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ABSTRACT 

The work done in this thesis aims to improve understanding of advanced multifunctional 

nanocomposite materials by developing physics-based multi-scale model of nanoparticle 

reinforced polymer matrix composites in order to accelerate their implementation into aircraft 

structural applications. These objectives of material development are addressed through the use 

of computational material modeling. 

In this regard, a novel technique to model damage and damage evolution in polymer 

nanocomposites (PNC’s) using the Internal State Variable (ISV) approach is proposed. The 

multi-scale aspects of the nanocomposite are captured by embedding local inhomogeneities and 

the localized nanoparticle (nanographene) and polymer atom interactions at the interface into a 

continuum scale model. This approach assumes that the damage evolution is primarily due to 

changes in non-bonded interactions at the nanoscale (nanoscale-informed damage mechanics 

model or NIDM model). 

The NIDM model attempts to (a) capture the stiffness and strength enhancements due to 

nanoscale reinforcement of graphene by tracking the change in Helmholtz free energy of 

nanocomposite over baseline polymer and (b) models the stiffness degradation using an internal 

state variable (ISV) approach based on the fundamental thermodynamic principles of damage 

mechanics. The unknown coefficients in the NIDM model are obtained by a least squares fit of 

the PNC stress-strain behavior using molecular dynamics (MD) simulations. It is envisioned that 

the damage model can be easily incorporated into a FEA algorithm and used by NASA and the 

aerospace industry for structural design applications. 
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Chapter 1 

Introduction 

Although polymer systems have been widely in use for a long time due to their unique 

attributes like ease of production, lightweight and ductile nature, they tend to have lower strength 

and modulus compared to metals and ceramics. This makes the inherent properties of the 

polymer alone sometimes insufficient to meet the structural demands of an application. Blending 

with a stronger or stiffer material is often necessary to improve the mechanical performance of 

the pristine polymer. One of the ways to mitigate this problem and increase their mechanical 

properties is by reinforcing the polymer with inclusions like fibers, whiskers, platelets, or 

particles. This embedding of inclusions in the matrix is what makes composite materials, giving 

them new and improved properties not achieved by both phases alone while maintaining the 

original lightweight and ductile nature.  

In the aerospace industry in recent years, polymer matrix composites have increasingly 

gained prominence as the materials of choice for improving performances and reducing the 

weight and cost of aircrafts or space launch vehicles. Major advancements have been made in the 

ability to design, fabricate, and analyze large complex aerospace structures. Initially the 

application of composite materials was limited to secondary structures in the aircrafts such as 

small doors and control surfaces. However with the advancement in technology, their use in 

primary structures such as wings and fuselages has increased. The recent efforts by Boeing (787 

Dreamliner) and Airbus (A350XWB ) to incorporate composites into the primary load carrying 

structures of large 
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commercial aircrafts [Walz,2006] is evidence of the significant advancements made in the 

understanding and use of these materials in real world aircrafts. 

While composites reinforced with micro sized inclusions are widely in use today, it is 

now well known that novel material properties can also be obtained by scaling the particle size 

down to the nanometer scale (i.e. nanoparticle reinforced composites or nanocomposites). One of 

the earliest known uses of nanoparticle reinforced polymer was when clay reinforced resin 

known as Bakelite was produced in the early 19
th

 century [Baekeland, 1909]. It was only in the 

last 20 years that the scientific community was galvanized when beginning in the early 1990s; 

Toyota Central Research Laboratories in Japan reported work on a Nylon-6 nanocomposite 

[Kozima et al., 1993; Okada, A. and Usuki, A., 1995; Usuki, et al.,1995]. Researchers observed 

significant improvement in mechanical properties with clay loading of 4.2 wt%, a 100% increase 

in the elastic modulus and more than 50% increase in strength properties. Furthermore, an 

improvement in thermal properties was also observed, with the increase of heat distortion 

temperature (HDT) by 80°C compared to the pristine polymer. 

As part of the renewed interest in nanocomposites, researchers began seeking design 

rules that would allow them to engineer materials that combine the desirable properties of 

nanoparticles and polymers. In case of conventional structural materials like metals or plastics, 

there is already a comprehensive database of statistically determined materials property values 

derived from test data. However, such materials are considered to be homogeneous, which limits 

their possible failure modes, and hence, the cost and testing required to characterize the material. 

On the other hand, composites are heterogeneous materials and show varying degrees of 

anisotropy, resulting in a larger variety of potential failure modes. Since composites are 
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engineered materials they would need an overwhelming amount of testing to be incorporated into 

the Design Allowable Database and thereby address the designer’s uncertainty and reduce risk.  

The motivation for the current research stems from the fact that there is a need to support the 

development of nanostructured multifunctional composite materials through computational 

materials modeling where expensive trial-and-error approach for materials fabrication and 

characterization could be avoided. The development of Design Allowables for composite 

materials requires the construction of a database of very large mechanical and other physical 

properties. This requires the evaluation of multiple batches of composites which needs expensive 

tests to determine their long term structural performance, expenses on tools to fabricate 

subcomponents, along with time and expenses to test additional complications. Computational 

materials modeling, is one such methodology which can provide a basis for designing novel 

materials to predict the relationship between the material structure and performance. One of the 

current design requirement factors limiting our ability to exploit advanced composite and 

nanostructured composites is the inability to accurately predict end-of-life properties, damage 

tolerance, and durability of multi-functional polymer matrix composites (PMCs). A multi-scale 

physics-based modeling approach, in which the individual roles of the constituent materials and 

their interfaces are recognized, is necessary for predicting the response of PMC based structures 

especially in aircraft structure applications.  

In this research a novel technique to model damage and damage evolution in polymer 

nanocomposites (PNC) using the Internal State Variable (ISV) approach is proposed. The multi-

scale aspects of the nanocomposite are captured by embedding local inhomogeneities and 

localized nanostructure-polymer interactions (i.e. nanographene with EPON 862 polymer atoms) 

at the interface into a continuum scale model. This nanoscale-informed damage mechanics 
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model (NIDM) will be used to develop a nonlinear constitutive law for the nanocomposite 

(incorporating the effect of nanoparticle aspect ratio, nanoparticle weight percentage and 

alignment) from damage initiation to failure progression. The NIDM model will also provide a 

physical framework to (a) capture the enhancements in stiffness and strength of the polymer 

matrix resin due to nanoscale reinforcement and (b) capture the deterioration in stiffness due to 

damage evolution. It is envisioned that the damage model will be easily incorporated into a 

macro-scale analytical tool (e.g. Finite Element Analysis) and be employed in the design and 

analysis of novel engineering materials such as polymer nanocomposites.  

1.1 Literature review 

Owing to their nanoscale features and very high surface-to-volume ratios, polymer 

nanocomposites possess unique combination of multifunctional properties not shared by 

conventional composite counterparts reinforced with micro-sized fillers [Fisher, F.T. and 

Brinson, L.C., 2006; Moniruzzaman, M. and Winey, K.I., 2006; Thostenson, et al.,2005; Ajayan 

et al., 2003]. These multifunctional nanocomposites not only exhibit excellent mechanical 

properties, but also display outstanding combination of optical, electrical, thermal, magnetic and 

other physico-chemical properties [Komarneni, S., 1992]. 

Preliminary results on nanoclay reinforced pultruded E-glass/polypropylene (PP) test 

specimens published by Hussain et al [Hussain, et al., 2007] had indicated significant 

improvements in the compressive strength as well as compressive modulus of nanoclay 

reinforced E-glass/PP composite. Significant enhancements in compressive modulus of neat 

polypropylene resin were also observed in their study. Interestingly, more than 100% 

improvement in mechanical properties (of both neat resin and composite) was observed with 10 
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wt% (weight percentage) addition of nanoclay. Further, greater than 60% improvement in 

interlaminar shear strength was also recorded for 3 wt% nanoclay loading.  

Qian et al [Qian et al., 2002] showed that with the addition of only 1 wt% of Carbon nanotubes 

(CNTs) in a matrix material, the stiffness of the resulting nanocomposite film increased between 

36% to 42% and the tensile strength by 25%, which indicates a significant load transfer across 

the nanotube–matrix interface. 

Lozano & Barrera [Lozano and Barrera, 2001] demonstrated a 100% increase in the 

mechanical properties with only 2 wt% vapor grown carbon fibers (VGCFs) in a polypropylene 

matrix. Patton et al. [Patton et al., 1999] combined VGCFs with an epoxy and polyphenylene 

sulfide to improve the flexural properties of the matrix materials. They obtained 68% and 91% 

increases in the flexural strength in epoxy and polyphenylene sulfide, respectively, with a 

nominal fiber loading of 20% by volume. In another study, Kuriger et al [Kuriger et al., 2002] 

with a higher loading of VGCFs in polypropylene produced over 50% increase in the tensile 

strength.  

While the reinforcing effect of these nanoparticles in the matrix is obvious, there is also 

the need to quantify the dramatic increase in mechanical properties of the composite. It therefore 

becomes important to understand the mechanisms at the nanoscale that are responsible for the 

property enhancements. It is envisioned that a better understanding of the mechanisms at the 

nanoscale will lead to optimization of the processing variables at the macroscale, which in turn 

will lead to the manufacture of nanocomposites more efficiently yet at lower cost. In order to 

understand the enhancement of mechanical properties with the addition of nanofillers, numerous 

efforts have been undertaken by various researchers in recent years. Valavala et al [Valavala et 

al., 2007] used the energy equivalence of continuum and atomistic models of polymer systems to 
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characterize the nonlinear stress-strain response of polymers (in particular, polycarbonate and 

polyimide). Burchyachenko et al [Buryachenko et al., 2005] used the Eshelby and Mori-Tanaka 

methods to determine the effective properties of nanocomposite materials. Riddick et al 

[Riddick, et al., 2006] used equivalent modeling of carbon nanotubes in polymers to study the 

fracture toughness of PMCs with embedded carbon nanotubes (CNTs). Awasthi et al [Awasthi et 

al., 2006] employed molecular dynamics (MD) to determine the force-displacement curves 

between nano inclusions (CNT) and the polymer system.  

While the material models in these works were successful in predicting (at least 

qualitatively) the enhancements of modulus for nanocomposites, the biggest drawback is the 

assumption of a well bonded continuous interface at the nanoscale between the nanoparticle and 

polymer material. In reality, a realistic model of the material must explicitly account for the 

discrete material behavior especially at interfaces.  

In a typical nanoparticle reinforced composite there are different length scales involved. 

The nanoparticle reinforcements interact intimately with the polymer matrix molecules to 

provide strengthening of the polymer matrix at the nanoscale. Their thickness is typically of the 

order of nanometers (10
-9 

meters). The size of the intercalating polymer molecules are roughly on 

the order of the nanoparticle thickness, depending on the degree of polymerization. The fiber 

diameter is usually on the order of 5 to 10 microns (1 micron = 10
-6

 meter), although its length 

may extend up to several meters. It is evident that the enhancement in macro scale strength 

exhibited by the polymer nanocomposites is mainly governed by two factors: the properties of 

the constituent phases and the interfacial interactions between the polymer molecules and 

reinforcing structure at the nanoscale.  Hence, a satisfactory theoretical model must appeal to the 

physics of the problem at the nano-scale and at the same time be robust enough to predict 
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performance at the macroscale. Consequently, a multi-scale physics-based modeling approach, in 

which individual roles of constituent materials and their interfaces are recognized, is necessary to 

accurately represent the material anisotropy for predicting the response of PMC aircraft 

structures. The objective of this research is to incorporate the interactions at the interfaces and its 

associated properties through multiscale damage modeling. 

1.1.1 Graphene reinforced Epon 862 polymers 

Polymers, in general, can be classified as thermoplastics or thermosets. Thermoplastic 

polymers are tougher and have better impact resistance compared to thermosets. The harder, 

more rigid and brittle behavior of thermosets are a manifestation of the strong covalent cross-

links between the polymer chains which makes the macromolecules resistant to chain 

deformation and rearrangement. The molecular morphology in a thermoset also affects its post 

cure characteristics. Cured thermoset polymers do not soften on re-heating, and only break down 

at high temperatures. Thermoplastics on the other hand, owing to their weak inter molecular 

forces of attraction in between chains are amenable to remolding and reshaping on application of 

heat. These properties render thermoplastic polymers recyclable and feasible to applications in 

green technology. In this research, our attention is focused on thermoset polymer EPON 862 and 

the effect of nanographene platelets reinforcements on the mechanical properties of thermoset 

polymer matrix. 

Epoxy resins are an important class of compounds containing two or more epoxy groups 

which react with different curing agents consisting of chemical groups like amines and 

anhydrides. The result is cross-linked epoxy systems which exhibit a series of excellent 

performance, i.e. high modulus and fracture strength, low creep and high-temperature 

performance. There has been a large interest in the epoxy resin Bisphenol F diglycidyl ether 
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(EPON 862) with the curing agent diethlyenetoluenediamine (DETDA) for applications with 

carbon nanotubes (CNT) and graphene sheets to form a nanocomposite. These nanocomposites 

have been shown to have better material characteristics than the cross-linked resin on its own. 

Many experimental and theoretical studies are available in literatures which explore the 

properties of epoxy based systems.  

Wu and Xu [Wu, Chaofu, and Weijian Xu, 2006], performed a MD simulation of cross-

linked Diglycidyl Ether Bisphenol A (DGEBA) epoxy with isophorone diamine (IP) as a curing 

agent. They determined elastic constants, optimum unit cell dimension and density of the epoxy 

system. Fan and Yuen [Fan, Bo, Hai and Yuen, M.F. Matthew, 2007] , also carried out MD 

simulation for cross-linked Diglycidyl Ether Bisphenol F (EPON 862) epoxy in the presence of 

curing agent Triethylenetetramine (TETA). They outlined the MD simulation methodology and 

eventually determined the Young’s modulus and glass transition temperature of the crosslinked 

network. Bandyopadhay and coresearchers [Bandyopadhay et al., 2010], studied the mechanical 

and thermal properties of cross-linked epoxy polymer using MD simulation. All these works 

were entirely based on neat epoxy systems. 

In the last few years, graphene has drawn attention of the nanoscience research 

community due to its attractive electrical and mechanical properties. It has become one of the 

most exciting nanomaterials in the century so much so that its founders and coresearchers 

Novoselov et al [Novoselov, et al., 2004] won the Nobel Prize in 2010. Graphene is the basic 

structural unit of  carbon allotropes like graphite, carbon nanotubes and fullerenes. It can be 

considered as a two dimensional carbon nanofiller with a one-atom-thick planar sheet of sp
2
 

bonded carbon atoms that are densely packed in a honeycomb crystal lattice. It is regarded as one 

of the thinnest material in the universe [Chui and Glennda, 2014]. The rolling up of graphene 
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along a given direction produces a carbon nanotube. A single layer of graphene possesses a 

higher Young’s modulus, thermal and electrical conductivity and is cheaper than CNT [Du and 

Cheng,2012] which opens up a new opportunity to introduce this nanomaterial in enhancing the 

properties of different polymer composites. Moreover, compared to a CNT which has a higher 

strength only along the longitudinal direction, a 2-D graphene sheet is strong in both longitudinal 

and transverse directions. 

The number of theoretical/numerical works published on the effect of graphene-based 

nanocomposites on mechanical properties has so far been limited. Existing works in this field 

are, for example, the molecular dynamics based simulation techniques employed by Awasthi et 

al [Awasthi et al., 2009], who studied the load transfer mechanisms between polyethylene and a 

graphene sheet. Cho et al. [Cho et al., 2007] studied the mechanical properties of an epoxy 

matrix reinforced with randomly distributed graphene sheets, using the Mori–Tanaka approach in 

conjunction with molecular mechanics (MM). Elastic constants of graphene sheets, which 

constituted the inclusion phase in the micromechanical model, were computed via molecular 

force field method. The calculations confirmed that the modulus of the nanocomposite was 

strongly dependent on the aspect ratios of the graphene sheets, but not on their sizes. Most 

recently, Montazeri and Tabar [Montazeri and Tabar, 2011] developed a multiscale finite 

element model to study the elastic constants of a graphene-based polymer nanocomposite. 

Parashar and Mertiny [Parashar and Mertiny , 2012] also proposed a multiscale model using 

finite elements to characterize the buckling phenomenon in graphene/polymer nanocomposites. 

It has been shown that polymer-based nanocomposites, with exfoliated graphene sheets as 

reinforcing elements, show dramatic improvements in mechanical properties. Koratkar et al 

[Koratkar et al., 2009] have shown that by adding graphene, equal to 0.1% of the weight of the 
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composite, the strength and the stiffness of the resulting matrix were enhanced by the same 

degree as that of adding CNTs equal to 1% of the weight of the composite. This order of 

magnitude gain highlights the potential benefits of graphene as a reinforcement material. These 

authors have also reported a significant increase (up to 52%) in the critical buckling load of the 

nanocomposite with 0.1% weight fraction of graphene sheets introduced into the epoxy matrix 

[Rafiee et al., 2009]. The graphene fillers are also found to have improved resistance to fatigue 

crack propagation by nearly two orders of magnitude, compared with the baseline epoxy material 

[Belytschko et al., 2002]. 

1.1.2 Multiscale modeling of nanocomposites 

Excellent properties of the nanotube do not necessarily translate into the same properties 

for the bulk nanocomposite. Several issues pertaining to the alignment, dispersion, length, size, 

orientation and load transfer need to be considered and optimized in order to attain the desired 

properties of the composite. Since experimentation at the nanoscale is still a developing field, the 

most effective way of quantifying the effects of such parameters is predominantly through 

computational modeling techniques. The models that have been developed to understand the 

reinforcement mechanism in nanocomposite materials have predominantly been based upon 

either traditional continuum mechanics or purely atomistic methods. However, traditional 

continuum mechanics models are incapable of accurately describing the influence of the 

dispersion of nanofillers into composites upon their mechanical properties because they lack the 

appropriate constitutive relations that govern the behavior of the composites at this scale. At the 

nanoscale, traditional continuum mechanical concepts do not maintain their validity, and gross 

oversimplifications can arise from the use of a purely continuum model [Chang et al., 2006], 

however full atomistic descriptions are also unrealistic. They are computationally intensive and 
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are limited by the realistic system sizes due to the enormous number of degrees of freedom 

involved. Since the properties at the various scales in the system depend on each other, it is 

necessary to formulate the properties in terms of multiscale modeling techniques. The degrees to 

which these scales are coupled would depend upon the systems investigated. Hence, varied 

multiscale approaches currently exist in the literature. The two main techniques in multiscale 

modeling are the hierarchical and the concurrent simulation schemes. The key difference 

between them is the bridging methodology. In concurrent methods, the bridging methodology is 

numerical or computational in nature. In the hierarchical methods, numerical techniques are 

independently run at dissimilar length scales. Then, a bridging methodology such as statistical 

analysis methods, homogenization techniques, or optimization methods can be used to 

distinguish the pertinent cause-effect relations at the lower scale to determine the relevant effects 

for the next higher scale.  

One effective hierarchical method for multiscale bridging is the use of 

thermodynamically constrained internal state variables (ISVs) that can be physically based upon 

the microstructure property relations. It is a top-down approach, wherein the ISVs exist at the 

macroscale but reach down to various subscales to receive pertinent information. The basic idea 

behind the theory of ISV is that, in order to uniquely define the Helmholtz free energy of a 

system undergoing an irreversible process, one has to expand the dimensions of the state space of 

deformation and temperature (state variables commonly employed in classical thermodynamics 

to study elastic materials) by introducing a sufficient number of additional state variables which 

are considered essential for the description of the internal structure at the associated length scales 

of the material in question. The number of these ISVs is related to the material structure as well 

as to the degree of accuracy with which one wishes to represent the material response. 



12 

 

The ISV formulation is a means to capture the effects of a representative volume element 

(RVE) and not all of the complex causes at the local level; hence, an ISV will macroscopically 

average in some fashion the details of the microscopic arrangement. Rice [Rice and Kestin, 

1971] and Kestin added the notions of inelastic behavior into the context of ISV theory. The 

inelastic behavior, of importance to the design and analysis of structural components, is typically 

plasticity, damage, and failure. For inelastic dissipative materials, the ISVs relate microstructural 

characteristics to mechanical behavior and have been used in various materials, polymers, 

composites, and ceramics [Talreja, 1991; Talreja, 1993; Talreja, 1997; Hasan and Boyce, 1995; 

Hasan and Boyce, 1995; Gailly, and Espinosa, 2002]. 

It is standard practice to use RVEs in the simulation and modeling of micro-reinforced 

polymer systems [Nemat et al.,1998; Shan and Gokhale, 2002; Sun and Vaidya, 1996; Bogetti et 

al.,1999; Liu and Chen, 2003] and so too has it become true of nano-reinforced polymer systems. 

Liu and Chen [Liu and Chen 2003], evaluated the effective properties of CNT-based composites 

through the development of an RVE based entirely on continuum mechanics. However, their 

RVE did not include a representation of the interface nor did it include an atomistic description. 

Fukunaga et al [Fukunaga et al., 2005], developed a RVE that included the CNT–polymer 

interface region. However, the interface was modeled using solid three-dimensional FE elements 

with constant material properties, which again imply the use of traditional continuum mechanics 

concepts, as opposed to an atomistic representation. No effort was made in addressing the 

nonlinearity of the system. Tserpes et al [Tserpes et al., 2008] constructed their RVE by 

representing the CNT as a simplified hollow beam element embedded in a solid three-

dimensional matrix. They presented the nonlinear response of both armchair and zigzag CNTs 

along with the nano-reinforced polymer equivalents. However, they did not include an interfacial 
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region in their RVE.  Li and Chou [Li and Chou, 2006] constructed their RVE using a space-

frame structure for the CNT, solid elements for the polymer and truss rods to represent the 

interfacial region. Constant material properties were used throughout the model, and hence it was 

incapable of capturing the nonlinearity of the system. More recently, Shokrieh and Rafiee 

[Shokrieh and Rafiee, 2010] extended the model of Li and Chou to incorporate a nonlinear 

interfacial region based on the Lennard–Jones potential. However, their model did not attempt to 

incorporate a nonlinear description of the CNT and the surrounding polymer. 

This thesis is focused on understanding the reasons behind the significant improvement in 

tensile and shear dominated properties of the matrix due to nanographene reinforcement. This is 

done by modeling the damage evolution in a continuum damage mechanics (CDM) based 

equivalent 3D RVE model of nanographene-polymer system. The model develops a nonlinear 

constitutive law that describes the behavior of the nanoparticle modified resin matrix from 

damage initiation to final failure. The constitutive law incorporates the effects of nanoparticle 

alignment, nanoparticle aspect ratio and weight percentage on the mechanical stiffness and 

strength of the PNC. Going further, this dissertation is organized as follows: Chapter two 

describes the general definition of a tensorial damage entity and constitutive equations for a 

composite body under thermo-mechanical response. Chapter 3 presents the formulation of a 

nanoscale informed damage mechanics model (NIDM) for Epon 862 polymer and nanographene 

reinforced Epon 862 polymer. Chapter 4 presents an overview of the development of a MD 

model of EPON 862/nanographene and characterizes and correlates the stress-strain behavior of 

the MD nanocomposite model to the NIDM model introduced in Chapter 4 besides also 

providing a detailed discussion of the results. Chapter 5 provides a conclusion for the whole 

dissertation and recommendations for future research. 
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CHAPTER 2 

Characterization of damage using the Internal State Variable Approach 

It is now well established that adding nanoparticles to a polymer matrix can significantly 

enhance its properties and achieve weight savings. The availability of physical models to capture 

these enhancements in relation to macroscale loading is limited primarily due to the difficulties 

involved in the modeling of polymer materials and the length-time scales involved. These 

enhancements in the mechanical and barrier properties of nanocomposites are attributed to the 

interactions taking place at the polymer-nanoparticle interface. These interactions occur on a 

length scale which is comparable to the interatomic separation. The objective of this research is 

to develop a novel representative volume element (RVE) based damage mechanics model of the 

polymer/nanoparticle interface. The proposed nanoscale-informed damage mechanics (NIDM) 

model correlates the dissipation of internal energy of the system to the deterioration of interface 

and bulk properties of the nanoparticle reinforced polymer composite system. 

The NIDM model will attempt to capture the stiffness and strength enhancements due to 

nanoparticle (nanographene) reinforcement by tracking the change in the Helmholtz free energy 

over baseline as measured through the framework of volume averaged atomistic stresses. 

Further, the model will also capture the stiffness degradation using an internal state variable 

(ISV) approach based on fundamental thermodynamic principles of damage mechanics. In order 

to explain the development of the damage model a continuum treatment of damage evolution is 

considered.
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Figure 2.1 Development of the equivalent damage model (a) the nanoscale polymer nanocomposite (b) the 

nanoscale RVE with equivalent properties (c) interface debond and void coalescence in the  actual polymer 

nanocomposite (d) damage development in the smeared model 

 

This is explained in Figure 2.1. As shown in the figure, the NIDM model constructs an 

equivalent model with a smeared representation of the nanographene, polymer system (Figure 

2(b)). As the “smeared” model deforms a critical value of strain occurs at which damage appears 

in the nanoscale RVE (Figure 2(c)).  

  In this chapter the internal state variable (ISV) approach proposed by Talreja 

[Talreja,1990] to model damage in composites will be modified and extended to model damage 

at the nanoscale. In the next section, we review the quantitative characterization of damage by 

defining variables which appropriately and sufficiently represent damage in the composite 

material as internal structure. This is followed by specializing the Clausius-Duhem equation to 

develop the constitutive relations with embedded dissipation due to damage evolution.  
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2.1 Damage Mechanics using the Internal State Variable Approach 

As mentioned above, a continuum treatment of damage evolution has been adopted for 

the NIDM model. This characterization regards the nanocomposite consisting of the polymer 

matrix resin and nanoparticle as a homogeneous body with directionally dependent properties. 

The distributed damage is considered as the internal structure of the homogeneous body which 

changes and evolves with loading and causes change in the overall response (mechanical 

properties) of the composite. One of the ways of characterizing the internal structure of the 

continuum is carried out using the internal state variable theory presented by Coleman and 

Gurtin [Coleman and Gurtin,1967], who described the thermodynamics of non linear materials. 

The internal state variables are so chosen such that they appropriately describe the geometry 

(size, shape, orientation etc.) of the internal structure and the influence of the internal structure 

on the response function. 

2.1.1   Definition of damage tensor 

In Talreja [Talreja,1990], the damage behavior is entirely described by a tensorial 

damage entity. In general, the damage entity is any irreversible micro-structural change in the 

material brought about by an internal dissipative mechanism. For example, in the macro-scale 

composite the damage entity may refer to the cracks in the matrix, fiber-matrix debond, inter-ply 

delamination, etc. Realistically, it is possible that multiple damage entities may coexist inside the 

material specimen and evolve at mutually independent rates. Hence, the damage entity is a 

concept to unify the multiple damage modes as a single quantity, the combined effect of which 

initiates and describes the progression of material degradation in relation to macro-scale loading 

history, within the framework of thermodynamics. 
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Figure 2.2 Definition of damage entity and RVE 

Let V to be a finite volume surrounding a point P within the bulk material with 

distributed damage of multiple damage modes as depicted in Figure 2.2.A damage mode is a 

collection of damage entities with the same characteristic geometrical features. Consider a 

damage entity inside the representative volume V. Let S be its surface area and n be the unit 

outward normal to the damaged surface. An influence vector function a is then defined on the 

surface. The influence vector a essentially represents a localized perturbation due to the damage 

entity in an otherwise uniform stress field. A definition for a with respect to nanoscale damage 

will be provided in Chapter 3. A second order damage entity tensor ijd  is then defined as 

follows: 

 ij i j

s

d a n dS                                  (2.1) 

Where, ai and nj are the components of the vectors a and n in the three dimensional Cartesian 

coordinates, respectively. In the general formulation, we assume that there are ‘N’ distinct 

damage modes in the material. We can then define a damage tensor for each damage mode 

(where, α= 1, 2,…, N) as follows:              
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Where k  is the number of damage entities in the th  mode. If m is the tangential unit vector 

defined on surface S such that nimi = 0, nini = 1 and mimi = 1 (indicial summation on i implied), 

we can then decompose ai along the normal and tangential directions to the surface S at a point, 

such that: 

                                                       i i ia an bm                                                                        (2.4) 

Substituting equation (2.4) in equation (2.3) and dropping α for convenience gives, 

                                        
1 1

( ) ( ) ij i j j i

s

D an n dS bn m dS
V V

                                             (2.5) 

                                                                       or 

                                                              1 2 ij ij ijD D D              (2.6) 

where,                              

                                                         
1 1

( )  ij i j

s

D an n dS
V

                                                     (2.7) 

and 

                                                        
2 1

( ) ij i j

s

D bm n dS
V

           (2.8) 

 

In this research three distinct modes of damage will be assumed as follows: 

(a) Damage mode 1      : interface debond between nanographene and polymer matrix. 
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(b) Damage mode 2      : interfacial slip between nanographene and polymer matrix. 

(c) Damage mode 3      : void nucleation and coalescence. 

For damage mode 1 and 3, a is taken parallel to n on the assumption that the influence of 

damage is governed by its opening mode only. Thus, with a=an (b=0), the damage tensor  

becomes symmetrical and we have from equation (2.7): 

                                             
1 1

( )  ij i j

s

D an n dS
V

                                                           (2.9) 

 

Figure 2.3 Schematic of slip on an interfacial surface 

In case of damage mode 2 (interfacial slip), the damage tensor is further developed as 

follows: Consider Figure 2.3 where an interfacial surface between two constituents of a 

composite material bounded by curve l undergoes slip such that all points on curve l are 

displaced to a region bounded by curve l1 .This measure of slip in a polymer interface as given 

by Talreja [Talreja,1991] was defined in terms of the area swept off (refer Figure 2.3) due to the 

relative displacement between them and was expressed in terms of a slippage vector   given as: 

                                                                = dlξ d t.s                                                           (2.10) 

where , 
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d=displacement vector due to slip  

s=unit vector in slip direction 

t=unit vector normal to curve l and tangential to the interfacial surface 

A slip damage tensor ‘C’ is then defined by taking a dyadic product of the slippage vector with 

itself .This is done so that the material properties remain insensitive to the direction of slip. 

                                                                  
k2

k

1
C (c)

A
                                                         (2.11) 

Where,  

A= interfacial slip area  

c = ξ ξ = slippage tensor representing the dyadic product of slippage vector with itself 

k = number of slipped surfaces 

2.1.2 Thermodynamics of damage and constitutive equations 

Following the theory of the thermodynamics of continua proposed by Coleman & Noll 

[Coleman and Noll,1963] and applied to phenomenological constitutive equations with internal 

variables by Coleman & Gurtin [Coleman and Gurtin,1967], Talreja [Talreja,1991] defined the 

thermomechanical response of a composite body, subjected to small strains by the following 

response functions: the Cauchy stress tensor  σ,  the heat flux vector q, the specific Helmholtz 

free energy  ψ, and the specific entropy η, damage rate tensor 
 . α

D , α=1,2,3 and that these 

functions are determined by the following set of state variables: the temperature T, the strain 

tensor  ε, the temperature gradient g and the damage tensor D
(α)

, α=1,2,3. In accordance with the 

principle of equipresence proposed by Truesdell & Toupin [Trusdell and Toupin, 1960] which 

states that that each response function is a function of all state variables, we can write: 
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                                                      ˆ Tσ = σ(ε, , g,D)         (2.12) 

                                                      ˆ = (ε, , g,D)  T         (2.13) 

                                                      ˆ= (ε, , g,D)  T         (2.14) 

       ˆq = q(ε, , g,D)T         (2.15) 

                                                       
ˆ.

D =D(ε, , g,D)T                                                                (2.16) 

It is assumed that the composite body satisfies the governing equations of linear momentum, 

angular momentum and energy balance. The second law of thermodynamics in the form of the 

Clausius-Duhem inequality (Malvern, 1969) states that the rate of production of entropy is not 

negative (equation 2.17) 

0
q.g

 σ:ε     T
T

                                                       (2.17) 

Differentiating equation (2.13) with time gives: 
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T
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Substitution of equation (2.18) in equation (2.17) gives the internal dissipation inequality, 
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Since equation (2.19) must hold for any arbitrary rates 
. .

, ,
.

ε gT  we obtain the relations 

                                                        
σ=

ε
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0
g





                                                          (2.22) 
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Combining equations (2.12) to (2.15) and equations (2.20) to (2.22) gives, 

                                                     ˆσ = σ (ε, , D)T         (2.23) 

                                                     ˆ =  (ε, ,D)T          (2.24) 

                                                     ˆ=  (ε, ,D)T          (2.25) 

The dissipative inequality (2.19) reduces to  

                                                   

: 0
. q.g

 - D
D T





 
                                                               

(2.26) 

Further assuming that the formulation is isothermal (i.e. g = 0) and for purely mechanical 

response we arrive at the following equations, 

                                                      ˆσ = σ (ε, D)         (2.27) 

                                                     ˆ =  (ε,D)          (2.28) 

                                                      ˆ=  (ε,D)          (2.29) 

With the internal dissipation inequality as, 

                                                          : 0





.

 D
D



                                                                    
(2.30)

     

Hence, for a purely mechanical response, formulation of the damage tensor D and free
 

energy ψ defines the constitutive behavior of the deformable body. Using the general definition 

of symmetric second order damage tensor mentioned in this chapter, a theoretical framework is 

developed in the next chapter to model the evolution of nanoscale damage in a nanographene 

reinforced polymer matrix.                             
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CHAPTER 3 

A Nanoscale-Informed Damage Mechanics (NIDM) model 

 In this chapter the internal state variable approach proposed by Talreja [Talreja,1990] is 

extended to the case of damage in a nanoscale representative volume element (RVE) and a three 

dimensional nanoscale-informed damage mechanics (NIDM) model is proposed for neat polymer 

Epon 862 and Epon 862 reinforced with nanographene. The primary mode of damage is 

characterized by (a) interface debond growth (opening) and (b) interfacial slip (shear) for 

nanographene reinforced polymer resin and (c) void growth in case of the neat polymer resin. 

The failure in the damage model occurs when it is subjected to deformation beyond a critical 

value. As described in the chapter 2, the damage term is characterized by the second order tensor 

Dij
(α)

 where α represents the different modes of damage occurring in the neat polymer resin Epon 

862 and at the interface of nanographene and the neat polymer resin Epon 862. Some of the key 

features and assumptions involved in the damage model are: 

1. The properties of neat polymer resin are assumed to be isotropic and that of 

nanographene reinforced polymer resin are assumed to be transversely isotropic and the 

material preserves its isotropic and transversely isotropic symmetry respectively, even 

after damage initiation. Because of the transversely isotropic nature of the nanocomposite 

the shear-extension coupling terms are zero and hence its deformation can be 

decomposed into volumetric and deviatoric parts and each part can be analyzed in 

isolation as depicted in Figure 3.1.  
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Figure 3.1 Schematic deformation of nanoscale RVE under volumetric and deviatoric deformation gradients 

2. Assuming small damage (Dij
()  ), only linear terms in damage are considered. 

3. The damage evolution in the model is assumed to take place primarily due to the changes 

in the non-bonded interactions. The non-bonded interactions considered are the 6-12 

Lennard-Jones potential. 

4. Figure 3.2 represents the nanoscale RVE of Epon 862 reinforced with a single 

nanographene sheet. The global coordinate system XYZ is oriented along the sides of the 

nanoscale RVE while the local coordinate system X1X2X3 defines the random orientation 

of the nanographene sheet in the polymer resin. The nanographene sheet is assumed to be 

oriented in the local X1X3 plane with its length along the direction of the local X1 axis of 

the RVE as shown in Figure 3.2 



 

25 

 

 

Figure 3.2 Nanoscale RVE of Epon 862 polymer resin reinforced with nanographene  

5. The neat polymer resin and the nanocomposite are subjected to two primary modes of 

deformation: tension along local X2 axis and shear in local X1X2 plane. As a result of these 

deformations the following modes of damage are recognized: 

(a) Damage mode 1      : Interface debond growth between nanographene and polymer 

interface. 

(b) Damage mode 2      : Interfacial slip between nanographene and polymer interface. 

(c) Damage mode 3      : Void nucleation and growth in the polymer. 

The 5
th 

assumption is further explained in detail as follows: The damage in nanocomposite is 

defined as that which occurs due to interface debond growth [damage mode        and 

interfacial slip [damage mode       . The interface debond growth takes place along the local 

X2-axis of nanographene and is dominated by the damage tensor term D22
(1) 

for damage 

evolution (see Figure 3.3) while damage due to interfacial slip is assumed to occur because of the 

damage tensor term D12
(2) 

in the local X1X2 plane of nanographene (see Figure 3.4). In the case 

of neat polymer the primary mode of damage is characterized by void nucleation and 
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coalescence [damage mode        and we assume that the terms D22
(3)

 and D12
(3)

 dominate for 

voids oriented along the local X2 axis and in the local X1X2 plane as shown in Figures 3.3 and 3.4 

respectively. 

 

Figure 3.3 Schematic of void nucleation and interface debond in damage model for tensile deformations along 

local 2-axis of the voids and nanographene. 

 

 

Figure 3.4 Schematic of void nucleation and interfacial sliding in damage model for shear deformation in 

local X1X2 plane of the void and nanographene. 
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For the remaining part of the chapter, for notational convenience, Voigt notation has been 

followed wherein 1 11 2 22, 3 33 4 23 5 13 6 12D D ,D D D D ,D D ,D D ,D D      .A similar convention 

follows for stress and strain tensors. In section 3.1 the necessary constitutive relations are derived 

for the NIDM model while sections 3.3 and section 3.4 characterize the nanoscale damage 

tensor. 

3.1 Constitutive law for polymer and polymer nanocomposite incorporating damage at 

nanoscale 

 

In order to derive the necessary constitutive equations the two primary and competing 

nanoscale damage tensors arising due to tension and shear deformations are considered: D2 and 

D6. With these two damage tensors represented as internal state variables, the mechanical 

(isothermal)  response of the bulk polymer and polymer nanocomposite as given by Coleman-

Gurtin [Coleman and Gurtin, 1967] is represented by the Helmholtz free energy, : 

                                            2 6 2 6, ,D ,D                                                                     (3.1) 

Where   is the specific Helmholtz free energy, ρ is the density of the material and 2  and 6  

are components of the strain tensor in tension and shear respectively. From Chapter 2, the stress 

response for a given state of damage is given by:          

                                                    
i

i

 


  


                                                                            (3.2)                                                                  

The term i  in equation 3.2 represents the Cauchy stress tensor. From equation 3.2, it is clear 

that in order to derive the stress-strain relationship for a material incorporating damage at 

nanoscale it is sufficient to formulate  . This is done by expressing the free energy   as a 

polynomial function of strain and damage using certain polynomial invariants called as 

irreducible integrity basis [Adkins, 1959]. These invariants for the isotropic polymer resin  
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and the transversely isotropic nanocomposite are given by equations (3.3) and (3.4) respectively. 
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        (3.4) 

In the formulation of free energy polynomial certain key points mentioned below were 

taken into account: 

1. As mentioned earlier in the chapter, the nanoscale RVE is subjected to two primary modes of 

deformation: tension along local X2 axis and shear in local X1X2 plane. As a result for the case of 

pristine isotropic polymer and for the case of nanographene reinforced polymer, only the terms 

involving ε2 ,ε1, ε3, D6 and D2 as invariants are considered. ε2 and ε6 are responsible for causing 

interface debonding (D22
(1) 

or D2) and slip (D12
(2) 

or D6 ) in nanographene reinforced polymer 

respectively, while in the pristine polymer ε2 and ε6 cause damage (D22
(3)

 or D2 ;D12
(3)

 or D6) 

through void nucleation and growth. ε1 and ε3 are considered because of the Poisson’s effect 

caused by ε2.  

2. In the formulation of Helmholtz free energy polynomial, a quadratic energy function (i.e. only 

second order terms in strain) is chosen such that the stress-strain relation prior to damage 

initiation remains linear elastic, exhibiting Hooke's law behavior. Also, assuming small damage 

(Dij<<1)  the second order damage terms vanish and only the linear terms in damage are retained 

in the expression of free energy. Hence from equation (3.3), the terms containing D4
2
, D5

2
, D6

2
   , 

D4D5D6, 4 5 6 5 4 6 6 4 5D D , D D  and D D    are  zero. 



 

29 

 

3.1.1 Constitutive equation for unmodified polymer resin 

Taking into account the above mentioned points, the formulation of the thermo-

mechanical response function  for the isotropic polymer resin, having upto second order terms 

in strain and linear terms in damage assuming Dij<<1, has the following form as given by 

equation (3.5): 

           

2 2 2 2 2 2 2

1 1 2 3 2 1 2 1 3 2 3 3 6 1 2 1 2 3

2 2

2 2 1 2 1 3 2 3 3 6 2 4 6 6

c ( ) c ( ) c a D ( )

        a D ( ) a D a D

                       

            
              (3.5)                                                               

In equation (3.5), ci (i=1, 2, 3) and ai (i=1, 2, 3, 4) are material constants interpreted to be the 

material stiffness properties occurring in the functional relationship of the response function  

with ci being the initial stiffness coefficients of the unmodified isotropic polymer resin and ai 

being the damaged stiffness coefficients or the changes in stiffness coefficients brought about by 

the initiation of damage. These values of these constants are characterized in chapter 4 through 

MD simulations of neat Epon 862 and Epon862 reinforced with nanographene sheet. Based on 

these constants, the response function  in equation (3.5) is partitioned into the elastic response 

prior to damage initiation (indicated by ‘
0
’superscript) and the damaged (indicated by ‘

D
’ 

superscript) response of the system after damage has initiated as given by equation (3.6): 

                                                              0 D                                                              (3.6) 

Where,   0 2 2 2 2

1 1 2 3 2 1 2 1 3 2 3 3 6c ( ) c ( ) c                                                   (3.7) 

And              D 2 2 2 2 2

1 2 1 2 3 2 2 1 2 1 3 2 3 3 6 2 4 6 6a D ( ) a D ( ) a D a D                           (3.8) 

 The Cauchy stress in the system arising from tension and shear deformations can now be 

found from equation (3.2) and is given in equations (3.9), (3.10), (3.11) and (3.12). It should be 

noted that the damage terms D2 and D6 are dependent on strain components, and derivatives of 

damage terms D2 and D6 with respect to strain are not necessarily zero. However in the interest  
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of computational tractability these derivatives are neglected.   

1 1 1 2 2 2 3 1 2 1 2 2 2 2 3 3

1

 = =2c +c +c +2a D +a D +a D    


       


       (3.9) 

2 2 1 1 2 2 3 2 2 1 1 2 2 2 2 3

2

 = =c +2c +c +a D +2a D +a D


       


     (3.10) 

2 2 1 2 2 1 3 2 2 1 2 2 2 1 2 3

2

 = =c +c +2c +a D +a D +2a D   


       


     (3.11) 

6 12 7 6 3 6 2 4 6 6

6

 = = =2c +2a D +2a D


     


        (3.12) 

Referring to equation (3.12) above, from previous discussions it is assumed that the 

damage initiation and evolution due to shear in the local X1X2 axis is dominated by the D6 

damage tensor term such that D6>>D2. As a result the term 3 6 2 4 6 62a D +2a D  can be 

approximated as 4 6 62a D   with a3=0.  

Combining equations (3.9), (3.10), (3.11) and (3.12), the total stiffness matrix [C]polymer 

of the unmodified polymer resin can be written as the combination of two symmetric 6x6 

isotropic matrices(equation 3.13) which are: (a) initial undamaged stiffness matrix denoted by 

[C
0
] and (b) damaged stiffness matrix denoted by [C

D
]. These two matrices are given by 

equations (3.14) and (3.15) respectively.  

        [C]polymer= [C
o
]+[C

D
]     (3.13) 
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1 2 2

2 1 2

2 2 1
0

3

2c c c 0 0 0

c 2c c 0 0 0

c c 2c 0 0 0

[C ]

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 2c

 
 
 
 
 
 
 
 
 
 
 
 
 
  

      (3.14)

2 2 2

2 2 2

2 2 2

6

(3) (3) (3)

1 2 2

(3) (3) (3)

2 1 2

(3) (3) (3)

2 2 1
D

3

4

2a D a D a D 0 0 0

a D 2a D a D 0 0 0

a D a D 2a D 0 0 0

[C ]

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 2a D

 
 
 
 
 
 
 

  
 
 
 
 
 
 
 

     (3.15) 

In equation (3.14) and (3.15) the constants ci (i=1, 2, 3) and ai (i=1, 2, 3, 4) are expressed 

in terms of undamaged and damaged stiffness coefficients as given by equation (3.16) and (3.17) 

respectively: 

     

00 0

3311 22
1

0 0 0 0 0 0

2 12 21 13 31 23 32

0

66
3

2 2 2

2

  

     



CC C
c

c C C C C C C

C
c

    (3.16) 
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3311 22
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2 2 2

0 0 0 00 0

13 31 23 3212 21
2

2 2 2 2 2 2

0
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4

6

2 2 2
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CC C
a

D D D

C C C CC C
a

D D D D D D

C
a

D

     (3.17) 

3.1.2 Constitutive equation for nanographene modified polymer resin 

 Similar to section 3.1.1 ,in the case of nanographene modified polymer resin, the 

formulation of the thermo-mechanical response function  for the transversely isotropic 

nanocomposite having upto second order terms in strain and linear terms in damage (assuming 

Dij<<1) has the following form as given by equation (3.17): 

(1) 2 (1) 2 (1)

1 1 2 2 2 2 2 1 3 3 3 2 1 3 2

(1) 2 (2) 2

4 4 2 1 3 5 5 6 6

(k l D ) (k l D )( ) (k l D )( )

        (k l D )( ) (k l D )

              

      
     (3.18) 

In equation (3.18) ki and li (i=1,2,3,4,5) are the initial and the damaged material constants 

respectively of the nanographene modified polymer resin. The Cauchy stress is given by 

equations (3.19), (3.20), (3.21) and (3.22). 

(1) (1) (1)

1 2 4 2 2 4 1 3 3 2 2 2 4 2 2 4 3

1

 = =[2(k k ) 2D (l l )] (k l D ) [2(k k ) 2D (l l )]


             


     (3.19) 

                               (1) (1) (1)

2 3 3 2 1 1 1 2 2 3 3 2 3

2

 = =(k l D ) 2(k l D ) (k l D )


         


                   (3.20) 

(1) (1) (1)

3 2 4 2 2 4 1 3 3 2 2 2 4 2 2 4 3

3

 = =[2(k k ) 2D (l l )] (k l D ) [2(k k ) 2D (l l )]


             


      (3.21)

    (2)

6 12 5 5 6 6

6

 = = =2(k +l D )


   


                                 (3.22) 

 Similar to the previous case of unmodified polymer resin, the total stiffness matrix [C]PNC 

of the polymer nanocomposite (PNC) can be written as the sum of (a) initial undamaged stiffness 
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matrix denoted by [C
0
] and (b) damaged stiffness matrix denoted by [C

D
]. These two matrices 

are given by equations (3.24) and (3.25) respectively. 

                       [C]PNC=[C
o
]+[C

D
]       (3.23)

2 4 3 2 4

3 1 3

2 4 3 2 4
o

5

2(k k ) k 2(k k ) 0 0 0

k 2k k 0 0 0

2(k k ) k 2(k k ) 0 0 0

[C ]

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 2k

  
 
 
 
 
  
 
 
 
 
 
 
 
  

     (3.24) 

      

(1) (1) (1)

2 4 2 3 2 2 4 2

(1) (1) (1)

3 2 1 2 3 2

(1) (1) (1)

2 4 2 3 2 2 4 2
D

(2)

5 6

2(l l )D l D 2(l l )D 0 0 0

l D 2l D l D 0 0 0

2(l l )D l D 2(l l )D 0 0 0

[C ]

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 2l D

  
 
 
 
 
  
 


 
 
 
 
 
 
  

     (3.25) 

The constants ki and li (i=1,2,3,4,5) are expressed in terms of undamaged and damaged 

stiffness coefficients as given by equation (3.26) respectively. They are characterized through 

MD simulations in chapter 4. 
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  (3.26) 

From sections 3.1.1 and 3.1.2, the constitutive law for the polymer and the polymer 

nanocomposite incorporating damage at the nanoscale can be written in the matrix form as: 

                                                0 D{ } ([C ] [C ]){ }                                                       (3.27) 

 

Where {σ}={σ1, σ2, σ3, σ4, σ5, σ6}
T
, {ε}={ε1, ε2, ε3, ε4, ε5, ε6}

T
 and [C

0
], [C

D
] are the 6x6 

undamaged and damaged stiffness matrix respectively. 

 The above NIDM model is capable of describing the initiation and evolution of damage 

using the definition of damage entity in the absence of a pre-existing flaw. In the next section a 

theoretical framework is provided for modeling the initiation and evolution of the damage entity 

based on the inter-atomic interaction potentials. 

3.2 A Nanoscale-Informed Damage Mechanics (NIDM) model for unmodified polymer 

resin 

 

In this section the primary mode of damage, D2
(3)

 and D6
(3)

,are characterized by void nucleation 

and coalescence due to tension and pure shear deformations respectively. The nanoscale failure 

in the polymer model occurs  when it is subjected to deformation beyond a critical value causing 

the voids to nucleate and grow due to the dilatational and deviatoric strains. The properties of 

Epon 862 polymer are  assumed to be isotropic. 
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3.2.1 Characterization of damage tensor D2
(3) 

In this case it is assumed that damage in the unmodified polymer occurs due to void 

nucleation and growth with the atoms moving apart in the direction of principle stretch along the 

local X2 axis of the void and as a result the D2 term of the damage tensor dominates the damage 

evolution for void growth. 

 

Figure 3.5 Schematic of undeformed void in the polymer and deformed elliptical void oriented along stretch 

direction X2 with b1 being the semi-major axes of the void. 

 

Based on the continuum definition of damage given by Talreja [Talreja,1990] and as 

discussed in Chapter 2, the normal part of damage tensor ijD  is given as: 

ij 2 i j

RVE S

1
D a( )n n dS

V

                                          (3.28)  

Where, 

VRVE = volume of the cubic RVE with sides of length l = l
3
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ni =components of unit vector normal to the void surface =(0,1,0) 

a1(ε2)= damage influence coefficient representing the extent of opening displacement jump    

across the void surfaces upon damage initiation  

S= surface area of void 

Damage due to void growth can hence be written as 

                                                              ij 1 2 i j

RVE S

1
D a ( )n n dS

V

                                             (3.29) 

Substituting i, j=2 in equation (3.29) gives, 

                                                            
(3)

22 1 2 2 23

S

1
D a ( ) (n n )dS

l
                                            (3.30) 

Assuming n2 =1 along most of the ellipsoidal surface,  

                                                               
(3) 1 2
22 3

S

a ( )
D dS

l


                                                        (3.31) 

Assuming the surface area of the ellipsoid cross-section S =      , 

                                                              
(3) 1 2 1 3
22 3

a ( ) b b
D

l

 
                                                      (3.32) 

 Equation (3.32) gives the expression for damage due to void nucleation and growth 

(opening mode). The damage influence coefficient a1 represents the void opening displacement 

and is a function of the tensile deformation i.e. a1=a1(ε2). The damage influence coefficient is 

characterized and described in detail in section 3.4. 
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3.2.2 Characterization of damage tensor D6
(3) 

 

Figure 3.6 Schematic of sheared void in the pristine polymer 

In this case damage occurs because of shear driven void nucleation and growth .The 

shearing of voids occur in the local X1X2 axis of the void plane and as a result the D6
(3)

 term of 

the damage tensor dominates the damage evolution for void growth. The shearing of voids 

causes slipping between the void and the polymer interface and the final failure occurs due to 

shear localization. 

 The measure of slip between a void-polymer interface as given by Talreja [Talreja,1991] 

is defined in terms of the area swept off due to the relative displacement between the void-

polymer interface and is expressed in terms of a slippage vector   given as: 

                                                                d t.s   dl                                                           (3.33) 

where , 
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d =displacement due to slip  

s =unit vector in slip direction 

t =unit vector normal to dl and tangential to the interfacial surface 

The slip damage tensor D6
(3)

 is defined by taking a dyadic product of the slippage vectors  

(3)

6 k2
k

1
D c

A
                                                              (3.34)  

Where A= interfacial slip area  

c =     =slippage tensor representing the dyadic product of slippage vector with itself 

and k is summed over the number of slipped surfaces 

 Consider the sheared void in Figure 3.6 undergoing slip in the local X1X2 plane. The 

slippage vector in this case can be written as: 

                                                               d t.s     dl                                                          (3.35)                                                                                                                                     

Here ˆ ˆ ˆd ui vj zk    with u, v, w and i, j, k being the magnitude of displacements and unit 

vectors respectively in the local X1, X2 and X3 axis of the void. Substitution of the expression 

ˆ ˆ ˆd ui vj zk   in equation (3.35) gives: 

                                          ˆ ˆ ˆ ˆ[ u  i + v  j + z  k] t.i    dl dl dl            (3.36) 

      ˆ ˆ ˆ ˆ ˆ ˆu t.i  i + v t.i  j + z t.i  k    dl dl dl      (3.37) 

   Or 

                1 2 3 1 2 3
ˆ ˆ ˆ ˆ ˆ ˆˆ j k where u t.i dl , v t.i dl and w t.i dl j i                           (3.38)                                                                                                               

Since the slipping is assumed to take place along the X1 axis, v = w = 0. Hence equation (3.37) 

becomes: 
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 1
ˆ ˆ ˆ i u t.i dl i                                                      (3.39) 

In order to solve for the slippage vector in equation (3.39) a parametric equation of 

elliptical void is considered (Figure 3.7). In parametric form the expression for unit vector t and 

curve l bounding the elliptical void is assumed to be given by equation (3.40) and (3.41) 

respectively:      

                 ˆ ˆt cos i sin j                                                       (3.40)                                                                                                          

         rd dl                                                                (3.41) 

Where, 1 2r b cos b sin                                                                                                                     

 

Figure 3.7 Elliptical void having a radius r with b1 being its semi-major axis 

Substituting equations (3.41) and (3.40) in (3.39) gives, 

                                                        1
ˆ ˆ ˆu (cos i sin j).i rd                                                (3.42) 

          1 1 2
ˆ ˆ ˆu (cos i sin j).i (b cos b sin )d                                        (3.43) 
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                                             1 1 2u cos (b cos b sin )d                                              (3.44) 

         
2

2

1 1 2

0

u(b cos b sin cos )d



                                             (3.45) 

                                                            1 1u b                                                                     (3.46) 

Slip damage tensor D12
(3) 

is hence given by equation (3.34) as:
 

    
2

(3) 1
12 1 12 2

1 2

(u b )1
D

A ( b b )


   


                                                  (3.47) 

                                                        Or
2

(3)

12 2

2

u
D

b
                                                               (3.48) 

 The final expression of damage due to shear driven void growth is given by equation 

(3.48) with the displacement ‘u’ in the X1 direction being a function of shear deformation i.e. 

u=u(ε6). The displacement function ‘u(ε6)’ is characterized and described in detail in section 3.4. 

3.3 A Nano-Iinformed Damage Mechanics (NIDM) model for nanographene reinforced 

polymer  

 

In this case of nanographene reinforced polymer the two primary modes of damage that occur 

due to tension and shear deformations are the interface debond opening mode and interfacial slip  

mode between the nanographene sheet and the polymer interface. Without loss of generality, the 

interface debond mode is assigned as damage mode ‘1’ and interfacial slip in the bulk 

nanocomposite as mode ‘2’. For a general state of stress, all damage modes are assumed to 

coexist in the material with no interaction between the constituent damage entities. Consider a 

nanographene sheet oriented along the local 1-direction with the unit normal to its surface given 

by n= (0,1,0) . Ln is the length of nanographene and wn is the width. The damage tensors for 

interface debond and interfacial slip are defined in the following sections 3.3.1 and 3.3.2. 
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Figure 3.8 Schematic of nanographene sheet with dimensions and the unit normal vector to its surface  

3.3.1 Damage due to interface debond opening mode 

 

Figure 3.9 Schematic of interface debond in nanoscale RVE 

Similar to equation 3.28, using a second order tensor characterization of damage, the damage 

D2
(1) 

due to interface debond is given by: 

                                                 
(1)

22 2 2 2 2

RVE S

1
D a (ε )(n n )dS

V
                                                   (3.49) 
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Here VRVE= volume of the nanoscale RVE=l
3
 

a2(ε2)=damage influence coefficient representing representing the extent of opening displacement 

jump across the debond interface upon damage initiation  

S = 2Ln wn = total surface area of nanographene sheet 

n2= (0,1,0) =unit normal to the damaged nanographene-polymer interface  

 

                                                           
(1) 2 2
22 3

S

a ( )
D dS

l


                                                        (3.50) 

                                                        Or 
(1) n n 2 2
22 3

2L w a ( )
D

l


                                                    (3.51) 

Equation (3.51) gives the expression for nanoscale damage due to debond happening at the 

nanographene –polymer interface. The damage influence coefficient a2(ε2) is characterized and 

described in detail in section 3.4. 

3.3.2 Damage due to interfacial shear (shear mode) 

 

Figure 3.10 Schematic of nanographene undergoing slip in local X1X2 plane. The nanographene-

polymer interface bounded by surface ABCD has slipped to region bounded by A’B’C’D’ 
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Consider the nanographene in Figure 3.9 undergoing slip along its surface ABCD in the 

local direction X1 with the unit vector ‘s’ in the slip direction as shown in figure. The slippage 

vector in this case can be written as: 

                                                                     ˆd t.i dl                                                        (3.52) 

Here, ˆd ui                                        

       ˆ ˆu t.i dl i          (3.53) 

  1 ABCDA
ˆu t.i dl         (3.54) 

                                
B C AD

1
CA B D

ˆ ˆ ˆ ˆu t.i dl u t.i dl u t.i dl u t.i dl            (3.55) 

                               
DB C A

1
A B DC

u 0 dl u 1 dl u 0 dl u 1 dl               (3.56) 

                                         
C D C C

1
A B BB

udz udz udz udz              (3.57) 


C

1 n
B

2 udz 2uw          (3.58) 

                                              Slip damage tensor    (2)

12 1 12

1
D

A
                                         (3.59) 

Or 
2

(2) 12
12 2

n

4(u( ))
D

L


        (3.60) 

Equation (3.60) gives the expression for nanoscale damage due to interfacial slip between 

nanographene and the polymer. 

3.4 Initiation and evolution of damage based on the inter-atomic interaction potentials 

 In the initial stages of strain application on the material when there is no damage, the 

stress-strain response of the material is assumed to be linearly elastic. However, once the 
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material is subjected to deformation upto a certain critical value of strain (εcritical) the non-bonded 

interactions between the atoms break leading to the initiation of different damage modes and the 

stress-strain response beyond the critical point becomes inelastic. The subsequent evolution of 

damage results in progressive deterioration of stiffness and nonlinear response of material with 

permanent strains after unloading. 

 In order to define the critical strain (εcritical) at which damage initiation happens and the 

accompanying  damage influence coefficient function a1(ε2) , a2(ε2) and u(ε12) ,the non-bonded 

van der Waals interaction is considered in the bulk polymer (for void growth) and at the 

nanographene-polymer interface separation. The force due to non-bonded interaction (Lennard 

Jones 6-12 potential) has the following functional formula,  

                

12 612 6

min min24 12
( ) 2

r r
F r

r r r r r r

 
 

         
              

             

                         (3.61) 

 



 

45 

 

 

Figure 3.11 Graphical representations of LJ 6-12 potential and LJ 6-12 force versus the interatomic 

separation distance r. The graph indicates the point of damage initiation in terms of interatomic separation 

distance  

 

 In equation (3.61), F(r) is the 6-12 Lennard Jones force, ε is the well depth and is a 

measure of how strongly the atoms attract each other, σ is the distance at which interparticle 

potential between two particles is zero, r is the distance of separation between the two atoms and 

rmin (
1

6
min 2r  ) is the distance at which the interparticle potential is minimum or in other words 

the force between the particles is zero. In MD simulations, the extent of interface debond, void 

growth and interfacial slip and the related damage behavior is a function of the inter-atomic 

potential. Assuming that the normal stretch λ22 at any interface in NIDM is given by the 

separation between interfacial atoms (i.e. 
22

min

r

r
  ) in the MD domain, we can define the 
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damage influence function a1(ε2) , a2(ε2) reflecting the influence of the opening displacement of 

the damage entity in the following parametric form: 

12 6
3 3

22
1

1 3 max 1 3 max 22 22

12( ) 1 1
( ) 1 1

(1 ) (1 )

polymerFl l
a

bb F bb r F




   

        
           

          
 

          for void 

growth in neat resin, and                         (3.62) 

12 6
3 3

22
2

max max 22 22

12( ) 1 1
( ) 1 1 2

2 2 (1 ) (1 )

PNC

n n n n

Fb b
a

L w F L w r F




 

        
           

          
 

        for damage 

growth between nanographene and polymer resin interface                  (3.63) 

Where,
22 22

min

r
1

r
                                                                                                            (3.64) 

22  is the principal stretch in the local X2 axis and Fmax(r=rmax) represents the maximum 6-12 LJ 

force (Fmax= 2.69
minr


). Referring to Figure 3.11, in order to determine the value of ε22,critical 

[=(rmax/rmin)-1] at which damage initiation happens, the interatomic distance ratio rmax/rmin needs 

to be determined. From Figure 3.11, it can be seen that ε22,critical  corresponds to the point of 

maximum non-bonded 6-12 Lennard Jones force Fmax occurring at r=rmax. Hence in order to 

determine the value of ε22,critical  as a function of interatomic distance , equation 3.65 is used 

where the 6-12 LJ force F(r) is differentiated with respect to interatomic distance r to obtain the 

value of rmax in terms of rmin. 

maxr r

dF(r)
0

dr 

                                                (3.65) 

                                                                

1/6

max min

13
r r

7

 
  
 

                            (3.66) 
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Or max
22,critical

min

r
1 0.109

r
          (3.67) 

Hence the critical value of strain at which damage initiation begins is given by equation (3.67). 

Substituting equations (3.62) and (3.63) in equations (3.32) and (3.51) respectively, the damage 

tensor D22 can be characterized as given in equation (3.68). 

13 7

22
22

max 22 22

F( ) 1 1
D 1 1 4.461

F 1 1

    
        

        

  , for 
22 22,critical                                   (3.68) 

 

Figure 3.12 Initiation and evolution of damage tensor D22 with strain 

Figure (3.12) represents the evolution of damage D22 with strain. The minimum value of 

damage is zero at the onset of critical strain εcritical, rises with increasing strain and finally reaches 

a maximum at a value of 1(indicating imminent failure).It is interesting to note that this 

parametric form of damage given in equation (3.68) has similar functional form for different 

damage modes. This is due to the fact that even though the different damage modes are unique, 

the 6-12 LJ non bonded interactions are similar for all damage entities. Similar to the previous 

case, in order to account for the characteristic atomistic interfacial slip behavior due to pure 
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shear, the nanoscale continuum RVE model developed above needs to also incorporate the van 

der Waals interaction to quantify the initiation and evolution of D12 damage tensor in the system. 

Assuming 
12

min

r

r
    we can define the displacement ‘u’ due to slip in equations (3.48) and 

(3.60) respectively as: 

1/2
12 6

12 2

max 12 12

12 1 1
( ) 1

polymer
u b

rF




 

      
       
       

for pristine polymer                                       (3.69) 

1/2
12 6

12

max 12 12

12 1 1
( ) 1

2

n PNCL
u

rF




 

      
       
       

 for nanographene reinforced polymer            (3.70) 

Substituting equations (3.69) and (3.70) back in (3.48) and (3.60) respectively, damage tensor 

D12 can be found out as: 

13 7

12
12

max 12 12

F( ) 1 1
D 1 1 4.461

F

    
        
      

, for 12 12,critical                             (3.71) 

The critical value of shear strain at which damage D12 initiates is 6
12,critical

13

7
  .   

 

Figure 3.13 Initiation and evolution of damage tensor D12 
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Section 3.4 successfully characterizes a parametric form of nanoscale damage in polymer 

nanocomposites based on interatomic interaction potentials. It is believed that the significant 

enhancements in mechanical and barrier properties of the nanocomposites are attributed to the 

richness of polymer-nanoparticle interactions at the interface and that these interactions occur on 

a length scale which is comparable to the interatomic separation. The NIDM model creates a 

nonlinear constitutive law for the bulk PNC incorporating interatomic interactions at the 

nanoscale thereby providing a physical model which can (a) capture the stiffness and strength 

enhancements due to nanoscale reinforcement and also (b) accurately describe the nonlinear 

constitutive behavior of the nanoparticle modified resin matrix from damage initiation to final 

failure. 

3.5 Degradation of Engineering Moduli 

The initiation and evolution of different damage modes after the onset of critical strain 

cause a degradation in the engineering moduli of the polymer and the PNC, the expressions for 

which are derived below.The stiffness coefficients of the polymer (isotropic) and PNC 

(transversely isotropic) are related to the Young’s modulus and Poisson’s ratio through the 

relations given by equations  (3.72)-(3.77) 

2

11 22 22 13 12
22,PNC

11 13

C C C C 2C
E

C C

 



      (3.72)                                    

2

13 11 11 22 22 13 12
11,PNC 2

12 11 22

(C C )(C C C C 2C )
E

C C C

  



      (3.73) 

12
transverse

11 13

C

C C
 


       (3.74) 

2

22 13 12
in plane 2

11 22 12

C C C

C C C
 





       (3.75) 
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11 11 12 12
Polymer

11 12

C C C 2C
E
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      (3.76) 

12
polymer

11 12

C

C C
 


       (3.77) 

Using the above mentioned relations, the expressions for the degradation of moduli take the 

following form: 

0 (1) D D

22,PNC 22 22 22 transverse 12E E D [C 2 C ]           (3.78) 

0 (1) D D

11,PNC 11 in plane 22 11 13E E (1 )D C C 
            (3.79) 

(3) D D

Polymer 0 22 11 polymer 12E E D C 2 C           (3.80) 

0 (2) D

12,PNC 12 12 12G G D G          (3.81) 

0 (3) D

Polymer 12G G D G           (3.82) 

3.6 Coordinate transformation for a randomly oriented nanographene 

In most commonly employed manufacturing techniques the nanographene platelet may 

not be fabricated well enough to be aligned with the global XYZ directions of the macro-scale 

loading. For this very reason, the formulation of damage evolution and the stiffness-damage 

relationships in the previous section have been carried out for a randomly oriented nanographene 

in a local coordinate system. In cases like these it then becomes necessary to carry out a local to 

global coordinate transformation of the stress and stiffness matrix in order to find their values in 

the direction of macro-scale loading. 

The expression for rotational transformation about an axis for a second order symmetric 

stress tensor     (i, j=1, 2, 3) from an XYZ-system to an X1X2X3-system in three-dimensional 

space is:  
1 X

ij ki lj kla a    (i,j,k,l=1,2,3)    
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Or in matrix form as:    

                                                                        T

1 XA A                                                        (3.83) 

where A is a rotation matrix with components aij. 

For notational convenience the matrices in local coordinate system (1-2-3) are denoted by {}1 

and quantities in global coordinate system are denoted by {}x. If the rotations about X, Y and Z 

axis are denoted by           respectively, then the rotation matrices about these individual 

axes are given as following:    

                                                         x

1 0 0

A ( ) 0 cos sin

0 sin cos

 
 

   
 
    

                      (3.84) 

                                                        
y

cos 0 sin

A ( ) 0 1 0

sin 0 cos

   
 

 
 
   

             (3.85) 

                                                       
z

cos sin 0

A ( ) sin cos 0

0 0 1

  
 

    
 
  

                               (3.86) 

 

The rotation matrix A is found out by multiplying the above three matrices 

                                                                 Z Y X A=A A A        (3.87) 

        

cos cos cos sin sin sin cos sin sin cos sin cos

A= -cos sin cos cos sin sin sin sin cos cos sin sin

sin sin cos cos cos

            
 

            
 
       

  (3.88) 
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Where, 

11

12

13

21

22

23

31

32

33

a cos cos

a cos sin sin sin cos

a sin sin cos sin cos

a -cos sin

a cos cos sin sin sin

a sin cos cos sin sin

a sin

a sin cos

a cos cos

  

      

      

  

      

      

 

   

  
 

By substituting matrix A in the stress transformation law and multiplying gives a relationship 

between the stresses in the local and global coordinates: 

    11 X
                        (3.89)  

where the transformation matrix 1    is  

         

22 2
11 12 11 131311 12

22 2
22 23 21 232321 22

22 2
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31 32
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2a a
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(a a a a ) (a a a a )

 
 
 
 
 

 
  
 

   

     (3.90) 

Similarly for strain transformation: 

                                                                  11 X
            (3.91) 

Where  
X

  is the global tensorial strain. To convert the global tensorial strain to global 

engineering strain it is multiplied by the engineering-tensor interchange matrix [R]
-1

, where 
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1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0
 [R]=

0 0 0 2 0 0

0 0 0 0 2 0

0 0 0 0 0 2

 
 
 
 
 
 
 
 
 

                   (3.92) 

                                                         11 X
             (3.93) 

                                                    
     1

11 X
[R]    

       (3.94) 

                                                    
    21 X

    
                   (3.95) 

Where,
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Stiffness transformation: 

An expression for the transformed stiffness matrix C 
 

, is determined using constitutive equation 

in local material coordinates and employing the stress and strain transformations done above. 

                                                              
1 1

C             (3.96)  

                                                              1 2X X
C            (3.97) 

                                                               
X X

C                        (3.98) 

Where the transformed 6x6 stiffness matrix C 
 

is defined as: 

      2

1

1 


CC                             (3.99) 
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11 12 13 14 15 16

12 22 23 24 25 26

13 23 33 34 35 36

14 24 34 44 45 46

15 25 35 45 55 56

16 26 36 46 56 66

[ ]
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C C C C C C

C C C C C C

C

C C C C C C

C C C C C C

C C C C C C

 
 
 
 
 
 
 


 
 
 
 
 
 
  

                                       (3.100) 

To summarize in brief, the objective of Chapter 4 has been to develop a Nanoscale–

informed Damage Mechanics Model i.e create a multiscale nonlinear constitutive relationships 

for bulk PNC for a given state of nanoscale damage. Damage is taken to be the internal structure 

of a homogeneous anisotropic composite body. This internal structure is characterized through 

second order tensor variables. The impact and evolution of this changing internal structure on the 

macroscopic mechanical properties of the PNC is represented through a response function 

(Helmholtz free energy). By incorporating the effect of interatomic interactions in the internal 

structure of PNC, a framework has been created to accurately describe the impact of damage 

originating at the atomistic scale on the deterioration of macroscopic mechanical properties while 

at the same time creating an accurate nonlinear law which can capture the increase in the 

stiffness and strength of PNC due to nanoscale reinforcement. 
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CHAPTER 4 

Results 

In this chapter, the results to the multiscale damage modeling technique proposed in 

Chapter 3 are presented. Section 4.1 provides an overview of the Molecular Dynamics (MD) 

simulations of 76% crosslinked EPON 862-DETDA polymer system reinforced with 

nanographene sheet. Section 4.2 determines the unknown stiffness constants (linear and 

nonlinear) of the NIDM model using strain controlled MD simulations and correlates the stress-

strain behavior of MD nanocomposite model with NIDM model, while Section 4.3 discusses the 

increase in stiffness and strength due to nanographene reinforcement based on aspect ratio 

besides providing a detailed analysis of the results. 

4.1 Molecular Dynamics 

4.1.1 Introduction 

Molecular Dynamics refers to numerical methods that solve the classical Newtonian 

equations of motion of interacting multi-particle systems. The key idea behind Molecular 

Dynamics simulation is computing the change  in position and velocities of individual atomistic 

systems with time due to known forces. This computation is carried by a deterministic 

mechanical interpretation of the system’s model i.e. by having a set of initial conditions together 

with the forces of interaction thereby determining the behavior of the system. An MD simulation 

consists of 3 main parts: 

1) Model construction 

2) Calculation of molecular trajectories
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3) Analysis of trajectories to obtain desired property values 

The MD model describes the physical system as a collection of atoms bound together by 

interatomic forces or an interatomic potential energy function plus the boundary conditions 

which describe how the atoms interact with their surroundings. For an N atom system, U(r
N
) 

represents the potential energy/interatomic potential function of N interacting atoms as a function 

of their position. Here r
N 

= (r1, r2, r3,……., rN) represents the set of position vectors of the center 

of mass of atoms with ri= (xi, yi, zi). For most simulations, the interatomic potential energy 

function U(r
N
) is taken to be the sum of individual isolated pairwise interactions u(rij) between 

molecules i and j, i.e. 

                                                               N

ij

i<j

U( )= u(r )ΣΣr                                                            (4.1)  

Unlike quantum mechanics, molecular dynamics ignores the position and configuration 

of electrons within the shells of atom (Born–Oppenheimer approximation) and calculates the 

energy by focusing entirely on the position of nuclei with respect to each other since the classical 

dynamics equations of motion are valid only for masses m>>me (mass of electron).  

The force fields used in MD are generally empirical force fits that calculate interactions 

and the potential energy of the system as a function of point-like atomic coordinates.. All 

common force fields (Figure 4.1) are generally divided into two parts: bonded interactions 

(covering covalent bond stretching, angle bending, bond torsion) and non-bonded interactions 

(Lennard-Jones potentials and Coulomb electrostatics). 
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Figure 4.1 Interaction potential functions used in MD force field 

 

The internal forces that the atoms and molecules exert on each other are determined by 

the the gradient of the total potential energy of the system. Given the potential function, the 

interatomic force Fi on atom ‘i’ caused by N-1 other atoms is given as the gradient of the 

potential with respect to atomic displacements  r. 

    
N

i

U( )
F =-       

r
i





r
                                                 (4.2) 

The atomic positions (trajectories) r
N 

of all atoms in a given mechanical system are 

obtained by numerically solving the differential equations of motion (Newton’s second law) as 

shown in equation 4.3: 

       
N

i

i

U( )
F (t)=m r (t) = -       

r
i





r
    (4.3) 

Equation. 4.3 represents a system of coupled nonlinear partial differential equation of 2
nd

 order in 

which the potential energy is a function of the positions of all the atoms in the system. No 

analytical solution exists for such  multi-atomistic system and hence it can be solved numerically 

through the use of time integration algorithms. Note that unlike continuum mechanics which 

depends only on local interactions between particles, MD is nonlocal, depending on the size of   
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the size of the cut-off radius.  

The time integration is carried out using the finite difference schemes where time is 

discretized into finite grids  and the distance between two consecutive grid points would be the 

time step Δt .If the position and velocities of atoms at time t are known, then the integration 

scheme is able to calculate the values at some later time t+Δt. The iteration of this procedure 

gives the time evolution of the MD system over extended periods of time. 

In MD, one of the most popular time integration schemes is the Verlet algorithm. The 

algorithm uses the central difference approximation for a second order derivative to solve the 

Newton’s equation of motion (equation 4.4). The algorithm preserves the total Hamiltonian 

(energy E) of the system and also preserves the time reversibility of Newton’s equation of 

motion – which is important criteria’s for its robustness. In equation 4.6, v (velocity), a 

(acceleration) and b are the first, second and third order derivatives of positions r with respect to 

time, respectively. 

 
2

2 2

(t+Δt) (t) (t) (t-Δt)

(t) (t+Δt) 2 (t) (t-Δt)t t
 = = =

t t

1
U (t)

mt

    
        

  
 

r r r r

r r
r

r r
         (4.4) 

Or, 

                                              
2(t t) 2 (t) (t t) (t) t     r r r a                                            (4.5) 

where  
1

(t) U (t)
m

  a r  From equation 4.3. Thus equation 4.5 calculates the new position by 

using the previous two positions without using the velocity. By carrying out the Taylor 

expansions of the position (t t) r (equation 4.6 and 4.7) and adding the two expressions 

(equation 4.8), it can be seen that the discretization error of the algorithm when evolving the  

system by Δt is of the order Δt
4
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                                   2 3 41 1
(t t) (t) (t) t (t) t (t) t O( t )

2 6
         r r v a b                        (4.6) 

        2 3 41 1
(t t) (t) (t) t (t) t (t) t O( t )

2 6
         r r v a b                           (4.7) 

2 4(t t) 2 (t) (t t) (t) t O( t )       r r r a                                      (4.8) 

The velocity is estimated from the positions by using the mean value theorem (equation 4.9) 

                                          2(t t) (t t)
(t) (t )

2 t

  
 



r r
v                                   (4.9)              

Unlike the position term the error in the velocity term is of the order Δt
2
 and it is 

calculated a step behind the position term i.e. it is calculated at time‘t’ instead of ‘t+Δt’. To 

overcome this difficulty, sometimes a variant of Verlet scheme called the velocity Verlet method 

is used. The algorithm produces the exact same trajectories and uses the following update 

equations:  

21
(t t) (t) (t) t (t) t

2
      r r v a                                         (4.10) 

           
t 1

(t t) (t ) (t t) t
2 2

 


     v v a                                         (4.11) 

here v(t+Δt/2) is a mid step velocity given as 
t 1

(t ) (t) (t) t
2 2

 


   v v a .The velocity Verlet 

algorithm is implemented in the molecular dynamics algorithm LAMMPS which is used  in this 

study. 

Hence it can be seen that integrating the equation of motion (equation 4.3) with respect to 

time yields a trajectory that describes the acceleration, velocity and position of atoms with the 

change in time –revealing the dynamics of the individual particles. The time integration of the 

equations of motion is deterministic- given an initial set of positions and velocities, the 

subsequent time evolution completely determined. The boundary conditions (usually periodic 
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[Allen and Tildesley, 1987]) also need to be specified. The initial position configurations are 

usually obtained from the experimental structure of the material and the initial distribution of 

velocity is chosen randomly form a Maxwell-Boltzmann distribution [Maxwell, 1860]. 

 As the atoms follow these trajectories, their momentum also changes in response to interactions 

with other atoms thereby giving rise to time dependent momentum vectors pi(t). This position 

ri(t) and momenta pi(t) of a N atom MD system are then represented in a 6N dimensional space 

called a phase space consisting of 3N-dimensional configurational space and 3N-dimensional 

momentum space. At any instant the positions and momenta of the entire N atom system is given 

by a point in the phase space and as the position and momenta change with time, this point 

describes a trajectory in phase space. The motion of these whole set of phase points representing 

a collection of possible thermodynamics states or microscopic state vectors is called the phase 

space ensemble. The concept of an ensemble plays a central role in the determination of 

macroscopic properties of the atomistic system. 

To determine the macroscopic properties from the phase space trajectory of individual 

molecules, any measurable property Fm can be interpreted in terms of some function F(r
N
,p

N
) 

(F(r
N
,p

N
) depends on the position of phase point in the phase space {r

N
,p

N
}) and is obtained by 

time averaging over a finite time interval t [Yourgrau et. al,1982], 

0

0

t t

N N

m

t

1
F F( ( ), ( ))d

t
  



  r p                                                  (4.12)  

where t0 is the starting time. At equilibrium, it is assumed that this interval average is a good 

approximation to the measurements performed over an infinite duration i.e. the time average 

timeF  (equation 4.13), 

Fm= timeF           (4.13) 
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                              where 
0

0

t t

N N

time
t

t

1
F lim F( ( ), ( ))d

t
  




    r p  

Equation 4.13 is what distinguishes molecular dynamics from statistical mechanics. 

Statistical mechanics studies a macroscopic system from a molecular point of view by evaluating 

ensemble averages instead of time averages because for a real system, containing Avogadro’s 

number of molecules, it becomes difficult to compute the phase-space trajectories. This situation 

is resolved in statistical mechanics by using the ergodic hypothesis which states that the 

ensemble average is equal to the time average of the MD simulation. The ensemble average of F 

is given by: 

N N N N N N

ensembleF F( , ) ( , )d dr p r p p r                                    (4.14) 

where, 

                                   
N Nd dp r

1 1 1 1 1 1 N N N N N N

x y z x y z x y z x x x= dp dp dp dr dr dr ......dp dp dp dr dr dr  

                                               N N N N

B

1
, ) exp( H( , ) / k T)

Q
  (r p r p  

                                              N N N N

BQ d d exp( H( , ) / k T)  p r r p  

Here H is the Hamiltonian, T is the temperature and kB is the Boltzmann’s constant. Using 

ergodic hypothesis, 

ensemble timeF F           (4.15) 

where, 

                                    
0

0

t t M
N N N N

time
t

t 1t

1 1
F lim F( ( ), ( ))d F( , )

t M
  






     r p r p  



62 

 

Here t is the simulation time and M is the number of time steps in the simulation. Hence, it is 

assumed that if the system is allowed to evolve in time indefinitely, it will eventually pass 

through all possible states. 

 4.1.2 Statistical ensemble in MD  

It has been mentioned before in section 4.1.1 that MD simulations involve calculating the 

trajectories of atoms in a 6N dimensional phase space (3N positions and 3N momenta) and 

according to statistical mechanics, the trajectory obtained from these MD simulations provides a 

set of configurations distributed according to some statistical distribution function or statistical 

ensemble the average of which over time describes a macroscopic physical quantity. There are 

different statistical ensembles possible depending upon which state variables that need to be kept 

fixed. The important ones are briefly mentioned below. 

(a) Microcanonical (NVE) ensemble: Constant particles(N), constant energy(E), constant 

volume(V) 

The conventional MD technique mentioned in the previous section (section 4.1.1) describes 

the time evolution of a classical system of N particles in a finite volume V with the total energy E 

of the system being constant. From equation 4.15 if according to ergodic hypothesis, time 

average is equal to ensemble average, then the time average in a conventional MD simulation is 

equal to ensemble average in a constant NVE or microcanonical ensemble. This ensemble is 

obtained by solving Newton’s second law of motion (the total energy of the system is conserved) 

with no temperature and pressure control and the system under consideration is isolated from the 

rest of the surroundings through an adiabatic process such that total number of  particles (N), 

Volume (V) and Energy (E) of the system remains constant.  However there may be certain 

situations which require isothermal or isothermal-isobaric ensembles where the temperature 
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or/and pressure of the simulation need to be kept constant. For such kind of simulations 

ensembles such as NVT (canonical ensemble) and NPT (isothermal-isobaric ensemble) have 

been realized which are described in the subsequent points. 

(b) Canonical (NVT) ensemble: Constant particles (N), constant volume (V), constant     

temperature (T) 

The canonical ensemble conserves the total particles (N), volume (V) and temperature (T) of 

the system. This ensemble is commonly used when constant temperature MD simulations need to 

be performed. Temperature as a macroscopic state variable is calculated in MD simulations 

through the kinetic energy of atoms which is further calculated from the atomic velocities and 

the temperature is related to the distribution of atomic velocities in the system through Maxwell-

Boltzmann distribution. 

Although the initial velocities of atoms at a desired temperature in MD simulations are 

generated by a Maxwell-Boltzmann distribution, this distribution does not remain constant as the 

simulation progresses especially when a system is first energy minimized and then equilibrated 

during dynamics during which kinetic energy is converted to potential energy and in the process 

the temperature also changes. In order to maintain the correct temperature control, the MD 

system is coupled to a thermal bath/thermostat and any increase or decrease in temperature of the 

MD is absorbed by the thermostat. There are several thermostats used in MD for temperature 

control of which the popular ones are briefly described below: 

(i) Velocity scaling: In velocity scaling, each atomic velocity is multiplied a factor that creates 

the desired temperature at every timestep or periodically                                                             

(ii) Langevin thermostat: This thermostat couples each particle in the system to a local heat bath 

by adding a small randomly generated noise and a friction force to the velocity of each particle 
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 and the noise and the friction force are then balanced to give a constant temperature. 

(iii) Berendsen thermostat: Berendsen thermostat uses a weak coupling method to an external 

bath and corrects the deviation between the actual system temperature and the desired one by 

multiplying the atomic velocities with a certain scaling factor in order to move the system 

dynamics towards the desired temperature. 

(iv) Nose' Hoover Thermostat: This thermostat adds a friction term to Newton’s second law of 

motion which is then dynamically changed to move the system towards the desired temperature. 

(c) Isothermal–isobaric (NPT) ensemble: Constant particles (N), constant temperature (T), 

constant pressure(P) 

The NPT ensemble is a constant temperature, constant pressure ensemble and is used 

when it is desirable to have constant pressure and constant temperature system which can have 

volume fluctuations. The pressure in a MD simulation is calculated by using the Clausius virial 

equation given by equation 4.16 in which the pressure of the entire system of atoms has 

contributions from two terms: a kinetic energy (temperature) term and intermolecular 

interactions term 

N

i i

B i

r f
Nk T

P
V dV



 


          (4.16)  

 

Here P is the pressure of the entire system of atoms, N is the number of atoms in the system, Kb 

is the Boltzmann constant, T is the temperature, d is the dimensionality of the system (2 or 3 for 

2d/3d), V is the system volume, ri  is the distance between atoms and fi is the interaction force 

between atoms derived from the total potential energy of system.  

MD simulations performed at constant pressure can exchange volume with their 

surroundings i.e. they have volume fluctuations and in order to maintain the desired pressure of 
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the system during volume fluctuations a number of different barostats are used of which the 

common ones are briefly described below: 

(i) Volume rescaling: Here the system volume is rescaled periodically or at every timestep to 

make the instantaneous pressure equal to the desired pressure. 

(ii) Berendsen barostat: In this the MD system is weakly coupled to a pressure bath and                        

the volume is periodically rescaled to maintain the desired system pressure. 

(iii) Andersen barostat: In this case the desired pressure is maintained in the system by coupling 

it to a fictitious pressure bath by using an extended Hamiltonian and adding additional degrees of 

freedom to the system. 

4.1.3 Methodology 

4.1.3.1 Application of the MD algorithm 

It has been shown in the previous section that MD is able to numerically simulate the 

motion of a system of particles (atoms, molecules) interacting over a period of time and the 

interaction forces between the particles are determined by prebuilt force fields. Calculating the 

macroscopic thermodynamics properties of the target system becomes possible by invoking the 

ergodic hypothesis. Hence, in contrast to computationally extensive quantum mechanical 

calculations, MD as a numerical scheme is able to provide a viable alternative to develop a 

realistic model of atomic interactions. 

MD has been used to computationally characterize the mechanical properties of novel 

materials [Suter et al, 2007, 1995; Frankland et al, 2002; Liew et al, 2004]. In this thesis, an MD 

based computational scheme is used to characterize the stiffness constants of NIDM model 

derived in Chapter 3 for nanographene reinforced EPON 862  polymer for different 

nanographene aspect ratios, and at different temperatures. 
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4.1.3.2 Molecular modeling of 76% cross-linked EPON 862 polymer and nanographene 

filler  

In the simulations, Epon 862 (Diglycidyl Ether of Bisphenol F) is chosen as the epoxy 

monomer with Diethylene Toluene Diamine (DETDA) as the curing agent and graphene as the 

reinforcing nanoparticle. A crosslink density of 76% is established between Epon862 and 

DETDA hardener. A crosslink density of 76% indicates that for every 100 permissible crosslinks 

possible in the epoxy system, only 76 total crosslinks were formed. The open source code 

LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator) [Plimpton et. al. 2006] 

is used as the MD simulation package and visualization of the results are done using OVITO 

[Stukowski, 2010]. OVITO is a 3D visualization and analysis tool for atomistic models which is 

used for post processing the data obtained from MD simulations. The original atomistic model of 

EPON 862-DETDA and the nanographene sheets were developed at the Michigan Technological 

University (MTU) by Dr. Greogry Odegard’s group [Bandyopadhyay et al.,2011][Hadden et al., 

2013], the details of which are briefly described below. 

The molecular structures of the initial uncrosslinked Epon862 resin and DETDA 

hardener are shown in Figure 4.2.  

 

Figure 4.2 Molecular structures of Epon862 monomer and curing agent DETDA 

Epon862 monomer is formed by the reaction of 2 moles of epichlorohydrin (epoxide) with 1mole 

of Bisphenol F (Figure 4.3). Figure 4.4 shows the crosslinking reaction between Epon 862 and 

DETDA .During the crosslinking process, the nitrogen atoms in each amine group of DETDA 
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can react with 2 carbon atoms in the epoxide groups of EPON 862 thereby requiring a 

stoichiometric mixture of 2 molecules of EPON 862 to 1 molecule of DETDA. 

 

Figure 4.3 Formation of Epon862 

 

Figure 4.4 Crosslinking reactions between Epon862 and DETDA hardener 

The individual molecules of Epon 862 and DETDA were simulated in LAMMPS using 

the OPLS (Optimized Potentials for Liquid Simulations) potential function with a United Atom 

model [Jorgensen, Maxwell and Rives, 1996] [Weiner et. al. 1984] [Duffy, Jorgensen and 

Kowalczyk,1993] . United atom is a form of coarse graining where the hydrogen atoms bonded 

to the carbon atoms are modelled implicitly as united atoms thereby helping to save the 

computational time. As a result CH3, CH2, CH, and alkyl groups were modeled as single united 

atoms, with the exception being the H atoms in the phenyl rings of both the EPON 862 and 

DETDA molecules and CH3 group directly connected to the phenyl ring of the DETDA molecule 
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which was modelled as individual implicit atoms. The OPLS united atom potential calculates the 

potential energy (Etotal) of the system under consideration due to sum of contributions from 

bonds (Ebonds), angles(Eangle), dihedrals(Edihedral) and 12-6 Lennard Jones interactions(Enon-bonded) 

as shown in equation 4.16 

                                     total bond angle dihedral non bondedE E E E E                                 (4.16) 

where,                               

2

bond b 0E K (r r ) 
                                                                 

2

angle a 0E K ( )                                                         

dihedral d1 d2 d3 d4E K (1 cos( )) K (1 cos(2 )) K (1 cos(3 )) K (1 cos(4 ))               

12 6

non-bondedE 4
r r

 

    

     
     

 

Here, Kb ,Ka ,Kd1-Kd4 are constants, r is the bond distance and r0 is the equilibrium bond distance, 

 is the bond angle, 0 is the equilibrium bond angle, and  is the dihedral angle, σ is the 

equilibrium spacing parameter of the Lennard-Jones potential , ε is the well depth parameter and 

r the distance between the two nonbonding atoms . 

As a result of coarse graining, the number of original atoms in EPON 862 monomer was 

reduced from 43 to 31 united atoms and in DETDA from 31 to 21 united atoms.  Figure 4.5 

shows the coarse grained molecular structures of Epon 862 and DETDA with the atoms in red 

boxes considered as united atoms. 
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Figure 4.5 Molecular structures of Epon 862 and DETDA with the atoms in red boxes indicating united atom 

representation. 

 

The initial uncrosslinked 2:1 Epon862- DETDA mixture was constructed in a periodic 

cubic MD box using a multistep procedure in LAMMPS where it was relaxed, replicated (8 

replicas giving 16:8 systems) and compressed to a bulk polymer density of 1.2 g/cc at 300K. 

These modified molecules were then subsequently crosslinked using the fundamental reaction 

mechanism shown in Figure 4.4 , equilibrated to remove the residual stresses in multiple steps 

and replicated 27 times in a 3x3x3 array to give a final MD model of EPON862-DETDA in a 

432:216 ratio with a room temperature density of 1.2g/cc representing a total of 17,928 coarse 

grained atoms (25,272 individual atoms) and a crosslinking density of 76%.The  432:216 model 

of EPON 862-DETDA containing 17,928 united atoms is shown in Figure 4.6. 
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Figure 4.6 LAMMPS MD model of 76% crosslinked Epon862-DETDA polymer 

A nanographene sheet is introduced as the reinforcement into the EPON based MD system. 

Graphene is a 2-Dimensional one atom thick nanostructure consisting of carbon atoms arranged 

in a hexagonal pattern connected together by sp
2
 bonds. The original graphene sheet modelled at 

Michigan Tech University had a total of 4200 carbon atoms. It was modeled in LAMMPS using 

harmonic style for bonds and angles and OPLS style for dihedrals (Figure 4.7).  

 

Figure 4.7 Single sheet of graphene containing 4200 atoms. The green colored particles are carbon atoms 

z 
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For this work, the original graphene sheet from MTU was modified into two different sizes- 

aspect ratios (i.e. length along x-axes divided by width along z-axes) 2 and 4. This was done in 

order to evaluate the effects of the size and concentration of the sheets on the mechanical 

properties of the polymer nanocomposite (PNC). The sheet with aspect ratio 2 has dimensions of 

approximately 20Å by 40Å and consists of 380 carbon atoms with a weight concentration of 

2.4% in the PNC, while the 4 aspect ratio sheet has a total of 180 atoms ( approximately 10Å by 

40Å) with 1.2% weight concentration. These two graphene sheets were then embedded into the 

polymer model by creating a cavity sufficiently large for their size. The graphene sheets were 

oriented in the x-z plane as shown in Figure 4.7 and were allowed to interact with the bulk 

polymer atoms using 12-6 Lennard-Jones non bonded interactions. The entire system is assumed 

periodic in the x, y and z directions. With the original 76% crosslinked Epon 862-DETDA 

LAMMPS model provided by MTU, and reinforcing it with the  graphene sheets with two 

different aspect ratios provided a set of 3 separate atomistic models which were then 

subsequently used for simulations in this research. Table 4.1 summarizes the details of the 3 MD 

models. 
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Figure 4.8 Equilibrated atomistic model of polymer nanocomposite unit cell at 300K consisting of cross-

linked EPON862 unit and graphene sheet as the reinforcement 

Table 4.1  MD data for baseline polymer and PNC with 2 and 4 aspect ratio graphene. 

 

Baseline polymer (EPON 862 

with curing agent DETDA) 

PNC -2 a.r. graphene sheet(EPON 

862-DETDA with 180 atoms 

graphene sheet) 

PNC -4 a.r. graphene 

sheet(EPON 862-DETDA with 

380 atoms graphene sheet) 

No. of atoms 17928 18308 18108 

Force field 

OPLS United Atom force 

field OPLS United Atom force field OPLS United Atom force field 

Weight % of 

nanographene 0 2.40% 1.20% 

 

Epoxy and graphene nanocomposites are subjected to a wide range of temperatures from 

cryogenic to elevated temperatures and their mechanical properties may be affected when they 

are exposed to these temperature environments. In order to understand the effect of change in 

temperature on stiffness and strength, MD simulations were performed on these systems at three 

different temperatures as indicated below: 

a) Close to absolute zero at which thermal motion of atoms almost ceases i.e. 0.1K. 

b) Cryogenic temperature of 77K at which liquid nitrogen boils. 
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c)  Room temperature of 300K. 

4.1.3.3 Production runs to predict material properties 

In determining the material properties (stiffness and strength) of the pure polymer and 

polymer nanocomposite, the MD simulations employed kinematic deformation (strain control) of 

the simulation box followed by proper ensemble averaging to determine the mechanical stress 

that develops in the bulk.  

Once the three MD models were created, the following steps were used to equilibrate and 

deform the system and determine the stress-strain response: 

1. The MD systems were first equilibrated (Figures 4.9-4.11) at 0K by using the minimize 

command in Lammps. The purpose of this step was to find a local energy minimum by adjusting 

the polymer structure to the given force field and reducing any steric effects between the 

coordinates of atoms. From Figures 4.9-4.11 it is clear that the systems were sufficiently 

minimized and the local energy minimum was obtained for Epon862 polymer, Epon862 

reinforced with 2a.r. graphene and Epon 862 reinforced with 4 a.r. graphene systems close to the 

values of 589000, 582000 and 579000 kcal/mol respectively.  
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Figure 4.9 Potential energy minimization of Epon862 polymer 

 

 

 

Figure 4.10 Potential energy minimization of Epon862 reinforced with 2 a.r. graphene 
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Figure 4.11 Potential energy minimization of PNC reinforced with 4 a.r. graphene 

 

2. The systems were then heated to temperatures of 0.1K, 77 K and 300K respectively from 0K 

and subsequently equilibrated at the increased temperatures by considering an NPT ensemble 

where the pressure of the system was maintained at 0 atmosphere using the Nose-Hoover 

Barostat and the temperature controlled with Nose-Hoover Thermostat [Nose, 1984]. The 

timestep during the equilibration process was 0.05 femtoseconds for a total of 200000 steps 

resulting in a total of 10 picoseconds of equilibration. For convergence of the pressure during the 

simulation, the pressure tensor of the unit cells during the NPT ensemble simulations were 

isotropically controlled in each direction. During this stage, the total energy of the system is 

equilibrated by distributing the extra kinetic energy added into the system during the heating 

process into the potential energy. From Figures 4.12-4.14 it can be seen that the potential energy 

rapidly increases initially (except for 0.1K since it is close to 0K) and then fluctuates about a 

constant value thus confirming the completion of equilibration at 0.1K, 77K and 300K. Figures 

4.15-4.23 reflect the dependence of instantaneous temperature with time - for all the cases the 

temperature levels off around 3ps time. 
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Figure 4.12 Potential energy variation with time during equilibration stage at 0.1K 

 

 

Figure 4.13 Potential energy variation with time during equilibration stage at 77K 

 

580000

582000

584000

586000

588000

590000

0 2 4 6 8 10

P
o

te
n

ti
a

l 
E

n
er

g
y

  
(K

ca
l/

m
o

l)
 

Time (ps) 

basline polymer

PNC- 2 a.r.

graphene

PNC 4 a.r.

graphene

580000

582000

584000

586000

588000

590000

592000

594000

0 2 4 6 8 10

P
o

te
n

ti
a

l 
E

n
er

g
y

  
(K

ca
l/

m
o

l)
 

Time(ps) 

baseline polymer

PNC 2 a.r. graphene

PNC 4 a.r. graphene



77 

 

 

Figure 4.14 Potential energy variation with time during equilibration stage at 300K 

 

 

Figure 4.15 Temperature equilibration of baseline polymer at 0.1K 
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Figure 4.16 Temperature equilibration of PNC (2 a.r. graphene) at 0.1K 

 

 

Figure 4.17 Temperature equilibration of PNC (4 a.r. graphene) at 0.1K 
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Figure 4.18 Temperature equilibration of baseline polymer at 77K 

 

 

 Figure 4.19 Temperature equilibration of PNC (2 a.r. graphene) at 77K 
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Figure 4.20 Temperature equilibration of PNC (4 a.r. graphene) at 77K 

 

 

Figure 4.21 Temperature equilibration of baseline polymer at 300K 
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Figure 4.22 Temperature equilibration of PNC (2 a.r. graphene) at 300K 

 

 

Figure 4.23 Temperature equilibration of PNC (4 a.r. graphene) at 300K 
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conditions were applied in all directions. The pressure tensor during deformation was maintained 

at 0 atmospheres in the lateral directions with the Nose-Hoover barostat to facilitate the natural 

Poisson’s effect while the pressure in the loading direction was not controlled and allowed to 

evolve according to the strain rate. In all the simulations, the system was incremented for 0.05% 

followed by equilibration for 50 fs via the NPT ensemble and then subsequently strained by 

0.05% again with the whole process repeated until the total strain of the system reached 10%. 

For each timestep, LAMMPS calculates the stresses developed in the bulk by volume averaging 

the summation of virial stress contributions (equation 4.16) from all the atoms. The deformations 

are applied gradually for a total of 80 picoseconds with a timestep of 0.04 fs, resulting in a strain 

rate of 1.25x10
9
/s.  

                                                          

N

i i

B i

r f
Nk T

P
V dV



 


                                                     (4.17) 

 

where P is the pressure (or stress) of the entire system of atoms, N is the number of atoms in the 

system, Kb is the Boltzmann constant, T is the temperature, d is the dimensionality of the system 

(2 or 3 for 2d/3d), V is the system volume, ri  is the distance between atoms and fi is the 

interaction force between atoms derived from the total potential energy of system. The Pressure 

in equation 4.17 has contributions from both thermal motion due to temperature and interatomic 

forces. The random thermal vibrations of atoms in MD simulations at finite temperature cause 

certain residual stresses to be present in the MD system when it is in an unstrained state. Hence 

in order to obtain the actual mechanical stresses, the residual stresses are subtracted from the 

computed pressure in equation 4.17 at every timestep. 
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4.2 Simulation results  

Due to the alignment of the graphene sheet in the x-z plane of polymer, the properties of 

the PNC in elastic and inelastic deformation states are transversely isotropic while the baseline 

polymer has isotropic properties. As a result, to characterize the stiffness matrices of the NIDM 

model derived in Chapter 3, a total of four different loading conditions were applied: two 

uniaxial tension tests and two shear tests. From the two uniaxial tension tests, the normal stress–

normal strain relation along the transverse direction(Y) and the in-plane (X-Z) directions were 

obtained. Likewise, the shear stress–strain curves are obtained from the applied shear strain by 

changing the tilt angle of the unit cell. 

The constitutive equation to characterize the material constants is given by equation 4.18. 

0 D{ } ([C ] [C ]){ }                                                     (4.18) 

{σ} is the 6x6 Cauchy stress tensor and [C
0
] and [C

D
] are the 6x6 undamaged and damaged 

stiffness matrices respectively. 

As described in Chapter 3, the isotropic stiffness matrix for the baseline polymer and the 

transversely isotropic matrix for the polymer nanocomposite are given by equations 4.19 and 

4.21 respectively, while the relationship between the undamaged and damaged stiffness C
0
, C

D
 

and material constants ci ,ai , kj, lj (i=1 to 3; j=1 to 5) is given by equations 4.20 and 4.22 

respectively. 
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(4.22) 

As has been shown before in chapter 3, ijD
 is a symmetric second order tensor 

characterization of nanoscale damage term for 
th 

mode of damage. There were 3 primary 

damage modes (Figure 4.24-4.26) that were identified based on the uniaxial tension and shear 

strain of the baseline and the PNC system:                                                                                    

(a) Damage mode 1      : interface debond growth between the polymer and the graphene 
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sheet in the  direction transverse to the plane of graphene due to axial strain in the local-2 axis of 

the PNC 

 

Figure 4.24 (a) Undeformed and (b) Deformed configurations of Epon862 reinforced nanographene 

model depicting debonding at polymer-graphene interface (damage mode   =1) 
 

(b) Damage mode 2      : interfacial slip between the polymer atoms and the nanographene 

sheet due to shear strain. 

      

Figure 4.25 Interfacial slip in PNC causing atoms to slide over each other (damage mode   =2) 
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(c) Damage mode 3      : void nucleation and coalescence in the baseline polymer. 

 

Figure 4.26 Nucleation and coalescence of voids into larger damage entities (damage mode   =3) 

The following four MD simulations on the polymer nano-composite were employed to 

determine the stiffness constants in equations 4.19 and 4.21:  

Case 1: Extension along Y-axis with the dimensions in X and Z axis constrained. 

Case 2: Extension along X-axis with the dimensions in Y and Z axis constrained 

Case 3: Shear in X-Y plane. 

Case 4: Shear in X-Z plane. 

The undamaged stiffness C
0
 is found from the slope of the linear part of MD stress curve. 

Once the damage initiates at the end of the linear region (at εcitical ) and starts evolving, the 

damaged stiffness C
D
 is obtained  from linear regression of the difference between the nonlinear 

MD stress and the linear stress extrapolated into the nonlinear region versus the product between 

the strain and damage state (eqn 4.23). Since the extrapolated linear stress is greater than 

damaged nonlinear stress, the damage stiffness C
D
 is always negative value (Figure 4.27). These 

values are tabulated in tables 4.2-4.13. 
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MD,nonlinear linear extrapolated beyond the critical strainD

ij

( )
C

D

     

 


 




                                 (4.23) 

where 
0

linear extrapolated beyond the critical strain C      . 

 

Figure 4.27 Schematic description of different regions of the stress curve 
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Case 1: Extension in Y axis with dimensions in X and Z constrained 

 

Figure 4.28 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 0.1K 

 

 

Figure 4.29 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 77K 

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
0

0.5

1

1.5

2

2.5

3

3.5

4
x 10

8


22

 (Å/Å)


2
2
 (

P
a

)

 

 

MD baseline

NIDM baseline

MD PNC with 2 a.r. graphene

NIDM PNC with 2 a.r. graphene

MD PNC with 4 a.r. graphene

NIDM PNC with 4 a.r. graphene



89 

 

 

Figure 4.30 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 300K 

 

Table 4.2 Comparison of C220 (elastic constants) at 0.1, 77 and 300K 

C
22

0

 

Temperature 

(K) 

Baseline(MPa) PNC -with 2 A.R. Graphene sheet(MPa) PNC -with 4 A.R. Graphene 

sheet(MPa) 

0.1 6887.77 6966.52 7195.84 

77 2352.18 3099.44 4051.026 

300 2319.89 2500.38 2728.08 

 

Table 4.3 Comparison of C22D (inelastic/damage constants) at 0.1, 77 and 300K 

C
22

D

 

Temperature 

(K) 

Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. Graphene 

sheet(MPa) 

0.1 -3350.13 -3430.88 -3551.29 

77 -1677.20 -2302.90 -2927.08 

300 -1056.99 -1786.76 -1936.61 
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Case 2: Extension in X axis with dimensions in Y and Z constrained 

 

Figure 4.31 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 0.1K 

 
 

Figure 4.32 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 77K 
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Figure 4.33 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 300K 

 

Table 4.4 Comparison of C120 (elastic constants) at 0.1, 77 and 300K 

C12
0
 

Temperature 

(K) 

Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. Graphene 

sheet(MPa) 

0.1 340.02 417.35 475.03 

77 112.2 148.02 254.20 

300 61.63 88.27 173.41 

 

 

Table 4.5 Comparison of C12D (inelastic constants) at 0.1, 77 and 300K 

C12
D
 

Temperature 

(K) 

Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. Graphene 

sheet(MPa) 

0.1 -342.00 -418.62 -474.49 

77 -153.58 -298 -163.59 

300 -115.02 -245.10 -80.45 
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Figure 4.34 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 0.1K 

 

 
 

Figure 4.35 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 77K 
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Figure 4.36 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 300K 

 

Table 4.6 Comparison of C130 (elastic constants) at 0.1, 77 and 300K 

C13
0
 

Temperature (K) Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. Graphene 

sheet(MPa) 

0.1 707.48 722.72 838.49 

77 86.82 144.98 253.36 

300 56.71 140.40 209.83 

 

Table 4.7 Comparison of C13D (inelastic constants) at 0.1, 77 and 300K 

C13
D
 

Temperature (K) Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. Graphene 

sheet(MPa) 

0.1 -700.94 -703.37 -840.78 

77 -142.68 -253.25 -378.25 

300 --39.87 -210.45 -217.85 
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Figure 4.37 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 0.1K 

 

 
 

Figure 4.38 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 77K 
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Figure 4.39 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 300K 

 
Table 4.8 Comparison of C11

0
 (elastic constants) at 0.1, 77 and 300K 

C11
0 

Temperature 

(K) 

Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. Graphene 

sheet(MPa) 

0.1 6647.00 6836.33 7251.41 

77 3431.92 3608.73 5365.26 

300 2963.17 3021.64 3245.48 

 

Table 4.9 Comparison of C11
D
 (inelastic/damage constants) at 0.1, 77 and 300K 

C
11

D 
Temperature 

(K) 

Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. Graphene 

sheet(MPa) 

0.1 -3684.34 -6742.35 -3870.12 

77 -4549.11 -4023.01 -4293.94 

300 -1703.034 -1958.23 -2155.75 
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Case 3: Pure Shear in X-Y plane 

 
 

Figure 4.40 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 0.1K 

 

 
 

Figure 4.41 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 77K 
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Figure 4.42 Comparison of MD and NIDM based stress strain behavior of neat EPON 862 and polymer 

nanocomposite (PNC) at 300K 

 

Table 4.10 Comparison of shear modulus (elastic constants) at 0.1, 77 and 300K 

G
12

0

 

Temperature 

(K) 

Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. 

Graphene sheet(MPa) 

0.1 2302.62 2518.92 2615.76 

77 1254.72 1319.50 1444.10 

300 980.15 1062.99 1158.433 

 

 

Table 4.11 Comparison of shear modulus (inelastic constants) at 0.1, 77 and 300K 

G
12

D

 

Temperature 

(K) 

Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. 

Graphene sheet(MPa) 

0.1 -541.98 -706.84 -519.22 

77 -85.1305 -163.37 -319.69 

300 -214.51 -179.87 -135.07 
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4.3 Results 

4.3.1 Discussion 

Tables 4.2-4.11 tabulate the values of the elastic and damaged stiffness constants for the 

baseline polymer and the two PNC systems at 0.1, 77 and 300K respectively, thereby 

characterizing all the stiffness constants of the isotropic and transversely isotropic stiffness 

matrix in eqn 4.19 and 4.21 respectively.  

Once the constants were characterized from nonlinear regression fit to the MD data, using 

the nonlinear constitutive law in equation 4.18, the Cauchy stress in the bulk PNC from the 

NIDM model was computed and plotted for each individual strained system and compared with 

the mechanical  stress from the MD simulations (Figures 4.28-4.42). The fluctuations in stress in 

MD simulations were minimized using Savitzky-Golay smoothing filter. From the figures 

(Figures 4.28-4.42) it can be observed that the there is a good correlation between the nonlinear 

constitutive law from the NIDM model and the virial stress-strain curves obtained from MD and 

subsequently the NIDM model is able to capture the increase in elastic stiffness and strength at 

elastic limit due to non-bonded interactions at nanoscale between the graphene sheet and the 

polymer atoms. Also it can be seen that shear stress by and large shows hardening behavior 

whereas most of the axially strained systems showed elastic-plastic softening. 

Tables 4.12-4.17 quantify the mechanical properties (elastic young’s modulus, elastic 

shear modulus, tensile strength, shear strength) for the PNC and the pure polymer (baseline) 

using the data from MD simulations. While the elastic shear modulus has already been 

determined earlier in tables 4.10, the elastic young’s modulus is calculated from the stiffness 

constants using the relations given in equation 4.24, 4.25 and 4.26.  
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The strength at elastic limit was determined by taking the product of elastic stiffness and 

the critical strain. In all the tables 4.12-4.17 the bracketed values next to the mechanical 

properties indicate the percentage increase in the property relative to the baseline polymer at the 

specified temperature. 

Table 4.12 Comparison of transverse Young’s modulus (elastic) at 0.1K, 77K and 300K 
E22

0
 

Temperature (K) Baseline (MPa) PNC -with 2 A.R. Graphene 

sheet (MPa) 

PNC -with 4 A.R. Graphene 

sheet (MPa) 

0.1 6613.9 6920.43 (4.63%) 7140.06 (7.96%) 

77 2344.89 3087.75 (31.68%) 4034.57 (72.06%) 

300 2317.38 2495.67 (7.69%) 2711.99 (17.03%) 

 

 
Table 4.13 Comparison of in-plane Young’s modulus (elastic) at 0.1K, 77K and 300K 

E11
0
 

 

Temperature (K) Baseline (MPa) PNC -with 2 A.R. Graphene 

sheet (MPa) 

PNC -with 4 A.R. Graphene 

sheet (MPa) 

0.1 6558.26 6739.85 (2.77%) 7129.82 (8.72%) 

77 3426.42 3601.91 (5.12%) 5354.34 (56.27%) 

300 2953.13 2992.10 (1.32%) 3162.87 (7.1%) 
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Table 4.14 Comparison of longitudinal-transverse shear modulus (elastic) at 0.1ºK, 77ºK and 300ºK 
G12

0
 

Temperature (K) Baseline (MPa) PNC -with 2 A.R. Graphene 

sheet (MPa) 

PNC -with 4 A.R. Graphene 

sheet (MPa) 

0.1 2302.62 2518.92 (9.39%) 2615.76 (13.60%) 

77 1254.72 1319.49 (5.16%) 1444.10 (15.09%) 

300 980.15 1062.98 (8.45%) 1158.43 (18.19%) 

 

 

Table 4.15 Comparison of transverse tensile strength at 0.1K, 77K and 300K 

Tensile strength at elastic limit ,σ
22

0 
Temperature (K) Baseline(MPa) PNC-with 2 A.R. Graphene 

sheet (MPa) 

PNC -with 4 A.R. Graphene 

sheet (MPa) 

0.1 206.63 208.96 (1.14%) 215.88 (4.47%) 

77 94.20 124.13 (31.77%) 162.24 (72.22%) 

300 92.912 100.14 (7.78%) 109.26 (17.60%) 

 

 

Table 4.16 Comparison of in-plane tensile strength at 0.1K, 77K and 300K 

Tensile strength at elastic limit ,σ
11

0 
Temperature (K) Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. Graphene 

sheet(MPa) 

0.1 199.41 205.09 (2.85%) 217.54 (9.10%) 

77 137.45 144.53 (5.15%) 214.88 (56.33%) 

300 118.67 121.02 (1.97%) 129.98 (2.53%) 

 

 

Table 4.17 Comparison of longitudinal-transverse shear strength at 0.1K, 77K and 300K 

Shear strength at elastic limit , τ
12

0 
Temperature (K) Baseline(MPa) PNC -with 2 A.R. Graphene 

sheet(MPa) 

PNC -with 4 A.R. Graphene 

sheet(MPa) 

0.1 103.62 125.95 (21.55%) 130.79 (26.2%) 

77 75.28 79.17 (5.16%) 86.65 (15.09%) 

300 49.06 53.20 (8.45%) 57.98 (18.19%) 

 

From the Tables 4.12-4.17 the following observations can be made:  

1. The reinforcing effects of graphene sheet highly depends on the interfacial interactions 

between the graphene and the polymer surface where the stress transfer takes place from the 

polymer matrix to the graphene sheet [Gong et al, 2010; Young et al, 2011]. From Tables 4.12, 

4.13, 4.15 and 4.16 it can be seen that at all 3 temperatures (0.1K, 77K and 300K) both the in-

plane and transverse young’s modulus and strength at elastic limit of the neat Epon862 polymer 
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increases with the reinforcement of graphene sheet. The same observation is true for the shear 

modulus and shear strength at elastic limit (Tables 4.14 and 4.17 respectively). The increase in 

both stiffness and strength under tension and shear loading reflects the fact that graphene acts as 

a reinforcing agent in the polymer and there is a load transfer that takes place at the interface 

from the polymer to the graphene sheet.  

2. It can be seen from tables 4.14-4.21 (as seen left to right row-wise) that the aspect ratio of the 

graphene sheet plays a key role in the enhancement of mechanical properties. As the aspect ratio 

of graphene sheet increases from 2 to 4, in the Epon862 polymer, the reinforcing efficiency 

(modulus and strength) compared to the baseline polymer improves at all three temperatures of 

0.1K, 77K and 300K. The higher aspect ratio provides a greater surface area between the 

polymer and graphene for the transfer of stress to take place.  

3. Tables 4.12-4.17 also reflect that as the temperature decreases from 300K to 0.1K (read 

bottom to top in each column) the polymer and the nanocomposite become significantly stiffer 

and stronger as with the properties being the highest at 0.1K. This could be because as the 

temperature decreases from room temperature at 300 to cryogenic temperatures of 77K and 

finally 0.1K, the mobility of polymer and graphene molecules is significantly reduced and this 

makes them stiffer. Also the thermal contraction of the polymer at low temperatures coupled 

with the increasing differences in between the thermal expansion coefficient of the Epon862 and 

graphene with decreasing temperature causes a much stronger interfacial bonding at 0.1K and 77 

K compared to 300K. These results show that the modulus and strength of polymers are highly 

dependent on temperature. 

4.3.2 Comparison of experimental and MD simulated properties at room temperature 

 In case of polymers the mechanism of deformation is strain rate controlled and the rate of 
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loading plays a key role in determining the mechanical response. In this context, one of the 

drawbacks of MD simulations is that they involve extremely high strain rates of the order of 10
10 

s
-1 

due to the extremely small timestep used because of computational accuracy as opposed to 

real world experimental strain rates which occur at about 10
-1

 s
-1

. Therefore, when comparing the 

mechanical property values (modulus ,strength) from MD simulations to the ones obtained 

experimentally
 
[Littell et al 2008], it becomes necessary to take into account the strain rate effect 

on the polymer since they differ vastly from each other and can have a huge impact on stiffness 

and strength.  

These rate effects at widely varying time scales are compared by plotting a semi log plot 

of modulus and strength versus the strain rate [Odegard et al, 2014]. Figures 4.46-4.49 shows the 

resulting mean value of modulus and strength from averaging in the transverse and longitudinal 

planes from MD simulations and those obtained experimentally by Littell et al [Littell et al 2008 

] at room temperature at the corresponding strain rates. A least-squares trendline (power law) is 

fitted to the experimental data and is extrapolated to the MD strain rate of 1x10
9 

s
-1

.From these 

figures it is evident  that the extrapolated curves from experimental data fall within the range of 

the standard deviation of MD obtained mechanical properties, thereby providing a fair idea that 

the MD simulated properties in this research are consistent with the experimental measurements 

when strain rate-effects are accounted for. Because the tests done by Littell were for neat epoxy 

and not for PNC, the rate comparison is presented only for pure polymer. Although this 

methodology of extrapolating experimental data to MD strain rates  provides a good starting 

point of comparing atomistic simulations to experimental data, it is not completely robust since 

the extrapolation is done for extremely large distant periods of 10
10

 strain intervals. One way to 

increase the accuracy of this method would be to carry out  MD simulations for longer time 
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periods with strain rates of the order of 10
7
 s

-1
 or carry out experimental testing with higher strain 

rates. 

 

Figure 4.43 Predicted and measured Young’s modulus as function of strain rate 
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Figure 4.44 Predicted and measured tensile strength as function of strain rate 

 

 

Figure 4.45 Predicted and measured shear modulus as function of strain rate 
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Figure 4.46 Predicted and measured shear strength as function of strain rate 
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CHAPTER 5 

Discussions 

In this thesis a novel method, termed NIDM (nanoscale informed damage mechanics) that 

captures the fundamental physics of the interactions at the nanoscale, is proposed to model 

damage evolution in polymers and polymer nanocomposites (PNC). The proposed method is 

used to formulate an applicable multiscale (atomistic to macroscale) model that captures (a) the 

effect of nanoparticles on improving the stiffness of the nanocomposite in the elastic regime, and 

(b) the effect of damage at the nanoscale on the decrease in stiffness of the polymer 

nanocomposites, thereby creating a nonlinear law for the bulk polymer and polymer 

nanocomposite (incorporating the effect of nanoparticle geometry and orientation) from damage 

initiation to failure progression that is able to capture the increase in stiffness and strength due to 

nanoscale reinforcement. The definition of damage at the nanoscale is modeled using the 

fundamental concepts of 2
nd

 order  representation of the damage tensor,  and the link between 

atomistic and macro scale is established by using the Helmholtz free energy, which connects the 

microstructural changes taking place at the molecular level to macroscopic response functions 

like Cauchy stress tensor.   

Figure 5.1 provides a flowchart summary organization of the proposed NIDM model. Using 

the principles of continuum damage mechanics [Talreja, 1990] a methodology is developed to 

define and quantify a damage tensor at the interface between a nanographene platelet and 

Epon862 polymer matrix. From the principles of Thermodynamics of Internal State Variables  

[Coleman and Gurtin, 1967], this nanoscale damage tensor is represented as an internal state 
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variable which causes changes in the internal structure of the polymer nanocomposite (PNC). 

The effect of these changes in the internal structure at nanoscale is transmitted to the overall 

response (macroscopic mechanical properties) of the PNC through the use Helmholtz free energy 

thereby establishing a multiscale relationship. 

A nonlinear constitutive law is subsequently developed for the PNC which is multiscale 

in nature where the multiscale aspects are captured by describing the effect of macroscopic loads 

on the on the damage initiation and damage evolution at the nanoscale. In order to find the 

unknown material constants (stiffness) of the constitutive law, relevant MD simulations were run 

as numerical experiments.  

The objective of the whole thesis is to develop a physical model which is able to capture 

the increase in stiffness and strength of PNC compared to composites as well as also captures the 

decrease in stiffness due to the onset of a particular damage mode. These objectives are further 

corroborated from the MD simulations which confirm that the stiffness and the strength at elastic 

limit of EPON862 polymer resin increases with the reinforcement of single layered graphene 

sheet and the increase in these properties were strongly dependent on the aspect ratio of the 

graphene sheet. The material properties (stiffness and strength at elastic limit) in the NIDM 

model characterized from MD simulations were compared to experimental results by 

extrapolating the properties at experimental strain rates to the MD strain rates through a power 

law fit. The MD values were found to be in good agreement with experimental properties within 

the error limits.  

As part of future work and further development, data obtained from lower length scale 

calculations (i.e., NIDM) will be input into a hierarchical repeating unit cell (RUC) based 

multiscale model of nanoparticle reinforced composites which in turn will feed into a macroscale 



 108  
 

FEA model (Figure 5.2). In the next section certain limitations of the research with respect to 

modeling of polymer nanocomposite is discussed, followed by a discussion on further research 

work.  
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Figure 5.1 Flowchart process of research organization 

1. Continuum definition of damage 

tensor (Dij) at nanoscale for 3 damage 

modes: a) void formation, b) interfacial 

debond and c) interfacial slip.  

Nanoscale damage Dij is internal 

state variable representing evolving 

changes in material microstructure  

 

 

Macroscopic material 

response captured through 

Helmholtz free energy 

 = ̂(εij,Dij) 

2. Multiscale nonlinear constitutive 

law incorporating damage at 

nanoscale 

 {σ}= 
𝜕𝜓

𝜕𝜀
 = ([C0]+[CD]){ε} 

 

 3(a). Capture the effect of damage 

evolution on stiffness deterioration for 

all damage modes.  

Characterize stiffness constants 

C0, CD
 using MD simulations 

 

 

Model damage initiation  

and evolution 

 

 

3(b).Capture strength and stiffness increase 

due to nanographene reinforcement. 

4. Implementation of NIDM model in 

micromechanics RVE using the generalized 

method of cells (MAC/GMC) 
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model in a macroscale continuum analysis 
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Figure 5.2 Schematic of multiscale (nanoscale-microscale-macroscale) modeling of nanostructured composite 

material for lightweight aircraft structures 

 

5.1 Limitations in research 

While the proposed NIDM model is a step towards better understanding and accurate 

simulation of nanocomposites, there remains scope for further improvement as certain challenges 

still remain, some of which are listed below, 

(1) In this work MD simulations have been used to characterize the stiffness matrix of the 

polymer and PNC model. In nanocomposites it is evident from the conclusions in Chapter 4 that 

even small changes in the aspect ratio of the nanographene platelets can play a significant role in 

improving the reinforcement of the polymer system at the nano scale. While the aspect ratio of 

nanographene used for this research were quite small (2 and 4) due to time and computational 

constraints; in reality most experimental nanographene platelets have aspect ratios in the range of 

few thousands (~1000). Hence in the future in order to better capture the reinforcement effects of 

graphene, the MD simulation model will need to address the tradeoff between a system with 

significantly large number of simulation atoms incorporating the effect of actual aspect ratio 

versus the time and computational limitations. 
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(2) In the current MD model, OPLS United Atom force field has been used to describe the 

potential energy of the interacting atoms. One drawback of OPLS is that it is unable to simulate 

bond scission. As a result during the straining of the MD system in the nonlinear regime, instead 

of the bonds being broken apart their chain length simply increases and then oscillates back to its 

original position (and subsequent back and forth harmonic oscillations) and these vibrations then 

cause spurious stresses to be added to the system and are reflected in the form of spurious 

hardening of the stress-strain curve. One alternative approach for the future would be to use Reax 

Force Field (ReaxFF) [Adri van Duin et al, 2001] which has been shown to model bond scission 

and formation in hydrocarbons. ReaxFF is a bond order based force field which allows for 

continuous bond formation/breaking. Bonded interactions are generated on-the-fly, based on 

distance-dependent bond order functions. Hence in order to better understand damage evolution 

behavior of the polymer, ReaxFF can serve as a viable alternative to simulate bond breaking. 

(3) In the present research damage due to two specific loading conditions (shear and tension) 

have been used and it is assumed that the different evolving damage modes (void formation, 

interfacial slip, interfacial debonding) do not tend to interact with each other. However in reality, 

the damage modes may not always evolve in isolation but could be coupled together. The 

purpose of this study was to develop and gain insight into a fundamental framework of modeling 

damage at nanoscale in PNC on the macroscale mechanical properties. In the future, the work 

done in this thesis can be used as a foundation and extended further for more complicated loads 

with full interactions between damage modes.  

(4) In the MD modeling of the graphene sheet in this dissertation, there were certain underlying 

assumptions associated which are explained in detail below in points 4(a),4(b) and 4(c): 
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4(a) In this research the MD models of Epon862 polymer rein is reinforced with a single sheet of 

nanographene. In the development of MD model of single layered graphene sheet, it is assumed 

that the graphene sheet is in a pristine state i.e. it is a perfect 2-dimensional rectangular sheet 

completely free of imperfections and structural defects. However it has been shown 

experimentally now that graphene could have defects [Hashimoto et al, 2004; Gaas et al, 2008; 

Meyer et al, 2008; Warner et al, 2009; Girit et al, 2009; Ugeda et al, 2010; Tapaszto et al, 2008] 

which could either be intrinsic to its structure or they could be physically induced [Banhart et 

al,2010]. Ansari et al [Ansari et al, 2011] demonstrated via MD simulations that single vacancy 

[Gaas et al,2008; Meyer et al 2008; Ugeda et al,2010] and Stone-wales [Stone and Wales,1986] 

defects could reduce the ultimate strength and the Young’s modulus of defect free graphene 

sheet. Yanovsky et al [Yanovskyet al, 2010] observed a reduction of 60% in the Young’s 

modulus of graphene sheet with Stone-wales defect compared to a defect free graphene sheet. 

Zandiatashbar et al [Zandiatashbar et al, 2014], used Raman spectroscopy and AFM (atomic 

force microscopy) nanoindentation study to establish that the Young’s modulus of the graphene 

sheet decreases as the density of vacancy type defects increases in it. Thus from the perspective 

of this thesis, since the inclusion of defects can affect the native properties of nanographene 

sheet, the reinforcing effects of a non-pristine graphene sheet in Epon862 polymer could possibly 

be different than that of a defect free graphene sheet. Since different structure of the graphene 

sheet could affect the overall mechanical response of the nancomposite, it can be included as a 

detailed study in future analysis.  

4(b) It has now been established [Meyer et al,2007; Fasolino et al,2007] that the geometry of a 

graphene sheet is not perfectly flat 2-dimensional structure but rather it has height fluctuations in 

3-dimensions that causes ripples to appear on its surface due to thermal fluctuations. These 
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ripples are an intrinsic feature of graphene sheet and can affect its mechanical properties. 

Montazeri et al [Montazeri et al, 2011] found that the ripple effects caused the Young’s modulus 

of the graphene sheet to decrease in comparison with a flat graphene sheet.  

The purpose of this thesis was to simply simulate, capture and thereby explain the 

fundamental mechanism behind the reinforcing effect of graphene and this was done by creating 

a perfect MD model of 2-dimensional rectangular sheet of graphene. In the future studies 

however, the ripple effect in graphene is a factor that would need to be incorporated and its effect 

on mechanical performance would have to studied in detail. 

4(c) It is now known that strong interfacial interactions [Wagner and Vaia,2004; Velasco-Santos 

et al,2005] between the polymer and the nanoparticle play a critical role in providing a region 

through which effective transfer of stress takes place from the polymer to the reinforcing 

nanoparticle which is then responsible for giving the nanocomposite its strong mechanical 

properties. Weakly interacting monolayer graphene sheets in a graphene flake have a tendency to 

agglomerate due to their strong hydrophobicity and van der Waals interactions [Tjong, 2011]. 

This agglomeration not only causes the aspect ratio of the sheets to decrease but the weak 

interactions also cause the graphene sheets to slide over each other [Tsuji and Yamanka, 2001] 

thereby reducing the specific interfacial area for polymer-graphene sheet interactions which then 

subsequently leads to suboptimal load transfer between the polymer matrix and the graphene 

sheets and affects the improvement in mechanical properties of the nanocomposite.  

One of the ways to improve the interfacial adhesion between the polymer matrix and the 

graphene sheet is by incorporating chemically functionalized graphene sheets [Ramanathan et al, 

2008] in polymer nanocomposites. Chemical functionalization of graphene sheets in a polymer 

matrix reduces the tendency of monolayered graphene sheets within a flake to agglomerate due 
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to the cohesive forces between them [Zhou et al, 2010; Patil et al, 2009; Boukhvalov et al, 2008; 

Tjong, 2011], improves their dispersion and exfoliation within the polymer matrix and provides 

increased specific interfacial area with effective polymer-graphene interactions that maximize 

the stress transfer from the polymer matrix to the graphene sheets [Chau and Pumera, 2013; 

Georgakilas et al, 2012]. Chemical functionalization of graphene sheet can be carried out 

through either covalent bonding or non-covalent (electrostatic interactions, hydrogen bonding, 

van der Waals interactions) means. While in this thesis, the interface of Epon862 polymer 

molecules and the graphene sheet is modeled as interacting through weak van der Waals forces 

(non-covalent functionalization), a stronger interfacial adhesion could have been obtained 

between Epon862 and graphene sheet through covalent functionalization [Naebe et al, 2014]. 

5.2 Future work in progress 

One important aspect of the future work is the integrated coupling of the NIDM model to 

other multi-scale models spanning a wide range of spatial and temporal scales, with the final 

emphasis being on creating a hierarchical nano-micro-macro level multiscale model which will 

assess the effects of the damage evolution in a composite structure on the relevant aspects of its 

multi-functionality. 

In this regard the stiffness and strength properties obtained from MD simulations are fed 

into hierarchical repeating unit cell (RUC) and RVE based multiscale progressive failure models 

of nanoparticle reinforced composites. A NASA developed software called MAC/GMC is being 

used to obtain homogenized nanoparticle modified resin matrix properties, accounting for the 

evolution of structure.  

In addition, the NIDM model is being implemented within a RUC (in MAC/GMC) at the 

microscale. Finite element integration point stresses obtained from the analysis of any global 
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composite structure at the macroscale are mapped onto the RUC for use in progressive failure 

analysis using MAC/GMC. The mapping is done by coupling the FEA software to MAC/GMC 

using a specifically defined user subroutine called FEAMAC. As a result, the effect of local 

damage or failure at a given length scale is automatically propagated at each load or time step to 

the global finite element scale through the change in homogenized properties.  

It is envisioned that the macroscale FEA simulations will eventually be employed to 

perform numerical experiments to evaluate and optimize the multifunctionality of nanoparticle 

modified composite materials. The hierarchical models developed in this process will 

subsequently be incorporated in commercially available FEA software, such as ABAQUS 

through user defined subroutines to enable user-friendly, large-scale structural design 

applications by NASA and the aerospace industry. 
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