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ABSTRACT
In the dissertation, the author studies two special inventory problems via the technique of optimization. The first problem discusses inventory management in monopoly
markets in which utilities are involved. To utility companies, the inventory (materials
and supplies) can be treated as an asset and affect the selling price of the utility. The
results of the research indicate a potential behavior of utilities operating on an “inefficient” level of inventory and develop an optimal policy for maximizing profits in this
scenario. The second problem discusses a basic two-echelon inventory problem – joint
replenish problem (JRP). In the JRP, the first echelon contains only one installation
serving several other installations in the second echelon. It tries to minimize the total
cost related to the inventory. The dissertation focuses on the JRP with constraints of a
fixed transportation capacity and dissimilar items. It is studied by two different demand
models: continuous time and discrete time. In the continuous time model, a Poisson
process of customer demand is considered and a Markov decision model is built to solve
the problem. An efficient algorithm developed facilitates heuristic methods to find acceptable solutions out of an exponential solution space. The work for discrete time model
considers a more general case and the initial efforts rely on the delayed renew process.
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LIST OF ABBREVIATIONS AND SYMBOLS
ai

Storage space taken by SKUi , i.e., the shiping size of SKUi

a

Chapter 3: (a1 , · · · , an ), WLOG, let a1 ≤ · · · ≤ an < A

A

Chapter 2: the fixed ordering cost per replenishment, e.g., $; Chapter
3: shipping capacity, e.g., the size of a container or a truck

A-J effect

The well-known effect discovered by Averch & Johnson (1962)

bi

Backordering cost per unit per unit time of SKUi

CRS

Constant Return to Scale

d

Tax Rate

D

The demand rate, e.g., feet/year (of electric wires)

DEA

Data Envelopment Analysis

DMU

Decision Making Units

EOQ

Economic Order Quantity

G0 (·)

Complementary Cumulative Distribution Function, CCDF

G1 (·)

First Loss Function

hi

Holding cost per unit per unit time of SKUi

I0

Initial on-hand cycle stock, e.g., feet (of electric wires)

JRP

Joint Replenishment Problem
iv

K

Charge of a FCL, i.e., the major ordering cost

L

Chapter 2: leverage ratio, i.e., asset/equity; Chapter 3: lead time to
receive the order from the supplier

n

Number of SKUs in inventory system

NDEA

Network Data Envelopment Analysis

p

Rate, e.g., $/kwh

PSC

Public Service Commission

Q

The replenishment batch size, feet (of electric wires)

r

Discount Rate

RB

Rate Base

Re

Required return on equity, i.e., net profit/equity

ROE

Rate of Return on Equity

SKU

Stock Keeping Unit

t

An arbitrary length of time, e.g., one year

ta

Time to start adding safety stock, ta ≤ t

tb

Time to start reducing safety stock back to the base level

T

The replenishment cycle time, T = Q/D

TA

Asset base involved1 (rate base), in $’s

T C(t)

Total cost in the time period t, in $’s

v

The unit price of safety stock, e.g., $/feet (of electric wires)

V

Demand rate for the utility, e.g., kwh/year
v

x

The additional safety stock built-up, e.g., feet (of electric wires)

λi

The demand rate of SKUi

λ

Pn

i=1

λi , i.e., sum of all demand rates
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CHAPTER 1
INTRODUCTION
APICS (formerly American Production and Inventory Control Society) defines supply
chain as “the global network used to deliver products and services from raw materials
to end customers through an engineered flow of information, physical distribution, and
cash.” In a supply chain, inventory researchers of course focus on how the materials
move. Not only because it deals with material flows in a supply chain, but also because it
explores the “buyer-supplier” dyad, inventory management will always play an important
role of the supply chain. Chen and Paulraj (2004) consider the dyad as paramount
importance to the effective management of the supply chain. Zipkin (1999) even defines
supply chain as a “multi-echelon” inventory system. In my dissertation, two special but
interesting inventory problems are studied.

1.1

Overview of Research Area
It is considered that among the methods controlling the inventory one of them is

superior than others. We call the methods “policies” and the superior “optimal” based
on a set of criteria. The inventory policies usually study the inventory replenishment,
consumption and its scale. A popular technique to study those policies is based on
maximizing the decision maker’s profit or minimizing cost affected by inventory. In
this sense, inventory research could be categorized into optimization problems in most
situations.
The profit of course equals the difference between the revenue and the cost. Since
changing the scale of inventory or the way of replenishment or consumption will affect
the related cost like holding or backordering, inventory policies will significantly impact
1

the operation cost. On the other hand, the case of lost sales is an example that inventory
will impact the sales hence the revenue which is the product of sales and selling price.
Nevertheless, the cost of lost sales is invisible and the inventory does occupy a big amount
of capital. Businesses worry mainly about the attribute of cost that the inventory incurs.
Therefore, great effort contributes to reduce the cost incurred by inventory or even try
to wipe out the inventory. However, this does not draw the whole picture and will not
devalue the meaning of inventory research.
First, if inventory decisions could affect the selling price, it would increase the
revenue in a great deal. At this point, reducing inventory might not be the best choice
and so be the classical optimal policies. Indeed, we see this happens in real business.
In regulated monopoly market, specifically utilities, the mechanism forming the selling
price is highly related to the company’s capital status. Inventory, as an important
part of capital, thus influences the decision making through a totally different way from
the literature. We study inventory’s effect in regulated market. This special inventory
problem is my first research stream.
Second, in a supply chain, information is considered as a substitute for inventory.
For instance, build-to-order supply chain seeks no finished product inventory in the
channel (Gunasekaran and Ngai, 2005). Cachon and Fisher (2000) build a model to
theoretically study to which extent the shared information could replace inventory and
increase the benefit for the whole supply chain. In his model, a problem framework
with one supplier and N identical retailers are considered. The retailers order with same
inventory policies and the supplier makes his own decision based on the orders sent from
the retailers. Under this structure, we notice that if the information is totally shared
and the objective is to reduce the whole supply chain’s cost, this problem is exactly a
joint replenishment problem (JRP). Since the information of each retailer’s inventory
position visible to the supplier, he could replenish based on the inventory status of all
retailers and be in control of the whole supply chain. There is no need for the supplier
to hold inventory. At this point, inventory study itself provides a good understanding
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of the supply chain and a way to manage the supply chain. We study JRP as a special
two-echelon inventory problem. It is my second research stream.

1.2

Research Stream 1: Inventory Effect in Regulated Environment
The first topic observes a phenomenon that inventory can affect the selling price

and the revenue, in a special environment of monopoly market that utilities are involved
in. The inventory (materials and supplies) can be treated as an asset in this case, so the
“Averch-Johnson” effect may exist in inventory management. The Averch-Johnson effect
is a well-known economic phenomenon through which regulated utility companies prefer
a capital resource input combination that differs from the typical optimal level.
1.2.1

Basic Case
In a basic case, we focus on the development and insight of policies for capitalized

stock in the regulated utilities. Through dynamic Network Data Envelopment Analysis
(dynamic NDEA), we first investigate the existence of this effect when the inputs include
inventory. The analysis was performed for a group of public electric utilities. The result
implies that these firms procure a significant extra amount in inventory (materials and
supplies) beyond their efficient levels in last ten years(2005-2014). In order to explore
the connection of this effect to profit motives, we construct an analytical model of the
inventory policy controlling the extra buying of material that will be inventoried and
added to the firm’s rate base. The model is based on maximizing the net present value
of total profits before and after a rate hearing. In the basic case, two results are observed:
i) the firm could achieve a finite optimum by adding a finite amount of inventory above
the normal base level; and ii) the firm could theoretically achieve infinite optimum under
the unconstrained model. The primary contribution of this paper is the special case of
extending typical inventory replenishment models to including the impact on prices and
in turn profits in a regulated supply chain. See Chapter 2 for detail of basic case.

3

1.2.2

Status and Extensions
The base case has already been published on International Journal of Production

Economics (Li et al., 2016). However, it only considers one successful rate hearing which
actually belongs to the deterministic and static case. There are several extensions can be
done to the basic case. First, the success of rate hearing may be stochastic. Typically, we
could assume the probability of a successful rate hearing is decreasing when the inventory
level increasing and multi rate hearings are possible. So, a dynamic programming model
can be set up to analyze the behavior of utilities in several or infinite periods of time and
more than one rate hearings are concerned. The basic solution is regarded as a myopic
of the dynamic one. This is discussed in Chapter 4. Second, a rate hearing might be
partially approved, that is, the rate authorized by public service committee (regulators)
might not be the target rate but a rate between the original one and the target one.
For example, if partial approval happens, we could assume the actual rate after the rate
hearing uniformly locates between the original and the target rate.

1.3

Research Stream 2: Joint Replenishment Problem with Dissimilar Items
The second topic discusses a basic but important two echelon inventory problem,

i.e., joint replenish problem (JRP)1 . A JRP is a sepcial two-echelon inventory problem.
The first echelon contains only one installation serving several other installations in the
second echelon. For example, if the information is totally shared, the supplier in Cachon
and Fisher (2000) could be regarded as the installation in the first echelon and the
retailer the installations in the second. Another example could be the one that treating
the installation of the first echelon to be a retail store and the installations in the second
echelon to be stock-keeping-units (SKUs) sold by the retailer. JRP tries to minimize
the total cost since assuming full backordering. Classical JRP research often assumes
identical SKUs and unlimited shipping capacity. Those are treated as constraints in the
dissertation – SKUs are dissimilar and shipping capacity is finite. Obviously, the classical

4

JRP research is a special case of the problem here.
1.3.1

Basic Case
In the basic case, we consider the continuous time model with Poisson process

of customer demand. We study a class of continuous time review policies and try to
find an optimal policy out of the class. The policies we consider have three properties:
i)a fixed “order-up-to” quantity for each item; ii)orders are triggered by demand; iii)the
shipping space required by an order is the sum of difference between order-up-to level
and inventory position of all items, except when exceeding the shipping capacity. Under
the assumptions of the problem, the joint inventory position (a vector) is actually a
subordinated continuous time Markov Chain. A new methodology is developed to solve
this type of model. Because the solution space increases exponentially, we also suggest
some heuristic methods. See Chapter 3 for detail of this topic.
1.3.2

Status and Extensions
The paper of the basic case is ready to submit. To extend our model, we also

consider a more general case with discrete time demand. In this case, the time line is
divided into units of period and the customer demand in each period are assumed to be
i.i.d. random variables. Our initial efforts rely on delayed renew process. See Chapter 4
for detail.

1

We have to clarify here that the JRP we consider in the dissertation is actually stochastic JRP
such that the demand is stochastic but not deterministic. We will not discuss JRP with deterministic
demand.
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CHAPTER 2
OPTIMIZING INVENTORY’S CONTRIBUTION TO PROFITABILITY IN A
REGULATED UTILITY
This chapter is motivated by an issue facing supply chain managers in regulated
utility companies. Specifically, in creating additional stocks of material and supplies,
should their replenishment decisions and policies be driven by the view that those stocks
represent cost, or that they represent assets. This issue was brought to our attention in
a conference of such managers from the southeast.
In inventory management, seeking an optimal inventory policy is normally based
on minimizing the total cost, e.g., the one-time only incentives problem (Goyal et al.,
1991); or maximizing the total profit, e.g., the single period news-vendor problem (Khouja,
1999). An optimal inventory policy usually indicates a base inventory level under certain
circumstances, which is implemented by or acts as guidance to the business. The idea
is also supported by economic literature: Thomas and Zhang revealed that inventory
changes are related to profitability reversals (Thomas and Zhang, 2002), which implies
firms with low inventory growth outperform those with high inventory growth (Belo and
Lin, 2012).
However, this is not always the case; for instance, Buzacott and Zhang (2004)
pointed out traditional inventory models may lead to infeasible practices if neglecting
some economic factors. A special case happens to heavily regulated utilities. To those
companies, obeying a base inventory level derived by viewing inventory as a cost element
and not as a price inflation factor often implies giving up an opportunity to increase
profits. Indeed, when the rate of return on equity (ROE) is guaranteed by a public service
commission (PSC) , Averch and Johnson (1962) demonstrated that regulated firms are
more likely to invest more in capital (including inventory) than the other cooperating
6

factor. The so-called Averch-Johnson effect (A-J effect) indicates regulated firms may
not operate on the efficient level of inputs (Das, 1980; Spann, 1974). A relevant question
for supply chain managers in such firms is the extent to which this effect is true for
inventory stock that is capitalized. In such cases, management faces the challenge of
viewing inventory as an asset beyond constituting a cost.
From the aspect of inventory management, a reason that utilities may not operate
at the efficient level is because many replenishment models consider the situation where
inventory has impacts on the cost or the expected sales which relates to the return of the
company, but not on the selling price. In other words, selling price is assumed exogenous
(e.g., Petruzzi and Dada, 1999). When prices or rates are dependent on inventory levels,
a different model considering this situation is needed to determine the true optimal
policies.
The reason that inventory can affect the selling price is because in the utilities’
case, inventory can be part of the rate base (assets or equity). When the actual return
on the rate base is lower than the pre-approved one by the PSC, the company may
file for a rate hearing to request a rate change, which could subsequently reestablish
profitability to the approved return for the company (Hereafter, “price” and “rate” are
interchangeable). Given that the inventory (materials and supplies) plays a role in the
rate base, it will greatly impact the ratio of the return to the rate base and the change
of the rate. Actually, a common practice in utilities is to treat the value of purchased
items such as wires and poles as a depreciable asset when it is brought into the company.
In turn, it is included in the company’s rate base used to calculate its return on the
assets or equity. As shown in Figure 2.1, before the item is eventually used or assigned
to a job as a capitalized asset, such as a construction project, it remains in the rate
base as an asset and is depreciated as such. However, if the issued item is not part
of a capitalized job, then it is removed from the rate base. Hence, the rate base is
directly increased by inventory buildup. And in turn, the company’s rate calculation
is directly affected. As stated in Duke Energy’s annual report (2015)1 , “Materials and
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Figure 2.1: Inventory Influences the Rate Base

Item
Purchased

Issued to Job

Inventory

add into RB

Yes

+

Is Item
“Capitalized”

Rate Base Level
(Asset Base)

Consumed

stay in RB

No

removed from RB

supplies are recorded as inventory when purchased and subsequently charged to expense
or capitalized to property, plant and equipment when installed”. For more details on the
role of inventories in regulated utilities and their relationship to the company’s profits,
see Miller (2014).
The question arises as to the extent to which utilities actually take advantage of
this influence as they manage their inventories. While it is difficult to determine if there
ܴ to do so, we can at least investigate
ݎ
ܴthe
൏  ݎdegree to which the Averchis a conscious effort
ܴݎ

Johnson effect is present as it pertains to inventory management. This is discussed in

section 2.1 of the chapter. In that section, we analyze a group of companies with a single
utility (electric power) based on Dynamic Network Data Envelopment Analysis (Dynamic
NDEA), which is designed for the purpose of investigating the efficiency changing with
time. Our results demonstrate a significant inefficiency in inventory. This motivates an
inventory policy model in section 2.2.
Then, in section 2.2 and 2.3, the topic is put into the framework of a mathematical
decision model. We illustrate that the problem addressed here is very similar to the “one
time only incentives” problem. The results characterize the optimal policy dealing with
the additional inventory under two situations concerning the calculated return, R, in
relation to the discount rate, r: i) when R < r, the firm could achieve a finite optimum
by increasing a finite amount of inventory above the normal base level; ii) when R ≥ r,
1

Duke Energy 2014 Annual Report, Form 10-K, Filling Date: 3/2/2015.
energy.com/pdfs/Annual-Report-2014.pdf
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the firm could theoretically achieve infinite optimum if no constraints are involved. For
both cases it is shown that an instantaneous increase of additional inventory is preferred
to a gradual buildup, and the size of the increase depends on the timing of the purchase.
A numerical example of the first case is given to show the properties of the objective
function.
Finally, section 2.4 provides a numerical study to better understand the model and
section 2.5 provides a summary and conclusions and points out possible future directions
for research.

2.1

Inefficiency in Inventory Management of Utilities
If utilities operate under the optimal base inventory policy, the inventory level as

a type of input resource could be classified as “efficient”. From the aspect of inputs, the
input-oriented efficiency means the decision making units (DMUs, i.e. utilities) could
not get the same or more outputs by fewer inputs. The A-J effect implies an incentive
to utilities to obtain a higher (inefficient) level of inventory than the base level. If the
utility operates in this manner, it would be useful to have an inventory replenishment
policy that optimized the impact of the inefficient stock on company profitability.
Various empirical studies have been undertaken over time to investigate the existence of this effect by efficiency evaluation. For instance, Spann used the trans-log
production function to verify A-J effect in regulated electric utilities (Spann, 1974);
Sueyoshi applied data envelopment analysis (DEA) to examine the performance of the
Japanese electric power industry (Sueyoshi and Goto, 2012); Uri (2001, 2003), based
on DEA, explored changing productive efficiency in telecommunications after incentive
regulation. However, all of these papers do not analyze the special resource input of
inventory when it is considered as asset but not cost to be reduced.
While panel or time series models as DEA (Charnes et al., 1978) are used to
measure static efficiency, there is a growing literature addressing dynamic efficiency
for inputs. A recent review of non-parametric dynamic efficiency measurement is from
9

Fallah-Fini et al. (2014). They identify five key factors of the inter-temporal dependence
between input and output levels over different periods: production delays, inventories,
quasi-fixed factors, adjustment costs and disembodied technological change. As stated in
the paper, “the dynamic issues associated with inventories have received less attention”.
So it is interesting to compare the dynamic efficiency of inventory with the other dynamic, adjustment cost in utilities. In dealing with inventory as a dynamic input, Färe
and Grosskopf (2012) present a dynamic Network DEA (NDEA) that treats inventory
as a storable input linking the production periods. On the other hand, in dealing with
adjustment cost, Färe and Grosskopf (1997), Nemoto and Goto (1999, 2003), and Silva
and Stefanou (2003, 2007) take it as foregone outputs due to investment in quasi-fixed
inputs like properties. Färe and Grosskopf (1997) and Nemoto and Goto (1999, 2003)
suggest similar models based on dynamic NDEA. Silva and Stefanou (2003, 2007) develop a theoretical framework of the nonparametric revealed preference approach and
show the production possibility set defined by their model is the tightest inner bound
of the true unknown production possibility set. In other words, the upper bound of the
efficiency measure is found. Notice that the models mentioned do not simultaneously
deal with the dynamics of inventory and adjustment cost, it is useful to build a model
incorporating both the inventory and the adjustment cost.
We propose a dynamic NDEA model to incorporate the dynamics of inventory
and adjustment cost simultaneously, as shown in Appendix A.1. The overall dynamic
efficiency from an input orientation perspective for a DMU can be obtained by solving the
dynamic NDEA model. Furthermore, the efficiency measures of input resource at each
period can be found after solving the individual model for all DMUs. For convenience,
reader can find the detail of our model in Appendix A.1.
In this paper, we apply the dynamic NDEA model discussed above to electric utility industry and analyze the efficiency of inventory utilization. Ten years’ data from 2005
to 2014 of 23 electric utility companies is collected from U.S. Securities and Exchange
Commission2 . The list of companies is a benchmark of the industry, based on “Standard
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& Poor’s Industry Surveys” (2012). Two types of inventory inputs are selected: Fuel
and Materials and Supplies; and three types of quasi-fixed inputs are selected: Electric
Property for Generation, Electric Property for Transmission and Electric Property for
Distribution. Then, two types of outputs are considered: Operating Income and Net
Income from regulated electric. Though Fuel is also a type of inventory, since it is not
included in the utility’s asset rate base, we focus on non-fuel inventory in the paper and
call Materials and Supplies as Inventory hereafter.
There are 23 optimization problems in total, and a program based on C++ and
CPLEX is designed to solve the problems3 . Figure 2.2 shows the dynamic efficiency of
all the five inputs. We could see a clear tendency of decreasing efficiency in inventory
over last ten years comparing with other inputs. The average efficiency of Fuel, Inventory (Materials and Supplies), Generation, Transmission and Distribution are 81.31%,
69.72%, 89.11%, 78.81% and 91.59% respectively. Interestingly, as a type of inventory
excluded from the rate base, Fuel is more efficient than Materials and Supplies. This
could be seen as an evidence of A-J effect existing in inventory management. As we
discuss in the introduction, inventory could not only be used to achieve a target service
level as in the typical view, but also provide a potential way to create more profit. In
fact, utilities sometimes have good arguments to convince the PSC that maintaining a
high level of inventory is advantageous. For example, utilities in storm prone states will
normally maintain a large amount of safety stock to achieve a quick recovery of service
in the emergency well beyond covering uncertainties in normal replenishment.
From the dynamic NDEA analysis, it is shown that an extra amount of inventory
above the optimal level exists. This observation has not been discussed in the literature,
so in the next section we put this problem in the framework of inventory replenishment
management, and build an analytical model to study the inventory policy specifically
dealing with this “inefficient” (additional) part of inventory.
2

Tone and Tsutsui (2014) investigate a dataset of US electric utilities from 1991-1995, which also
based on the framework of dynamic NDEA.
3
The source code and data are available from the authors.
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Figure 2.2: Dynamic Efficiency of Inputs
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2.2

Policy for Adjusting Inventory
In this section, an inventory policy is modeled to control the additional inventory,

which is the part above the base inventory level determined by economic based models
like EOQ. Specifically, the policy tries to answer three questions:
a How: how to build up inventory, gradually or rapidly?
b When: when does the company start to build up inventory, as well as reduce
inventory?
c How Much: how much additional inventory does the company add (the target
inventory level)?
As discussed in the introduction, the purchase of additional inventory may lead
to an argument for a rate change, i.e. “rate hearing” by the PSC. If the rate hearing is
not always successful, the case is said to be stochastic in the framework of this research.
Aminzadeh and Chikte (1986) considered a binary and a partial approval process in
making the price decisions of regulated firms. For convenience, here we consider a single
successful rate hearing problem, which means a rate change will be approved by the PSC
between two consecutive periods to reestablish the target return. Furthermore, in this
paper we consider the manner of adjusting safety stock (inventory).
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2.2.1

Notation, Decomposition and Assumption of the Problem
For the reader’s convenience, the notation used in this section is listed below:
Re

-

required return on equity, i.e., net profit/equity

L

-

leverage ratio, i.e., asset/equity

r

-

discount rate

p

-

rate, e.g., $/kwh

V

-

demand rate for the utility, e.g., kwh/year

t

-

an arbitrary length of time, e.g., one year, fifteen months

d

-

tax rate

T C(t)

-

total cost in the time period t, in $’s

TA

-

asset base involved4 (rate base), in $’s

ta

-

time to start adding safety stock, ta ≤ t

tb

-

time to start reducing safety stock back to the base level

x

-

the additional safety stock built-up, e.g., feet (of electric wires)

v

-

the unit price of safety stock, e.g., $/feet (of electric wires)

A

-

the fixed ordering cost per replenishment, e.g., $

Q

-

the replenishment batch size, feet (of electric wires)

D

-

the demand rate, e.g., feet/year (of electric wires)

T

-

the replenishment cycle time, T = Q/D

I0

-

initial on-hand cycle stock, e.g., feet (of electric wires)

Since we concentrate on safety stock, the two strategies of answering “How” would
be: instantaneously increasing the safety stock, or gradually increasing it. These options
are depicted in Figure 2.3. The saw-toothed curve represents cycle stock, and the dashed
line of time t denotes the rate hearing event which is the break line of the first and the
second periods. The three variables ta , tb and x answer the other two questions: “When”
and “How Much”. To accommodate the gradual strategy, we introduce the subscript j.
4
The rate base is the value of assets considered by the PSC in calculating the return on equity,
usually measured at the time of the rate hearing.
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Figure 2.3: Gradual or Instantaneous Increase of Safety Stock
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So, taj and xj give the j th time of partially increasing the safety stock and its volume
respectively (see Figure 2.3.a).
Dividing the inventory into cycle stock and safety stock, as represented in Figure
2.4, the problem can be decomposed into:
a A one-time special “purchase” of cycle stock at time tb (Figure 2.4.a);
b An instantaneous increase of safety stock at ta followed by an instantaneous decrease at tb (Figure 2.4.b);
c Gradual increases of safety stock at time taj followed by an instantaneous decrease
at tb (Figure 2.4.c).
For one time special purchases see Goyal et al. (1991), who offers a literature
review of this problem, also see Sarker and Al Kindi (2006), Karimi-Nasab and Konstantaras (2013) and Taleizadeh et al. (2012). However, the main difference between
problems considered in the literature and our case is the objective: the “incentive” that
the utility has for buying additional inventory is maximizing system profit as opposed
to minimizing incremental inventory cost. Also, in our problem the company doesn’t
pay the ordering cost at the time tb when the cycle stock “increases” but rather at ta .
As mentioned by Goyal et al. (1991) and illustrated by Aucamp and Kuzdrall (1986),
an exact analysis of a one-time special purchase uses a discounted cashflow approach to
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Figure 2.4: Components of the Problem
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find the optimal special order quantity. Since the inventory for our problem will affect
all future cashflows, i.e. future profits, we also apply this method in our model.
2.2.1.1

Assumption

To facilitate the modeling of our problem, several assumptions are used as given
below:
1) Inventory and asset data collected by the PSC is at the time of the rate hearing.
2) The sales of electric power (i.e., demand) in period one, say V is fixed.
3) The (s, Q) policy is used as the base policy (Silver et al., 1998), and the base safety
stock level is large enough so that backordering costs are negligible.
4) The demands for inventory items are independent.
5) Holding costs apart from the opportunity cost of having dollars tied up in inventory
are negligible (Trippi and Lewin, 1974).
15

2.2.2

Modeling
Since assets divided by leverage ratio gives equity, we have

Re =

(pV t − T C(t))(1 − d)
·L
TA · t

(2.1)

After manipulating terms of (2.1), we can show the rate, p, required to achieve
the required rate of return, Re , is

p=

T A · R · t + T C(t)
V ·t

(2.2)

Re
L(1 − d)

(2.3)

where:

R=

Hereafter, in order to model at the SKU (stock-keeping unit) level, we introduce
subscript i to denote the index of a particular SKU. After inputting the expression of
T A and T C(t), p can be approximately rewritten as (see Appendix A.2 for details):

p ≈ p0 +

R

P

i

xi v i

(2.4)

V

where: p0 is the rate in period one, vi is the unit price of SKU i and xi =

P

j

xij for the

gradual strategy.

2.2.2.1

Approximate model by solving the problem at the special cycle

Before we solve the problem exactly by the discounted cashflow approach, it is
interesting to solve the problem approximately to better understand the properties of
optimal solutions. We calculate the profits gained from the rate change in the special
inventory cycle, i.e., the cycle from time tb to tb + x/D. The special cycle is represented
as the big triangle in Figure 2.3.a. In this approximate method, we omit the rate change

16

after the special cycle.
We assume the rate change from each individual SKU only contributes to its own
special cycle. By (2.4), for SKU i: the revenue increase from the rate hearing in the
special inventory cycle is approximately (Rxi vi )/V × (xi V )/Di = (Rx2i vi )/Di ; the cost
increase from the rate hearing is the difference between the cases with/without a rate
hearing,
rx2i vi rxi vi Qi
xi
b
a
− ρi )A + (ti − ti )rxi vi +
−
−(
Di Ti
2Di
2Di
/ Si and Si = {t | t = Ii0 /Di + jTi , j = 0, 1, · · · , ni − 1} as the set of
where ρi = 1 if tai ∈
regular replenishment points. Therefore, the total profit gained in the special inventory
cycle is
X Rvi
rvi 2
A
rvi Qi
−
)xi + [
+
− (tbi − tai )rvi ]xi − ρi A}
{(
D
2D
D
T
2D
i
i
i i
i
i

(2.5)

The domain of decision variables are xi ≥ 0, tai ∈ [0, t], tbi ≥ t. We don’t allow
tbi < t because PSC will check the inventory status at the time of case hearing. If reduces
inventory before the rate hearing, it will only increases the cost but not help the rate
hearing. Denote the optimal solutions with the superscript “*”. From (2.5), it is easy to
see the optimal solutions have the following properties:
∗

i) tbi should be as small as possible;
∗

ii) tai should be as large as possible, i.e., either t or t − Ti because the objective
function is discontinuous;
iii) x∗i could be infinite or finite depending on the scale of R and r, i.e., if R > r/2
then x∗i is infinite.
As shown in the next section, the observations from the approximate model match
the results from the following exact analysis to a great extent, except for the third
condition where the exact model yields the criteria whether R > r but not r/2.
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2.2.2.2

Exact model by discounted cashflow approach

Now, let F0 be all costs excluding inventory related costs in a unit time, and
define t0i = (Ii0 )/Di , tki = xi /Di and ni = d(Di t − Ii0 )/Qi e. From Figure 2.3, it is obvious
that tbi should only correspond to the time that a batch of cycle stock is consumed, so
define τi by tbi = t0i + τi Ti , such that τi ∈ N ∧ τi ≥ ni 5 . Since the net present value of
total profits N P V P is the difference of net present value of total revenue N P V R and
total cost N P V C , we have:

NP V

R

Z
=

t
−rθ

p0 V e

Z
dθ +

0

NP V C =

Z

F0 e−rθ dθ +

X

p0 V (1 − e−rt ) pV e−rt
+
r
r
∞
X
X
X
a
b
k
+
xi vi e−rti +
e−r(ti +ti ) (
(A + Qi vi )e−rmTi )

pV e−rθ dθ =

t
∞

0

+

∞

a

Ae−rti

ta
/ i
i ∈S
i −1
X τX

i

i

m=0

i

0

(A + Qi vi )e−r(ti +mTi )

m=0

X A + Qi vi
X
X
F0
a
a
−rtbi
−rt0i
−r(tbi +tki )
= +
)
−
e
+
e
xi vi e−rti +
Ae−rti +
(e
−rT
i
r
1
−
e
a
i
i
ti ∈S
/ i

Notice, the above equations are for the instantaneous strategy; for the gradual
P P
P
P
a
a
a
Aρij e−rtij +
Ae−rti + i xi vi e−rti to
strategy, we only have to change
i
j
ta
∈S
/
i
i
P P
−rta
ij
, where subscript j corresponds to the j th partially increasing the safety
i
j xij vi e
stock as discussed in last subsection and ρij = 1 if ti j a ∈
/ Si .
b

k

b

b

k

Since tbi only appears in N P V C , and e−r(ti +ti ) − e−rti = e−rti (e−rti − 1) increases
k

as tbi increases because e−rti − 1 < 0. Hence N P V P = N P V R − N P V C is monotonous
∗

decreasing function of tbi . On the other hand, the smallest value of tbi is tbi = t0i + ni Ti ,
so the following proposition exists:
∗

Proposition 2.1. The optimal value of tbi is tbi = t0i + ni Ti , i.e., the time of first regular
replenishment after the rate hearing t.
Hereafter, we fix tbi at its optimal value t0i + ni Ti . By some algebra, it can be
5

N is the set of natural numbers, ∧ means “and”
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shown that (see Appendix A.3 for detail):

NP V P = NP V R − NP V C
X
X
X A + Qi vi
e−rt R
a
a
b
k
0
b
= AF 0 +
xi vi (
− e−rti ) −
Ae−rti −
(e−r(ti +ti ) + e−rti − e−rti )
−rT
i
r
1−e
a
i
i
ti ∈S
/ i

(2.6)
for instantaneous strategy, and

AF 0 +

XX
i

xij vi (

j

XX
X A + Qi vi
e−rt R
a
a
b
k
0
b
− e−rtij ) −
Aρij e−rtij −
(e−r(ti +ti ) + e−rti − e−rti )
−rT
i
r
1−e
i
j
i
(2.7)

for gradual strategy respectively. AF 0 = (p0 V − F0 )/r is a constant.
In next subsection, we will first focus on the analysis of instantaneous strategy.
Then based on the findings from the analysis, we will prove Proposition 2.3, which shows
that gradual strategy is dominated by the instantaneous strategy.

2.3

Optimization of Exact Model
Proposition 2.1 gives the optimal value of tbi , so the two decision variables remain

unsolved are xi and tai , which have the ranges of [0, +∞) and [0, t] respectively. Equation
(2.6) represents the objective function for our decision of when and how much safety
stock to acquire prior to the rate hearing. This function is divisible, continuous and
differentiable when tai ∈
/ Si . To find its optimal value, first, differentiate (2.6) w.r.t. tai :
∂N P V P
a
= (xi vi + A)re−rti > 0,
a
∂ti

∂ 2N P V P
a
= −(xi vi + A)r2 e−rti < 0 ∀tai ∈
/ Si
a2
∂ti

So, N P V P is an increasing, strict concave function of tai with jump discontinuities
a

of size Ae−rti at value tai ∈ Si . This implies that for a fixed ki , N P V P is maximized at
either t or tbi − Ti .
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Figure 2.5: Sign of Partial Derivatives
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Now, consider the partial derivative with respect to xi :
R r
P

A + Qi vi r
∂N P V
vi
a
b
k
·
= (e−rt R − re−rti ) +
· e−r(ti +ti )
−rT
i
∂xi
r
1−e
Di
2
P
A + Qi vi
r
∂ NP V
b
k
=−
· ( )2 · e−r(ti +ti ) < 0
2
−rT
i
1−e
Di
∂xi
So, N P V P is a strict concave function of xi . Given a tai , if exists a x̄i , s.t.
∂N P V P
∂xi

|xi =x̄i = 0, then N P V P will get the maximum at max{x̄i , 0}. Denote it as x̄i (tai ),
ti a

t

solve the equation

x̄i (tai )

∂N P V P
∂xi

=

max{−Di tbi

In addition, notice that
tai > t −

ln(R/r)
,
r

ln( R / r )

= 0 to get
Di Di vi (1 − e−rTi ) −rtai
− e−rt R)], 0}
−
ln[ 2
(re
r
r (A + Qi vi )
∂N P V P
∂xi

(2.8)

a

could be positive for any xi if e−rt R − re−rti ⇔

which depends on the scale of R and r. Therefore, it is convenient to

divide the problem into two cases: whether R < r or not.
Case 1. R < r: ∃x∗i ≥ 0, s.t. N P V P achieves a finite maximum
Because R < r ⇒ t −

ln(R/r)
r

> t ≥ tai , x̄i (tai ) of (2.8) exists for any 0 ≤ tai ≤ t.

This can be shown in Figure 2.5.a, in which we note the sign of

∂N P V P
∂xi

to find the global

optimum.
Since N P V P is divisible and an increasing of tai , denote ρi = 1 if tai ∈
/ Si , otherwise
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tia

0, let

N P ViP (xi , tai ) = xi vi (

e−rt R
A + Qi vi −r(tbi +tki )
a
a
0
b
− e−rti ) − ρi Ae−rti −
(e
+ e−rti − e−rti )
−rT
i
r
1−e

Considering the discontinuity of N P ViP (·, tai ),the optimal solutions are:

∗
(x∗i , tai )

=




(x̄ (t), t)

∗

∗

if N P ViP (x̄i (t), t) ≥ N P ViP (x̄i (tbi − Ti ), tbi − Ti )

i



(x̄i (tbi ∗ − Ti ), tbi ∗ − Ti ) if N P ViP (x̄i (t), t) < N P ViP (x̄i (tbi ∗ − Ti ), tbi ∗ − Ti )
(2.9)
∗

where, tbi = t0i + ni Ti specified in Proposition 2.1.
As shown in Figure 2.5.a, denote t̃ai as the point such that maxtai {tai : x̄i (tai ) = 0},
and solve for t̃ai resulted in:
b

t̃ai

1 re−r(ti −t) (A + Qvi ) R
= t − ln[
+ ]
r
Di vi (1 − e−rTi )
r

(2.10)

A special situation occurs when t̃ai ≥ t, which implies that x∗i ≡ 0 ∀tai ∈ [0, t].
From (2.10), we see R < r is a necessary condition but not sufficient for this situation.
Case 2. R ≥ r: N P V P achieves a finite maximum when R = r, or infinite
maximum when R > r
Again, Figure 2.5.b depicts the sign of ∂N P V P /∂xi . It is easy to see that the
difference of Figure 2.5.b from Figure 2.5.a is whether the asymptote tai = t −

ln(R/r)
r

is

on the left of tai = t or not. The criterion that whether R = r divides this case into two
subcases.
i) R = r
∗

Under this subcase, N P V P gets maximum when tai = t −
it is easy to see xi = ∞. However, limxi →∞ N P V P
P A+Qi vi −rt0
b
i − e−rti ) < ∞ by (2.6).
i 1−e−rTi (e
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ln(R/r)
r

= t. From (2.8),
P
−rta
i −
= AF 0 − ta ∈S
/ i Ae
i

ii) R > r
Under this subcase, for any tai ∈ (t −

ln(R/r)
, ∞]
r

beginning of this section, ∂N P V P /∂xi >

∩ [0, t] 6= ∅, as discussed at the

vi −rt
(e R
r

a

− re−rti ) > 0, i.e. ∂N P V P /∂xi

has a positive lower bound. So, limxi →∞ N P V P = ∞. That is, the objective
∗

function goes to infinity as the safety factor xi → ∞. tai could be any value in
(t −

ln(R/r)
, ∞]
r

∗

∩ [0, t]. For convenience, let tai = t.

In summary, we introduce the following theorem:
Theorem 2.2. N P V P is an increasing, strict concave function of tai with jump discona

tinuities of size Ae−rti at value tai ∈ Si , while a differentiable strict concave function of
xi . Furthermore:
∗

i If R < r, the optimal objective value is finite, and the optimal solution (x∗i , tai ) is
given by (2.9) ;
ii If R ≥ r, the optimal objective value is either finite when R = r or infinite when
∗

R > r, and the optimal solution (x∗i , tai ) = (∞, t).
Now, based on the findings of instantaneous strategy, we can easily show Proposition 2.3, i.e., the instantaneous procurement strategy underlying our result is superior
to the alternative of the gradual procurement one (as depicted by Figure 2.3).
Proposition 2.3. Instantaneous strategy dominates gradual strategy in the two periods’
problem.
Proof
Analytically, the difference between these two strategies is how the gradual buildup
is divided into several building blocks. Assume there are totally J times of partial increasing for the gradual buildup, so j = 1, · · · , J. Comparing (2.6) and (2.7), i.e., N P V P of instantaneous and gradual strategy respectively, notice that xij vi ( e
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−rt R

r

a

a

−e−rtij )−Aρij e−rtij

Table 2.1: Parameters of Numerical Example
Parameter
r
R
A
Di
Qi
vi
t
Ii0

Value
Note
11%
average 2010 ROE of 23 utilities in section 2.1
10%
approved ROE in Virginia for a utility company
$200
fixed ordering cost
400 units/year demand rate
100 units
lot size
$30/unit
unit replenishment price
1 year
the time length of first period
50 units
initial cycle stock
∗

achieves a maximum when taij = t or tbi − Ti based on Theorem 2.2. Denoting this value
P
0
as tai , since j xij = xi , we have:
XX
i

≤

XX
e−rt R
a
a
− e−rtij ) −
Aρij e−rtij
r
i
j

xij vi (

X
e−rt R
a0
a0
− e−rti ) −
JAe−rti
r
a0

j

XX
i

≤

xij vi (

j

X

xi vi (

i

ti ∈S
/ i

e

−rt

r

R

0
−rta
i

−e

)−

X

a0

Ae−rti

0

ta
/ i
i ∈S

P
P
Hence, N P Vgradual
≤ N P Vinstantaneous
|ta =ta0 .
i

i

Q.E.D.

2.4

Numerical Example
Consider a case of only one SKU and R < r, with the related parameters listed

below (i ≡ 1):
Without a loss of generality, assume that in (2.6) the constant AF 0 = 0 and just
consider the non-constant part of N P V P .
First, t0i =

Ii0
Di

= 0.125 years, ni = d(Di t − Ii0 )/Qi e = 4 and Ti =

Qi
Di

= 0.25 years,

∗

so by Proposition 2.1, tbi = t0i + ni Ti = 0.125 + 4 × 0.25 = 1.125 years.
∗

Second, calculate x̄i (t) = 8, 780 units and x̄i (tbi ) = 8, 264 units by (2.8).
∗

∗

Finally, calculate N P ViP (x̄i (t), t) = −$41, 937 and N P ViP (x̄i (tbi − Ti ), tbi − Ti ) =
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Figure 2.6: N P V P as a Function of x and ta

−$45, 056 by (2.9).
∗

Hence, based on Theorem 2.2, the optimal solution is (x∗i , tai ) = (8, 780 units, 1 year).
This implies that the instantaneous increase of 8,780 units should take place at the time
of rate hearing. In practice, adding the inventory and filing the rate hearing cannot
happen at exactly same time. So, the actual time to add inventory should be the time
immediately before the rate hearing is in preparation. The objective function in this
case is depicted in Figure 2.6 (neglecting the discontinuities). It is shown that N P V P is
concave depends on x and increases along the ta .

2.5

Conclusion
In the paper, we study a special supply chain case in which the inventory policy

for materials in regulated utilities can affect the selling price of outputs. Due to inventory
withdrawn for capitalized projects, the utility’s rate base is affected in a way that leads
to the possibility of encouraging the regulator to allow output prices to be increased in
order that the resulting return on the utility’s investments be adjusted to a predetermined
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acceptable level. In the general case, this represents the classic Averch-Johnson effect.
We show that the Averch-Johnson effect holds when capital is created through
inventory. Specifically, both our analytical work and our empirical dynamic NDEA
analysis show the existence of an incentive for regulated utilities to acquire a higher,
inefficient level of inventory as compared to the level resulting from normal, long-term
economical replenishment policies. Hence, there exists an incentive for supply chain
decision makers to acquire extra stock beyond the amount needed for hedging against
routine uncertainties and storms and emergences.
However, unlike the dynamic NDEA model of efficiency which treats the multiple
periods case, our inventory policy model is an unconstrained, deterministic formulation and two periods. It does not consider stochastic approval processes of PSC, e.g.,
the probability that a rate hearing will be successful in awarding higher prices or that
the regulatory body will intervene and stop the inventory build-up prior to reaching
its optimum level. Therefore, a multi-rate hearings and stochastic approval dynamic
programming model is an interesting extension of the paper. Intuitively, the statement
in Proposition 2.3 will not hold in the dynamic model since the analytical result from
section three can only be regarded as the myopic heuristic for the multi rate hearings.
Such considerations and other constraints like the limit of capital on adding the stock
need to be accounted for before a practical policy for guiding inventory managers can
be developed. In the meantime, this paper provides a quantitative, structured insight
into a common question faced by supply chain managers – should decisions be based on
viewing stock as a cost, or as an asset? It provides a means of quantifying a key element of “what if” scenarios as management explores options for moving to higher service
levels. An external factor in this issue is the viewpoint of and monitoring by the firm’s
PSC. Hence, a quantitative understanding of the financial impacts of inventory changes
is equally important to provide to regulatory bodies.
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CHAPTER 3
A STOCHASTIC JOINT REPLENISHMENT PROBLEM WITH DISSIMILAR
ITEMS

3.1

Introduction
How to replenish multiple stock-keeping-units (SKUs)? Business cannot avoid

answering this crucial question. For a retailer, negligible marginal profits force it to save
any dollar possible in an order; for a trading company, non-negligible overseas cost impels
it to exploit any space possible in a container. Economic scale in the replenishment is
the key to achieve these goals, and coordinating replenishment is the way to realize the
economic scale. Our paper studies a basic case of the problem, that of replenishing from
an exclusive supplier. It is the so-called joint replenishment problem (JRP). JRP helps
the business to coordinate the replenishment of multiple SKUs, and results in a reduction
of ordering, holding, backordering and lost-sales costs.
Different authors have a slight difference terminology. For instance, Federgruen
and Zipkin (1984) define JRP as a central depot holding no inventory and supplying
several locations; Khouja and Goyal (2008) define it as ordering multiple products from
the same supplier or placing a batch production in different packages. Here we treat
the JRP to be a special two-echelon inventory system, as shown in Figure 3.1. The
first echelon contains only one installation holding no inventory and ordering from an
uncapacitated source. It simply sends out everything to the second echelon immediately
after receiving. Each order incurs a major ordering cost and a lead time, and may or
may not incur a minor ordering cost for each product included in the order. The second
echelon contains several installations which obey a “one-for-one” policy, i.e., whenever a
demand occurs at an installation it sends an order to the first echelon; however, there is
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no ordering cost at the second echelon. The lead time between the two echelons could
be zero or not. For instance, when different locations represent the installations in the
second echelon, lead time is usually assumed to be nonzero or even different among
locations.
Figure 3.1: JRP is a Special Two-Echelon Inventory Problem
Supply

D
E

Holding no
inventory

D
E

...

F

D
F

D
E

F

E

Second Echelon

F

First Echelon

Demand

When demand of each item or SKU (hereafter, item and SKU are interchangeable)
is assumed to be stochastic, Khouja and Goyal (2008) categorize it as SJRP (stochastic
JRP). In our paper, we solve a more general case of SJRP – SKUs ordered have dissimilar
shipping sizes and there exists a shipping capacity for each order. Most papers in the
literature assume identical SKUs and uncapacitated order size. When the shipping size
is limited, shipping size of SKUs has to be taken into account. For example, when the
retailer uses a truck to ship the order or the trading company books an overseas shipping
container to replenish its inventory. The capacity of a truck or a container is limited, and
each truck or container incurs a major ordering cost. In our case, we do assume a limited
capacity and a fixed ordering cost for each order. Because of the limited capacity, the
shipping size of each SKU becomes critical. If a SKU occupies a larger space than others,
then a full container could accommodate fewer units of this SKU, and vice versa. So,
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we consider the situation that SKUs are dissimilar with different shipping sizes. Here,
SKUs represent the installations in the second echelon as discussed above. Each SKU
follows a “one-for-one” order policy, i.e., demands for SKUs are accumulated at the first
echelon waiting for an order to be triggered. Once the accumulated demands are enough
to fill a container or some other trigger condition is met, a replenishment order at the
first echelon will be issued.
Our paper tries to answer when the combined order should be triggered and what
it should be composed of, when the shipping sizes of dissimilar items are comparatively
significant to the limited shipping space. The remainder of the paper is organized as
follows. We give a short literature review about the problem in next section, and then
formulate an exact model in section 3.3 to solve the problem as a combinatorial optimization. In section 3.4, a data structure and an efficient algorithm are introduced to
make the model computationally tractable. Section 3.5 and 3.6 provide some heuristics
and the corresponding numerical study. Finally, the conclusion and remarks are made.

3.2

Literature Review
Our study focuses on stochastic JRP (SJRP). Khouja and Goyal (2008) review

the JRP under stochastic demand, so do Kouki et al. (2016). The optimal policy for
SJRP is not known, but several types of policies are suggested in the literature. Almost
all of those policies have an “order-up-to” level or base stock level for each SKU. They
can be divided into two categories: continuous review and periodic review.
The can-order policy and (Q, S) policy are typical continuous review policies.
The can-order policy, mentioned by Balintfy (1964), places a joint order whenever the
inventory position of a SKU reaches its must order level and other SKUs will be included
in the order if their inventory positions are at the can-order level or below. The order size
is the sum of differences between the order-up-to level and inventory position of each SKU
included in the order, i.e., each SKU’s inventory position is brought back to its orderup-to level. Federgruen et al. (1984) give a heuristic can-order policy under compound
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Poisson demand. In recent works, Tsai et al. (2009) apply clustering before implementing
a can-order policy; Kouki et al. (2016) apply the can-order policy to perishable items.
On the other hand, (Q, S) policy is also a well-known continuous time review
policy proposed by Renberg and Planche (1967). The (Q, S) policy places an order
whenever the sum of cumulative demand of all SKUs since last order reaches a number
Q. S here represents the vector of order-up-to levels, i.e., SKU i is ordered up to the ith
component of S. Cachon (2001) extends the (Q, S) policy to the case of limited shipping
capacity, e.g. the size of a truck. By considering JRP as the special two-echelon inventory
problem, Cachon introduces Axsäter’s (1993) method for two-echelon inventory systems
to deal with an important policy for JRP, i.e., (Q, S) policy. By introducing reorderpoint levels s, Viswanathan (1997) suggests Q(s, S) policy as an improvement of (Q, S)
policy. Though the Q(s, S) policy also sends out an order when the cumulative demand
reaches Q, it only replenishes an item with its inventory position less than or equal to
its reorder point. Nielsen and Larsen (2005) and Larsen (2009) work out an analytical
solution procedure for the Q(s, S) policy. Mustafa Tanrikulu et al. (2010) relax the
Q(s, S) policy through dropping S. They propose (s, Q) policy, by which an order with
size Q is triggered whenever any item’s inventory position falls to its reorder point.
Periodic review policy is another important category in literature. Atkins and
Iyogun develop the (T, S) policy, which places an order every T periods of time and
brings all SKUs’ inventory positions to their order-up-to levels. Viswanathan (1997)
introduces the reorder point to modify (T, S) policy, such that if the inventory position
of a SKU does not reaches its reorder point, it will not be included in the order. The
idea is same as the Q(s, S) policy he suggests in the paper.
Pantumsinchai (1992) compares can-order, (Q, S) and (T, S) policies. His numerical study shows that no one policy is superior to the others in all cases. In some cases,
(Q, S) policy performs surprisingly better than other two. Özkaya et al. (2006) try to
combine periodic and continuous time review policies so that an order will be placed
whenever the order conditions of the (Q, S) or (T, S) policy are triggered.
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Most SJRP models mentioned above assume customer demand to be a Poisson
Process. Federgruen and Zipkin (1984) explore discrete time demand with a normal
distribution. It is not hard to show that stochastically increasing and linear continuous
time demand mentioned by Rao (2003), such as compound Poisson or Brownian motion
with drift, could be discretized to discrete time demand.
However, all the literature reviewed are dealing with identical SKUs and only Cachon (2001) and Mustafa Tanrikulu et al. (2010) consider capacitated order size. When
SKUs are dissimilar and the shipping capacity is limited, the policies suggested by the
literature need to be improved. In our problem, we consider dissimilar SKUs with different storage space requirements and a fixed and finite shipping capacity. Furthermore, we
assume the demand of each SKU is an independent Poisson Process and study a class of
continuous time review policies. The features of those policies will be discussed in next
section.

3.3
3.3.1

Problem Modeling
Assumptions
Besides the assumption of shipping capacity and sizes discussed in Section 3.1, to

facilitate the analysis, we also make other assumptions as follows:
1) Shipping capacity is limited and SKUs are dissimilar with different shipping sizes.
2) Shipping cost is full-container load (FCL) cost even if the container is partially
filled1 . Hence, there exists a step-wise major ordering cost relating to the shipping
capacity. Minor ordering cost linked to individual SKUs is zero.
3) The lead time from the outsourcing supplier to the first echelon is assumed to be
fixed and no lead time between the two echelons.
4) Demand for each SKU is an independent Poisson Process.
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5) Inventory status is reviewed continuously, i.e., considering continuous review inventory policies.
Though we assume different shipping size, our model still works when items are
identical. Just let all shipping sizes be 1.
3.3.2

Notation and Formulation
Hereafter, we will use the following parameters:

n = number of SKUs in inventory system
A = shipping capacity, e.g., the size of a container or a truck
ai = storage space taken by SKUi , i.e., the shiping size of SKUi
a = (a1 , · · · , an ) WLOG, let a1 ≤ · · · ≤ an < A
λi = the demand rate of SKUi
λ=

n
X

λi , i.e., sum of all demand rates

i=1

K = charge of a FCL, i.e., the major ordering cost
L = lead time to receive the order from the supplier
hi = holding cost per unit per unit time of SKUi
bi = backordering cost per unit per unit time of SKUi

From the assumptions, our problem is a capacitated SJRP with dissimilar SKUs
and Poisson demand. To solve this problem, we suggest an admissible class of continuous
review policies, which has the following properties:
1. a fixed “order-up-to” quantity Si for each SKUi
2. orders are triggered by demand
1

Some literature considers less-than-container load (LCL) cost structure (for instance, see Van Eijs,
1994).
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3. the shipping space required by an order is the sum of products of each SKU’s storage
space and its cumulative demand; when the shipping space exceeds A, then the
triggering demand is not included in the order. Here the cumulative demand is the
difference between the order-up-to level and the inventory position.
Because of requiring ‘order-up-to” quantities, the class of policies is a subset of
base stock policy. It is easy to see that (Q, S) policies are a subset of our class. The
problem now can be stated as finding an optimal policy out of the class, or if we cannot
figure out the optimal policy then at least find an acceptable one by some heuristics.
Later in this section, we will give a rigorous definition of the class of policies.
Let Si , IPi and ωi = Si − IPi be the “order-up-to” quantity, the inventory position and the difference between order-up-to quantity and inventory position of SKUi
respectively. Inventory position is the sum of net inventory INi and on-order inventory
IOi , IPi = INi + IOi . Assume at time zero all SKUs are at their “order-up-to” levels so
that the difference between order-up-to level and inventory position, ωi , can be treated
as cumulative demand waiting for the next order. A unit demand of any SKU could
trigger an order before the cumulative demand occupies the whole container. Once the
cumulative demand equals or exceeds the shipping capacity A, there is no need to wait.
Because of the step-wise ordering cost, waiting will only increase backordering cost. Notice that the order might not include the unit demand which triggers it, because of the
different storage requirements of SKUs. For instance, assume a unit demand of SKUi
with the shipping size ai arrives and the cumulative demand before it requires a shipping
space A0 < A but A0 + ai > A. If this situation happens, the order triggered by the unit
demand of SKUi cannot contain the demand itself. Therefore the inventory position of
SKUi immediately after the order could only be Si − 1. See Figure 4.2.
As shown in Figure 4.2, at any time t, the inventory position IPi (t) is the difference between base stock level Si and cumulative demand waiting for replenishment, i.e.
ωi (t). Hence, Si = ωi (t) + IPi (t). One can demonstrate that the joint inventory position
IP (t) = (IP1 (t), · · · , IP2 (t)) of all SKUs is actually a continuous time Markov process
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Figure 3.2: Inventory Position of SKU i

Si

wi (t )
IPi
IPi (t )

0

Order 1

Order 2

t

subordinated to the joint demand Poisson process. Because all the demand processes are
independent, the arrival of joint demand is still a Poisson process with rate λ. The probability that this demand belongs to SKUi is exactly λi /λ. Let ω(t) = (ω1 (t), · · · , ωn (t)),
S = (S1 , · · · , Sn ) and N (t) denote the Poisson process of joint demand. Notice ω(t)
changes only when N (t) jumps to a new state. The process ω(t) = ω N (t) is a so-called
subordinated continuous time Markov chain (Serfozo, 2009), and so is IP (t) = S − ω(t).
So in long run, there exists a steady state space corresponding to each policy in
the class. Denote the steady state as ω = (ω1 , · · · , ωn ) 2 . To illustrate the relationship
between steady state spaces and policies, we assume n = 2. Now, consider a policy in our
class that an order will be placed whenever a newly arrived demand increases cumulative
demand to 2, then for this policy only three states (0, 0), (1, 0), (0, 1) are included. This is
configuration (i) in Figure 3.3. The solid line in the figure represents a transition between
states. The dashed line not only represents the transition between states, but also marks
the placement of an order. Notice that an order is triggered whenever a demand will
take the system out of the state space. Another example is a policy that sending out
an order whenever a demand of SKU 1 arrives or the cumulative demand of SKU 2
reaches 3. The corresponding state space of this policy also contains three states, which
are (0, 0), (0, 1), (0, 2). This is configuration (ii) in Figure 3.3. Furthermore, the state
spaces we considered here are closed ones with recurrent states exclusively. For instance,
configuration (vi) in Figure 3.3 is not a closed state space because of a transient state
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(0, 2). Actually, (i)-(v) illustrate all possible closed state spaces in which three states are
included. Because each policy is paired with a state space, instead of finding the best
one in the class of policies, we could try optimizing in the possible configurations of state
space and so change the problem to a combinatorial optimization.
Figure 3.3: Steady State Space with Three States (Two SKUs)
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Define Ω = {ω : aω T < A} as the largest possible state space, which corresponds
to a policy of sending out an order whenever cumulative demand is reaching or just
beyond the full shipping capacity. Before giving the definition of the class of policies
studied in the paper, we first define the closed and normal state space. Assume a state
space S = {ω 1 , · · · , ω ν } such that S ⊆ Ω and ν = |S|. In our paper, we define “closed”
and “normal” as follows.
Definition 3.1. If ω is recurrent for all ω ∈ S, we say S is closed.
Definition 3.2. Assume 0 ∈ S. If for all k ∈ {1, 2, · · · , n} and ω ∈ S, if a(ω+ek )T > A
then ek ∈ S holds. We say S is normal. Where, ek = (0, · · · , 1, · · · , 0) is the unit vector
in which the k th element is 1 and all other elements are 0.
2

We drop t here, because the steady state assumes t → ∞.
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The reason for requiring a normal state space: if the current state is ω and the
arriving unit demand is from SKU k, then the demand cannot be replenished through
the order triggered by itself. The new state must be ek . In the remainder of the paper,
all state spaces are assumed to be normal and closed. By the above definitions, we define
the class of policies concerned in the paper.
Definition 3.3. The class of policies considered in the paper are continuous time review.
Each policy corresponds to a state space in X, where X = {S ⊆ Ω | S is closed and normal}.
We call X the solution space. For a specific policy, assume its corresponding state space
is S. It triggers an order whenever an arriving demand will bring the system to a state
not in S, and the shipping space required by the order is the sum of products of each
SKU’s storage space and its cumulative demand. When the shipping space exceeds A,
then the triggering demand is not included in the order.
Notice that the only decision variable relating to how much to order in our class
of policies is S. Let C(S, S) be the expected cost when the state space is S and orderup-to quantities are S. Then, our problem is the following combinatorial optimization
problem:

min C(S, S) = min f (S)

S∈X
S⊆Zn

S∈X

(3.1)

where:
f (S) = C(S, S ∗ ), S ∗ = arg min C(S, S)
S⊆Zn

where, Z represents the integers.
Though X is much smaller than the power set of Ω, the solution space still
increases exponentially. Assume only 2 SKUs and a = (5, 10). Table 3.1 shows how the
cardinality of X and Ω change as the shipping capacity A increases.
The limiting distribution of S is critical to compute the long run cost of its
3

The number could not be figured out by our program within reasonable computational time.
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Table 3.1: The Scale of Solution Space
A
11
20
30
40
50

|X|
3
10
150
4648
>911183

|Ω|
2
6
12
20
30

corresponding policy. However, to find the limiting distribution, we need to know the
transition probability matrix. Let {ω m } be the embedded discrete time Markov Chain
of ω(t), such that ω m ∈ S. Assume the current state is ω i and a unit demand of SKUk
arrives. The probability that the next demand is SKUk is exactly λk /λ, and this arrival
will change the current state of the system. Denote ω 0 = ω i + ek . If ω 0 is still in the
state space S, then ω 0 is the new state of the system. Otherwise an order is triggered by
the demand. Two cases are possible: 1) if aω 0 T ≤ A then the system will change to the
state 0 (zero vector) – all the cumulative demands are replenished; 2) if aω 0 T > A, then
the system will change to the state ek because the demand triggering the order cannot
fit into the container. We summarize these situations to get the transition probability
matrix P = (pωi ωj )ν×ν for {ω m }, such that:

pω i ω j =




λk /λ if ω j = ω 0 1S (ω 0 ) + ek [1 − 1Ω (ω 0 )]


0

otherwise

ω i , ω j ∈ S,

ω 0 = ω i + ek

(3.2)

where:

Ω = {ω : aω T ≤ A} and 1E (x) =




1 if x ∈ E

is an indicator function



0 if x ∈
/E
Furthermore, since transition rates from any state are identical, λ in our problem,
the embedded discrete time Markov Chain {ω m } is a uniformized chain and the limiting
probability distribution of {ω m } is the same as ω(t). Given the state space S, let
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π(S) = (π(ω 1 ), · · · , π(ω ν )) be the limiting distribution such that π(ω i ) represents the
probability the system is in state ω i , and denote the generator matrix of ω(t) as Q. We
can find π through solving the following systems of linear equations:



πP = π or πQ = 0

(3.3)


P

 νi=1 π(ω i ) = 1
Because {ω m } is a uniformized chain, Q = λ(P − I). One can choose either πP =
π or πQ = 0 to form a system of linear equations.
For any ω ∈ S, ω = (ω1 , · · · , ωi , · · · , ωn ) is a vector with dimension n. The
random variable ωi shows how the cumulative demand of SKU i is distributed in the long
run. To calculate the expectation of any function related to ωi , we need the probability
mass function (pmf) of ωi . Letting ω(i) be the ith element of ω, we see that

P r{wi = j} =

X

π(ω)

(3.4)

ω(i)=j
ω∈S

Denote Di as the lead time demand. Since the demand is a Poisson Process,
Di follows a Poisson distribution with rate λi L. It is well-known that INi (t + L) =
INi (t) + IOi (t) − Di . So IPi (t) − Di = INi (t + L). By IPi (t) + ωi (t) = Si , we get
INi (t + L) + ωi (t) + Di = Si . Because Di is the demand in time interval (t, t + L], ωi (t)
and Di are independent. Let t → ∞, get a steady state equation such that:

INi + ωi + Di = Si

(3.5)

The net inventory INi is also the difference between inventory on-hands Ii and backordering Bi , i.e., INi = Ii − Bi . Notice Ii = INi+ and Bi = INi− .
Via (3.5), we can build up the cost function. Still, assuming the steady state
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space as S, the general form of the cost function is:

C(S, S) = K · E[OF ] +

n
X

Ci (S, Si ) = K · E[OF ] +

i=1

n
X

{bi E[Bi ] + hi E[Ii ]}

(3.6)

i=1

where: Ci (S, Si ) = bi E[Bi ] + hi E[Ii ] is the relevant cost to an individual SKUi , E[OF ]
is the expected order frequency, E[Bi ] = E[INi− ] is the expected backordering, and
E[Ii ] = E[INi+ ] is the expected on-hand inventory.
Before further developing the cost function, we would like to introduce a structure
of how we manipulate the state space S. This structure not only help write the cost
function in a clearer way, but also facilitate us to build an efficient algorithm to calculate
π(S) in next section.
Notice that S ⊆ Ω ⊆ Nn , let e = (1, · · · , 1) be the vector with all ones and
τ = max eω T . Divide S as follows.
ω∈S

S=

τ
[

Di

(3.7)

i=0

where Di = {ω ∈ S | eω T = i}

Of course Di ∩ Dj = ∅ for any i 6= j, we write S as a union of disjoint sets. Name eω T
as the “rank” of ω, and denote it as r(ω).
Define B = {ei | 1 ≤ i ≤ n} as the set of all unit vectors. We have the following
proposition about E[OF ] (All missing proofs can be found in Appendices):
Proposition 3.4. The expected order frequency E[OF ] = π(0)

X

X

λi + λ

ei ∈B/D1

Corollary 3.5. If B ⊆ S, then the expected order frequency E[OF ] = λ

π(ei ).

ei ∈D1

X

π(ei ).

ei ∈B

Notice we define B/D1 = B − D1 , the difference between two sets.
In order to calculate the expected backordering E[Bi ] and the expected on-hand
inventory E[Ii ], define G0i (x) = P r{Di > x} and G1i (x) = E[(x − Di )− ] = E[Di ] −
P
P
0
0
4
06y<x Gi (y) = λi L −
06y<x Gi (y) (Zipkin, 1999) . By (3.5) and independency of ωi
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and Di , we have:
E[Bi ] = Eωi [EDi [(Si − ωi − Di )− ]]
= Eωi [G1i (Si − ωi )]

(3.8)

where the pmf of ωi is given by (3.4). When there is no confusion, we will drop the
subscript ωi or Di of expectations.
On the other hand, notice Ii = INi + Bi , so:

E[Ii ] = E[INi ] + E[Bi ]
= E[Si − ωi − Di ] + E[Bi ]

by Equation (3.5)

= Si − E[ωi ] − λi L + E[Bi ]

(3.9)

By Proposition 3.4 and putting (3.8), (3.9) back into (3.6), we have:

C(S, S) = K [π(0)

X
ei ∈B/D1

λi + λ

X

n
X
π(ei )] +
{hi (Si − E[ωi ] − λi L) + (hi + bi )E[G1i (Si − ωi )]}

ei ∈D1

i=1

(3.10)
A comment sofar is: since JRP with identical items is a special case of dissimilar
items problem discussed here, the cost function (3.10) must be a general form that
extending the identical one. Indeed, if we let a = e = (1, · · · , 1) and A = ∞ and consider
(Q, S) policy mentioned by Renberg and Planche (1967) and Pantumsinchai (1992),
P
which sending out an order whenever ni=1 ωi = Q. Denote νi = Di + ωi , then E[Bi ] can
be rewritten as E[Bi ] = E[(Si − νi )− ], which is same to equation (6) of Pantumsinchai
S
after dropping subscript i. Furthermore, notice under (Q, S) policy, S = Q−1
j=1 Dj and
Dj is full – Dj = {ω | eω T = j}, all possible states with rank j are included in Dj . Since
the transition rate into a set Dj is same to the transition rate out of it and all orders bring
P
P
the system back to 0, we have ω∈Dj π(ω)λ = ω∈Dj0 π(ω)λ for any 0 ≤ j, j 0 ≤ Q − 1
4

G1i (x) = E[Di ] − x if x ≤ 0
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P
. This shows the cumulative demand ω = ni=1 ωi is uniform distributed between 0 and
P
Q − 1, i.e.
ω∈Dj π(ω) = π(ω = j) = 1/Q, ∀0 ≤ j ≤ Q − 1. So, by Corollary 3.5,
order frequency is reduced to λ/U . In addition, the probability that an arrived demand
P
λi Q−1
belongs to SKU i is exactly λi /λ. Therefore E[ωi ] = λλi E[ω] = λλi Q1 Q−1
i=0 i = λ 2 , and
E[Ii ] is reduced to Si −

λi Q−1
λ 2

− λi L + E[Bi ]. Both of the consequences correspond to

Pantumsinchai (1992).
Applying the idea of stochastic convexity (Shaked and Shanthikumar, 1988), it is
trivial to show that the cost function is convex of Si :
Theorem 3.6. Given a state space S ∈ X, the cost function C(S, S) is convex in Si .
By Theorem 3.6, finding f (S) = C(S, S ∗ ) is not hard. Denote S = (S1∗ , · · · , Sn∗ ).
The optimal Si∗ is the smallest integer that satisfies Ci (S, Si −1) > Ci (S, Si ) 6 Ci (S, Si +
1), which reduces to:

Si∗ = min{Si : M Ci (S, Si ) > 0}

(3.11)

Si

where: M Ci (S, Si ) = Ci (S, Si + 1) − Ci (S, Si ) = hi − (hi + bi )E[G0i (Si − ωi )]
In calculating M Ci (S, Si ), we simply use the fact that G1i (x) = E[(x − Di )− ] =
P
E[Di ] − 06y<x G0i (y). In addition, it is very useful to compute M Ci (S, Si ) iteratively
by the second difference, that is:

M2 Ci (S, Si ) =M Ci (S, Si + 1)− M Ci (S, Si ) = (hi + bi )E[gi (Si + 1 − ωi )]

(3.12)

where: gi is the PMF of Di (Poisson with mean value λi L)

(3.12) also shows the convexity of cost function on Si .
To find S ∗ and minS∈X f (S), one has to figure out π(S) first. However, because
of the big number of states and state spaces, it is inefficient, even not mention to solve
the linear equation system (3.3). To reduce the number of states, Mustafa Tanrikulu
et al. (2010) consider the special case when the items have identical demand rates. This
40

limits the application of the method. In next section, we suggest an efficient algorithm
to calculate π(S) without solving the linear equation systems or at most solving one
with a fixed dimension of n + 1. What’s more, this algorithm is recursive one which
reuses the computational results on-hand. The feature of the algorithm facilitates the
heuristics to solve our problem.

3.4

Efficient Algorithm for Calculating Limiting Distribution
To get the limiting distribution π(S), we have to solve a system of linear equations

with dimension ν = |S|. Though solving one system has a computational complexity
of O(ν 2 ), searching the best policy among an exponential number of possible S’s will
be computational expensive. By well defining a data structure of our problem, we can
avoid solving the system of linear equations in most situations and reduce the dimension
of the system from ν to a fixed number n + 1 when have to solve it. The data structure
will be listed out in Algorithm 1 at the end of this section.
Assuming the current state space is S ∈ X, we follow the notation defined in
S
Section 3.3, such that B = {ei | 1 ≤ i ≤ n}, Ω = {ω : aω T ≤ A} and S = τi=1 Di . Let
π(B) = (π(e1 ), · · · , π(en )), the following theorem demonstrates that for any ω ∈ S,
π(ω) can be represented as a linear combination of π(B).
Theorem 3.7. Given a state space S =

Sτ

i=1

Di , for any ω ∈ S, there exists a coefficient

vector b(ω) ≥ 0, s.t. π(ω) = b(ω)π(B)T .
Proof
Proof by mathematical induction. Since S =

Sτ

i=1

Di , only have to show the

claim is true for any Di , 1 ≤ i ≤ τ .
a) Consider ω ∈ D1 , i.e. ω = ei for some i.
Simply let b(ω) = ei , so π(ω) = π(ei ) = b(ω)π(B)T = ei π(B)T = π(ei ).
b) Assume the claim is true for any ω ∈ Dk (k ≥ 1). Consider ω ∈ Dk+1 .
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X

Observe that the transition rate into state ω is

λi π(ω − ei ) and the tran-

ω−ei ∈Dk
1≤i≤n

sition rate out of state ω is simply λπ(ω). Because in a steady situation, the
transition rate into a state is exactly same as the rate out of it, we have:

λπ(ω) =

X

λi π(ω − ei ) =

ω−ei ∈Dk
1≤i≤n

⇒π(ω) = [

X

ω−ei ∈Dk
1≤i≤n

Let b(ω) =

X
ω−ei ∈Dk
1≤i≤n

X

λi b(ω − ei )π(B)T

ω−ei ∈Dk
1≤i≤n

λi
b(ω − ei )]π(B)T
λ

λi
b(ω − ei ), we show the claim is also true for all ω ∈ Dk+1 .
λ

c) Finally, consider 0 ∈ D0 . By same reason, we have
X

λπ(0) =

ei ∈B/D1

P
⇒π(0) =

Let b(0) =

ω+ei ∈Ω/S
ω∈S/D0 , 1≤i≤n

P

ei ∈D1

λi π(ω)

ω+ei ∈Ω/S
ω∈S/D0 , 1≤i≤n

ω+ei ∈Ω/S
ω∈S/D0 , 1≤i≤n

P

ei ∈D1

P

X

λi π(0) +
λi b(ω)

λi

π(B)T

λi b(ω)

λi

, the proof is complete.
Q.E.D.

From the proof of Theorem 3.7, we see it is not hard to calculate b(ω) if ω 6= 0
simply by recursion. But it requires more effort to get b(0). A consequent thought turns
to find out a system of linear equations by assuming π(0) and π(B) to be variables.
This system has at most n + 1 dimensions when B = D1 . We define

Ei = {ω ∈ S | a(ω + ei ) > A}

(3.13)

Ei is the set of all states that will return to the state ei after a demand of SKUi
arrives. In other words, if the system in a state ω ∈ Ei , an arrival demand of SKUi will
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trigger an order. However, after sending an order the demand itself cannot be replenished
because the cumulative demand exceeds the shipping capacity. The system will transit
to the state ei .
Notice for ei ∈ D1 , the transition rate into ei is λi [π(0) +

P

ω∈Ei

π(ω)] and out

of ei is λπ(ei ),

λπ(ei ) = λi [π(0) +

X

π(ω)] ⇒ π(ei ) =

ω∈Ei

X
λi
[π(0) +
b(ω)π(B)T ]
λ
ω∈E
i

Now, assume b(ω) is already known for all ω ∈ S/D0 (D0 = {0}). Let bEi =
P
P
ω∈Ei b(ω) and b =
ω∈S/D0 b(ω), we can solve the following linear system of equations
to figure out π(0) and π(B):



αi (π(0), π(B))T = 0 ∀ei ∈ D1




π(ei ) = 0






π(0) + bπ(B)T = 1
where: αi =

∀ei ∈ B/D1

(3.14)

λi
(1, bEi ) − (0, ei )
λ

The dimension of (3.14) is at most n + 1, which is a fixed number. After solving
it, we can easily calculate π(ω) = b(ω)π(B)T for any ω ∈ S/(D0 ∪ D1 ).
One might raise a question that, for a new S0 ∈ X, we should have to calculate
b(ω)’s again, which is still computational expensive. This is not true. Because once we
know the b(ω)’s of a current state space S, after adding some new states into and/or
deleting some current states from S to get the new state space S0 , we only have to
recalculate b(ω)’s for those states affected by this operation. More concisely, given a
current state space S and its data structure, we can calculate the data structure for any
other state space S0 by reusing the data of S.
Before the discussion of details, define a metric ρ on the solution space X = {S ⊆
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Ω | S is closed and normal}, such that

ρ ≡ |S4S0 | ≡ |S/S0 | + |S0 /S| S, S0 ∈ X

(3.15)

Assume the data structure of current state space S is already known, we will
show how to efficiently get the data structure of S0 . Three subcases are possible: (i)
|S0 /S| > |S/S0 | = 0, (ii) |S/S0 | > |S0 /S| = 0 and (iii) both |S/S0 | and |S0 /S| are
positive.
First, consider the situation |S0 /S| > |S/S0 | = 0, which means S ⊂ S0 . This
can be deemed as adding several states into S to form a new state space S0 .
S0
S
Denote S0 /S = T = {ω 1 , · · · , ω m }, S = τi=1 Di and S0 = τi=1 D0i respectively.
We need to update the data Ei , b, bEi , b(ω), π(0) and π(B) of S to the new data E0i ,
b0 , bE0i , b0 (ω), π 0 (0) and π 0 (B) of S0 .
Let β be the flag which denotes whether we have to resolve (3.14). That is, if for
/ Ei or b0 (ω) 6= b(ω), then (3.14) requires recalculation. Set β = 0 at
any ω ∈ E0i , ω ∈
the beginning, change it to 1 if recalculation is needed. Let b0 = 0, E0i = Ei , b0 = b,
bE0i = bEi 5 , b0 (ω) = b(ω) (∀ω ∈ S) and b(ω) = 0 (∀ω ∈ T) respectively. We implement
the following procedure to update the data structure.
Step 1. Compute δ = minω∈T r(ω), where r(ω) is the rank of ω.
Step 2. Pick a ω from T, such that r(ω) = δ.
(a) If ω = ei ∈ B, set b0 (ω) = ei and β = 1.
X λi
(b) Else b0 (ω) =
b0 (ω − ei ).
λ
0
ω−ei ∈Di
1≤i≤n

Step 3. Set b0 = b0 + b0 (ω) − b(ω). For each i ∈ {1, · · · , n}:
(a) If ω ∈ S and ω ∈ Ei , then set bE0i = bE0i + b0 (ω) − b(ω) and β = 1.
5

Ei can be empty set; when Ei = ∅, bEi = 0
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(b) Else, if ω ∈
/ S and a(ω + ei ) > A, then set E0i = E0i ∪ {ω}, bE0i = bE0i + b0 (ω) −
b(ω) and β = 1.
Step 4. Update T
(a) Eliminate ω from T, i.e., set T = T/{ω}.
(b) For each i ∈ {1, · · · , n}: if ω + ei ∈ S then add ω + ei into T, i.e., T =
T ∪ {ω + ei }
Step 5. Repeat Step 1-5 till T = ∅.
Step 6. Set b0 = b + b0 , check the value of β:
(a) If β = 0, then (π 0 (0), π 0 (B)) =

(π(0), π(B))
.
1 + b0 π(B)T

(b) If β = 1, then send D01 , b0 and bE0i ’s to (3.14) and recalculate (π 0 (0), π 0 (B)).
To verify the procedure, we only have to show the last step is true since other
steps are trivial.
Proof
Notice if β = 0, then D1 and αi ’s of (3.14) are not changed, only b is changed to
b + b0 . So, α0i = αi and D01 = D1 . Let (π 0 (0), π 0 (B)) = θ(π(0), π(B)). We already have
αi (π(0), π(B))T = 0 (∀ei ∈ D1 ), therefore α0i (π 0 (0), π 0 (B))T = θαi (π(0), π(B))T =
0 (∀ei ∈ D01 = D1 ).
Next, consider the last equation π 0 (0) + b0 π 0 (B)T = 1:

π 0 (0) + b0 π 0 (B)T = 1
⇒θπ(0) + θ(b + b0 )π(B)T = 1
⇒θ[π(0) + bπ(B)T ] + θb0 π(B)T = 1
⇒θ(1 + b0 π(B)T ) = 1
⇒θ =

1
1 + b0 π(B)T
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This shows if we set θ =

1
1+b0 π(B)T

, all equations of (3.14) are satisfied and

(π 0 (0), π 0 (B)) = θ(π(0), π(B)) is the solution to the new system.
Q.E.D.
From the above procedure, we see that not all the coefficients b(ω)’s of the current
states have to be recalculated. For instance, in Figure 3.4, a new state (0, 1) is added.
Only the coefficients of two states (1, 1) and (2, 1) are recalculated.
Figure 3.4: An Example of Updating Set

w2









w1

For the other two cases, when |S/S0 | > |S0 /S| = 0, it can be deemed as eliminating states from S to form S0 ; when |S/S0 | × |S0 /S| > 0, it means to form S0 from
altering S by eliminating and adding states at the same time. Similar procedure could
be applied to update the data structure under these cases. We conclude the general
form of the procedure as Algorithm 1 (presented at the end of this chapter). Notice in
our algorithm T1 = ∅, T2 = ∅ and T1 ∩ T2 6= ∅ corresponds to |S0 /S| > |S/S0 | = 0,
|S/S0 | > |S0 /S| = 0 and |S/S0 | × |S0 /S| > 0 respectively.
From our algorithm, it is trivial the following theorem.
Theorem 3.8. Given two state spaces S and S0 as shown in Algorithm 1, let S̄ = S∪S0 .
π(ω)
If a(ω + ei )T < A (∀i, ∀ω ∈ S̄), then π 0 (ω) =
holds for all ω ∈ S ∩ S0 .
1 + b0 π(B)T
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3.5

Heuristics of the Problem
Though Section 3.4 provides a very efficient algorithm, the scale of solution space

X is exponential. As the shipping size A and the number of items n increase, finding the
optimal state space and its corresponding optimal policy requires huge computational
effort. So, it is necessary to explore heuristic methods.
3.5.1

(U, S) Policy
We first present a heuristic as the counterpart of (Q, S) policy for dissimilar

items. (Q, S) policy triggers an order whenever the cumulative demand exactly equals
Q. For dissimilar items, we change this criterion to “sending out an order whenever
the cumulative demand takes a shipping space equal to or greater than a fix number U
(U ≤ A)”, i.e., aω T ≥ U .
Obviously, like (Q, S) policy, U here is a decision variable. Assume U ∈ Z+ . (U, S)
policy can be expressed as an optimal solution to the following optimization problem:

min

da1 e≤U ≤A
S⊆Zn

C(SU , S) =

min

da1 e≤U ≤A

f (SU )

(3.16)

where:
SU = {ω | aω T < U } ∪ B, f (SR ) = C(SU , S ∗ ), S ∗ = arg min C(SU , S)
S⊆Zn

We include B in SU to make it normal. So rigorously speaking, an order is
triggered when the cumulative shipping space reaches U and the cumulative demand is
at least two. This reduces the solution space to a scale of bAc−da1 e+1, which is solvable6 .
The advantage to use the best (U, S) policy relies on its simplicity to understand and
implement, as well as computational efficient. Denote the best U as U ∗ . U ∗ /A implies
the utilization of shipping capacity, which is similar to Q/C in identical item case of
Cachon (2001).
6
The actual scale of the solution space could be less than bAc − da1 e + 1. WLOG, assume a are all
integers. Because aω = U is the simplest Diophantine equation and has a solution if and only if U is a
multiple of the greatest common divisor of ai ’s.
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Local Search in N1 (S)

3.5.2

An easy to implement heuristic is the local search in the neighborhood with unit
metric. Given a state space S, the heuristic investigates the neighborhood N1 (S) =
{S0 ∈ X | ρ(S, S0 ) = 1}, where ρ is the metric we defined in last section. There
are many methods to choose the candidate from the neighborhood, including Greedy
Algorithm, Simulated Annealing and Taboo Search.

3.5.2.1

Greedy Algorithm

Greedy Algorithm for our problem implements as follows.
Step 1. Set the initial state space as S∗ = {0}, i.e. the policy with batch size one.
Step 2. Search N1 (S∗ ), find the best Sb s.t. Sb = arg minS0 ∈N1 (S∗ ) f (S0 ). If f (Sb ) <
f (S∗ ), then replace S∗ by Sb ; else, stop. Repeat this step until no better solution
can be found, then report S∗ and f (S∗ ).

3.5.2.2

Forward Greedy

For the convenience of coding, we considers only adding new state to the current
state space. This could be possible applying to Greedy Algorithm. Actually, we call the
heuristic as “forward” type if we restrict the neighborhood to be N1+ (S) = {S0 ∈ X |
ρ(S, S0 ) = S0 /S = 1}. In other words, N1+ is the collection of those state spaces which
exactly have one more state than the current state space. Use this idea to create Forward
Greedy algorithm. It changes N1 to N1+ and implement the same greedy procedure above.
3.5.2.3

Simple Forward Greedy

To speed up Forward Greedy, we could randomly find a candidate from N1+ (S)
instead of exhaustively searching the whole neighborhood. In other words, randomly
(with a uniform distribution) picking S0 in N1+ (S), if f (S0 ) < f (S∗ ) then replace S∗ by
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S0 . The idea of randomly picking a candidate resembles Simulated Annealing as shown
below.

3.5.2.4

Simulated Annealing

To implement Simulated Annealing, we have to introduce several parameters
including: the initial temperature T , the stopping temperature T0 , the cooling rate 
and a fixed amount of time M s annealing at a level of temperature. For convenience, we
let M s = d|Ω|/ne. Simulated Annealing for our problem implements as follows.
Step 1. Initializing T , T0 ,  and M s , start with the state space S = {0}. Set S∗ = S and
f (S∗ ) = f (S).
Step 2. Set k = 0.
Step 3. Uniformly pick a S0 from N1 (S). If f (S0 ) < f (S∗ ), then S = S0 , S∗ = S0
and f (S∗ ) = f (S0 ). Else generate a uniform random number u in [0, 1]: if u <
e

f (S∗ )−f (S0 )
T

then S = S0 . k = k + 1, repeat this step until k = M s .

Step 4. T = T .
Step 5. Repeat Step 2-4 until T ≤ T0 , then report S∗ and f (S∗ ).
3.5.2.5

Taboo Search

Again, we first introduce the parameters for taboo search: the taboo tenure µ,
the taboo list F and implement time M t . For simplicity, we set µ = max{5, d5%|Ω|e}
and M t = d|Ω| (d ∈ Z+ ). Taboo Search for our problem implements as follows.
Step 1. Initializing µ and M t , start with the state space S = {0}. Set k = 0, F = S,
S∗ = S and f (S∗ ) = f (S).
Step 2. Find the best Sb s.t. Sb = arg minS0 ∈N1 (S) f (S0 ). Let ω = S∆Sb .
Step 2.1 If ω ∈
/ F or if ω ∈ F and f (Sb ) < f (S∗ ) (aspiration), then S = Sb .
49

Step 2.2 If ω ∈
/ F, F = F ∪ {ω}.
Step 2.3 If |F| > µ, delete the oldest element from F.
Step 2.4 If f (Sb ) < f (S∗ ), then S∗ = Sb and f (S∗ ) = f (Sb ).
Step 3. k = k + 1, repeat Step 2 until k = M t , then report S∗ and f (S∗ ).
3.5.3

Genetic Algorithm
To apply Genetic Algorithm, we use (U, S) policies as the initial population.

Denote population set as P. Let population size be ξ = d1 |Ω| and implement time be
M g = d2 ξ (d1 , d2 ∈ Z+ ). Genetic Algorithm implements the following pseudo code.
Step 1. Initializing ξ and M g , where ξ ≥ bAc + 2 − da1 e. Use (U, S) policy to generate the
initial population. Set k = 1.
Step 2. Based on the cost of each genotype, generate a probability mass function (pmf) – let
P
pS = f (S)/minS∈P f (S), the probability corresponding to S is pS / S∈P p(S) (∀S ∈
P). Randomly pick two parents S1 and S2 based on the pmf.
Step 3. Uniformly pick a ω from S2 /S1 such that S1 ∪ {ω} ∈ X, which generates a
baby genotype resembling S1 ; implement same operation to generate another baby
genotype resembling S2 . Add two baby genotypes into the population P. If now
|P| > ξ, delete the genotypes with the highest cost to regain |P| = ξ.
Step 4. k = k + 1, repeat Step 2 and 3 until k = M g , then report S∗ and f (S∗ ) in the
population.
3.5.4

A(s, S) Policy
A deficiency of the acceptable policy found by the Local Search or Genetic Al-

gorithm comes from its dependency on the system state. For example, if (iii) of Figure
(3.3) was the policy found by one of the heuristics, it would suggest sending out an order
whenever the cumulative demand of SKU-2 reaches 2 but SKU-1 reaches 1 if no demand
of SKU-2 accumulated or reaches 2 if just a unit demand of SKU-2 accumulated. This
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could be a “good” policy because of comparably lower cost. However, in practice, it could
be too complicated to implement or even understand. Therefore, we propose a variant
of the policy found by the Local Search or Genetic Algorithm, namely, A(s, S) policy.
Under A(s, S) policy, an order will be triggered whenever the inventory position of
any SKU reaches its reorder point s or the cumulative demand occupies a shipping space
greater than or equal to the capacity A. The order will replenish all SKUs and bring their
inventor position back to S or S − 1. Notice the difference between A(s, S) policy and
Q(s, S) policy mentioned by Viswanathan (1997): Q(s, S) is the policy for uncapacitated
and identical case and the order is triggered whenever the aggregate cumulative demand
reaches Q but not replenish the SKU if its inventory position is above s. A(s, S) here
can be deemed as a continuous time review (s, S) policy.
We suggest applying one of the Local Search or Genetic Algorithm to find a policy
S and its S ∗ . Then set the parameters Si∗ −s∗i =< E[ωi ] >, where < · > means rounding
the number.
In next section, we numerically compare the heuristics discussed above.

3.6
3.6.1

Numerical Study
Compare with Optimal Policy
When the shipping capacity A is small, as shown in Table 3.1, we could enu-

merate all possible policies and find exactly the optimal one. Set A = 40, we compare
the heuristics in last section with the optimal. Except shipping size pattern and capacity, our parameters follow Pantumsinchai (1992). 324 problems are generated by the
combinations of parameters.
1) n = 2, hi = 1 (∀i), A = 40
2) λ =

Pn

i=1

λi = 10, 25, 100

3) Demand Pattern: (λ1 /λ, λ2 /λ) = (0.1, 0.9), (0.25, 0.75), (0.5, 0.5)
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4) L = 0.05, 0.5
5) bi = 1, 10, 100 (∀i)
6) K = 1, 10, 100
7) Size Pattern: (a1 , a2 ) = (5, 10), (5, 25)
To initialize our heuristics, we also let  = 0.9, T0 = 1 and T = 500 for Simulated
Annealing, d = 20 for Taboo Search and d1 = 5 and d2 = 20 for Genetic Algorithm. We
program by Sagemath 7.2 and hardware settings are – Processor: Intel(R) Core(TM)
i7-4770 3.40GHz; RAM: 16.0GB7 . The results are shown in the next table.
Table 3.2: Comparison between Heuristics and Optimal (n=2, 324 cases)
Optimal
(U,S)
Greedy F-Greedy SF-Greedy
SA
791.92
791.99
791.93
791.93
791.96
792.13
0.00%
0.01%
0.00%
0.00%
0.01%
0.03%
0%
12.93%
6.5%
6.5%
3.3%
5.1%
97.46% 97.45% 97.46%
97.44%
97.44%
97.46%
44.27
0.15
0.65
0.21
0.10
4.11
324
83
318
297
232
269
Find Optimal
100%
25.62% 98.15%
91.67%
71.60%
83.02%
Optimals use full shipping capacity: 82(25.31%); (U, S) policy utilization U ∗ /A: 34.02%.
Average Cost
Average Overcost(%)
Worst Case(%)
Average Fill Rate(%)
Average Time(s)

Fill rate is defined as 1 −

P

TS
791.93
0.00%
3.3%
97.46%
2.22
322
99.38%

Genetic
791.99
0.01%
12.75%
97.45%
1.43
113
34.88%

E[Bi ]/λ, which indicates the percentage of customer

demands satisfied immediately without backordering. All heuristics report similar average fill rate and less than 0.03% over the optimal cost. This shows the optimal policy
seems very “smooth” around its neighborhood. The worst case shows the biggest ratio of
the heuristic over the optimal cost. We see (U, S) policy and its extension Genetic Algorithm report the biggest worst case ratio and find the least number of optimal policies.
Taboo Search performs the best, it only misses 2 optimal policies in 324 cases.
Simple Forward Greedy implements very fast. Though not finding the most optimal solutions, it just averagely costs 0.01% more than the optimal. What’s more, it
seems very stable because its worst case only has the cost with 3.3% more than the optimal which is the same to Taboo Search. To study the general cases with larger shipping
7

The source code of the paper is available from the authors.
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capacity and more SKUs, we choose Simple Forward Greedy method and (U, S) policy.
Both of them consume very little computational time and are easy for coding. Furthermore, we generate the corresponding A(s, S) policies from the Simple Forward Greedy
(SF-Greedy) to investigate its performance.
3.6.2

General Cases
We randomly generate the parameters to form the general cases, where “randomly”

refers to uniformly distributed random variable. Let n = 2, 4, 8 and set hi = 1 (∀i), A = 1
P
P
and i ai λi /A = 0.1, 1, 10.
i ai λi /A demonstrates how fast a container will be filled.
By generating 100 random scenarios for each n as follows, 900 cases are created in total.
The results are shown in Table 3.3.
1) randomly pick bi , Ki from [1, 100]
2) randomly pick L from (0, 1)
3) randomly pick ai /A from (0, 1) (∀i)
4) λi /λ = (1 −

Pi−1

j=1

λj /λ)zi (i = 1, · · · , n − 1), where zi is randomly picked from

(0, 1)
Table 3.3: Comparison between (U, S) and SF-Greedy (n=2,4,8,16, 1200 cases)

Avg. Cost
Avg. Fill Rate(%)
Avg. Time(s)
Cases Solved
U ∗ /A

SF-Greedy
262.12
95.19%
0.44
300
–

Avg. Cost
Avg. Fill Rate(%)
Avg. Time(s)
Cases Solved
U ∗ /A

SF-Greedy
252.30
92.43%
19.81
289
–

n=2
(U, S)
262.27
94.74%
0.45
300
51.86%
n=8
(U, S)
254.99
91.28%
7.98
294
65.03%

A(s, S)
279.83
95.84%
–
–
–
A(s, S)
268.99
92.08%
–
–
–

n=4
(U, S)
267.18
92.16%
0.48
300
62.23%
n=16
SF-Greedy (U, S)
277.38
272.27
90.46%
89.19%
58.38
83.21
263
252
–
–
SF-Greedy
265.53
93.09%
1.73
299
–

A(s, S)
280.18
92.73%
–
–
–
A(s, S)
287.76
90.89%
–
–
–

The maximum computational time is set to be 5 minutes. If the algorithm could
not solve the case within the time limit, it will stop and report the current best solution.
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The fourth row in the table gives the number of cases solved in the given time limit.
It is clear that the problem becomes challenging as n increases. The numerical results
show that (U, S) policy generates an average cost less than 1.1% over the SF-Greedy.
The A(s, S) evolved from SF-Greedy generates an average cost less than 7% over it. If
SF-Greedy also generates the cost near the optimal as shown above, both the (U, S) and
the A(s, S) are acceptable policies for the SJRP discussed here. In addition, they are
understandable and easy to implement.
An interesting managerial insight locates at the usage of shipping capacity. We
observe that optimal policies use the whole shipping capacity only in 82 cases out of
324 (25.31%) from Table 3.2, and the utilization of (U, S) policy is only 34.02% of the
shipping capacity for small cases and 60.04% for general cases. This might be contrary
to the management’s thinking in daily operation, since a simple way to book an order
is waiting for a full truck load or container load. The reason of this phenomenon is
because of backordering cost. When backordering cost is comparatively large, the saving
in ordering cost may not be critical.

3.7

Conclusion
In this paper, we consider the SJRP when the items are dissimilar and the size of

the item is sensitive to the shipping capacity. To the best of our knowledge, we are the
first to take the shipping size into consideration. These assumptions make the problem
more practical and challenging.
To solve the problem, we show the combined inventory position is a subordinated
continuous time Markov Chain. By relating each implement policy to its corresponding
state space, we define a class of order-up-to policies and formulate the problem as a
combinatorial optimization. Not as the (Q, S) policy having the distribution of the total
cumulative demand, our problem has to treat each SKU individually. This exponentially
increases the solution space. Therefore, we develop a data structure and the corresponding algorithm to facilitate the analysis. Some heuristics based on the data structure and
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the algorithm are then suggested. The numerical study demonstrates that (U, S) policy,
the counterpart of (Q, S) policy for dissimilar items performs very well either in terms
of cost or computational time.
Since the dissimilar case is the generalization of the identical case, the future
research could lie on studying other policies not included in our class. For example, the
can-order policy. Because after sending out an order, the can-order policy might not
bring the system back to 0 or B. Consequently, the algorithm mentioned above may not
be efficient for the can-order policy.
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Algorithm 1 Efficient Data Updating
Data: The data structure of S – Ei , b, bEi , b(ω), π(0) and π(B).
Result: The data structure of S0 – E0i , b0 , bE0i , b0 (ω), π 0 (0) and π 0 (B).
Initialization:
Let T = T1 ∪ T2 , where S0 /S = T1 = {ω 1 , · · · , ω m1 } and S/S0 = T2 = {ω 1 , · · · , ω m2 }.
Set β = 1, b0 = 0, E0i = Ei , b0 = b, bE0i = bEi , b0 (ω) = b(ω) (∀ω ∈ S ∩ S0 ), b(ω) = 0 (∀ω ∈ T1 ) and
b0 (ω) = 0 (∀ω ∈ T2 ).
1: procedure Update(β, T, T1 , T2 , Ei , b, bEi , b(ω), π(0), π(B))
2:

while T 6= ∅ do

3:

δ = minω∈T r(ω)

4:

Pick a ω from T s.t. r(ω) = δ

5:

if ω ∈
/ T2 then
if ω = ei ∈ B then

6:

b0 (ω) = ei and β = 1

7:

else

8:

X

b0 (ω) =

9:

ω−ei ∈D0i
1≤i≤n

10:

b0 = b0 + b0 (ω) − b(ω)

11:

for i = 1 to n do

λi 0
b (ω − ei )
λ

if ω ∈ T1 and a(ω + ei ) > A then

12:

E0i = E0i ∪ {ω}, bE0i = bE0i + b0 (ω) − b(ω) and β = 1

13:

else if ω ∈ T2 and ω ∈ Ei then

14:

E0i = E0i /{ω}, bE0i = bE0i + b0 (ω) − b(ω) and β = 1

15:

else if ω ∈ Ei then

16:

bE0i = bE0i + b0 (ω) − b(ω) and β = 1

17:
18:

if ω + ei ∈ S ∩ S0 then

19:

T = T ∪ {ω + ei }

20:

T = T/{ω}

21:

if β = 1 then

22:
23:
24:

Solve (3.14) based on D01 , b0 , bE0i ’s
else
(π(0), π(B))
1 + b0 π(B)T
return E0i , b0 , bE0i , b0 (ω), π 0 (0), π 0 (B)
(π 0 (0), π 0 (B)) =
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CHAPTER 4
EXTENSIONS OF THE RESEARCH

4.1

Stream 1 Extension: A Dynamic Model with Stochastic Approval
As we discussed at the end of Chapter 2, an interesting extension of the paper is

a multi-rate hearings and stochastic approval dynamic programming. In this section, we
try to build this model.
In (2.4), let p̄ = p − p0 and f =

P

i

xi vi be the aggregated inventory above the

efficient level. We develop a dynamic model for the problem. The state of system is
represented by st = (p̄t , ft ), where t is the index of time periods. In the dynamic model,
we assume ft is the aggregated inventory at the end of period t regardless of how the
utilities adjust its stock to achieve this level. Also, we assume f0 = 0. Further, let
b > 0 be a coefficient and the probability of a rate hearing will succeed in period t is
1/(1 + bft ). This implies that PSC tends to reject the rate change as inventory increases.
We have two types of action, (F, f ) and (N F, f ) where F represents the utility filing a
rate hearing and N F otherwise. Let D be the average aggregate demand of inventory
in one period, so f ∈ [max(0, ft − D), +∞].
Denote a = (F, f ) or (N F, f ) as the action, the transition probability follows

P r(st+1 | st , a) =




1


1+bf



bf

1+bf






1

if a = (F, f ) and st+1 = ( fVR , f )
if a = (F, f ) and st+1 = (p̄t , f )
if a = (N F, f ) and st+1 = (p̄t , f )

where, f ∈ F = [max(0, ft − D), +∞], st = (p̄t , ft )
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(4.1)

In addition, let r be the discount factor, assume cost-to-go function is J(s) (drop
the subscript t, let s = (p̄, f¯)), it satisfies the following Bellman-equation.

J(S) = max{g[s, (F, f )], g[s, (N F, f )]}
f ∈F

(4.2)

where
f R + rJ[(f R/V, f )] bf {p̄V + rJ[(p̄, f )]} h
+
− (f + f¯)
1 + bf
1 + bf
2
h
g[s, (N F, f )] = p̄V + rJ[(p̄, f )] − (f + f¯)
2
g[s, (F, f )] =

J(s) does not have a closed form for the infinite rate hearings. A corresponding
dynamic policy to the inventory policy discussed in the paper performs in the following
way: the utility company has a target rate that once it is achieved then the utility
company will keep that rate fixed and will not file any more rate hearings; if the utility
company does not achieve the target rate yet, it will maintain the additional inventory
unchanged until the rate is achieved. Denote the corresponding cost-to-go function as J 0 .
For simplicity, assume the initial inventory level is the level maintained for achieving the
target rate. Then we can solve for an optimal f by maximizing J’ through the following
equation .

J 0 [(p̄, f )] =

fR
bf {p̄V + rJ 0 [(p̄, f )]} hf
+
−
(1 − r)(1 + bf )
1 + bf
2

(4.3)

By the continuity, it is trivial to show that optimal f and J 0 are finite. Though
our model is still unconstrained, unlike our results in Chapter 2, the optimal value is
finite1 .
1

Notice that the optimal solution here is for J 0 but not J.
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4.2

Stream 2 Extension: (U, S) Policy with Discrete Time Demand
In this section, we solve a more general JRP with discrete time demand. We use

same notations except for mention.
Though Poisson process is a good assumption of customer demand, in real business it might not always be the case. The real sales data is very convenient for calculating
the expectation and variance of customer demand. It is not surprised to assume the demands between different time periods are independent. The time period could be any
unit, e.g., day, month or year. So, we make the following assumption.
Assumption 4.1. The demands of a specific SKU i in different time periods are i.i.d
radon variables, and the demands of different SKUs are also independent.
P
Denote di as the demand of SKU i in a unit time. Let d = i di . By the asP
sumption, of course E[d] = i E[di ]. Specifically, the Poisson process or the compound
Poisson process and Browning motion with drift mentioned by Rao (2003) all obey this
assumption because of stationary and independent increments. So even for some continuous time assumptions, we could discretize the continuous time demand into periods
and apply the methods in this section.
We analyze (U, S) policy under the discrete time case, that is, an order will be
sent out whenever the cumulative demand occupies a shipping space equal to or greater
than the trigger parameter U . Let R be the time to fill U units of shipping space. An
approximate way to find E[R] is through Blackwell’s renewal theorem as shown below.
Theorem 4.2 (Blackwell’s Theorem). For a renewal process, assume the inter-arrival
time obeys a distribution of d, one of following holds:
a) If d is not lattice, then lim E[N (x + h)] − E[N (x)] =
x→∞

h
;
E[d]

b) If d is lattice with step size α, then lim E[N (nα)] − E[N ((n − 1)α)] =
n→∞

where, N (t) denotes the jumps of the renewal process up to time t.
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α
.
E[d]

Figure 4.1: Number of Days Filling A Container

U

d =a

g =b

0

By Theorem 4.2, assume at least one of di is continuous. Then

E[R] = E[N (nU )] − E[N ((n − 1)U )] =

U
E[d]

(4.4)

This simply shows the expected periods to fill a shipping size U is exactly same to the
case assuming a deterministic total demand requiring d units per period. However, if all
di ’s are discrete random variables, U must be integer then this equation holds. If not,
1
E[nU ]
→
no matter whether d is lattice or not
elementary renew theorem tells lim
n→∞ nU
E[d]
nU
(Nakagawa, 2011). It gives an approximation that E[nU ] ≈
when n is big enough.
E[d]
nU
(n − 1)U
U
So, E[N (nU )] − E[N ((n − 1)U )] ≈
−
=
.
E[d]
E[d]
E[d]
In sum, we give an estimation that lim E[R] = U/E[d].
t→∞

A more exact way to find E[R] is by observing the time filling U units follows a
delayed renewal process. The inter-occurrence “time” is actually d and each jump of the
process corresponds to a period. While the cumulative shipping space reaches U , the
number of periods happened in the interval [(n − 1)U, nU ] equals to R. Denote the age
and residual life as δ and γ respectively. See Figure 4.1.
Let F (·) be d’s CDF and Fn as nth convolution of F . By the property of a general
delayed renewal process, we have the pmf of R following:

P {R = n} = G ∗ Fn−1 − G ∗ Fn
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Figure 4.2: Inventory Position
IP (t )
Y2

Si
Y1

R

0

where, G(x) =

t

1
E[d]

Rx
0

[1 − F (y)]dy is the limiting distribution of residual life γ (Pinsky

and Karlin, 2010).
Now, for a single SKU i, if we specify an order up to level Si , the (U, S) policy here
is actually a periodic review policy with a stochastic review period R. Consider one cycle
of review period, it is not hard to see that INi (t + L) = IPi (t) − di (t, t + L] ∀0 6 t < R.
From Figure 4.2, IPi (t) is just Si − d(t) − Yi . Yi ’s come from the shipping capacity of
the replenishment. For instance, as discussed in Chapter 3, some cumulative demand
could not be replenished if violating the shipping capacity constraint. So, INi (t + L) =
Si − d(t) − Yi − d(t, t + L] = Si − Yi − d(t + L). Let t → ∞, we have

INi = Si − Yi − dt+L

(4.5)

INi follows a long-run frequency distribution and dt+L denotes the uniform mixture of d(t + L) over t in the interval [0, R) (see Zipkin, 1999). Where, d(t) denotes the
total cumulative demand in t periods. Yi is the error from replenishment strategy and
independent of d. Yi here is different to ωi we discussed in Chapter 3. Yi is actually
ωi immediately after the replenishment. It is hard to find out the distribution of Yi
theoretically. However, if U ≤ A − an , it is obvious Yi ≡ 0. For simplicity, we assume
Yi = 0.
Let S = (S1 , S2 , · · · , Sm ) and m is the number of SKUs. Follows Rao (2003), the
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cost function can be represented as:
m

X
K
C(S, R) = ER [ P r(d(R) > 0) +
H(Si , R)]
R
i=1

(4.6)

where,
R+L
1 X
H(Si , R) =
{hE[INi+ ] + bE[INi− ]}
R t=L

E[Bi ] = E[INi− ] = E[(Si − d(t))− ]
E[Ii ] = E[INi+ ] = E[(Si − d(t))+ ]

We have already shown H(Si , R) is convex in Si .
Corollary 4.3. The cost function C(S, R) is convex of Si , for any distribution of demand
di .
Same as Chapter 3, our problem could be solved by the following optimization
problem.

min

dan e+1≤U ≤bA−an c
U ⊆Z+

C(S, R) =

min

dan e+1≤U ≤bA−an c

f (R)

(4.7)

where:
f (R) = C(S ∗ , R), S ∗ = arg min C(S, R)
S⊆Zn

Notice, the distribution of R is determined by U . To simplify our computation,
we could use E[R] instead of R. Then, our cost function is reduced to

m

X
K
P r(d(E[R]) > 0) +
H(Si , E[R])]
C(S, E[R]) =
E[R]
i=1
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(4.8)

By enumerating all possible U ’s, we can find the optimal (U, S) policy for the
discrete time model.
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CHAPTER 5
OVERALL CONCLUSIONS
This dissertation studies two special inventory problems. The problems are chosen because of their uniqueness. The first problem focuses on the situation while the selling
price of the products could be affected by the inventory management; and the second
problem discusses a two-echelon inventory model which could be regarded a supply chain
totally sharing the information. Optimization models are used to solve the problems.
Specifically, the first one applies unconstrained optimization and the second one belongs
to combinatorial optimization. Both studies present the numerical study showing how
the model works. Besides the initial efforts, some extensions of the research are also
made.
The first contribution relies on analyzing the economic phenomenon via inventory
research. To the best of our knowledge, there is no such paper discussing A-J effect at the
operation level of inventory management. We show that the Averch-Johnson effect holds
when capital is created through inventory. Both our analytical model and our empirical
dynamic NDEA analysis show the existence of an incentive for regulated utilities to
acquire a higher, inefficient level of inventory as compared to the level resulting from
normal, long-term economical replenishment policies. Hence, there exists an incentive
for supply chain decision makers to acquire extra stock beyond the amount needed for
hedging against routine uncertainties. This is an important clue that the management’s
daily operation might not obey the classical models described in the literature.
Second, our idea to treat the SJRP as a combinatorial problem provides a new way
to solve Markov decision models of inventory study. The variant of our algorithm could
also be used to other SJRP policies. For instance, the can-order policy. We supplement
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the literature in discussing dissimilar items which has not been done before. The way
we prove convexity belongs to stochastic convexity. This is newly introduce to inventory
research and could save the researchers from tedious proof by algebra.
In sum, the studies and discoveries of the dissertation contributes to inventory
literature both empirically and theoretically.
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APPENDIX A
Appendix of Chapter 2

A.1

Dynamic NDEA model
Consider a T periods’ problem, we propose a dynamic NDEA model to incorpo-

rate the dynamics of inventory and adjustment cost simultaneously, the methodology of
which is illustrated in Figure A.1. P t is the production technology (i.e. production possibility set) at time t and the dynamic production technology is defined as the product
Q
technology Tt=1 P t . The empirical definition of P t and other notations are given in the
next paragraph. From Figure A.1, we see it differs from Nemoto and Goto (1999, 2003)
since it allows the inputs to be storable, and from Färe and Grosskopf (2012) since it
replaces the finished good inventory with quasi-fixed inputs.
Assume there are I S types of storable inputs, I Q types of quasi-fixed inputs and
J types of outputs. Let xt , kt , sxt and y t be I S × 1, I Q × 1, I S × 1 and J × 1 vectors of
storable inputs purchased at period t, quasi-fixed inputs at the end of period t, the inputs
stored at the end of period t and outputs produced at period t respectively. Suppose
N decision making units (DMUs) are under investigation and use the bar notation “-”
Figure A.1: A Dynamic Technology with Storable Inputs and Adjustment Cost
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to denote the observed values. Given N observations of inputs and outputs at period
t

t

¯ tN ) and Y t =
¯ t1 , · · · , sx
t, i.e., X t = (x̄t1 , · · · , x̄tN ), K t = (k̄1 , · · · , k̄N ), SX t = (sx
(ȳ t1 , · · · , ȳ tN ), we have
P t = {(x̃t , kt−1 , kt , y t ) | (SX t−1 +X t −SX t )λt = x̃t , K t−1 λt = kt−1 , K t λt = kt , Y t λt = y t , λt ≥ 0}

where λt is a N × 1 intensity vector. Notice the positivity of the parameters, it is
trivial that P t is closed, convex and constant return to scale (CRS), which are actually
conditions (iii)-(iv) of Nemoto and Goto (2003). One may ask the other two regularity
condition (i)-(ii). Since the other two conditions only enlarge P t with inefficient production possibilities, it is unnecessary to put them into consideration. Based on the structure
shown in Figure A.1, the dynamic efficiency from an input orientation perspective for
the mth DMU can be obtained by solving the following optimization problem.

Min

{λt ,θt ,kt ,sxt }T
t=1

f=

T
X

θt

t=1

s.t.
(SX t−1 + X t − SX t )λt ≤ sxt−1 + θt x̄tm − sxt
Y t λt ≥ ȳ tm
K t λt ≥ k t
K t−1 λt ≤ kt−1
λt , kt , sxt ≥ 0,
τ

t = 1, · · · , T

¯ τm ,
kτ = k̄m , sxτ = sx

τ = 0, T

where θt is the overall efficiency factor. We use a two-point boundary conditions
here, i.e., k t and sxt are fixed as the observed values when t = 0, T , while in Nemoto and
Goto (2003) and Färe and Grosskopf (2012) fixed only when t = 0. The model suggested
here can be regarded as the input-oriented counterpart of Färe and Grosskopf (1997) but
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incorporating the storable inputs. It can be also described in words as: the model tries
to find out the dynamic production possibility that yields the outputs same as or more
than the mth DMU but with the fewest inputs in ×Tt=1 P t , where the “dynamic” refers
t−1

t

to inventory and adjustment cost. Because (x̃tm , k̄m , k̄m , ȳ tm ) ∈ P t , obviously an upper
bound of overall efficiency f Upper = T . Denote the optimal objective value for the mth
∗
∗
= f Upper , otherwise inefficient.
, and we say a DMU is dynamic efficient if fm
DMU as fm
t∗

t−1∗

∗

∗

Specifically, let (x̃tm , k̄m , k̄m , ȳ tm ) be the optimal solution of the model, and
define the industry level efficiency measure of input resource i at period t as:
P
N
t∗


m=1 x̃m,i


 PN
t
t
m=1 x̃m,i
u i = PN
t−1∗


m=1 km,i


 PN k̄ t−1
m=1 m,i
A.2

i = 1, · · · , I S
i = 1, · · · , I Q

Calculation of p for the second period

Let AB0 be asset base excluding inventory, Ii1 be the cycle stock at the end of
P
period one1 , and x̄i be the base safety stock. For the gradual strategy, xi = j xi j,
the additional safety stock accumulated by the end of period one. Now based on the
assumption that inventory and asset data used by the PSC is current as of the rate
hearing, we have:

T A = AB0 +

X

Ii1 vi +

| i {z }

|i

cycle stock

Let AB = AB0 +

1
i Ii vi

P

+

P

i

X
(x̄i + xi )vi
{z

safety stock

}

x̄i vi , hence:

T A = AB +

X

xi v i

i

On the other hand, since we only consider capital related holding cost2 , which is
1 1
Ii

= Ii0 + ni Qi − Di t, where ni = d(Di t − Ii0 )/Qi e
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not included in the accounting reports to the PSC, the total cost in the first period is:
X

T C(t) = F0 t +

+T OC(t)

Di vi t

i

|

{z

}

inventory consumed in period one

where: T OC(t) is the total ordering cost in period one, F0 is the cost excluding inventory
related costs in a unit time. Define ni = d(Di t − Ii0 )/Qi e, the number of regular replenishments in the first period, and Si = {t | t = Ii0 /Di + jTi , j = 0, 1, · · · , ni − 1}, the set
P
P
P
of regular replenishment times for item i. Then T OC(t) = i Ani + ta ∈S
/ i ≈
i Ani .
i

Put T A and T C(t) in (2.2):
(AB +

P

(AB +

P

p=
≈

i

xi vi ) · R · t + (F0 t +

i xi vi ) · R + (F0 +
V

Let AF = R · AB + F0 +

P

i

Di vi +

P

i

P

i

Di vi t +

P

i

Ani +

P

ta
/ i
i ∈S

A)

V ·t
P
P
i Di vi +
i Ani /t)

Ani /t. Moreover, by setting xi = 0, we get

AF ≈ p0 V and result in (2.4). One might be concerned with the approximation of p. To
P
write p in this way simplifies the analysis. The exact p including ta ∈S
/ i A/t needlessly
i

complicates the analysis without offering new insights.
2

Mentioned by Rachamadugu (1988).
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A.3

Calculation of N P V P

N P V P =N P V R − N P V C
=

X
p0 V (1 − e−rt ) e−rt
+
[p0 V + R
xi vi ]
r
r
i
X
X
X A + Qi vi
F0
a
a
−r(tbi +tki )
−rt0i
−rtbi
−[ +
Ae−rti +
xi vi e−rti +
(e
+
e
−
e
)]
−rTi
r
1
−
e
a
i
i
ti ∈S
/ i

=

p0 V − F 0 X
e−rt R
a
+
xi vi (
− e−rti )
r
r
i
X
X A + Qi vi
a
−r(tbi +tki )
−rt0i
−rtbi
(e
+
e
−
e
)]
Ae−rti +
−[
−rT
i
1
−
e
a
i
ti ∈S
/ i

Let AF 0 = (p0 V − F0 )/r = (R · AB +

P

i

Di vi +

to (2.6).
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P

i

Ani /t)/r (by Appendix A.2), leading

APPENDIX B
Appendix of Chapter 3

B.1

Proof of Proposition 3.4

Proof
Because S is a steady state space, given a set D ⊆ S, the expected transition
rate out of D will be equal to the transition rate into D, or S could not be steady.
Let D = D0 + D1 , notice that if the system stays at a state in S/D and then
transits to a state in D, then this transition will generate an order (because only an order
can reduce ωi ’s, the units waiting for replenishment). So, E[OF ] equals the expected
transition rate into D. It is not easy to calculate the expected transition rate into D,
but since it is same as transition rate out of D, we can calculate the out rate instead.
P
The expected rate out of D1 is λ ei ∈D1 π(ei ). The rate out of D0 = {0} is
P
P
P
π(0)λ = π(0) ei ∈B/D1 λi + π(0) ei ∈D1 λi . Notice the second part π(0) ei ∈D1 λi is
the transition rate from D0 to D1 , so it is also part of the transition rate into D1 and
P
included in the transition rate out of D1 . Therefore, π(0) ei ∈D1 λi cannot be put in the
transition rate out of D, or it will be counted twice.
X
X
Hence, E[OF ] = π(0)
λi + λ
π(ei ), and Corollary 3.5 is trivial.
ei ∈B/D1

ei ∈D1

Q.E.D.
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B.2

Proof of Theorem 3.6
Proof
Because C(S, S) is divisible by Si , we only have to show Ci (S, Si ) is convex of

Si . By (3.10):
Ci (S, Si ) = hi (Si − E[ωi ] − λi L) + (hi + bi )E[(Si − ωi − Di )− ]

Let Y (Si ) = Si −ωi −Di . Y (Si ) is obviously SICX (Stochastic Increasing and Convex) in
Si , since Y (Si ) is linear (Shaked and Shanthikumar, 1988). On the other hand, function
(·)− is of course convex. Therefore E[(Y (Si ))− ] is convex, simply by the stochastic
convexity of Y (Si ).
Q.E.D.
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