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ABSTRACT 

 The goal of this research is to model a piezoelectric flag as a membrane for the sake of 

energy harvesting.  Typically, a flag is modeled as a beam, but it is modeled as a membrane in 

this study with the hopes of more accurately describing the dynamics of the system.  Following 

this is an overview of piezoelectric materials, including a discussion of their properties, 

capabilities, and applications.  Then, a discussion of fluid-based energy harvesting, specifically 

with piezoelectric materials, is presented.  The piezoelectric material of interest in this case, due 

to its inherent flexibility, is polyvinylidene fluoride (PVDF).  This is a rapidly expanding area of 

study.  Most notably, energy harvested from vortex-induced vibrations, along with bluff bodies, 

is of particular interest.  After the literature review concerning piezoelectric materials and fluid-

based energy harvesting, the system is modeled as a membrane.  This modeling requires two 

coupled equations of motion, where one equation describes the mechanical behavior of the 

system and the other describes the electrical behavior of the system.  Results obtained both 

numerically and experimentally are then compared. It is shown that the numerical model is 

relatively accurate compared to the experimental results. Finally, a plan for the future works in 

regard to this research is proposed. 
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CHAPTER 1 

INTRODUCTION 

1.1 Problem Statement 

This thesis examines the interaction between a uniform fluid flow and a piezoelectric 

flag. The reason this interaction is of interest is for energy harvesting purposes, especially energy 

harvesting caused by fluid disturbances. Thus, a flag naturally moving as wind blows over it is 

the inspiration of this study. With this being known, the question to be answered is: can one 

model the movement of a flag as it experiences fluid excitation? This is a question that has been 

investigated by many others. However, almost all those who have looked at this problem before 

have modeled the flag as a beam. While this has yielded favorable results, it intuitively seems 

that one could more accurately model the dynamics of a flag as a membrane. Regardless of how 

the flag is modeled, there are multiple components that must be taken into account when 

modeling this system. For instance, the pressure due to flow, the tension due to flow, the tension 

due to gravity, the tension due to the piezoelectric material, and the electromechanical behavior 

of the system must be accounted for. Naturally, this leaves a rather complex problem. 

Another aspect that must be considered is the type of piezoelectric material to be used in 

this system. Since the system in question is considered to be a flag, it only makes sense that the 

piezoelectric material be extremely flexible. To ensure this inherent flexibility, PVDF is the 

logical choice. Though there are other piezoelectric materials to choose from, namely macro-

fiber composites (MFC) and lead zirconate titanate (PZT), these do not provide the necessary 

flexibility for this system.
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All that being said, the goal of this study is to derive a dynamic model and analyze the 

response of a piezoelectric membrane in uniform wind flow. To do this, all the interactions 

mentioned above must be taken into account. The mode shapes, deflection, and output voltage of 

the system are studied. Then, the numerical model and results are compared to experimental 

results. It must be noted that to truly study the vortex-induced vibrations that excite the flag, it is 

necessary to introduce a bluff body to the system. This bluff body, which interrupts the flow, 

provides the vortices necessary to excite the flag. Though the bluff bodies used in this study are 

limited, it is desirable to expand the study of bluff body interaction in the future. 

Upon developing a successful model for this study and comparing the numerical and 

experimental data, it will be desirable to continue to study the system in depth to make necessary 

improvements. Specifically, the tension acting across the flag in the x-direction needs to be 

studied. Furthermore, it may be beneficial to use alternative expressions for the pressure acting 

on the system. And, as previously mentioned, it would be wise to further study the use of bluff 

bodies to optimize the voltage extracted from the system. 

1.2 Literature Review 

One just needs to turn on the news to find that the approach the world takes to energy is 

constantly evolving. Whether this is due to the scarcity of resources or concern about the 

environment, the world is attempting to find other sources of energy. This has naturally led to 

immense study into alternative energies[1, 2]. Around the world, numerous examples of 

alternative energies put into action can be seen. For example, vehicles that do not solely rely on 

fuel, hybrid vehicles, are becoming more and more popular. Solar energy is being heavily relied 

on in objects as simple as calculators or road signs. While these two forms of alternative energy 

are innovative and useful, how else could the environment be manipulated for energy purposes?  
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In every environment, vibrations are present. There are vibrations being emitted from 

appliances, voices, footsteps, and a plethora of other sources [3-5]. Obviously, if the mechanical 

energy produced by these vibrations could be used, then there would be an abundance of energy 

sources as long as these vibrations could be harvested. Fortunately, this is exactly what 

piezoelectric materials are capable of doing. Yet the question remains: how do piezoelectric 

materials make best use of the vibrations in the surrounding environment? 

To answer this question, it is important to understand the implications of vibrations. 

Vibrations, whether caused by a vehicle or appliance or footsteps, are a form of kinetic energy. 

Piezoelectric materials have the ability to convert this kinetic energy into electrical energy. This 

capability is due to the direct effect of piezoelectric materials, which is the fact that when 

piezoelectric materials are deflected the mechanical energy can be converted into electrical 

energy [6, 7]. 

With this direct effect in mind, the theoretical applications of piezoelectric materials are 

endless. As a matter of fact, scientists have studied numerous applications of piezoelectric 

materials. For example, one has proposed using piezoelectric materials to power a pacemaker to 

prevent having to replace batteries so often[8-10]. Another study has used piezoelectric patches 

on pregnant women to harvest the energy caused by the movements of the fetus [11]. Yet another 

application of piezoelectric materials is to power lights or signs. In fact, a university in Italy used 

piezoelectric patches that people walked over to power neon signs [12]. Similarly, scientists have 

proposed placing piezoelectric patches in the soles of shoes[13]. As one walks around throughout 

the day, the mechanical energy made present by the vibrations in a footstep can be converted to 

electrical energy and stored for later use. Furthermore, the military has continued to expand its 

research with piezoelectric materials, especially in regards to unmanned aerial vehicles (UAV) 
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[14]. It is safe to assume that the military will continue to study the uses of piezoelectric 

materials as UAVs continue to shrink in size. Perhaps the most notable application for this 

research would be remote sensors[15]. Needless to say, it is a great hassle to change the batteries 

of remote sensors. On the other hand, piezoelectric materials could eliminate or greatly reduce 

the need to change these batteries, for the piezoelectric materials could convert the mechanical 

energy seen in the deflections caused by the wind into electrical energy, which could then 

prolong the life of the sensors. Additionally, this could reduce the vast amounts of wiring 

sometimes associated with these sensors. 

Though all of these applications are important for today, it is essential to know and 

understand the history behind piezoelectric materials[16, 17]. Piezoelectric materials were first 

discovered in 1880 by Pierre and Jacques Currie. They found that surface charges were present 

on certain materials when they were subjected to stress. Most notably, they discovered charges 

on tourmaline, quartz, topaz, cane sugar, and Rochelle salt[16]. While the Curries did discover 

the direct effect, they did not discover the converse effect of piezoelectric materials. Rather, the 

converse effect was mathematically proven by Gabriel Lippmann in 1881. It was only after 

Lippmann’s proof that the Curries finally confirmed the existence of the converse effect[16]. 

After both effects were discovered, much progress was made into further understanding the 

materials. Leading up to 1910, not only were the twenty natural crystal classes in which 

piezoelectric effects occur defined, but also the eighteen macroscopic coefficients of 

piezoelectric materials were defined. This culminated in Voigt’s Textbook of Crystal 

Physics[16]. Finally, the first successful application of piezoelectric materials occurred in 1917, 

in the midst of World War I, when the materials were used as an ultrasonic submarine 
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detector[16]. Right now, there are a variety of piezoelectric materials available, with the major 

materials available being PVDF, MFC, and PZT[18-20]. 

Knowing the history and the types of piezoelectric materials available leads to a 

discussion of the properties of piezoelectric materials and their efficiency. Piezoelectric materials 

are known to be anisotropic. Basically, this implies that the behavior of the material is dependent 

on the orientation, placement, and thickness of the material. This naturally leads to multifaceted 

studies, especially when dealing with active vibration control or when the piezoelectric material 

does not cover the entirety of the energy harvesting apparatus. Next, the efficiency of separate 

materials is of particular interest. The efficiency of a piezoelectric material is largely dependent 

on the electro-mechanical coupling coefficient. This coupling coefficient is the reason the 

efficiency of a PVDF is notoriously low. In regards to efficiency, studies have been done to see 

the effects of compression forces, the effects of increasing the forces acting on a material, the 

effects of operating near the resonant frequency, and away from the resonant frequency[21]. All 

of these studies show that, depending on the conditions, the efficiency of the material varies. 

Herein lies a vast amount of research opportunity. Lastly, the efficiency and capabilities of a 

piezoelectric material noticeably decreases as it ages and experiences “wear and tear[22].” 

Granted, this is intuitively the case for most objects, but this was readily seen in previous 

experiments. 

Another aspect of piezoelectric energy harvesting is understanding the circuitry needed to 

successfully and most efficiently harvest energy. Numerous studies have been done in regards to 

the resistive load applied to the system. Furthermore, many have studied the efficiency of storing 

the energy produced in capacitors, batteries, or a combination of both[23-25]. It goes without 
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saying that this dynamic of the problem is incredibly important, and the future success of this 

research hinges on this. 

As previously mentioned, the majority of current research models piezoelectric materials 

bonded to a structure as a cantilevered beam[26-28]. In essence, when a beam is in harmonic 

motion, one side of the beam experiences tension and the other side compression. As the beam 

oscillates, the side that experiences tension flips. As one can imagine, this has a great effect on 

the ability of the piezoelectric material to convert energy, for in tension the voltage is positive 

but negative while in compression. This fact is the reasoning behind modeling the piezoelectric 

material and substrate as a membrane. Instead of capturing the motion uniformly across the 

entire structure, it seems more beneficial to capture the variations across the entire structure. In 

doing this, the hope is to show that not only is this a more accurate representation of the system 

dynamics, but also to show that more energy can be harvested by taking into account the 

variations across the system, especially when studying the effects of bluff body interaction. 

The goal of this study is twofold. First, it is desirable to accurately model the dynamics of 

a piezoelectric flag. This study attempts to show the value of modeling this system as a 

membrane. Though the modeling a flag is not a new problem, the approach taken in this study is 

novel. While this is valuable, it may be beneficial to consider nonlinearities when modeling the 

system in the future. Obviously this makes an already difficult problem more difficult, but it 

would more realistically portray the behavior of the system. Most importantly, this would allow 

for a more in depth study of the frequencies occurring in the system[29, 30]. Secondly, the goal 

is to maximize energy harvesting potential, which presents many avenues of study. As 

aforementioned, the study of the necessary circuitry to maximize energy harvesting is essential to 

the success of future research[23-25]. Additionally, the study of bluff body interaction is 
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important[31-35]. Ideally, the vibration amplitude needs to be maximized[36]. However, this can 

be its own area of study in regards to the critical speed and limit cycles. In short, the study 

surrounding piezoelectric structures has many dimensions, and further study will always be 

necessary in determining ways to most effectively implement and manipulate them.
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CHAPTER 2 

DYNAMIC MODELING 

2.1 Dynamics of a Membrane 

 As mentioned before, this study attempts to model a piezoelectric flag as a membrane. 

This is novel compared to previous studies, for previous studies model a flag, much less a 

piezoelectric flag, as a beam[26-28]. This difference alone will modify the partial differential 

equations of motion. Another difference with this study is the orientation of the flag. Typically, 

flags are considered to be mounted horizontally. However, to simplify this study, the flag is 

considered to be mounted vertically. Figure 1, shown below, portrays the system being studied. 

 

Figure 1. Orientation of the flag under uniform flow. 
 

Mounting the flag vertically simplifies the effect of gravity on the system. No matter the system, 

gravity always acts downward. However, if the flag is mounted horizontally, gravity causes the
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flag to droop. As one can imagine, this dramatically complicates the problem. On the other hand, 

when the flag is mounted vertically, all tensile forces, excluding any tension considered in the x-

direction, are acting downward on the system. Though the orientation differs, the boundary 

conditions considered are generally agreed upon. Namely, the flag is considered to be clamped-

free, though one has considered it to be pinned-free[37].  

 To model the piezoelectric flag, an energy approach is employed. Specifically, 

Hamilton’s Principle is used to derive the equation of motion for the membrane[38]. It is 

important to note that the parameters defined when using Hamilton’s Principle are forces per unit 

length. To apply Hamilton’s Principle, the energies within the system, namely the potential and 

kinetic energy, must be defined. Figure 2 allows one to more clearly see the behavior of the flag. 

 

Figure 2.  (a) Diagram of a differential area of the flag surface. (b) Side view of a deformed 
section of the flag. 

 

With the aid of Figure 2 the energies can now be defined. First, the potential energy consists of 

both the tension in the y-direction and x-direction as in 
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where Ty is the tension in the y-direction and Tx is the tension in the x-direction. Again, these 

parameters are forces per unit length. Please note, in this study the y-direction acts downward 

along the flag and the x-direction acts across the flag. Next, the kinetic energy is defined as  

 ∫∫ ∂
∂=

A

dA
t

w
tKE 2)(

2

1
)( ρ , (2) 

where ρ is the area density of the membrane. With both the potential and kinetic energies being 

defined, the Lagrangian can be defined. The Lagrangian of any system is the difference between 

kinetic and potential energies 
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Applying Hamilton’s Principle, an equation of motion with the appropriate boundary conditions 

is found. By allowing for virtual displacements, the action integral of Equation (4) becomes 
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where Wnc is the non-conservative work acting on the system. When modeling a membrane, this 

non-conservative work is made up of two components. First, it consists of the pressure acting on 

the system due to the fluid flow. Secondly, it includes an additional external force that prevents 
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the pressure force acting on the flag from dissipating. In other words, it includes a force that is 

self-sustaining. At this point, the non-conservative work will be expressed by Equation (7); 

however, it will be further discussed and defined when the effect of the fluid loading on the 

system is studied. Regardless, when Equations (5), (6), and (7) are solved, the following equation 

is the equation of motion for a membrane[38]: 
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2.2 Modeling the Tension Due to Flow  

            While Equation (8), the typical equation of motion for a membrane, is useful, it is 

important to develop the different components of this equation. In this section, the tension due to 

flow acting on the system is going to be developed. Since modeling a flag has been done 

before[26-28], primarily as a beam, modeling the tension acting on a flag is not a new problem. 

However, no one author defines the tension acting on the system in the same way[27, 37, 39-42]. 

Some have developed time-averaged tensions, while others have developed differential tensions. 

Regardless, the tension due to flow in this study has three components. 

             The first component of tension is due to gravity. As previously mentioned, gravity acts 

downward in all systems. Knowing this, the tension due to gravity is also dependent on where 

it’s considered along the flag. In other words, the effect of gravity differs at different points on 

the flag. In fact, the effect of gravity is more apparent as one travels farther up the flag. Thus, the 

tension due to gravity at the leading edge is greater than at the trailing edge. All of this being 

said, the tension due to gravity can be written as 
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 )yL(gTg −= ρ ,  (9) 

where ρ is the area density of the membrane, g is the gravitational constant, and y is the location 

on the flag. 

          Second, the tension in the flag is dependent on the external flow. This component of the 

tension is what authors cannot agree on. Over the course of this study, the tension due to flow 

has evolved as the system has become more fully understood. At first, the tension due to flow 

was not considered for simplicity’s sake. Then, the following expression was used to describe the 

tension due to flow 
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∞
∞

−
+= σ , (10) 

where σ is a proportionality constant, V∞ is the velocity at the trailing edge, Vf is the velocity at 

the leading edge, and l is the length of the flag. Notice, this tension is dependent on the nature of 

the velocity as it travels down the flag. Naturally, as the fluid interacts with the structure, the 

velocity of the fluid will decrease. Though this formulation of the tension due to flow agrees 

with observation, it is not a proven description of tension. As a result, the following[40] is used 

to model the tension in the direction of the flow 

 )(2 2
0 yLuT xfy −= ρ , (11) 

where ρ0 is the fluid density and ux is the friction velocity. The friction velocity is defined as 

 Uux 037.= , (12) 

where U is the free stream velocity. 

          The last component of the tension due to the flow occurs across the membrane. In this 

study, the tension in the x-direction is considered to be zero. It can be written as 
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where εx is the strain in the x-direction, ν is Poisson’s ratio, σx is the stress in the x-direction, and 

σy is the stress in the y-direction of the flag. Equation (13) shows that the tension in the x-

direction is negligible. From Hooke’s Law, it is shown that the tension in the y-direction will 

induce a strain in the x-direction, but the stress in the x-direction will be small compared to the 

tension in the y-direction. As a consequence, the tension in the x-direction has been defined as 

zero. 

          There is also another source of tension acting on the system, which is due to the 

piezoelectric material. Since it is attached to the nylon flag, it imposes a tension on the system. 

This tension is not derived in this section though, because it is necessary to go through the 

constitutive equations governing piezoelectric materials. Once the constitutive equations are 

defined, and the parameters of the system are exposed on these equations, the tension due to the 

piezoelectric material can be determined.  

2.3 Modeling the Pressure 

          The key component when studying this system is the external force which acts on it. When 

studying the fluid that interacts with the flag, it is apparent that a pressure is induced on the 

system. This pressure is largely due to the vortices caused by the fluid-structure interaction. As 

with the other components in this study, the pressure has evolved as more has been learned about 

the system.  

          Before delving into the most recent developments of this research, it is important to go 

through what was initially derived[43-45]. This will illuminate the reasoning behind the current 

model. When modeling the pressure initially, it was assumed that the flow had a velocity 

potential function, ξ(x,y,z,t), that satisfied the following equation 
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where a is the speed of the sound in the fluid and Vair is the speed of the fluid itself. Furthermore, 

the definition of a velocity potential is 

 ξ∇=v  (15) 

Equation (15) can then be substituted into Equation (14), which is valid for inviscid fluids, to 

determine an expression for pressure variations on one side of the flag. It is important to realize 

that it will be necessary to double the pressure term upon completion, since the pressure 

variations will only describe one side of the flag[43]. Moving forward, the pressure acting on the 

system can be expressed as 

 0zair0 ]
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[p =± ∂
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∂
∂−= ξξρ , (16) 

which is evaluated at the surface of the flag. Figure 3, which is depicted below, illustrates the 

relationship of the velocity potential function at a fixed time, corresponding to the instability of 

the flow, to the geometry of the flag. In this figure, it is important to notice the constant nature of 

the potential flow. This characteristic is due to ignoring the effects of cross-flow.  

 

Figure 3. Shape of the flow velocity potential at a fixed time. 
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To evaluate the solution to Equation (14) it is necessary to assume a separable solution. Once 

this is done, the exact solution of the equation can be a reached with a summation of the resulting 

periodic separations. 

          When continuing with this derivation, the character of the y and t separated functions are 

assumed to be that of a traveling wave along the length of the flag with a frequency equal to that 

of the first mode of the flag. Looking at Figure 3, one can see the traveling wave solution 

assumed along the length of the flag. Anyways, the separated form of the velocity potential is 

 )cos(),(ˆ),,,( 11 ytzxtzyx −= ωξξ , (17) 

where ω11 is the natural frequency of the first mode shape. The spatial function, ),(ˆ zxξ , can be 

separated further into two spatial function, where each spatial function is only dependent on one 

variable. These two spatial functions can then be solved when the boundary conditions at the 

vertical boundaries are employed. When this is done, the complete solution is 
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where 
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Due to the Neumann conditions at the vertical boundaries, the coefficients qn are rather 

complicated. Specifically, the conditions are 

 0
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ξ
. (20) 

This condition is critical, for it greatly simplifies the problem. The coefficients defined in 

Equation (19) can be further simplified by observing that the difference between the air speed 
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and the wave speed is significantly smaller than the speed of the sound in the fluid. Knowing 

this, qn can be further reduced to 

 2/12112 })({
c

h
n

h
q n π

ωπ += . (21) 

Another approximation of the final solution for the deflection of the membrane can be applied to 

solve for the coefficients of the potential modes, An, found in Equation (18). This set of 

parameters must be determined by matching the surface condition of the flow (z=0) to the 

surface condition of the membrane by means of a Fourier expansion. This can be expressed as  
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Without having the approximate solution, the final form of the forcing function would be very 

difficult to solve, for it would be in terms of the integral of the square root of the displacement. 

Additionally, without the approximate solution, the results would potentially not accurately 

capture the motion of the flag. 

          With that being said, for the surface condition, a solution of the form 

 )( 11)sin(ˆ),,(~ yti
e

h

xn
wtyxw

−= ωπ  (23) 

is applied where ŵ is an empirically determined scaling factor. After applying the surface 

condition, the final form of the pressure is found to be 
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However, Equation (24), as previously discussed, only accounts for the pressure acting on one 

side of the flag. As a result, Equation (24) would need to be doubled to account for the pressure 

acting on both sides of the flag.  
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          Unfortunately, upon further investigation, this approach did not work when modeling the 

pressure. When this pressure was imposed on the system and its effect was studied, it was found 

that this pressure would dissipate over time. In other words, the pressure acting on the system 

was not sustaining, so the motion of the flag would go to zero, despite fluid still influencing the 

flag. Clearly, this does not allow for a suitable, working model. Thus, after spending more time 

studying what others have done[28, 40, 41, 46-50], it was decided that the following derivation 

would be used in this system. 

          Following the derivation proposed by Argentina and Mahadevan and subsequently used by 

Manela and Howe, the pressure is composed of two terms that are summed to find the total 

pressure acting on the system[40, 46]. The two components of this pressure are the circulatory 

pressure and the non-circulatory pressure. To describe it more coherently, there is a pressure due 

to the potential flow, and there is a pressure due to the vortex shedding that takes place along the 

flag. To begin with, the pressure caused by the potential flow will be derived first. This 

derivation begins with an expression for the potential on the surface of the flag. It is expressed as 

 0),()( ±=
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w
yLyIφ . (25) 

Equation (25) is a direct result of classical airfoil theory. This would seemingly pose a problem, 

but Argentina and Mahadevan insist that this is not a problem, since it is assumed that the 

deflections are small[40]. Going forward, Bernoulli’s equation can be applied to Equation (25) to 

obtain the non-circulatory pressure acting on the system. It is important to note that higher order 

derivatives are not taken into consideration, for this would introduce nonlineartites to the 

problem. That being said, the non-circulatory pressure is expressed as 
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To obtain the second component of the pressure term, the pressure due to the shedding vortices, 

the wake modeled by a vortex sheet of circulation per unit length, which is in the form of 

 ),( tyγγ = . (27) 

This circulatory pressure is then proposed to be 
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where C(γ) is the Theodorsen function[51, 52]. The Theodorsen function is defined and 

simplified, according to Argentina and Mahadevan, as  
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where the right hand side of Equation (29) is completely described by Hankel functions, which 

are a certain Bessel function, where  

 q = ωL

U
, (30) 

Regardless, the total pressure acting on the system, the sum of both the circulatory and non-

circulatory components, is 
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2.4 Modeling the Piezoelectric Material 

          The next component to consider when modeling this system is the piezoelectric material. 

When modeling the piezoelectric material, the focus is twofold. First, the tension that the 

piezoelectric material contributes to the overall tension needs to be considered. Second, it is 

essential that a second equation be derived to describe the electromechanical interaction taking 
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place between the flag and the piezoelectric material. This electromechanically coupled equation 

allows for the voltage output of the system to be found. 

          Before deriving the electromechanical coupling, it is important to derive the tension that 

the piezoelectric element is contributing to the system. In this system, we need to find the tension 

along the flag, or the “1” direction, while the bending occurs in the “3” direction, which is 

perpendicular to the surface of the flag[6, 7]. The tension can then be found by manipulating one 

of the constitutive equations for piezoelectric materials 

 kEeScT 13131313 −= . (32) 

Since the flag is being modeled as a membrane, the first term in this equation will go to zero 

because the stiffness, c13, is negligible. Therefore, Equation (32) reduces to 

 EeT 1313 −= . (33) 

Equation (33) can be further reduced, for it is know that the electric field, E, is defined as 

 
h

tV
E

)(= . (34) 

Finally, as the tension is per unit width, the final tension due to the piezoelectric element is 

defined as 

 )(1313 tVeT −= . (35) 

          Lastly, the electromechanical coupling equation must be found. This is challenging 

because one must relate the transverse deflection of the beam to the axial strain in the plane of 

the membrane. Unfortunately, like the pressure term, the approach to deriving an expression for 

the piezoelectric material has evolved over the course of this study. In the first attempt at 

deriving the electromechanically coupled equation, the second constitutive equation for 

piezoelectric materials was used. This equation can be written as 
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 33331313 ESeD ε+= . (36) 

For this approach, the focus was on the strain tensor in the system. For the sake of modeling the 

system as a membrane, the strain tensor was defined as 
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When Equation (37) is substituted into Equation (36), the constitutive equation is reduced to  
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Then, it was assumed that correctly applying the method proposed by Preumont in 

Mechatronics: Dynamics of Electromechanical and Piezoelectric Systems would yield a correct 

electromechanical description of the system[7]. When this process was worked through, the 

following equation defined the electromechanical interaction of the system 

 02 3333 =+−
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V
wAeV

h

A
&&ε . (39) 

Unfortunately, Equation (39) cannot be mathematically solved, so this approach could not be 

used in further studying the model. 

          As was stated before, the transverse deflection of the beam must be related to the axial 

strain in the plane of the membrane to successfully model the piezoelectric material. In observing 

the piezoelectric material, one can see that small horizontal motion will drive the material. 

Knowing this, an infinitesimal transverse deflection can be decomposed into a small horizontal 

stretch and a small shift along the path. Mathematically this would be defined as 
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Furthermore, for small vibrations, the small shift along the path is approximately equivalent to a 

change in the y-direction, which is written as 
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. (41) 

With this relationship determined, the transverse and axial motion of the piezoelectric material is 

successfully coupled. 

          Then, following a similar approach used by Erturk[53, 54], Gauss’ Law is employed to 

write the electromechanical coupling equation as  
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Since the constitutive equation for piezoelectric materials is known, it can be substituted into 

Equation (42). Once this is done, one has 

 
R

tv
dydxESe

dt

d
L h

SP )(

0 0

333131 =








+∫ ∫ ε . (43) 

Continuing, one must take into account the geometric relationship defined above and the uniform 

electric field across the thickness of the membrane. When this is taken into account, Equation 

(43) becomes 
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Simplifying this further yields 

 . (45) 

At last, when the geometric relationship previously defined is exploited, the final equation for the 

electromechanical coupling is found to be 
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 . (46) 

          With the tension, pressure, and electromechanical portion studied the complete equations 

of motion for the system can now be expressed as  
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2.5 Modeling the External Force 

          As mentioned before when modeling the initial pressure forcing on the system, there is a 

need for an external force that is self-sustaining. This was noticed when the forced equation of 

motion was analyzed using the initial pressure term. As time went on, this pressure dissipated, 

for it was not self-sustaining. As a result, deflection and voltage went to zero, despite fluid 

continuing to flow over the system. To overcome this problem, Manela and Howe’s paper was 

extensively studied and their method to employ an external, self-sustaining force was 

employed[46]. In their work, the external force is modeled by setting the entire equation of 

motion, including the pressure, equal to an external force. This can be shown as 

 )w(FP)
x

w
hu2(

x
)

y

w
))yL(u2)t(Ve)yL(g((

y
)t,y,x(w pe

2

x0

2

x013 =−
∂
∂

∂
∂−

∂
∂−+−−

∂
∂− ∆ρρρρ && (48) 

where Fe is the external force and wp is a function which describes the motion of the flag. This 

can be further simplified to 
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This external does not take into account the pressure term, which ensures that the pressure and 

the self-sustaining force are not dependent on each other. Thus, the equation of motion is 
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          In summary, this chapter derived the equations of motion governing the flag. Now that the 

equations have been derived, a response analysis can be conducted on the derived equations of 

motion. This response analysis will yield numerical results for both the free response and the 

forced response.
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CHAPTER 3 

DYNAMIC RESPONSE ANALYSIS 

3.1 Dynamic Analysis of the Free Response 

          To begin the analysis on the system, it is first important to solve for the unforced 

system[38, 55, 56]. This will allow one to study the natural frequencies and the mode shapes of 

the system. To study the unforced system, it is necessary to define the unforced system as  
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The first thing one will notice is the lack of the tension due to the piezoelectric term. This is 

omitted from the free response since the tension due to the piezoelectric material is time 

dependent. The next thing that needs to be defined is the mode shape, which is written as 

 )()sin()cos( yYt
h

xm
w mnωπ= . (52) 

The goal of the free response analysis is to solve for Y(y), which will aid in the description of the 

system. To begin solving for this, Equation (52) needs to be substituted into Equation (51), 

which can be done by taking the proper spatial and time derivatives. When this is done, the 

problem simplifies to 
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Equation (53) can be rewritten as  
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A substitution would make Equation (54) much more accessible going forward. An appropriate 

substitution for Equation (54) would be 
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When Equation (55) is plugged into Equation (54), Equation (54) simplifies further to 
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Then, Equation (56) can be rewritten as 
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Now, a change in variable will be useful in continuing to solve this differential equation. This 

new variable psi, is dependent on the following 
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With Equation (58) known, the appropriate derivatives can be taken and the chain rule can be 

properly applied to solve the differential equation. As described before, the tension in the x-

direction is considered to be zero. Thus, from this point forward, the tension in the x-direction 

will not affect the system. By applying these conditions, the following is obtained 

 0)(Y
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The solution to Equation (59) is now readily apparent, for it resembles an equation that is 

described by a Bessel function. The solution is expressed as 

 )(JC)(Y 01 ψψ = . (60) 
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          Since Equation (60) is known, both the natural frequencies and the mode shapes of the 

unforced system can be found. Applying the appropriate boundary conditions yields a 

characteristic matrix. The boundary conditions can be written as 

 0)(')0( == Lyy . (61) 

In other words, the displacement at the fixed end is zero, and the force at the free end is zero. 

Continuing, the roots of this characteristic matrix are the natural frequencies of the system. Then, 

to find the mode shapes of the system, the orthogonality condition needs to be applied[38, 57]. 

This will allow for one to solve for the constant present in Equation (60). 

3.2 Dynamic Analysis of the Forced Response 

          To perform the forced analysis on the system, all components of the system must be taken 

into account. This includes the pressure, the self-sustaining, external forcing, and the 

electromechanically coupled equation, along with all of the components studied in the free 

vibration analysis. To do this, an approximation method, Galerkin’s method, is employed. 

Galerkin’s method is an approximation method which attempts to minimize the residual of the 

approximation. In doing so, Galerkin’s method yields a system of ordinary differential equations 

in the time domain. However, Galerkin’s method is only used on the first equation shown in 

Equation (50). Its use is unnecessary in the electromechanically coupled equation due to the lack 

of spatial dependence. To apply Galerkin’s method, the mode shapes of the free system serve as 

comparison functions and are multiplied by a time factor. This represents an approximation of 

the response of the system, which replaces the actual response in the equations of motion. 

Having said that, the unforced portion and the forced portion of the first equation of Equation 

(50) are dealt with differently. The mode shapes for the unforced portion, which is the left hand 

side of Equation (48) were determined from a free vibration analysis to be 
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 w(x, y, t) = cos(
mπ x

h
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While the unforced problem is dealt with this way, the external forcing is dealt with via a 

separate forced mode shape. This ensures that in solving the problem, the system dynamics do 

not dissipate as seen when the first pressure term was used to study the flag. The motion instead 

depends on periodic effects in the flow. Thus, the following assumed mode shape dealt with the 

external forced portion 
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where Γ is the strength of the vortices that shed from the flag pole. It is defined as 

 Γ = 2.5UD , (64) 

where D is the diameter of the bluff body. Furthermore, ϖ is defined as  

 ϖ = (2n +1)ωn
. (65) 

With those variables defined it is possible to apply Galerkin’s method. As mentioned before, this 

is done by taking the appropriate derivatives of Equation (62) and Equation (63) and substituting 

them into the appropriate portions of the forced equation of motion. After this is done, each term 

is multiplied by each x-mode shape and y-mode shape and integrated across the area of the 

system. Once this is done, Galerkin’s method has been properly applied to the system. 

          Though this is done, the electromechanical equation must also be studied. This requires a 

simplifying assumption, reducing the rank of Equation (50) by a spatial dimension. 

When studying the electromechanical equation, Equation (62) will be inserted into Equation (50) 

to obtain results. However, in the present formulation, the integral in the x dimension exposes an 

issue. The integral of the cosine function across its period is zero, thus the second term of 

Equation (50) would be identically zero. When this happens, Equation (50) becomes an unforced 
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first order equation, which results in no voltage. Modifying the electromechanical model is 

necessary to preserve the physicality of the system. In the current orientation of the flag, the flag 

is hanging vertically, so the main forces acting on the system act downwards. Therefore, a 

reasonable assumption is that the piezoelectric film does not experience considerable elongation 

in the x-direction, and, therefore, the contributions from that dimension may be neglected. Using 

this justification, Equation (66) can be simplified to 
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where the integral only occurs over the y-direction and C is an empirically determined constant. 

To solve Equation (66), Equation (62) is manipulated and substituted into Equation (66). Once 

this is done, both equations shown in Equation (50) can be simultaneously solved with numerical 

methods in MATLAB. 

          In conclusion, the methods employed for the response analysis were presented. Once these 

methods are affectively applied to the system, numerical results can be obtained. The next 

chapter describes the experimental setup that was constructed to obtain experimental data to 

validate the numerical model.
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CHAPTER 4 

EXPERIMENTAL PROCEDURE 

          When conducting research, it is important to verify numerical results with experimental 

results. Obviously, this is essential in this case, considering the flag being modeled as a 

membrane is a novel approach to the system. To perform the necessary experiments, it was 

necessary to construct a vertical wind tunnel. This was done by breaking down and folding 

moving boxes, and then joining them together with duct tape and metal tape to accommodate the 

blower that provided the external flow.  This blower can be seen, which is controlled by a 

variable frequency drive (VFD), can be seen in its mounted position in Figure 4 below. 

Additionally, aluminum foil was employed to attempt to smooth the inner walls of the wind 

tunnel.  

 

Figure 4. The blower used to provide the flow over the flag. 
 

Before the wind tunnel was completely closed, it was deemed necessary to cover the inside walls 

in the hope of smoothing the walls out. Cardboard boxes are naturally rough, so coating the walls

Blower 

VFD 
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would smooth the walls to ensure the flow would remain laminar. Knowing this, we attempted to 

apply aluminum foil to the inside walls. Unfortunately, the aluminum foil easily bent and 

deformed upon being placed inside the wind tunnel. As a result, instead of overcoming 

roughness introduced by the environment, it would merely add to the roughness. Since this 

failed, it was decided to use metal tape. This was readily adhesive and was able to be smoothly 

applied to the walls of the wind tunnel. Another precaution was also taken in regards to the flow 

and ensuring that it would be as smooth as possible. It is a readily known fact that honeycomb is 

widely used to smooth air flow. With this in mind, Solidworks was used to design a layer of 

honeycomb to be put into the wind tunnel. Upon being designed in Solidworks, the honeycomb 

was printed with a 3-D printer and placed between the first and second sections of the wind 

tunnel. Figure 5 shows the 3-D printed honeycomb before it was placed in the wind tunnel. 

 

Figure 5. The honeycomb before being placed in the wind tunnel. 

Lastly, it was necessary to cut out a hole in the side of the wind tunnel, so that the flag could be 

seen during the experiment. So as to not affect the motion of the flag, a sheet of Plexiglas was 

placed on the outside of the wind tunnel. This Plexiglas needed to be taped on all sides for two 
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reasons. First, it could not affect the fluid flow. Secondly, the Plexiglas itself could not vibrate, 

for then the vibrometer would possibly record the vibrations of the Plexiglas rather than the flag. 

The flag, behind the Plexiglas, can be seen in Figure 6 below. 

 

Figure 6. The mounted flag behind the Plexiglas. 

The Plexiglas proved to be transparent enough to take satisfactory readings with the laser 

vibrometer, which is portrayed in Figure 7.  

 

Figure 7. Laser vibrometer used to capture experimental data. 
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          Lastly, bluff bodies were constructed to induce vortices to act on the system. With this in 

mind, three bluff bodies, with diameters of 0.47”, 0.88”, and 1.12”, were tested. These bluff 

bodies, though rather arbitrary, provided a suitable range of diameters at which the flag could be 

tested.  

          Finally, the test could be run, and data could be collected. As a matter of fact, Figure 8 

shows the entire setup for the testing. 

 

Figure 8. Test setup for flag testing. 

For the experiment, the flag was tested at three different velocities. Specifically, the flag was 

subjected to velocities of 6 mph, 7 mph, and 8 mph. The data, both deflection and voltage, was 

collected using a dSPACE to import it into MATLAB, where it could be further studied and 

analyzed.

Wind Tunnel 

Vibrometer 
Scanning Head 

Piezoelectric Flag 

dSPACE 

Vibrometer 
Controller 
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CHAPTER 5 

RESULTS 

5.1 Numerical Free Response Results 

          The results that are presented are divided up into three components: the numerical free 

response, the numerical forced response, and the experimental results. Naturally, the first set of 

results worth discussing is the numerical free response. The free response, as said before, deals 

with the flag when there is no external force acting on it. As a result, the pressure and self-

sustaining, external force are not taken into consideration for these results.  

          When setting up and analyzing the free response, two primary parameters were mentioned: 

the mode shapes and the natural frequencies. After the orthogonality condition was applied, both 

the mode shapes and natural frequencies were readily known. For the sake of this discussion, the 

mode shapes at 5 m/s are presented. Though one could conceivably show an infinite amount of 

mode shapes for any velocity, the first five are shown below. Since the x-tension is considered to 

be zero, all of the mode shapes occur in the y-direction. This means that there is one mode 

considered in the x-direction and five modes in y-direction. Figures 9-13 below depict the mode 

shapes of the free response at 5 m/s.
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Figure 9: Mode shape (1,1). 

 

 

Figure 10: Mode shape (1,2). 
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Figure 11: Mode shape (1,3). 

 

Figure 12: Mode shape (1,4). 
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Figure 13: Mode shape (1,5). 

As aforementioned, the previous figures depict the mode shapes of the flag at 5 m/s. Though the 

mode shapes are dependent on velocity, these figures capture the general shape of the mode 

shapes at different velocities.  

          Next, it is important to look at the natural frequencies of the system. In studying the 

natural frequencies, the velocity was varied. Particularly, the velocity was considered to be 2.68 

m/s (6 mph), 3.13 m/s (7 mph), 3.58 m/s (8 mph), 5 m/s, and 10 m/s. This range of velocities was 

selected to see the effect of velocity on the flag. Table 1 presents the natural frequencies found at 

the previously mentioned velocities. 

Table 1. Natural Frequencies of the Flag at Varying Velocities 

Natural Frequency (rad/s) 2.68 m/s 3.13 m/s 3.58 m/s 5.00 m/s 10.0 m/s 

ω11  9.73 9.76 9.79 9.90 10.60 

ω12 22.34 22.40 22.46 22.73 24.33 

ω13  35.02 35.11 35.21 35.64 38.14 

ω14  47.71 47.84 47.98 48.56 51.97 

ω15 60.41 60.57 60.75 61.49 65.80 
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As one can see, the natural frequencies of the system always increase as the velocity increases. 

Though the amount the natural frequencies increase is low at the lower velocities, the increase is 

readily apparent at 10 m/s. Table 1 proves that the natural frequencies of the system are 

dependent on the velocity of the system, which is to be expected. Having said that, if the velocity 

were to continue to increase, the expected natural frequencies would also continue to increase. 

5.2 Numerical Forced Response Results 

          Having looked at the free response of the system, it is necessary to look at the forced 

response of the system. Intuitively, the forced response includes the pressure, the self-sustaining 

external force, and the electromechanical equation describing the system. In other words, the 

forced response takes into account everything acting on the system. Despite a plethora of 

parameters acting on the system, there are two outputs that are of particular interest when 

studying the piezoelectric flag: the deflection and the voltage. When studying these, the intent is 

to see the effect of the velocity and bluff body size on the system. It is believed that an increase 

of both velocity and bluff body will increase both the deflection and voltage produced by the 

flag.  

          In running the numerical simulations for the flag for the forced response, those velocities 

that matched up with the experimental procedure were considered. Additionally, three cylindrical 

bluff bodies were considered. These cylindrical bluff bodies had diameters of 0.47”,0.88”, and 

1.12”. The following discussion details the trends observed in both deflection and voltage as both 

the velocity and bluff body size is varied. 

          To begin with, the numerical forced deflection will be discussed. First, it is worth looking 

at the response of the flag when the bluff body size is varied. Figure 14 shows the deflection at 

the center of the flag when the velocity is considered to be 3.13 m/s. 
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Figure 14: Predicted deflection at the center of the flag with varying bluff bodies at a wind speed 
of 3.13 m/s. 

 

From Figure 14 it is apparent that as the bluff body diameter increases, the deflection at the 

center of the flag increases. This is true for both the peak to peak deflection and the root mean 

square deflection. Similarly, Figure 15 portrays the response at the bottom-center of the flag. 

 

Figure 15: Predicted deflection at the bottom of the flag with varying bluff bodies at a wind 
speed of 3.13 m/s. 
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Similar to Figure 14, Figure 15 shows that the deflection, both the peak to peak and the root 

mean square, at the bottom of the flag increases as the bluff body size increases. However, the 

deflections predicted in Figure 15 are not realistic considering the geometry of the piezoelectric 

flag. On the other hand, the deflections portrayed in Figure 14 are reasonable. Furthermore, 

Figure 16 and Figure 17 show the effect of varying the velocity at a single bluff body. 

 

Figure 16: Predicted deflection at the center of the flag with varying wind speeds with a bluff 
body diameter of 0.88”. 

 

From Figure 16, it is observed that the peak to peak deflections decrease as the velocity 

increases, while the root mean square deflections fluctuate.  
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Figure 17: Predicted deflection at the bottom of the flag with varying wind speeds with a bluff 
body diameter of 0.88”. 

 

Figure 17 further exemplifies the trends shown in Figure 16. Specifically, the peak to peak 

deflection decreases as the velocity increases, while the root mean square deflection fluctuates. 

This phenomenon is due to the vibrations of the flag becoming more stable. In other words, the 

amplitude of the vibrations is becoming smaller, but the frequency of the vibrations is increasing.  

          Next, it is beneficial to observe the voltage predicted form the numerical model. Similar to 

the discussion surrounding deflection, the effect of varying both the velocity and bluff body size 

will be examined. First, Figure 18 portrays the effect of varying the bluff body size when the 

velocity is 2.68 m/s. 
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Figure 18: Predicted voltage produced by the flag with varying bluff bodies at a wind speed of 
2.68 m/s. 

 

Looking at Figure 18, it is observed that the both the peak to peak voltage and the root mean 

square voltage increase as the bluff body size increases. Furthermore, the voltage range, 2-14 

mV, is a reasonable voltage range when considering the properties of the piezoelectric material. 

Next, Figure 19 presents the voltage when the velocity is varied with the intermediate bluff body. 

 

Figure 19: Predicted voltage produced by the flag with varying wind speeds with a bluff body 
diameter of 0.88”. 
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Similar to the deflection, the root mean square voltage at varying velocities fluctuates. Then, as 

before, the peak to peak decreases as the velocity increases. For piezoelectric materials, it is 

important that the amplitude be large. This allows for the most energy to be harvested. So, as the 

velocity increases, and the amplitude of vibration becomes smaller, the voltage produced by the 

piezoelectric flag will decrease. 

5.3 Experimental Results 

          Having looked at the numerical solutions for both the free response and forced response 

already, it is now time to look at the experimental results. As stated earlier, when investigating a 

novel system, experimental results are a must when trying to validate a numerically derived 

system. The experimental results have the potential to expose weaknesses in the numerical 

model. By doing this, experimental results have the potential to improve the numerical model 

which has been studied up to this point. 

          The experimental results are going to be primarily observed in three ways. First, they will 

be looked at from the frequency domain. In other words, the deflection and voltage data 

experimentally obtained will undergo a Fast Fourier Transform (FFT). In doing this, the 

frequency at which the system is operating will be found. Secondly, the experimental data will 

allow for the numerical deflections found to be compared to the experimental deflections. 

Similarly, the voltages obtained experimentally will be compared to the voltages predicted 

numerically. 

          To begin with, the data obtained experimentally was converted to the frequency domain 

through a FFT. While the FFT was acquired for every set of data, for both deflection and voltage, 

the following three plots will be the only ones discussed, due to the fact that they present the data 

most clearly. Particularly, an FFT is being presented for each individual velocity at a certain 
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bluff body diameter. In other words, each FFT has a unique velocity and bluff body diameter 

compared to the others. That being said, the first FFT presented in Figure 20 occurs with the 

smallest bluff body, 0.47”, at 2.68 m/s. 

 

Figure 20. FFT of the deflection at the center of the flag with a wind speed of 2.68 m/s and with 
a bluff body diameter of 0.47”. 

 
From Figure 20, it can be seen that the flag acts primarily at 8.813 rad/s, along with following 

frequencies. However, when comparing these frequencies to those in Table 1, they do not match. 

This is most likely a result of the flag working at a combination of these natural frequencies. 

Similarly, Figures 21-22 present the FFT at different velocity and bluff body combinations. 

8.813 rad/s 

17.59 rad/s 

26.74 rad/s 

35.84 rad/s 
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Figure 21. FFT of the voltage produced by the flag with a wind speed of 3.13 m/s and with a 
bluff body diameter of 0.88".  

 

 
Figure 22. FFT of the voltage produced by the flag with a wind speed of 3.58 m/s and with a 

bluff body diameter of 1.12".  
 

11.27 rad/s 

22.91 rad/s 

13.05 rad/s 

25.62 rad/s 

48.97 rad/s 
37.69 rad/s 

60.00 rad/s 
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Similar to Figure 20, it is obvious at which frequencies the flag is operating at in Figure 21 and 

Figure 22. While none of the figures contain the same forced frequencies, it is apparent that the 

low frequency is relatively similar, especially in Figure 21 and in Figure 22. Similarly, the 

second excited frequency is similar in Figure 21 and Figure 22. In Figure 22, the frequency at 

60.00 rad/s is pointed out. This is pointed out because it has been previously determined that 

noise occurs in the system at this particular frequency. Thus, the peaks highlighted in the 

aforementioned figures need to go beyond the peak present at 60.00 rad/s. The frequencies 

pointed out in the previous figures are very similar to those tabulated in Table 1. They are not 

exact, because the flag is most likely acting at a combination of these natural frequencies. Also, 

another thing worth noting is the fact that the previous figures all portrayed what occurred at the 

center of the flag. This is most likely due to the fact that the vibrations of the flag are more stable 

at the center of the flag compared to the end of the flag. In other words, the vibrations at the 

center of the flag are more periodic compared to the end of the flag. Since they are more periodic 

at this location, an FFT is more readily able to be taken.  

          While the previous discussion primarily focused on the FFT, the following discussion will 

focus on the deflection and voltage data obtained from the experimental data. First, the deflection 

experienced by the flag will be examined. In Figures 23 and 24, the deflection is shown when the 

bluff body size is varied. In other words, the behavior of the flag at a single velocity, 3.13 m/s, at 

both the middle and bottom of the flag is presented.  
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Figure 23: Experimental deflection at the center of the flag with varying bluff bodies at a wind 
speed of 3.13 m/s. 

 

Figure 24: Experimental deflection at the bottom of the flag with varying bluff bodies at a wind 
speed of 3.13 m/s. 

 

Clearly, both the root mean square and the peak to peak deflection increases as the bluff body 

size is increased. The only exception from the previous figures is between the first and second 

bluff body size at the middle of the flag. This decrease can be attributed to disturbances in the 

system. Regardless, the deflection generally increases as the bluff body size increases. 
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Continuing, Figure 25 and 26 present the deflections of the flag when the bluff body size is kept 

constant but the velocities are varying. 

 

Figure 25: Experimental deflection at the center of the flag with varying wind speeds with a bluff 
body diameter of 0.88”. 

 

Figure 26: Experimental deflection at the bottom of the flag with varying wind speeds with a 
bluff body diameter of 0.88”. 

 

Compared to Figures 23 and 24, the deflection of the flag presented in Figures 25 and 26 is 

seemingly erratic. Obviously, the deflection does not generally increase, but rather it seems to 
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consistently fluctuate. These apparent fluctuations are a result of nonlinear phenomena. Though 

these are experimental results, the numerical model previously presented could not account for 

such nonlinear phenomena because it is a linear model. It is expected that at lower velocities, the 

nature of the deflection would be linear, but, after this phase, the deflection becomes briefly 

nonlinear. To further demonstrate the deflection of the flag, Figures 27 and 28 provide the raw 

data from the experimental setup. 

 

Figure 27. Experimental deflection at the center of the flag with a wind speed of 3.13 m/s and a 
bluff body diameter of 0.88”. 
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Figure 28. Experimental deflection at the bottom of the flag with a wind speed of 3.13 m/s and a 

bluff body diameter of 0.88”. 
 

From Figures 27 and 28, the somewhat periodic nature of the response can be seen. However, 

random peaks are also observable. Figures 27 and 28 are a testament to the disturbances present 

in the system, for the system is not perfectly controlled. This is due to imperfections in the 

experimental setup, which are inevitable. 

          Lastly, the experimental voltage output of the flag is worth studying. First, the raw data is 

worth observing in Figures 29 and 30. 
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Figure 29. Experimental voltage at the center of the flag with a wind speed of 3.13 m/s and a 
bluff body diameter of 0.88”. 

 

Figure 30. Experimental voltage at the bottom of the flag with a wind speed of 3.13 m/s at a bluff 
body diameter of 0.88”. 
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As one can see, the voltage experimentally produced by the system is rather small. While the raw 

data is useful, the trends are more readily apparent when observing Figures 31 and 32 below. 

 

Figure 31: Experimental voltage produced by the flag with varying bluff bodies at a wind speed 
of 2.68 m/s. 

 

When comparing Figure 31 to Figure 18, it is obvious that the predicted voltages are 

significantly higher than those voltages gathered experimentally. 

 

Figure 32: Experimental voltage produced by the flag with varying wind speeds with a bluff 
body diameter of 0.88”. 
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However, when Figure 32 is compared to Figure 19, one can see that the peak to peak voltages 

are comparable. Similarly, the root mean square voltages are with in the same range. That being 

said, from Figures 31 and 32, it is clear that the voltage output is more dependent on the velocity 

increasing. In Figure 32, the voltage, both the root mean square and peak to peak, always 

increases. On the other hand, when the bluff body size increases at the same velocity, the voltage 

tends to fluctuate. This trend can be seen in Figure 31. 
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CHAPTER 6 

FUTURE WORKS 

          With a project of this magnitude, there is a constant need for improvements and further 

study of the material. Just looking at his project, the evolution and improvements are vast. This 

project began as primarily experimental, which allowed for the groundwork to be laid. Then, 

from the experimental data, a numerical Euler-Bernoulli beam model was created. Now, the 

system has been studied yet again, and now the system has been described with a membrane 

model, which has more realistically captured the motion and deflection of the flag. 

          To begin with, the numerical model needs to be further studied. The Theodorsen function, 

which simplified to the Hankel function, needs to be further studied. The Hankel function is 

comprised of two Bessel functions, which introduces imaginary components. At this time, the 

magnitude of the imaginary components has been taken and incorporated into the numerical 

model. However, these imaginary components need to be further studied to understand their 

implications on the system. Furthermore, the tension in the x-direction needs to be looked at 

further. As of right now, the tension in the x-direction is zero. This decision was made to 

simplify the problem up to this point. Going forward, it may be wise to incorporate either a 

constant tension or a varying tension in the x-direction[56, 58]. Also, the electromechanically 

coupled equation has an experimental scaling factor. It would be beneficial to perform further 

tests to see if this scaling factor can be found. This scaling factor would need to be found and 

verified at each velocity and bluff body configuration.
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          Though describing the flag as a membrane has been a successful next step, much must still 

be done to ensure the continued success of this research. First, more tests need to be performed 

in the hopes of further validating the numerical model. To do this, a new setup may need to be 

constructed. This new setup would allow for a wider range of velocities to be tested. Similarly, a 

new setup would allow for a wider range of bluff bodies to be tested. With this wider range of 

velocities and bluff bodies, the most effective settings can be found. In other words, finding the 

critical velocity and suitable bluff body will maximize energy harvesting capability. 

          For studying the bluff bodies, a more directed study needs to take place in regards to both 

size and shape[31, 32, 34, 35, 59-61]. This study only employed cylindrical bluff bodies, but 

studying hemispherical, triangular, and other shapes, along with the cylindrical bluff body, will 

enhance the study. Furthermore, the material of the bluff body needs to be taken into 

consideration. Previous tests used porous materials, and these tests used what was readily 

available, which in this case was cylindrical card board. It needs to be ensured that the material 

selected ensures smooth flow and is not porous. This could be a challenging endeavor in regards 

to cost effectiveness. 

          Another aspect of the research that needs to be further studied is the circuit required to 

successfully harvest the voltage produced[23-25]. This is currently being done, but this will 

allow for more accurate data collection, especially since the resistance being used is that of the 

oscilloscope. On this note, the resistance of the dSPACE was not readily available. Ideally, this 

resistance would be accounted for. Knowing this resistance would obviously change the 

resistance considered in the numerical results. Knowing this resistance would also affect the 

scaling factor present in the electromechanically coupled equation. 
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          Perhaps the greatest step that needs to be taken in this research has to do with the 

orientation of the flag. Currently, the flag is hanging vertically. As described before, this allows 

for all the primary forces acting on the system to be acting in one direction. Though tension in 

the x-direction has been account for, it is merely a constant. Having said that, the flag needs to be 

in the horizontal orientation. Despite being in the horizontal orientation, the boundary conditions, 

clamped-free, will remain the same. Furthermore, much of what has been derived will remain the 

same, but the force of gravity will severely complicate the problem. Gravity will cause the flag to 

droop, which is difficult to describe mathematically. This improvement will vastly affect the 

results, for, based on previous experiments, it seems that voltage output was greater. Granted, 

this may be due to the availability of a wind tunnel to offer truly uniform flow. Regardless, 

successful reorienting the flag will vastly enhance the current project. If this can be done, a 

nonlinear model will most likely be developed. A nonlinear model would be ideal, despite the 

difficulty of deriving such a model.
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CHAPTER 7 

CONCLUSION 

          In conclusion, the field of energy is constantly evolving. With the field of energy 

constantly evolving, the capabilities of piezoelectric materials have been increasingly studied. 

Specifically, piezoelectric materials have been increasingly studied for their energy harvesting 

capability. This project studied PVDF for energy harvesting purposes. Having said that, the 

capabilities of piezoelectric materials, especially PVDF, were discussed. While PVDF is not 

generally efficient, it is by far the most flexible. This makes PVDF especially attractive for 

energy harvesting purposes. After background research was completed, a numerical model was 

developed for a piezoelectric flag vertically oriented. The numerical model examined the tension, 

pressure, external force, and the effect of the piezoelectric material on the system. This allowed 

for a wide variety of numerical simulations to be performed, which have been presented. 

          To validate the numerical simulations, a wind tunnel was constructed to test the vertically 

oriented flag. The flag was exposed to multiple wind velocities and bluff body sizes. It was 

shown that, while not perfect, the numerical results and experimental results reasonably 

confirmed the validity of the model.   

          Finally, future works for this project were suggested. With the field of energy constantly 

changing, piezoelectric energy harvesting will probably continue to grow as a possible source for 

energy. As a result, there are many avenues as to which the next person could take to enhance 

and more thoroughly study this system. 
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APPENDIX 

Table A1. Deflection at the Bluff Body with 0.47” Diameter 

Velocity (Location) Minimum (m) Maximum (m) Peak to Peak (m) RMS (m)  

2.68 m/s (Bottom) -0.020 0.029 0.049 0.004 

2.68 m/s (Middle) -0.034 0.073 0.107 0.015 

3.13 m/s (Bottom) -0.008 0.008 0.016 0.002 

3.13 m/s (Middle) -0.027 0.050 0.076 0.012 

3.58 m/s (Bottom) -0.008 0.011 0.020 0.003 

3.58 m/s (Middle) -0.048 0.079 0.127 0.019 

 

Table A2. Deflection at the Bluff Body with 0.88” Diameter 

Velocity (Location) Minimum (m) Maximum (m) Peak to Peak (m) RMS (m) 

2.68 m/s (Bottom) -0.036 0.081 0.116 0.017 

2.68 m/s (Middle) -0.089 0.091 0.180 0.036 

3.13 m/s (Bottom) -0.034 0.023 0.057 0.009 

3.13 m/s (Middle) -0.029 0.033 0.062 0.010 

3.58 m/s (Bottom) -0.049 0.038 0.087 0.014 

3.58 m/s (Middle) -0.039 0.029 0.068 0.011 
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Table A3. Deflection at the Bluff Body with 1.12” Diameter 

Velocity (Location) Minimum (m) Maximum (m) Peak to Peak (m) RMS (m) 

2.68 m/s (Bottom) -0.025 0.038 0.063 0.010 

2.68 m/s (Middle) -0.039 0.065 0.103 0.018 

3.13 m/s (Bottom) -0.042 0.031 0.073 0.013 

3.13 m/s (Middle) -0.031 0.084 0.115 0.015 

3.58 m/s (Bottom) -0.037 0.032 0.069 0.014 

3.58 m/s (Middle) -0.046 0.044 0.089 0.017 

 

Table A4. Voltage at the Bluff Body with 0.47” Diameter 

Velocity (Location) Peak to Peak (mV) RMS (mV) 

2.62 m/s (Bottom) 2.37 0.40 

2.68 m/s (Middle) 0.89 0.15 

3.13 m/s (Bottom) 3.80 0.68 

3.13 m/s (Middle) 3.40 0.58 

3.58 m/s (Bottom) 2.10 0.29 

3.58 m/s (Middle) 1.75 0.31 
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Table A5. Voltage at the Bluff Body with 0.88” Diameter 

Velocity (Location) Peak to Peak (mV) RMS (mV) 

2.68m/s (Bottom) 2.60 0.35 

2.68 m/s (Middle) 2.50 0.39 

3.13 m/s (Bottom) 4.50 0.67 

3.13 m/s (Middle) 3.90 0.58 

3.58 m/s (Bottom) 7.30 1.0 

3.58 m/s (Middle) 5.70 0.87 

 

 

Table A6. Voltage at the Bluff Body with 1.12” Diameter 

Velocity (Location) Peak to Peak (mV) RMS (mV) 

2.68 m/s (Bottom) 1.49 0.22 

2.68 m/s (Middle) 1.34 0.23 

3.13 m/s (Bottom) 1.83 0.26 

3.13 m/s (Middle) 1.58 0.26 

3.58 m/s (Bottom) 4.80 0.80 

3.58 m/s (Middle) 3.70 0.62 

 

  
 

 


