thermal inductance is present in thermodynamics. In short, whereas 

there is significant evidence to suggest that thermal inductance is seen in the inertial behavior of 
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fluids and in some solid topologies undergoing thermoelectric effects, thermal inductance is not 

typically seen in the heat transfer behavior of solid bodies [51],[52]. Owing to the rarity of 

thermodynamic effects resembling inductive behavior in solid bodies and the standard Cauer 

model's lack of inductive circuit elements, thermal inductance is not considered in this thesis. 

 Table 2 summarizes the analogous electrical and thermal quantities surveyed in this 

section and used henceforth in this thesis. It is relevant to note that the electro-thermal analogy 

presented in Table 2 is fully consistent with similar analogies provided by Swift [5], Stosur [26], 

Hefner [33], and others [13],[18],[32]. 

Table 2: Summary of analogous electrical and thermal quantities 

 Electrical Domain  Thermal Domain 

Quantity Units Quantity Units 

Voltage [V] Temperature [K] 

Current [A] Power [W] 

Resistance [Ω] or [V/A] Thermal Resistance [K/W] 

Capacitance [F] or [A*s/V] Thermal Capacitance [J/K] 

Inductance [H] or [V*s/A] *Thermal Inductance [K*s2/J] 

*Thermal induction effects are not common in macroscopic solid mediums. 

 

2.3. Relating the Electro-Thermal Analogy to the Cauer Network 

 Having demonstrated the mathematical validity of the electro-thermal analogy, the next 

step in the practical realization of a thermal network model is the mapping of the electro-thermal 

analogy to the Cauer network topology. In electrical systems, physical devices are typically 

designed to implement particular circuit models. In contrast, thermal systems that can be 
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modeled using an electro-equivalent circuit are typically not designed to conform to a particular 

network description. That is to say, whereas the model ordinarily predates the physical 

implementation in electrical systems, the physical implementation predates the model in thermal 

systems. While Table 2 provides a means for relating lumped electrical and thermal circuit 

parameters, thermal circuit networks, unlike electrical networks, cannot be designed to produce 

arbitrary dynamic characteristics. For instance, in electrical network theory, purely resistive 

circuits, such as the Wheatstone bridge can, assuming negligible parasitics, be physically 

constructed. 

However, in thermal networks, the construction of a physical circuit consisting only of 

thermal resistances is effectively impossible; this is due to the fact that temperature is 

inextricably a property of matter, and thermal capacitance cannot be zero for an object with non-

zero mass per equation (13). Consequently, for any temperature node in a thermal network, a 

corresponding thermal capacitance must also be present. Hence, while a purely resistive thermal 

network can be used to describe static equilibrium conditions for some systems, wherein these 

thermal capacitances are effectively open circuited, a purely resistive, dynamic thermal circuit is 

unattainable. 

 Further restrictions can be placed on the configuration of thermal networks by examining 

the relationship between energy storage and temperature established by the fundamental 

thermodynamic relation given in equation (5). In electrical circuits, voltage is measured as a 

differential quantity. Moreover, in electrical capacitors, the Coulomb forces between 

concentrations of electric charge determine the electrical potential energy stored via the electric 

field. Given the origin of capacitive electrical storage in the interactions between concentrations 
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of charge, it is possible for capacitive effects to exist between any two voltage nodes in an 

electrical system, as per Figure 7 for example. 

 

Figure 7: Example electrical circuit network with capacitors not referenced to ground 

However, in thermal systems, stored thermal energy does not arise as the result of a field 

interaction between charge concentrations, given that the equivalent 'charge' in a thermal 

network is the joule. Instead, the thermal energy stored in an object and related to its 

thermodynamic temperature arises from the vibrational interactions between the particles 

comprising the object. Hence, thermodynamic temperature is taken as an absolute measure, as 

opposed to the differential quantity represented by electrical voltage. In an electrical circuit, the 

"ground" or reference node can be chosen arbitrarily and does not affect the allowable 

configurations of a given electrical circuit. However, the absolute nature of thermodynamic 

temperature requires that the ground reference in a thermal circuit correspond to the inherent 

ground state of the measurement frame - absolute zero. 

 Consequently, in thermal circuits, temperature values are always referenced to a ground 

node representing absolute zero. Furthermore, owing to the relationship between capacitive 
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thermal energy and thermodynamic temperature in equation (11), thermal capacitances are 

referenced (to ground) in the same manner. This is consistent with the notion that, for each 

meaningful temperature node in a thermal circuit, there must be an associated thermal 

capacitance describing the thermal energy of the object. If thermal capacitance were allowed to 

exist between two non-grounded temperature nodes, it would create an inherent ambiguity as to 

which object the thermal mass of the capacitor describes. Bagnoli asserts in his 1998 work on 

thermal circuits that the presence of a thermal capacitance between two temperature nodes, a 

common configuration in the Foster model, is inherently aphysical [31]. It should be noted that, 

whereas the ground reference in a thermal network normally corresponds to absolute zero, it is 

allowable to introduce a constant temperature offset in the value represented by the thermal 

ground. For instance, it may in some cases be useful to define the thermal ground as 273.15 [K] 

to effectively represent the network in terms of degrees Celsius. However, such an offset of the 

ground temperature unavoidably leads to the obfuscation of the physical meaning attributed to 

the thermal energy stored by the capacitances of a system. 

 Moreover, it should be noted that, whereas thermal capacitances must exist relative to 

ground in a thermal circuit, thermal resistances are not usually connected to ground. In the most 

physically meaningful case, wherein thermal ground is taken to represent absolute zero, a 

thermal resistance to ground is inherently aphysical, since no physical object can have a 

temperature of absolute zero. Combining all of the requirements for the construction of 

physically meaningful thermal networks summarized in the sections above, it becomes apparent 

that physical thermal systems generally take the form of the thermal network shown in Figure 8. 

What's more, a comparison of the circuit configuration of Figure 8 and Figure 4 shows that the 
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only physically meaningful circuit formulation for a thermal system corresponds to the Cauer 

topology previously presented [29],[31],[53]. 

 

Figure 8: Example of physically allowable thermal circuit. 

 

2.4. Practical Application of the Cauer Network to Physical Systems 

 Up to this point, the Cauer thermal model description has focused on the abstract 

mathematical similarities and differences between thermal and electrical physics that result in the 

formulation of the Cauer electro-equivalent topology. However, this high level discussion on the 

mechanics of heat transfer does not provide an immediately accessible methodology for the 

practical construction of thermal networks to model specific, real-world thermal systems. This 

section will focus on providing such a practical method for assessing the thermal physics of a 

given mechanical structure and mapping those physics to a Cauer model. 

 In establishing a methodology for practically connecting the Cauer thermal model to 

physical thermal systems, it is useful to consider the case of a simple thermal system such as that 

shown in Figure 9. 

0 [K]

R12

C1

R23

C2 C3



27 

 

 

Figure 9: Two block example of a thermal system 

Figure 9 shows a system of two identical cubes connected by a cross bar with a square cross 

sectional area. For the purposes of this example, it will be assumed that the mass of the cross bar 

connecting the two blocks is negligible and that the system of blocks exists in an air-filled room 

of an arbitrary but constant temperature and pressure. The first step of translating a thermal 

system, such as than in Figure 9, to a Cauer network model is the identification of the lumped 

thermal masses of the system. In the literature, a convention has been established for identifying 

the conditions under which a thermal mass can be accurately described by a lumped element.  

Specifically, volumetric sections of the system's solid geometry that present a Biot number of 

less than 0.1 are considered to be appropriate for modeling as lumped elements [5],[32]. 

Equation (14) gives the mathematical definition of the Biot number, which is a unitless quantity 

that describes the ratio of the rate of heat loss by a thermal mass to the rate at which heat is 

propagated internally within the mass. High Biot numbers are indicative of volumes that lose 

heat to their surroundings more quickly than they can propagate heat internally (cannot be 

modeled as lumped elements), and low Biot numbers indicate volumes that propagate heat more 
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quickly internally than externally (can be modeled as lumped elements). In equation (14), Bi is 

the Biot number, L is the characteristic length of the mass, h is the heat transfer coefficient, and k 

is the thermal conductivity of the material comprising the mass. Furthermore, equation (15) 

provides the definition of the characteristic length of a lumped thermal mass, wherein V is the 

solid volume of the mass and Asurface is the surface area of the mass. 

𝐵𝑖 =
𝐿ℎ

𝑘
 

(14) 

𝐿 =
𝑉

𝐴𝑠𝑢𝑟𝑓𝑎𝑐𝑒
 

(15) 

For the thermal system shown in Figure 9, it will be assumed that blocks one and two have a Biot 

number of less than 0.1 and therefore comprise the two lumped thermal masses of the system. 

Moreover, it should be noted that the Biot number does not represent an intrinsic quality of a 

physical object. Owing to the dependency of the Biot number on the heat transfer coefficient as 

per equation (14), the Biot number of a physical mass is subject to change from one thermal 

environment to another. 

 Once the lumped masses of the thermal system have been identified, the next step in 

mapping a physical system to a Cauer network is the determination of the heat transfer 

mechanisms present in the system of interest. In the field of heat transfer, three such mechanisms 

for the exchange of heat between physical systems are given: conduction, convection, and 

radiation [3],[13],[26],[32]. Thermal conduction describes the heat transfer between two solid 

objects via a conducting medium. Furthermore, convection typically denotes the exchange of 

heat between a solid object and a surrounding fluid medium. Last, thermal radiation describes the 

mechanism by which heat energy is transferred through the thermally stimulated emission of 

electromagnetic waves. Given the presence of air in the example system, the solid crossbar 
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connecting the two thermal masses, and the intrinsic quality of all physical matter to thermally 

radiate, all three heat transfer mechanisms are represented in Figure 9. Specifically, conductive 

transfer takes place through the cross-bar between the two masses; and convection and radiation 

transfer heat from the both masses to the ambient atmosphere. Figure 10 shows a graphical 

representation of the heat transfer mechanisms present in the physical topology of the example 

system. 

 

Figure 10: Example system with heat transfer modes graphically represented 

 Once the heat transfer mechanisms present in a thermal system have been identified, 

thermal resistances can be connected between the masses to represent these modes of heat 

transfer. Before continuing, it should be noted that, while Fourier's Law was earlier utilized to 

establish the physical meaning and units of thermal resistance, not all heat transfer mechanisms 

present mathematical forms consistent with Fourier's Law across all conditions. In fact, the only 

heat transfer mode that is typically taken to present dynamics consistent with Fourier's Law 

across all temperature ranges is conduction. Both convection and radiation present heat transfer 

Block 1 Block 2
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characteristics with higher order dependences on temperature [32]. In particular, convection 

represents a mathematically peculiar mode of heat transfer in that the temperature dependence of 

convection can vary in its degree on non-linearity with different fluid flow conditions. 

Convection is sometimes seen to conform to the linear temperature dependence described by 

Fourier's Law [28],[34]; and, in other cases, it is found to be highly non-linear 

[18],[26],[33],[37]. Nonetheless, it should be noted that methods for modeling non-linear 

convective and radiant effects as temperature-dependent variable thermal resistances can be used 

to compensate for these non-ideal behaviors [5],[13],[33],[37]. Furthermore, techniques for 

linearizing convective and radiant effects are often valid when either the operating range of a 

system's temperatures is sufficiently constrained or the contribution of the non-linear effects to 

the overall heat transfer in the system is small [1],[28],[37]. 

 Given the conductive heat transfer taking place between the two thermal masses via the 

crossbar in the example system, it is apparent that a linear thermal resistance, of the type defined 

by Fourier's Law, should join the temperature nodes of the two thermal masses in the equivalent 

Cauer network. Moreover, the transfer of heat between the blocks and the ambient air via 

convection should be represented by non-linear thermal resistances connecting each of the 

blocks' temperature nodes to an ideal temperature source. Here, the choice of an ideal 

temperature source to represent the ambient environment is intended to represent the very large 

capacitance of the environment relative to the two thermal blocks. This selection is made, 

because an ideal temperature source effectively corresponds with an infinite capacitance; or in a 

thermal system, a very large heat sink. Similarly, the radiant exchange of heat between the 

thermal masses of the example blocks and the environment should be represented as non-linear 

thermal resistances in parallel with the convective resistances. Figure 11 shows a complete Cauer 
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network describing the thermal configuration of the example system derived using the 

methodology provided above. 

 

Figure 11: Cauer network of example system 

 Once a system geometry has been discretized into thermal network elements and utilized 

to form a Cauer network, the only remaining step in configuring the Cauer network is the 

calculation of the system's component values from environmental, geometric, and materials data. 

Equation (13) provides a generalized formula for calculating the thermal capacitances of a given 

Cauer circuit. It should be noted that, when using equation (13) to calculate an object's thermal 

capacitance, the mass of the object is either measured directly or calculated based on volume 

using a three-dimensional modeling tool or hand analysis. Typically, three-dimensional computer 

analysis is reserved for thermal masses that are too large to directly weigh. However, calculation 

of the resistive components of a Cauer network is less straightforward. Given the complexity 

associated with accurately calculating these Cauer resistance parameters, discussion on such 

calculations is relegated to later sections of this thesis. 
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CHAPTER 3 CONDUCTED AND CONVECTIVE HEAT TRANSFER 

3.1. Introduction 

 In most practical applications of heat transfer, conduction and convection are the two 

most widely studied and recognized mechanisms for the exchange of heat within thermal 

systems. In this section, the underlying physics of conducted and convective heat transfer are 

briefly discussed. Moreover, analysis of the non-idealities associated with conduction and 

convection is given, and practical methods for calculating the equivalent thermal resistances 

corresponding to conduction and convection in a Cauer network are provided. 

3.2. Conduction 

 As previously discussed, thermal conduction is the heat transfer mechanism by which 

thermal energy is exchanged between solid objects through a conducting medium, with this 

conducting medium typically taking the form of another solid. When considering the conductive 

transfer of heat through solid media, two physical effects are said to contribute to the overall 

conductive transport: the propagation of vibrational waves, also called phonons, through the 

lattice structure of the solid and the migration of free electrons in the solid [32]. In metallic 

solids, the contribution of free electron migration to conduction dominates, and, in non-metals, 

the phononic contribution to conduction is known to be more prominent [54]. Interestingly, this 

dependence of thermal conductivity in metals on their electron transport characteristics provides 

another link between electrical and thermal physics. Moreover, whereas thermal conduction 
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effects are most commonly discussed in terms of solid media, liquid and gaseous media can also 

produce thermal conduction effects between solid bodies. In conduction through a fluid medium, 

molecular heat transport replaces the phononic effects seen in solids, since phononic effects 

require a lattice structure. Owing to the reliance of fluid conduction on the transfer of heat via 

individual molecules, this mode of conduction is referred to as molecular conduction [32],[34]. It 

should also be noted that fluid convection effects typically dwarf molecular conduction effects in 

fluids undergoing bulk flow. As such, molecular conduction in fluids with bulk flow is normally 

either lumped with convection or taken to be negligible - except in the cases of fluids with a 

significant electrical contribution to thermal conductivity (i.e. liquid mercury) and fluids existing 

at very low pressures [34],[55]. 

 With regards to the Cauer model, conductive heat exchange is typically represented by a 

linear thermal resistance calculated via equation (16), where l is the length of the conducted 

connection between two solids, k is the thermal conductivity of the medium, and A is the cross-

sectional area of the connection between the solids perpendicular to the heat flow 

[2],[13],[28],[32]. 

𝑅𝑐𝑜𝑛𝑑 =
𝑙

𝑘𝐴
 

(16) 

From equation (16), it is apparent that the most critical factor in calculating the effective thermal 

resistance of a physical connection is the accurate assessment of the medium's conductivity 

value. This criticality arises from the fact that, while the length and cross-sectional areas of a 

given geometry are easily measured, the thermal conductivity of a given material is more 

difficult to determine. Figure 12 shows a chart of typical conductivity ranges for different classes 

of materials. As can be seen from Figure 12, metals comprise some of the most thermally 
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conductive materials available, and gases are some of the least thermally conductive common 

materials. 

 

Figure 12: Chart of thermal conductivities for different material types [32] 

Additionally, Table 3 gives typical thermal conductivity values for a variety of materials in order 

of descending conductivity. 

Table 3: Summary of some common thermal conductivities [34],[32],[56] 

Material Thermal Conductivity [W/(m*K)] 

Silver 430 

Copper 385 

Aluminum 205 

Tungsten 174 

Iron 80 

Stainless Steel 16 

Thermal Grease 10 

Quartz 3 

PTFE 0.25 

Delrin 0.15 

Epoxy 0.1 

Air 0.025 
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 It should be noted that, while the thermal resistance formulation in equation (16) holds 

for most reasonable temperature ranges and common conductive materials, no known physical 

material presents a perfectly constant thermal conductivity across all temperatures [32],[56]. 

Hence, Fourier's Law's assumption of a temperature independent conduction coefficient is never 

strictly satisfied across the entire temperature range due to phase change effects and other 

material non-idealities. Typically, as is done in Figure 12 and Table 3, the conductivity of a 

material at standard temperature and pressure (STP) is used as that material's conductivity in 

practical calculations of Cauer network thermal resistances. For the purposes of this thesis, all 

analytic thermal resistances calculated for conductive heat transfer paths will be assumed to be 

constant for the range of temperatures considered. 

 Another practical concern regarding the accuracy of the thermal resistances given by 

equation (16) is contact resistance. Equation (16) provides an ideal estimate of the thermal 

resistance between two solid bodies, connected by a conducting medium, wherein perfect contact 

is assumed at all material interfaces [13],[15],[17],[31],[42]. That is to say, the ideal formulation 

of conductive thermal resistance assumes that the surfaces of the thermal masses of interest and 

the conducting medium are either perfectly flat as in Figure 13 or form perfectly complementary 

mates as per Figure 14. 
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Figure 13: Illustration of a perfectly flat contact interface 

 

Figure 14: Illustration of a perfectly complementary contact interface 

However, in real-world thermal systems, contact between the surfaces of thermal masses and 

their conducting mediums are never completely smooth [32]. Instead, practical thermal interfaces 

- especially those between solid objects - tend to have microscopically rough surfaces that make 

point contacts with one another as per Figure 15. 
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Figure 15: Illustration of physical mechanism underlying contact resistance 

These point contacts reduce the effective surface area at the interface of the two materials and, 

with regards to the implementation of a Cauer network, act as thermal resistances in series with 

the ideal thermal conductive path resistance. Equation (17) gives the mathematical expression of 

the total conduction path resistance when contact resistance is taken into account, where Rideal is 

the ideal thermal resistance calculated by equation (16), Rcontact is the contact resistance, and Rtotal 

is the total conducted resistance seen by the thermal system. Furthermore, it should be noted that, 

for the purposes of the analytic calculations made in this thesis, contact resistance will initially 

be taken to be negligible. 

𝑅𝑡𝑜𝑡𝑎𝑙 = 𝑅𝑖𝑑𝑒𝑎𝑙 + 𝑅𝑐𝑜𝑛𝑡𝑎𝑐𝑡 (17) 

 Given the focus of this thesis on atomic clock thermal systems, it is relevant to note that 

both solid and gaseous conduction media are found in clock geometries. As expected, solid heat 

conduction makes up the majority of the individual conduction paths present in an atomic clock, 

with the mechanical fittings of the system transmitting heat between the layers. Molecular 

conduction, on the other hand, constitutes relatively fewer conduction paths within an atomic 

clock.  However, these paths can contribute dramatically to the thermal behavior of the system. 

One common geometry used in many frequency standards, such as active hydrogen masers, 

Point Contact Interfaces

Thermal Mass

Conducting Medium
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atomic fountains, rubidium standards, etc., is that of multiple concentric, vacuum-enclosed 

cylinders [7]. For an ideal vacuum system, no air molecules or other fluid media would be 

present to interact thermally between the contents of the vacuum system and the outside 

environment. However, the practical implementation of a perfect vacuum system is infeasible, 

and any residual molecules exchange heat between the vacuum system and the ambient 

environment via molecular conduction. Since one purpose of maintaining a vacuum seal in the 

physics package of an atomic clock is the mitigation of external thermal influences, these 

systems are designed to have low molecularly conducted heat flow to the external environment 

[57]. To illustrate the effects of molecular conduction in a geometry similar to that of an atomic 

clock, Figure 16 shows an example vacuum system consisting of a thermal mass suspended in a 

single, cylindrical vacuum vessel. 
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Figure 16: Illustration of a thermal mass suspended in a vacuum enclosed cylinder 

In order to design a vacuum system to mitigate the heat transfer effects of molecular conduction, 

it is informative to examine equation (18), which gives the thermal conductivity of air as a 

function of the ambient environmental temperature, the air pressure, and the geometry of the 

system [34]. For equation (18), kair,stp is the thermal conductivity of air at standard temperature 

and pressure, T is the absolute temperature of the ambient environment, P is the air pressure, and 

d is the distance between the two masses that are exchanging heat via the air molecules. 

𝑘𝑎𝑖𝑟 =
𝑘𝑎𝑖𝑟,𝑠𝑡𝑝

(1 +
(7.6 𝑥 10−5)𝑇

𝑃 ∙ 𝑑
)
 

(18) 

When attempting to significantly reduce the ability of an air medium to transfer heat via 

conduction, it is agreed upon in the literature that a vacuum pressure of 0.1 [mbar] or lower is 



40 

 

required [34]. This rule of thumb is readily confirmed by plotting the conductivity of air versus 

pressure as per Figure 17, where 0.1 [mbar] is shown to be the turning point at which the thermal 

conductivity of air begins to fall off rapidly with decreasing pressure. 

 

Figure 17: Plot of air's thermal conductivity as a function of pressure; T=293.15 [K], d=0.015 [m] 

 In addition to determining the effectiveness of a thermally-isolated vacuum enclosure, 

thermal conductivity also plays a role in the operation of some atomic clock systems. For 

example, active hydrogen masers require the injection of a continuous stream of atoms into the 

physics package to produce their characteristic oscillatory behavior. This influx of atoms does 

produce molecular conduction paths that can, to some degree, affect system performance. 
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3.3. Convection 

 Convection is the mode of heat transfer that describes the exchange of heat between a 

solid object's outer surface and a surrounding fluid medium. Given only this cursory definition, it 

may initially seem as if convection and molecular conduction are the same, as both effects 

describe the transfer of heat via a fluid. However, whereas molecular conduction only describes 

the exchange of heat between a surface and its surrounding environment through the diffusive 

action of individual molecules, convection accounts for heat transfer effects that result from the 

bulk fluid motion [32]. More simply stated, convection accounts for the thermal interactions of a 

fluid with itself, rather than just the heat exchange of two objects via a fluid. Furthermore, it is 

relevant to note that typical formulations of convective heat transfer lump the exchange arising 

from the bulk fluid flow with that of molecular conduction effects. 

 In computing the Cauer network parameters associated with a given convective heat 

transfer effect, equation (19) gives the thermal resistance defining the heat flow from a given 

solid surface to the environment, where Rconv is the convective thermal resistance, A is the 

surface area of the surface, and h is the convective heat transfer coefficient [13],[32],[35]. 

𝑅𝑐𝑜𝑛𝑣 =
1

𝐴ℎ
 

(19) 

Similar to the material conductivity parameter in thermal conduction, the heat transfer coefficient 

is the pivotal quantity of interest in convection. However, unlike thermal conductivity, the heat 

transfer coefficient is not an intrinsic material parameter that is easily tabulated. Instead, the heat 

transfer coefficient of a thermal system is set by the fluid properties, flow conditions, and surface 

geometry of the convective transfer [32]. Owing to this dependence of the heat transfer 

coefficient on a large number of complex physical variables, the calculation of this parameter is 

typically specific to a particular geometry, flow rate, fluid pressure, temperature, etc. 



42 

 

Furthermore, the coupling of many of these physical parameters with temperature can produce 

non-linear effects in the heat transfer coefficient [5],[13],[17],[26],[33],[37]. Nonetheless, in 

certain regimes, convection can be approximated as linear in temperature. Typically, such linear 

regimes occur under laminar flow conditions at low fluid speeds. For the purposes of this thesis, 

it is assumed that either the fluid and geometric conditions relevant to atomic clocks are 

sufficiently well behaved in a constrained temperature range to assume linear convection or that 

convection is effectively negligible in terms of its contribution to the overall thermal impedance 

of the system. 

 In the calculation of the convective heat transfer coefficient, three dimensionless 

numbers, used to represent the fluid, flow, and geometric conditions, are given as the 

coefficient's dependent variables: the Reynolds number, the Nusselt number, and the Prandtl 

number [15],[18],[32],[35]. The Reynolds number, which is taken as the ratio of the inertial force 

and the viscous force of the fluid medium, is particularly important to determining the behavior 

of the convective heat transfer, because it defines the transition between the two known modes of 

convective transfer: laminar flow and turbulent flow. To elaborate, laminar flow convection 

describes convection wherein the vorticity of the fluid flow is taken to be negligible, and the 

fluid moves over the surface in a uniform manner. On the other hand, turbulent flow describes a 

more chaotic form of flow wherein the fluid demonstrates high vorticity, forming substantial 

eddy currents. An example of turbulent flow is the forced convective transfer that occurs at the 

surface of an object placed in a wind tunnel [58]. In practice, the critical Reynolds number at 

which the transition between laminar and turbulent flow occurs is dependent on the geometry of 

the system. However, a baseline value of 5 x 105 is ordinarily assumed for the critical Reynolds 
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number, with values below this threshold presenting Laminar flow and those above presenting 

turbulent flow [32].  

 In addition to the Reynolds number, there exist a variety of additional parameters which 

can be utilized to analytically describe the generalized convective behavior of fluids.  However, 

owing to the complexities associated with accurately calculating the values of these parameters, 

alternate techniques are often used in practice to compute the convective heat transfer 

coefficient.  These techniques include computational fluid dynamics (CFD), and approximation 

techniques based on rules-of-thumb and empirically determined formulas [13],[59]. Whereas 

empirically-derived formulas for calculating the convective heat transfer coefficient are useful in 

establishing an order of magnitude estimate, it is important to note that such formulas do not 

claim to provide universally accurate results. Consequently, these empirical values are typically 

only used to establish a baseline for parametric tuning of the heat transfer coefficient. 

 In the case of atomic clocks, convective heat transfer is typically only relevant to the 

exchange of heat between the outer casing of a given clock and its ambient environment. This is 

due to the fact that the majority of atomic clocks operate within the confines of a vacuum vessel. 

Moreover, these clocks are typically operated in one of two types of convective environments: 

the loosely temperature-regulated environment of a modern building with an HVAC system or a 

forced air convection temperature controlled environmental chamber [57]. In the case of an 

atomic clock operated in the loosely-regulated environment of an HVAC controlled building, it 

is reasonable to assume a heat transfer coefficient on the order of approximately 0.1 to 10 

[W/(m2K)]  [59]. In the case of an environmental chamber, an accurate estimate of the 

convective heat transfer coefficient is more difficult to assess. However, in some cases, it may be 

valid to assume that the heat transfer coefficient is sufficiently high to create an effective short 
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circuit between the environmental temperature and the outer casing temperature in the electro-

equivalent Cauer network. It should be noted that the validity of this short circuit assumption is 

contingent on the notion that the average environmental chamber, large enough to contain an 

atomic clock, is capable of removing heat from itself at least as fast as the clock's systems can 

add heat. 
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CHAPTER 4 THERMAL RADIATION 

4.1. Introduction 

 Thermal radiation describes the physical mechanism by which heat is transferred via the 

emission and absorption of thermally stimulated electromagnetic waves. In the analysis of most 

practical thermal systems, conducted and convective heat transfer effects are commonly 

considered, but the effects of thermal radiation are often overlooked. This tendency of many 

thermal analysts to ignore radiation is rooted in the notion that radiant effects are typically 

negligible relative to convective and conductive effects [1]. However, due to the fourth power 

scaling of radiant heat loss with temperature [4],[7],[13],[32],[37]-[40], it is possible for radiant 

effects to contribute non-trivially to the thermal dynamics of a system at high operating 

temperatures, even in the presence of convective and conductive effects [37],[39]. Moreover, as 

should be readily apparent, in systems wherein conductive and convective heat transfer effects 

are sufficiently mitigated, radiant heat transfer emerges as the dominant heat transfer mechanism 

[4],[7]. Owing to the vacuum enclosed geometries utilized in many atomic clock architectures 

and the concerted efforts made by clock engineers to thermally isolate these systems, thermal 

radiation is taken to be critical in the thermal modeling of atomic clocks.  Hence, special 

emphasis is placed within this thesis on radiant heat transfer effects. The sections to follow 

discuss the origins of thermal radiation, the equations typically given in the literature to model 

radiant transfer, the application of the aforementioned mathematical expressions to the Cauer 
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network model, and the non-idealities and other challenges associated with calculating the 

radiant heat transfer between physical bodies. 

4.2. The Planck Distribution and the Stefan-Boltzmann Law 

 Historically speaking, the basis for the accurate mathematical characterization of thermal 

radiation can be found in Planck's distribution, which describes the thermal radiance of an ideal 

blackbody across all possible emission frequencies. Equation (20) gives the Planck distribution, 

where v is the frequency of the emitted radiation, T is the absolute temperature of the blackbody, 

c is the speed of light, h is Planck's constant, and kB is the Boltzmann constant [60]. 

 

𝐵𝑣(𝑣, 𝑇) =
2ℎ𝑣3

𝑐2

1

exp (
ℎ𝑣

𝑘𝐵𝑇
) − 1

 
(20) 

With regards to deriving a useful expression for the description of radiant heat transfer, the 

Planck distribution establishes a theoretical upper limit for the spectral emission of power by a 

blackbody object - a theoretical object capable of emitting photons at all frequencies - with this 

upper limit based solely on the absolute temperature of the object. Figure 18 shows the Planck 

distribution plotted across the bounds of the infrared spectrum for several blackbody 

temperatures. As can be seen from Figure 18, the majority of the spectral power contained by a 

blackbody at temperatures reasonably found in solid objects is confined to the infrared spectrum. 

Consequently, thermal radiation is sometimes interchangeably referred to as infrared radiation. 
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Figure 18: Planck distribution for different values of temperature 

 While the Planck distribution provides useful insight into the power emission of an 

idealized object, the spectral separation of thermal energy by this distribution is not conducive to 

the description of the bulk power emittance relevant to heat transfer. Consequently, it is useful to 

integrate the Planck distribution in solid angle and across all frequencies to give the bulk power 

per unit area emitted by a blackbody surface at a uniform absolute temperature. Such an 

integration yields the Stefan-Boltzmann Law which is given in equation (21), where σ is the 

Stefan-Boltzmann constant, j is the radiant emittance (radiosity) in watts per square meter, and T 

is the thermodynamic temperature. 

300 
[GHz]

430 
[THz]
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𝑗 = 𝜎𝑇4 (21) 

As previously noted, the Stefan-Boltzmann Law shows that the power emitted by an object is 

proportional to the fourth power of its temperature. Hence, radiant heat transfer is shown to be 

inherently non-linear in absolute temperature, necessitating the implementation of thermal 

radiation as a variable thermal resistance in an electro-equivalent Cauer network. However, it 

should be noted that, before a radiant thermal resistance can be defined, the power exchange 

between two thermally radiating bodies must be derived, due to the fact that the standard 

formulation of the Stefan-Boltzmann Law only gives the power per unit area transferred from an 

ideal blackbody to a surrounding vacuum with a background temperature of 0 [K]. 

4.3. Black Body Radiant Heat Transfer 

 In considering the blackbody radiant heat transfer between two surfaces, the first concern 

in such an analysis is the relative geometric configurations of the surfaces in question. With the 

exception of theoretical limiting cases such as that of two 'infinite' (very large) plates illustrated 

in Figure 19, it is seldom the case that all of the thermal radiation emitted from a given surface is 

incident entirely upon a second surface and vice versa. Consequently, in a radiant transfer event 

between two surfaces, it is necessary to determine the amount of thermal radiation emitted from 

the first object that is incident upon the second object and vice versa. 
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Figure 19: Graphical representation of two parallel 'infinite' plates 

In the parlance of radiant thermal physics, this ratio of the net irradiated power intercepted by a 

given surface to the total radiated power emitted from the source surface is known as the view 

factor. Equation (22) gives the mathematical definition of the view factor, where P12 is the power 

emitted from surface 1 and intercepted by surface 2, P1 is the power emitted by surface 1, and F12 

is the view factor from surface 1 to 2 [32],[38],[40]. Moreover, it should be noted that, when 

dealing with a radiant thermal system consisting of multiple radiating surfaces that intercept each 

other's radiation, the sum of the complete set of view factors from one surface to all other 

surfaces is always unity as per equation (23). This identity naturally arises from the conservation 

of thermal energy emitted from a given surface. In equation (23), N is the total number of 

surfaces in a given closed system and Fmn is the view factor from an arbitrary mth surface to the 

nth surface. 

T1, A1

T2, A2
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𝐹12 =
𝑃12

𝑃1
 

(22) 

∑ 𝐹𝑚𝑛

𝑁

𝑛=1

= 1 

(23) 

Furthermore, equation (24) gives another important identity derived from the conservation of 

radiant energy and referred to as the reciprocity rule. By this reciprocity rule, the product of a 

surface's area and its view factor to a second surface is equal to the product of the second 

surface's area and its view factor to the first surface [32]. In equation (24), A1 is the surface area 

of surface 1, A2 is the area of surface 2, F12 is the view factor from surface 1 to surface 2, and F21 

is the view factor from surface 2 to 1. 

𝐴1𝐹12 = 𝐴2𝐹21 (24) 

 It is of use to note that the identities given in equations (23) and (24) form the basis of the 

view factor algebra used to determine the blackbody resistance between radiating surfaces. 

Additionally, whereas equation (22) readily gives the view factor from one surface to another 

when the outgoing and intercepted radiant powers are known, prior knowledge of the heat 

exchange rates of the system is atypical in a practical scenario. As such, view factors are 

commonly calculated strictly from the geometry of the radiant surfaces forming a closed system 

via a generalized formula known as the view factor integral. For most common geometries, the 

solutions to the view factor integral are already known [32],[61]. However, it should be noted 

that the aforementioned methodology of calculating the view factor, based on the geometric 

configuration of a given radiant system, is normally contingent on the assumption of uniform 

hemispherical radiance as per Figure 20. 
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Figure 20: Illustration of the uniform hemispherical emittance 

 Having defined the view factor, it is possible to give an expression to calculate the radiant 

heat flow between two surfaces by using the superposition principle. Consider two surfaces that 

exchange thermal radiation with surface areas A1 and A2, at temperatures T1 and T2, and with 

view factors F12 and F21. To find the power leaving surface 1, assuming that surface 1 is the only 

surface contributing heat to the exchange, equation (21) can be used to compute the total power 

emitted - the product of the Stefan-Boltzmann radiosity with A1. Next, the portion of the power 

radiated from surface 1 that is incident upon surface 2 can be computed by multiplying the total 

power emitted from surface 1 with F12. This gives the first term in equation (25). Similarly, the 

power incident upon surface 1 from surface 2 can be calculated, again assuming all other 

radiators are 'turned off,' using the same method and giving the second term in equation (25). As 

per equation (25), the superimposed difference of these powers gives the net flow of radiant 

energy between surface 1 and surface 2. Furthermore using equation (24), this superimposed 

difference can be simplified as per the rightmost side of equation (25). 
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𝑃12 = 𝐹12𝐴1𝜎𝑇1
4 − 𝐹21𝐴2𝜎𝑇2 = 𝐹12𝐴1𝜎(𝑇1

4 − 𝑇2
4) (25) 

Employing Fourier's Law, equation (25) can be used to derive the effective thermal resistance 

presented by a blackbody radiant exchange between two surfaces in a Cauer network, R12, as per 

equation (26) [13]. 

𝑅12 =
𝑇1 − 𝑇2

𝐹12𝐴1𝜎(𝑇1
4 − 𝑇2

4)
 

(26) 

It should be noted that the radiant resistance given by equation (26) is only valid in practice 

when the radiant surfaces involved can be taken to behave sufficiently like blackbodies. That is 

to say, equation (26)'s validity is contingent on the assumption that all surfaces in question fully 

absorb all incident radiation. Practically speaking this assumption is typically not valid. Hence, a 

more complex formulation of the radiant resistance is needed for cases wherein some incident 

radiation on a given surface is not absorbed. 

4.4. Grey Body Radiant Heat Transfer 

 Whereas the derivation of the Planck distribution and, by proxy, the Stefan-Boltzmann 

Law is based upon the assumption of a blackbody object, real, physical objects do not emit 

radiation across all frequencies. Instead, real objects tend to radiate electromagnetic energy at 

specific frequencies that correspond to the allowable energy transitions between the atomic states 

of the elements comprising them. For instance, the Lyman and Balmer series are known to give 

some of these allowable energy transitions between the states of atomic hydrogen [62]. 

Moreover, Figure 21 provides experimental spectrometer data measured from a hydrogen gas 

lamp that confirms the aforementioned tendency of physical objects to emit electromagnetic 

radiation at discrete frequencies, rather than continuously across all frequencies. 
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Figure 21: Experimentally measured emission spectrum of hydrogen lamp 

The partial hydrogen spectrum shown in Figure 21 is instructive in demonstrating the inability of 

the Planck distribution to completely describe the discrete thermal emission characteristics of 

physical matter.  However, it should be noted that, for most complex matter encountered in daily 

life, the Planck distribution does provide a reasonable description of the bulk energy emitted 

from a given object up to a scaling factor. This scaling factor is known as the emissivity, which 

is a ratio of the total thermal radiosity of a given object at known absolute temperature and the 

predicted blackbody total radiosity given by the Stefan-Boltzmann Law for the same absolute 

temperature. It should be noted that the emissivity of a given object should always be greater 

than zero and less than 1, inclusive. Specifically, the closer to unity an object's emissivity is, the 

closer its total power emission is to that of an equivalent blackbody. Moreover, objects with 
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emissivities less than unity are said to be grey bodies. Using this definition of the emissivity, the 

Stefan-Boltzmann law can be modified to give the expected radiosity of a grey body as per 

equation (27), where ε is the emissivity of the grey body, σ is the Stefan-Boltzmann constant, and 

T is the absolute temperature of the grey body. 

𝑗 = 𝜀𝜎𝑇4 (27) 

 The non-unity emissivity of a grey body is symptomatic of its inability to emit 

electromagnetic radiation as effectively as a blackbody.  Kirchhoff's law of thermal radiation 

formally states the assumption that, in grey body radiant transfer, the absorptivity of a grey body 

is equal to its emissivity [32],[41]. As a consequence of Kirchoff's law of thermal radiation, 

when a population of photons is incident upon the surface of a grey object, only a portion of the 

incident photons, defined by the emissivity of the surface, is absorbed.  The remainder of the 

incident photons are reflected from or transmitted through the surface. However, it should be 

noted that, for the materials and material thicknesses common to atomic clock geometries, 

transmission effects are typically taken to be negligible in radiant heat transfer. Hence, this thesis 

will not take transmission effects into account in the analysis of thermal radiation, and the 

thermal radiation not absorbed by a grey body is henceforth assumed to be fully reflected. 

Additionally, it should be noted that, in grey body transfer, it is assumed that thermal radiation is 

diffuse reflected such that no preferred directionality is selected by the reflected radiation 

[32],[39],[40]. Figure 22 shows a diagram illustrating grey body radiant reflection. 
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Figure 22: Diagram of absorption/reflection characteristics in grey body objects 

 The ability of grey surfaces to reflect incoming electromagnetic radiation presents a 

significant complication to the analysis of radiant heat transfer between surfaces. In blackbody 

transfer between surfaces, any radiant heat transferred from one object to another is absorbed in a 

single step, but, in grey body transfer, the path taken until eventual absorption of any reflected 

radiation must be accounted for across many reflections [32]. To illustrate the complication 

presented by the need to integrate over all radiant reflections in grey body heat transfer, it is 

instructive to consider a system of two concentric, spherical, and isothermal grey surfaces as per 

Figure 23. Specifically, the radiant transfer between the outer surface of the inner sphere and the 

inner surface of the outer sphere, henceforth surfaces 1 and 2 respectively, will be analyzed. 

Grey Body

Absorbed 
Radiation

Reflected 
Radiation

Incident 
Radiation
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Figure 23: Graphical representation of a system of two concentric spherical surfaces 

Consider, initially, a population of photons emitted from surface 1. As is intuitively expected, the 

view factor from surface 1 to surface 2 in the hypothesized system of spheres is unity - all of the 

radiation emitted from surface 1 strikes surface 2. Hence, the entirety of this initial population of 

photons strikes surface 2. Upon striking surface 2, a population of the photons proportional to the 

emissivity of surface 2 is absorbed, and the remaining photons are reflected. Using the 

reciprocity rule as per equation (24), the view factor from surface 2 to surface 1 is the ratio of the 

surface areas of surface 1 and surface 2 - a quantity that geometrically must be less than unity. 

Consequently, a portion of the reflected photons, given by this view factor, strike surface 1, and 

the remaining photons re-strike surface 2. This process of reflection and absorption continues 

effectively ad infinitum as per Figure 24 until the entire initial population of photons is absorbed. 

Surface 
1

Surface 
2



57 

 

 

Figure 24: Flow chart of radiant reflections and absorptions in a two sphere system 

As is easily imagined, the process described by Figure 24 can be made significantly more 

intricate through the introduction of more complex geometries. Owing to the difficulties 

introduced to the analysis of radiant heat transfer by the reflective properties of grey bodies, 

solutions to grey heat transfer normally only hold for specific, well-known geometries. 

Typically, such solutions are derived utilizing two additional simplifying assumptions to the 

earlier diffuse and opacity conditions: uniform radiosity and uniform irradiosity [26],[32],[41]. 

These uniform radiosity and uniform irradiosity conditions dictate that, in a given system, the 

radiant power per square meter emitted by and incident upon a surface must be uniform across 

all isothermal surfaces. In practice, few physically realizable radiant geometries are able to 

strictly produce these uniformity conditions. However, the system of two concentric spheres 
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previously considered in Figure 23 is one topology that guarantees strict compliance with these 

radiant uniformity constraints. Furthermore, a well-known solution to the radiant, grey body heat 

transfer between two concentric, spherical shells exists. Equation (28) gives this known 

expression for spherical grey body transfer, where surface 1 is the inner shell, surface 2 is the 

outer shell, P12 is the power transferred from surface 1 to 2, A1 is the surface area of 1, A2 is the 

surface area of 2, ε1 is the emissivity of surface 1, ε2 is the emissivity of surface 2, T1 is the 

temperature of surface 1, T2 is the temperature of surface 2, and σ is the Stefan-Boltzmann 

constant [26],[32],[38]. 

𝑃12 = (
1

1
𝐴1𝜀1

+
1

𝐴2𝜀2
−

1
𝐴2

) 𝜎(𝑇1
4 − 𝑇2

4) 

(28) 

Moreover, using the same logic previously applied to the heat transfer between two blackbody 

objects, a non-linear, Cauer-type thermal resistance can be derived from equation (28) to yield 

equation (29), where Rrad is the thermal resistance between two concentric spheres exchanging 

grey body radiation [26]. 

𝑅𝑟𝑎𝑑 =
(𝑇1 − 𝑇2)

𝜎(𝑇1
4 − 𝑇2

4)
(

1

𝐴1𝜀1
+

1

𝐴2𝜀2
−

1

𝐴2
) 

(29) 

 Whereas equation (29) is only strictly said to hold for geometries such as that of two 

concentric spheres, two infinite parallel plates, and two infinite concentric cylinders, this 

formulation of a grey body radiant thermal resistance can also be used to describe systems that 

approximately conform to these uniformity conditions [7],[40]. Incidentally, the concentric, 

finite cylindrical geometry, previously cited as typical to atomic clocks, approximates these 

conditions well for cylindrical aspect ratios close to unity. Moreover, given the fact that most 
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atomic clock geometries do not typically have very eccentric aspect ratios, equation (29) is taken 

to hold for most common atomic clock geometries.  

 Another non-ideality associated with implementing grey body thermal resistance 

expressions to form Cauer networks is the practical difficulty associated with determining the 

emissivity value of real-world materials [37]. The emissivity of a given grey body surface is, as 

expected, partially dependent on the emission spectrum of the material comprising that surface, 

an intrinsic material property akin to thermal conductivity. However, emissivity is also highly 

dependent on the surface finish of the material, which can vary from batch to batch of chemically 

identical materials [32],[63]. For instance, Figure 25 shows a chart of the emissivities of some 

common metals and non-metals. As can be seen in Figure 25, for many metals, the presence of 

oxidation can, as is the case of copper, increase their emissivities up to an order of magnitude. 

 

Figure 25: Chart of common emissivities by material type and finish [63] 
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Furthermore, Table 4 gives specific emissivity values for selected materials and material 

finishes. 

Table 4: Summary of specific emissivity values for selected materials [32],[63] 

Material Emissivity [unitless] 

Pure Copper 0.02 

Pure Silver 0.025 

Pure Aluminum 0.064 

Oxidized Aluminum 0.15 

Pure Nickel 0.18 

Magnesite Brick 0.38 

Pure Titanium 0.47 

Cast Iron 0.65 

Teflon 0.87 

Black Paint 0.98 

 

Given the potential for large variations in emissivity between chemically similar materials and 

the experimental difficulty in measuring emissivity accurately, the majority of manufacturers do 

not include emissivity values in materials datasheets. Consequently, when attempting to calculate 

the radiant heat transfer of a grey body, one must either make estimates of a given material's 

emissivity using reference data or make experimental measurements of the emissivity oneself. 

Furthermore, in some cases, material surfaces are intentionally covered with a near-unity 

emissivity coating, such as black paint, to force the emissivity to an easily approximated value 

and simplify the heat transfer analysis [39]. Nonetheless, the majority of atomic clock systems do 

not use such blackbody coatings, and the introduction of such a coating to an atomic clock 

presents a potential source of outgassing that could pollute the vacuum environment. Instead, 

atomic clocks are often built with highly reflective metal surfaces that effectively reduce the 

radiant transfer of heat out of the system. Unfortunately, the use of low emissivity materials in 

atomic clocks further complicates the measurement of material emissivities in these systems. In a 
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later section of this thesis, an experimental procedure for the practical and economical 

measurement of material emissivity is described. 
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CHAPTER 5 EXPERIMENTAL AND COMPUTATIONAL METHODS 

5.1. Introduction 

 In previous chapters, some of the non-idealities associated with conducted, convective, 

and radiant heat transfer were identified. Specifically, physical sources of non-linearity in these 

heat transfer modes and difficulties associated with determining the pertinent model coefficients 

to describe these behaviors have been identified. With regards to atomic clock systems, two of 

these heat transfer non-idealities are of particular concern: the impact of geometry on the grey 

body thermal resistance in cases where uniformity conditions are violated, and the difficulty 

associated with measuring the emissivity of a given material. This chapter addresses these 

concerns by providing a computational FEA method for calculating the 'geometric resistance' 

between two grey bodies and a simple experimental method for measuring material emissivity 

using a thermographic camera. 

 Furthermore, the ability to evaluate a given Cauer model's validity is contingent on the 

acquisition of accurate experimental temperature data from the modeled system for comparison 

with the Cauer model prediction. Consequently, the proper selection and implementation of 

temperature sensor devices to make such experimental temperature measurements is very 

important. To this end, a discussion on a variety of different electrical thermometer topologies, 

their calibration methods, and their respective advantages and disadvantages is given in this 

chapter. Moreover, a generalized methodology for testing the delay of some common 
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temperature sensor devices is discussed, and experimental validation data is given for this 

method. 

5.2. Computational Method for Evaluating the Radiant Geometric Resistance 

 As discussed in previous chapters, the reflection of infrared radiation between the 

surfaces of a grey body system can significantly impact the net radiant power flow between these 

surfaces as compared to the heat transport predicted using a blackbody assumption. Moreover, 

whereas equation (28) presents an analytic method for calculating the exchange of heat between 

the surfaces of a closed two-surface system, this formula only holds for strict uniform radiosity 

and irradiosity conditions. Consequently a more general methodology for modeling grey body 

heat transfer is needed in geometries wherein radiant field fringing is present. To provide such a 

generalized characterization of grey body radiant transfer, a parameter sometimes referred to as 

the 'radiant geometric resistance' can be defined [32]. Equation (30) defines this geometric 

resistance as the ratio of the ideal Stefan-Boltzmann net radiosity between two surfaces over the 

net power exchanged by the surfaces, where 𝓡12 is the geometric resistance between surface 1 

and surface 2, σ is the Stefan-Boltzmann constant, P12 is the radiant power exchanged between 

surfaces 1 and 2, and T1 and T2 are the temperatures of surfaces 1 and 2, respectively [7]. This 

formulation can be rearranged to produce an expression for the radiant power transferred 

between the two surfaces, as in equation (31). 

ℛ12 = σ
𝑇1

4 − 𝑇2
4

𝑃12
 

(30) 

𝑃12 =
𝜎(𝑇1

4 − 𝑇2
4)

ℛ12
 

(31) 

It should be noted that the ratio defined by equation (30) is described as a geometric resistance. 

This expression has units of inverse area and effectively characterizes the reflective reduction in 
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the net power exchanged by grey bodies due to their geometries. Additionally, despite 

similarities in notation, the radiant geometric resistance given in equation (30) is not to be 

confused with the non-linear Cauer model thermal resistance, Rrad. To clarify the relationship 

between the geometric resistance and the radiant Cauer resistance, equation (32) shows the Cauer 

radiant thermal resistance in terms of the geometric resistance. 

𝑅𝑟𝑎𝑑 =
(𝑇1 − 𝑇2)ℛ12

𝜎(𝑇1
4 − 𝑇2

4)
 

(32) 

Furthermore, in the context of this formulation of grey body heat transfer, the expression given 

previously in equation (28) can be taken as a special case, wherein the geometric resistance is 

calculated analytically as per equation (33) [38]. 

ℛ12 = (
1

𝐴1𝜀1
+

1

𝐴2𝜀2
−

1

𝐴2
) 

(33) 

 Nonetheless, while equation (30) gives a generalized expression for a geometric 

resistance that applies, in theory, for any arbitrary grey body system, this formula requires prior 

knowledge of the temperatures and radiant power exchanged between two grey surfaces of 

interest. Experimentally speaking, a laboratory measurement of only the radiant component of 

the heat power exchanged between two grey surfaces is impractical, owing to the difficulty in 

completely eliminating heat conduction and convection from a physical system. On the other 

hand, finite element analysis simulation provides a means by which the radiant heat transfer of a 

grey body geometry can easily be separated from the other thermal physics effects, allowing for 

direct assessment of the heat power radiantly transferring between two simulated surfaces. 

Hence, by modeling the three-dimensional geometry of a system of grey body surfaces in a finite 

element analysis package and defining the relevant emissivity parameters of the system, the 
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quantities needed to compute the geometric resistance of a given grey body configuration can be 

iteratively solved, even in systems with radiant fringing. 

 To illustrate the application of the aforementioned FEA simulation method to a practical 

grey body configuration with radiant fringing effects, a system of two concentric cylinders with 

dimensions given in Table 5 was constructed in an FEA package - specifically, SolidWorks 

Simulation Premium - as shown in Figure 26. As per previous discussion, a system of concentric 

cylinders was chosen, because it closely approximates the internal structure of many atomic 

clocks and does not strictly conform to the uniform radiosity and irradiosity conditions [7]. 

Table 5: Dimensions of cylindrical example system 

Cylinder Radius [m] Height [m] Emissivity [unitless] 

1 (inner) 0.250 1.0 0.50 

2 (outer) 0.125 0.5 0.25 

 

 

Figure 26: Cross-sectional view of two-cylinder FEA model 
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In the configuration of this two-cylinder FEA model, both cylinders were taken to be constructed 

of high thermal conductivity copper to ensure that the shells behaved as isothermal surfaces. 

Additionally, with regards to the calibration of the FEA model's thermal physics, grey body 

radiant transfer was defined between the internal surfaces of interest; a constant-power thermal 

load was defined at surface 1; and a laminar flow convection coefficient of 2 [W/m2] was defined 

for the outermost surface of the system. The purpose of this convective transfer at the outermost, 

non-radiating surface was to ensure that the heat applied at the innermost surface had a return 

path to thermal ground through the ambient 293.15 [K] temperature source defined in the 

simulation. Without this return path to thermal ground, the temperature of the system would 

increase unboundedly with time, and the FEA solver would not be able to converge on a steady 

state solution. 

 Once the FEA simulation was fully calibrated and the geometry meshed, thermal 

simulations of the system's steady state operating conditions were conducted for a range of 

power input levels between 0.1 [W] and 500 [W]. Specifically, power input levels of 0.1 [W], 1 

[W], 5 [W], 10 [W], 25 [W], 50 [W], 100 [W], and 500 [W] were simulated. Moreover, Figure 

27 shows a visualization of the simulated radiant field at a power input of 500 [W] which further 

demonstrates the fringing behavior of cylindrical grey body radiators. Specifically, a cursory 

inspetion of Figure 27 shows that the net radiant heat flux between the two simulated cylinders is 

not uniform in all directions. Hence, the violation of the uniform radiosity condition previously 

discussed is evidenced in Figure 27. 
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Figure 27: FEA visualization of heat flux for cylindrical geometry with eccentric aspect ratio 

Due to the fact that the only heat transfer effect defined between the grey surfaces of interest was 

radiant transfer, it should be noted that the total power applied at the innermost surface of the 

system is necessarily taken as the total, steady state radiant heat flux between the two cylinders. 

Furthermore, applying the temperature and power data recorded from the FEA simulations to the 

geometric resistance, Figure 28 demonstrates the linearity of the fourth power temperature term 

and the input heat power predicted by equations (30) and (31). Specifically, Figure 28 shows that 

the FEA system has an approximate radiant geometric resistance of 5.92 [m-2]. This is shown by 

taking the inverse of the curve’s average slope.  
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Figure 28: Plot of net radiosity versus radiant power transfer for FEA simulations 

It is useful to note that geometric resistance can be utilized to evaluate the validity of equation 

(28) in describing the grey body transfer between the layers of an atomic clock. The usage of 

equation (28) to describe the radiant heat transfer between the layers of two concentric cylinders 

is mathematically equivalent to approximating these cylinders as a pair of concentric spheres [7]. 

As shown in Figure 29, the mapping of a cylinder to a sphere inherently results in a loss of 

information. This is due to the fact that spheres always have an aspect ratio of unity, and 

cylinders can have an arbitrary aspect ratio.  
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Figure 29: Pictorial description of the geometric information loss between cylinders and spheres 

By comparing the analytic result from equation (33) with that generated applying equation (30) 

to FEA simulation data, the deviation of the radiant exchange in a given cylindrical geometry 

from equation (28) can be calculated per the previous process. The error between these two 

results provides a measure of how well equation (28) can be used to approximate the radiant 

transfer between a given cylindrical geometry's layers. As is intuitive from Figure 29, the error 

between the simulated and spherically approximated geometric resistances of a set of concentric 

cylinders is minimized when the aspect ratio of the cylinders is closest to unity, where it is most 

sphere-like. Given the tendency for most atomic clock designs to have aspect ratios reasonably 

close to unity, this spherical approximation provided in equation (33) is a reasonable estimate of 

the geometric resistance for most atomic clocks. Figure 30 and Figure 31 demonstrate the low 

error of the spherical grey body approximation for two atomic clock types. As shown in Figure 

30, for typical atomic fountain geometries with aspect ratios in the range of 0.1 to 0.4, between 

five and ten percent error is expected for the spherical grey body approximation [7]. 
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Additionally, as per Figure 31, hydrogen masers typically have aspect ratios in the vicinity of 0.5 

to unity, with an expected spherical approximation error of around two to three percent. It should 

be noted from Figure 30 that atomic fountains represent one of the most geometrically eccentric 

atomic clock topologies, and, for most atomic clocks, small approximation errors on the order of 

those seen in Figure 31 are expected. 

 

Figure 30: Spherical approximation error as a function of aspect ratio for atomic fountains [7] 
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Figure 31: Spherical approximation error as a function of aspect ratio for H masers [7] 

For the purposes of this thesis, the FEA method outlined in this section for calculating the 

geometric resistance is utilized primarily to verify the validity of equation (29) in calculating the 

radiant resistances of Cauer thermal networks. This choice of an analytic grey body 

approximation over the FEA method is made, despite its uniformity constraints, because the 

simulated estimation of geometric resistance precludes the ability to easily perform parametric 

sweeps or adjustments in emissivity parameters for a Cauer electro-equivalent circuit model.  

Such a manual, FEA-in-the-loop process does not facilitate the rapid and efficient evaluation of a 

Cauer model. Furthermore, as shown in this section, the spherical approximation of grey body 

heat transfer provides a reasonable for most atomic clock geometries. Nonetheless, in some 

systems more complex than those studied in this thesis, an FEA method may be the only 

reasonable means of approximating the geometric resistance coefficient accurately. 
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5.3. Experimental Method for Emissivity Measurement 

 In previous sections, emissivity has been identified as a parameter critical to 

understanding radiant heat transfer in physical systems. Moreover, owing to the complex origins 

of emissivity in the emission lines and surface finishes of physical materials, no analytic or 

simulated method for accurately computing the emissivity of a material is known. Hence, 

experimental measurements of emissivity must be made. Often, such experimental emissivity 

measurements are conducted using expensive and elaborate vacuum chamber equipment, making 

such techniques effectively inaccessible to the general public [64],[65]. However, a simpler and 

more cost-effective technique involving the use of a thermographic camera can be used to 

provide similar estimates of a given material's emissivity in open air [66]. In this thermographic 

emissivity measurement technique, the modified, grey body Stefan-Boltzmann expression from 

equation (27) is used to interpolate the emissivity of a target material using temperature and 

radiosity measurements provided by an IR camera [67]. Specifically, the material of interest is 

initially heated to a high temperature relative to the ambient atmosphere using a regulated heat 

source. This is done to ensure that the radiosity of the target material is significantly higher than 

the background radiosity of the environment. Next, a strip of reference material of known 

emissivity - typically black electrical tape of approximately 0.95 emissivity - is applied to the 

surface of the target material to bring it to the same elevated temperature. Subsequently, the 

thermographic camera is calibrated to the emissivity of the reference material, and the area 

averaged temperature of the reference material is measured using the camera as per Figure 32. 
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Figure 32: Example reference material thermographic temperature measurement 

Once the average temperature of the reference material is known, the temperature of the material 

of unknown emissivity is also known, due to their close thermal contact. Using this temperature 

measurement of the sample material, the emissivity of the thermographic camera is adjusted until 

the measured average temperature of the sample material matches that recorded from the 

reference material as closely as possible, per Figure 33. 
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Figure 33: Example sample material thermographic temperature measurement 

The emissivity at which the measured reference and sample temperatures most closely agree is 

taken to be the emissivity of the sample material. It should be noted that, the higher the 

temperature of the sample material can be driven relative to ambient, the more dramatic the 

changes in expected temperature will be with small changes in the emissivity. Hence, the 

certainty of a given thermographic emissivity measurement is improved with increased 

temperature. 

 For the purposes of this thesis, the outlined thermographic emissivity measurement 

technique is utilized in the estimation of emissivity values for all materials used in the 

experimental tests documented in later sections. Specifically, these measured emissivity values 

are used to calculate the non-linear radiant resistances of the Cauer models constructed for these 

experimental tests. 
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5.4. Overview and Analysis of Thermal Sensors, Sensor Calibration, and Delay Modeling 

 A detailed understanding of thermal sensors is vital to making quality experimental 

measurements of a given system's thermal dynamics. In most modern applications of thermal 

sensing, electro-thermal sensors are implemented to measure the temperature of system 

elements. Owing to the fact that these electro-thermal sensors are comprised of solid matter, they 

present low-pass thermal response characteristics. Furthermore, given their electro-thermal 

nature, a mathematical understanding of the mapping between thermal quantities and electrical 

quantities in these devices is critical to their practical use. In this section, the physical 

mechanisms by which many of these electro-thermal sensor devices operate are discussed, and 

calibration techniques are presented for devices for which a generalized technique is available. 

Additionally, an experimental method for characterizing the thermal response time of contact-

based thermal sensors is given. 

 With regards to electro-thermal sensors, five topologies are commonly used: thermistors, 

resistance temperature detectors (RTDs), thermocouples, PN junction sensors, and 

microbolometers [67],[68]. In classifying these sensor topologies, it is useful to examine the 

electrical parameter coupled to the thermal domain for each sensor. For these five sensor types, 

there are effectively two categories of electrical coupling to the thermal domain: thermo-resistive 

and thermo-voltaic coupling. That is to say, temperature variations present themselves in these 

sensors as either variations in resistance or variations in voltage. Table 6 shows a full summary 

of the thermal and electrical quantities related by these sensor types. 
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Table 6: Summary of electro-thermal sensors 

Electro-Thermal Sensor Active or 

Passive? 

Coupled Thermal 

Quantity 

Measured 

Electrical 

Quantity 

Thermistor Passive Temperature Resistance 

Resistance Thermometer 

Detector 

(RTD) 

Passive Temperature Resistance 

Microbolometer Passive Thermal Radiosity Resistance 

Thermocouple Active Temperature Voltage 

PN Junction Sensors Active* Temperature Voltage 

*PN junction sensors must be electrically biased to provide a temperature effect. However 

temperature variations do not cause but modify this voltage bias. 

 

From Table 6, it is relevant to note that microbolometers represent the only listed form of 

electro-thermal sensor that does not directly measure the temperature of the measured object. 

Instead, microbolometers effectively sense the radiosity emitted from a measured object [67]. 

Moreover, this radiosity measurement further sets microbolometers apart from other thermal 

sensors, because they do not need to be in physical contact with a thermal object to measure its 

temperature; this ability of microbolometers to remotely sense temperature via radiosity forms 

the basis of thermographic camera technology. 

 In determining the applicability of different sensors to the measurement of thermal 

systems, it is instructive to examine the calibration curves of these sensors. For thermistor 

temperature sensors, the Steinhart-Hart equation, given in equation (34), describes the 

temperature behavior as a function of the device resistance, where A, B, and C are the Steinhart-

Hart calibration coefficients, T is the absolute temperature, and R is the terminal resistance [69]. 

1

𝑇
= 𝐴 + 𝐵𝑙𝑛(𝑅) + 𝐶(ln(𝑅))3 

(34) 
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From equation (34), it is obvious that thermistor resistance does not scale linearly with absolute 

temperature. Figure 34 shows a Steinhart-Hart three-point calibration curve that demonstrates the 

approximately exponential behavior of thermistor resistance with temperature. 

 

Figure 34: Steinhart-Hart calibration curve for experimental thermistor 

Observing the trend in Figure 34, it is apparent that thermistor devices, by virtue of their 

exponential resistance curve, are highly sensitive to small changes in temperature in a restricted 

temperature range. Owing to this region of high thermal sensitivity, thermistors are often found 

in applications such as thermal control systems, where such high sensitivity is critical. 

Nonetheless, outside of their optimal sensitivity range, thermistors can be highly insensitive to 

small changes in temperature, and, as such, they do no function well as temperature sensors in 

these operating areas. Furthermore, one must be careful to select calibration points inside of the 
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desired operating region when performing a three point calibration of a thermistor. If calibration 

points are chosen from a low sensitivity region of the Steinhart-Hart curve of a thermistor, the 

resultant three point calibration may not accurately describe the resistance behavior of the 

thermistor outside of the calibration temperature range. Additionally, even when using well-

chosen calibration data points, thermistor accuracy is significantly reduced as measured 

temperature diverges from the calibration range [70]. It is also of interest to note that 

microbolometers are very closely related to thermistors. Microbolometers act as flat, 

miniaturized thermistors with high emissivity coatings and low thermal capacitances that absorb 

incoming thermal radiation, resulting in the heating of the thermistor element [67]. However, 

since microbolometers do not make physical contact with the objects they measure, the 

Steinhart-Hart equation cannot be used to directly calibrate a microbolometer. Instead, 

microbolometers tend not to have standardized designs, and their calibration techniques vary 

from manufacturer to manufacturer. 

 In contrast to thermistors, RTDs are known to have linear resistance-temperature curves 

[71]. This linear RTD behavior arises from the tendency of the resistance of pure metals to 

increase linearly with temperature. Equation (35) shows the calibration equation of an RTD, 

where T is the absolute temperature, R is the device terminal resistance, and m and b are linearly 

interpolated fit coefficients. 

𝑇 = 𝑚𝑅 + 𝑏 (35) 

Owing to the linearity of RTD resistance with temperature, these devices typically have lower 

sensitivity than seen in thermistors. Thermistor temperature sensitivity is typically being ten 

times than of RTD sensitivity [70]. It should also be noted that the linearity of RTDs is known to 
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break down at sufficiently high temperatures; RTDs are therefore typically not useful in systems 

operating at extreme temperatures [71]. 

 Unlike thermistors and RTDs, thermocouples generate a thermo-voltaic response, rather 

than a thermo-resistive response. Specifically, thermocouples generate a thermally-induced 

electromotive force via the Seebeck effect.  The Seebeck effect states that, when two dissimilar 

electrical conductors are joined at a junction with a temperature TJ and free ends of temperature 

Tamb, a Seebeck voltage proportional to the difference of TJ and Tamb is induced at the ends of the 

free terminals [72]. The material coefficients that determine the proportionality of temperature 

difference to voltage difference in thermocouples are the Seebeck coefficients. For an arbitrary 

pair of conductor materials, the Seebeck coefficients cannot be calculated analytically; moreover, 

these coefficients are highly non-linear with temperature. Consequently, the temperature-voltage 

curve of a thermocouple device cannot be calibrated to a generalized expression. Instead, the 

temperature corresponding with a given thermocouple voltage is typically calculated through 

either the linear interpolation of experimentally tabulated reference data or a polynomial curve 

fit. Moreover, it should be noted that the temperature measured by a thermocouple is inherently 

differential in nature as previously described. Hence, the temperature given by the voltage of a 

thermocouple is relative to the ambient temperature at which the free ends of the conductors are 

kept. This presents an obvious problem in accurately measuring the absolute temperature via a 

thermocouple if the ambient temperature is not known exactly. In commercial thermocouple 

devices, electric temperature compensators are implemented in an attempt to control the effects 

of ambient cold junction temperature fluctuation on thermocouple temperature estimates. 

However, practically speaking, due to their non-idealities and numerous sources of potential 

error, thermocouples should not be relied upon for extremely accurate temperature measurements 
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[73]. Nonetheless, owing to the simplicity of their construction and the high melting points of the 

conductive materials used, thermocouples do excel in the measurement of very high 

temperatures. 

 Similar to the thermocouple, the PN junction temperature sensor is also a thermo-voltaic 

temperature sensor. With regards to modeling the voltage-temperature curve of a PN junction, 

equation (36) - a manipulation of the Shockley diode equation - can be taken to give the 

junction's voltage as a function of temperature [74]. In equation (36), n is the ideality factor, kB is 

the Boltzmann constant, T is the absolute temperature, q is the elementary charge, I is the current 

across the junction, Is is the saturation current, R is the series resistance of the junction, and VD is 

the PN junction voltage. 

𝑉𝐷 = (
𝑛𝑘𝐵𝑇

𝑞
) 𝑙𝑛 (

𝐼

𝐼𝑆
) + 𝐼𝑅 

(36) 

It should be noted that the expression given in equation (36) is only one possible model of the 

PN junction temperature dependence, given the existence of alternative models for diode current-

voltage characterization. Nonetheless, assuming a constant-current sourced across a given PN 

junction, equation (36) shows that junction voltage is ideally linear in temperature for a PN 

junction temperature sensor. The primary advantages of the PN junction sensor are that its 

temperature coefficient is defined in terms of readily measureable electrical diode characteristics 

and that PN junctions are highly cost-effective. However, owing to the linear temperature 

coefficient of PN junction devices, they are not as sensitive to temperature changes as 

thermistors. Additionally, PN junctions are susceptible to changes in their electrical 

characteristics over time and in harsh environments, which can render previous temperature 

calibrations inaccurate [74]. 
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 Owing to the long-term stability of thermistors [70] and RTDs [71], these sensor types 

are the most likely candidates for use in atomic clock devices. Consequently, all discussion of 

temperature sensors given henceforth in this thesis pertains to these thermo-resistive sensor 

topologies. Once a sensor has been selected for the experimental measurement of a thermal 

system, the next step in understanding the accuracy of such a measurement is the modeling of the 

intrinsic sensor delay. Using the Cauer modeling technique, it naturally follows that the thermal 

network representation of a temperature sensor is a simple RC network as shown in Figure 35. It 

should be noted that, in Figure 35, Tjacket represents the outer temperature of the sensor, and 

Tsensor represents the temperature at the interior sensor element. In this Cauer formulation of a 

generic resistive sensor, Rcond represents the conductive thermal resistance between the outer 

jacket of a sensor and the actual sensing element, and Csensor represents the thermal mass of the 

sensor. 

 

Figure 35: Low pass Cauer network for sensor delay 

Owing to difficulties presented by contact resistances and unknown material composition in 

analytically calculating Rcond, it is often necessary to make an experimental measurement of the 

sensor's network characteristics. Typically, such an experimental measurement takes the form of 

Rcond

Csensor

0 [K]

Tjacket

+

-

Tsensor

+

-
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a step response test in temperature [43]. Moreover, an examination of the Laplace domain 

transfer characteristics yields an expectation for the results of such a step test: a first order 

response. Equation (37) shows the temperature transfer function of the network shown in Figure 

35, where s is the Laplace frequency variable, gsensor is the transfer function, and τ is the time 

constant. 

𝑔𝑠𝑒𝑛𝑠𝑜𝑟(𝑠) =
𝑇𝑠𝑒𝑛𝑠𝑜𝑟

Tjacket
=

1

1 + 𝑠𝐶𝑠𝑒𝑛𝑠𝑜𝑟𝑅𝑐𝑜𝑛𝑑
=

1

1 + 𝜏𝑠
 

(37) 

As with any first order system response, the individual capacitance and resistance values that 

multiply to give the time constant of the response are irrelevant to the terminal behavior of the 

system. Instead, only the time constant of the response is needed to fully describe the 

temperature behavior of the sensor. This characterization of the sensor dynamic behavior in 

terms of its time constant is relevant to the experimental measurement of the sensor's thermal 

network behavior. While the individual thermal capacitances and resistances cannot be discerned 

from a step response test of the sensor, the time constant can [43]. This time constant approach to 

network characterization is effectively a restatement of the aphysical Foster modeling 

methodology previously mentioned. Furthermore, this application of the Foster modeling method 

to a sensor demonstrates the potential of the Foster model to supplement a Cauer model in cases 

wherein a physically meaningful description of a given system is too complex or otherwise 

unneeded. 

 In the practical implementation of the step response test previously described, it is 

necessary to implement a method for recording the transient change in the pertinent electrical 

characteristics of the sensor. In the case of thermistors and RTDs, this electrical quantity is 

sensor resistance, and the most straightforward method for measuring transient sensor resistance 
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is the placement of the sensor in series with a 'current-viewing' resistance, as per Figure 36, to 

form a simple voltage divider.  

 

Figure 36: Divider circuit for measuring thermo-resistive sensor resistance 

It should be noted from Figure 36 that the voltage across the current viewing element is labeled 

as VADC. This label is intended to denote that, as per the experimental procedure highlighted in 

this section, an analog to digital converter (ADC) is used to record the transient divider voltage 

corresponding to the sensor resistance. However, before the circuit shown in Figure 36 can be 

implemented, it is necessary to determine the optimal current viewing resistance for a given 

sensor. Equation (38) shows the voltage of the analog to digital converter in Figure 36 as a 

function of the voltage reference Vref, sensor resistance RTH, and current viewing resistance RCV. 

𝑉𝐴𝐷𝐶 = 𝑉𝑟𝑒𝑓

𝑅𝐶𝑉

𝑅𝑇𝐻 + 𝑅𝐶𝑉
 

(38) 

From equation (38), it is expected that an excessively small current viewing resistance will result 

in VADC being quantized to zero, effectively measuring infinite resistance for the sensor at all 

temperatures. Similarly, an excessively large current viewing resistance will result in the 

RTH

RCV

Vref

VADC

+

-
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quantization of VADC to the reference voltage, yielding a measurement of zero resistance for the 

sensor at all temperatures. Hence, it stands to reason that the optimal value of the current viewing 

resistance lies somewhere in the middle of these two extremes. 

 To determine this optimal current viewing resistance value, a script for simulating the 

ADC-based resistance measurement of a divider circuit with Gaussian noise was created. In this 

simulation, the rounding process of the ADC quantization was taken into account by rounding 

the 'noisy' simulated divider voltage to the nearest discrete, digital value specified by the ADC's 

resolution. It should also be noted that linear quantization was assumed for the purposes of this 

simulation. Moreover, the resistance of the sensor element was taken to be approximately equal 

to its resistance at standard temperature. Within this script, the simulated ADC was commanded 

to take 10,000 sensor resistance measurements across an elapsed time of 10,000 [s] at a rate of 

one measurement a second, and the standard deviation of the measurement data was taken to 

establish the quality of the measurement. Figure 37 shows a plot of the standard deviation of the 

simulated sensor measurements at different current viewing resistances for a nominal sensor 

resistance of 10 [kΩ]. As can be seen from Figure 37, the standard deviation of the measured 

resistance is approximately minimized at a value corresponding to half the nominal sensor 

resistance - in this case, 5 [kΩ]. 

 



85 

 

 

Figure 37: Standard deviation as a function of current viewing resistance for 10 [kΩ] thermistor 

Upon executing this simulation process for several additional nominal sensor resistances, this 

trend, whereupon the standard deviation is minimized at half the nominal sensor resistance, was 

observed to hold. Figure 38 further evidences this minimization trend for a 100 [kΩ] simulated 

thermistor, wherein the standard deviation is minimized in the vicinity of 50 [kΩ]. 
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Figure 38: Standard deviation as a function of current viewing resistance for 100 [kΩ] thermistor 

It should be noted that one caveat to utilizing this optimized current viewing resistance value is 

that the resistance of the overall circuit must be sufficiently high to prevent self-heating through 

Ohmic power dissipation [70]. In such a case where half the nominal sensor resistance is below 

the minimum resistance needed to prevent significant self-heating, this minimum self-heating 

resistance is chosen instead. Furthermore, it is important to note that, while this divider technique 

does represent a simple method for obtaining the resistance of a given thermos-resistive sensor, a 

Wheatstone bridge is more commonly used for this purpose. 

 Figure 39 shows a practical implementation of the proposed resistor divider method for 

measuring temperature sensor resistance, wherein five thermo-resistive sensors - one RTD and 

four thermistors - are incorporated into a consolidated divider board for the purpose of 

performing a step response test in temperature. These five temperature sensors were chosen, 
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because they represented a reasonable sampling of available precision thermo-resistive sensors 

available at low cost across multiple standard temperature, baseline resistances. 

 

Figure 39: Experimental apparatus for passive temperature sensor thermal delay measurement 

 Following the initial configuration of the sensor board shown in Figure 39, the board was 

submerged in a hot, temperature-controlled bath, and the resistive responses of the sensor 

elements were recorded to a local computer via a 16 channel ADC. Specifically, a Labjack U3 

HV ADC was used for this experiment. Furthermore, Table 7 summarizes the remainder of the 

test conditions used in the experimental test described herein. It should be noted that, as per, 

Table 7, the current viewing resistance value used for the experimentally tested RTD was 

substantially larger than the ideal 50 [Ω] half sensor resistance value. This increase in the current 

viewing resistance for the HEL-700 RTD was made to prevent self-heating of the device. 
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Table 7: Summary of testing conditions for sensor delay experiment 

Experimental Quantity Value Units 

Measured Temperature of Water 

Bath 

45 [°C] 

Divider Rail Voltage 2.3 [V] 

Test Duration ~150 [s] 

ADC Sampling Frequency 2 [Hz] 

HEL-700 RTD Current Viewing 

Resistance 

1.2 [kΩ] 

192104QET Current Viewing 

Resistance 

50 [kΩ] 

GA10K3MCD1 Current 

Viewing Resistance 

5 [kΩ] 

44031RC Current Viewing 

Resistance 

5 [kΩ] 

Additional Precision 

Thermistor* (10 [kΩ]) Current 

Viewing Resistance 

5 [kΩ] 

*Name omitted due to export control. 

 

Subsequently, using calibration data for the five resistive sensors, first order temperature 

response curves for the sensors were calculated, as shown in Figure 40. To clarify, Figure 40 

shows the temperature calculated for each thermo-resistive sensor's raw resistance data using the 

previously described sensor calibration methods. Moreover, it should be noted that Figure 40 

shows significantly higher variation in the temperature measurements performed by the RTD 

device. This is due to the non-optimal usage of a 1.2 [kΩ] current viewing resistance for the 100 

[Ω] RTD. 
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Figure 40: Plot of temperature step response for different resistive thermal sensors 

 Last, using a least-squares curve fitting technique via MATLAB's cftool, the time 

constant for each of the sensors was calculated from the experimental data. Table 8 summarizes 

the time constant data and associated confidence interval data for each sensor evaluated. As can 

be seen in Table 8, the thermistors demonstrated a decisively faster response time than the 

selected RTD in this particular test. This low delay result further reinforces the notion that 

thermistors are ideal for use in precision thermal systems. 
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Table 8: Summary of experimentally extracted time constants for temperature step test 

Sensor Time Constant [s] R2 Value 

HEL-700 4.005 0.8782 

192104QET 1.046 0.9308 

44031RC 1.114 0.8607 

GA10K2MCD1 0.6777 0.5184 

Additional Precision 

Thermistor* 

0.6877 0.8295 

*Name omitted due to export control. 



. 

91 

 

CHAPTER 6 EXPERIMENTAL VALIDATION OF CAUER MODELING TECHNIQUES 

6.1. Introduction 

 Previous chapters of this thesis have outlined the theoretical basis for the Cauer thermal 

network model, provided literature examples of the Cauer model's successful application to a 

wide variety of engineering problems, and identified the subtleties of heat transfer most relevant 

to the application of the Cauer model to atomic clock geometries. This chapter provides 

experimental evidence to support the applicability of the Cauer model to atomic clock 

geometries. Moreover, previous claims as to the dominance of radiant heat transfer effects in 

vacuum-enclosed clock geometries are substantiated through empirical evidence. Specifically, 

this chapter documents the design, testing, and thermal modeling of a simple system, consisting 

of two concentric metal tubes suspended in a temperature controlled vacuum vessel. With 

regards to the experimental system geometry, a vacuum-sealed pair of cylinders was chosen 

primarily to emulate the concentric cylindrical geometries common to many atomic clocks. As is 

shown in the sections to follow, testing of this simple, clock-like geometry produced results 

highly consistent with those predicted by the Cauer modeling method. 

6.2. Experimental Setup 

 One principal concern during the design of atomic clocks is mitigating environmental 

influences of all types. Ambient thermal influences represent one category of these 

environmental concerns in atomic clocks. Consequently, many atomic clocks incorporate high 
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vacuum assemblies and are designed with low thermal conductivity materials to insulate against 

external thermal influences. However, radiant heat transfer, unlike convective and conductive 

transfer, cannot be fully mitigated in a real physical system. Hence, it naturally follows that a 

clock system designed with features to mitigate convective and conductive transfer effects is 

dominated by radiant heat transfer [7]. While this assertion is consistent with thermal 

management problems found in spacecraft systems [4] and can be readily tested in simulation 

[66], an experimental validation of the significance of radiant heat transfer in clock-like 

geometries has not been well established in the literature. Hence, for this thesis, an experimental 

system designed to replicate the thermal conditions under which some atomic clocks operate was 

devised. 

 In this experimental test system, a pair of metal tubes - an inner copper tube and an outer 

aluminum tube - was suspended in a concentric arrangement at the center of a large, cylindrical 

vacuum enclosure as per Figure 41. 
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Figure 41: Picture of experimental testbed 

It was desired that no significant thermal conduction path between the copper and aluminum 

pipes or to the vacuum vessel was present within this test system.  Therefore, the entire structure 

was machined from thermally-insulating Delrin; and thin-gauge, insulating plastic wire was used 

to suspend the tubes from the suspension apparatus. With both metal tubes suspended in this 

concentric configuration using non-conductive materials, it was intended that this initial 

configuration would be forced to exchange heat primarily through radiant means under vacuum. 

Furethermore, Table 9 gives the dimensions of the experimental test system. 
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Table 9: Dimensions of experimental test setup 

Quantity Value Units 

Aluminum Tube Inner Radius 0.02576 [m] 

Aluminum Tube Outer 

Radius 

0.03028 [m] 

Copper Tube Outer Radius 0.007874 [m] 

Copper Tube Inner Radius 0.006693 [m] 

Vacuum Enclosure Inner 

Radius 

NA* [m] 

Aluminum Tube Length 0.2540 [m] 

Copper Tube Length 0.2032 [m] 

Vacuum Enclosure Length NA* [m] 

*These values are omitted due to export control 

 

 However, to provide a baseline for comparison between the relative impact of conduction 

and radiation in a vacuum system, an intentional heat conduction path was added to the 

experimental system by soldering a thin copper wire to the inner copper tube and bolting the 

other end of the wire to the outer aluminum tube. This inclusion of an intentional but small heat 

conduction path between the concentric tubes was intended to further mirror the heat transfer 

conditions inside an atomic clock. Although thermal conduction is significantly suppressed 

within atomic clocks, it is not completely negligible.  Hence, a similar small but non-negligible 

conduction path was added to the experimental configuration to test the relative impact of 

conduction and radiation on the overall heat transfer. However, the inclusion of this conduction 

path between the cylinders does not inherently provide the ability to experimentally separate the 

conductive and radiant heat transfer effects present in the system. Instead, this inclusion of both 

transfer effects in the experimental configuration necessitates that any experimental temperature 

curves extracted from the system reflect both radiant and conducted contributions to the heat 

transfer. Consequently, two modes of thermal operation were designed to be implemented in the 

experimental test plan: a hybrid conduction-radiation mode and a radiation-only mode. In these 

two modes, the thermal step response of the system was to be measured both with and without 
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the aforementioned thermal conduction wire at heat power levels of 0.05 [W], 0.1 [W], and 0.15 

[W] applied to the copper cylinder. By comparing the steady state operating temperatures of the 

system for the hybrid and radiant-only tests at each level of inner pipe heating, the relative 

impact of conduction and radiation could be discerned. An additional feature was added to the 

system to allow for the removal of the conducted heat path without breaking vacuum.  Electrical 

connections were added to both the copper and aluminum pipes so that the wire could be 

vaporized by briefly conducting an extremely high DC current through this path. It should also 

be noted that, to ensure that the conduction wire would fuse at a desired point, the wire was 

mechanically crimped at the center of its length. 

 In addition to the electrical wiring added to the experimental configuration to allow for 

the fusing of the heat conduction wire, electrical paths were added to the system via a vacuum 

pass-through to allow for the monitoring and measurement of two thermistor sensors - one inside 

the copper tube and one on the outside surface of the aluminum tube. It should also be noted that 

two additional thermistors were also instrumented at the vaccum vessel. These thermistors 

served to demonstrate that the temperature of the vacuum vessel was held approximately 

constant. Furthermore, supplementary wiring was also routed to two power resistors, fixed to the 

inside of the copper pipe, for the purpose of providing a heating element to execute the power 

injection step responses previously mentioned. It should be noted that two 75 [Ω] power resistors 

were selected for use in series as the heating element in this experiment by collaborators at 

Microsemi Tuscaloosa. Figure 42 shows a schematic view of the fully configured experimental 

setup, including all thermal and electrical elements. 
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Figure 42: Schematic diagram of experimental setup 

6.3. Cauer Model Construction 

 As outlined in previous chapters, the first step in constructing a Cauer model of the 

experimental testbed is the identification of the lumped thermal masses. Owing to the high 

thermal conductivities of the metal tubes comprising the test article and the surrounding vacuum 

vessel, it is reasonable to conclude that the copper tube, the aluminum tube, and the vacuum 
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vessel all act as lumped thermal capacitances in the test system. To confirm this lumped thermal 

capacitance assumption for the copper and aluminum pipes, a worst case Biot number calculation 

can be made for both cylinders. As per equation (16), this Biot number evaluation requires the 

calculation of a heat transfer coefficient for both cylinders. Given that both cylinders are 

designed to transfer heat primarily through radiation, a radiant heat transfer coefficient must be 

defined using the Stefan-Boltzmann Law as per equation (39) [13],[37]. In equation (39), hrad is 

the radiant heat transfer coefficient, Tobj is the temperature of the object in question, Tamb is the 

tempearature of the outside environment, and σ is the Stefan-Boltzmann constant. 

ℎ𝑟𝑎𝑑 =
𝜎(𝑇𝑜𝑏𝑗

4 − 𝑇𝑎𝑚𝑏
4 )

𝑇𝑜𝑏𝑗 − 𝑇𝑎𝑚𝑏
 

(39) 

Equation (39) shows a worst case radiant heat transfer coefficient defined by the blackbody 

transfer of heat from an object to the ambient environment. For this calculation, a view factor of 

unity is assumed. In a real-world grey body system, such as that in this experiment, less heat will 

actually be transferred out of the system than implied by equation (39). This is due to the non-

unity emissivities of copper and aluminum as well as the reflections that occur in the heat 

transfer of grey, concentric cylinders. Nonetheless, this metric is useful in calculating the highest 

possible Biot number expected for a given radiant thermal scenario. When such a worst case Biot 

number is calculated for the experimental copper and aluminum tubes, using a 20 [°C] ambient 

temperature and an excessively over-estimated object temperature of 600 [°C], the result is still 

substantially below the 0.1 Biot threshold for a lumped element. Table 10 summarizes these 

calculated worst case Biot numbers and their relevant intermediate quantities. 
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Table 10: Summary of measured and calculated quantities for worst case Biot number estimation 

Quantity of Interest Value Units 

Total Cu Pipe Surface Area 0.01899 [m2] 

Total Al Pipe Surface Area 0.09520 [m2] 

Solid Volume of Cu Pipe 1.110 x 10-5 [m3] 

Solid Volume of Al Pipe 2.021 x 10-4 [m3] 

Effective Length of Cu Pipe 5.784 x 10-4 [m] 

Effective Length of Al Pipe 2.123 x 10-3 [m] 

Assumed Thermal 

Conductivity of Copper 

385 [W/(m*K)] 

Assumed Thermal 

Conductivity of Aluminum 

205 [W/(m*K)] 

Worst Case Temperature 873.15 [K] 

Ambient Temperature 293.15 [K] 

Calculated Worst Case 

Radiant Heat Transfer 

Coefficient 

56.10 [W/(K*m2)] 

Calculated Worst Case 

Radiant Heat Transfer 

Coefficient 

56.10 [W/(K*m2)] 

Calculated Worst Case Biot 

Number for Cu Pipe 

3.093 x 10-4 [unitless] 

Calculated Worse Case Biot 

Number for Al Pipe 

1.583 x 10-4 [unitless] 

 

 Since the vacuum vessel is under tight thermal control within the environmental chamber 

and has a significantly higher thermal mass than the tubes, the vacuum vessel can be taken to act 

as an ideal temperature source at the chamber temperature. Next, the thermal transfer effects 

present in the system must be identified. As per the design of the experimental testbed, a 

conductive thermal resistance, representing the fuse wire, should be present between the thermal 

capacitances of the tubes. Additionally, non-linear thermal resistances, representing the grey 

body exchange between the surfaces of the tubes and the vacuum enclosure, must also be added 

to the Cauer model. Ideally, the inclusion of the fuse wire thermal resistance and the radiant 

thermal resistances intentionally included in the testbed would be sufficient to completely 

capture the dynamics. However, in a practical Cauer model of the experimental testbed, the 
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"leakage" contribution of the instrumentation wires to the ambient environment must also be 

taken into account. Moreover, given that the instrumentation wires all connect back to either the 

vacuum vessel chassis or the vacuum pass-through, it is assumed that these wires must all be 

modeled as thermal conduction paths to the vacuum vessel temperature node. Therefore, the 

lumped, conducted contribution of these instrumentation wires in parallel can be modeled as two 

thermal resistances - one from the copper tube to ambient and one from the aluminum tube to 

ambient. Figure 43 shows the complete Cauer model of the experimental testbed, including the 

conducted paths of the instrumentation wires. 

 

Figure 43: Electro-equivalent Cauer model of experimental configuration 

 To calculate the thermal resistances of the testbed's known conduction paths to ambient, 

the gauges and lengths of all instrumentation and fuse wires were measured, and equation (16) 

was employed, assuming a copper conductivity of 385 [W/(mK)]. Moreover, the thermal 

capacitances of the copper and aluminum tubes were calculated by experimentally measuring the 
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weight of both pipes and applying equation (13) assuming specific heat capacities of 921 

[J/(kgK)] and 385 [J/(kgK)] for aluminum and copper, respectively. For the non-linear, radiant 

resistances present in the testbed's Cauer network, these resistances could not be calculated as 

static values. Instead, the emissivities and surface areas of the testbed were measured and used as 

inputs to equation (29). Utilizing the emissivity measurement technique described in previous 

sections, the emissivities of the copper pipe outer surface, the aluminum pipe inner surface, the 

aluminum pipe outer surface, and the vacuum chamber inner surface were measured using a 

thermographic camera. Similarly, the surface areas of system were calculated geometrically from 

measured radii and cylindrical lengths. Using equations (31) and (33), the geometric resistances 

predicted by the uniform radiosity model and an FEA simulation of the cylindrical layers were 

compared using baseline emissivity and geometric data. The values given by these equations 

were shown to agree within less than 2.8 [%] error for the radiant interaction of the copper and 

aluminum pipes and less than 2.7 [%] error for the interaction between the aluminum pipe and 

the vacuum enclosure as per Table 11. 
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Table 11: Summary of configuration values and simulation data for FEA analysis 

Quantity Value Units 

Aluminum Tube Inner Radius 0.02576 [m] 

Aluminum Tube Outer 

Radius 

0.03028 [m] 

Copper Tube Outer Radius 0.007874 [m] 

Vacuum Enclosure Inner 

Radius 

NA* [m] 

Aluminum Tube Length 0.2540 [m] 

Copper Tube Length 0.2032 [m] 

Vacuum Enclosure Length NA* [m] 

Copper Pipe Power Input 500 [W] 

Aluminum-Copper Analytic 

Geometric Resistance 

1515 [m-2] 

Aluminum-Copper FEA 

Geometric Resistance 

1552 [m-2] 

Aluminum-Enclosure 

Analytic Geometric 

Resistance 

192.0 [m-2] 

Aluminum-Enclosure FEA 

Geometric Resistance 

197.3 [m-2] 

*These values are omitted due to export control 

 

Hence, it was determined that the uniform radiosity model of grey body heat transfer was 

adequate to describe the test system. It should also be noted that the values of the ideal 

temperature source and the ideal current source in Figure 43 correspond with the measured 

chamber temperature and power injection levels, respectively. Table 12 summarizes all of the 

analytically and experimentally derived Cauer parameters used to populate the initial model. 
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Table 12: Summary of all initial Cauer model parameters 

Circuit Parameter Analytically/Experimentally 

Derived Value 

Units 

Rfuse 644.6 [K/W] 

RCu-Amb 1502 [K/W] 

RAl-Amb 3869 [K/W] 

CCu 107.8 [J/K] 

CAl 389.9 [J/K] 

εCu,out 0.080 [unitless] 

εAl,in 0.065 [unitless] 

εAl,out 0.120 [unitless] 

εvaccum,in 0.045 [unitless] 

 

6.4. Experimental testing 

 Once the experimental system was fully configured, a three-point calibration of the 

thermistors was performed separately from subsequent experimental tests. In this sensor 

calibration, the fully assembled experimental testbed was placed in a forced air convection, 

temperature-controlled environmental chamber at atmospheric pressure.  This assembly was 

heated from a 20 [°C] baseline temperature to 40 [°C] and 60 [°C] calibration temperatures. 

During these calibration tests, an ADC was used to measure and record the resistance of both 

thermistors. Table 13 shows the Steinhart-Hart coefficients calculated for all four experimental 

thermistors using the collected three-point data. 

Table 13: Steinhart-Hart Coefficients calculated for experimental thermistors 

Thermistor SH A Coefficient SH B Coefficient SH C Coefficient 

Outer Oven 9.9062 x 10-4 2.3721 x 10-4 1.9315 x 10-7 

Lower Support 1.0160 x 10-3 2.3631 x 10-4 1.9740 x 10-7 

Cu Tube 1.0114 x 10-3 2.4011 x 10-4 2.1561 x 10-7 

Al Tube 1.0141 x 10-3 2.3939 x 10-4 2.1898 x 10-7 

 

Using the data from this three-point calibration procedure, the Steinhart-Hart coefficients were 

calculated for both thermistors. Following this initial sensor calibration exercise, the 

experimental assembly was returned to a controlled ambient temperature of 20 [°C], and the 
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vacuum enclosure was evacuated to a pressure of approximately 10-6 [mbar] - sufficient to 

mitigate both convection and molecular conduction inside the enclosure. Once the vacuum vessel 

reached a stable operating pressure, the heater element of the copper tube was externally 

activated at 0.05 [W] of applied heat power, and the first hybrid, conducted-radiant heat transfer 

experiment began. After approximately two days, the experimental system reached steady-state 

operating conditions, and the heat power applied at the copper tube was increased to 0.10 [W]. 

Once the 0.10 [W] test reached steady state, this procedure was repeated again at a new power 

level of 0.15 [W]. Upon the 0.15 [W] hybrid heat test reaching steady state, the heat conduction 

("fuse") wire was vaporized by applying a low-impedance voltage source - a 12 [V] battery - 

across the terminals of the conduction wire. Subsequently, the 0.15 [W] test was allowed to reach 

a new steady state condition, and the remaining 0.1 [W] and 0.05 [W] tests were repeated for the 

radiant-only mode. It should be noted that the experimental system was taken to be at steady 

state after an elapsed time in excess of five time constants was estimated to have passed. This 

was done to ensure that the experimental system was within less than one percent of its steady 

state temperature values before a new test began. Additionally, Table 14 summarizes all of the 

heater voltage set points used in the experimental test procedure. 

Table 14: Summary of heater set points for experimental testing 

Heat Power Set Point [W] Heater Element Voltage [V] 

0.05 2.74 

0.10 3.87 

0.15 4.74 

 

Figure 44 shows the temperature data recorded for the copper and aluminum pipes, as well as for 

two sensors attached to the vacuum enclosure (labeled bell jar and lower support), across all step 

response tests conducted. The purpose of these two additional thermal sensors attached to the 

side and bottom of the vacuum enclosure was to ensure that the vacuum enclosure maintained an 
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approximately fixed temperature throughout the experimental testing. Vacuum enclosure 

temperature data shown in Figure 44 confirms that the enclosure stays within 1 [°C] of its 20 

[°C] set point at all times. 

 

Figure 44: Breakdown of experimental response data 

From a cursory inspection of Figure 44, a comparison of the 0.15 [W] hybrid and radiant tests 

demonstrates a very small change in the steady state temperature - on the order of a few degrees - 

with and without the conduction wire. This small difference is indicative of the fact that radiant 

transfer, rather than conducted transfer, is dominant in the experimental system. Nonetheless, a 

more rigorous investigation into the results given in Figure 44 is provided in the following 

section. 
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6.5. Cauer Model Validation 

 Using the Cauer network model shown in Figure 43 in tandem with the calculated 

conductive and radiant parameters of the system, a SPICE model of the experimental testbed 

Cauer network was created. In this SPICE model, the ideal current source describing the heat 

power applied at the copper pipe was calibrated to give a programmed step response identical to 

that used experimentally to gather the recorded data shown in Figure 44. This stepped current 

source behavior was implemented through the usage of a behavioral SPICE current source. 

Figure 45 shows a plot of the programmed behavior of this current source for a simulated test. 

Moreover, it should be noted that current is analogous to heat power in Figure 45. 

 

Figure 45: Plot of behavior SPICE power injection source 
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 Moreover, a non-linear radiant thermal resistance hierarchical SPICE block was developed to 

calculate the temperature-dependent radiant thermal resistances of the system per equation (29). 

Figure 46 shows the SPICE implementation of this non-linear radiant resistor block, which 

effectively functions as a programmable resistor. 

 

Figure 46: Non-linear radiant Cauer resistance SPICE implementation 

 Initial comparisons of the results predicted by the SPICE model with the experimental 

data produced the agreement shown in Figure 47. As can be seen in Figure 47, the SPICE 

prediction of the temperature data was shown to trend systemically low for the copper pipe in all 

hybrid tests and systemically high in all radiant tests on the order of a few degrees centigrade. 

Moreover, for the aluminum pipe temperature, the SPICE model is seen to predict a systemically 

high temperature for all tests.  These results suggest potential offset errors in the measured 

emissivities of the surface materials, and strongly indicate an estimation error for the conduction 
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wire resistance, as the conduction wire is the only change in the Cauer network between the two 

test types.  

 

Figure 47: Initial agreement of Cauer model and experimental data 

 After performing parametric sweeps of the relevant Cauer model variables, it was 

determined that the aluminum pipe temperature discrepancy was likely due to a small 

measurement error in the emissivity of the aluminum outer piping. Similarly, it was determined 

that an underestimation of the thermal conduction wire resistance was capable of producing the 

observed discrepancy between the steady state temperatures of the hybrid and radiant tests. The 

appendix of this thesis contains figures for each parametric sweep performed in SPICE for the 

system's Cauer model as well as a discussion of how these parametric sweeps were used to tune 

the testbed’s Cauer model. 
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 Upon reflection, this underestimation of the fuse wire resistance is believed to have a 

reasonable physical origin. The calculation of the fuse wire thermal resistance via equation (16) 

does not take into account two non-idealities of the experimental fuse wire: the crimping of the 

fuse wire at its center point and the bolted connection of the wire to the aluminum tubing. By 

crimping the fuse wire at its center, the effective cross-sectional area of the wire is reduced, 

potentially increasing the overall thermal resistance of the wire dramatically. Moreover, the 

bolted connection of the wire to the aluminum tubing, unlike the soldered connection to the 

copper tube, only makes a line contact with the tubing at best and has an associated contact 

resistance. Hence, it was determined that a five-fold increase in the fuse wire resistance over its 

initial, ideal calculation was reasonable. Additionally, minor adjustments to the measured 

emissivities of the copper outer surface and the aluminum inner surface were made to bring the 

SPICE model into better agreement with the experimental data. These adjustments to the 

measured emissivities of the pipe surfaces are also believed to be reasonable. The emissivity 

measurements of the pipe surfaces were made with curved slices of the actual pipe material, 

rather than with ideal flat samples. Measurement of emissivity from curved surfaces holds the 

possibility of introducing geometric offset errors into the thermographic camera's calculation of 

the incident radiosity [65]. Additionally, given the complex accuracy and precision concerns 

associated with thermographic camera resolution and calibration, measurements of material 

emissivity can include error of this magnitude [65],[75]. Table 15 summarizes the final Cauer 

model parameters used in the SPICE model of the experimental configuration with all of the 

previously described adjustments. 
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Table 15: Summary of final Cauer model parameters and adjustments 

Circuit Parameter Final Model Values Difference between 

Final and Initial 

Values 

Units 

Rfuse 3224 +2579 [K/W] 

RCu-Amb 1502 +0.000 [K/W] 

RAl-Amb 3869 +0.000 [K/W] 

CCu 107.8 +0.000 [J/K] 

CAl 389.9 +0.000 [J/K] 

εCu,out 0.078 -0.002 [unitless] 

εAl,in 0.135 +0.070 [unitless] 

εAl,out 0.19 +0.070 [unitless] 

εvaccum,in 0.045 +0.000 [unitless] 

  

Furthermore, Figure 48 shows the final agreement between the experimental and SPICE data 

after the parameter adjustments shown in Table 15. 

 

Figure 48: Comparison of experimental data and adjusted simulated prediction 
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From Figure 48, it can be seen that the experimental aluminum and copper pipe temperature 

responses for both the hybrid and radiant tests are in good agreement with the SPICE simulation, 

with less than a degree difference between simulation and experiment over all elapsed time. 

Hence, with only modest and justifiable adjustments to the expected parameter values, the model 

and the experimental data are shown to give effectively the same result across all thermal tests, 

demonstrating the utility of the Cauer model. Furthermore, using this calibrated Cauer model of 

the experimental testbed, further evidence as to the significance of radiant transfer in clock-like 

geometries can be provided. By open-circuiting the radiant resistances of the Cauer model shown 

in Figure 43, the thermal characteristics of the experimental system can be investigated without 

the radiant transfer effects. Experimentally, such a test cannot be performed, owing to the 

inherent property of all physical matter to radiate. However, using the Cauer model, such a 

thought experiment can be actualized. Figure 49 shows the results of the step response tests with 

open-circuited radiant resistances. 
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Figure 49: Comparison of experimental and simulated data without radiant thermal resistances 

As can be seen from Figure 49, when relying entirely on the conducted paths of the testbed, 

much higher steady state temperatures are required to transport the applied heat out of the 

system. This obviously incorrect prediction given in Figure 49 validates the notion that radiant 

heat transfer must be a dominant effect in clock-like geometries of the type represented by this 

experimental test-bed. 
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CHAPTER 7 Conclusion 

7.1. Contributions & Significance 

Overall, this thesis provides a comprehensive overview of Cauer network thermal circuit 

modeling as it concerns atomic clock geometries. Specifically, the thermal modeling methods 

typically utilized in the literature are explored, and several application areas of thermal modeling 

are reviewed. Moreover, atomic clocks are identified as the primary application area of concern 

in this thesis, and the Cauer model is selected as an optimal method for modeling such devices 

based on its simplicity and efficiency.  Furthermore, the relationship between the Cauer network 

model and the electro-thermal circuit analogy is established, and a methodology for practically 

applying the Cauer model to real-world devices is given. Additionally, the three mechanisms of 

heat transfer are discussed are related to the Cauer model in terms of thermal resistances, and the 

role of each transfer mechanism in typical atomic clock design is established. 

Of particular significance is the identification of thermal radiation as a major contributor 

to the overall heat transfer of atomic clock geometries. With regards to thermal radiation, this 

thesis also presents simple methodologies for modeling the radiant heat transfer of the concentric 

cylindrical geometries of atomic clocks using finite element analysis and a spherical analytic 

approximation. Additionally, a detailed discussion on the experimental acquisition of 

temperature data from real-world systems is given through the analysis of different thermal 

sensors and their implementations. Through this discussion on sensors, thermistors and RTDs are 
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identified as the optimal electro-thermal sensors for use in long-term stable atomic clock 

solutions. 

Finally, this thesis presents novel experimental thermal data for a thermal system similar 

to that typically utilized in atomic clocks and demonstrates the practical use of the Cauer 

modeling method to predict the behavior of such a system. Furthermore, this experimental data is 

shown to demonstrate the dominant role of thermal radiation in atomic clock systems. Similarly, 

the aforementioned exercise in the application of the Cauer model to this simple, clock-like 

structure is utilized to demonstrate the power of the Cauer model as a means of intuitively 

understanding the thermal physics of a system.  

7.2. Future Work 

 In the future, several natural extensions of the work presented in this thesis may be 

pursued. Among these potential extensions of this work, the application of the Cauer modeling 

methods presented herein to more complex geometries - such as those of an actual atomic clock - 

is a prime example. Using the methods laid out in this thesis, atomic clock designers will be able 

to gain more sophisticated understandings of the thermal dynamics of their mechanical systems. 

Moreover, the results presented on the importance of thermal radiation may encourage clock 

designers to more carefully consider radiation in the design and redesign of future and current 

systems. Additionally, the electro-equivalent circuit theory detailed in this thesis naturally lends 

itself to the formation of hybrid electrical and thermal networks that predict both the electrical 

and thermal characteristics of a given topology. Such considerations may be very useful in future 

work on multi-physical applications such as thermal control units, which are of particular 

concern in atomic clocks. Overall, future work derived from this thesis will focus on more direct 
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applications of electro-thermal modeling to clock systems as well as the improvement of future 

clock performance through intelligent thermal analysis.  



. 
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APPENDIX 

 The content contained in this appendix summarizes all of the parametric sweep data 

utilized in adjusting the predictions of the initial Cauer model discussed in Chapter 6 for better 

experimental agreement. Furthermore, the logical process by which this data was used to 

determine the tuning parameters of said Cauer model is discussed herein. It should be noted that 

all parametric sweeps recorded in this appendix were performed by varying each parameter of 

interest one at a time, with all other values being held at their initial estimates given in Table 12. 

 As noted in Chapter 6, the quantities initially suspected as tuning parameters of the 

testbed’s Cauer model were the thermal resistance of the fuse wire and the emissivities of the 

surfaces comprising the experimental test article. Consequently, parametric sweeps of the fuse 

wire thermal resistance, the copper pipe outer emissivity, the aluminum pipe outer emissivity, 

and the aluminum pipe inner emissivity were performed in SPICE. The first observation made 

from these parametric sweeps was that the aluminum pipe temperature recorded under simulated 

test conditions was only sensitive to a single model parameter: the aluminum tube outer 

emissivity. Figure 50 shows the temperature variations of the copper and aluminum pipe 

temperatures observed under simulated dynamic testing for aluminum pipe outer emissivities 

ranging from 0.09 to 0.15. This parametric sweep in aluminum pipe outer emissivity represents a 

sweep within a 25 % window of variation of the measured emissivity value. As can be seen from 

Figure 50, the aluminum pipe temperature is observed to vary on the order of a few degrees 

centigrade with a 25 % variation in its outer emissivity. Moreover, with regards to Figure 50, it is 
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shown that an increase in the aluminum pipe outer emissivity results in a decrease in the steady 

state temperatures seen in simulation for the aluminum pipe. It should also be noted that Figure 

50 also shows a low sensitivity of the copper pipe temperature to the aluminum pipe outer 

emissivity – with the copper pipe temperature only changing approximately one degree 

centigrade across the sweep.  From this figure, it is observed that the aluminum pipe temperature 

is more sensitive to changes in the outer emissivity of the aluminum pipe than the copper pipe 

temperature.   

 
Figure 50: Parametric sweep of outer aluminum tube emissivity (+/- 25%, ε = 0.12 nominal) 

Having discovered that the aluminum pipe outer emissivity greatly affects the aluminum pipe 

temperature, this emissivity was adjusted in SPICE until an aluminum pipe temperature 

waveform consistent with that seen in experiment was produced. This required an overall 

increase of the aluminum pipe outer emissivity by 0.07. 
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 Furthermore, parametric SPICE data summarized in Figure 51 demonstrated that the 

aluminum pipe inner emissivity was capable of creating an offset in the copper pipe steady state 

temperatures. Specifically, a 25 % variation in the aluminum inner emissivity results in an offset 

on the order of several degrees for the copper pipe temperature. Additionally, Figure 51 also 

demonstrates the relative insensitivity of the aluminum pipe temperature to this adjustment in its 

inner emissivity, with the aluminum pipe temperature showing steady state offsets less than 0.1 

degrees centigrade. It should also be noted that Figure 51 demonstrates an increase in copper 

pipe temperature with decreasing aluminum pipe inner emissivity. This is consistent with the 

notion that a less emissive aluminum pipe is also less absorptive. 

 
Figure 51: Parametric sweep of inner aluminum tube emissivity (+/- 25%, ε = 0.065 nominal) 
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Utilizing the trend shown in Figure 51, the aluminum pipe inner emissivity was increased by 

0.07 in an effort to tune the SPICE Cauer model for better experimental agreement. 

 Furthermore, a parametric sweep of the copper tube’s outer emissivity demonstrates a 

sensitivity in the copper pipe temperature and an insensitivity in the aluminum pipe temperature 

as per Figure 52. Specifically, Figure 52 shows a parametric sweep for a 25 % variation of the 

measured copper pipe emissivity. This parametric data shows an overall offset in the steady state 

copper pipe temperatures by approximately 10 [°C] and an offset in the aluminum pipe 

temperature on the order of 0.1 [°C]. It should also be noted that the copper pipe temperature is 

seen to increase in Figure 52 for decreasing copper emissivity. 

 

Figure 52: Parametric sweep of outer copper tube emissivity (+/- 25%, ε = 0.08 nominal) 
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Using the trend shown in Figure 52 to tune the Cauer model, a decrease in the copper pipe outer 

emissivity of 0.002 was made. 

 Last, a parametric sweep in the fuse wire resistance from 100 [K/W] to 1000 [K/W] 

demonstrated both an insensitivity of the aluminum pipe temperature to the fuse wire resistance 

and a strong sensitivity of the copper pipe temperature to this resistance. Figure 53 shows the 

aforementioned parametric sweep in fuse wire thermal resistance. It should be noted from Figure 

53 that, as expected, the fuse wire resistance only affects the thermal impulse tests conducted 

during the hybrid conduction-radiation testing mode. This is due to the fact that the fuse wire 

was vaporized after these tests were concluded and is not present in the radiant mode tests. 

 

Figure 53: Parametric sweep of fuse wire thermal resistance (100 [K/W] to 1000 [K/W]) 
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The parametric sweep shown in Figure 53 shows that the hybrid mode copper pipe temperature 

varies greatly – on the order of 20 [°C] - over the simulated thermal resistance range. 

Additionally, the hybrid mode aluminum pipe temperature is seen to vary across this resistance 

range on the order of 0.1 [°C]. Furthermore, it is also of interest to note that the copper pipe 

temperature is seen to increase with increasing fuse wire resistance. This is consistent with the 

notion that a higher fuse wire thermal resistance results in less thermal energy leaking from the 

copper pipe to the aluminum pipe during the hybrid mode tests. Utilizing the trend data shown in 

Figure 53, the fuse wire resistance was increased by 2579 [K/W] to tune the Cauer model for 

better experimental agreement. 

 


