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Dedication

To my family

Therefore, in the system of the Yı̀,

there is the Grand Terminus,

which produced the two elementary Forms.

Those two Forms produced the Four emblematic Symbols,

which again produced the eight Trigrams.

The eight Trigrams served to determine the good and evil issues of events,

and from this determination was produced

the successful prosecution of the great business of life.

from

I Ching

(Translated by James Legge, The Yı̀ King. In Sacred Books of the East, vol. XVI. 2nd

edition (1899), Oxford: Clarendon Press)



Abstract

Large extra dimensions were originally proposed to solve the hierarchy problem

of the Standard Model (SM) of elementary particle physics. The presence of large

extra dimensions dilutes gravity, lowering the Planck scale, while SM particles

are required to propagate only in the usual 4 dimensional spacetime, leaving the

electroweak scale unchanged. If large extra dimensions exist and they are large

enough, the Planck scale may be as low as a few TeV’s, so that the hierarchy

problem is solved. A smaller Planck scale will bring about numerous phenomeno-

logical consequences; in particular, microscopic black holes may be produced in

high-energy particle collisions at this energy scale. The decay of black holes, via

the Hawking effect, into elementary particles enables the detection of the black

hole events, which can be used to infer the existence of large extra dimensions.

In this work, we simulate microscopic black hole formation at the Large Hadron

Collider with the black hole event generator CATFISH, and compare the simula-

tion results with the experimental data published by the Compact Muon Solenoid

collaboration in 2013 at a center of mass energy
√
s = 8 TeV, corresponding to an

integrated luminosity of 12.1 fb−1. The goal of this work is to test the large extra

dimension model and to determine the value of the Planck scale if large extra

dimensions exist. The absence of observed black hole events in the experimental

data allows us to set lower bounds on the Planck scale and various parameters

related to microscopic black hole formation for a number (3 - 6) of large extra

dimensions. Assuming no energy loss during high-energy particle collisions, our

analysis sets lower bounds on the fundamental Planck scale ranging from 0.8 TeV

to 4.9 TeV for black holes fully decaying into SM particles and 0.5 TeV to 3.0
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TeV for black holes settling down to a charge neutral, invisible remnant, depend-

ing on the minimum allowed black hole mass at formation. Formation of black

holes with mass less than 5.2 TeV to 6.5 TeV (SM decay) and 2.2 TeV to 4.0

TeV (remnant) is excluded at 95% C.L. Further investigation takes into account

the effects of the Generalized Uncertainty Principle (GUP), which is expected to

play an important role because the mass of a microscopic black hole is only a few

fundamental Planck masses. An analysis similar to the one carried out without

including GUP effects reveals smaller lower bounds on the fundamental Planck

scale ranging from 0.8 TeV to 1.4 TeV for black holes fully decaying into SM

particles, only when α ≥ 0.9, depending on the minimum allowed black hole mass

at formation. Therefore, this work constrains not only the sizes of the large extra

dimensions and the masses of the microscopic black holes, but also sets the lower

limits on the energy scale where the effects of quantum gravity start to become

significant.
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1 INTRODUCTION

Quantum mechanics and relativity are the two cornerstones of modern physics.

The union of quantum mechanics and special relativity gives birth to the Standard

Model (SM) of elementary particle physics, which is one of the most successful

theories in physics [6]. However, the SM fails to explain the hierarchy problem,

i.e., the huge gap between the electroweak scale MEW ∼ 1 TeV and the Planck

scale MPl ∼ 1016 TeV. One of the possible solutions to the hierarchy problem is to

introduce large extra dimensions (LEDs). This makes the gravitational interaction

stronger and the Planck scale, or rather, the fundamental Planck scaleM∗, smaller.

Assuming large enough extra dimensions, it is possible to make M∗ ∼ 1 TeV and

thus hierarchy problem is solved. This is the LED model [7, 8, 9].

However, LEDs are in fact very small, compared to macroscopic lengths, in

order that the usual laws of physics at the macroscopic scale are not significantly

altered, which also means that it is difficult to detect LEDs at the macroscopic

scale. However, the smaller Planck scale has important consequences, because it

is possible to observe gravitational effects at high energy colliders, in particular,

at CERN’s Large Hadron Collider (LHC). The production of microscopic black

holes (BHs) during high energy particle collisions is among various interesting

gravitational effects, and their decay into elementary particles via the Hawking

effect enables their observation at colliders. Therefore, it is possible to detect the

existence of LEDs by detecting whether BHs are produced.

Up to now, the Compact Muon Solenoid (CMS) collaboration [10, 11, 12, 4,

13] and A Toroidal LHC ApparatuS (ATLAS) collaboration [14, 15, 5] have not
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observed any BH events. Nevertheless, the CMS collaboration derived model-

independent cross section limits for BH production by analyzing a data sample

of proton-proton (pp) collisions at the center of mass energy
√
s = 8 TeV and

the most recent results were published in Ref.[4]. These limits can be used to

restrict the values of M∗ and BH mass Mmin. So this dissertation reports these

restrictions, i.e., lower bounds on M∗ and Mmin.

The structure of the dissertation is the following: Chapters 2 and 3 briefly

review General Relativity (GR), the SM and Beyond, and the hierarchy problem.

The idea of LEDs is also discussed in detail. Chapter 4 discusses the basic proper-

ties of Schwarzschild BHs in D-dimensional spacetime in the context of GR. After

the account of the four laws of BH mechanics in Chapter 4, the semi-classical

treatment of Hawking radiation and its properties will be the main topic of Chap-

ter 5. Chapter 6 is devoted to the simulation of BH events and presents bounds

on M∗ and Mmin. The models considered in this chapter assume that BHs are

produced in the elastic collisions of gluons and quarks, and in their final evolution

phase, they either decay into a number of elementary particles, or settle down

to an invisible BH remnant. Following that, in Chapter 7, General Uncertainty

Principle (GUP) is introduced and its effects on BH evaporation are discussed.

Since GUP is a common implication of various quantum gravity candidates, it is

expected to take place in the process of BH formation and decay. So Chapter 7

presents the simulation of BH events with GUP effects and lower limits on M∗

and Mmin. The lower bounds on M∗ and XMIN (or equivalently, Mmin) presented

in Chapters 6 and 7 are the original work.

The natural units (~ = c = kB = 1) is used in this dissertation.
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2 GENERAL RELATIVITY

A black hole (BH) is a spacetime region from which even light cannot escape.

Although using Newtonian gravitational theory, the size of a BH can be deter-

mined by equating the first escape speed to c, and it is exactly equal to the one

obtained using General Relativity (GR), to fully understand BH physics, GR is

required. In this chapter, the basic concepts of GR will be briefly discussed to set

the conventions used for this dissertation. The emphasis focuses on the differences

between physics in a flat spacetime and physics in a general, especially curved,

spacetime. New mathematical concepts (e.g., covariant derivatives and geodesics)

are constructed to make the laws of physics independent of the choice of refer-

ence frames, while other quantities (e.g., Riemann tensor and Ricci tensor/scalar)

characterize curved spacetime. Finally, Einstein’s equation is written down, to

which a BH is one of the solutions. The discussion tends to be more general,

and the spacetime is assumed to be D-dimensional with D ≥ 4, although some

specific examples use 4-dimensional spacetime. In addition, Section 2.4 assumes

4-dimensional spacetime, since the Einstein’s equation was originally written for

a 4-dimensional spacetime [16]. The generalization of results in 4-dimensional

spacetime to higher dimensional spacetime is straightforward.

This chapter is based on the Ref.’s [17, 18].

2.1 Introduction

GR describes gravity as the manifestation of spacetime curvature. It has two

basic principles: 1) General covariance states that all laws of physics take the

same forms for different observers; 2) The Equivalence principle states that in a
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small enough region of spacetime, the laws of physics reduce to those of special

relativity. The departure from special relativity is attributed to gravity, and the

principle of general covariance relates observations made in one reference frame to

those made in other reference frames. These two principles are accurately captured

by describing the spacetime as a Lorentzian manifold, which locally looks like flat

spacetime, i.e., Minkowski spacetime. A metric is also an essential ingredient and

can be diagonalized into the form of diag(−1, 1, ..., 1) (there are D − 1 ones for a

D dimensional spacetime).

Physical quantities appearing in the laws of physics are various types of tensors,

which are scalars, vectors, dual vectors and general types of tensors. These all

satisfy distinct transformation rules under the exchange of coordinates xµ → yµ,

µ = 0, 1, ..., D − 1. The simplest tensors defined on a manifold are scalars f(x),

which does not change under coordinate transformations, i.e.,

f(x) = f ′(y). (2.1)

Vectors vµ are slightly more complicated objects, which have D components, and

these components transform covariantly in the following way,

v′µ =
∂yµ

∂xν
vν , (2.2)

where the Einstein Summation Rule is assumed, and v′µ are the components in

the new coordinates yµ, so that the vector does not change under coordinate

transformations. Dual vectors, also called covectors, ωµ can be contracted with

any vector vµ to give a scalar vµωµ. The invariance of a scalar and the covariance

of vector components give rise to the transformation law of the covector,

ω′µ = ων
∂xν

∂yµ
. (2.3)
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Generalizing the transformation laws of vectors and covectors, a general tensor

T ν1,...,νlµ1,...,µk
transforms in the following way,

T ′
ν1,...,νl
µ1,...,µk

=
∂xρ1

∂yµ1
· · · ∂x

ρk

∂yµk
∂yν1

∂xσ1
· · · ∂y

νl

∂xσl
T σ1,...,σlρ1,...,ρk

. (2.4)

This tensor carries k contravariant indices µi, i = 1, ..., k and l covariant indices

νj, j = 1, ..., l, so it is called a (k, l) type tensor. Therefore, a scalar is a (0, 0)

type tensor, a vector is a (1, 0) type tensor, and a covector is a (0, 1) type tensor.

2.1.1 Metric Tensor

A special and very important tensor is call the metric tensor gµν which is

a nondegenerate, symmetric (0, 2) type tensor. It is used to define distances:

gµνv
µvν is called the length squared of vector vµ. Since gµν is not positive-definite,

vectors can be categorized into three types: 1) Timelike vectors, whose length

squared is negative; 2) Null vectors, whose length squared is zero; and 3) Spacelike

vectors, whose length squared is positive. A different way to represent the metric

tensor is to use the infinitesimal invariant interval squared,

ds2 = gµνdx
µxν . (2.5)

This is also called the line element. By Eq.(2.4), the coordinate transformation

law of metric components is

g′µν =
∂xρ

∂yµ
∂xσ

∂yν
gρσ. (2.6)

This transformation makes sure that the line element ds2 is invariant.

The inverse of gµν is donated as gµν , so that

gµρg
ρν = δνµ, (2.7)

5



where the right hand side is the Kronecker symbol. The transformation law of

gµν can be easily written down according to Eq.(2.4),

g′
µν

=
∂yµ

∂xρ
∂yν

∂xσ
gρσ. (2.8)

gµν and gµν can be used to lower and raise indices of tensors. For example, vµ’s

index µ can be lowered via vµ = gµνv
ν , and becomes a covector. In addition, ωµ’s

index µ can be raised, i.e., ωµ = gµνων to give a vector.

For example, the metric of the 4-dimensional Minkowski spacetimes is called

ηµν =diag(-1, 1, 1, 1), or,

ds2 = −dt2 + dx2 + dy2 + dz2, (2.9)

in a Lorentzian coordinate system. Therefore, the Minkowski spacetime is said

to be flat. In a curved spacetime, the components of a metric are functions of

coordinates. However, the quantity characterizing whether a spacetime is curved

or not is the Riemann tensor. To discuss it, it is necessary to introduce the concept

of covariant derivative.

2.2 Covariant Derivative

In the Minkowski spacetime, the partial derivative ∂µv
ν = ∂vµ/∂xµ of a vector

vν field is also a tensor, because in a different Lorentz coordinates,

∂v′ν

∂yµ
=
∂xρ

∂yµ
∂yν

∂xσ
∂vσ

∂xρ
, (2.10)
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satisfying tensor transformation rule Eq.(2.4). But in a curved spacetime, this is

not necessarily true, because ∂yν/∂xσ also depends on coordinates,

∂v′ν

∂yµ
=
∂xρ

∂yµ
∂yν

∂xσ
∂vσ

∂xρ
+
∂xρ

∂yµ
∂2yν

∂xρ∂xσ
vσ (2.11)

In order to remove the second term on the right hand side of above expression, a

quantity Γνρµ can be introduced to define the covariant derivative in the following

way,

∇µv
ν = ∂µv

ν + Γνρµv
ρ, (2.12)

requiring that,

∇µv
′ν =

∂xρ

∂yµ
∂yν

∂xσ
∇ρv

σ. (2.13)

Here, Γµνρ are called Christoffel symbols, and are related to gµν via,

Γρµν =
1

2
gρσ(∂νgσµ + ∂µgσν − ∂σgµν), (2.14)

which are symmetric in exchanging µ and ν, and therefore,

∇ρgµν = 0. (2.15)

For a covector ωµ, the covariant derivative is defined as

∇µων = ∂µων − Γρµνωρ, (2.16)

and the covariant derivative of a scalar f(x) is the ordinary partial derivative,

∇µf = ∂µf. (2.17)
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Finally, the covariant derivative of an arbitrary tensor T µ1,...,µkν1,...,νl
is

∇ρT
µ1,...,µk
ν1,...,νl

= ∂ρT
µ1,...,µk
ν1,...,νl

+
k∑
i=1

ΓµiσρT
µ1,...,σ,...,µk
ν1,...,νl

−
l∑

j=1

ΓσρνjT
µ1,...,µk
ν1,...,σ,...,νl

. (2.18)

2.2.1 Symmetries and Killing Vectors

A symmetry of a spacetime manifold is a particular kind of smooth map (Ap-

pendix A.2.1.1), which preserves the metric tensor gµν . The generator of a sym-

metry is called a Killing vector field χµ, which satisfies the following relation,

∇µχν +∇νχµ = 0. (2.19)

Take the symmetries in Minkowski spacetime for example. Poincaré trans-

formations preserve the Minkowski metric ηµν . Translations are induced by the

linear combinations of the following vector fields,

χ0 = ∂t, χ1 = ∂x, χ2 = ∂y, χ3 = ∂z. (2.20)

Lorentz transformations are induced by the linear combinations of the following

vector fields,

χ12 = y∂x − x∂y, χ23 = z∂y − y∂z, χ31 = x∂z − z∂x; (2.21)

χ01 = t∂x + x∂t, χ02 = t∂y + y∂t, χ03 = t∂z + z∂t. (2.22)

Eq.(2.21) are generators of rotations, and Eq.(2.22) are generators of boosts.

These 10 vector fields are all Killing vectors for the Minkowski spacetime. There-

fore, the Minkowski spacetime is a maximal symmetric spacetime.

If a spacetime has a timelike Killing vector field, it is called stationary. Fur-

ther more, if the Killing vector field is orthonormal to spacelike hypersurfaces,
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the spacetime is said to be static. The Minkowski spacetime is stationary, since

the Killing vector ∂t is timelike, and static, since ∂t is perpendicular to the con-

stant time hypersurfaces everywhere. Curved stationary/static spacetimes will be

discussed in Chapter 4.

2.2.2 Parallel transport

In the Minkowski spacetime, a parallel transported vector vµ along a closed

curve will coincide with itself. However, if the spacetime is curved, the vector

vµ will not return to its original value. This is one characteristic of a curved

spacetime. In the Minkowski spacetime, parallel transport is independent of paths.

However, it is nontrivial to define the parallel transport in a curved spacetime.

Let γ(t) be a smooth curve parametrized by t, whose tangent is vµ = dxµ/dt,

where xµ(t) is a point along the curve. Let uµ be another vector field, and the

rate of its variation along the curve γ(t) is

∇vu
µ = vµ∇µu

ν =
duν

dt
+ Γνρµv

µdtuρ. (2.23)

If vµ∇µu
ν = 0, u is said to be parallel transported along v. The parallel trans-

ported vector fields satisfy an important result due to Eq.(2.15) as well as Leibniz

rule: vµ∇µ(gρσu
ρwσ) = 0 if u and w are both parallel transported. This result

states that parallel transportation preserves the lengths and angles. A special

case happens letting uµ = vµ, that is, vµ is invariant along itself. γ(t) is called a

geodesic which satisfies the geodesic equation,

d2xµ

dt2
+ Γµρσ

dxρ

dt

dxσ

dt
= 0. (2.24)

Geodesics are the “straight lines” in a generic manifold.
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2.3 Curvature Tensor

As discussed in the last section, a parallel transported vector along a closed

curve might not return to its original value. The failure of parallel transporting

a vector to itself along a closed loop is measured by the curvature tensor, also

known as the Riemann tensor.

To understand this point, let Σ be a 2 dimensional surface embedded in the

spacetime, and it is charted by a coordinate system {t, s}. The tangent vectors

to the coordinate lines are vµ and uµ. Let a point p in Σ be the origin of the

coordinate system and suppose there is a vector wµ at p. wµ can be firstly parallel

transported along the constant s coordinate line by a small parameter distance

∆t, becoming w̃µ ≈ wµ + ∇vw
µ∆t. Then parallel transport it to point q along

the constant t coordinate line by ∆s, becoming w′µ ≈ w̃µ + ∇uw̃
µ∆s ≈ wµ +

∇vw
µ∆t +∇uw

µ∆s +∇u∇vw
µ∆t∆s. w can also be parallel transported to q in

the reversed order, ending with w′′µ ≈ wµ +∇uw
µ∆s+∇vw

µ∆t+∇v∇uw
µ∆s∆t.

The difference between w′ and w′′ is

w′
µ − w′′µ = (∇u∇vw

µ −∇v∇uw
µ)∆t∆s, (2.25)

which is not vanishing in general. The term in the brackets characterize the

difference between w′µ and w′′µ, and defines curvature tensor R ρ
µνσ :

(∇µ∇ν −∇ν∇µ)wρ = −R ρ
µνσ w

σ. (2.26)

The curvature tensor R ρ
µνσ has the following properties:

1. Rµνρσ = −Rνµρσ = −Rµνσρ = Rρσµν , with Rµνρσ = gσλR
λ

µνρ ;

2. Rµνρσ +Rρµνσ +Rνρµσ = 0;

3. The Bianchi identity: ∇λRµνρσ +∇νRλµρσ +∇µRνλρσ = 0.
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These properties decrease the number of independent components of R to D2(D2−

1)/12, so there are 20 independent components of R ρ
µνσ in the 4 dimensional

spacetime.

Contracting ν and λ in R λ
µνρ gives the symmetric Ricci tensor Rµρ. Further

contracting the remaining indices with those of gµρ results in Ricci scalar R. Prop-

erty 3 plays an important rule in constructing GR, because after being contracted

with gλρgνσ and rearranged, it becomes

∇ν

(
Rν

µ −
1

2
δνµR

)
= 0. (2.27)

Einstein tensor Gµν is thus introduced as

Gµν = Rµν −
1

2
gµνR, (2.28)

satisfying

∇νGµν = 0. (2.29)

Eq.(2.26) also determines the Riemann tensor in terms of Christoffel symbols

by replacing covariant derivatives with partial derivatives and Christoffel symbols,

and the result is,

R σ
µνρ = ∂νΓ

σ
µρ − ∂µΓσνρ + ΓλµρΓ

σ
λν − ΓλνρΓ

σ
λµ. (2.30)

Contracting ν and σ gives the Ricci tensor,

Rµρ = ∂νΓ
ν
µρ − ∂µΓννρ + ΓλµρΓ

ν
λν − ΓλνρΓ

ν
λµ. (2.31)
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2.4 Einstein’s Equation

In 1905, Einstein established the foundations of GR and proposed the equa-

tion governing the interactions between matter and the gravity, i.e., Einstein’s

equation, [16]

Gµν =
1

8πG4

Tµν . (2.32)

On the left hand size, the spacetime geometry is encoded inGµν . On the right hand

size, G4 is the gravitational constant, and Tµν is the energy-momentum tensor of

all matter fields, such as the electromagnetic field. So the right hand size contains

the contribution to the spacetime geometry of matter. The conservation of energy

∇νTµν = 0 is automatically satisfied by Eq.(2.29), which in turn states that the

spacetime geometry influences the motion of the matter. Therefore, the spacetime

geometry and the matter are intimately related via Einstein’s equation.

The energy-momentum tensor takes different form depending on the type of

the matter field. For an electromagnetic field, the energy momentum tensor is

given by,

Tµν = F ρ
µ Fρν −

1

4
gµνFρσF

ρσ, (2.33)

with Fµν the field strength (refer to Section (3.2)), while for a perfect fluid,

Tµν = (ρ+ p)UµUν + pgµν . (2.34)

Here, Uµ is the 4 velocity of the perfect fluid, and ρ and p are the density and

pressure measured by the comoving observer with 4 velocity Uµ, respectively.

There are several energy conditions imposed on Tµν , which are useful for discussion

of BH mechanics in Section 4.2. Usually, these energy conditions are also expressed

in terms of the energy-momentum tensor of a perfect fluid. These are (in the

following, tµ is an arbitrary timelike vector, and kµ is an arbitrary null vector),
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Weak energy condition states that Tµνt
µtν ≥ 0, or equivalently, ρ ≥ 0 and

ρ+ p ≥ 0.

Null energy condition states that Tµνk
µkν ≥ 0, or equivalently ρ+ p ≥ 0.

Dominant energy condition states that Tµνt
µtν ≥ 0 and T µνtν is a nonspace-

like vector. Equivalently, ρ ≥ |p|.

Null dominant energy condition states that Tµνk
µkν ≥ 0 and T µνkν is a non-

spacelike vector. This implies that ρ ≥ |p| or p = −ρ.

Strong energy condition states that Tµνt
µtν > 1

2
T λλ t

σtσ, or equivalently, ρ +

p ≥ 0 and ρ+ 3p ≥ 0.

2.4.1 Conserved quantities in GR

Einstein’s equation (2.32) ensures that ∇µT
µ
ν = 0, which states the conser-

vation of energy, but it is not trivial to define the conserved energy and angular

momentum observed by an observer with 4-velocity Uµ in a generic spacetime.

However, if the spacetime has a certain symmetry, whose Killing vector field is

ξµ, it can be shown that the vector field T µν ξ
ν gives a conserved quantity W µ:

∇µW
µ = ∇µ(T µνξ

ν) = T µν∇µξν = 0, (2.35)

since T µν is symmetric, but ∇µξν is antisymmetric. Integrating ∇µW
µ in a space-

time region V bounded by two spacelike, infinite hypersurfaces Σ1,Σ2, whose unit

normal vectors are nµ, gives

∫
V

∇µW
µ
√
−g d4x =

∫
Σ2

W µnµ
√
h d3x−

∫
Σ1

W µnµ
√
h d3x = 0. (2.36)

Here, Stoke’s theorem has been used, and h is the determinant of the induced

metric hµν = gµν + nµnν on the hypersurfaces. From this equation, the conserved
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quantity Q can be read off:

Q =

∫
Σ

T µνξ
νnµ
√
h dx3. (2.37)

So for a spacetime which possess a timelike Killing χµ, the energy M can be

defined,

M =
1

4πG4

∫
K

(∇µχν)nµNν
√
q d2x, (2.38)

where K is a 2 dimensional, compact spacelike surface enclosing matter, and Nν

is its unit normal. nµ is the unit normal to a spacelike hypersurface Σ in which K

is embedded. This formula is called the Komar energy, which is the total energy

of the matter field and the BHs inside of K. Similarly, the angular momentum

can be obtained via,

J = − 1

8πG4

∫
K

(∇µφν)nµNν
√
q d2x. (2.39)

If K is chosen to be at infinity, M represents the total energy of the spacetime.

If K is the horizon, J is the angular momentum of the BH and is denoted by JH .
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3 STANDARD MODEL AND

BEYOND

The SM of elementary particle physics is a Quantum Field Theory (QFT) with

gauge group SU(3)C×SU(2)L×U(1)Y . It describes the three basic gauge interac-

tions among particles: electromagnetic, weak and strong interactions. Although,

the SM is a very successful theory [6], it suffers from some problems. One of them

is the Hierarchy Problem. In this chapter, the SM will be briefly reviewed and the

hierarchy problem is then discussed. In the final section, the ADD model, as a pos-

sible solution to the hierarchy problem, is introduced. The current experimental

bounds on the sizes of the large extra dimensions are also presented.

3.1 Particle content

In QFT, particles are excitations of quantum fields, and classified according

to their transformation properties. There are Higgs boson, fermions and gauge

bosons, which are different representations of the Lorentz group. Fermions (and

Higgs) can also be further grouped into subclasses by their transformation prop-

erties under SU(3)C× SU(2)L×U(1)Y transformations, as shown in Table.(3.1).

The left-handed doublet liL and right-handed eiR are both called lepton, which do

not participate strong interactions. The index i labels generations and takes 3

values: electron type e, muon type µ and tau type τ . liL consist of two particles:

left-handed neutrino νiL and electron eiL,

liL =

 viL

eiL

 . (3.1)
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SU(3)C SU(2)L U(1)Y
liL 1 2 −1/2

eiR 1 1 −1

qiL 3 2 +1/6

uiR 3 1 +2/3

diR 3 1 −1/3

H 1 2 +1/2

Table 3.1. Fermions and Higgs boson in the SM. i is the generation label, ranging
from 1 to 3. This table gives the gauge quantum numbers, indicating the repre-
sentations to which particles belong and in particular, the last column displays
the hypercharge.

So liL is a SU(2)L doublet.

Similarly, qiL is also a SU(2)L doublet,

qiL =

 uiL

diL

 . (3.2)

In addition, qiL, uiR and diR carry 3 different SU(3)C colors: Red, Green and Blue.

Therefore, they are SU(3)C color triplets, called quarks. Their indices i also label

generations and there are 3 generations and 6 quarks: u, d, c, s, b, t. Higgs boson

H is also listed in Table (3.1) as a SU(2)L doublet, consisting of a chargeless

component H0 and a charged one H+:

H =

 H+

H0

 . (3.3)

On July 4th, 2012, the CMS and ATLAS collaborations [19, 20] both discovered a

new boson believed to be the Higgs boson, independently. The masses measured

by the two groups are 125.3 GeV at 5.8σ and 126.0 GeV at 5.9σ, respectively.

Gauge (vector) bosons mediate interactions. Photons γ mediate electromag-

netic interaction and are massless. W± and Z bosons mediate weak interaction
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and are massive. Finally, 8 gluons g are the mediators of strong force, and mass-

less.

The gravitational interaction is believed to be mediated by gravitons G, the

excitations of the metric tensor, whose spin is thus 2 and mass is zero. So far, it

is a hypothetical particle and not included in the SM. But it is believed to exist

in Nature.

3.2 Interactions in the SM

There are 4 fundamental interactions in Nature, 3 of which are described in the

SM as gauge interactions. Gauge interactions arise upon the requirement of the

invariance of Lagrangian L(φ, ∂µφ) under local gauge transformations. To fulfill

this requirement, a vector field Aµ(x) can be introduced, and the ordinary partial

derivative operator ∂µ is replaced by the covariant one,

∂µ → Dµ = ∂µ − igAµ(x), (3.4)

where g is the coupling constant. The gauge interaction is thus introduced into

the theory. In the SM, there are 3 gauge potentials, namely, gluon fields Ga
µ(x)λ

a

2

for SU(3), gauge fields W b
µ(x)σ

b

2
for SU(2) and Bµ(x) for U(1), where λa are the

Gell-Mann matrices (a = 1, ..., 8) and σb are the Pauli matrices (b = 1, 2, 3). The

3 gauge coupling constants are g3, g2 and gY , respectively, so that

Dµ = ∂µ − ig3G
a
µ

λa

2
− ig2W

b
µ

σb

2
− igY Y Bµ. (3.5)

After spontaneous symmetry breaking, the gauge group SU(2)×U(1) is broken,

leaving the U(1)EM symmetry.

Besides gauge interactions, the SM also has Yukawa interactions, i.e., fermion-

fermion-boson type interactions. For example, before spontaneous symmetry

17



breaking, Higgs doublet H couples to lepton doublet liL and lepton singlet ejR,

LY = −Yeij l̄iLHe
j
R + h.c., (3.6)

where Yeij are Yukawa couplings, h.c. means Hermitian conjugates, and repeated

indices (i, j) imply summation over flavors. After symmetry breaking, these

Yukawa terms give rise to charged lepton masses. Finally, there are Higgs self-

interactions,

LH = −λ
2

(
|H|2 − v2

2

)2

, (3.7)

with λ the Higgs quartic coupling constant, and v the vacuum expectation value

of Higgs field.

3.3 Hierarchy Problem

The hierarchy problem is one serious issue plaguing the SM. This problem

affects the mass correction of a scalar field severely. Consider a toy model of two

scalar fields with a Lagrangian of the following form 1,

L = (∂µφ
†
1)(∂µφ1)−m2

1φ
†
1φ1 + (∂µφ

†
2)(∂µφ2)−m2

2φ
†
2φ2 − λ(φ†1φ1)(φ†2φ2), (3.8)

assuming m2 � m1. The quantum correction to m2
1 can be calculated using the

Feynman diagram at 1-loop level (see Fig.(3.1)) and dimensional regularization.

Under the MS renormalization scheme 2, the quantum correction is given by

∆m2
1(φ2) = − λm

2
2

16π2

(
2 + ln

4πµ2

m2
2

)
. (3.9)

1Thanks to Dr. Okada’s discussion of hierarchy problem in class. This section is based on
his lecture.

2The modified MS renormalization scheme. The Euler constant γE and the term 1/ε used in
the dimensional regularization are removed after applying this scheme.
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If φ1 is also coupled to a fermion ψ via a Yukawa coupling −Y ψψφ, the fermion

φ1 φ1

φ2

−iλ φ1 φ1

ψ

−iY −iY
φ1 φ1

Aµ

−ig

Fig. 3.1. Feynman diagrams for quantum corrections to scalar mass squared at
1-loop level. Left: Scalar loop contribution. Middle: Fermion loop contribution.
Right: Gauge boson loop contribution.

loop will also contribute to the quantum correction to ∆m2
1, which is,

∆m2
1(ψ) = 3

(YM
2π

)2(1

2
+ ln

4πµ2

M2

)
, (3.10)

in which M is the mass of ψ. Finally, the coupling of φ1 to a gauge bosons Aµ

with mass mA � m1 via g|φ1|2AµAµ leads to similar quantum correction from the

3rd loop in Fig.(3.1), which is

∆m2
1(A) =

gm2
A

4π2

(3

2
+ ln

4πµ2

m2
A

)
. (3.11)

The three quantum corrections share the same feature, i.e., they all depend on

the masses of the particles running in the loops quadratically. As along as any of

the three masses (m2,M,mA) is much greater than m1, the scalar φ1 will receive

huge corrections to its mass. Therefore, this theory is said to be UV sensitive.

The Higgs field H is a vital ingredient of the SM, whose mass will suffer

from large quantum corrections according to this analysis. If there exists some

very large new physics scale, which might be of the order of the Planck scale

MPl ≈ 1019 GeV, the quantum correction ∆m2
H will be approximately ∼ M2

Pl.

If the newly discovered scalar [19, 20] is the SM Higgs H, whose mass is about

125∼126 GeV, there are 34 order of magnitude difference between physical m2
H
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and quantum correction ∆m2
H , which is a fine tuning problem (or naturalness

problem).

3.4 Large Extra Dimensions

The large extra dimension (LED) model [7, 8, 9] was proposed to solve the

hierarchy problem by introducing a number n of large, compactified spatial dimen-

sions (LEDs). Gravitons can propagate in the D(= n+4)-dimensional space-time

bulk. SM particles are confined to the 4-dimensional brane. Assuming compacti-

fication on a torus with equal radii R, the observed Planck mass MPl is related to

the 4-dimensional fundamental Planck mass M∗ by M2
Pl = (2πR)nMD−2

∗ . If R is

sufficiently large, the fundamental Planck mass M∗ may be as low as a few TeVs.

This model is also called the “ADD” model. Table (3.2) lists the values of R for

different n’s in order to lower M∗ to 1 TeV.

n 1 2 3 4 5 6

R 4× 109 km 0.34 mm 1.48 nm 3.08 pm 75.8 fm 6.4 fm

Table 3.2. Sizes of extra dimensions as n varies from 1 to 6.

To date, experimental results have not confirmed the existence of large extra

dimensions (see, eg. Ref.’s [4, 21, 22, 23, 24, 5, 25]). These null results set upper

bounds on the size of the large extra dimensions, or equivalently, lower bounds

on the fundamental Planck scale. The ADD model with one LED requires the

size of the LED to be of the order of 109 km (Table (3.2)) and is macroscopically

ruled out because no deviations from Newtonian gravity have been observed at the

solar system scale [26, 27]. Observations of neutron stars by the Fermi Large Area

Telescope [21] rule out ADD models with two LEDs. Constraints on spacetimes

with three large extra dimensions from astrophysical and cosmological experiments

are generally very stringent, although they typically suffer from large systematic
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errors. The observation of Supernova SN1987A sets a lower limit on MD of 2.4

TeV for n = 3 [22], where the reduced Planck mass MD is related to M∗ by [28],

MD =
[(2π)n

8π

] 1
n+2

M∗. (3.12)

Neutron star-derived limits constrain MD to be larger than 76 TeV for n = 3 [23].

Non-observation of perturbative processes predicted by LED models in collider

experiments [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40] provide less stringent,

albeit more accurate limits on MD or the string scale ΛT, which is related to MD

by [41]

ΛT = 2
√
π
[
Γ
(n

2

)]1/(n+2)

MD. (3.13)

Current limits on MD (in units of TeV) from these experiments are shown in Table

(3.3), where references labeled by † indicate lower bounds on MD derived from

constraints on the string scale ΛT and the remaining ones indicate lower bounds on

MD directly. The search for the extinction of QCD jet production by the Compact

Muon Solenoid (CMS) Collaboration provides an additional lower limit of 3.3 TeV

at 95% C.L. on the extinction mass scale (equivalent to the fundamental Planck

scale) [24].

References

n [29] [30] [31, 32]† [33]† [34]† [35] [36] [37]† [38]† [39] [40]

3 3.16 4.29 1.20 2.05 1.20 4.77 4.11 1.16 0.81 2.30 2.12

4 2.84 3.71 1.17 2.00 1.17 3.97 3.56 1.13 0.79 2.20 2.13

5 2.65 3.31 1.12 1.92 1.12 3.73 3.24 1.08 0.76 2.04 2.14

6 2.58 3.12 1.07 1.84 1.07 3.53 2.96 1.03 0.72 2.00 2.17

Table 3.3. The observed lower limits on MD from collider experiments in TeV.
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Lower bounds on the Planck scale can also be derived by non-observation of

production and decay of TeV BHs in collider experiments and cosmic ray obser-

vations [42, 43, 44, 45, 46, 47, 48, 49]. The CMS and ATLAS (A Toroidal LHC

ApparatuS) collaborations have conducted searches for BH signatures at the LHC

[4, 5, 25], setting limits on the production cross section and the minimal BH mass

Mmin, i.e., the minimum mass at which a BH can form. Depending on model as-

sumptions and using different final states, the CMS collaboration excludes Mmin

below 4.3 to 6.2 TeV, while the ATLAS collaboration excludes Mmin below 4.8 to

6.2 TeV [5] and 4.6 to 6.2 TeV [25], all at 95% C.L.. The recent 13 TeV analysis

carried out by the ATLAS collaboration has excluded the production of a rotating

BH with n = 6 [50].
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4 BLACK HOLES

In this chapter, static and spherical symmetric BH solutions of vacuum Ein-

stein equations in D = n + 4 (n ≥ 0) dimensions are discussed. 4-dimensional

solutions are first discussed, and the generalization to higher dimensional space-

time is briefly introduced. Then the physics of BH formation by colliding two

massless particles is introduced briefly within the framework of GR. The second

part is devoted to BH thermodynamics, assuming the spacetime is 4-dimensional,

and the generalization to higher dimensional spacetime is straightforward. Fi-

nally, the production and decay of D-dimensional microscopic BHs at the high

energy colliders are discussed.

4.1 D Dimensional Static, Spherical Symmetric

Black Holes

A spacetime with a BH in it is a special solution to Einstein’s equations

(Eq.(2.32)). Because of the nonlinearity of Eq.(2.32), it is very difficult to ana-

lytically solve those equations. However, when a spacetime possesses symmetries,

the metric gµν is a function of a few coordinates in a suitably chosen coordinate

system, and then an analytic solution of Eq.(2.32) may exist. In fact, the spheri-

cally symmetric spacetime solution is the first 4D solution to Eq.(2.32) obtained

by Karl Schwarzschild [51] in 1916, soon after the publication of Einstein’s GR.

4.1.1 4D Schwarzschild Black Holes

The Schwarzschild spacetime is static, meaning, there exists a timelike Killing

vector field χµ and a foliation of spacetime with spacelike slices Σt. χ
µ is normal
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to Σt everywhere. The spacelike slices Σt are labeled by the parameter t which

can be chosen as one coordinate of the spacetime manifold M, and is called the

Schwarzschild time. Since t is constant across Σt, its gradient ∇µt is normal to

Σt, so χµ ∝ gµν∇νt. χµ can be chosen to be gµν∇νt such that χµ∇µt = −1,

which means that the integral curve γ of χµ can be parametrized by t. The curve

γ(t) intersects each Σt only once. Suppose it intersects Σt0 at p = γ(t0) and as

time flows, it intersects Σt at q = γ(t). If there is a spatial coordinate system xi

defined on Σt0 , it is natural to also assign a coordinate system to Σt by letting

xi(p) = xi(q). Since any point in Σt is labeled by t, xi, a coordinate system is set

up for M, and the metric gµν can be written as,

ds2 = −V (xi)dt2 + hijdx
idxj, (4.1)

where V (xi) is a function of the spatial coordinates xi, and hij is the spatial metric

on Σt.

In addition to being static, the Schwarzschild spacetime is also spherically

symmetric, which means that any spacelike slice Σt has a symmetry group iso-

morphic to SO(3). If p is a point in Σt, under a symmetry transformation, it will

trace out a 2 dimensional surface Br which is homeomorphic to a sphere S2. A

sphere can be parametrized by θ and φ such that the metric on Br is given by,

ds2
B = r2(dθ2 + sin2 θdφ2), (4.2)

where r determines the area of Br: A = 4πr2. For a different point p′ /∈ Br, p
′

will similarly trace out a different 2 dimensional surface Br′ , which can also be

parametrized by two angular coordinates. Because of the spherical symmetry, Σt

is naturally foliated by 2 dimensional surfaces Br, which are parametrized by two

angular coordinates. In analogy to t labeling different Σt, r labels different Br. r
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is the radial coordinate and its divergence ∇µr is also normal to Br everywhere.

The vector field Sµ = gµν∇νr is dual to ∇µr and can be chosen to have integral

curves perpendicular to Br. If that is the case, the metric on Σt is

hijdx
idxj = W (r)dr2 + ds2

B, (4.3)

with W (r) a function of r. V (xi) in Eq.(4.1) should depend only on r, conse-

quently.

Finally, plugging Eq.(4.3) in Eq.(4.1) gives the ansatz of the metric,

ds2 = −V (r)dt2 +W (r)dr2 + r2(dθ2 + sin2 θdφ2). (4.4)

The coordinates introduced are called the Schwarzschild coordinates. Substituting

this metric into the vacuum Einstein’s equations,

Gµν = Rµν −
1

2
gµνR = 0, (4.5)

gives the 4-dimensional Schwarzschild metric,

ds2 = −
(

1− 2G4MBH

r

)
dt2 +

(
1− 2G4MBH

r

)−1

dr2 + r2(dθ2 + sin2 θdφ2). (4.6)

This metric describes the spacetime outside of a spherical object, e.g., a star or a

BH, sitting at the center of the coordinate system. The parameter M is the mass

of the object, and G4 is the 4D gravitational constant.

4.1.1.1 Event Horizon

The Schwarzschild metric (Eq.(4.6)) possesses singularities at r = 0 and

2G4MBH, because at r = 0, gtt becomes infinite, and at r = 2G4MBH, grr be-

comes infinite, too. The singularity at r = 0 is the more severe one, because the
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curvature invariant RµνρσR
µνρσ = 48G2

4M
2
BH/r

6 blows up. This means r = 0 is

a true spacetime singularity, called “scalar curvature singularity”, or an essential

singularity. However, the singularity at r = 2G4MBH is due to the choice of the

particular coordinate system, which can be removed by a change of coordinate

system.

For example, the tortoise coordinate r∗ is defined as

dr∗ =
(

1− 2G4MBH

r

)−1

dr ⇒ r∗ = r + 2G4MBH ln
( r

2G4MBH

− 1
)
. (4.7)

A “time” coordinate is defined as v = t+ r∗, then the metric transforms to

ds2 = −
(

1− 2G4MBH

r

)
dv2 + 2dvdr + r2(dθ2 + sin2 θdφ2). (4.8)

So the components gµν behave normally at r = 2G4MBH. In this coordinate

system, it is also easy to understand the meaning of the hypersurface r = 2G4MBH

being the event horizon. It is interesting to study the trajectory of a photon

moving in the radial direction, which is parametrized by λ:

dλ2 = −
(

1− 2G4MBH

r

)
dv2 + 2dvdr = 0. (4.9)

Solving this equation gives two results,

dv = 0 ⇒ v = C1, (4.10)

dv

dr
=

2r

r − 2G4MBH

⇒ v = 2r∗ + C2. (4.11)

Here, C1, C2 are constants. The first result represents incoming light rays, while

the second one is shown in Fig.(4.1), which shows that within the region r <

2G4MBH, all null geodesics will inevitably enter the singularity. In fact, the light

cone inside the horizon always tilts towards to the singularity. Since light travels

26



the fastest, any particle entering the horizon will never escape from it. A slightly

v=2r*+C2

v=C1

2G4M

light cone

r

v

Fig. 4.1. Null geodesics in the Eddington-Finkelstein coordinates (v, r).

different choice of “time” coordinate u = t− r∗ gives,

ds2 = −
(

1− 2G4MBH

r

)
du2 − 2dudr + r2(dθ2 + sin2 θdφ2), (4.12)

whose radial null geodesics are described by

u = D1, (4.13)

u = −2r∗ +D2, (4.14)

with D1, D2 constant. Fig.(4.2) shows the two null geodesics, of which u = D1

represents an outgoing photon, and the light cones inside the horizon. This plot

shows that any particle inside the horizon will eventually come out from it. In fact,

this coordinate system suitably describes a white hole. In contrast, the previous

coordinate system describes a BH.
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u=-2r*+D2

u=D1

2G4M

light cone

r

u

Fig. 4.2. Null geodesics in the Eddington-Finkelstein coordinates (u, r).

4.1.1.2 Particle motion

Let uµ = dxµ/dτ be the 4 velocity of a particle moving in the background of

Schwarzschild spacetime. The existence of a timelike Killing vector χµ defines the

conserved energy per unit mass,

E = −uµχµ =
(

1− 2G4MBH

r

) dt

dτ
. (4.15)

This spacetime also possesses another Killing vector field, i.e. φµ = (∂φ)µ, which

generates a rotational symmetry around the z-axis. It defines the conserved an-

gular momentum per unit mass,

L = uµφµ = r2 dφ

dτ
, (4.16)

where the motion has been restricted to the hypersurface θ = π/2, which is ade-

quate because of the spherical symmetry. The motion of the particle is determined

by,

−
(

1− 2G4MBH

r

)( dt

dτ

)2

+
(

1− 2G4MBH

r

)−1(dr

dτ

)2

+ r2
(dφ

dτ

)2

= −ι. (4.17)

28



ι is a constant, which is either 1 or 0, depending on whether the particle is massive

or not. Substituting Eq.’s (4.15, 4.16) into the above, the effective one-dimensional

motion is described by

1

2

(dr

dτ

)2

+
1

2

(
1− 2G4MBH

r

)(L2

r2
+ ι
)

=
E2

2
, (4.18)

which means that the particle is propagating in an effective potential (the second

term in Eq.(4.18)) and its total mechanical energy is E2/2.

4.1.1.3 Surface Gravity

The event horizon is a null hypersurface, and the tangent to the horizon turns

out to be the Killing vector χµ. For this reason, this hypersurface is also called

the Killing horizon. By Froebnius’s theorem,

χ[µ∇νχρ] = 0, (4.19)

where square brackets mean totally antisymmetrizing indices. Since χµ is a Killing

vector, ∇µχν = −∇νχµ, and the above equation reduces to

χµ∇νχρ + χρ∇µχν + χν∇ρχµ = 0. (4.20)

On a Killing horizon, χµχ
µ = 0, so ∇µ(χνχ

ν) is normal to the horizon, and

there exists a function κ defined on the horizon such that

− 2κχµ = ∇µ(χνχ
ν) = 2χν∇µχν = −2χν∇νχµ, (4.21)

which means that χµ is tangent to a null geodesic which is not affinely parametrized,

χν∇νχ
µ = κχµ. (4.22)

29



To calculate κ, Eq.(4.20) is contracted with ∇µχν ,

2κ2χρ + χρ∇µχν∇µχν = 0 ⇒ κ =
√
−(∇µχν)(∇µχν)/2. (4.23)

For the Schwarzschild BH, χµ = δµt in the Schwarzschild coordinate system, and

its covariant derivative is ∇νχ
µ = Γµνρδ

ρ
t = Γµνt. Therefore, κ is

κ =

√
−

ΓµνtΓ
ν
µ t

2
=

1

4G4MBH

. (4.24)

The meaning of κ can be understood by the following calculation:

3χ[µ∇νχρ]χ[µ∇νχρ] = χµχµ(∇νχρ)(∇νχρ)− 2(χµ∇µχ
ν)(χρ∇ρχν). (4.25)

At the horizon, the left hand size vanishes by Eq. (4.19). Since ∇ν(χµχ
µ) does

not vanish on the horizon, l’Hopital’s rule can be applied to get

κ2 = lim
(χµ∇µχ

ν)(χρ∇ρχν)

−χσχσ
, (4.26)

where lim means approaching the horizon. Let V 2 = −χσχσ, so V is the redshift

factor. aν = (χµ∇µχ
ν)/V 2 is the 4-acceleration of χν . Defining a2 = aνaν , κ can

be expressed as

κ = lim(V a). (4.27)

This equation implies that κ is the acceleration measured at infinity, so it is called

the surface gravity.

4.1.2 Higher Dimensional Case

In this section, spacetime is assumed to be D = n + 4 dimensions with n 6=

0, and all dimensions are non-compact. The spacetime can also be foliated by
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spacelike slices Σt labeled by time t, each of which has SO(D − 2) symmetry.

Besides the radial coordinate r, there areD−2 angular coordinates: θ1, θ2, ..., θD−2,

and the metric of the unit D − 2 dimensional sphere is [52]

dΩ2
D−2 = dθ2

D−2 + sin2 θD−2dΩ2
D−3, . . . , dΩ1 = dθ1, (4.28)

so that 0 < θ1 < 2π, 0 < θ2, ..., θD−2 < π. Finally, the metric for the D dimen-

sional static, spherically symmetric spacetime is,

ds2 = −f(r)dt2 + g(r)dr2 + r2dΩ2
D−2, (4.29)

where f(r) and g(r) are determined by Eq.(4.5), that is,

f(r) = 1/g(r) = 1− 16πGDMBH

(D − 2)SD−2rD−3
, SD−2 =

2π
D−1
2

Γ(D−1
2

)
. (4.30)

Here, MBH is the BH mass, and GD is the D dimensional gravitational constant,

which is related to the fundamental Planck scale M∗ via,

M∗ = 1/G
1/(n+2)
D . (4.31)

As can be verified, the metric component grr blows up at the horizon, which is

defined by r = RS, where

RS =
1√
πM∗

[
8Γ
(
n+3

2

)
n+ 2

] 1
n+1 (

MBH

M∗

) 1
n+1

, (4.32)

This is the D dimensional Schwarzschild radius. χµ = δµt also becomes tangent to

the horizon at RS, and the surface gravity is given by

κ =
|f ′(RS)|

2
=
D − 3

2RS

. (4.33)
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If MBH = 5M∗ , the sizes of RS as a function of n is given in Table (4.1).

Comparison with Table (3.2) shows that the Schwarzschild radius is much smaller

n 1 2 3 4 5 6 7

RS

(
1 TeV
M∗
× 10−4 fm

)
3.61 2.34 1.98 1.84 1.78 1.76 1.77

Table 4.1. D-dimensional Schwarzschild radius RS vs n for n > 0.

than the size of extra dimensions, which justifies the use of the metric in Eq.(4.29).

4.2 Four Laws of Black Hole Mechanics

This section will be devoted to a general, brief discussion of the four laws of

BH mechanics based on Ref’s [17, 53, 54]. They are

• 0th Law: The surface gravity κ is constant over the event horizons of sta-

tionary BHs, assuming the dominate energy condition.

• 1st Law: dMBH =
κ

8πG
dAH + ΩHdJH , where AH is the horizon area, JH is

the angular momentum of the BH and ΩH is its angular velocity.

• 2nd Law: δAH ≥ 0 in any process, if the cosmic censorship and weak energy

condition hold.

• 3rd Law: It is impossible to achieve κ = 0 in a physical process.
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These four laws of BH mechanics resemble the four laws of thermodynamics in

such a way that

κ/2π ↔ T

MBH ↔ E

AH/4πGD ↔ S

ΩH ↔ p

JH ↔ V. (4.34)

Here, T is the temperature, E is the energy, S is the entropy, p is the pressure

and V is the volume. Therefore, they are also called the four laws of BH thermo-

dynamics. In the following, they will be derived purely from the mechanical side.

The discussion follows a more logical order, instead of the order listed above.

4.2.1 Raychaudhuri’s Equation & the 2nd Law

The resemblance between BH mechanics and thermodynamics was first noticed

by the discovery of the BH area theorem [55]. This theorem roughly states that the

BH area never decreases. The rigorous proof of the theorem is highly technical and

involves the use of causality. To understand this theorem roughly, it is necessary to

introduce null geodesic congruence. In this section, the null geodesic congruence

will be discussed briefly. For more details on it, please refer to Appendix B.

A null geodesic congruence is a set of null geodesics in a region of spacetime

such that every point in this region lies on precisely one curve. Let K0 be a

2-dimensional, compact and spacelike surface whose induced metric is γµν and

the coordinate system is {θ, φ}. Light rays emanating from K0 will form a null

geodesic congruence. Take a sphere S2 in the 4-dimensional Minkowski spacetime

for example. All light rays emanating from this sphere S2 form the null geodesic
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congruence, and K0 = S2. Call kµ the tangent vector to a null geodesic in the

congruence, then gµν∇νkµ is an important quantity, which is called the expansion

ρ. It satisfies Raychaudhuri’s equation,

dρ

dv
= −ρ

2

2
− σ̂µν σ̂µν + ω̂µνω̂

µν −Rµνk
µkν , (4.35)

where σ̂µν and ω̂µν are the shear and rotation (refer to Appendix B). Suppose all

null geodesics are normal to K0. It can be shown that ω̂µν = 0, and σ̂µν σ̂
µν ≥ 0.

Another important conclusion associates the change in the area A of K0 with

ρ. Suppose all light rays in the congruence are parametrized by “time” v, and on

K0, v = 0. After a while, at “time” v, all photons in the congruence will form

a different compact surface Kv. It can be shown that the area A of Kv varies,

depending on ρ in the following way,

dA

dv
=

∮
Kv

∂
√
γ

∂v
dθdφ =

∮
Kv

ρ
√
γdθdφ, (4.36)

where γ is the determinant of γµν . Therefore, if ρ > 0, Kv will expand, but if

ρ < 0, Kv will shrink, instead.

Hawking [55] argued in 1971 that the area of the BH horizon never decreases in

any physical process in GR. This is the famous Hawking’s area theorem: Assuming

the cosmic censorship conjecture and Rµνk
µkν ≥ 0, the area of the future event

horizon is nondecreasing. This is because suppose K is one section of the future

event horizon H, then the expansion ρ of null kµ emanating from and normal to

K is non-negative, as long as certain causality conditions are satisfied. Therefore,

Eq.(4.36) implies that the area AH of H never decreases. This is the second law

of BH mechanics.
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4.2.2 The 0th Law

The Zeroth law is a statement of how the surface gravity κ varies across the

Killing horizon. In this section, χµ will represent a general Killing vector field. To

calculate it, the operator χ[µ∇ν] is applied to Eq.(4.22) to get

χρχ[µ∇ν]κ+ κχ[µ∇ν]χρ = χ[µ∇ν]χ
σ∇σχρ − χ[µRν]ασρχ

αχσ. (4.37)

Using Eq.(4.20) and the Killing property ∇µχν = −∇νχµ, the second term on the

left hand side of the above equation is

κχ[µ∇ν]χρ = −1

2
κχρ∇µχν , (4.38)

and the first term in the last line is accordingly,

χ[µ∇ν]χ
σ∇σχρ = −1

2
κχρ∇µχν , (4.39)

which implies that,

χρχ[µ∇ν]κ = −χ[µRν]ασρχ
αχσ. (4.40)

Now, apply χ[µ∇ν] to χα∇βχρ,

χ[µ∇ν](χα∇βχρ) = −1

2
(∇µχν)χα∇βχρ − χαχ[µRν]γβρχ

γ. (4.41)

Antisymmetrizing over indices α, β and ρ leads to,

χ[µ∇ν](χ[α∇βχρ]) = −1

2
(∇µχν)χ[α∇βχρ] − χ[µRν]γ[βρχα]χ

γ. (4.42)
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The left hand side and the first term on the right hand side vanish due to Eq.(4.19).

Contracting with gρν and expand the last term,

χ[βRα]ργµχ
ρχγ = χµχ[βRα]γχ

γ. (4.43)

Combining this equation with Eq.(4.40) gives,

χ[µ∇ν]κ = −χ[µRν]ρχ
ρ. (4.44)

Suppose χµ = dxµ/dλ, and kµ = dxµ/dv is another vector field. If λ =

−e−κv/κ, then kµ satisfies the geodesic equation,

kν∇νk
µ = 0, (4.45)

so it is interesting to calculate the corresponding B̂µν (Eq.(B.15)). On the horizon,

k[ρ∇µ]kν = −e−2κvχν

(
κχ[ρ∇µ]v +

1

2
∇ρχµ

)
. (4.46)

Then for any two spatial deviation vectors ηρ and ξν , the following relation holds,

ηρξνk[ρ∇µ]kν =
1

2
(ηρkρξ

ν∇µkν − kµηρξν∇ρkν) = 0, (4.47)

since ηρkρ = ξρkρ = 0. Therefore, ηρξν∇ρkν = 0, which leads to,

B̂µν = 0, (4.48)

by Eq.(B.15). Thus, ρ, σ̂µν and ω̂µν all vanish, and Raychaudhuri’s equation (4.35)

implies that,

Rµνk
µkν = 0 = Rµνχ

µχν . (4.49)
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Assuming the dominate energy condition, which states that −T µνχν is a future-

directed timelike or null vector field, Einstein’s equation (2.32) can be used to get

T µνχµχ
ν = 0, which means that −T µνχν is parallel to χµ, in other words,

−Rµ
νχ

ν = −1

2

(
T µνχ

ν − χµ

D − 2
T
)
. (4.50)

Plugging it into Eq.(4.44) gives,

χ[µ∇ν]κ = 0, (4.51)

which is equivalent to saying that κ is a constant over the Killing horizon. This

is the zeroth law of BH mechanics.

4.2.3 The 1st Law

The first law of BH mechanics will apply to stationary, axisymmmetric BHs.

A stationary spacetime possesses a timelike Killing vector field χµ, which can be

normalized, χµχµ = −1 at infinity. IfM is also axisymmetric, it also has an axial

Killing vector field φµ. In general, χµ is not normal to the horizon of a BH, but

lµ = χµ + ΩHφ
µ is. ΩH is a constant and is called the angular velocity of the

horizon. The first law involves the variations in a BH’s energy M and angular

momentum JH , as discussed below.

Consider a timelike hypersurface Σ with unit normal vector nµ, and Σ is

bounded by two compact surfaces: one is the horizon H = H ∩ Σ, and the

other, K∞, is at infinity. So the integral

−
∫

Σ

Rνµχ
µnν
√
hd3x =

∫
Σ

(∇µ∇µχν)n
ν
√
hd3x, (4.52)
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gives rises to

MBH =
κA

4πG4

+ 2ΩHJH . (4.53)

This is the first law in integral form.

To obtain the differential form of Eq.(4.53), the variation of both sides is taken,

δMBH =
δκA+ κδA

4πG4

+ 2δΩHJH + 2ΩHδJH . (4.54)

Suppose the variation is caused by some event which affects a BH, e.g., some

particles fall through horizon. Then after a sufficiently long time, the system

settles down to a new BH solution with metric g′µν = gµν + γµν . For simplicity,

a suitable diffeomorphism leaves the position of H, and the two Killing vectors

χµ, φµ unchanged. Calculating the variation δκ and integrating the variation over

the horizon result in,

AHδκ = −4πG4δMBH − 8πG4δΩHJH . (4.55)

This equation together with Eq.(4.54) gives the differential form of the first law

of BH mechanics,

δMBH =
κδAH
8πG4

+ ΩHδJH . (4.56)

The resemblance between Eq.(4.56) and the 1st law of thermodynamics is clear

once one makes the identification Eq.(4.34).

4.2.4 The 3rd Law

The third law of BH mechanics states that it is impossible to reduce κ to zero

in any physical process. As an example, the Schwarzschild BH’s surface gravity κ

is given by Eq.(4.24) (or Eq.(4.33)) and contains powers of M in the denominator.

In order to make κ = 0, M would have to be infinity, which is impossible.
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4.3 Black Holes in Particle Collisions

4.3.1 Black Hole Production

According to the Hoop Conjecture [56], a BH forms when a mass M is confined

to a region of typical size equal to the Schwarzschild radius for that mass, RS(M).

Therefore, if two particles collide with center of mass energy
√
s and impact

parameter smaller than RS(
√
s), a BH may form. If RS � R, as expected in

the ADD scenario, the newly formed BH lives in a D-dimensional spacetime with

negligible curvature at the BH scale. In this case, the Schwarzschild radius of the

BH is given by Eq.(4.32) where MBH = (1− y)
√
s and y is the fraction of energy

which escapes into the bulk as gravitons, depending on the impact parameter. The

Hoop Conjecture implies a BH production cross section σ(s, n, y) = πFR2
S, where

the form factor F ≤ 1 is related to y and accounts for the energy of the colliding

particles which is not trapped in the event horizon, the so called “graviton energy

loss at formation.”

The Hoop Conjecture can be tested by the trapped surface approach, based on

classical GR [57, 58, 59, 60, 61]. A trapped surface (TS) is a (D− 2)-dimensional

compact, spacelike submanifold with the property that the expansion ρ of both

families (i.e., “incoming” and “outgoing”) of future directed null geodesics or-

thogonal to it is everywhere negative. If a spacetime satisfies certain causality

conditions, and Rµνk
µkν ≥ 0 for all null kµ, any trapped surface is enclosed by

a horizon. In fact, any sphere with radius smaller than RS is a trapped surface

for the D-dimensional Schwarzschild BH. By finding the position of the so-called

marginally trapped surface to which the outgoing null geodesic congruences are

orthogonal and from which emanating have vanishing expansion, the horizon ra-

dius can be estimated to be the radius of the marginally trapped surface. Since

the horizon radius increases with the BH mass, the trapped surface approach gives

a lower bound on BH mass, and is checked against alternative approaches. For
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example, Ref.[62] studied gravitational energy emission in the linearized limit,

and suggested that the trapped surface method overestimates the graviton energy

loss. The instantaneous method predicts that the graviton energy loss is only

about 10% of the center of mass energy
√
s for head-on collisions. Perturbative

calculations which model the parton-parton collision as a plunge of a relativistic

test particle into a BH with mass
√
s agree on that result [63]. Therefore, the

mass of a BH produced in a high energy collider is expected to range btween 60%

to 100% of
√
s [64].

Since BH production in hadron colliders occurs at the parton level, the total

cross section for a hadronic collision is obtained by integrating over the Parton

Distribution Functions (PDFs) of the hadrons [27]

σ(s, n, y,Mmin) =
∑
ij

∫ 1

0

2zdz

∫ 1

xm

dx

∫ 1

x

dx′

x′
fi(x

′, Q)fj(x/x
′, Q)σ(

√
xs, n, y) ,

(4.57)

where the fi(x,Q) are the PDFs with four-momentum transfer Q, and z is the

impact parameter normalized to its maximum value. The cutoff at small x is

xm = Mmin
2/{s[(1 − y(z)]2}, where Mmin is the minimum-allowed mass of the

BH. The total cross section in the absence of graviton energy loss at formation is

recovered by setting F = 1 (Black Disk (BD) cross section) [64].

4.3.2 Black Hole Decay

If the initial BH mass is much larger than the Planck mass, a semiclassical

treatment suggests that the newly-formed BH decays through four distinct phases:

balding, spin-down, Hawking and Planck [65].

Balding phase BH radiates multipole moments and quantum numbers [66, 67],

eventually settling down to a D-dimensional Kerr geometry.

40



Spin-down phase Angular momentum evaporates via Hawking radiation, so a

D-dimensional Schwarzschild BH forms at the end of this phase.

Hawking phase BH decays into elementary particles via Hawking radiation. As

discussed in Section (4.3.1), the trapped surface method likely overestimates

the graviton energy loss in the BH production, so it is assumed that most of

the energy of the BH is radiated in the Hawking phase, with SM particles

dominating the decay products. For the details of D-dimensional Hawking

radiation, please refer to Chapter 5.

Planck phase When the mass of the evaporating BH approaches the Planck

scale, Qmin ∼ M∗, the BH enters the quantum phase, where the decay

ceases to be semiclassical and becomes dominated by quantum gravitational

effects.
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5 HAWKING RADIATION

5.1 Unruh Effect

An easier way to understand the Hawking effect and to derive the spectrum of

the radiation of BHs is through the study of the Unruh effect [18, 68], in which an

accelerated observer in Minkowski spacetime views the vacuum seen by a free-fall

observer as thermal. Although this effect takes place in a flat spacetime, it reflects

the fact that different observers do not necessarily share the same vacuum state.

For simplicity, a uniformly accelerated observer is considered in a 2 dimensional

Minkowski spacetime. Because of translational and rotational symmetry, this

simplification is adequate to grasp the essential ideas of the Unruh effect. Let the

metric be

ds2 = −dt2 + dx2, (5.1)

and let the observer’s worldline be parametrized by τ , so that the observer’s

position is given by

t =
sinhατ

α
, x =

coshατ

α
. (5.2)

The acceleration is

aµ = uν∂νu
µ = (α sinhατ, α coshατ), (5.3)

Its magnitude is

a =
√
aµaµ = α, (5.4)

and α is assumed to be constant. The trajectory (Eq.(5.2)) is one branch of a

hyperbola, and if α varies, the observer will trace out a different hyperbola. In
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this way, a new coordinate system (ξ, η) can be introduced, defined by,

t =
eκξ sinhκη

κ
, x =

eκξ coshκη

κ
, (5.5)

where −∞ < ξ, η < +∞. This coordinate system covers one quarter of the 2

dimensional Minkowski spacetime, region I in Fig.(5.1). The trajectory of the

observer is one of these η lines, whose κ = α. Similarly, region III can also

be charted. The coordinates there are also called (ξ, η) but their directions are

opposite, i.e., in region II,

t = −e
κξ sinhκη

κ
, x = −e

κξ coshκη

κ
. (5.6)

In this way, the metric tensor in these two regions can be expressed as,

ds2 = e2aξ(−dη2 + dξ2). (5.7)

Suppose there is a scalar field φ(x) satisfying the Klein-Gordon equation, �φ =

0. There are two classes of observers: the free-fall observers, whose velocities are

(∂t)
µ, and the uniformly accelerated ones, whose velocities are (∂η)

µ̂. They will

observe different particle content of the field φ(x). The free-fall observer will view

the solutions to the Klein-Gordon equation as linear combinations of the plane

wave,

φk =
exp[−i(ωt− kx)]√

4πω
, (5.8)

and its complex conjugate φ∗k, with |k| = ω. Therefore, φ can be expanded as

φ =

∫
dk(akφk + a†kφ

∗
k), (5.9)
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Fig. 5.1. The Rindler coordinate system (ξ, η) covers region I of the Minkowski
spacetime. Region II is another copy of region I, whose coordinates are still called
(ξ, η) but pointing in the opposite directions.

where ak and a†k are the ladder operators for free-fall observers. So ak|ΩM〉 = 0,

and |ΩM〉 is the vacuum seen by a free-fall observer. The number operator is a†kak.

But the accelerated observer in region I will use different plane waves, which

are

ψIk =
exp[−i(ωη − kξ)]√

4πω
, (5.10)

and their complex conjugates ψI∗k , while the accelerated observer in region II uses,

ψIIk =
exp[i(ωη + kξ)]√

4πω
, (5.11)

and ψII∗k . So the wave function decomposition is,

φ =

∫
dk(bIkψ

I
k + bI†k ψ

I∗
k + bIIk ψ

II
k + bII†k ψII∗k ). (5.12)
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Here, bIk, b
I†
k and bIIk , b

II†
k are the ladder operators associated with the accelerated

observers in region I and II, respectively. In addition, these observers observe

a vacuum state |ΩR〉, and bIk|ΩR〉 = bIIk |ΩR〉 = 0. The number operators are

nIR(k) = bI†k b
I
k and nIIR (k) = bII†k bIIk for regions I and II, respectively.

The relations between φk and ψIk, ψ
II
k must be determined in order to study

the relations between the vacuum states |ΩM〉 and |ΩR〉. A trick reveals that there

exist another set of basic wave modes,

ϕIk =
eπω/2κaiω/κ√

8πκ sinh(πω/κ)
(−t+ x)iω/κ, (5.13)

ϕIIk =
eπω/2κaiω/κ√

8πκ sinh(πω/κ)
(−t− x)iω/κ, (5.14)

such that

φ =

∫
dk(cIkϕ

I
k + cI†k ϕ

I∗
k + cIIk ϕ

II
k + cII†k ϕII∗k ). (5.15)

Here cIk and cI†k are the ladder operators for ϕIk, and similarly, cIIk and cII†k for ϕIIk .

The Bogoliubov transformations relate ladder operators of different observers,

and are given by

bIk =
eπω/2κcIk + e−πω/2κcII†−k√

2 sinh(πω/κ)
, (5.16)

bIIk =
eπω/2κcIIk + e−πω/2κcI†−k√

2 sinh(πω/κ)
. (5.17)

It turns out that cIk|ΩM〉 = cIIk |ΩM〉 = 0. Therefore, cIk and cIIk annihilate the same

vacuum state as ak does. Since the number operator for the accelerated observer
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in region I is nIR(k) = bI†k b
I
k, so the expected number of particles of frequency ω is

〈ΩM |nIR(k)|ΩM〉 = 〈ΩM |bI†k b
I
k|ΩM〉

= e−πω/κ
〈ΩM |cIkc

I†
k |ΩM〉

2 sinh(πω/κ)

=
1

exp ω
κ/2π
− 1

. (5.18)

Therefore, the accelerated observer views the vacuum of the free-fall observer as

thermal. The temperature is given by

TU =
κ

2π
. (5.19)

5.2 Hawking Radiation

In 1975, Hawking [69] studied the solutions to the massless Klein-Gordon equa-

tion in the background of Schwarzschild spacetime and showed that the outgoing

positive frequency mode at future infinity is a mixture of positive and negative

frequency incoming modes at past infinity. This mixture leads to the famous

Hawking radiation, which has the Planck distribution,

〈nsω〉 =
1

exp
(

ω
TH

)
+ (−1)2s

. (5.20)

where s is the spin of the emitted particle. The Hawking temperature takes the

same form as the Unruh temperature,

TH =
κ

2π
. (5.21)
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By Eq.(4.33), the Hawking temperature for a D-dimensional, spherically symmet-

ric, static BH is

TH =
n+ 1

4πRS

, (5.22)

where n = D − 4. Table (5.1) shows TH for D-dimensional BH whose mass

MBH = 5M∗.

n 1 2 3 4 5 6 7

TH
(

M∗
1 TeV

GeV
)

77 179 282 379 470 553 629

Table 5.1. The Hawking temperature of a D-dimensional BH as a function of n.
TH is in units of M∗. Data are taken from Ref.[3].

The number of particles emitted per unit time, i.e., the flux spectrum, can

thus be calculated using the following expression [3],

dN (s)(ω)

dt
=
∑
j

σ
(s)
j,n(ω)

exp(ω/TH) + (−1)2s

dn+3k

(2π)n+3
, (5.23)

and the power spectrum is

dE(s)(ω)

dt
=
∑
j

ωσ
(s)
j,n(ω)

exp(ω/TH) + (−1)2s

dn+3k

(2π)n+3
. (5.24)

The extra term σ
(s)
j,n(ω) in the above two equations is called the graybody factor,

which arises due to the effects of the effective potential (refer to Eq.(4.18)). Any

particle emitted from the BH and reaching infinity has to penetrate the effective

potential, so the spectra are modified. σ
(s)
j,n(ω) corresponds to the transmission

cross section for a particle propagating in the effective potential, so it is related

to the absorption coefficient A(s)
j in the following way,

σ
(s)
j,n(ω) =

2nAH
π(ωRS)n+2

Γ
(n+ 3

2

)2

Nj|A(s)
j |2, (5.25)
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with Nj representing the multiplicity of states for the same partial wave j,

Nj =
(2j + n+ 1)(j + n)!

j!(n+ 1)!
. (5.26)

AH is the horizon area of a D-dimensional Schwarzschild BH,

AH = 2πRn+2
S π(n+1)/2Γ

(n+ 3

2

)−1

. (5.27)

The graybody factor can be determined by studying the propagation of differ-

ent fields - scalar, vector, spinor and tensor fields - in the background of a D-

dimensional Schwarzschild spacetime, i.e., their Schrödinger equations. Since in

the ADD model, SM particles propagate on the brane, but gravitons propagate

in the bulk, Schrödinger equations are different for the brane modes and the bulk

modes. In the following two sections, these two cases are discussed briefly.

5.2.1 Hawking Radiation on the Brane

SM particles live on the brane, so they feel only the induced metric on the

brane, that is, setting θs (s = D − 2, D − 3, ..., 3) to zero and defining θ2 = θ,

θ1 = ϕ for simplicity in Eq.(4.29),

ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2 θdϕ2), (5.28)

with f(r) = 1− (RS/r)
n+1. The tortoise coordinate y is also useful,

y =
f(r)

Rn+1
S (n+ 1)

. (5.29)

Following the treatment of Ref.[69], a generic matter field Ψs(t, r, θ, φ) can be de-

composed into modes with definite energy ω, angular momentum quantum number

48



j and magnetic quantum number m, i.e.,

Ψs(t, r, θ, φ) = e−iωteimϕRs(r)S
m
s,j(θ), (5.30)

where Sms,j(θ) are the spin-weighted spheroidal harmonics. Plugging this expres-

sion into the equation of motion for Ψs(t, r, θ, φ) in the background metric given

by Eq.(5.28), the so-called master equation can be obtained for the radial part

Rs(r) = [r2f(r)]−sPs(r) = ∆−sPs(r),

∆s d

dr

(
∆1−sdPs

dr

)
+
[ω2r2

f(r)
+ i2ωsr − isωr

2f ′(r)

f(r)
− j(j + 1) + s(s+ 1)

]
Ps(r) = 0.

(5.31)

This equation can be analytically solved using an approximation method in

which solutions at the near horizon region (r → RS) and at the far-field region

(r � RS) can be obtained. These two solutions can then be matched in the

intermediate region. In the near horizon region, the general solution takes the

following form,

PNH
s (r) = A−f

α(1−f)βFs(a, b, c; f)+A+f
−α(1−f)βFs(a−c+1, b−c+1, 2−c; f),

(5.32)

where A± are constants, Fs(a, b, c; f) is a hypergeometric function with hyperge-

ometric indices (a, b, c) defined as,

a = α + β +
s+ n(1− s)

n+ 1
, b = α + β, c = 1− s+ 2α. (5.33)

α and β are given by

α+ = s+ i
ωRS

n+ 1
, α− = −i ωRS

n+ 1
, (5.34)

β± =
1

2(n+ 1)
[1− 2s±

√
(1 + 2j)2 − 4ω2R2

S − i8sωRS]. (5.35)
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A boundary condition must be imposed at the horizon in order to select the “+”

version or the “−” version. Near the horizon, only incoming modes are allowed,

because nothing can escape from the BH. Therefore, this leads to keeping the “−”

version. In the far-field region, the solution is approximately,

P FF
s (r) = e−iωrrj+s[B+M(j − s+ 1, 2j + 2, i2ωr) +B−U(j − s+ 1, 2j + 2, i2ωr)],

(5.36)

where B± are also constants, and M and U are the Kummer functions. Then

expanding PNH
s (r) in the limit r → +∞, and P FF

s (r) in the limit ωr � 1, the

expansions which relate B± to A− are matched in the following way,

B+ =
A−

Rj+s
S

Γ(1− s+ 2α−)Γ(−2β− + 1−2s
n+1

)

Γ(α− − β− + 1− s)Γ(α− − β− + 1−2s
n+1

)
, (5.37)

B− =
A−R

j−s+1
S (i2ω)2j+1Γ(1− s+ 2α−)Γ(2β− − 1−2s

n+1
)Γ(j − s+ 1)

Γ(α− + β−)Γ(α− + β− + s+n(1−s)
n+1

)Γ(2j + 1)
.

(5.38)

Finally, the calculation of the graybody factor requires rewriting the far-field so-

lution (Eq.(5.36)) in the limit r → +∞,

P (∞)
s (r) = A

(∞)
in

e−iωr

(2ωr)1−2s
+ A

(∞)
out

eiωr

2ωr
, (5.39)

with

A
(∞)
in =

e−iπ(j−s+1)/2

(2ω)j+s

[
B− +

B+e
iπ(j−s+1)Γ(2j + 2)

Γ(j + s+ 1)

]
, (5.40)

A
(∞)
out =

B+e
iπ(j+s+1)Γ(2j + 2)

Γ(j − s+ 1)(2ω)j+s
. (5.41)
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So the absorption coefficient A(s)
j for a scalar field (s = 0) is

|A(0)
j |2 = 1−

∣∣∣A(∞)
out

A
(∞)
in

∣∣∣2, (5.42)

while for higher spin fields (vector and spinor fields), A(s)
j can be calculated using

the following relation,

|A(s)
j |2 = (2ωRS)2(1−2s)

∣∣∣ A−
A

(∞)
in

∣∣∣2. (5.43)

Therefore,

|A(s)
j |2 =

(2ωRS)2j+2−2s

|Γ(1− s+ 2α−)[C(ωRS)2j+1 +D]|2
, (5.44)

where C and D are constants,

C =
22j+1eiπ(s−1/2)Γ(2β− − 1−2s

n+1
)Γ(j − s+ 1)

Γ(α− + β−)Γ(α− + β− + s+n(1−s)
n+1

)Γ(2j + 1)
, (5.45)

D =
Γ(2j + 2)Γ(−2β− + 1−2s

n+1
)

Γ(α− − β− + 1− s)Γ(α− − β− + 1−2s
n+1

)Γ(j + s+ 1)
. (5.46)

Substituting Eq.(5.44) into Eq.(5.25) gives,

σ
(s)
j,n(ω) =

(2ωRS)2j−2s(2j + 1)AH
|Γ(1− s+ 2α−)[C(ωRS)2j+1 +D]|2

. (5.47)

With this analytic expression, it is easy to plot σ
(s)
j,n(ω) as a function of energy ω

for s = 0, 1/2, 1; these plots are shown in Fig.(5.2). This figure shows that the

graybody factor for a scalar field decreases with ω, and is smaller for large extra

dimension models n > 0 than for n = 0. For a fermion field, the graybody factor

decreases and then increases in the higher energy regime for n > 0, but for n = 0,

the graybody factor is initially smaller, but a monotonic increasing function, so

eventually it surpasses the one for n > 0. The graybody factor of a gauge boson
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Fig. 5.2. Graybody factor σ
(s)
abs(ω) vs energy ω at different n. σ

(s)
abs(ω) is actually

summed over j upto the third partial waves. Color code: n = 0 - Blue; n = 2 -
Brown; n = 4 - Red Solid; n = 6 - Red Dashed.

behaves very differently. It increases at low energies, and then slowly decreases

at higher energies for n = 4, 6. For n = 2, the graybody factor is an increasing

function of ω in the energy range considered. Finally, the graybody factor for a

gauge boson in the usual 4 dimensional spacetime (n = 0) is an increasing function

within the considered energy range.

Power spectra can also be plotted according to Eq.(5.24), as shown in Fig.(5.3).

The plot shows that for all types of fields, the power emission rates are increasing

functions of ω for n > 0, while for n = 0, the power emission rates increase at

lower energies but decreases at the higher energy regime. Fig.(5.3) also shows
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Fig. 5.3. The power spectra for spin-0 (top left),1/2 (top right),1 (bottom) fields.
The color code is the same as Fig.(5.2)

that as n increases, the BH evaporates faster. So a higher dimensional BH will

have shorter lifetime in the ADD model.

The conclusions discussed above are based on analytic solutions of Eq.(5.31),

which are valid only at low energies. To find higher energy behaviors, numerical

methods have been applied to calculate graybody factor in Ref.[70]. The numer-

ically calculated graybody factors are shown in Fig.(5.4). As seen from these

graphs, the low energy behavior of graybody factors agree with the analytic re-

sults (Fig.(5.3)) very well. Graybody factors oscillate in the energy range shown

for all n’s with slightly decreasing amplitudes. At higher energies, n = 0 domi-

nates over n > 0 for all types of fields, but the graybody factor for a scalar field
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Fig. 5.4. Numerical results for graybody factors for scalars (top left), fermions
(top right) and gauge bosons (bottom). These are taken from Ref.[3].

at n = 0 is also greater than n > 0. The emission rates were also determined in

Ref.[70], which are shown in Fig.(5.5). The agreement with the analytic results in

the low energy regime can be identified again, and the emission rates are enhanced

greatly as n increases. Integration over the whole energy region gives the total

emissivities as listed in Table (5.2). It is also possible to predict what type of par-

n 0 1 2 3 4 5 6 7

Scalars 1.0 8.94 36.0 99.8 222 429 749 1220

Fermions 1.0 14.2 59.5 162 352 664 1140 1830

Gauge Bosons 1.0 27.1 144 441 1020 2000 3530 5740

Table 5.2. Total energy emissivities for different matter fields as functions of n.
They are normalized to the ones for n = 0 individually for each type of fields.
Data are taken from Ref.[3].
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Fig. 5.5. Numerical results for power emission rates for scalars (top left), fermions
(top right) and gauge bosons (bottom). These are taken from Ref.[3].

ticles the BH prefers to emit. In Ref.[70], estimations for the relative emissivities

were also made, which are tabulated in Table (5.3). Therefore, for n = 0, scalars

n 0 1 2 3 4 5 6 7

Scalars 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Fermions 0.55 0.87 0.91 0.89 0.87 0.85 0.84 0.82

Gauge Bosons 0.23 0.69 0.91 1.00 1.04 1.06 1.06 1.07

Table 5.3. Relative energy emissivities for different n’s, normalized to the emis-
sivity of the scalar field. Data are taken from Ref.[3]

carry away most of the BH energy, then fermions and then, gauge bosons. This

situation changes when n increases. More and more energy is emitted in the form
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of fermions and gauge bosons. When n ≥ 4, gauge bosons contribute the most

energy lost. Fermions always carry away less energy than scalars.

5.2.2 Hawking Radiation in the Bulk

Although the bulk modes cannot be detected, they contribute to the large

missing energy, which is a distinct feature of BH events. So it is still important

to study bulk modes to determine the amount of energy emitted into the bulk,

and thus the energy left for emission on the brane. For this purpose, the complete

metric Eq.(4.29) should be used. Since only gravitons, and possibly scalars, are

allowed to propagate in the bulk, attention will be focussed on these fields. Since

scalars are simpler, the first step will be to study the graybody factor for a scalar

field.

5.2.2.1 Scalars

A generic scalar field is a linear composition of the expression below [70, 3],

φ(t, r, θi) = eiωRωl(r)Ỹl(Ω). (5.48)

Here, the Ỹl(Ω) are the higher dimensional generalization of the usual spherical

harmonic functions, and Ω collectively represents all angular coordinates θi. Sub-

stituting this function into Klein-Gordon equation gives rise to the radial equation,

f(r)

rn+2

d

dr

[
f(r)rn+2 dR

dr

]
+
[
ω2 − f(r)

r2
l(l + n+ 1)

]
R = 0. (5.49)

This equation can be analytically solved using a for similar to that used to obtain

the brane modes, which are approximate and are only valid in low energy regime,

so the analytic solutions of Eq.(5.49) will not be discussed (refer to [70, 3]). Nu-

merical calculation gives the spectra graybody factors and energy emission rates
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as functions of n, which are shown in Fig.(5.6). The left graph in Fig.(5.6) also

Fig. 5.6. Graybody factors (left) and energy emission rates (right) for bulk scalar
mode as functions of energy ω for different n’s. Figures are taken from Ref.[3]

shows the oscillations of graybody factors as ω increases, although the relatively

small energy range does not allow the oscillations for n = 4, 6 to be manifest. The

right graph again shows the enhancement of emission as n increases. Integrating

the energy emission rates over the whole energy regime gives the emissivities for

the bulk and brane modes. Table (5.4) displays the ratio of bulk to brane emis-

sivities for the scalar field. It shows that brane modes dominate over bulk modes

n 0 1 2 3 4 5 6 7

Bulk/Brane 1.0 0.40 0.24 0.22 0.24 0.33 0.52 0.93

Table 5.4. Bulk-to-brane energy emissivities of scalars for different values of n.
Data are taken from Ref.[3].

for 2 ≤ n ≤ 4, so most of scalar energy will be emitted into brane.

5.2.2.2 Gravitons

Gravitons are excitations of metric perturbations. ForD-dimensional Schwarzschild

BHs, a metric perturbation can be decomposed into three parts: a symmetric

traceless tensor T , a vector V and a scalar S. Each type of metric perturbation
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can be decomposed into modes like Eq.(5.48), and the radial parts RΛ(r) of the

three types of perturbation satisfy the same equation,

f(r)
d

dr

[
f(r)

dRΛ

dr

]
+ (ω2 − VΛ)RΛ = 0. (5.50)

Here, the index Λ collectively stands for {B,ω, l, n} where B = S, V, or T , and

VΛ(r) is the effective potential. For tensor-like and vector-like perturbations, it is,

VT/V,ω,l,n =
f(r)

r2

[
l(l + n+ 1) +

n(n+ 2)

4
− k

4
(n+ 2)2

(RS

r

)n+1]
, (5.51)

where k = −1 for tensor-like perturbations and k = 3 for vector-like perturbations.

For the scalar-like perturbations, the potential is

VS,ω,l,n =
f(r)

r2

qx3 + px2 + wx+ z

4[2u+ (n+ 2)(n+ 3)x]2
, (5.52)

where

x =
(RS

r

)n+1

, u = l(l + n+ 1)− n− 2,

q = (n+ 2)4(n+ 3)2, z = 16u3 + 4u2(n+ 2)(n+ 4),

p = (n+ 2)(n+ 3)[4u(2n2 + 5n+ 6) + n(n+ 2)(n+ 3)(n− 2)],

w = −12u(n+ 2)[u(n− 2) + n(n+ 2)(n+ 3)]. (5.53)

Eq.(5.50) has been solved analytically in the low energy regime [71] and in

the intermediate energy regime [72], which will not be discussed, since numerical

calculations were also done in Ref.’s[73, 74, 75]. The numerical calculations found

that the graviton radiation spectra are strongly enhanced in the higher energy

regime. In Ref.s[73, 74], total energy emissivity for gravitons as a function of n is

given, which is displayed in Table (5.5). Comparing Table (5.5) with Table (5.2)

shows that the emissivity of gravitons is greatly enhanced at high n’s. Although
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n 0 1 2 3 4 5 6 7

Gravitons 1 103 1036 3374 2× 104 5.2× 104 2.5× 105 8× 105

Table 5.5. Total energy emissivity for gravitons as a function of n. This table
should be compared with Table (5.2). Data are taken from [74].

the graviton’s emissivity is much larger than that of brane modes, the huge number

of brane mode degrees of freedom (d.o.f.) still makes the brane channel dominate

over the bulk channel, as shown in Table (5.6). This table also shows that the

n 0 1 2 3 4 5 6 7

Scalars 6.8 4.0 3.7 3.6 3.6 3.6 3.3 2.9

Fermions 83.8 78.7 75.0 72.9 69.9 68.1 61.6 53.4

Gauge Bosons 9.3 16.7 20.0 21.8 22.3 22.6 20.7 18.6

Gravitons 0.1 0.6 1.3 1.7 4.2 5.7 14.4 25.1

Table 5.6. Percentage of power going into each field species for the SM with one
Higgs field above the spontaneous symmetry breaking scale. Data are taken from
Ref.[74].

contribution of gravitons cannot be neglected for large n, because, for example,

when n = 7 nearly one quarter of the BH energy is emitted in the form of gravitons,

which becomes the missing energy in high energy colliders.
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6 BLACK HOLE EVENT

SIMULATION

6.1 CATFISH: A Black Hole Event Generator

In this work, CATFISH (Collider grAviTational FIeld Simulator for black

Holes) is used, which is a Fortran 77 Monte Carlo generator designed specifically

for simulating BH events at CERN’s LHC [64]. The simulated BH is a higher di-

mensional Schwarzschild BH, and it decays into SM particles and gravitons mainly

via Hawking radiation. Possible phenomenological treatments of Planck phase are

also implemented. The generator interfaces to the PYTHIA Monte Carlo frag-

mentation code [76] using the Les Houches interface [77]. In our analysis, we run

CATFISH (v2.10) with the CTEQ6PDF PDF set and PYTHIA (v6.425) Tune

Z1.

The simulation of a BH event in CATFISH follows these steps. First, CAT-

FISH computes the total and differential cross sections for the BH formation. The

initial BH mass is sampled from the differential cross section. The BH is then de-

cayed through the Hawking mechanism until the BH mass reaches the quantum

limit, where a final non-thermal hard event is generated or a BH remnant is cre-

ated. The unstable quanta emitted by the BH are instantaneously hadronized or

decayed by PYTHIA, which also simulates initial- and final-state radiation parti-

cles. To determine the physics of BH formation and decay, CATFISH uses several

external parameters and switches:

• ADD parameters

1. Fundamental Planck mass: MSTAR = M∗.
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2. Number of extra dimensions: NEXTRADIM = n = 3, 4, 5, 6.

• Black hole formation parameters

1. Graviton energy loss at formation: GRAVITONLOSS = 0 (BD model), 1

(YR or YN TS models, see below).

2. Gravitational loss model: GRAVITONMODEL = 0 (YN TS model [60]), 1

(YR improved TS model [61]).

3. Minimum initial BH mass in Planck units: XMIN = Mmin/M∗ ≥ 1.

• Black hole evaporation parameters

1. Minimum quantum BH mass in Planck units: QMIN = Qmin/M∗ ≤

XMIN.

2. Number of quanta emitted in the Planck phase: NP = np. If NP = 0,

the BH forms a stable remnant with mass Qmin.

6.1.1 Black Hole Production in CATFISH

CATFISH incorporates three models for BH formation and cross section: BD,

Yoshino-Nambu TS model [60] and Yoshino-Rychkov (YR) improved TS model

[61]. The total cross section is given by Eq.(4.57). The PDF used for this work is

CTEQ6. As discussed in Section 4.3.1, BD cross section is used by setting F = 1,

so that the graviton energy loss is ignored. In CATFISH, this model is chosen by

setting GRVITONLOSS = 0.

If BD model is switched on, y = 0 and F = 1, so the expression for the total

cross section becomes simpler and it is given by,

σ(s, n, XMIN) =
∑
ij

∫ 1

0

2zdz

∫ 1

xm

dx

∫ 1

x

dx′

x′
fi(x

′, Q)fj(x/x
′, Q)σ(

√
xs, n, 0).

(6.1)
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Here, xm is simply XMIN2M2
∗/s, since y = 0, and the total cross section is expressed

in terms of XMIN. The differential cross section dσ/dMBH and the total cross section

σ v.s. MBH can be obtained by running CATFISH at n = 4, and XMIN = QMIN = 1,

where MBH is the BH mass. Graviton energy loss is also switched off. The results

are shown in Fig.(6.1).
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Fig. 6.1. Left: The differential cross section dσ/dMBH v.s. MBH. Right: The
total cross section σ v.s. MBH. M∗ varies from 1 TeV to 4 TeV.

6.1.2 Black Hole Decay in CATFISH

According to Section 4.3.2, a BH decays through four phases. There is a lack of

results for the balding and spin-down phases, so energy loss in these two stages are

assumed to be either negligible or included in the energy loss during production.

This is a reasonable assumption because TS model might overestimate the energy

loss. So CATFISH simulates neither of phases in the current version, although

their effects could significantly affect the event signatures [64].
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6.1.2.1 Hawking phase

In CATFISH, black decay process starts with Hawking phase. So a BH is mod-

eled as a D-dimensional Schwarzschild one and Hawking radiation carries away

its energy. It is assumed that BH quickly settles down to a lighter Schwarzschild

one after emitting a particle. The total decay multiplicity is [78]

N = S0
n+ 1

4π

∑
i ciRiΓRi∑
j cjPjΓPj

, (6.2)

where S0 is the initial entropy of the BH, obtained by integrating the 1st law

Eq.(4.56) with ΩH = 0,

S0 =
n+ 1

n+ 2

MBH

TH
. (6.3)

ci is the degrees of freedom (DoFs) of species i as listed in Table (6.1). Ri and Pj

Species ci %
Ni/N(%)

n = 3 n = 4 n = 5 n = 6

Quarks q 72 60.5 70.0 69.2 68.5 68.1

Charged leptons l 12 10.1 11.7 11.5 11.4 11.3

Neutrinos ν 6 5.04 5.8 5.8 5.7 5.7

Photon γ 2 1.68 0.65 0.72 0.7 0.80

EW bosons W/Z 9 7.56 2.91 3.23 3.47 3.61

Gluons g 16 13.45 5.18 5.75 6.18 6.41

Higgs h 1 0.84 3.64 3.69 3.75 3.78

Graviton G 1 0.84 0.05 0.11 0.15 0.30

Table 6.1. DoFs ci and percentages (%) for the SM particles on the brane and
graviton in the bulk. Also shown are the fractions Ni/N of multiplicities for
different n obtained from Eq.(6.5) (last 4 columns). Data are taken from Ref.[64].
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are the emissivity normalizations, which are

Rs =



1.4× 10−3, s = 0,

4.8× 10−4, s = 1/2,

1.5× 10−4, s = 1,

2.2× 10−5, s = 2;

, Ps =



2.9× 10−4, s = 0,

1.6× 10−4, s = 1/2,

6.7× 10−5, s = 1,

1.5× 10−5, s = 2.

(6.4)

Finally, ΓRi
and ΓPj

are the relative emissivities. They are displayed in Tables

(6.2) and (6.3), respectively.

n 3 4 5 6

Higgs 1 1 1 1

Fermions 0.78 0.76 0.74 0.73

Gauge bosons 0.83 0.91 0.96 0.99

Gravitons 0.91 1.9 2.5 5.1

Table 6.2. Fraction of emission rates per DoF and species j, ΓRi
, normalized to

the Higgs field. The graviton values include all the helicity states. Data are taken
from Ref.’s[73, 74].

n 3 4 5 6

Higgs 1 1 1 1

Fermions 0.89 0.87 0.85 0.84

Gauge bosons 1.0 1.04 1.06 1.06

Gravitons 2.7 4.8 8.8 17.7

Table 6.3. Fraction of radiated power per DoF and species i, ΓPj
, normalized to

the Higgs field. The graviton values include all the helicity states. Data are taken
from Ref.’s[73, 74].

The decay multiplicities per species Ni are,

Ni = N
ciRiΓRi∑
j cjRjΓRj

, (6.5)

which are shown in Table (6.1).
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The Hawking radiation ends when the BH mass decreases to Qmin, which might

be close to M∗. 4-momentum is conserved at each step in the evaporation process

by taking into account the recoil of the BH on the brane due the the emission of

particles.

6.1.2.2 Planck phase

The lack of well-established quantum theory of gravity forces CATFISH to im-

plement two phenomenological models: final explosion into NP (6= 0) particles each

with equal energy, and the formation of a stable remnant (NP = 0). A remnant

is a charge neutral particle and is invisible to the detector, thus it contributes to

the missing energy. The electric charge can be chosen to be conserved, and the

QCD color is always conserved.

6.1.3 Some Simulation Results

In this section, several sample models will be presented. These events will be

analyzed at the parton level, so quarks and gluons will not hadronize. CATFISH

was run by fixing n = 4, GRAVITONLOSS = 0, XMIN = QMIN = 1, α = 0, but varying

M∗ = 1, 2, 3, 4 TeV and NP = 0, 2, 4, 6. The multiplicity fractions for each type

of particle species are determined; these fractions are shown in Table (6.4). It

shows that quarks and gluons dominate the final products, taking up 90% ∼ 99%.

There are more charged leptons than gravitons for NP = 0, but graviton is the

next dominating species for NP 6= 0 and increases with NP. The remaining species

take up small fractions of final products. In Table (6.5), the fractions of energy

carried away from the BH by different particles are displayed. As shown in this

table, fermions carry away the most amount of energy, ranging from ∼70% to

∼89% of BH energy. As NP increases, more and more energy is emitted into the

gauge boson channel, from ∼11% to ∼24%, and fermion channel’s contribution

to energy loss decreases. Gravitons start to make noticeable contribution at NP
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M∗ (TeV) NP
Percentage (%)

q Charged l ν γ W/Z g h G

1

0 41.49 0.41 0.18 0.09 0.01 57.68 0 0

2 43.79 0.69 0.49 0.19 0.44 52.98 0.05 1.13

4 43.81 1.31 0.86 0.31 0.92 49.86 0.12 2.39

6 43.83 1.79 1.13 0.40 1.31 47.49 0.17 3.31

2

0 42.49 0.24 0.10 0.11 0 56.98 0 0

2 45.09 0.63 0.43 0.20 0.43 51.99 0.06 0.97

4 44.76 1.26 0.87 0.33 0.98 48.72 0.13 2.54

6 44.96 1.81 1.15 0.44 1.39 45.94 0.18 3.55

3

0 44.04 0.13 0.05 0.12 0 56.62 0 0

2 47.21 0.58 0.40 0.20 0 50.35 0 1

4 46.61 1.28 0.88 0.36 1.03 46.81 0.14 2.47

6 46.29 1.86 1.17 0.45 1.48 44.24 0.19 3.72

4

0 46.26 0.04 0.02 0.13 0 52.54 0 0

2 49.43 0.56 0.38 0.22 0.46 48.27 0.06 0.45

4 48.72 1.32 0.91 0.37 1.11 44.69 0.15 2.30

6 48.33 1.94 1.24 0.49 1.58 41.86 0.20 3.74

Table 6.4. Multiplicity fractions for different particle species.

= 2, which increases to ∼6.9%. Finally, the BH radiates very little via the Higgs

channel. It turns out that the multiplicity and energy fractions have very weak

dependence on n, as well as GRAVITONLOSS.

Table (6.6) shows other properties: the initial Hawking temperature TH, life-

time τ , multiplicity N , initial entropy S0, and the total cross sections σ at

XMIN = QMIN = 1, GRAVITONLOSS = α = 0. NP does not affect the results 1.

As predicted by Eq.s (4.32) and (5.22), the Hawking temperature TH increases

with M∗ and n, as confirmed by the simulation. As the temperature becomes

higher at higher M∗ and n, the lifetime τ is expected to be smaller. Moreover, the

initial entropy S0 (or the multiplicity N) decreases with M∗ and n according to

1NP only affects the Planck phase, so it does not affect these quantities. Note that CATFISH
calculates τ by assuming the BH evaporates via Hawking radiation completely, and N is given
by Eq.(6.2).
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M∗ (TeV) NP
Percentage (%)

Higgs Fermions Gauge bosons Gravitons

1

0 0 77.92 21.89 0

2 0.09 74.18 23.42 1.91

4 0.14 73.91 23.42 2.09

6 0.15 73.73 23.65 2.02

2

0 0 81.43 18.40 0

2 0.17 74.17 22.15 2.90

4 0.25 72.48 22.44 4.12

6 0.26 72.32 22.50 4.15

3

0 0 85.02 14.87 0

2 0.25 75.31 20.98 2.33

4 0.34 72.20 21.28 5.14

6 0.36 71.05 21.61 5.91

4

0 0 88.57 11.39 0

2 0.29 75.33 19.85 2.25

4 0.43 72.05 20.43 5.44

6 0.46 70.54 20.70 6.85

Table 6.5. Energy fractions for different particle species.

Eq.(6.3) (or Eq.(6.2)), which also contributes to the decrease in τ . This table also

shows that the total cross section σ decreases quite a lot as M∗ increases, while it

becomes a little bit bigger for higher n.

6.1.4 Other Black Hole Event Generators

There are other BH event generators: TRUENOIR [79], CHARYBDIS2 [80, 81]

and BlackMax [82, 83]. The TRUENOIR generator is a plug-in module for the

PYTHIA Monte Carlo package. It simulates the production and decay of BHs

based on a heuristic algorithm and the conservation of baryon and lepton numbers,

as well as the color charges. It assumes that the evolution of the BH includes only

the Hawking evaporation phase. A fast-decay approximation is used to simulate

the decay of a BH.
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M∗ (TeV) n TH (TeV) τ(×10−23s) N S0(kB) σ (pb)

1
4 0.213 20.1 120 350 2571

6 0.366 3.96 69 214 2778

2
4 0.490 3.81 52 152 33.1

6 0.808 0.813 31 96.8 36.4

3
4 0.797 1.44 32 93.6 0.984

6 1.28 0.322 20 60.9 1.09

4
4 1.13 0.722 23 66.2 0.029

6 1.78 0.167 14 43.9 0.032

Table 6.6. Basic properties of BHs simulated by CATFISH: Hawking temperature
TH, lifetime τ , multiplicity N , entropy S0 and cross section σ.

CHARYBDIS [80] interfaces, via the Les Houches accord, to general pur-

pose Monte Carlo programs such as HERWIG and PYTHIA. Compared with

TRUEOIR, CHARBDIS takes the graybody factors into account. It also includes

the change in the Hawking temperature as the decay progresses and is designed

for simulations with either p − p or p̄ − p. The new release, CHARYBDIS2 [81],

incorporates the effects of the rotation on the Hawking radiation and different

models for the Planck phase.

BlackMax is also interfaced with HERWIG and PYTHIA via the Les Houches

accord. It includes all of the BH graybody factors and implements the effects of

BH rotation, splitting between the fermions, nonzero brane tension, and BH recoil

due to Hawking radiation.

6.2 Lower Limits on M∗ and Mmin

In Ref.[4], the CMS Collaboration searched for microscopic BHs, using a data

sample of pp collisions at
√
s = 8 TeV. The corresponding integrated luminosity

was 12.0 fb−1. The search was based on a search for a deviation from the SM

background predictions in the ST (defined below) spectra observed in data. There

was no excess of data over the background prediction, so the CMS Collaboration
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set limits on BH production rates, that is, the model-independent limits on the

cross section times the acceptance (A). These limits can be used to constrain

specific models of BH physics resulting in energetic, multiparticle final states, and

in this dissertation, the lower limits on M∗ and Mmin will be presented, derived

from the cross section limits published in Ref.[4].

In the following section, the analysis done by the CMS Collaboration is briefly

described, along with the model-independent cross section limits. The next section

6.2.1 is based on Ref.[4].

6.2.1 Model-Independent Cross Section Limits

6.2.1.1 ST variable and multiplicity N

The collision of protons produces various particles at the LHC. Among them,

jets, photons, electrons and muons are the so-called objects included in the anal-

ysis. To identify and isolate these objects, the CMS Collaboration used several

object definitions and isolation requirements. In the following, the variable Iso(ι)

refers to the isolation requirement for a particular object, and it is either the

sum of transverse momenta pT’s of all charged and neutral particles in a cone of

∆R =
√

(∆φ)2 + (∆η)2 = ι around the object, or the ratio of that sum to the

object’s pT, depending on the context. Here, η is the pseudorapidity of a particle,

η =
1

2
ln
p+ pz
p− pz

= − ln
(

tan
θ

2

)
, (6.6)

and θ is the polar angle and φ is the azimuthal angle defined by Fig.(6.2), showing

the coordinate system used by the CMS detector.

1. Jets are reconstructed by clustering the particles with the anti-kT algorithm

[84]. A distance parameter is set to 0.5. Further requirements are pT > 50

GeV and |η| < 2.6.
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Fig. 6.2. Left: The coordinate system of the CMS detector. The beam direction is
parallel or anti-parallel to the z direction. y is pointing upward and x is pointing
into the center of the LHC ring. Right: The diagram showing the cone used to
define the variable Iso(ι).

2. Muons are required to have |η| < 2.1 and pT > 50 GeV. The impact param-

eter should be less than 0.2 cm. In addition, Iso(0.3)< 20%.

3. Electrons must have pT > 50 GeV and lie within the barrel (|η| < 1.44)

and endcap (1.56 < |η| < 2.4). The separation ∆R between the electron

candidate and any muon candidate that has over 10 hits in the inner tracker

is required that ∆R > 0.1. Again, Iso(0.3)< 20%.

4. Photons must also have pT > 50 GeV and lie within the regions |η| < 1.44

and 1.56 < |η| < 2.4. The ratio of HCAL and ECAL energy deposits should

be less than 5%. The ratio Iso(0.4) should not be greater than 2.0, 4.2, and

2.2 GeV for the tracker, ECAL, and HCAL, respectively.

The missing transverse energy /ET is also important in the search for BHs, since

a BH event tends to have large /ET. It is the absolute value of the vector sum

of the transverse momenta of all the objects reconstructed in an event. Finally,

the minimum separation between any two objects (jet, lepton, or photon) in the

event is required to be ∆R > 0.3.
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As soon as objects are reconstructed and /ET is calculated, the ST variable is

given by the scalar sum of transverse energies of all objects in the event in excess

of 50 GeV, and /ET is added to it if /ET > 50 GeV,

ST =
∑

Objects

pT + /ET. (6.7)

Then, the multiplicity N of the objects can be determined, i.e., N is the number

of objects used for the calculation of ST.

6.2.1.2 Data samples

The SM background is completely dominated by QCD multijet production.

In their analysis, the CMS Collaboration estimated the QCD multijet production

directly from data using the empirical observation that the shape of the ST spec-

trum is roughly independent of N . So the shapes of the ST spectrum for any N

can be estimated by fitting to the dijet data N = 2. The dijet mass spectrum

does not show any signal-like features in the range of 1.8 < ST < 2.8 TeV, so

it was used to obtain the background shape. The background shape was then

parametrized with a suitable function. To get higher multiplicity ST spectra, the

control region (1.9 < ST < 2.3 TeV) was selected, and the scaling of background to

higher multiplicities was performed by normalizing the background shape to data

in each inclusive multiplicity bin in the control region. The small backgrounds

from γ + jets, W/Z + jets (or V + jets) and tt̄ production were obtained using the

MadGraph v5 [85] matrix element event generator interfaced with the PYTHIA

[76] parton showering simulation, followed by the full detector simulation with

GEANT4 [86]. The PDF used was CTEQ6L [87].

The signals, i.e., microscopic BH events, were simulated using the parton-level

BlackMax v2.01 and CHARYBDIS Monte Carlo event generators. The simulated

models included rotating and non-rotating BHs, BHs with or without mass and
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Fig. 6.3. Figure 1 in Ref.[4]. The ST spectra for events with (left) N = 2 and
(right) N ≥ 2. Observed data are depicted as points with statistical error bars; the
solid line with a shaded band is the multijet background prediction from N = 2 fit
and its systematic uncertainty. Colored histograms represent small backgrounds.
Also shown are the expected BH signals for 3 parameter sets of the BlackMax
nonrotating BH model. Here, Mmin

BH is Mmin in Section 6.1. The bottom panels
in each plot show the pull distribution (defined as (data-background)/σ(data-
background) based on combined statistical and systematic uncertainty. For more
detail, please refer to Ref.[4].

angular momentum loss at the formation, and those with or without a stable

or “boiling” (i.e., evaporating at a fixed Hawking temperature) remnant. These

parton-level events were then fed into the PYTHIA v6.426 parton showering sim-

ulation and a fast parametric simulation Delphes (see Section 7.3.1). Fig.(6.3)

shows the ST spectra for events with (left) N = 2 and (right) N ≥ 2, together

with data, predicted background and the back hole simulation results using Black-

Max for 3 different parameter sets for a nonrotating BH model.
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6.2.1.3 Results

As shown in Fig.(6.3), there is no excess of data over the background pre-

diction, so the model-independent cross section times A upper limits were deter-

mined for high-ST inclusive final states for N ≥ 3, ..., 10, as a function of minimum

ST. These limits are shown in Fig.s(6.4) and (6.5). Fig.(6.6) shows lower BH

mass limits for various models by analyzing simulation results from BlackMax and

CHARYBDIS2. Regions below each curve are excluded by the analysis.

6.2.2 Results from CATFISH

The results reported here have been published in Ref. [88]. So this section is

mainly based on Ref. [88].

6.2.2.1 The ST spectra

Several samples of BH events were simulated by CATFISH. The sample models

considered here ignore graviton energy loss (GRAVTTONLOSS = 0) and GUP effects

(α = 0; α 6= 0 will be the topic of Chapter 7). As an example, the fundamental

Planck scale is chosen to be M∗ = 1 TeV, and it is assumed that there are 4 LED’s.

The BHs formed have masses of at least 3, 4 or 5 times that of M∗ and they decay

into NP = 2, 4 or 6 final quanta or settle down to a remnant (NP = 0) in the Planck

phase. The ST spectra at different multiplicities (N ’s) are obtained as shown in

Fig.’s (6.7) and (6.8). Also shown are observed data (dots), and the green curves

represent the ST spectra for the SM processes fitting the predicted background

spectra obtained by the CMS Collaboration to the function P0(1+x)P1/xP2+P3 log(x)

with x = ST/
√
s [4].

To obtain the ST spectra, several kinematic cuts were applied. They are listed

in Table (6.7). In this table, kinematic cuts are directly applied to quarks and
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Fig. 6.4. Model-independent 95% CL cross section times acceptance (A) upper
limits for counting experiments with ST > Smin

T as a function of Smin
T for events

with multiplicity: (top left) N ≥ 3, (top right) N ≥ 4, (bottom left) N ≥ 5,
and (bottom right) N ≥ 6. The blue solid (red dotted) lines correspond to an
observed (expected) limit. The green (dark) and yellow (light) bands represent
one and two standard deviations from the expected limits. Graphs are taken from
Figure 6 in Ref.[4].

gluons because only parton level events were analyzed, that is, hadronization was

turned off.
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Fig. 6.5. Model-independent 95% CL cross section times acceptance (A) upper
limits for counting experiments with ST > Smin

T as a function of Smin
T for events

with multiplicity: (top left) N ≥ 7, (top right) N ≥ 8, (bottom left) N ≥ 9,
and (bottom right) N ≥ 10. The blue solid (red dotted) lines correspond to an
observed (expected) limit. The green (dark) and yellow (light) bands represent
one and two standard deviations from the expected limits. Graphs are taken from
Figure 7 in Ref.[4].

6.2.2.2 Lower limits on M∗ and Mmin

Lower bounds on M∗ and Mmin are obtained by using the model-independent

cross section limits in Fig.’s (6.4) and (6.5). The first step is to evaluate the partial
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Fig. 6.6. The 95% CL lower limits on the BH mass derived from the upper 95%
CL limits on cross section times branching fraction as a function of MD for various
models. The areas below each curve are excluded. Graph are taken from Figure
4 in Ref.[4].

cross section σ(ST > Smin
T ). It should be smaller than the experimental limits.

σ(ST > Smin
T ) is calculated for events whose ST > Smin

T and whose multiplicities

are greater than some chosen value given by,

σ(ST > Smin
T ) = k · σpp→BH, (6.8)
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Fig. 6.7. The ST for events with different multiplicities. Dots represent observed
spectra and the green solid lines represent the predicted background distributions,
which are taken from Figure 2 in Ref.[4]. The BH signals are also shown.

where k is

k =
Num. of events with ST > Smin

T

Total Num. of events
. (6.9)

The behavior of the total cross section σpp→BH (refer to Eq.(4.57)) as a function

of M∗ and Mmin (i.e., XMIN) follows from Eqs.(??, 4.57). There are 3 factors: 1)

The BD cross section σBD is inversely proportional to a power of M∗; 2) Since
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Fig. 6.8. The ST for events with different multiplicities. Dots represent observed
spectra and the green solid lines represent the predicted background distributions,
which are taken from Figure 2 in Ref.[4]. The BH signals are also shown.

XMIN appears in the lower limit of integration in the total cross section σpp→BH,

the greater XMIN, the smaller σpp→BH is at a fixed M∗; 3) In addition, the PDFs

fall off rapidly at high x. Taking into account all these factors, σpp→BH is expected

to decrease as M∗ (XMIN) increases at fixed XMIN (M∗). The ratio k in Eq.(6.9)

can be estimated by integrating the spectra of visible final state particles over the

range ST > Smin
T and then averaging over all final state particles. k is an increasing
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Objects pT |η| Iso(ι)

quarks & gluons

> 50 GeV

< 2.6 N/A

muons < 2.1

Iso(0.3) < 20%electrons (1.56, 2.4) &

photons (0, 1.44)

Table 6.7. Kinematic cuts employed to obtained the ST spectra.

function of the Hawking temperature TH , which is thus a monotonically increasing

function of M∗. Therefore, as M∗ increases, the graph of k vs. Smin
T flattens.

Following the CMS Collaboration 2, the signal acceptance, A, is chosen to be

100%. In summary, σ(ST > Smin
T ) × A is expected to decrease as either M∗ or

XMIN increases. Therefore, lower limits on M∗ and XMIN can be determined.

The partial cross section σ(ST > Smin
T ) as a function of M∗ is obtained by

running CATFISH with fixed NEXTRADIM, GRAVITONLOSS, XMIN = QMIN, NP. The

results are shown by the upper two graphs in Figure (6.9) for NEXTRADIM = 3,

XMIN = QMIN = 5, NP = 0, 4. The lower two graphs in Figure (6.9) display

σ(ST > Smin
T ) as a function of XMIN for M∗ = 1.5 TeV, NEXTRADIM = 5, and NP =

0, 4. As expected, Figure (6.9) shows that the cross section decreases as M∗ and

XMIN increase.

Figure (6.9) can be used to determine bounds on M∗ and XMIN by comparing

the simulated σ(ST > Smin
T ) with the experimental limits (the solid curves in the

graphs). For example, the upper right plot shows that the lower limit on M∗ lies

in the range 1.0 TeV−1.2 TeV, and the bottom right plot shows that the lower

limit on XMIN lies in the range 3.7−3.9. Multiplying this range by M∗ = 1.5 TeV,

we obtain the lower limits on Mmin = 5.55 TeV−5.85 TeV.

CATFISH ran over a large range of parameter space and required the simulated

σ(ST > Smin
T ) to be less than the experimental limits for all muliplicities N ≥

3, 4, ..., 10. Figure (6.10) shows the exclusion region for M∗. As expected, the

2G. Landsberg, private conversation.
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Fig. 6.9. σ(ST > Smin
T ) × A as a function of M∗ (Upper two graphs, numbers being

M∗’s chosen in units of TeV) or XMIN (Lower two graphs, numbers being XMIN’s) at NP

= 0 (Left two graphs) and NP = 4 (Right two graphs). The model-independent 95% CL
experimental upper limits for counting experiments from CMS Collaboration are also
shown. The multiplicity is N ≥ 3.

lower limit M∗, exp is a decreasing function of XMIN. The value of M∗, exp does not

strongly depend on NP, as long as NP 6= 0. If NP = 0, the bound on M∗, exp becomes

much smaller. This is due to the high transverse momentum carried by the BH

remnant, which contributes to the missing energy. The lower limits on M∗ set

upper bounds on Mmin (XMIN). As experimental data exclude values of M∗ ∼< 1
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TeV[64], our results for NP = 0 set an upper limit XMIN ∼< 2.5. NP 6= 0 results give

the milder constraint, XMIN ∼< 6. More experimental limits are shown in Table

3.3, leading to more stringent constraints. For instance, CMS searches for events

with an energetic jet and an imbalance in transverse momentum at
√
s = 8 TeV

[30] set the lower limit M∗ ∼ 2.71 TeV for n = 3. The upper left panel in Figure

(6.10) shows that the events with microscopic BHs decaying to remnants (NP = 0)

are excluded, and the experimentally allowed range of XMIN is restricted to 1 ∼ 2

for NP 6= 0. The lower limits of M∗ for n = 4, 5, 6 do not exclude events with

remnants as BH final products, but never the less, they set strong constraints on

the ranges where the semi-classical treatment is valid.

Figure (6.11) shows the exclusion region for XMIN. As expected, the lower limit

of XMIN is a decreasing function of M∗. Figure (6.11) also shows that these limits

do not depend on NP strongly when NP 6= 0, but become much smaller at NP =

0. This figure can be combined with Figure (6.10) to constrain M∗ further. For

example, if there are 3 extra dimensions, and a BH decays into 2 quanta in the

quantum phase, the dashed curve (NP = 2) in the upper left plot shows that XMIN

∼> 4 at M∗ ∼ 1.5 TeV. At the same time, the dashed curve in the upper left plot

(n = 3) of Figure (6.10) indicates that if XMIN = 4, M∗ ∼> 1.5 TeV. This shows

that the lower limits of M∗ are consistent with those of XMIN. In Figure (6.11), the

ranges of M∗ were chosen in order to compare the CATFISH results with those of

BlackMax and CHARYBDIS2 from Ref.’s [4, 5].

Figure (6.12) compares the lower limits of Mmin predicted by CATFISH with

those from BlackMax and CHARYBDIS2 done by the CMS Collaboration [4]. It

shows that as long as NP = 0, CATFISH’s limits are much smaller than those of

BlackMax and CHARYBDIS2. The difference in predictions between CATFISH

and CHARYBDIS2 when a stable remnant model is produced is due to the differ-

ent treatments of the Planck phase by the two generators [4, 80, 81]. Moreover,

CATFISH’s stable remnant is invisible to the detector and contributes to missing
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Fig. 6.10. Simulated lower limit on M∗ vs. XMIN as a function of NP and NEXTRADIM =
3 (top left), 4(top right), 5 (bottom left), and 6 (bottom right).

energy, while CHARYBDIS2’s remnant behaves as a heavy fundamental particle

with conventional interactions in the detector. If NP 6= 0, the situation is more

complicated. CATFISH agrees with BlackMax (nonrotating BH model) very well

when n = 4, but gives higher limits than BlackMax if n = 6. CATFISH gives lim-

its similiar to those of CHARYBDIS2 (nonrotating BH model) for n = 4, 6. Figure

(6.13) shows the comparison between CATFISH predictions with those from the
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Fig. 6.11. Simulated lower limit on XMIN vs. M∗ as a function of NP and NEXTRADIM =
3 (top left), 4(top right), 5 (bottom left), and 6 (bottom right).

ATLAS Collaboration [5]. CATFISH agrees with BlackMax and CHARYBDIS2

when NP 6= 0, but predicts much smaller limits when NP = 0. The similarities

among the three generators as shown in the two figures for Mmin vs M∗ for NP 6= 0

are due to the fact that the three generators incorporate the same basic physics of

microscopic BH formation and decay. However, the three generators differ from

one another in the implementation of the Planck phase and in the inclusion or
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Fig. 6.12. Comparison of the predictions on lower limits of Mmin from CATFISH with
those from BlackMax and CHARYBDIS2 at NEXTRADIM = 4 (left) and 6 (right). The
results of BlackMax and CHARBDIS are extracted from Fig. 4 in Ref.[4].

exclusion of the effect of gravitational energy loss at the formation of the BHs.

For example, the predictions of the behavior of Mmin vs. M∗ for NP = 0 (BH

remnant) by CATFISH differ from those of BlackMax and CHARYBDIS2.
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Fig. 6.13. Comparison of the predictions on lower limits of Mmin from CATFISH with
those from BlackMax and CHARYBDIS2 at NEXTRADIM = 4 (left) and 6 (right). The
results of BlackMax and CHARBDIS are extracted from Fig.’s 8 and 10 in Ref.[5].
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7 GENERALIZED

UNCERTAINTY PRINCIPLE

AND BLACK HOLES

The Planck scale is the energy scale where the effects of quantum gravity start

to take place. The black hole produced from particle collisions might have large

enough initial mass so that the semi-classical treatment can be applied to study

its evolution, as was done in the previous chapter, but its mass will eventually de-

crease to the Planck mass due to Hawking radiation. Therefore, quantum gravity

must influence the decay of a black hole. Although there is no a well established

quantum theory of gravity, the generalized uncertainty principle (GUP) is one

of the common results of many candidates for quantum gravity, such as string

theory, noncommutative geometry, and canonical quantum gravity [64]. So it is

interesting to study how the GUP will affect the fate of a BH and its signatures

at the LHC.

7.1 Generalized Uncertainty Principle

The GUP is closely related to the postulate of minimal length scale lm, which

might be about the same order as the Planck length lPl. The usual Heisenberg

uncertainty principle ∆x∆p ∼> ~ makes it difficult to probe smaller and smaller

distances, because more and more energy is needed. Nevertheless, the distance

can be arbitrarily small as long as the energy is arbitrarily large, so there is no

smallest nonzero distance in quantum mechanics. If gravity is taken into account,

the situation changes, that is, a BH will form if the energy is large enough and if
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it is accumulated in a small enough region, according to Thorne’s hoop conjecture

[56]. Since the Planck length lPl is a natural length scale for phenomena involving

gravity, the Heisenberg uncertainty principle might be modified as,

∆xi ∼>
~

∆pi
+ α2l2Pl

∆pi
~
, (7.1)

where lPl = (~GD/c
3)1/(D−2) is the Planck length with D = n + 4, α is a dimen-

sionless constant of order one, and the index i labels spatial directions, running

from 1 to n + 3. This is called the generalized uncertainty principle (GUP). The

minimal length scale is given by

lm = 2αlPl. (7.2)

This length scale not only defines the minimal distance that can be probed, but

also restricts the sizes of BHs. The diameter of a BH should be at least lm, so its

mass is greater than Mml, which is given by

Mml = a(α) ·M∗, a(α) =
n+ 2

8Γ(n+3
2

)
(α
√
π)n+1. (7.3)

A BH cannot exist when its mass is below Mml.

7.1.1 Implications for Black Hole Physics

There are two major implications of the GUP for BH physics which are im-

plemented in CATFISH. In the following two sections, these implications will be

briefly discussed [89, 90].

7.1.1.1 The first implication: Mml

The first implication of the GUP for BH physics is the existence of the minimal

mass Mml. Fig.(7.1) shows how Mml varies as a function of α for different numbers
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n of LEDs. So Mml is smaller than M∗ when α ∼< 0.75 ∼ 0.8, and it increases very
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Fig. 7.1. The minimal mass Mml in units of M∗ v.s. α for different n. The left
graph is in linear scale and the right graph is in log scale.

slowly in this region. Eventually, it surpasses M∗ and increases much faster for

large α.

The BH mass MBH should certainly be greater than or equal to Mml. At the

same time, MBH ≥M∗, so a new variable Mu is defined as Mu = Max{M∗,Mml},

and

MBH ≥Mu. (7.4)

This implies that Mu is the energy scale above which a BH might form. In this

sense, Mu plays a similar role as M∗ when there are no GUP effects.

7.1.1.2 The second implication: Modified Hawking radiation

The second implication of the GUP on BH physics is the modification of Hawk-

ing radiation. The generalized uncertainty relation Eq. (7.1) can be solved for
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∆pi,

2

∆xi

[
1 +

√
1− 4α2l2Pl

∆x2
i

]−1

∼< ∆pi ∼<
2

∆xi

[
1−

√
1− 4α2l2Pl

∆x2
i

]−1

. (7.5)

At the limit of l2Pl/∆xi → 0, the GUP should reduce to the usual uncertainty rela-

tion, so the left inequality will be used in the following discussion. The uncertainty

in the energy of the emitted particles is

∆E ' ∆pi ∼
2

∆xi

[
1+

√
1− 4α2l2Pl

∆x2
i

]−1∣∣∣∣∣
∆xi=2RS

=
1

RS

[
1+

√
1− α2l2Pl

R2
S

]−1

. (7.6)

The GUP modified Hawking temperature is thus

T ′H =
n+ 1

2π
∆E =

n+ 1

2πRS

[
1 +

√
1− α2l2Pl

R2
S

]−1

. (7.7)

When α→ 0, a Taylor expansion gives,

T ′H '
n+ 1

4πRS

(
1 +

α2l2Pl

4R2
S

)
= TH

(
1 +

α2l2Pl

4R2
S

)
, (7.8)

which shows that the GUP modified temperature is higher. Fig.(7.2) shows the

ratio T ′H/TH for different BH masses MBH and n’s. As expected, the modified

Hawking temperature is higher than the usual one and is an increasing function

of α. The higher temperature implies that the BH radiates at a faster rate.

Replacing TH by T ′H in Eq.(4.56) and integrating it with ΩH = 0 leads to the

GUP modified entropy,

S ′0 = 2πα
( α

M∗RS

)n+1MBH

M∗
I
(

1, n,
M∗RS

α

)
, (7.9)
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Fig. 7.2. The ratio T ′H/TH varies as a function of MBH/M∗ and n.

where I(p, q, x) =
∫ x

1
zq(z +

√
z2 − 1)pdz. The first order correction to S ′0 is thus

∆S0 = −πα
2MBH

nM2
∗RS

, (7.10)

which implies that the entropy of the BH becomes smaller. Fig.(7.3) shows the

ratio S ′0/S0 v.s. n at different MBH/M∗’s. It shows that the GUP modified initial

entropy S ′0 becomes smaller and smaller with α for any number of LEDs. S ′0 almost
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Fig. 7.3. The Ratio S ′0/S0 as a function of n at different MBH/M∗.

vanishes at α ≈ 0.8 − 1.0 for lighter BHs (upper graphs in Fig. (7.3)), and for

heavier ones, S ′0 approaches zero at α ∼> 1.05 (lower graphs in Fig.(7.3)), no matter

what n is. Therefore, the total decay multiplicity will decrease significantly. Since

there are fewer particles emitted from the BH, the average energy of the produced

quanta will be higher.

The GUP also leads to the termination of the Hawking radiation when the BH

mass is Mu.
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7.2 GUP and CATFISH

CATFISH already incorporates GUP effects. The existence of the minimal

length scale requires that the BH mass be greater than Mml, and M∗ too. The BH

formation parameter XMIN has a slightly different meaning from the one introduced

in Section 6.1, where α was assumed to be zero, and XMIN = Mmin/M∗. If the

GUP effect is turned on, XMIN is given by the following relation,

XMIN =
Mmin

Mu

. (7.11)

According to Eq.(7.3), Mu = Mml when the following condition is satisfied,

α > αc =
1√
π

[8Γ(n+3
2

)

n+ 2

] 1
n+1

. (7.12)

When α ≤ αc, XMIN is still given by Mmin/M∗. Table (7.1) lists the values of αc as

a function of n. The simulation of the Hawking phase will be modified according

n 3 4 5 6

αc 0.755 0.760 0.778 0.801

Table 7.1. αc vs n.

to the discussion in the previous section.

In this section and the next one, some results obtained from the simulation

of BH events with GUP effects included will be presented. The upper bound on

α below which a BH can be produced will be discussed in the next subsection.

Then the lower limits on M∗ and Mmin can also be obtained using the experimental

limits on BH production cross sections in Ref.[4]. These limits will be presented

in the next section.
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7.2.1 Simulating GUP Effects

Figs. (7.1), (7.2) and (7.3) show that the deviations of Mml, T
′
H and S ′0 from

M∗, TH and S0 are very small initially, but increase faster and faster when α be-

comes large. Simulations with GUP effects at certain α’s confirms this prediction

as shown below.

Eq.(4.57) is used to calculate the production cross section. Because of the

GUP, Mmin = XMIN ×Mu, so the cross section depends on α and now is called

σ(s, n, XMIN, α). In fact, if α ≤ αc, Mu = M∗, so the cross section will not be

modified, i.e.,

σ(s, n, XMIN, α ≤ αc) = σ(s, n, XMIN). (7.13)

The expression for σ(s, n, XMIN) is given by Eq.(6.1). If α > αc, σ(s, n, XMIN, α) is

given by the following relation,

σ(s, n, XMIN, α > αc) = σ
(
s, n, XMIN

Mml

M∗

)
. (7.14)

The production cross section as a function of MBH can be obtained by running

CATFISH at n = 4 and XMIN = QMIN = 1, for example. Graviton energy loss

is again switched off. Fig. (7.4) shows the differential cross section dσ
dMBH

and

the total cross section σ as functions of MBH at various M∗’s and α’s. In this

figure, curves for α = 0.2 and α = 0.8 share some segments, i.e., curves for

α = 0.2 contain those for α = 0.8, which confirms the above relation (Eq.(7.14)).

A comparison with Fig.(6.1) also confirms Eq.(7.13). Therefore, if α > αc, the

cross section becomes smaller.

Table (7.2) shows other properties: modified Hawking temperature T ′H, lifetime

τ , multiplicity N , modified initial entropy S ′0, and the total cross sections σ at

XMIN = QMIN = 1, GRAVITONLOSS = 0. NP does not affect the results. As shown in

this table, the modified Hawking temperature T ′H is an increasing function of α,
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Fig. 7.4. The differential cross section dσ
dMBH

and the total cross section σ as

functions of MBH. Curves for α = 0.8 (Blue ones) overlap with those for α = 0.2
(Cyan ones) partially.

while the lifetime τ , multiplicity N and the modified initial entropy S ′0 decrease

with α. Finally, the total cross section σ stays the same initially (α ≤ αc), but

drops drastically after α > αc.

7.2.2 Upper Bounds on α

With CATFISH, it is easy to determine the maximum α which allows the

formation of BHs at the center of mass energy
√
s = 8 TeV at the LHC. The

following simple analysis shows that the maximum αm will depend on M∗ and

XMIN. For a particular XMIN, Mmin must be smaller than
√
s/XMIN. Requiring

√
s/XMIN = Mml gives the maximum αm, so

αm =
1√
π

[8Γ(n+3
2

)

n+ 2

√
s

M∗ × XMIN

] 1
n+1

. (7.15)

The maximum αm, which will determine whether a BH can be produced at

certain M∗ and XMIN, can also be determined by running CATFISH. In Fig.(7.5),
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M∗ (TeV) n α T ′H (TeV) τ(×10−23s) N S ′0(kB) σ (pb)

1

4

0.2 0.214 19.8 119.03 348.14 2321.14

0.7 0.221 16.3 112.56 329.21 2321.14

0.8 0.224 15.1 110.04 321.84 1056.25

0.9 0.227 13.9 106.9 312.67 93.88

1 0.231 12.5 103 301.24 1.77

6

0.2 0.368 3.87 68.8 212.61 2506.7

0.7 0.388 2.92 63.77 197.06 2506.7

0.8 0.395 2.62 61.74 190.79 2506.7

0.9 0.405 2.29 59.1 182.63 109.57

1 0.417 1.93 55.57 171.74 0.15

2

4

0.2 0.492 3.73 51.74 151.32 32.3

0.7 0.515 2.86 47.85 139.94 32.3

0.8 0.524 2.59 46.24 135.24 8.32

0.9 0.534 2.28 44.17 129.18 0.03

6

0.2 0.812 0.791 31.12 96.16 35.43

0.7 0.868 0.555 28.23 87.25 35.43

0.8 0.891 0.481 26.99 83.4 35.43

0.9 0.92 0.401 25.28 78.13 0.05

3

4

0.2 0.8 1.4 31.77 92.93 1.06

0.7 0.846 1.02 28.86 84.41 1.06

0.8 0.863 0.901 27.6 80.72 0.11

0.9 0.885 0.771 25.94 75.88 3.022×10−8

6

0.2 1.292 0.312 19.56 60.45 1.18

0.7 1.394 0.208 17.46 53.97 1.18

0.8 1.436 0.176 16.51 51.03 1.18

0.9 1.492 0.14 15.16 46.86 0.035

4

4

0.2 1.131 0.702 22.48 65.75 0.03

0.7 1.204 0.488 20.09 58.77 0.03

0.8 1.233 0.421 19.03 55.65 6.91×10−4

6

0.2 1.796 0.161 14.07 43.48 0.04

0.7 1.952 0.103 12.39 38.29 0.04

0.8 2.019 0.085 11.6 35.84 0.04

Table 7.2. Basic properties of BHs simulated by CATFISH: modified Hawking
temperature T ′H, lifetime τ , multiplicity N , modified entropy S ′0 and cross section
σ.
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Fig. 7.5. Maximum αm that still allows BHs to form at
√
s = 8 TeV at the LHC.

Marked points represent results from simulation, and are linked by dashed lines.
The solid curves are predicted αm’s according to Eq.(7.15).

the top two graphs show that αm varies as a function of XMIN at different n’s. For

the top left graph, M∗ = 1.1 TeV, and for the top right graph, M∗ = 2.1 TeV. The

bottom two graphs show αm v.s. M∗ at different n’s. For the bottom left graph,

XMIN=1, while for the bottom right one, XMIN=4. Each graph show the simulated

αm (dots) and predicted αm by Eq.(7.15) (smooth curves) for different n’s.
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7.3 Lower Bounds on M∗ and Mmin from the GUP

In this section, the lower bounds on M∗ and Mmin (or XMIN) from the GUP

will be presented. These limits were obtained using the same method discussed in

Chapter 6. As shown there, those bounds depend only weakly on n and NP ( 6= 0),

so in this section, lower bounds on M∗ and XMIN are presented only for n = 4, 6

and NP = 0, 4. α is chosen to be 0.2 and 0.7, in which case Mml < M∗. Higher

values of α are also used in order to see the effect of a highly suppressed cross

section on the lower bounds. These values of α are α = 0.9, 1.0 for n = 4, and

α = 1.0, 1.2 for n = 6. CATFISH is asked to output parton level events, which

are fed into PYTHIA (v8.2.12) to hadronize. The PDF CTEQ6L1 is used for this

analysis.

7.3.1 Delphes: A Fast Detector Simulator

The charged particles emitted from the BH travel in a magnetic field of strength

3.8 T, so when they reach the detector, their velocities will change because of the

Lorentz force applied by the magnetic field. In addition, the detector is not 100%

efficient, so some particles might be misidentified or their energies may not be

measured accurately. Finally, the design of the detector includes “blind spots”,

which should be taken care specifically. All of these requires to perform detector

simulations.

In this analysis, Delphes [91] is used to simulate the detector response. It

is a C++ framework and a simplified approach based on the parametrization of

the detector response, including the tracking system, embedding into a magnetic

field, calorimeters and a muon system. The framework is interfaced to standard

file formats, e.g., Les Houches Event File or HepMC, and outputs observables such

as isolated leptons, missing transverse energy and collections of jets which can be

used for dedicated analyses. The simulation of the detector response takes into
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account the effect of the magnetic field, the granularity of the calorimeters and sub-

detector resolutions. The present version of Delphes roughly emulates the particle-

flow (PF) reconstruction philosophy used in CMS [92]. FastJet algorithm [93]

provides fast native implementations of different jet-finding algorithms, especially,

including the anti-kT algorithm used in this analysis.

7.3.2 The ST Spectra

Delphes is employed for this analysis, and its kinematic cuts are given in Table

(7.3) below. These requirements parallel mostly those listed in Section 6.2.1.1 as

Objects pT |η| Iso(ι)

Jets

> 50 GeV

< 2.6 N/A

Muons < 2.1
Iso(0.3) < 20%

Electrons (1.56, 2.4) &

Photons (0, 1.44) †

Table 7.3. Kinematic cuts employed to obtained the ST spectra. †: The scalar
sums of transverse energy (momenta in the case of the tracker) calculated in a
cone of ∆R = 0.4 around the candidate photon direction should not be greater
than 2.0, 4.2, and 2.2 GeV for the tracker, ECAL, and HCAL, respectively.

used by the CMS Collaboration in Ref.[4].

Choosing M∗ = 1 TeV, and n = 4, the ST spectra can be obtained for different

NP’s and α’s, as shown in Fig.’s (7.6, 7.7). Comparison can be made with Fig.’s

(6.7, 6.8) which are the ST spectra for α = 0. As expected, at α = 0.7, the GUP

does not affect the ST spectra a lot. However, when α = 0.9 (represented by the

yellow curve), the spectrum is highly suppressed, as compared to the blue one,

because the cross section is much smaller.

7.3.3 Lower Bounds on M∗ and Mmin for Various α’s

The lower bounds on M∗ and Mmin with the GUP effects turned on will be pre-

sented in this section, and the discussion will parallel the one in Section (6.2.2.2).
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Fig. 7.6. The ST for events with different multiplicities. Dots represent observed
spectra and the green solid lines represent the predicted background distributions,
which are taken from Figure 2 in Ref.[4]. The BH signals are also shown.

Having determined the ST spectra, the distributions of partial cross section

σ(ST > Smin
T ) times acceptance (A) can be obtained, which are shown in Fig.

(7.8). These curves were obtained by running CATFISH with NEXTRADIM =

4, GRAVITONLOSS = 0, NP = 4. The upper two graphs in Fig. (7.8) show σ(ST >

Smin
T ) × A as a function of M∗ at XMIN = QMIN = 3 and α = 0.7 (the left graph)
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Fig. 7.7. The ST for events with different multiplicities. Dots represent observed
spectra and the green solid lines represent the predicted background distributions,
which are taken from Figure 2 in Ref.[4]. The BH signals are also shown.

and 0.9 (the right graph). The lower two graphs show σ(ST > Smin
T ) × A as a

function of XMIN at M∗ = 1.51 TeV and α = 0.7 (the left graph) and 0.9 (the right

graph). These results confirm that σ(ST > Smin
T ) × A is a decreasing function of

M∗ and XMIN as discussed in Section (6.2.2.2).
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Fig. 7.8. σ(ST > Smin
T ) × A as a function of M∗ (Upper two graphs, numbers being

M∗’s chosen in units of TeV) or XMIN (Lower two graphs, numbers being XMIN’s) at
α = 0.7 (Left two graphs) and α = 0.9 (Right two graphs). The model-independent
95% CL experimental upper limits for counting experiments from CMS Collaboration
are also shown. The multiplicity is N ≥ 3.

The bisection method has been applied to determine the lower bounds on M∗

and XMIN. Fig. (7.9) shows the lower bounds on M∗ as a function of XMIN, NP and

α for 4 (the left graph) and 6 (the right graph) extra dimensions. In these graphs,

the dashed curves are for NP = 0 and the solid ones are for NP = 4. The curves
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for α = 0 represent the limits with GUP effects switched off, and as α ≤ 0.7, the

limits stay almost the same as these at α = 0, but when α ≥ 0.9, the limits become

smaller. Similarly, Fig. (7.10) shows the lower bounds on XMIN as a function of
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Fig. 7.9. Simulated lower limit on M∗ vs. XMIN as a function of α, NP and NEXTRADIM

= 4(left), and 6 (right). The limits first discussed in Section (6.2.2.2) are also shown
(α = 0).

M∗, NP and α for 4 (the left graph) and 6 (the right graph) extra dimensions. The

curves at α = 0 again represent the limits with GUP effects switched off, and as

α ≤ 0.7, the limits stay almost the same as these at α = 0, but when α ≥ 0.9, the

limits become smaller.

Although the lower bounds on XMIN decrease as long as α ≥ 0.9, the lower

bounds on Mmin at NP = 4 stay almost the same for different α’s, as shown in Fig.

(7.11). Although when NP = 0, there are some variations in the Mmin limit, these

variations can be explained by the smaller statistics as there are fewer energetic

particles produced when NP = 0. The next two figures (7.12, 7.13) compare the

lower bounds on Mmin predicted by CATFISH with those from BlackMax and

CHARYBDIS2 done by the CMS Collaboration [4] and the ATLAS Collaboration
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Fig. 7.10. Simulated lower limit on XMIN vs. M∗ as a function of α, NP and NEXTRADIM

= 4(right), and 6 (left). The limits first discussed in Section (6.2.2.2) are also shown
(α = 0).

α=0, NP=0
α=0, NP=4

α=0.2, NP=0
α=0.2, NP=4

α=0.7, NP=0
α=0.7, NP=4

α=0.9, NP=0
α=0.9, NP=4

α=1.0, NP=0
α=1.0, NP=4

0.5 1.0 1.5 2.0 2.5
-2

0

2

4

6

M* (TeV)

L
ow
er
li
m
it
of
M
m
in
(T
eV

)

n = 4

α=0, NP=0
α=0, NP=4

α=0.2, NP=0
α=0.2, NP=4

α=0.7, NP=0
α=0.7, NP=4

α=1.0, NP=0
α=1.0, NP=4

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
0

5

10

15

M* (TeV)

L
ow
er
li
m
it
of
X
M
IN

n = 6

Fig. 7.11. Simulated lower limit on Mmin vs. M∗ as a function of α, NP and NEXTRADIM

= 4(right), and 6 (left).

[5], respectively. Since the Mmin limits are weakly dependent on α, the conclusion

will be the same as discussed in the last two paragraphs in Section (6.2.2.2).
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Fig. 7.12. Comparison of the predictions on lower limits of Mmin from CATFISH with
those from BlackMax and CHARYBDIS2 at NEXTRADIM = 4 (left) and 6 (right).
The results of BlackMax and CHARBDIS are extracted from Fig. 4 in Ref.[4].
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Fig. 7.13. Comparison of the predictions on lower limits of Mmin from CATFISH with
those from BlackMax and CHARYBDIS2 at NEXTRADIM = 4 (left) and 6 (right). The
results of BlackMax and CHARBDIS are extracted from Fig.’s 8 and 10 in Ref.[5].
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8 Conclusion

In this work, lower limits on the fundamental Planck scale M∗ and minimal

BH mass Mmin at formation have been obtained in a vast parameter space, using

experimental upper limits on the partial production cross section of microscopic

BHs [4]. Various models implemented in CATFISH have been explored and dif-

ferent limits have been determined. These models include some combinations of

physics, such as BD model, stable BH remnant or complete decay model, and

GUP effects.

The results on M∗ limits show that, in general, models with BH remnant give

milder constraints than complete decay models. The lower limits on M∗ depend

on α: when 0 ≤ α ≤ 0.7, the limits barely vary with α; but when α ≥ 0.9, the

limits decrease quickly. These limits certainly solve the hierarchy problem, since

they are less than ∼5 TeV. In addition, they also constrain the size R of LEDs in

ADD models, i.e., R ∼< 1.10 nm.

The results on Mmin show that the lower limits for models without a BH stable

remnant generally agree with earlier results by the CMS collaboration and the

ATLAS collaboration based on the BlackMax and CHARYBDIS generators, and

again, BH remnant models give milder constraints than complete decay models.

These limits exclude the formation of more massive microscopic BH’s.
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A Differential Geometry

In this appendix, some concepts are defined geometrically, for a 4-dimensional

spacetime. The generalization to higher dimensional spacetime is straightforward.

A spacetime M is a differentiable manifold which is a set covered by a collection

{Uα} of subsets Uα. For each subset Uα, there exists a homeomorphism ψα from

Uα to a subset of R4. A compatibility condition needs to be imposed on these

subsets and homeomorphisms, that is, if Uα∩Uβ 6= ∅1, the composition ψβ ◦ψ−1
α :

ψα(Uα ∩ Uβ)→ ψβ(Uα ∩ Uβ) is smooth.

Since ψα : Uα → R4 is one-to-one, a 4-tuple (x0, x1, x2, x3) can be assigned

to each point p in Uα and this tuple is called the coordinate of the point p and

abbreviated as xµ2 or x. The pair (Uα, ψα) or (Uα, x
µ) is called a coordinate

system. If p is also covered by another subset Uβ, then ψβ will map p to a new

4-tuple yµ, which is a new coordinate of p. Since both xµ and yµ are associated

to the same point p, the yµ are smooth functions of xµ, i.e., yµ = yµ(xν).

A.1 Invariant Objects: Tensors

As introduced in Chapter 2, there are 3 basic types of tensors, which are dis-

cussed below, together with general tensors.

Scalars

A scalar is a function f : M → R, which assigns a real number to a point p

in M: f(p) ∈ R. Since f is a function of spacetime points, f always maps p to a

1The intersection of Uα and Uβ is not an empty set.
2Abuse of notation: xµ represents the 4-tuple (x0, x1, x2, x3) or the µ-th component of the

coordinate based on the context.
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particular real number, no matter what coordinate system is used to cover p:

f(p) = f(x) = f(y). (A.1)

Vectors

A vector defined at a point p ∈ M is defined to be a map v : F (M) → R,

where F (M) is the set of smooth functions on M. In addition, v also satisfies

the linearity condition and Leibnitz rule:

v(αf + βg) = αv(f) + βv(g),

v(fg) = fv(g) + v(f)g, (A.2)

for any functions f, g and real numbers α, β. v is thus called a linear map. If a

coordinate system (Uα, x
µ) covers p, there is a special smooth function defined on

Uα, xµ, the action of v on f at p is defined to be

v(f(p)) = vµ
∂

∂xµ
f(p) = vµ

∂

∂xµ
f(x), (A.3)

in which vµ is the µ-th coordinate component of v, and ∂/∂xµ = ∂µ is called

the µ-th basic vector. This definition reflects the idea that the vector fields are

directional derivatives of functions. The whole collection of vectors v forms a

vector space Vp at point p and ∂µ’s constitute the coordinate basis of Vp. v can

also be simply written as

v = vµ∂µ. (A.4)
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Tangent Vectors to Smooth Curves

Let C : R → M be a smooth curve defined on M parametrized by t, and

p = C(0). Then the tangent vector T to C at p is defined according to the

following relation,

T (f) =
d

dt
f(C(t))

∣∣∣
t=0

(A.5)

for any smooth function f . T is also donated by d/dt. In the coordinate system

xµ, its components are given by T µ = dxµ(t)/dt at point C(t) with xµ(t) the

coordinate of C(t). From the definition (Eq.(A.5)), the tangent vector measures

the infinitesimal displacement along the curve C(t).

Given any vector field v, it is always possible to find a smooth curve γ(t) pass-

ing through a point p at which its tangent vector is v. Moreover, the curve is also

unique. Therefore, any vector represents an infinitesimal displacement.

Covectors

A covector ω at a point p is also a linear map ω : Vp → R, so that it maps any

vector v ∈ Vp to a real number ω(v) ∈ R. The collection of all covectors at p is also

a vector space, called V ∗p , whose basis can be chosen in the following way. Choose

a coordinate system (Uα, x
µ) covering p. The basis of Vp is thus {∂µ}. Then,

the ν-th basic covector of V ∗p is donated as dxν and behaves as dxν(∂µ) = δνµ.

Therefore, an arbitrary covector ω can be written as

ω = ωµdxµ, (A.6)

with ωµ the µ-th component, and its action on v is

ω(v) = ωνdx
ν(vµ∂µ) = ωνv

µdxν(∂µ) = ωνv
µδνµ = ωνv

ν . (A.7)
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Tensors

A general tensor T is a linear map which takes as arguments vectors and

covectors and outputs a real number. Formally, let v1, ..., vk be vectors in Vp,

and ω1, ..., ωl be covectors in V ∗p , then T (v1, ..., vk;ω
1, ..., ωl) is a number. Since T

maps k vectors and l covectors to a number, T is called a (k, l) type tensor. The

components of T is defined as

T ν1,...,νlµ1,...,µk
≡ T (∂µ1 , ..., ∂µk ; dxν1 , ..., dxνl), (A.8)

in the coordinate system xµ.

A.2 Invariant Operations: Lie Derivative & Co-

variant Derivative

The evolution of a physical quantity can be determined by solving a differential

equation, which involves the concept of derivative. In GR, the general covariance

requires that the derivatives should also transform invariantly. There are two

kinds of invariant derivatives that are important: Lie derivative and covariant

derivative.

A.2.1 Lie Derivative

A.2.1.1 Smooth Maps between Manifolds, Pushforwad & Pullback

A smooth map φ between two manifoldsM andN is such that the composition

ϕβ ◦ φ ◦ ψ−1
α : ψα(Uα) → ϕβ(Vβ) is smooth, where (Uα, ψα) and (Vβ, ϕβ) are the

coordinate chart ofM andN , respectively. φ relatesM toN . In particular, when
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M = N , and φ is one-to-one and onto, φ defines a transformation on M. For

example, translating all points along x direction by one unit in the 3 dimensional

Euclidean space R3 is such a smooth map on R3. Rotation around z axis by angle

θ is another example. It is interesting to study the action of φ on various types of

tensors. In the following, p is a point in M; v, v1, v2 are vector fields on M; and

ω a covector field on N .

Action on scalars:

Let f be a scalar on N , so the composition f ◦ φ maps a point p ∈ M to

φ(p) ∈ N and further to f(φ(p)) ∈ R. This composition defines the pullback

φ∗: φ∗f = f ◦ φ. Thus, φ∗f is a scalar function on M.

Action on vectors:

Let v be a vector field onM. The pushforward φ∗v is given by (φ∗v)|φ(p)(f) =

v|p(φ∗f) = v(f ◦ φ(p)). So φ∗v is a vector field on N .

Action on covectors:

Let ω be a covector field on N . The pullback φ∗ω is a covector field on M

such that (φ∗ω)|p(v) = ω|φ(p)(φ∗v).

Action on metric tensor:

The metric tensor g onN can be pulled back toM such that (φ∗g)|p(v1, v2) =

g|φ(p)(φ∗v1, φ∗v2).

If M = N , Lie derivatives of various types of tensor fields can be introduced.

Given a smooth vector field v onM, it is possible to construct a smooth map on

M: let p be a point in M, then there exists a unique smooth curve γ(t) passing

through p, i.e., γ(0) = p, and whose tangent is v. A smooth map φt is thus defined

as φt(p) = γ(t), i.e., it maps p to γ(t) along the integral curve of v. For instance,

in R3, the translation along x direction by one unit is a smooth map induced by
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the vector field (1, 0, 0), and rotation around z axis is induced by (y,−x, 0). Thus,

φt can be viewed as a transformation induced by the vector field v.

Now, apply the transformation φt to M, which carries any p to φt(p), and at

the same time, any tensor T at p to corresponding tensor at φt(p), i.e., φt∗T . The

Lie derivative of T along v can be defined as,

LvT = lim
t→0

T − φ−t∗T
t

. (A.9)

In the coordinate system xµ, the Lie derivatives of different types of tensors are

Lvf = v(f) = vµ∂µf, (A.10)

Lvu = [v, u] = (vµ∂µu
ν − uµ∂µvν)∂ν , (A.11)

Lvω = (vµ∂µων + ωµ∂νv
µ)∂ν , (A.12)

LvT
µ1,...,µk
ν1,...,νl

= vρ∂ρT
µ1,...,µk
ν1,...,νl

−
k∑
i=1

T µ1,...,ρ,...,µkν1,...,νl
∂ρv

µi +
l∑

j=1

T µ1,...,µkν1,...,ρ,...,νl
∂νjv

ρ.(A.13)

A.2.1.2 Killing vector fields

LvT = 0 implies T = φt∗T , in other words, v induces a symmetry transfor-

mation φt for T . Now, let T = g, then φt is called a symmetry transformation of

the spacetime M and v is called the Killing vector field. From now on, a Killing

vector field is denoted as χ, and Lχg = 0. A manifold usually does not have

any Killing vectors. If it does, there are at most n(n+ 1)/2 linearly independent

Killing vectors.

A.2.2 Covariant Derivative

The second invariant operation of importance is the covariant derivative ∇,

mapping a (k, l) type tensor to a (k, l + 1) type tensor. It satisfies the following

properties:
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1. Linearity: ∇(αT + βS) = α∇(T ) + β∇(S), for α, β ∈ R, and tensors T, S

are of the same type;

2. Leibniz rule: ∇(TS) = T∇(S) +∇(T )S, for arbitrary tensors T, S;

3. ∇ commutes with contraction;

4. Action on a function f : ∇f(v) = ∇vf = v(f), for any vector v.

The last property deserves explanation: Since f is of type (0,0), ∇f is of type

(0,1), that is, a kind of covector, which acts on vectors. Property 4 implies the

consistency with the notion of vector fields as directional derivatives on scalar

functions. Applying ∇ again gives ∇∇f , which is type (0,2) and takes two vectors

v, u. ∇∇f(v, u) is not necessarily equal to ∇∇f(u, v). In GR, the torsion free

condition is assumed, which is the fifth property of ∇:

5. Torsion free: ∇∇f(v, u) = ∇∇f(u, v) ⇔ ∇v∇uf = ∇u∇vf.

In the more familiar component form, ∇ is written as ∇µ and Properties 4 and 5

are expressed as

(∇µf)vµ = vµ∂µf ⇒ ∇µf = ∂µf, (A.14)

∇µ∇νf = ∇ν∇µf. (A.15)

A manifold can possess several different covariant derivatives. The relation

between two arbitrary derivatives ∇µ and ∇̃µ is

∇µων = ∇̃µων − Cρ
µνωρ, (A.16)

with Cρ
µν a type (1,2) tensor. Γρµν is such a special case.
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A.2.2.1 Lie derivatives in terms of ∇

In terms of ∇µ, Lie derivatives can be rewritten by replacing ∂µ by ∇µ. For

example, in component form,

Lvu
µ = [v, u]µ = vν∇νu

µ − uν∇νv
µ, (A.17)

Lvωµ = vν∇νωµ + ων∇µv
ν . (A.18)

Similarly, the Lie derivative of g is

Lvgµν = vρ∇ρgµν + gρν∇µv
ρ + gµρ∇νv

ρ = gρν∇µv
ρ + gµρ∇νv

ρ, (A.19)

in which Eq.(2.15) has been used. If v is a Killing vector field χ, the above

expression gives the Killing equation,

Lχgµν = gρν∇µχ
ρ + gµρ∇νχ

ρ = 0 ⇒ ∇µχν +∇νχµ = 0. (A.20)
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B Geodesic Congruences

B.1 Timelike geodesic congruence

Let {γs(τ)} represent a congruence of timelike geodesics parametrized by an

affine parameter τ and labeled by s. The tangent T µ = (d/dτ)µ to γs(τ) satisfies

T µ∇µT
ν = 0, and the vector Sµ = (d/ds)µ measures the deviation from γs(τ) to

nearby geodesics, so it is called the deviation vector. The set {γs(τ)} is thus a

smooth 2 dimensional surface with coordinates (τ, s), so T µ commutes with Sµ,

T µ∇µS
ν − Sµ∇µT

ν = 0. (B.1)

A reparametrization τ → a(s)τ + b(s) makes it possible to set T µSµ = 0, which

will be assumed in the following discussion. Sµ is thus called spatial relative to

T µ. In fact, when Sµ is spatial, a further reparametrization of γs(τ) will normalize

all T µ, i.e., T µTµ = −1 for all s.

The variation of Sµ along γs(τ) describes how the nearby geodesics diverge or

converge as time τ flows. The rate of the change in Sµ along γs(τ) is given by,

T ν∇νS
µ = Sν∇νT

µ. (B.2)

So the tensor ∇νT
µ plays an important role and is named Bµν :

Bµν = ∇νTµ. (B.3)

Bµν is purely spatial: T µBµν = BµνT
ν = 0. As a rank 2 tensor, Bµν can be

decomposed into its trace ρ, traceless symmetric part σµν , and antisymmetric
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part ωµν , in such a way that,

Bµν =
1

3
ρhµν + σµν + ωµν , (B.4)

where hµν = gµν + TµTν is the induced metric on a hypersurface spanned by all

deviation vectors.

Suppose σµν = ωµν = 0, then for any deviation vector Sµ,

T ν∇νS
µ =

1

3
ρhµνS

ν =
ρ

3
Sµ, (B.5)

since Sµ is spatial. This expression means that the rate of change in Sµ is uniform

in all directions, so ρ is called the expansion of the geodesic congruence. If there

is no expansion, and ωµν = 0, over a small time period ∆τ , the deviation vector

Sµ changes according to

T ν∇νS
µ = σµνS

ν , (B.6)

and at a later time τ + ∆τ can be written as S̃µ = Sµ + σµνS
ν∆τ . Since σµν is

symmetric, it can be diagonalized with eigenvalues λi, i = 1, 2, 3. In the coordinate

system which diagonalizes σµν , S̃
i = Si(1 + λi∆τ) and therefore,

SµSµ = SiSi =
(S̃1)2

(1 + λ1∆τ)2
+

(S̃2)2

(1 + λ2∆τ)2
+

(S̃3)2

(1 + λ2∆τ)2
. (B.7)

Here, the time component is not written explicitly because Sµ is spatial, and SµSµ

is the original length squared and is positive. This expression shows that a space

which is originally spherical (∆τ = 0, so the denominators are all 1) will deform

to an ellipsoid at ∆τ , whose volume is the same as that of the sphere. Because

of this, σµν is called the shear. Finally, if there is neither expansion, nor shear,

consider

T ν∇ν(S
µSµ) = 2SµT ν∇νSµ = 2SµSνωµν = 0, (B.8)
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because SµSν is symmetric, while ωµν is antisymmetric. So ωµν preserves the

length of Sµ, and is called the rotation.

It is important to study how ρ varies along γs(τ). For this purpose, the first

step is to calculate

T ρ∇ρBµν = T ρ∇ρ∇νTµ = RρνµσT
ρT σ −Bρ

νBµρ. (B.9)

Contracting the above equation with hµν gives Raychaudhuri’s equation,

dρ

dτ
= −ρ

2

3
− σµνσµν + ωµνω

µν −RµνT
µT ν . (B.10)

Another important relation is

LThµν = LTgµν = ∇µTν +∇νTµ. (B.11)

Let ρµν = B(µν), i.e., the symmetric part of Bµν , then,

ρµν =
1

2
LThµν . (B.12)

B.2 Null geodesic congruence

Having considered timelike geodesic congruence, the null geodesic congruence

can now be described and the corresponding Raychaudhuri’s equation can be

derived. The congruence of null geodesic can be affinely parametrized by v. The

tangent to γ(v) is denoted by kµ = (d/dv). As previously, let ηµ be the deviation

vector, and ηµkµ = 0. However, there exists a gauge transformation η′µ = ηµ+αkµ,

which makes η′µ also a valid deviation vector for an arbitrary number α, since

kµkµ = 0. This observation makes the introduction of Bµν nontrivial.
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Defining Bµν = ∇νkµ, the rate of change in ηµ is

kµ∇µη
ν = Bν

µη
µ. (B.13)

Since kµBµν = Bµνk
ν = 0, the rate of change in η′µ is

kµ∇νη
′ν = Bν

µη
′µ = Bν

µη
µ. (B.14)

Therefore, as long as two deviation vectors differ by a multiple of kµ, their rates

of change along γ(v) are the same. This means that Bµν actually acts on the

equivalent classes of deviation vectors, which are sets of deviation vectors differing

from each other by a multiple of kµ. Let ηµ and η′µ be two vectors in an equivalence

class denoted by η̂µ. Define a new tensor B̂µν , such that for any η̂µ, ξ̂ν ,

B̂µν η̂
µξ̂ν = Bµνη

µξν . (B.15)

In this way, the set of the equivalent classes η̂µ forms a 2 dimensional vector space,

and B̂µν is decomposed in the following way,

B̂µν =
1

2
ρ̂ĥµν + σ̂µν + ω̂µν . (B.16)

Similarly, ρ̂, σ̂µν and ω̂µν are called expansion, shear and rotation, respectively.

ρ̂ is also donated simply as ρ. ĥµν is the induced metric of the 2 dimensional

vector space, and positive definite. So in an orthonormal basis {x̂µ, ŷµ}, ĥµν =

x̂µx̂ν + ŷµŷν .

The variation of B̂µν along γ(v) can also be derived,

kρ∇ρB̂µν = ̂(kρ∇ρBµν) = ̂(Rρνµσkµkν)− B̂ρ
νB̂µρ. (B.17)
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Contraction with ĥµν gives the Raychaudhuri’s equation,

dρ

dv
= −ρ

2

2
− σ̂µν σ̂µν + ω̂µνω̂

µν −Rµνk
µkν . (B.18)

Let K0 be a 2 dimensional, compact and spacelike surface whose induced

metric is γµν and the coordinate system is {θ, φ}. Light rays emanating from K0

will form a null geodesic congruence. Suppose all light rays in the congruence

are normal to K0, then after a while, at parameter value v, all photons in the

congruence will locate at a different compact surface Kv. It can be shown that

the area A of Kv varies, depending on θ. Let the function u be constant on the null

hypersurface generated by kµ, therefore, kµ∇µu = 0. Name kµ = −∇µu so that

kµkµ = 0. Extend v outside of the null hypersurface in order that ∇µv is defined,

then kµ∇µv = (∂v)
µ∇µv = 1. Thus, call lµ = −∇µv. Finally, let lµ = (∂u)

µ. lµ

is a null vector, due to lµ∇µv = −lµlµ = 0. It is also required that lµ is normal

to Kv. Together with θ, φ, v, u form a coordinate system, in which the metric is

given by

gµν = −lµkν − kµlν + γµν , (B.19)

and therefore, ĥµν = γµν . On the one hand, Lkgµν = ∇µkν +∇νkµ so that

Lkĥµν = Lkĝµν = 2B̂µν ; (B.20)

on the other hand,

Lkĥµν = Lkγµν . (B.21)

Then the conclusion is that

ρ =
1

2
ĥµνLkĥµν =

1

2
qµνLkγµν =

1

2
qµν

∂γµν
∂v

, (B.22)
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where ĥµν (qµν) is the inverse matrix of ĥµν (γµν). Let det(γµν) = q, then the

expansion ρ is determined by

ρ =
1

2q

∂q

∂v
=

1
√
q

∂
√
q

∂v
. (B.23)

Integrating both sides over the surface Kv gives how fast the area changes,

dA

dv
=

∮
Kv

∂
√
q

∂v
dθdφ =

∮
Kv

ρ
√
qdθdφ. (B.24)

Therefore, if ρ > 0, Kv will expand, but if ρ < 0, Kv will shrink, instead.
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