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ABSTRACT 

 

A flexible, flag-like wind energy harvester made from metallized PVDF material 

is introduced. A mathematical model for the piezoelectric flag excited by wind flow is 

developed. The model is validated with experimental results. The flag is modeled as an 

Euler-Bernoulli beam with a low bending rigidity. The wind excitation is modeled using 

the slender-wing theory. Among other modeling assumptions, the partial differential 

equation is considered separable and is subjected to two different sets of boundary 

conditions that are applied to find the mode shapes of the system. The temporal 

relationship for the electromechanical system is normalized with the resultant 

eigenfunction. The experimental investigations are performed with longitudinal flow 

along a PVDF flag in a wind tunnel. Experimental and analytical results match and 

represent the periodic system response of voltage, power and displacement over time. 

The two sets of boundary conditions applied to the model provide an envelope for 

predicting the outputs of the system. Results show that for both sets of boundary 

conditions, the frequency of the system has a nearly linear relationship to the wind 

velocity. 
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LIST OF ABBREVIATIONS AND SYMBOLS 

β Eigenvalue 

δ Dirac delta for Heaviside function 

ε permittivity at constant plane-stress 

Γ Axial stress 

κ Wave number  

ψ Spatial function (from separated variables) 

ρ Unit area density of flag 

ρa Density of air 

σ Stress 

ν Viscosity 

A Area of flag 

b Width of flag 
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f Input amplitude 
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M Moment of piezoelectric effects and total flag stiffness 

ma Hydrodynamic inertia 

n Unit outward normal vector 

Ni Nickel 

p Subscript for piezoelectric member 

PVDF Polyvinylidene Fluoride 

q Time function (from separated variables) 

R Resistance (in Ohms) 

s Subscript for substrate 

S Strain 

sE Elastic compliance of PVDF under constant electric field 

t Time 

T Tension 

u Displacement of flag 

U Free stream air velocity 
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w Assumed waveform for pressure  

x Longitudinal distance along flag 
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CHAPTER 1 

INTRODUCTION 

 

1.1 Problem Statement 

Many numerical models exist for piezoelectric energy harvesters (Blarigan, 

Danzl, & Moehlis, 2012; Bryant & Garcia, 2011; Erturk, 2009; B. Li, Laviage, You, & 

Kim, 2013; Priya & Inman, 2009b; Sun, Zhu, White, & Beeby, 2013; Tang, Païdoussis, 

& Jiang, 2009). These studies are inspired by either rigid or flexible physical systems, but 

each differs from this investigation in ways that will be examined later. Flexible systems 

offer a unique source of sustainable energy particularly well suited for remote 

applications with low power requirements. For flexible energy harvesters to be widely 

used, their energy output must be readily predictable for a range of different system 

parameters. This predication can be achieved by developing a parametric mathematical 

model for piezoelectric wind energy harvesters. 

This project seeks to achieve the following: 

• Study the state-of-the-art of piezoelectric harvesting as it applies to 

flexible beams and membranes 

• Create a mathematical model capable of predicting the voltage output of a 

physical system, given the critical parameters of the system 

• Collect data of a polymer based piezoelectric wind energy harvester 

operating under varied conditions such as wind velocity 
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• Compare the mathematical results with experimental results, both at 

different flow rates 

 

1.2 Motivation and background 

The use of piezoelectric materials has diversified over the years to a broad set of 

applications from biomedical purposes (Chiu, Lin, Wang, Huang, & Wu, 2013; Engin, 

Demirel, Engin, & Fedakar, 2005; Ngeh-Ngwainbi, Suleiman, & Guilbault, 1990; 

Sharma, Je, Gill, & Zhang, 2012; Shintaku et al., 2010) to micro UAVs (Truitt & 

Mahmoodi, 2013), distributed wireless micro-sensor networks (Truitt & Mahmoodi, 

2013; Wynn, Truitt, Heim, & and Mahmoodi, 2013), and energy harvesters (Allen & 

Smits, 2001; Bryant & Garcia, 2011; Choi & Jiang, 2006; Cunefare et al., 2012; Dayou, 

Lieu, & Chow, 2012; Dunnmon, Stanton, Mann, & Dowell, 2011; duToit, Wardle, & 

Kim, 2005; Feenstra, Granstrom, & Sodano, 2008; Gammaitoni, Neri, & Vocca, 2009; B. 

Li et al., 2013; S. Li, Yuan, & Lipson, 2011; Sharma et al., 2012; Shirinov & Schomburg, 

2008; Sun et al., 2013; Tang et al., 2009; Truitt & Mahmoodi, 2013; Vatansever, 

Hadimani, Shah, & Siores, 2011; Xie, Wu, Yuen, & Wang, 2013; Xu, Dapino, Gallego-

Perez, & Hansford, 2009). Piezoelectric materials are commonly used as sensors or 

actuators since they are intelligent structures (de Lima et al., 2009; Engin et al., 2005; 

Erturk, 2009; Ngeh-Ngwainbi et al., 1990; Sethi, 1994; Shintaku et al., 2010; Tombelli, 

Minunni, & Mascini, 2005) and have a direct expressible relationship between the 

voltage and strain that will be examined more closely later. In short, by way of the direct 

effect (sensing), these materials will output a voltage for a given strain. Under the 

converse effect, a voltage may be applied to these materials and they will articulate 
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(actuation) (Erturk, 2009; Truitt & Mahmoodi, 2013). Due to their relatively low 

efficiency (Cook-Chennault, Thambi, & Sastry, 2008; Cunefare et al., 2012; duToit et al., 

2005; McCarthy et al., 2013), the polymeric piezoelectric materials are less studied 

(Erturk, 2009) than rigid structures, even less often are such materials studied under wind 

excitation.  

A weakness of typical rigid, ceramic beam energy harvesters is that they favor 

particular frequency bands (Erturk, Hoffman, & Inman, 2009; Liu, Lee, Kobayashi, Tay, 

& Quan, 2011). Conversely, flexible wind energy-harvesters have an inherently low 

fundamental frequency, so they can apply to conceivably any naturally occurring wind 

excitation. A device such as the one tested in this paper could be used to power remote 

network arrays or provide energy to low power-demand devices in secluded locations. 

The proposed model would assist in predicting the available power from such a device, 

so that more exact determinations of its applicability might be made. 

Existing piezoelectric wind-energy harvesting models differ from this proposed 

system by one or more of the following: the orientation of wind flow (B. Li et al., 2013; 

Sun et al., 2013), the use of alternate materials or structures (Bryant & Garcia, 2011), or 

by not directly accounting for the piezoelectric coupling (Tang et al., 2009). There are 

other existing studies of piezoelectric wind-energy harvesters that do not include 

mathematical modeling, but offer important experimental differences, such as including 

bluff bodies (Vatansever et al., 2011) or additional effective surface area (S. Li et al., 

2011), which are not examined in this study.  

Other previous attempts have been made at resolving the governing equations for 

a flexible piezoelectric structure for fluid energy harvesting, similar to the proposed 
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model. One work studied features a biomimetic structure – an eel between 45 and 61 cm 

in length, harvesting energy from a passing, unsteady hydraulic fluid (Allen & Smits, 

2001). The structure in this paper differs in both medium and length, exciting an 

approximately 15 cm flag with steady wind flow. Another hydraulic energy harvesting 

attempt was made with a piezoelectric stack (Cunefare et al., 2012), with a structure 

drastically different from that found in this paper. 

In previous models of strictly a flag in wind, without consideration of a coupled 

piezoelectric membrane or array, the flag has often been assumed to be inextensible 

(Connell & Yue, 2007; Moretti, 2002). In such analyses, most experts agree that the fluid 

may be modeled as inviscid and that it may be treated as incompressible (Michelin, 

Smith, & Glover, 2008). In existing studies of flag dynamics, the pressure upon the flag 

due to the fluid flow can be modeled by the Navier-Stokes equation (Watanabe, Isogai, 

Suzuki, & Sugihara, 2002), which account for viscosity. The pressure is represented in 

other flag studies, as in this paper, by the slender-wing theory (Yadykin, Tenetov, & 

Levin, 2001), which aligns with the assumption of inviscid flow. Such a flag is 

consistently regarded as a two dimensional deformation (Doaré & Michelin, 2011; 

Martin, 2003). 

Governing equations for similar systems are impacted by the boundary 

conditions. Candidate boundary conditions for this system include cantilever boundary 

conditions and those of a simply supported leading edge with a free trailing edge (Ecsedi, 

2009; Jones & Karr, 2009; Kinsler, Frey, Coppens, & Sanders, 2000; Lara, Bruch Jr, 

Sloss, & Adali, 2000; Sloss, Bruch, Sadek, & Adali, 2003; Xie et al., 2013). It is possible 

to model this system with a free trailing edge and a leading edge that is pinned at the 
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corners (Connell & Yue, 2007), but many authors agree upon the application of fixed-

free boundary conditions. This set of boundary conditions better resembles the conditions 

of the experimental arrangement used for validation, though both sets of boundary 

conditions will be examined. To mathematically predict the motion of beam deflection, 

the separation of variables and subsequent application of these boundary conditions are 

crucial steps. 

The tension within a flag is a topic that is apparently less explored than many 

others related to this study. Depending on the tolerance for inaccuracy in a system, there 

is a varying range of complexity associated with the definition of tension. It is possible to 

model the tension as a dynamic entity (Moretti, 2002; Moretti, 2004), or it can be 

approximated as a static value based on the properties of the system, such as flow rate 

and the density of the medium. When evaluating the tension, it is important to note that 

gravity in these systems can be neglected (Moretti, 2003b).  

There exist basic representative models for piezoelectric energy harvesters 

(Andosca et al., 2012; Erturk, 2009; Priya & Inman, 2009a; Xie, Wang, & Wu, 2014). 

Such models are seen in the time domain and relate to a single forcing function, and often 

treat the piezoelectric elements as Euler-Bernoulli beams (Erturk & Inman, 2008), which 

are laterally loaded, linearly elastic elements. These models vary depending on system 

properties and assumptions but often have similar forms. The proposed system of 

equations resembles these models closely. Piezoelectric ceramics, crystals, and polymers 

can be compared by their specific electromechanical coupling factor (Ecsedi, 2009). This 

factor represents the efficiency with which the materials convert electric energy to or 

from mechanical energy (Uchino, 2003). The piezoelectric material provides some 
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backward coupling that must be accounted for in the system model that produces 

additional stiffness in the piezoelectric member (Doaré & Michelin, 2011; Erturk, 2009; 

Priya & Inman, 2009a). According to some authors (Tanaka, 1994; Tiersten, 1967), work 

done by piezoelectric materials can be represented as a function of electrical enthalpy 

density, which is based on some system properties and the electric field. For this study, 

the piezoelectric coupling will not be examined in terms of electric enthalpy, which 

corresponds to a Hamiltonian approach, but instead by using Gauss’ Law. 

The objective of this paper is to formulate and validate an equation of motion and 

frequency response of a piezoelectric flag to predict the system output voltage and power. 

This paper applies the assumptions of an Euler-Bernoulli beam to a flag that is considered 

as a beam with a low bending rigidity. The adhesive that bonds the substrate and the 

PVDF is neglected in the modeling, as it is very thin. The boundary conditions applied to 

the general solution of the beam equation are those of a fixed-free beam and of a hinged-

free beam. The flag is considered to be inextensible with an approximated longitudinal 

static tension force that increases with the length of the flag. This tension is a surface 

stress. The fluid (air) is considered to be incompressible and inviscid, with a periodic 

force. This force, derived from wind flow pressure, is based upon flow rate and is 

calculated using the slender wing theory. Once the equations of motion are obtained, the 

time and spatial functions are separated in order to establish the fundamental mode shape 

and system behavior. This mode shape is used to normalize the time-dependent function 

via the Galerkin Method (Jones, Jackson, & Klose, 2013). This function includes 

piezoelectric coupling considerations. The time-dependent response is numerically 

analyzed and the modeled solution is compared to experimental values for validation. 
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This work is unique in its physical and modeled structure of a one-for-one ratio between 

substrate and piezoelectric element. The combination of this structure and its solution 

method are also unique.  
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CHAPTER 2 

DYNAMIC MODELING 

 

2.1 Dynamics of Piezoelectric Energy Harvesters 

A mathematical model for the vibrations of a Polyvinylidene Fluoride  (PVDF) 

flag under-steady state wind flow in the unimorph configuration is discussed in this 

section. The first step in this approach is to examine how the piezoelectricity will impact 

the system. Piezoelectric materials are bound by the constitutive equations as follows
 

(Bilgen, Wang, & Inman, 2012; Priya & Inman, 2009b): 

 D = εΓE + ed31Γ , (1) 

 S = ec31E + s
EΓ , (2) 

where D is the electric displacement, E is the electric field, Γ is the axial stress, sE is the 

elastic compliance of the PVDF under constant electric field, S is the strain, εΓ is the 

permittivity at constant plane-stress, and e31 is the piezoelectric stress constant with 

superscripts of d and c to denote direct and converse orientations. The piezoelectric 

constant has a subscript of 31 that represents two distinct characteristics. The first of the 

two subscripts denotes the poling direction and the second denotes the orientation of the 

mechanical stress. For this paper, the three-direction is parallel to the length of the flag. It 

is worth noting that deflections along orthogonal planes have little to no effect on the 

system output for a one-dimensional piezoelectric material (Preumont, 2006).  
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The voltage of the piezoelectric member is related to the displacement and is 

obtained using the constitutive equations (1-2). The electrical displacement can be related 

to voltage via Gauss’ Law (Erturk, 2009; Priya & Inman, 2009b), 

 D̂ ⋅ n̂ dA = v(t)
RA∫  (3) 

where R is the resistance of the circuit, n is the unit outward normal vector, and A is the 

area of the flag. 
 

With the following definitions (Bilgen et al., 2012; Erturk, 2009)
  

 E3(t) = −
v(t)
hp

 (4) 

 Γ = −hp
d 2û x, t( )
dx2

 

(5) 

where E3(t) is the electric field, the following substitution can be made to the constitutive 

equation (1).  

 D̂ = εT
v(t)
hp

!

"
##

$

%
&&+ e31

d −hp
d 2û x, t( )
dx2

!

"
##

$

%
&& . (6) 

This can then be substituted back into equation (3) to yield 

 
d
dt

εT
v(t)
hp

!

"
##

$

%
&&+ e31

d −hp
d 2û x, t( )
dx2

!

"
##

$

%
&&

(

)
*
*

+

,
-
-A∫ ⋅ n̂dA = v(t)

R
 (7) 

Evaluating this integral produces the following 

 
d
dt

−
εTbLv(t)

hp

"

#
$$

%

&
''+

d
dt

−e31
d bhp

d 2û x, t( )
dx2

"

#
$$

%

&
''dx0

L
∫ =

v(t)
R

 (8) 

which can be expressed as 

 −
εTbL v(t)

hp
− e31

d bhp
d3û x, t( )
dx2dt

"

#
$$

%

&
''dx0

L
∫ =

v(t)
R

. (9) 
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The process of expanding (3)  is also seen in (Erturk, 2009). Because it has been shown 

above that u(x,t) is a one-dimensional vector, through the rest of the paper, the 

displacement of the flag will be written as a scalar value. Further substitutions will be 

applied to these equations in the following chapter, when the response analysis is 

investigated and explained. 

 

2.2 Dynamics of Flexible Structure 

Now that the electrical component of the system has been explored, the system 

itself will be defined. As previously stated, the system in question is treated as a flexible 

beam, which has a well-established (Jones & Karr, 2009) governing equation of  

 ρ
∂2u
∂t2

+EI ∂
4u
∂x4

= Δp t, x( )  (10) 

where Δp is the forcing function, in this case based on the fluid flow, ρ is the unit area 

density of the flag, and EI is the stiffness of the beam, which will be evaluated in a later 

section. 

However, it is important to note here that the generic stiffness of the beam 

equation does not account for the piezoelectric behavior, which induces a moment in the 

system. The sources of the moment are the stresses in the substrate and in the PVDF, 

which are directly related to the stiffness in each entity. With regard to the mechanics of 

the system, the piezoelectric polymer and its stiffness, along with the stiffness of the 

substrate provide a resistant moment (Erturk, 2009),
 

 M (x, t) = b σ sz dz−hs

0
∫ + σ pz dz0

hp∫( ) , (11) 
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where σ is the stress in the two respective members denoted by the subscripts p for 

piezoelectric and s for substrate, which also apply to the height h, M is the moment, b is 

the width of the flag, and z  is the distance from the contacting surfaces to the outside 

surfaces of the two materials. To accommodate this behavior, the beam is rewritten as 

 ρ
∂2u
∂t2

+
∂2M (x, t)
∂x2

= Δp t, x( ) . (12) 

Using the constitutive equations, the stress terms in (11) are defined as 
 

 

σ p =Yp −z d
2u(x, t)
dx2

"

#
$

%

&
'− ec31E3

σ s =Ys −z
d 2u(x, t)
dx2

"

#
$

%

&
'

, (13) 

where Ys and Yp are the elastic moduli of the substrate and piezoelectric material under 

constant electric field, respectively. The variable hs and hp are the thicknesses of the 

substrate and the piezoelectric polymer, respectively, and b is the flag width. Substituting 

equation (13) into (11) yields 

 M x, t( ) = b Ys −z
d 2u(x, t)
dx2

"

#
$

%

&
'

(

)
*

+

,
-zdz

−hs

0
∫ + Yp −z d

2u(x, t)
dx2

"

#
$

%

&
'− ec31E3

(

)
*

+

,
-zdz

0

hp∫
/
0
1

21

3
4
1

51  
(14) 

Evaluating the integrals results in the following 

 M x, t( ) = −1
3
bYphp

3 d
2u x, t( )
dx2

−
1
3
bYshs

3 d
2u x, t( )
dx2

−
1
2
bec31hpv t( )  (15) 

where v(t) is the output voltage of the piezoelectric layer generated by u(x,t). Because the 

voltage expressed in equation (12) is only a function of time, it is multiplied by the 

Heaviside function so that the voltage is now a function of both time and displacement. 

As previously discussed, the individual terms of the mechanical and piezoelectric are 

collected to yield the following united equation  
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 ρ
∂2u
∂t2

+EI ∂
4u
∂x4

+ϑv t( ) ∂
∂x
δ x( )− ∂

∂x
δ x − L( )

#

$%
&

'(
= Δp t, x( )  (16) 

where 

 EI = 1
3
bYphp

3 +
1
3
bYshs

3 ,
 

(17) 

 ϑ = −
1
2
bec31hp ,

 
(18) 

 

and δ is the Dirac delta.  

 

2.3 Wind Flow Force Analysis 

An important part of the analysis is to determine the excitation force applied to 

the flag from the wind flow. The Navier-Stokes equations are a common approach to 

problems involving fluid flow. This method has applications in modeling various 

situations in the fields of airfoil analyses, physical oceanography, climatology, or fluid 

flow through a pipe. Velocity, rather than position, determines the solution to a Navier-

Stokes equation. When the velocities are defined, other variables can be resolved, such as 

flow rate or drag force. The Navier-Stokes equations apply to viscous flow and unsteady 

lift. However, he featured system is assumed to be inviscid with steady flow, so the 

Slender Wing theory is used to represent the pressure applied to the flag from the wind as 

(Yadykin et al., 2001),  

 Δp =ma
∂
∂t
+U ∂

∂s
#

$
%

&

'
(
2

w x, t( ) , (19) 

 ma =
πbρa
4

, (20) 
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where Δp is the pressure differential acting on the surface of the flag, b is the width of the 

flag, ρa is the density of air, ma is the hydrodynamic inertia of the air (Change, Fox, 

Lilley, & Moretti, 1991), U is the free stream velocity, w(x,t) is the waveform of the 

excitation, and u(x,t) is the deflection of the flag in the transverse direction. The 

hydrodynamic inertia resists a change in velocity of the fluid, while the flag is 

consistently inducing a change. For potential flow calculations, an expanded 

representation of equation (2) with the hydrodynamic inertia of air acting upon the flag is 

used (Moretti, 2004) as 

 Δp = −ma
∂2w

∂t2
+ 2U ∂2w

∂t∂x
+U 2 ∂

2w

∂x2
$

%
&&

'

(
)) , (21) 

where 

 w = xf
L
cos ωt −κx( ) . (22) 

The combination and expansion of these terms yields 

 

 (23) 

where ω is the frequency of the wind excitation, f is the maximum amplitude of 

excitation, x is the position along the flag, L is the total length of the flag, κ is the wave 

number for the flag, and t is the time elapsed in seconds. This is the assumed waveform 

of the excitation. 

The frequency can be modeled via aerodynamic parameters, but there is a 

considerable margin of error associated with these calculations. To minimize error and 

make the model most closely compare to the physical system, experimental values were 

Δp = −πρad
4L

−xfω 2 cos ωt −κ x( )
+2Uω 2 f L + 2( )cos ωt −κ x( )+ωxsin ωt −κ x( )#$ %&

−U 2ω f 2sin ωt −κ x( )+ωxcos ωt −κ x( )#$ %&

'

(

)
)

*

)
)

+

,

)
)

-

)
)
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used for the frequency. The wave number is calculated based upon this frequency. The 

amplitudes were gathered by means of experimental fit, and mathematical methods for 

their definition will be explored in future works. The displacement is driven by fluid 

flow, and that exchange is of interest. However, the focus of this model is to determine 

the relationship between the experienced displacement and the output voltage. 

Flag dynamics are often represented by having general form for the equation of 

motion as (Manela & Howe, 2009; Moretti, 2002; Moretti, 2003a; Moretti, 2003b): 

 ρ
∂2u
∂t2

−T ∂
2u
∂x2

−
∂T
∂x

∂u
∂x
+EI ∂

4u
∂x4

= Δp t, x( ) , (24) 

where T is the tension, EI is the flag stiffness, and ρ is the mass per unit area of the flag. 

This is not the equation of motion for the system at hand, but equation (24) serves purely 

as a reference for what the equation would be if not for the consideration of piezoelectric 

coupling. The tension in equation (24), while it can be modeled as a dynamic entity, can 

be approximated with a time-average value (Moretti, 2003a), 

 ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= 2

2
22 1

4
1

L
xfbxT ωρ . (25) 

The system dynamics featured in this study can be anticipated to resemble the 

model in equation (25), but they must also account for the addition of the piezoelectric 

film to the flag surface that will introduce a moment (Erturk, 2009). Therefore, the 

revised form of equation (24) for a piezoelectric flag is  

  (26) 

 

 

ρ
∂2u
∂t2

+EI ∂
4u
dx4

−T ∂
2u
∂x2

−
∂T
∂x

∂u
∂x
+ϑv(t) ∂

∂x
δ(x)− ∂

∂x
δ(x − L)

#

$%
&

'(
= Δp t, x( )
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2.4 Equations of Motion 

It should be noted that the Γ superscript for ε has been dropped to unclutter the 

expression. The full governing equations of the system are,  

 

 
(

27

)

 

 
v(t)
R

+ε
bL
hp
v(t)+ ed31bhp

d3u(x, t)
dx2dt

dx
0

L
∫ = 0 .

 

(

28

) 

The boundary conditions for the fixed-free system are  

 . (29) 

Those for the hinged-free system are 

 . (30) 

where the number of apostrophes signifies the degree of spatial differentiation of the 

displacement. These derivatives signify the displacement, slope, bending moment, and 

shear force, respectively. A diagram of these boundary conditions is shown below. 

 

 

 
Figure 1. Representation of a) cantilever and b) hinged boundary conditions. 

 

Figure 1 shows that there is bending at the leading edge of the cantilever beam, but only a 

change in slope at the leading edge. Both sets of boundary conditions have no means of 

maintaining an internal moment or shear force at the trailing edge, which is the 

implication of the boundary conditions at x = L in equations 29-30. For the application of 

ρ
∂2u
∂t2

+EI ∂
4u
dx4

−T ∂
2u
∂x2

−
∂T
∂x

∂u
∂x
+ϑv(t) ∂

∂x
δ(x)− ∂

∂x
δ(x − L)

#

$%
&

'(
= Δp t, x( )

u 0, t( ) = !u 0, t( ) = !!u L, t( ) = !!!u L, t( ) = 0

u 0, t( ) = !!u 0, t( ) = !!u L, t( ) = !!!u L, t( ) = 0

(a) (b) 



 

16 

these boundary conditions, it is assumed that the first mode shape of the system is 

dominant as a standing wave.  
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CHAPTER 3 

RESPONSE ANALYSIS 

 

3.1 Cantilever Boundary Condition 

In existing works, the motion of a simple flag under wind excitation has been 

evaluated in the frequency and time domains, using eigenvalue analysis, the assumed 

mode method, or by time-marching with either the Navier-Stokes code or generalized 

coordinates (Watanabe et al., 2002). It can also be evaluated by the Rayleigh-Ritz 

technique (Tiersten, 1967).  This work implements an adjusted eigenvalue analysis, 

which is made further unique in that the flag considered is coupled with a unimorph 

piezoelectric polymer. The system is evaluated using the first spatial mode from the 

separation of variables. This separation of variables will be used to evaluate both 

independent sets of proposed boundary conditions.
 
Using the Galerkin method, the time 

and space functions are separated as 

 ∑
=

=
1

)()(),(
n

nn tqxtxu ψ  (31) 

where ψn  and qn represent the adjusted spatial function and the time function 

respectively, n  indicates the number of mode shapes considered, and its value is unity for 

this study since the first fundamental mode is dominant. The spatial function is the 

eigenfunction for the system. The equation for beam displacement is given as 

 
ψ(x) =

C1 sin βx( )+C2 sinh βx( )+
C3 cos βx( )+C4 cosh βx( )  

(32)
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When the cantilever boundary conditions (29) are applied to this equation and evaluated, 

many of the coefficients will cancel, until only one remains. This process is shown in the 

steps below 

 ψ 0( ) =C1 sin βx( )+C2 sinh βx( )+C3 cos βx( )+C4 cosh βx( ) = 0
 

(33) 

 ψ 0( ) =C3 cos βx( )+C4 cosh βx( ) = 0
 

(34)
 

 C3 = −C4
 

(35)
 

In the steps above, it is shown that with the rudimentary identity that the sine and 

hyperbolic sine of zero are equal to the same, the original equation is quickly reduced 

with the first boundary condition. A similar result can be seen upon the application of the 

second boundary condition below. 

 !ψ 0( ) =C1 cos βx( )+C2 cosh βx( )−C3 sin βx( )+C4 sinh βx( ) = 0
 

(36)
 

 ψ 0( ) =C1 cos βx( )+C2 cosh βx( ) = 0
 

(37)
 

 C1 = −C2
 

(38)
 

Now the above relationships between the coefficients reduce the number of 

coefficients in need of definition from four to two. Upon this realization, the third 

boundary condition can be applied to create a relationship between the remaining two 

coefficients. 

 !!ψ x( ) = −C1 sin βx( )+C2 sinh βx( )−C3 cos βx( )+C4 cosh βx( )
 

(39)
 

 !!ψ L( ) =C2 sin βL( )+C2 sinh βL( )+C4 cos βL( )+C4 cosh βL( ) = 0
 

(40)
 

 C2
C4

= −
cos βL( )+ cosh βL( )
sin βL( )+ sinh βL( )  

(41)
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Using the ratio of the coefficients shown above, the general equation can be 

rewritten in the following 

 ψ x( ) =C4 cos βx( )− cosh βx( )"# $%+
C2
C4

sinh βx( )− sin βx( )"# $%
&
'
(

)
*
+  

(42)
 

 
ψ x( ) =C4 cos βx( )− cosh βx( )"# $%−

cos βL( )+ cosh βL( )
sin βL( )+ sinh βL( )

sinh βx( )− sin βx( )"# $%
&
'
(

)(

*
+
(

,(  

(43)
 

Through the steps shown in the above equations, the final relationship between 

coefficients is produced, resulting in a governing equation for the mode shape that is 

based upon a single leading, normalizing coefficient. With one boundary condition 

remaining to be applied to the system and all but one of the coefficient evaluated out of 

the equation, it can be anticipated that the final boundary condition evaluation will lead 

toward a solution for the eigenvalue. 

 
!ψ x( ) =C4 −sin βx( )− sinh βx( )#$ %&−

cos βL( )+ cosh βL( )
sin βL( )+ sinh βL( )

cosh βx( )− cos βx( )#$ %&
'
(
)

*)

+
,
)

-)  
(44)

 

 
!!ψ x( ) =C4 −cos βx( )− cosh βx( )#$ %&−

cos βL( )+ cosh βL( )
sin βL( )+ sinh βL( )

sinh βx( )+ sin βx( )#$ %&
'
(
)

*)

+
,
)

-)  

(45)
 

 
!!!ψ x( ) =C4 sin βx( )− sinh βx( )#$ %&−

cos βL( )+ cosh βL( )
sin βL( )+ sinh βL( )

cosh βx( )+ cos βx( )#$ %&
'
(
)

*)

+
,
)

-)  

(46)
 

 

!!!ψ L( ) =C4

sin βL( )− sinh βL( )#$ %&−

cos βL( )+ cosh βL( )
sin βL( )+ sinh βL( )

cosh βL( )+ cos βL( )#$ %&

'

(
))

*
)
)

+

,
))

-
)
)

= 0
 

(47)
 

 C4 ≠ 0,β ≠ 0
 

(48)
 

If either the leading coefficient or the eigenvalue were equal to zero, this would 

be a trivial solution, so it is safe to assume neither are equal to zero. This only leaves that 
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the entire expression within the braces is equal to zero. The expression within the braces 

is evaluated below to provide a basis for the solution for the eigenvalue. 

 sin βL( )− sinh βL( )"# $%=
cos βL( )+ cosh βL( )
sin βL( )+ sinh βL( )

cosh βL( )+ cos βL( )"# $%
 

(49)
 

 sin βL( )− sinh βL( )"# $%⋅ sin βL( )+ sinh βL( )"# $%=

cos βL( )+ cosh βL( )"# $%⋅ cosh βL( )+ cos βL( )"# $%

'

(
)

*)

+

,
)

-)  
(50)

 

 sin2 βL( )− sinh βL( )sin βL( )+ sinh βL( )sin βL( )− sinh2 βL( ) =
cos2 βL( )+ 2cosh βL( )cos βL( )+ cosh2 βL( )  

(51)
 

 sin2 βL( )− cos2 βL( )"# $%− sinh
2 βL( )+ cosh2 βL( )"# $%= 2cosh βL( )cos βL( )

 
(52)

 

 −2 = 2cosh βL( )cos βL( )
 

(53)
 

From the results of equation (42) it can be easily seen that the solution to the mode shape 

of a cantilever beam is (Kinsler et al., 2000)  

 

ψ(x) =C4

cos βx( )− cosh βx( )"# $%+

cosh βL( )+ cos βL( )
sinh βL( )+ sin βL( )

sinh βx( )− sin βx( )"# $%

&

'
((

)
(
(

*

+
((

,
(
(

 
(54)

 

where C is a constant employed to normalize the system, and the eigenvalue β can be 

determined from a simplified frequency equation for a cantilever beam which is derived 

in the series of steps shown in equation (49) through (53), which can be simplified to the 

following 

 cos βL( )cosh βL( ) = −1
 

(55)
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3.2 Simply Supported Boundary Condition 

Since the simply supported case is the same structure, only with different 

boundary conditions (30), the result of applying this case of boundary conditions to 

equation (32) will resemble that for the cantilever case with some differences. The 

progression of this solution is shown below, applying the individual boundary conditions 

in equation (30) in order from left to right. 

 ψ(0) =C1 sin 0( )+C2 sinh 0( )+C3 cos 0( )+C4 cosh 0( ) = 0
 

(56)
 

 ψ(0) =C3 +C4
 

(57)
 

 C3 = −C4
 

(58)
 

Making use of the fact that the sine and hyperbolic sine of zero is identically zero, 

and the same for cosine and hyperbolic cosine is identically one, it can first be seen above 

that one of the coefficients must equal another for the boundary conditions to apply. With 

three remaining boundary conditions, the second condition will be applied below. 

 !ψ (0) = β C1 cos 0( )+C2 cosh 0( )−C3 sin 0( )−C3 sinh 0( )#$ %&= 0
 

(59) 

 !!ψ (0) = β 2 C1 sin 0( )+C2 sinh 0( )−C3 cos 0( )−C3 cosh 0( )#$ %&= 0
 

(60)
 

 !!ψ (0) = −2C3 = 0
 

(61)
 

 C3 = 0
 

(62)
 

The evaluation of the second boundary condition directs that the pervasive 

coefficient in equation (59) must equal zero. Given this result, the second derivative of 

the initial equation (32) reduces to the following 

 !!ψ (L) = β 2 −C1 sin βL( )+C2 sinh βL( )#$ %&= 0
 

(63)
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 C2 =
C1 sin βL( )
sinh βL( )  

(64)
 

which can be rearranged to produce a coefficient ratio, similar to that seen in equation 

(39). This ratio, combined with the final boundary condition, can be used to obtain a path 

to the eigenvalues for the system. 

 !!!ψ (x) = β 3 −C1 cos βx( )+
C1 sin βL( )
sinh βL( )

sinh βx( )
#

$
%
%

&

'
(
(  

(65)
 

 !!!ψ (L) = β 3 −C1 cos βL( )+
C1 sin βL( )
sinh βL( )

sinh βL( )
#

$
%
%

&

'
(
(
= 0

 

(66)
 

 !!!ψ (L) =C1β
3 sin βL( )− cos βL( )#$ %&= 0

 
(67)

 

 sin βL( )− cos βL( ) = 0
 

(68)
 

With this expression for the eigenvalue and the steps previously demonstrated, a 

solution for the simply supported beam can be prepared. For the system of hinged-free 

boundary conditions, the final mode shape solution is 

 ψ(x) =C1 sin βx( )+
sin βL( )
sinh βL( )

sinh βx( )
!
"
#

$#

%
&
#

'#  
(69)

 

The first eigenvalue for this solution changes from that of the cantilever case due to the 

altered boundary conditions. From the results shown in equation (65), the eigenvalue can 

be implicitly expressed by 

 tan βL( ) =1
 

(70)
 

 

3.3 Galerkin Approximation 

This separation of variables allows the expressions of equations (27-28) to be 

revisited and evaluated to the following form, 
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ρAψq+EI !!!!ψ q−Tψq− !T !ψ q+ϑv(t) ∂
∂x
δ(x)− ∂

∂x
δ(x − L)

$

%&
'

()
= Δp t, x( )

ε
bL v(t)
hp

+
v(t)
R

+ ed31hpb !ψ L( ) q = 0
 

(71)

 

The Galerkin Method normalizes the time dependent variables to produce,  

 
q+ g1 − g2 − g3( )q+ g4v(t) = g5

g6 v(t)+ g7v(t)+ g8 q = 0
 

(72)

 

where 

 

g1 = EI ψ
0

L

∫ """"ψ dx, g2 = Tψ
0

L

∫ ψdx, g3 = "T
0

L

∫ ψ "ψ dx, g4 = ψ
0

L

∫ dxϑ δ(x)−δ(x − L)[ ],

g5 = ψ
0

L

∫ Δpdx, g6 =
bLε
hp

ψ
0

L

∫ dx, g7 =
1
R

ψ
0

L

∫ dx, g8 = "ψ (L)ed31hpb ψ
0

L

∫ dx  

(73)

 

The above can be expressed in state-space form 

 X =ΦX +ΛF  (32) 

where 

 X =
q
Q
v

!

"
#

$
#

%

&
#

'
#
, Φ =

0 1 0
g1 − g2 − g3 0 g4

0 −g6 −g7

*

+

,
,
,
,

-

.

/
/
/
/

, Λ =
0
1
0

*

+

,
,
,

-

.

/
/
/
, F = g5{ }

 

(33) 

where Q is defined as the derivative of q with respect to time. Once in state-space form, 

the equations are solved numerically. These results can then be compared to experimental 

data for validation. 
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CHAPTER 4 

EXPERIMENTAL PROCEDURE 

 

To validate the equations of motion and response analysis, an experimental 

investigation is performed. A piezoelectric composite flag was built by combining a Cu-

Ni metallized piezoelectric polymer sensor with a polymeric substrate of the same 

geometric dimensions, so one side of the substrate is completely covered by piezoelectric 

material as shown in Figure 1. The two materials were joined with a flexible adhesive 

made from heptane and isopropyl alcohol. For testing, the flag was held in the vertical 

position between two 0.635 cm steel beams that were intermittently bolted together and 

mounted to a base in the wind tunnel. Fibrous tape was applied to the clamped section of 

the flag to prevent grounding along the steel supports. The voltage output of the flag can 

be measured directly from the leads, which are at the tip of the white stem shown in 

Figure 1. 

 

Figure 2. Piezoelectric composite flag. 
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Mechanical properties of the piezoelectric flag and the properties of air are critical 

in this analysis. The numerical values for such properties can be seen in Table 1. 

Table 1. Mechanical property values of the flag and air. 

Property Symbol Value Units 

Width b 0.076 m 

Thickness hs 2.00E-04 m 

Length L 0.152 m 

Substrate elastic modulus Es 3.00E+09 N/m2 

Hydrodynamic inertia ma 7.16E-02 kg/m2 

Substrate density − 1.3E+02 kg/m3 

 

 

The composite flag was tested in the MAV-WT low speed wind tunnel at The 

University of Alabama. MAV-WT is a blower-type, closed-section, open circuit tunnel 

with a 1.82 m long test section with a height of 0.76 m. The flow speeds range between 2 

and 22 m/s with a centerline intensity of turbulence of 0.7% at 5 m/s and 0.5% at 10 m/s. 

A laser displacement sensor was used to monitor the transverse displacement at a point 

6.73 cm from the trailing edge of the flag.
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Figure 3. Side view of MAV-WT facility. 
 

Within the glass frame shown in Figure 3, the experimental apparatus was 

arranged for testing in a manor concurrent with Figure 4 and Figure 5. The apparatus 

within the wind tunnel shown in Figure 3 is not the one used in the experiment, since the 

latter would be difficult to see, since a black backdrop was necessary for operation of the 

laser displacement sensor.  

The output of the system is largely dependent on the properties of the PVDF, 

which are shown in Table 2. The values for these properties are attained from the 

technical manuals for the PVDF and the oscilloscope. These properties relate primarily to 

the coupling of the piezoelectric element in the mechanical and electrical portions of the 

equations of motion, as well as some of the physical characteristics of the PVDF. 
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Table 2. Compilation of piezoelectric properties (Piezo film sensors technical 

manual). 

Property Symbol Value Units 

Stress constant (direct) e31
d 14.4 V/N 

Stress constant (converse) e31
c 7.00E-4 N/V 

Relative Permittivity ε 11 - 

PVDF elastic modulus Ep 2.00E+09 N/m2 

PVDF density ρ 1.78E+03 kg/m3 

System resistance R 1.00E+06 Ω 

 

 

	    

Figure 4. Top view of testing arrangement 
 

To measure transverse displacement of the flag, an MTI Instruments LTC-120-40 

laser displacement sensor that has a 40 kHz sampling frequency was used. The resolution 

of the displacement sensor is ±4 µm and the range is ±20 mm with a standoff distance of 

120 mm. The voltage was monitored with a Tektronix TDS 2004C oscilloscope with a 

x

 

Laser 
Displacement 
Sensor 

U 
Oscilloscope 
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2500 point record length for each saved sample with a spacing of 0.0004 seconds for a 

total sample time of 0.9996 seconds. 

Figure 4 shows a schematic the test configuration. Figure 5 shows an image of the 

physical arrangement of the experiment. In the figure, the flag is oscillating in the wind 

flow. The oscilloscope is capturing the voltage output, as well as the output from the laser 

displacement sensor that is measuring the flag’s displacement at a constant flow rate. 

Figure 5 displays the physical arrangement of the laser displacement sensor scanning the 

tip of the piezoelectric element during testing.  

 

Figure 5. Image of experimental arrangement. 
 

The perspective of the picture makes the displacement sensor appear closer than it was in 

the experiment, which was about 20 cm way. The sensor could not be positioned farther 

away since this was near the maximum sampling range of the displacement sensor, but 

there is very little difference between the positive and negative peaks in the data, 

confirming that this sampling distance minimized any possible aerodynamic interruption 

the displacement sensor may have caused. In the picture, it is also possible to see the 
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mounting arrangement for the piezoelectric materials that were tested. The laser 

displacement sensor was positioned at its maximum allowable distance from the flag to 

minimize aerodynamic impact on the results.  

For the tests, the flow speed of the air was set incrementally at 4.5, 5.6, 6.7, 7.8, 

8.9 m/s. This data range was selected based upon preliminary tests. From previous test 

data, the bounds of linear excitation are taken to be a lower boundary of 4.5 m/s with an 

upper boundary of 8.9 m/s, with limited data at rates of 5.6 and 8.9 m/s.
  

The laser displacement sensor captured displacement data at these intervals. It is 

assumed that the effective removal of the piezoelectric element from the structure (due to 

the apparatus failure) at these intervals has negligible impact on the recorded 

displacement of the system. The baseline wind velocity in this analysis was based upon 

the median and mean of the wind velocities at 6.7 m/s. At each wind velocity, voltage 

and displacement data were recorded with respect to time using an oscilloscope. Due to 

physical damage to the experimental apparatus, voltage data was limited at the time of 

testing. The numerical assessment lends itself to a higher fidelity comparison between the 

modeled and experimental voltages and displacements.  

This section explained the procedures for data collection, as well as the 

experimental parameters. The experimental frequencies and the sampled wind speeds 

were collected, which were applied to the mathematical models. The results from the 

model and the testing are ready for comparison.  
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CHAPTER 5 

RESULTS 

 

The results and comparison of the analytical model and experimental 

investigations for the piezoelectric flag are presented in this section. The tests in the wind 

tunnel provide data for both the voltage and displacement to be used as validation of the 

proposed model. Representative plots of the experimental and modeled data are shown in 

this section. To produce results comparable to those of the experiment, the  values from 

Table 1-2 were used for the variables in equation (75). To validate the model, the 

theoretical displacement was plotted against the experimental displacement. The same 

was done between experimental and theoretical voltage and power. This process was 

repeated at different flow rates as well to produce a broader comparison of the model. 

Modeling of this system has been attempted with different mathematical models 

produced in the past at the NIS Lab, with different results (Wynn et al., 2013). While a 

previous model served as a suitable initial approach, over and underestimates did exist, 

and the former model lacked some of the adaptability available in the proposed model.
  

A comparison of the measured and modeled voltages at 6.7 m/s wind flow is 

shown in Figure 6. The measured and modeled voltages are both representative of the 

output of the entire flag. Figures 6-7 reveal that the frequency of the model reflects that 

of the experimental system.  
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As seen in Figure 6, the model accurately bounds the voltage of the system, with 

its experimental deviation-based uncertainty, for a given set of characteristics such as 

flow rate, flag dimensions, and material properties. For the median sampled flow rate, the 

cantilevered model is a close prediction for the voltage output of the system, for both 

frequency and amplitude.  

 

Figure 6. Comparison between experimental and predicted voltage waveforms at 6.7 m/s 
flow, experimental, cantilever model, and hinged-free model results. The solid line 

represents experimental results, while the dashed and dotted lines represent hinged and 
cantilever boundary conditions, respectively. 

 

Figure 7 compares the experimental and modeled displacement of the flag at a 

flow of 6.7 m/s using both fixed-free and hinged-free boundary conditions. In Figure 7, 
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there are some points with cuts in the data, due to flag folding. This data is nonlinear 

behavior, so it was removed to better compare to the linear model. It should be noted that 

the measured displacement occurs at an offset from the trailing edge. This causes a slight 

margin to occur between the measured and modeled values for displacement that 

increases with respect to the flow rate.
 
 

 

Figure 7. Comparison between experimental and predicted displacement waveforms at 
6.7 m/s flow, experimental, cantilever model, and hinged-free model results. The solid 
line represents experimental results, while the dashed and dotted-dashed lines represent 

the hinged and cantilever boundary conditions respectively. 
 
At the tip location, the physical response has larger amplitude than at the point of 

measurement. At the given flow rate, it appears that the hinged-free response exceeds the 

measured response. The modeled displacements for both boundary conditions were 
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divided by a correction factor to achieve these results. These corrections are discussed 

below. 

The strain within the hinged-free boundary condition model is due mostly to the 

tension surface stress in the flag from the wind flow, whereas the strain within the 

cantilever boundary condition model is due more to the bending. The mechanics of the 

system suggest this bending induces more strain, and therefore voltage, than the tension 

force, since the tension is directly related to air density, which is very low. A brief scaling 

analysis suggests that the changes due to flow speed affect the tension force slightly more 

than the bending due to the pressure. The cantilever voltage model was the primary goal 

of this investigation. The estimated coefficient of 25 was used for the hinged case 

because in this case much more of the strain in the piezoelectric element is due to the 

tension induced by the wind flow. There is much less bending in the membrane in the 

hinged case when compared to the cantilever case. This correction factor accounts for the 

bending that is less prevalent in the hinged model. The correction factor for the 

displacement of three times the resistance was used to offset the unknown magnitudes of 

uncertainty for the piezoelectric constants, since much of this data was received from the 

manufacturer via phone or email, with no statistical data or uncertainty associated with 

the values. 

The effect of wind speed on the output voltage and flag displacement is of great 

interest in this study. Figure 8 shows how closely the model is able to predict voltage 

responses for the given system as the flow rate varies. For the valid experimental data, 

the model’s predictions are almost an exact match, and the experimental data is clearly 

bounded by the two solutions of different boundary conditions. The cantilevered 
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constraints increase the resistance to motion in the system, thereby producing a more 

conservative estimate of the voltage output. Figure 9 shows the relationship between the 

proposed model’s predictions and the measured displacement at different flow rates. 

 

 

Figure 8. Comparison between experimental and predicted voltage amplitudes with 
respect to different flow rates for two different boundary conditions.
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Figure 9. Comparison between experimental and predicted displacement amplitudes with 
respect to different flow rates under different boundary conditions. 

Table 3. Experimental and Modeled Voltage Output Results. 

Wind 
Speed 
(m/s) 

Experimental 
Frequency 

(Hz) 

Cantilever 
Modeled 

Voltage (V) 

Hinged 
Modeled 

Voltage (V) 

Experimental 
Voltage (V) 

3.9 7.75 0.04 0.1  - 
4.5 9.17 0.07 0.23 0.40 
5.0 10.84 0.1 0.36 - 
5.6 12.5 0.12 0.47 - 
6.1 14.55 0.16 0.62 - 
6.7 16.60 0.22 0.69 0.67 
7.3 17.28 0.28 0.69 - 
7.8 17.96 0.32 0.67 0.64 
8.4 19.18 0.34 0.67 - 
8.9 20.4 0.35 0.66 -  
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Tables 3-4 provide a numerical comparison between the experimental and 

modeled results at different flow rates, for both the cantilever and simply supported 

boundary conditions. The tabulated values for the cantilever results reveal that the 

modeled voltage increases its amplitude at a slower rate than the simply supported. The 

simply supported case quickly exceeds the predictions of the cantilever case. For the 

displacement shown below, both data sets slow their growth as the wind speed increases 

in the higher band of testing. 

Table 4. Experimental and Modeled Displacement Results. 

Wind 
Speed 
(m/s) 

Experimental 
Frequency 

(Hz) 

Cantilever 
Modeled 

Displacement 
(cm) 

Hinged 
Modeled 

Displacement 
(cm) 

Experimental 
Displacement 

(cm) 

3.9 7.75 0.18 0.26  - 
4.5 9.17 0.28 0.67 1.88 
5.0 10.84 0.4 1  - 
5.6 12.5 0.48 1.4 1.29 
6.1 14.55 0.66 1.79  - 
6.7 16.60 0.93 1.98 1.206 
7.3 17.28 1.2 1.96  - 
7.8 17.96 1.36 1.91 1.42 
8.4 19.18 1.45 1.9  - 
8.9 20.4 1.51 1.9 1.53 

 

Figure 10 relates the power of the system to the featured wind velocities. The 

power was calculated with the RMS voltage and the system resistance, using a basic 

formula to attain the result. The implications of the power calculation are plain to see 

when compared to the results in Figure 6. There is a quadratic relationship between 

voltage and power, so Figure 10 is an exaggerated shape of the data from Figure 8. Figure 
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10 suggests that the power available from the proposed system ranges roughly from .1 to 

.3 µW.  

 

Figure 10. System Power Output in microwatts with Respect to Wind Velocity. 
 

Figure 11 suggests that the relationship between wind velocity and oscillatory 

frequency can be roughly approximated with a linear function. The boundary conditions 

have no determined effect on the frequency of the system, so Figure 11 applies to both 

models of boundary conditions. The wind flow is steady. The wake from the bluff body 

has an oscillatory frequency that could be related to a dimensionless Strouhal number for 

oscillatory flow, which is itself a rough approximation. Because of the inherent 

uncertainty in Strouhal number calculation, for the purposes of this paper, the 

experimental frequencies were used in order to better prove the model. These frequencies 
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were found through Fast Fourier Transforms of the experimental data. A sample from 

these FFT analyses is shown in Figure 12. 

 

 

Figure 11. Relationship between oscillatory frequency and flow rate. 
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Figure 12. Sample plot from Fast Fourier Transform analyses. 
 

It is not surprising to see from the data that as the flow rate increases, the 

predictability of the flag’s motion decreases, since nonlinear behaviors become more 

prevalent in this region. Therefore, based on the outcomes of this research, the linear 

model is only recommended for relatively low wind speeds. Even though the flag has 

been modeled as a beam, some of the characteristics of membranes cannot be avoided. 

The self-tuning ability of the flag is due to the membrane-like behavior in that the tension 

changes with the flow rate. This change in tension adjusts the natural frequency of the 

flag, since the definition of a membrane or string’s natural frequency is dependent on the 

internal tension. 
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The results of the model gave an envelope of prediction for the experimental data 

at various flow speeds. The hinged boundary conditions produced an upper boundary 

prediction for the physical system’s voltage, displacement, and power, while the 

cantilever boundary conditions provided a conservative estimate. It was also shown that 

the oscillatory frequency relates to flow speed in a near-linear manner. The MATLAB 

code used to achieve these results can be found in the Appendices. 
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CHAPTER 6 

CONCLUSION 

 

The dynamics of a piezoelectric flag under wind excitation were obtained. The 

overall system of equations was found for a unimorph piezoelectric polymer adhered to a 

flexible polymer flag excited by wind flow. The eigenvectors were imperative to the 

resolution of the system of equations for the time domain that related the piezoelectric 

coupling to the mechanical system. The Galerkin method was used to obtain the equation 

governing the time functions. The system was solved numerically and the subsequent 

total voltage, power, and mechanical responses were then plotted with respect to flow 

speed.  

The general behavior of the predicted response closely correlated with the 

frequency and amplitude of the experimental results. Experimental results reflect the 

tendency of a flexible membrane to self-tune its natural frequency, since this frequency is 

proportional to the tension in the flag, which is directly related to the steady flow rate. 

Considering the variation in tensile force along the span of the flag would likely increase 

the convergence of the proposed model. The variations between measured and modeled 

responses could be attributed to assumptions of the stiffness and density of the substrate, 

as well as the omission of nonlinear terms and advanced turbulent effects on the flag at 

higher flow rates. The analytical results for fixed-free and hinged free model were 

compared with the experimental data. These two sets of boundary conditions provide an 

envelope for predicting the outputs of the system. Both models provide a good prediction 
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of the system behavior at relatively low speeds. However, it is recommended that for high 

flow speeds, a nonlinear model be developed.  
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APPENDIX A 

MATLAB for Response per Individual Free Steam Velocity 

clear all 
%% System Inputs 
  
Umph = 15;        %_______flow rate in MPH 
fhz = 17.5;       %_______freq in hz                         
A = .045;         %_______amplitude of resopnse 
  
%% definition of variables 
b = .076;       %meters 
hp = .00023;    %meters, from p 5 of fact sheet 
hs = .0002;     %meters 
L = .152;       %meters 
d = .00635; 
B = 1.875/L; 
Ef = (3e9); 
If = (1/3)*b*hs^3; 
EIf = Ef*If; 
Ep = (2e9);             %(2-4)e9  
Ip = (1/3)*(b*hp^3);     
EIp = Ep*Ip;            %PVDF stiffness 
EI = (EIf + EIp);       % [N m^2]  
Ma = 1.3*b*pi/4;        %1.3 is density of air [kg/m^3], Tension in 
Fluttering Flags 
U = Umph*.447;          %m/s converted from MPH 
w = fhz*2*pi;           %converts [Hz] to [rad/s] 
k =  pi/L;              %wave number based on experimentally read 
frequency 
rf = 1.3e3;             %estimated density of flag 
rp = 1.78e3;            %density of PVDF 
rho = rf*hs + rp*hp;    %unit area density of composite, kg/m^2 
Rr = 1e6;               %R of o-scope 
e31e = 14.4;            %12e-3,14.4 V/N,400e-3, 12e3 V/m 
e31m = 700e-6;          %700e-6 N/V, 23e-12 m/V 
eps = 11;               %from Imagesco directly 
  
%% Defines "C" constant for mode shape 
syms x L R C3 B rho; 
co = -cosh(B*x) + cos(B*x); 
si = -sinh(B*x) + sin(B*x); 
  
T = (1/4)*(rho*b)*(w*A)^2*(1-(x/L)^2); %Tension in Flutting Flags 
dT = diff(T,x);                        %derivative of T wrt x 
  
L = .152;  
B = 1.875/L; 
R = (cosh(B*L) + cos(B*L))/(sin(B*L) + sinh(B*L));  
rho = rf*hs + rp*hp;    %unit area density of composite, kg/m^2 
  
psi_square = (C3*(si+R*co))^2;  
arg = int(psi_square*rho,x,0,L)-1; 
arg2 = subs(arg); 
C = max(double(solve(arg2,C3)));    %Solves for "C" constant of mode 
shape 
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%% Spatial Functions 
  
PSI = C*((-sin(B*x)+sinh(B*x))+R*(cosh(B*x)-cos(B*x))); 
PSI_1 = simplify(diff(PSI,x)); 
PSI_2 = simplify(diff(PSI_1,x)); 
PSI_3 = simplify(diff(PSI_2,x)); 
PSI_4 = simplify(diff(PSI_3,x)); 
  
%% Define Pressure with Galerkin Method 
syms t; 
  
C0 = int(PSI*cos(k*x),x,0,L); 
C0x = int(x*PSI*cos(k*x),x,0,L); 
C2 = int(PSI*(cos(k*x)^2),x,0,L); 
C2x = int(x*PSI*(cos(k*x)^2),x,0,L); 
CS2 = int(PSI*(cos(k*x)*sin(k*x)),x,0,L); 
SC2x = int(x*PSI*(cos(k*x)*sin(k*x)),x,0,L); 
S0 = int(PSI*(sin(k*x)),x,0,L); 
S0x = int(x*PSI*(sin(k*x)),x,0,L); 
S2 = int(PSI*(sin(k*x)^2),x,0,L); 
S2x = int(x*PSI*(sin(k*x)^2),x,0,L); 
  
ct = (w^2+k^2*U^2)*(-C0-(2*U^2*k*S0)); 
st = (w^2+k^2*U^2)*(-S0+(2*U^2*k*C0)); 
ct2 = -(2*U*A*w^2)*(C2+k*SC2x)/L; 
st2 = -(2*U*A*w^2)*(S2+k*SC2x)/L; 
ctst = -(2*U*A*w^2)*(k*S2x+k*k*C2x+2*CS2)/L; 
  
%% Normalizes time eqn coeffs with Galerkin Method 
  
nu = -.5*e31m*b*hp; 
  
PsiL = eval(subs(PSI,L)); 
PsiE = int(PSI,x,0,L); 
PsiEv = eval(PsiE); 
dPSIaL = subs(PSI_1,L); 
dL = eval(dPSIaL); 
  
%% Arranges forcing function 
  
T0 = 0; 
Ttt = .25; % upper limit for time 
t = linspace(T0,Ttt,200); 
cot = cos(w*t); 
sit = sin(w*t); 
f = (-Ma*A/L)*(ct.*cot+st.*sit+ct2.*cot.^2+st2.*sit.^2+ctst.*cot.*sit); 
F = eval(f); 
  
%% Arrange variables to correspond to SMS Paper 
  
g1 = eval(int(PSI_4*PSI*EI,x,0,L)); 
g2 = eval(int(PSI*PSI_2*T,x,0,L)); 
g3 = eval(int(PSI*PSI_1*dT,x,0,L)); 
g4 = nu*PsiEv; 
g5 = F; 
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g6 = (PsiEv*hp^2*e31e*dL*(PsiEv*eps*L)^-1); 
g7 = (PsiEv*hp*(PsiEv*Rr*eps*b*L)^-1); 
  
%% Creates outputs from time eqn for disp, voltage, & velocity 
ssA = [0,1,0; g1-g2-g3,0,g4; 0,-g6,-g7]; 
ssB = [0 1 0]'; 
ssC = [1 0 0; 0 1 0; 0 0 1]; 
ssD = [0 0 0]'; 
[ssb,ssa] = ss2tf(ssA,ssB,ssC,ssD); 
sys = tf(ssb/ssa); 
out = lsim(sys,F,t); 
y = out(:,1);    %displacement 
yy = out(:,2);   %velocity 
yyy = out(:,3);  %voltage 
ycm = y*100;     % [m] to [cm] 
Pycm = PsiL*ycm; 
ycor = Pycm/(3*Rr); 
cyyy = yyy; 
  
%% Plot responses and comparisons 
  
set(0,'defaultAxesFontName', 'Times')  
set(0,'defaultTextFontName', 'Times') 
set(0,'defaultUIControlFontName', 'Times') 
set(0,'defaultAxesFontSize', 20)  
  
Ttt = .25; 
tvoff = .02; 
[evolt] = xlsread('15volt.xlsx','D:E'); %taken from ALL0002 
Vv = double(evolt(:,2)); 
  
[edisp] = xlsread('15disp.xlsx','A:B'); %taken from ALL0002 
Tt = double(edisp(:,1)); 
Dd = double(edisp(:,2)); 
  
%% ----- Begin hinged-free solution and plot -----%% 
  
%% Defines "C" constant for mode shape 
syms x L R C3 B rho; 
  
hT = (1/4)*(rho*b)*(w*A)^2*(1-(x/L)^2);   %Tension in Flutting Flags 
dT = diff(hT,x);                        %derivative of T wrt x 
  
L = .152;  
Bhf = 3.927/L; 
Rhf = sin(Bhf*L)/sinh(Bhf*L);  
rho = rf*hs + rp*hp;    %unit area density of composite, kg/m^2 
  
psi_squarehf = (C3*(sin(Bhf*x)+Rhf*sinh(Bhf*x)))^2;  
arghf = int(psi_squarehf*rho,x,0,L)-1; 
arg2hf = subs(arghf); 
Chf = max(double(solve(arg2hf,C3)));    %Solves for "C" constant of 
mode shape 
  
%% Spatial Functions 
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hfPSI = Chf*(sin(Bhf*x)+Rhf*sinh(Bhf*x)); 
hfPSI_1 = simplify(diff(hfPSI,x)); 
hfPSI_2 = simplify(diff(hfPSI_1,x)); 
hfPSI_3 = simplify(diff(hfPSI_2,x)); 
hfPSI_4 = simplify(diff(hfPSI_3,x)); 
  
%% Define Pressure with Galerkin Method 
syms t; 
  
hfC0 = int(hfPSI*cos(k*x),x,0,L); 
hfC2 = int(hfPSI*(cos(k*x)^2),x,0,L); 
hfC2x = int(x*hfPSI*(cos(k*x)^2),x,0,L); 
hfCS2 = int(hfPSI*(cos(k*x)*sin(k*x)),x,0,L); 
hfSC2x = int(x*hfPSI*(cos(k*x)*sin(k*x)),x,0,L); 
hfS0 = int(hfPSI*(sin(k*x)),x,0,L); 
hfS2 = int(hfPSI*(sin(k*x)^2),x,0,L); 
hfS2x = int(x*hfPSI*(sin(k*x)^2),x,0,L); 
  
hct = (w^2+k^2*U^2)*(-hfC0-(2*U^2*k*hfS0)); 
hst = (w^2+k^2*U^2)*(-hfS0+(2*U^2*k*hfC0)); 
hct2 = -(2*U*A*w^2)*(hfC2+k*hfSC2x)/L; 
hst2 = -(2*U*A*w^2)*(hfS2+k*hfSC2x)/L; 
hctst = -(2*U*A*w^2)*(k*hfS2x+k*k*hfC2x+2*hfCS2)/L; 
  
%% Normalizes time eqn coeffs with Galerkin Method 
  
hnu = -.5*e31m*b*hp; 
  
hPsiL = eval(subs(hfPSI,L)); 
hPsiE = int(hfPSI,x,0,L); 
hPsiEv = eval(hPsiE); 
hdPSIaL = subs(hfPSI_1,L); 
hdL = eval(hdPSIaL); 
  
%% Arranges forcing function 
  
hT0 = 0; 
hTt = .25; % upper limit for time 
t = linspace(hT0,hTt,200); 
hcot = cos(w*t); 
hsit = sin(w*t); 
hf = (-
Ma*A/L)*(hct.*hcot+hst.*hsit+hct2.*hcot.^2+hst2.*hsit.^2+hctst.*hcot.*h
sit); 
hF = eval(hf); 
  
%% Arrange variables to correspond to SMS Paper 
  
hg1 = eval(int(hfPSI_4*hfPSI*EI,x,0,L)); 
hg2 = eval(int(hfPSI*hfPSI_2*hT,x,0,L)); 
hg3 = eval(int(hfPSI*hfPSI_1*dT,x,0,L)); 
hg4 = hnu*hPsiEv; 
hg6 = (hPsiEv*hp^2*e31e*hdL*(hPsiEv*eps*L)^-1); 
hg7 = (hPsiEv*hp*(hPsiEv*Rr*eps*b*L)^-1); 
  
%% Creates outputs from time eqn for disp, voltage, & velocity 
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hssA = [0,1,0; hg1-hg2-hg3,0,hg4; 0,-hg6,-hg7]; 
hssB = [0 1 0]'; 
hssC = [1 0 0; 0 1 0; 0 0 1]; 
hssD = [0 0 0]'; 
[hssb,hssa] = ss2tf(hssA,hssB,hssC,hssD); 
hsys = tf(hssb/hssa); 
hout = lsim(hsys,hF,t); 
hy = hout(:,1);    %displacement 
hyy = hout(:,2);   %velocity 
hyyy = hout(:,3);  %voltage 
hycm = hy*100;     % [m] to [cm] 
hPycm = hPsiL*hycm; 
hycor = hPycm/(3*Rr)*25; 
  
hTt = .25; 
hyv = hyyy*25; 
htv = .015; 
tdoff = .02; 
tvoff = .02; 
  
%% Group Figures @ 15 
  
cty = t+.015; %displacement group 
hty = t+.004; 
figure(5); plot(Tt,Dd,'k-',hty,hycor,'r--',cty,ycor,'b-
.','LineWidth',3), xlabel('Time [s]'),ylabel('Displacement [cm]') 
axis([htv .2 -3 3]) 
[disperror] = xlsread('SD_D_15'); 
erd = disperror(:,4); %3 for all bars 
hold on; 
errorbar(Tt,Dd,erd,'k-','LineWidth',3); 
  
cty = t-.030; %voltage group 
hty = t-.015; 
figure(6); plot(Tt,Vv,'k-',hty,-hyv,'r--',cty,cyyy,'b-
.','LineWidth',3), xlabel('Time [s]'),ylabel('Voltage [V]') 
axis([0 .2 -1 1]) 
[volterror] = xlsread('SD_V_15');%,1,'C' 
erv = volterror(:,4); %3 for all bars 
hold on; 
errorbar(Tt,Vv,erv,'k-','LineWidth',3); 
  
fv_hv_fd_hd = [A;max(cyyy);max(hyv);max(ycor);max(hycor)] 
  
%% Tandem plots 
  
figure(1); subplot(311), plot(Tt,Vv,'k-','LineWidth',3) 
axis([0 .2 -1 1]) 
subplot(312), plot(hty,-hyv,'r--','LineWidth',3),ylabel('Voltage [V]') 
axis([0 .2 -1 1]) 
subplot(313), plot(cty,cyyy,'b-.','LineWidth',3), xlabel('Time [s]') 
axis([0 .2 -1 1]) 
  
tvc = .035; 
figure(2); subplot(311), plot(Tt,Dd,'k-','LineWidth',3) 
axis([htv .2 -3 3]) 
subplot(312), plot(hty,-hycor,'r--','LineWidth',3),ylabel('Displacement 
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[cm]') 
axis([tvc .2 -3 3]) 
subplot(313), plot(cty,ycor,'b-.','LineWidth',3),xlabel('Time [s]') 
axis([tvc .2 -3 3]); 
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APPENDIX B 

MATLAB for Comparison to Free Stream Velocity 

clear all 
  
set(0,'defaultAxesFontName', 'Times')  
set(0,'defaultTextFontName', 'Times') 
set(0,'defaultUIControlFontName', 'Times') 
set(0,'defaultAxesFontSize', 20) 
  
%% plot voltage wrt flow rate 
  
flmph = [8.75;10;11.25;12.5;13.75;15;16.25;17.5;18.75;20]; 
fl = flmph.*.447;                                   %converts flow rate 
from mph to mps 
mvh = [.1 .23 .36 .47 .62 .69 .69 .67 .67 .66];     %modeled voltage 
(hinged) 
mvf = [.043;.07;.1;.12;.16;.22;.28;.32;.34;.35];    %modeled voltage 
(fixed) 
verr = [0 .05363 0 0 0 .21168 0 .2579 0 0];         %voltage error 
ev = [-1 .4047 -1 -1 -1 .6671 -1 .6411 -1 -1]; 
     
figure(2);plot(fl,mvf,'r-',fl,mvh,'b--','Linewidth',3) 
hold on; 
errorbar(fl,ev,verr,'k^','markersize',6,'LineWidth',3) 
ylabel('Voltage [V]'),xlabel('Freestream Velocity [m/s]') 
axis([3 10 -.5 1.5]) 
legend('Cantilever','Hinged','Experimental','Location','NorthWest') 
  
%% plot displace wrt flow rate 
  
expd = [-100 1.88 -100 1.29 -100 1.206 -100 1.42 -100 1.53]; 
derr = [0 .42 0 .766 0 .537 0 .769 0 .724];         %disp error 
mdf = [.18 .28 .4 .48 .66 .93 1.2 1.36 1.45 1.51];  %modeled disp 
(fixed) 
mdh = [.26 .67 1 1.4 1.79 1.98 1.96 1.91 1.9 1.9];  %modeled disp 
(hinged) 
  
figure(3);plot(fl,mdf,'r-',fl,mdh,'b--','Linewidth',3) 
hold on; 
errorbar(fl,expd,derr,'k^','LineWidth',3) 
ylabel('Displacement [cm]'),xlabel('Freestream Velocity [m/s]') 
axis([3 10 -1 4]) 
legend('Cantilever','Hinged','Experimental','Location','NorthWest') 
  
%% Power wrt flow rate 
  
mPWRf = (((mvf./sqrt(2)).^2)./(1e6)).*(1e6);    %calculates fixed power 
mPWRh = (((mvh./sqrt(2)).^2)./(1e6)).*(1e6);    %calculates hinged 
power 
epwr = (((ev./sqrt(2)).^2)./(1e6)).*(1e6);      %calculates 
experimental power 
PwrErr = [0 .00144 0 0 0 .0224 0 .0332 0 0];    % Power error 
epwr(1)=-100;epwr(3)=-100;epwr(4)=-100;epwr(5)=-100;epwr(7)=-
100;epwr(9)=-100;epwr(10)=-100; 
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figure(5);plot(fl,mPWRf,'r-',fl,mPWRh,'b--
',fl,epwr,'k^','Linewidth',3),axis([3 10 -.25 .75])  
hold on; 
errorbar(fl,epwr,PwrErr,'k^','markersize',3,'LineWidth',3) 
ylabel('Power Output [µW]'),xlabel('Freestream Velocity [m/s]') 
legend('Cantilever','Hinged','Experimental','Location','NorthWest') 
  
%% freq wrt flow rate 
  
fq = [9.8 12.8 17.5 20.3 22.4]; 
fer = [.1 .6 1.9 1.4 2.5]; 
Uk = [10 12.5 15 17.5 20].*.447; 
  
figure(4); 
errorbar(Uk,fq,fer,'^k','LineWidth',3,'MarkerSize',3) 
ylabel('Frequency [Hz]'),xlabel('Freestream Velocity [m/s]') 
axis([3 10 8 28]) 
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APPENDIX C 

MATLAB for Fast Fourier Transform 

clear all 
  
set(0,'defaultAxesFontName', 'Times')  
set(0,'defaultTextFontName', 'Times') 
set(0,'defaultUIControlFontName', 'Times') 
set(0,'defaultAxesFontSize', 20) 
  
%% FFT 
  
zz =  xlsread('FFT exp.xlsx', 2, 'M1001:M2000');  
  
sf = 1/(.0556-.0552);         % sampling frequency 
T = 1/sf;                     % Sample time 
L = length(zz);               % Length of signal 
t = (0:L-1)*T;                % Time vector  
  
NFFT = 2^nextpow2(L); % Next power of 2 from length of y 
Y = fft(zz,NFFT)/L; 
f = sf/2*linspace(0,1,NFFT/2+1); 
  
figure 
plot(f,20*log(2*abs(Y(1:NFFT/2+1))))  
xlabel('Frequency (Hz)'),ylabel('Vibration Displacement (dB)') 
axis([0 50 0 15]) 
grid on 

 


