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ABSTRACT 

The nano-scale interaction between polymer molecules and nanoparticle is a key factor in 

determining the macro-scale strength of the composite. In recent years numerous efforts have 

been directed towards modeling nanocomposites in order to better understand the reasons behind 

the enhancement of mechanical properties, even with the slight addition (a few weight percent) 

of nano-materials. In order to better understand the local influence of nanoparticle on the 

mechanical properties of the composite, it is required to perform nano-scale analysis.  In this 

context, modeling of fracture in nano-graphene reinforced EPON 862 at the nano-scale is 

discussed in this dissertation. Regarding fracture in polymers, the critical value of the J-integral 

(JIC), where the subscript I denotes the fracture mode (I=1, 2, 3), at crack initiation could be used 

as a suitable metric for estimating the crack driving force as well as fracture toughness of the 

material as the crack begins to initiate. However, for the conventional macroscale definition of 

the J-integral to be valid at the nano-scale, in terms of the continuum stress and displacement 

fields and their spatial derivatives,  requires the construction of local continuum fields from 

discrete atomistic data, and using these data in the conventional contour integral expression for 

atomistic J-integral. One such methodology is proposed by Hardy that allows for the local 

averaging necessary to obtain the definition of free energy, deformation gradient, and Piola-

Kirchoff stress as fields (and divergence of fields) and not just as total system averages.  

Further, the atomistic J-integral takes into account the effect of reduction in J from 

continuum estimates due to the fact that the total free energy available for crack propagation is 

less than the internal energy at sufficiently high temperatures when entropic contributions 
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become significant. In this research, the proposed methodology is used to compute J-integral 

using atomistic data obtained from LAMMPS (Large-scale Atomic/Molecular Massively Parallel 

Simulator). Further, a novel approach that circumvents the complexities of direct computation of 

entropic contributions is also discussed.  As a case study, the feasibility of computing the 

dynamic atomistic J-integral over the MD domain is evaluated for a graphene nano-platelet with 

a central crack using OPLS (Optimized Potentials for Liquid Simulations) potential. For model 

verification, the values of atomistic J-integral are compared with results from linear elastic 

fracture mechanics (LEFM) for isothermal crack initiation at 0 K and 300 K. J-integral 

computations are also done using ReaxFF force field in order to simulate bond breakage during  

crack propagation. Good agreement is observed between the atomistic J and LEFM results at 0.1 

K, with predictable discrepancies at 300 K due to entropic effects. The J-integral computation 

methodology was then used to computationally predict fracture toughness in nano-particle 

reinforced composite material at elevated temperatures using  the ReaxFF force field in 

LAMMPS, which can simulate crack propagation more accurately by breaking and forming 

bonds on the fly. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

Composites offer numerous advantages over conventional material systems in the form of 

higher specific stiffness and strength, lower life-cycle costs with additional benefits such as 

easier installation and improved safety. The combination of these factors had led to a widespread 

adoption of composites in diverse applications in the fields of aerospace, automotive, and 

infrastructure. Since reducing the weight of the structure can lead to significant savings in fuel, 

composites are being used extensively in aerospace industry. Figure 1.1 illustrates the different 

materials used in the construction of the Boeing 787 aircrafts. It shows that 50% of the materials 

used are composites, compared to just 12% in the case of Boeing 777 aircrafts. This clearly 

indicates a trend of increasing use of various types of composites, accompanied by a decreasing 

use of metals in aerospace structures.  

 

 
 

Figure 1.1. Different types of materials used in Boeing 787 
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Apart from the aerospace industry, advanced composites are also being used in high 

performance automobile components, as well as infrastructural applications. Modern high 

performance cars are being fabricated with engine, transmission system and interiors assembled 

on a composite tub, as shown in Figure 1.2. This considerably reduces the weight of the car 

resulting in increased fuel efficiency and reducing emissions without compromising 

performance. Figure 1.3 shows the application of composite tubes for reinforcing the structure of 

a bridge.  

 

   

 
 

Figure 1.2. Carbon fiber composite tub used in high performance automobiles  

 

 
 

Figure 1.3. Composite tubing used in a bridge (infrastructural application) 
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The relatively higher initial cost is a major obstacle towards a more widespread 

application of composites. Research is being done all over the world in an effort to reduce the 

cost of composites as well as to improve their properties. In recent years, it has been observed 

that significant improvement in mechanical properties of a polymer and polymer based 

composite is feasible with the inclusion of a few weight percent of nanoparticles in the polymer 

(Roy et al., 2004; Zhou et al., 2008; Gojny et al., 2008; Liu et al., 2005; Wicks et al., 2013). 

Compact-tension (CT) fracture tests conducted as a part of this research corroborate these 

observations, as presented in Figure 1.4, showing an increase in peak failure load by 141% and 

190% and a corresponding increase in fracture toughness by 142% and 200% over baseline 

specimens at room temperature for EPON-862 epoxy modified with mere 0.1 wt% and 0.5 wt% 

nano-graphene respectively.  

 

Similar enhancements in fracture properties of graphene reinforced epoxy were reported 

by other researchers (Raifee et al., 2010) and the enhancement was attributed to deflection of the 

 

Figure 1.4. Compact tension fracture test results for baseline and nanographene 

reinforced EPON 862 epoxy specimens (at room temperature) 
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crack due to the presence of graphene. The properties enhancement observed at macroscale 

appears to be due to nanoscale interactions between the constituent materials, which cannot be 

explained by a simple model based on the rule-of-mixtures. Consequently, the fundamental 

mechanism(s) for enhanced fracture toughness at the nanoscale is still not well understood.   

Any nanoparticle reinforced composite system has constituent materials in a diverse 

range of length scales. Figure 1.5 shows the length scales involved in a typical nanoparticle 

reinforced fiber-reinforced polymer-matrix composite. The nanoparticle reinforcements are 

nanometer (~10-9 meters) thick particles that interact intimately with the polymer matrix 

molecules to provide strengthening of the polymer matrix at the nanoscale. The size of the 

polymer molecules are roughly on the order of the nanoparticle thickness, depending on the 

degree of polymerization.  Moving up the scale we find that the carbon fiber diameter is usually 

on the order of 5 to 10 microns, although its length may extend up to several meters. The 

composite (matrix reinforced with fiber) is in the macro or engineering-scale of analysis. The 

combination of fiber reinforcements in the polymer matrix gives the macro-scale composite 

orthotropic properties. The nanoscale interaction between polymer molecules and nanoparticle is 

a key factor in determining the macroscale strength of the composite.  

                                                                                                                                           

 
Figure 1.5. Length scales of various constituents of a composite 
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In order to better understand the local influence of nanoparticle on the mechanical 

properties of the composite, it is required to perform nanoscale simulations. But 

comprehensively modeling a macro-scale aerospace structure with nanoscale detail is not 

feasible. The computational resources and time required would be impractical. Hence, there is a 

need to develop multi-scale models which could bridge this disparity in length and time scales. 

Figure 1.6 shows the length and time scales in multi-scale analysis of composites. Appropriate 

computational tools such as molecular dynamics at nanoscale, generalized method of cells at 

micro-scale and finite element analysis at macro-scale should be used to effectively transfer 

information from one length scale to the other in order to reduce the total computation time.  

 

This dissertation deals with the nanoscale study of graphene reinforced EPON 862 

polymer system. A methodology to study fracture at atomistic level is discussed. Fracture 

toughness of a material is related to the critical value of J-integral, therefore, J-integral will be 

 
 

Figure 1.6. Length and time scales involved in analysis of composites 
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used as a metric for estimating the crack driving force as well as the fracture toughness of the 

material in this dissertation. Though fracture can be characterized through parameters such as 

strain energy release rate (G), stress intensity factor (K) they are applicable only in the linear and 

elastic range of the stress-strain response of the material. On the other hand, J-integral is 

identical to G in the linear range but has the advantage of being applicable in the nonlinear range 

as well as being path independent. Also, the critical value of J-integral is directly related to 

fracture toughness of the material. Because it is now well-established that the complex 

interactions at molecular level can only be understood by numerical methods which appeal to 

theoretical formalisms at the nanoscale, molecular dynamics (MD) is used to analyze and 

understand small-scale phenomena. The ability to simulate a large number of atoms (atomic 

systems simulated by MD are typically much larger ab-initio methods (Khare et al., 2007) allows 

us to have better statistical estimates of system thermodynamic properties such as thermal 

conductivity and mechanical properties such as the Young’s modulus. By retaining the level of 

detail required to describe the structure of atomic systems coupled with the selection of proper 

force-field parameters to accurately describe the various molecular interactions (Allen and 

Tildesley, 1987) we can closely simulate the necessary bulk properties of any system. 

1.2 Outline 

The first chapter presents background and motivation for the current work. Advantages, 

applications of composites and the need for multi-scale analysis of composites are discussed in 

that chapter. A review of previous work relevant to this research is presented in Chapter 2. A 

thorough study of available literature was conducted and is presented in that chapter. Chapter 3 

provides a discussion of the basic concepts of molecular dynamics simulations. The underlying 
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theory, along with various parameters involved in MD are discussed. A brief discussion of the 

software, LAMMPS, used for MD simulations is also presented in that chapter.  

A detailed discussion of the methodology used for evaluating J-integral at nanoscale is 

discussed in Chapter 4. Formulae for using discrete atomistic data to obtain the parameters 

involved in J-integral are presented, along with the numerical evaluation methodology. In order 

to verify the methodology, J-integral was computed for a nanoscale graphene sheet and a 

polymer system under mode I loading with and without graphene reinforcement. The results of 

all these studies are presented and discussed in Chapter 5. The chapter is divided into two part. 

The first part consists of the results of the benchmarking studies conducted on a nano-graphene 

sheet. Once the methodology was verified, it was applied to a polymer system, the results of 

which constitute the second part of Chapter 5. The effect of localization box size and effect of 

temperature was also studied. Chapter 6 concludes this dissertation with a discussion of all the 

results obtained, original contributions of this work, along with scope for future work. 
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CHAPTER 2 

LITERATURE REVIEW 

There is an ever increasing use of polymers and polymer based composites in diverse 

applications such as aerospace, automobile, infrastructure and sports equipment. Requirements 

of each of these applications vary vastly, in terms of desired polymer properties like strength, 

durability etc. and the cost. Hence there is a need for more research on polymers for a better 

understanding of their properties and tailorability. Over the years, significant contributions have 

been made by the scientific community towards better understanding of mechanical properties of 

polymers. This includes not only the various techniques to enhance mechanical properties, but 

also the fundamental way in which they are studied and analyzed, i.e. the shift towards 

computational modeling methods.  

Experimental studies (involving mechanical testing and characterization techniques like 

scanning electron microscopy (SEM) etc.) have indicated that the mechanical properties of 

polymers can be significantly improved by using nano-fillers and by using appropriate 

processing techniques. The decrease in computation costs has facilitated modeling of polymers 

in extreme detail, especially at the nanoscale using methods like molecular dynamics, which is 

important for understanding the mechanisms responsible for property enhancement by the use of 

nano-fillers. A comprehensive review of previous work in these areas is presented. 
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2.1 Enhancement of Mechanical Properties of Polymers using Nanoparticles 

2.1.1 Inorganic Nanoparticles      

 Addition of even a few weight percent of nanoparticles has resulted in vastly enhanced 

mechanical properties in case of both thermoplastic and thermoset resins. Hussain et al. (Hussain 

et al., 2007) studied E-Glass/Polypropelene pultruted nano-composites and reported around 

122% increase in compressive strength by adding 10 wt% of nanoclay compared to neat resin. A 

60% increase in shear strength was also reported due to 3 wt% nanoclay addition. Similar 

property enhancements have been observed in thermoset resins. Since epoxy is the material used 

for this research, properties enhancement in epoxy nano-composites will be the focus. Influence 

of nano-silica particles on mechanical propertied of epoxy was studied by Chen et al. (Chen et 

al., 2008). 12 nm silica particles were added to EPON 862 epoxy and curing agent EpiCure-W 

with varying weight percentages. Tensile tests indicated that the tensile modulus monotonically 

increased for up to 20 wt% of nano-silica compared to baseline epoxy with no nano-fillers. 

Fracture properties however, did not increase monotonically. An increase in fracture toughness 

(up to 30%) was observed for up to 5 wt% of nano-silica, as determined from compact tension 

tests. For loading beyond 5 wt%, a slight decrease in fracture toughness was reported and was 

attributed to possibly a decrease in Tg or decrease in coupling between the nanoparticles.  

Another study involving nano-silica particles mixed with polybenzoxazine resin indicated 

an increase of 83% and 49% in modulus and micro-hardness respectively (Dueramae et al., 

2014). Nanoparticle loading as high as 30% was used in this study. Addition of nano-silica also 

increased the glass transition temperature and degradation temperature of the resin. A different 

type of nanoparticle (alumina) was used to enhance mechanical properties of epoxy (Wetzel et 

al., 2003). The resin used was a representative of a liquid reaction product of epichlorohydrin 
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and bisphenol-A with a cycloaliphatic polyamine hardener. The properties studied were impact 

energy, flexural strength and dynamic mechanical thermal properties. When only the alumina 

nanoparticles (around 13 nm) were added, an improvement in stiffness, impact energy and 

failure strain were observed for as low as 1-2 volume percentage of alumina. Further, for the 2 

volume % case, a slight improvement in wear resistance was also reported. The study was 

extended by adding calcium silicate particles (4-5 m) to 2 volume % nano-composite which 

further enhanced the flexural modulus and wear resistance. A synergistic effect between nano- 

and micro- sized particles was observed.  

 Using diglycidyl ether of bisphenol A (EPON 828) epoxide resin with polyether amine 

curing agent and nanoclay loading between 2 and 23.2 wt%, Lan et al., (Lan et al., 1994) 

observed significant increase in tensile strength and tensile modulus compared to neat resin. The 

enhancement of properties was monotonic with the increase in nanoclay loading. TiO2 

nanoparticles have also been reported to increase the mechanical properties of epoxy 

nanocomposites (Ng et al., 1999). Tensile and scratch specimens of epichlorohydrin-based epoxy 

resin with nanometer size TiO2 (composed of 90% anatase and 10% rutile; average diameter of 

32 nm) were fabricated and sonicated in ultrasonic bath for proper dispersion. Though there were 

some agglomerates, the SEM results indicated predominantly good dispersion of nanoparticles.  

1% secant modulus and strain-to-failure generally showed improvements for around 10 wt% 

nanoclay loading with a discrepancy at 5 wt% probably because of improper nanoclay 

dispersion. Size of the filler particle also showed an effect on scratch resistance. Nanometer size 

TiO2 reportedly produced a dramatic increase in scratch resistance compared to neat resin and 

micro-sized TiO2 nano-composite. The nano-fillers discussed above are all inorganic 

compounds. But there is a tremendous surge in recent years in the use of organic nano-fillers, 
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especially carbon based nanoparticles. Discussion of previous research on nano-composites with 

carbon based reinforcements is presented in the next section. 

2.1.2 Carbon based Nanoparticles      

 The field of nano-composites has been revolutionized with the advent of carbon based 

nanoparticles, especially carbon nanotubes (CNT) (Iijima, 1991) and graphene (APS news, 

2009). Over the past few years, CNTs have found widespread application in improving polymer 

properties. Carbon nanotubes are allotropes of carbon and are members of fullerene structural 

family. They are hollow, cylindrical structures made of carbon atoms and can be categorized into 

single-walled (SWNTs) and multi-walled nanotubes (MWNTs). They have extremely high 

Young’s modulus (around 1 TPa) and very high tensile strength (Sinnott et al., 2001). They can 

be formed into long strands, which adds another parameter towards the tailorability of CNT 

based materials. In addition to the mechanical properties, CNTs possess excellent electrical and 

thermal properties. Such a diverse set of properties has led to the use of CNTs in a multitude of 

applications. Enhancement of polymer properties due to the addition of CNTs is discussed here. 

A new technique to fabricate SWNT-reinforced epoxy matrix nano-composites was presented in 

Wang et al. (Wang et al., 2003). The resin used was EPON 862 with a curing agent EpiCure W. 

A relatively high (39 wt%) SWNT loading was obtained with this technique and mechanical tests 

indicated 429% increase in storage modulus compared to neat resin modulus.  

Song et al. (Song et al., 2005) explored the influence of dispersion states of CNTs on 

mechanical, electrical and thermal properties of epoxy nano-composites. MWNTs were used in 

this study as nano-reinforcement for epoxy (diglydyl ether of bisphenol-A based) resin and 

hardener (aromatic amine based) system. Specimens of 0.5, 1 and 1.5 wt% MWNTs were 

fabricated and subjected to tests to determine mechanical and electrical properties. A monotonic 
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increase is observed in tensile modulus as the CNT loading increased for specimens irrespective 

of the dispersion. Tensile strength increased with CNT loading for well dispersed specimens 

whereas it decreased for poorly dispersed specimens. This is attributed to the fact that improper 

dispersion causes poor load transfer, leading to low strength. Elongation at break decreased with 

CNT loading for both cases. Electrical conductivity was also reported to increase by six orders of 

magnitudes. Similar enhancements in mechanical, electrical and thermal properties were reported 

by Zhou et al. (Zhou et al., 2007). Relatively low CNT loading of 0.1, 0.2, 0.3 and 0.4 wt% was 

used in combination with EPON 863 epoxy resin and EpiCure curing agent W. Mechanical 

properties were determined using three point bending and fracture tests on neat and reinforced 

resin specimens. Flexural modulus increased for all CNT loading compared to neat resin with 0.3 

wt% producing a maximum increase of 28.3%. Flexural strength increased for CNT loading of 

up to 0.3 wt% and decreased from 0.3 wt% to 0.4 wt%. Similar trend was observed for fracture 

toughness, determined using single edge notch specimens, where 0.4 wt% showed a decrease in 

fracture toughness compared to 0.3 wt%. Both observations were attributed to improper 

dispersion of CNTs at higher weight percentages. Dynamic mechanical analysis (DMA) showed 

a 90% enhancement in storage modulus, and a decrease in resistivity by a factor of 1013 for 0.4 

wt% specimens.  

The use of functionalized nanotubes for reinforcing polymer composites was reported by 

Zhu et al. (Zhu et al., 2004). The SWNTs (1-1.4 nm diameter) were functionalized using 

alkylcarboxyl groups and the resulting nanotubes were used in conjunction with epoxy resin 

(EPON 862, with curing agent W). Addition of small quantities of SWNTs (1-4 wt%) resulted in 

an increase of 30-70% in ultimate strength as well as an increased strain to failure, which 

highlights a key property of CNT functionalization. Proper dispersion of CNTs at higher loading 
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percentages proves to be problematic as discussed earlier ((Zhou et al., 2007; Song et al., 2005). 

To avoid such issues, high energy sonication was employed by Kim et al. (Kim et al., 2008) to 

study the effect of CNTs on carbon fiber-epoxy composites, albeit without functionalization of 

the nanotubes. For a relatively low (0.3 wt%) CNT loading, flexural modulus, strength and 

percentage strain to break increased by 11.6%, 18% and 11.4% respectively, while no 

appreciable influence was seen on tensile properties compared to the baseline specimens. 

Another carbon based nano-filler which has garnered attention of the scientific 

community in recent years is graphene. Though graphite nano-flakes have been in use for 

enhancement of properties since the late 1990s, the discovery of graphene has opened many new 

research avenues. In simple terms, graphene is a single layer of graphite. It is a monolayer of sp2-

hybridized carbon atoms arranged in a two dimensional lattice (Desai et al., 2013). It is 

considered to be the strongest material ever discovered in terms of tensile strength (Zhao et al., 

2002), when tested in a defect free form, along with excellent thermal and electrical properties. It 

can withstand very high strains and possesses a Young’s modulus of 1 TPa (Zhao et al., 2002). 

Graphene is seen to have such potential for a wide range of applications that the Nobel prize in 

Physics was awarded to Andre K. Geim and Konstantin S. Novoselov for their method to 

produce a single layer of graphene and their experiments on graphene. For use in strength 

enhancement of polymers, it is important to get a good dispersion of graphene since it has a 

tendency to agglomerate in polymers. If the dispersion is not proper, it can sometimes lead to a 

degradation of mechanical properties of nano-composites. Potts et al. (Potts et al., 2011) 

presented a review of the effect of graphene on the properties of polymers which presented an 

overview of work done by many researchers. Another study on the mechanical properties of 

graphene nano-composites was conducted by King et al. (King et al., 2012). Using EPON 862 
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and Curing Agent W with and without graphene platelets, mechanical properties of the resulting 

specimens were determined. Starting from neat epoxy, graphene content was increased up to 6 

wt% in steps of 1 wt%. The study reported an increase in tensile modulus for the 6 wt% nano-

composite while the ultimate tensile strength decreased.  

Rafiee et al. (Rafiee et al., 2009) also reported an enhancement in mechanical properties 

of nano-composites with graphene. A low nano-filler content (0.1 wt%) was selected and the 

influence of graphene platelets, SWNTs and MWNTs was compared on epoxy nano-composites. 

The epoxy used in this study was a bisphenol-A-based epoxy (Epoxy 2000), and the curing agent 

used was 2120 Epoxy Hardener. Young’s modulus, ultimate tensile strength, fracture toughness, 

fracture energy and resistance to fatigue crack propagation were determined. A 31% increase in 

the Young’s modulus of epoxy was reported using graphene platelets whereas the SWNTs 

produced only 3% enhancement. Similarly, 40% and 14% improvement was observed in the 

tensile strength of the epoxy due to graphene and SWNTs respectively. Fracture toughness 

followed the same trend with 53% and 20% improvement with graphene and SWNTs 

respectively. This study clearly illustrates the superior enhancements produced by graphene 

compared to carbon nanotubes, especially at low nano-filler content. In addition, the unit cost of 

graphene is a fraction of the cost of SWNTs.  

2.2 Enhancement of Fracture Properties of Polymers using Nanoparticles 

2.2.1 Inorganic Nanoparticles 

 It is evident that nano-fillers provide significant enhancement in the mechanical 

properties of epoxies in general. Since this dissertation is primarily focused on fracture behavior, 

advances made in the enhancement of fracture properties in nano-composites are discussed in the 

remainder of this section. Benzaid et al. (Benzaid et al., 2008) studied fracture behavior of 
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zirconia-alumia nano-composites and noticed an improvement in fracture toughness. The role of 

nanometer (20-100 nm) and micrometer (3-4.5 m) sized aluminum particles as reinforcement 

for epoxy was studied by Zunjarrao et al. (Zunjarrao et al., 2005).  For a fixed volume fraction of 

2%, nano-composite specimens were fabricated and ultrasonication was used to produce good 

dispersion of the nanoparticles. Mode I fracture toughness, KIC and work of fracture were used as 

parameters to determine fracture properties of EPON 862/EPIKURE 3274 resin system. As 

expected, the nanoparticles enhanced the fracture toughness of the nano-composite. Interestingly 

however, the micrometer sized particles produced a greater improved in fracture toughness 

compared to the nanometer sized particles, which is attributed to the creation of weak sites due to 

agglomeration in the latter case.  

Inorganic nano-fillers were found to improve the fracture properties of epoxy by Wetzel 

et al. (Wetzel et al., 2006). Using nano-composites made of epoxy (DER 331) and cycloaliphatic 

amine curing agent (HY 2954) mixed with titanium dioxide (200-500 nm) and aluminum oxide 

(13 nm) nanoparticles, and a controlled dispersion (to reduce agglomeration and maintain a 

homogeneous nanoparticle distribution) by applying high shear, nano-composite specimens were 

produced. It was noted that toughening mechanisms such as crack deflection, plastic deformation 

and crack pinning were induced because of the nanoparticles. Flexural properties were 

determined along with fracture characteristics. The alumina nano-composites showed around 

40% and 15% increase in flexural modulus and strength respectively, using 10 vol% nano-fillers. 

Similar results were obtained with titanium dioxide. Regarding the fracture toughness, alumina 

produced 60% and 120% increase compared to the neat resin for 5 vol% and 10 vol% alumina. 

Titanium dioxide also increased the fracture toughness but to a lesser extent compared to 

alumina. The increase is attributed to mechanics like crack deflection due to the inclusion of the 



16 

 

nanoparticles. Hussain et al. (Hussain et al., 1995) also reported improvement in fracture 

toughness with titanium dioxide. Using a tetra functional epoxy (N.N.N’N’-

tertaglycidylmethaxydiamine) and 1,2-cyclo-hexanedi-carboxylic anhydride as hardener with 20 

nm titanium dioxide nanoparticles, fracture test specimens were fabricated and subjected to 

compact tension (CT) tests. Fracture toughness was reported to increase with increasing volume 

of nano-fillers.  

2.2.2 Carbon based Nanoparticles 

As discussed earlier, carbon based nano-fillers provide exceptional enhancement in 

mechanical properties of epoxies in general and the same holds true for fracture properties. In a 

study conducted by Ma et al. (Ma et al., 2007), the influence of MWNTs on epoxy nano-

composites was investigated. Two types of CNTs were used, one with functionalization and the 

other one without. Three-point bending tests and fracture toughness tests were conducted along 

with tests for electrical conductivity. EPON 828 epoxy and m-phenylenediamine hardener was 

used with and without functionalized CNTs. SEM studies revealed that functionalization of 

CNTs provided better dispersion and prevented agglomeration witnessed in untreated CNTs. 

Mechanical tests revealed that addition of CNTs improved the flexural modulus and strength 

with functionalized CNTs performing slightly better than untreated ones. Fracture toughness 

however, was highly dependent on the functionalization. While the treated CNTs showed an 

increase in fracture toughness, untreated CNTs decreased the fracture toughness of the epoxy. 

This can be attributed to the presence of agglomerates due to non-homogeneous dispersion of 

untreated CNTs as mentioned earlier.  

Graphene has also been used to improve the fracture properties of epoxy in recent years. 

Raifee et al. (Raifee et al., 2010) investigated this using a bisphenol-A-based epoxy (Epoxy 
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2000) and 2120 Epoxy Hardener was used as a curing agent. Epoxy specimens with varying 

weight fraction of functionalized graphene were subjected to mechanical tests. Using tensile 

tests, Young’s modulus and ultimate strength were noted to be improved by around 50% and 

45% respectively by the addition of 0.125 wt% of graphene. With regard to fracture, critical 

energy release rate of the epoxy was found to increase close to 115% with 0.125 wt% of 

functionalized graphene. Fatigue properties were also studied and a significant reduction in crack 

growth rate was observed due to the presence of nano-fillers. Another study by Bortz et al. 

(Bortz et al., 2011) used graphene oxide to improve fracture and fatigue properties of epoxy 

composites. Bisphenol A/F digycidyl ether blend was used as the polymer matrix and graphene 

oxide was dispersed at weight fractions of 0.1, 0.25, 0.5 and 1 wt%. Quasi-static tension, tensile 

fatigue and single edge notched bend testing was conducted on the specimens. The results 

confirmed the property enhancing features of graphene with 12% increase in tensile modulus and 

13% increase in tensile strength at 0.1 wt% nano-filler loading. Fracture properties were 

enhanced more significantly, with around 28-63% improvement in fracture toughness and 29-

111% improvement in critical strain energy release rate compared to neat epoxy. A more recent 

study by Hawkins et al. (Hawkins et al., 2014) also reported impressive enhancements (128%) in 

fracture properties of epoxy with the inclusion of graphene nano-filler. As discussed earlier (Fig 

1.4), fracture experiments conducted as a part of this research also indicated significant 

improvement in fracture properties of EPON 862 with the addition of unfunctionalized nano-

graphene platelets, which is consistent with data available in the literature. A review of previous 

work on modeling of polymers at nano-scale is discussed in the next section. 
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2.3 Modeling of Polymers at Nanoscale 

 A methodology for construction of atomistic models of cross-linked polymers was 

discussed by Yarovsky et al. (Yarovsky et al., 2002) and was applied to a low molecular weight 

epoxy cross-linked with different curing agents and their curing and adhesion properties were 

studies. Varshney at al. (Varshney at al., 2008) discussed a crosslinking procedure and predicted 

material properties of epoxy using MD. Using EPON 862 epoxy and curing agent W, the 

simulations were performed using LAMMPS. Consistent Valence Force Field (CVFF) was used 

in the simulations and nonbonded interactions were modeled using Lennard-Jones potential. The 

initial system was equilibrated at 300 K using NPT and NVT simulations for 100 picoseconds 

using periodic boundary condition in all directions and then crosslinking was performed. Various 

molecular parameters (such as, energy) and material parameters (such as, density, molecular 

weight) were computed and were found to be in good agreement with experimental results. 

Molecular dynamics was used to predict material properties of epoxy by Fan et al. (Fan et al., 

2007). Using Materials Studio software, EPON 862 with TETA-triethylenetertaamine curing 

agent was modeled with polymer consistent force field (PCFF). The simulations were performed 

at 25 and 125oC for 200 picoseconds using NPT (constant number of particles, constant pressure 

and constant temperature) ensemble. Young’s modulus, glass transition temperature and thermal 

expansion coefficients were calculated from MD and were found to satisfactorily agree with 

macroscale experimental values.  

Another study on thermal and mechanical properties of epoxy using MD was conducted 

by Tack et al. (Tack et al., 2008). The polymer system studied was EPON 862 with DETDA 

curing agent. Two MD softwares, LAMMPS and Discover were used for simulating the polymer 

systems with cff91 and COMPASS force fields respectively. The simulations were run for 100-
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1000ps after the initial equilibrium using NPT (298 K and 1 atm) ensemble. Density, glass 

transition temperature and bulk modulus were computed from MD simulations for both force 

fields and were found to be in agreement with experiential/literature values. Wu et al. (Wu et al., 

2006) also implemented a multiple force-field approach for modeling cross-linked epoxy. 

Dreiding 2.21 force field was used for construction of the epoxy model and COMPASS force 

field was used for predicting material properties. All the simulations were performed using 

Cerius2, a commercial molecular simulation code, at 600 K, using NVT (constant number of 

particles, volume and temperature) ensemble with a timestep of 1 femtosecond. The elastic 

constants predicted using compass force field were found to be in good agreement with 

experimental values. Dreiding 2.21 was also used for evaluating material properties but the 

results were considerably different compared with experiments. The same epoxy system was 

studied by Wu et al. (Wu et al., 2007) in another study at a temperature range of 250 K to 600 K. 

Using the crosslinking process described by Varshney et al. (Varshney et al., 2008), several 

EPON 862/DETDA models consisting of 17,928 united atoms representing 25,272 explicit 

atoms were created proving that extremely large epoxy systems could be created 

(Bandyopadhyay et al., 2011).  These systems differed by crosslink density and underwent a 

vigorous testing regimen as glass transition temperature, volume shrinkage, thermal expansion 

coefficients, Young’s modulus, shear modulus, and poison’s ratio were shown to be in good 

agreement with experimental data. Therefore, it is apparent that MD simulations on atomic 

models are an accurate and efficient way test and predict data for epoxy systems on much larger 

size scales. 

 There are several ways to embed nanomaterials into polymer. One successful method 

developed to embed a nanomaterial into a preexisting polymer was shown on a generic polymer 
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system with silica nanoparticles using a soft repulsive harmonic potential to create a cavity in the 

polymer where the silica nanoparticle can be inserted (Brown, 2002). MD simulations were 

performed to obtain elastic properties of a polyimide/silica nanoparticle system at different 

nanoparticle radii ranging from ten to ten-thousand angstroms using a micromechanics model 

that includes an effective interface between the polyimide and the silica nanoparticle. For atomic 

radii above one thousand angstroms the micromechanics model predicted mechanical properties 

that matched those predicted using the Mori-Tanaka micromechanics model which does not take 

into account the explicit molecular structure of the system.  This study showed that MD 

simulations could give a better physical description of a system at the atomic scale and still 

produce accurate mechanical properties matching those predicted by other models (Odegard et 

al., 2004). The application of MD for nanoparticle reinforced polymer was demonstrated by 

Frankland et al. (Frankland et al., 2002). Using polyethylene as the polymer and carbon 

nanotubes as reinforcement, mechanical properties of neat, short CNT and long CNT reinforced 

polyethylene were studied. A 5 nm x 5 nm x 10 nm simulation cell was used with periodic 

boundary condition in all three dimensions. The interaction between the polymer and nanotube 

was modeled using Lennard-Jones potential and the simulations were carried out at 300 K, with a 

2 femtosecond timestep using DL-POLY MD simulation package. The simulation box was 

deformed in both longitudinal and transverse to the nanotube axis and stress-strain behavior was 

analyzed.  Significant enhancement in stress-strain behavior was observed using long CNTs 

compared to neat polymer for longitudinal loading case whereas no real improvement was 

imparted by the short CNTs. In case of transverse loading, both long and short CNTs appeared to 

slightly enhance the stress-strain behavior compared to neat polyethylene. Also, the simulation 
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results were in good agreement with rule of mixtures at very low strain levels and deviated 

considerably as the strain increased.  

Molecular dynamics can also be used to study nanoparticle reinforced epoxy. Zhu et al. 

(Zhu et al., 2006) conducted a molecular dynamics study of carbon nanotube reinforced EPON 

862. Three molecular systems- neat epoxy, a short CNT reinforced epoxy and a long CNT 

reinforced epoxy- were considered for this study and stress-strain relations, Young’s modulus are 

evaluated and compared with rule of mixture. The epoxy system used had approximate 

dimensions of 40 Å x 40 Å x 61 Å while the CNTs had lengths of 61 Å (long) and 29 Å (short). 

MD simulations were performed at room temperature using NVT ensemble. Periodic boundary 

condition was applied in all three directions and a strain was applied by expanding the simulation 

cell in longitudinal CNT direction. A reactive bond-order based potential (Brenner, 1990) was 

used for bonded interactions while the nonbonded interactions were modeled using Lennard-

Jones potential. The results of the study indicated that CNTs (both long and short) improved the 

stiffness of epoxy with the improvement being most significant for  long CNTs. Young’s 

modulus was also computed and was found to be improved by using CNTs. Finally, a 

comparison between MD results and rule-of-mixture indicated that the two agree with each other 

at low strain levels but as the strain increases, the difference in the predictions also increases, as 

previously discussed (Frankland et al., 2003). This is likely due to the fact that the rule-of-

mixture assumes perfect bonding between the CNTs and epoxy, which is not the case in reality at 

high strains. This also emphasizes the advantage of using MD simulations for a more realistic 

study of polymers.  

An experimental and computational study of single-walled nanotube reinforced 

composites was carried out by Gou et al. (Gou et al., 2004). Molecular dynamics was used for 
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computationally predicting the interfacial bonding of SWNT reinforced epoxy composites. 

EPON 862 with curing agent W was used in this study and a molecular model consisting of 

21,288 atoms in an MD cell of 50 Å x 50 Å x 100 Å was used for simulations after equilibrating 

for around 80 picoseconds. Interfacial bonding energy and shear stress were computed. Another 

study involving SWNTs and EPON 862/DETDA was reported by Liang et al. (Liang et al., 

2004). MD simulations were conducted using a software package called Materials Studio using 

condensed phase optimization molecular potentials for atomistic simulation studies (COMPASS) 

force field at 300 K using NVT ensemble. The SWNT molecular model had a length of 9.7 nm 

and a diameter of 1.38 nm with around 400 carbon atoms. The EPON molecule had approximate 

dimensions of 23 Å x 9 Å x 6 Å and the curing agent molecule was around 6.7 Å x 6.5 Å x 1.8 Å 

in size. Interaction energy of the SWNT and EPON molecule was studied and it was observed 

that the resin molecule moved towards the nanotube due to an attractive force. Another scenario 

studied was the filling of EPON 862 molecule inside the SWNT. The resin molecule was initially 

placed at the opening of the nanotube and the system was allowed to evolve without additional 

constraints. Due to the attractive forces, it was observed that the resin molecule orients in a way 

which facilitates filling of the nanotube. This phenomenon can be used to create structural 

bridges at molecular level enabling improved load transfer between molecules.  

Using a Mori-Tanaka micromechanics model along with molecular mechanics a graphene 

platelet reinforced system was created and shown to have mechanical properties very similar to 

experimental results (Cho et al., 2006).  The study also determined that the system’s modulus 

was very dependent upon aspect ratio of the graphene platelets but not on the size of the 

graphene platelets.  The study showed that the out of plane Young’s modulus was insensitive to 

the inclusion of the graphene platelets meaning that the addition of the graphene mainly affects 
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the in-plane moduli allowing for the nanomaterial to be customizable for different orientations 

and stress directions. A study performed on EPON 862/TETA reinforced by graphene platelets 

focused on the impact of aspect ratio and the number of platelets grouped together. The results 

indicated that a lower aspect ratio platelet tended to give a higher Young’s modulus. Regarding 

grouped platelets, it was determined that the best grouping method is to have the platelets 

stacked with a large separation between them.  This gave about a 50% greater Young’s modulus 

than stacking the platelets close to each other (Rahman, 2013). 

 The ability of molecular dynamics for simulating fracture in large scale atomic systems 

was successfully demonstrated by Abraham et al. (Abraham et al., 1996). Atomic systems of the 

order of million atoms (in 2D lattice) were used to simulate brittle and ductile materials using 

Lennard-Jones and embedded-atom potentials respectively. A comparison between observations 

from experiments and computer simulations was made. Phenomena like dynamic instability of 

crack tip were observed in the simulations and were found to be in agreement with laboratory 

findings. In another article by Abraham (Abraham, 2001) a detailed discussion of simulating 

crack propagation in solids using molecular dynamics is presented. The discussion focusses on 

crack dynamics and the speed of crack propagation. It was noted that a brittle crack starts 

propagating in a straight line but the motion becomes erratic due to instabilities in the dynamics 

of the crack. Also, this transition occurs at one-third of the Rayleigh wave speed. This behavior 

was found to be independent of the material properties, imperfections and interatomic potentials. 

MD was also used to study the properties of graphene and to understand fracture behavior at 

nanoscale (Dewapriya et al., 2013) 
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2.4 J-integral 

 The use of J-integral (Rice, 1968) as a fracture criterion for inelastic materials can be 

found extensively in the literature (Begley et al., 1972; Mindess et al., 1977). Researchers have 

attempted to extend the application of the J-integral to nanostructured materials (Jones et al., 

2010; Jones et al., 2011; Jones et al., 2013), given the need for a suitable metric to quantify 

debonding along material interfaces at the nanoscale (e.g. grain boundary decohesion, 

dislocation, debonding between CNT and polymer matrix, etc.). Eshelby (1975) demonstrated 

that that the J-intergral could be interpreted as the divergence of the Eshelby Energy-Momentum 

tensor.   At finite temperatures, the proper energy potential for computing the J-integral depends 

on the process or ensemble. Consequently, the Helmholtz free energy is the proper potential for 

computing J at finite temperatures for an isothermal process as it includes the entropic 

contribution, whereas the internal energy is the appropriate potential for computing J for an 

isentropic/adiabatic process (Eshelby, 1975). Because free energy is complex to compute directly 

since it inherently involves computation of entropy density, it is not surprising that most attempts 

at estimating atomistic J-integral to date were performed at near zero temperatures (Inoue et al., 

1994; Jones et al., 2010), where differences between the internal energy and Helmholtz free 

energy are not significant.  Recently, Jones et al. (Jones et al., 2010) developed a novel MD-

based methodology for computing the J-intergral in nanostructured materials through the 

construction of continuum fields from discrete atomic data through the use of Hardy’s (Hardy, 

1982) localization functions. These continuum fields were subsequently used to compute 

contour-integral expression for J that involves gradients of continuum fields, such as, the 

deformation gradient tensor.  
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Nakatani et al. (Nakatani et al., 2000) employed changes in potential energy density in an 

MD simulation to estimate strain energy density. Because their system cannot be clearly 

determined to be isothermal or adiabatic, the relevant stress potential metric is unclear. Xu et al. 

(Xu et al., 2004) used a system energy release rate approach to compute critical vale of J for 

ductile fracture of a nano-sized crystal of nickel. Their analysis computes J-integral using 

changes in potential energy due to crack growth without entropic effects, even though the 

process takes place isothermally at a temperature of 300 K. Latapie et al. (Latapie et al., 2004) 

use a similar MD approach to examine ductile fracture behavior of nanosized crystals of iron 

(Fe) at elevated temperatures of 100, 300, and 600 K. None of these past attempts at computing 

fracture energy at finite temperatures have made use of the free energy and entropic contribution, 

with the exception of a recent work by Jones et al. (Jones et al., 2011). 



26 

 

 

 

CHAPTER 3 

MOLECULAR DYNAMICS SIMULATIONS 

3.1 Introduction 

Molecular dynamics (MD) is a Newtonian mechanics based technique for simulating 

physical and chemical interactions of atoms and molecules using computational tools. The 

method was originally conceived by theoretical physicists in the late 1950s (Alder and 

Wainwright) to study the interactions of hard spheres. In 1960s, the method was applied for 

simulating liquid argon and subsequently for simulating water. Biological applications soon 

emerged in the 1970s, with MD being used to simulate proteins for pharmaceutical applications. 

With its ability to efficiently simulate nano-scale interactions, molecular dynamics today finds 

application in numerous fields including, but not limited to, physics, material science and 

biology. The MD process involves numerically solving the Newton’s equations of motion for an 

N-particles system. For an N atom, molecular system we have the equation of motion of atom i 

as, 
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In molecular dynamics, the atomistic structure at initial time is input to the algorithm, 

with the required force fields chosen to describe the various atomic interactions. The internal 

force Fi at any atom i (of mass mi and position xi), is computed from the energy potential (V) 

chosen by the user as shown in Eq. (3.1). This chapter reviews the molecular dynamics theory, 

important parameters and concepts. A discussion of the open-source MD software used, Large-

scale Atomic/Molecular Massively Parallel Simulator (LAMMPS), and a visualization software 
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called Open Visualization Tool (OVITO) will be presented. 

3.2 Molecular Dynamics Simulation Procedure 

 As mentioned in the introduction, MD is a method of simulating interactions between 

atoms and molecules at nano-scale without recourse to detailed and costly quantum mechanical 

(ab-initio) calculations. A typical MD simulation is illustrated in the flowchart shown in Figure 

3.1. The initial positions and velocities of individual atoms are supplied in a data file which can 

be read through an input script. Depending on the type of molecular system, the data file may 

consist of other information like force field parameters; bond, angle and dihedral information 

etc.. The initial system is in its energy-minimized state. If it is finite temperature simulation (i.e., 

T>0K), initial velocities are assigned to the atoms.  

                               

Deformations, if any, are applied. Temperature and pressure are maintained using 

appropriate thermostat and barostat respectively. Using the formula given by Eq. (3.1), forces on 

 

Figure 3.1. Schematic of a molecular dynamics simulation 
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each atom at any time are calculated as derivatives of the potential function. Newton’s second 

law is used to compute accelerations of the atoms. Various numerical integration schemes are 

then used to determine the updated positions of each atom at the next timestep. This process is 

repeated until the termination condition is reached, which is usually the specified number of 

timesteps. Output data files can be generated at specific time intervals and can be analyzed. A 

brief discussion of each aspect of MD simulation is presented in the following sections.  

3.3 Numerical Integration Algorithms 

 Due to the complicated nature of the potential functions, the equations of motion cannot 

be solved analytically. Numerical integration is used to determine the updated positions and 

velocities of individual atoms in an MD system. Various numerical integration algorithms are 

available. The following criteria should be considered while choosing an algorithm. 

1. The algorithm should be able to conserve energy and momentum. 

2. It should be computationally efficient. 

3. It should permit a long timestep for integration. 

4. It should be able to approximate the classical trajectory as closely as possible.  

The basic assumption in all integration algorithms is that the positions, velocities and 

accelerations can be approximated by a Taylor series expansion. Some of the integration 

algorithms are discussed here.  

3.3.1 Verlet Algorithm 

 Application of Verlet algorithm in molecular dynamics was popularized in the 1960s 

(Verlet, 1967). This method uses the positions ‘r’ and accelerations of the atoms at time ‘t’ along 

with the positions at time ‘t-t’ in order to calculate the new position at time ‘t+t’. Using 

Taylor series expansion, position at time ‘t+t’ and ‘t-t’ can be written as, 
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  where v is the velocity and a is the acceleration. Taking a sum of the two equations, the 

updated position in terms of previous position and accelerations can be written as, 

2( ) 2 ( ) ( ) ( )r t t r t r t t a t t                                              (3.4) 

  It is evident from the equation that explicit computations of velocities is not required. 

While it is simple to implement and computation resource friendly, this method is not very 

accurate.   

3.3.2 Leap-frog Algorithm 

 Some of the shortcomings of the Verlet algorithm can be overcome by using the leap-frog 

algorithm (Hockney, 1970). It involves explicit computation of midstep velocities ‘v’ at time 

‘t+(1/2)t’ given by Eq. (3.5).  
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The positions ‘r’ at time ‘t+t’ can then be computed as, 
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Velocities ‘v’ at time time ‘t’ are thus given by, 

1 1 1
( ) ( ) ( )

2 2 2
v t v t t v t t

 
      

 
                                          (3.7) 

 

The velocities leap over the positions and the positions in turn leap over the velocities 

and hence the name of the algorithm. Though this method has the advantage of explicit 

computation of velocities, the positions and velocities are calculated at the different times.  
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3.3.3 Beeman’s Algorithm 

 A variant of the Verlet algorithm, Beeman’s algorithm (Schofield, 1973) produces 

positions identical to the Verlet method but used a different formula for velocities. In this 

method, the velocities ‘v’ and positions ‘r’ are given by the following expressions. 

3 1
( ) ( ) ( ) ( )

2 6
v t t v t a t t a t t t                                               (3.8) 

2 22 1
( ) ( ) ( ) ( ) ( )

3 6
r t t r t v t t a t t a t t t                                       (3.9) 

 Along with a better energy conservation, this method produces a more accurate 

expression for velocities. The downside is the computational expense because of the increased 

complexity of the expressions. 

3.3.4 Velocity Verlet Algorithm 

 One of the more commonly used numerical integration methods used in MD simulations 

is the velocity Verlet algorithm (Swope et al., 1982). As the name indicates, it is a variation of 

the Verlet algorithm discussed earlier. In this method, the velocities ‘v’ and positons ‘r’ at time 

‘t+t’ are given by, 

 
1

( ) ( ) ( ) ( )
2

v t t v t a t a t t t                                               (3.10) 

21
( ) ( ) ( ) ( )

2
r t t r t v t t a t t                                                 (3.11) 

 This algorithm produces updated positions and velocities of the atoms without 

compromising on the precision, which occurs in the original Verlet method. The velocity Verlet 

algorithm has been implemented in LAMMPS (Plimpton, 1995) and is used in this dissertation. 

More discussion on LAMMPS will be presented in a different section.  
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3.4 Thermostats in MD 

Temperature plays a vital role in MD simulations. For finite temperature simulations, it is 

important that the desired value is maintained as closely as possible. Using a thermostat 

facilitates this. This section presents a discussion of the various types of thermostats available. 

From statistical mechanics, temperature of a system of atoms is defined as the average of kinetic 

energies of all particles (Buehler, 2008). Considering the kinetic energy of the system is K, the 

temperature T of an N atom system can be given as,  

2

3 B

K
T

Nk
                                                              (3.12) 

 

where, kB is Boltzmann's constant, and the angular brackets imply average over an ensemble. It is 

not possible to keep the temperature at a fixed value during the simulation due to the fluctuations 

in velocities. Therefore, only the average value of temperature can be maintained at a constant 

value during simulations. As given by Eq. (3.12), the temperature of a system depends only on 

the kinetic energy of the atoms, which in turn depends on the random velocities of atoms in the 

system. Velocities scaling can hence be used to control the temperature of a system, which can 

be achieved using a thermostat. Some of the commonly used thermostats are discussed below.  

3.4.1 Anderson Thermostat  

In Anderson thermostat, the system is coupled to a heat bath using stochastic forces 

which modify the kinetic energy of the atoms in the system (Andersen, 1980). The time between 

the collisions is decided randomly. When a collision event occurs, the velocity of the selected 

particle is replaced by a value chosen from a random Boltzmann distribution for that specified 

temperature.  
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3.4.2 Berendson Thermostat  

Berendson thermostat is another way to rescale the velocities of the atoms in the system 

to provide a temperature control during molecular dynamics simulations (Berendon, 1984). In 

this method, the heat bath at the desired temperature is coupled with the MD system. Any 

changes in the kinetic energy of the system are suppressed by this thermostat and thus, 

temperature control is achieved. This thermostat is suitable for larger systems and due to its 

computational efficiency, it is widely used.  

3.4.3 Nose-Hoover Thermostat  

The Nose-Hoover thermostat is considered to be one of the most accurate and 

computationally efficient method for temperature control in an MD simulation. Originally 

developed by Nose (Nose, 1984), and subsequently improved by Hoover (Hoover, 1985), it is a 

deterministic scheme for constant temperature simulations. The heat bath is considered as an 

integral part of the system by adding an artificial variable ‘s’ with an associated mass ‘Q’ and a 

velocity ‘ s ’. The extent of coupling between the heat bath and the MD system is determined by 

the magnitude of ‘Q’.  The simulations reported in this dissertation employ this thermostat for 

maintaining the desired temperature.  

3.5 Barostatting 

 Most laboratory experiments are conducted at constant temperature and pressure. Hence, 

as with temperature, it is important to maintain proper pressure control during MD simulations.  

Berendsen barostat (Berendson et al., 1984) and Nose-Hoover barostat (Martyna at al., 1994) are 

two commonly used barostats to control pressure in MD simulations. In order to maintain the 

desired system pressure, the dimensions of the simulation box are dynamically adjusted.  
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3.6 Ensembles 

 An ensemble is a collection of all possible systems within a phase space that have 

different microscopic states but have an identical thermodynamic state. It is a useful way of 

obtaining system averages from various microscopic states that could occur. Three types of 

ensembles are commonly used in molecular dynamics simulations. They are NVE, NVT and 

NPT, where N is the number of particles (atoms) in the system, E is the total energy of the 

system, V is the volume of the system, T is the temperature and P is the pressure. A schematic of 

each of these ensembles is shown in Figure 3.2. A brief discussion of each type of ensemble 

follows. 

              

3.6.1 NVE Ensemble 

 NVE ensemble, also known as microcanonical ensemble, is used to describe an isolated 

system. As the name suggests, in this ensemble, the number of particles (N), volume (V) and 

total energy (E) of the system remains unchanged. It usually corresponds to a process where 

there is no exchange of heat or particles with its surroundings.  

 

  

 

Figure 3.2. Schematic of NVE, NVT and NPT ensembles 
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3.6.2 NVT Ensemble 

 NVT ensemble is also known as canonical ensemble and refers to a system where the 

number of particles (N), volume (V) and temperature (T) are conserved. Is it also known as 

constant temperature molecular dynamics since the temperature of the system remains 

unchanged throughout the simulation. This ensemble represents a system in thermal equilibrium 

with a heat bath at the prescribed temperature (T). A thermostat is used to add or remove energy 

from the MD system. Various types of thermostats like Nose-Hoover, Berendsen, Andersen etc. 

are available in MD. A discussion on the types of thermostats was presented earlier.  

3.6.3 NPT Ensemble 

 Also known as isothermal-isobaric ensemble, NPT corresponds to a system where the 

number of particles (N), pressure (P) and temperature (T) remain unchanged over time. Similar 

to NVT ensemble, a thermostat is required to conserve temperature of the system. In addition, a 

barostat is needed to conserve the pressure. Different types of barostats have been discussed 

earlier. This ensemble most closely resembles the laboratory experimental conditions since most 

experiments are conducted under constant pressure and temperature.  

3.7 Boundary Conditions 

In order to obtain the bulk propertied from MD simulations, it is important to account for 

the edge effects. One way of eliminating these edge effects is to simulate an extremely large 

system to ensure that the surfaces and edges have only a small influence on the properties. Due 

to computational expenses, this method is not feasible. The use of periodic boundary conditions 

facilitates the simulation of an infinitely large system while being computationally efficient. The 

simulation box is replicated throughout space to form an infinite large system, as shown in 

Figure 3.3 (Le Roux & Petkov, 2010). During the simulation, when the position of a particle in 
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one box is updated, this change is replicated on that particle in all the boxes. Any edge effects are 

thus eliminated because when a particle leaves one box, an identical particle enters through the 

opposite face.  

 

3.8 Potential Function 

Potential function plays a critical role in molecular dynamics simulations. Since 

accelerations of the atoms/particles are determined by the potential function, which in turn 

determine the updated velocities and positions of the atoms/particles, it is vital that the potential 

function is appropriately defined. Potential function is a mathematical description of the potential 

energy of a system of interacting particles. It characterizes the way interactions occur between all 

the particles in a molecular dynamics system. Quantum mechanical calculations and 

experimental observations are used to obtain the parameters in a potential function. Various 

potential functions can be defined to simulate various molecular systems such as biological, 

  
 

Figure 3.3. Schematic of a system with periodic boundary conditions 
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chemical, etc. The type of molecular system being used in a particular simulation dictates the 

exact functional form and parameters of the potential function.  

Quantum mechanics (QM) based methods provide a better description of the interactions 

in a system with many particles. However, doing purely QM based calculations on a large 

system becomes computationally unfeasible.  In order to reduce the fully quantum descriptions to 

a potential function description involves the Born-Oppenheimer approximation, which  allows 

the energy of the system to be written as a product of mutually independent functions of nuclear 

and electron coordinates (Leach, 1996). Additionally, the nuclei of the atoms could be treated as 

point particles which follow Newtonian dynamics. In MD, the position and configuration of 

electrons within the shell of atoms are ignored and focus is entirely on the energy due to the 

position of nuclei with respect to each other. This facilitates the use of MD to simulate large 

molecular systems. The molecular force fields employed in MD algorithm are in general 

empirical fits to quantum mechanical calculations. In certain cases the molecular dynamics 

algorithm is able to provide results as good as the highest quantum mechanical calculations, for a 

fraction of computer time (Leach, 1996).  

Most potential functions, also known as force fields, used are empirical in nature and 

consist of bonded (chemical bonds, bond angles, bond dihedrals) and non-bonded (van der 

Waals) interactions. Given that at least a weak non-bonded interaction exists between all the 

particles in the system, accounting for all those interactions could sometimes act as a bottleneck 

during MD simulations. Because of the predefined bonding arrangements, they cannot model the 

chemical bond formation and breakage that occurs during the simulation. In order to overcome 

this shortcoming of the empirical potential functions, there exists another class of potential 

functions which are based on bond order. In this dissertation, two types of potential functions 
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have been used. One is an empirical potential (OPLS) while the other one is bond order based 

potential (ReaxFF). 

3.8.1 OPLS 

The Optimized Potentials for Liquid Simulations (OPLS) force field is a traditional 

potential function which is widely used to simulate polymers. It was developed by William 

Jorgensen (Jorgensen, 1988). As mentioned earlier, empirical potential functions like OPLS 

require predefined information for all the bonded and non-bonded arrangement of the atoms in 

the system. The functional form, which defines the total potential energy E, of the OPLS force 

field can be written as the sum of energy from bonded interactions and energy from non-bonded 

interactions. It is given by,  

total bonded non bondedE E E                                                 (3.13) 

 The energy of the bonded interactions can further be divided into interactions from the 

bonds, interactions from the angles, and interactions from dihedrals. The total energy of the 

bonded interactions is then the sum of all three and is written as,  

bonded bonds angles dihedralsE E E E                                        (3.14) 

3.8.1.1 Energy Due to Bond Stretching 

The energy due to bond stretching accounts for the contribution to the total energy of the 

system due to extension or compression (see Figure 3.4) of the bonds between the molecules in 

the system. The simplest form of this energy is the harmonic potential given below. 

2

0( )bonds b

bonds

E K r r                                                    (3.15) 
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where, Kb is the stiffness of the bonds, r is the current length of the bond while r0 is the 

equilibrium length of the bond. The energy contribution from all bonds in the system is 

accounted for in the summation. 

 

3.8.1.2 Energy Due to Angle Bending 

During molecular dynamics simulations, the angles between the molecules can deviate 

from their equilibrium configurations. The energetic contribution from these deviations can be 

expressed as, 

2

0( )angles

angles

E K                                         (3.16) 

 where, K  is the stiffness constant,  is the current angle of the bond while 0 is the equilibrium 

angle. The deviation of the bond angle from its equilibrium position is illustrated in Figure 3.5. 

  

 

Figure 3.4. Schematic of bond stretching 
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3.8.1.3 Energy Due to Dihedrals 

The conformational change of the polymer is attributed to the complex interplay between 

torsional and non-bonded interactions. The existence of energy barriers to rotation about 

chemical bonds is of prime importance in defining the structure-property of the polymer 

molecule. The barrier to rotation arises from the repulsive forces in the non-bonded interactions 

between the end atoms of the torsional unit. Most torsional interactions are modeled using a 

cosine series expansion (Leach, 1996). The OPLS dihedral style can be written as,  

1 2 3 4

1 1 1 1
(1 cos( )) (1 cos(2 )) (1 cos(3 )) (1 cos(4 ))

2 2 2 2
dihedralsE K K K K           (3.17) 

where, K1, K2, K3 and K4 are constants and  is the dihedral angle as shown in Figure 3.6. 

 

  

 

Figure 3.5. Schematic of angle bending 
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Figure 3.6. Schematic of dihedral angle 
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3.8.1.4 Non-bonded Interactions 

The energy contribution of non-bonded interactions could be primarily attributed to the 

dispersive-repulsive force called van der Waals force. It is named after Johannes Diderik van der 

Waals and it is the sum of the instantaneous attractive and repulsive forces between molecules in 

the MD system (Leach, 1996). These are short range nuclear forces with an influence zone in the 

range of a few Angstroms. The repulsive force is primarily attributed to the force arising from 

the Pauli exclusion principle. The attractive component of the force is called London dispersion 

force and is produced due to the instantaneous induced dipoles within the molecules. The 

magnitude of the energy due to van der Waals interactions is a function of the interatomic 

distance. Non-bonded interactions can be illustrated using Figure 3.7. 

                   

One of the most commonly used empirical potentials employed to model these non-

bonded interactions is called the Lennard-Jones potential. It is sometimes referred to as L-J 

potential. The mathematical function for L-J potential can be written as,  

 

Figure 3.7. Schematic of non-bonded interactions 
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                                     (3.18) 

where,  is the depth of the potential well,  is the distance at which the inter-particle potential is 

zero and r is the current distance between the particles. Figure 3.8 shows the variation in L-J 

potential as a function of distance.  

 

3.8.2 ReaxFF 

While traditional potential functions like OPLS have the advantage of being simpler to 

implement and are computation friendly, they cannot simulate bond formation and breakage 

during a fracture simulation. Since this dissertation concerns modeling of fracture in polymers, it 

is important to be able to simulate crack initiation and propagation during the fracture process in 

order to better understand the fracture behavior of the material. In order to achieve that, a bond 

order based force field is required. One such force field used in this dissertation is called 

ReaxFF, which stands for reactive force field. It was developed by van Duin et al. and allows for 

continuous bond formation/breaking (van Duin et al, 2001). Bonded interactions are generated 

on-the-fly, based on distance-dependent bond order functions. It makes use of the relationship 

 

Figure 3.8. Variation in L-J potential with inter-particle distance 
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between bond distance and bond order as well as the relationship between bond order and bond 

energy. As in the case of OPLS, ReaxFF potential consists of other terms such as angle and 

torsion but they are in turn defined in terms of the bond order so that these terms approach zero 

as the bond order decreases to zero and the bond breaks. Non-bonded (van der Waals) 

interactions and Coulomb interactions are also included in ReaxFF formulation, which are 

sometimes ignored by other reactive formulations. Hence, ReaxFF accounts for all of the 

interactions in the system. There are a number of ReaxFF parameterizations available for 

simulating an MD system based on the type of constituent molecules. These parameters are 

derived from quantum chemical calculations on bond dissociations and reactions of molecules. 

As was the case with OPLS potential, the total system energy in a ReaxFF formulation could be 

written as a sum of partial energies as,  

total bond valence angles torsion angles overcoordination

undercoordination conjugation Coulomb non bonded

E E E E E

E E E E 

   

   
              (3.19) 

Each partial energy term in Eq. (3.19) is a function of bond order, which is a 

characteristic parameter of ReaxFF and which in turn, is a function of interatomic distance. The 

bond order decreases exponentially as the bond length increases. The general form of bond order 

BOij between two atoms i and j can be written as, 

,2

,1

0

exp

bop

ij

ij bo

r
BO p

r

  
   
   

                                          (3.20) 

where rij is the current distance between atoms i and j, r0 is the equilibrium distance, pbo,1 and 

pbo,2 are bond parameters (constants). Figure 3.9 shows a schematic of the variation in bond order 

with interatomic distance.  
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Once the bond order is computed, all the partial energies are determined. For example, 

the bond energies can be computed using the formula given by, 

 ,1

,1exp 1 bep

bond e ij be ijE D BO p BO     
                         (3.21) 

where BOij is the bond order for atoms i and j, De and pbe,1 are the bond parameters. All the other 

partial energies can be calculated using similar formulae based on bond order. Since interatomic 

distance is the only parameter governing all the energies, keeping track of bond order facilitates 

dynamic formation and breakage of chemical bonds. This attribute is extremely effective in 

simulating initiation and propagation of nanoscale cracks. One of the downsides of using ReaxFF 

compared to OPLS is the need for increased computational resources.  

3.9 Overview of LAMMPS 

The molecular dynamics simulations for this research have been performed using 

LAMMPS. It stands for large-scale atomic/molecular massively parallel simulator. LAMMPS is 

a free and open source software maintained by Sandia National Laboratories. It is a classical 

 

Figure 3.9. Schematic of variation in bond order with interatomic distance 
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molecular dynamics code designed for simulating molecular and atomic systems on parallel 

computers using spatial-decomposition techniques. It can be used to model atoms or, more 

generically, as a parallel particle simulator at the atomic, meso, or continuum scale. LAMMPS is 

highly portable and can be run on a single processor or in parallel.  

LAMMPS runs from an input script. The input file starts with definitions of atoms, units 

and boundary conditions. A number of atom types are supported in LAMMPS like atoms, 

coarse-grain particles, metals, granular materials and more. Different unit systems, such as LJ, 

real, metal etc. are available in LAMMPS. The actual units of the physical quantities are dictated 

by the units system defined in the input script. For example, time is measured in femtoseconds in 

real system while it is measured in picoseconds according to the metal units system. Boundary 

conditions can be chosen to be either periodic or non-periodic.  

Atomistic data is read from a data file. The data file consists of co-ordinates, bonds, 

angles and dihedral information for all atoms. Appropriate potential field coefficients, simulation 

parameters are also defined in the input file. LAMMPS supports numerous potential functions, 

including OPLS and ReaxFF used in this dissertation. Other parameters like temperature can also 

be defined along with appropriate ensemble conditions like NVE, NPT or NVT. The atoms in the 

MD system are contained in a simulation box. Any deformation applied to the box is transferred 

to the system of atoms. The deformation parameters are defined in the input file. LAMMPS 

allows to calculate time and spatial averages of physical quantities, such as temperature, 

pressure, energies, etc. The timestep and number of steps are also specified in the input file. 

Desired output parameters can be stored in separate text files at specified timestep intervals. 

LAMMPS has no inherent way of graphically analyzing the output files. This calls for a separate 

visualization software which is discussed in the next section.  
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3.10 Open Visualization Tool (OVITO) 

In order to translate the raw output data from LAMMPS, Open Visualization Tool 

(OVITO) was used. It is a free, open source visualization and analysis software which can be 

used on all major operating systems. It was originally developed by Alexander Stukowski at 

Darmstadt University of Technology in Germany (Stukowski, 2010). Apart from the ease of use, 

some of the other advantages of OVITO include support for multiple file formats, diverse 

analysis tools like color coding of atoms, slicing, bond analysis etc. The visualizations created in 

OVITO can be exported as high quality images and animations. 
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CHAPTER 4 

ATOMISTIC J-INTEGRAL EVALUATION METHODOLOGY 

4.1 Introduction 

Fracture can be defined as the separation of a structure into two or more pieces when 

subjected to mechanical loading. It is associated with the development of a displacement 

discontinuity in the structure followed by crack growth. When the direction of loading is 

perpendicular to the direction of crack growth, it is called mode I fracture (see Figure 4.1), which 

will be the fracture mode studied in this research.  

               

Fracture can be characterized through parameters such as strain energy release rate (G), 

stress intensity factor (K), and the J-integral (J). The critical values of these parameters represent 

the fracture strength of a material. Once the critical value is reached, crack initiation occurs in 

the material. While G and K are widely used to characterize fracture, they are applicable only in 

the linear elastic range of the stress-strain response of the material. On the other hand, J-integral 

 
 

Figure 4.1.  Modes of fracture 
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is identical to G in the linear range but has the advantage of being applicable in the nonlinear 

range as well as being contour path independent. Also, the critical value of J-integral at crack 

initiation is directly related to fracture toughness of the material, while the value of J as a 

function of crack length (a) during crack growth provides the resistance  of the material to crack 

growth, or R-curve. The applicability of J-integral for characterizing fracture is discussed in 

Chapter 2. Therefore, J-integral has been used as fracture criterion at the nanoscale in this 

research. 

4.2 Atomistic J-integral Evaluation Methodology 

This research involves the use of MD simulations to compute atomistic J-integral, in 

order to quantify the influence of nano-fillers (such as graphene platelets) on fracture toughness 

of a polymer. The concept of J-integral was developed by J R Rice (Rice, 1968). In conventional 

macro-scale fracture mechanics, the total J-integral vector (JT), defined as the divergence of the 

Eshelby energy-momentum tensor (Eshelby, 1975) (as shown in Eq. (4.1)), has been used to 

quantify the crack driving force available from thermo-mechanical loading as well as material 

inhomogeneities.   

Ω Ω

( Ψ )

 

     T US dA H P dA 
T

J N N N J J           (4.1) 

In Eq. (4.1), S  is the Eshelby energy-momentum tensor tensor, Ψ  is the free energy 

density, H  is the displacement gradient tensor, P  is the first Piola-Kirchhoff stress tensor, N is 

the outward normal to the surface Ω  along which contour the J-integral is being evaluated, JU is 

the contribution to J-integral due to internal energy (U), and Jη is the entropic contribution (JU 

and Jη will be discussed in detail in following sections). Here it is assumed that ensemble 

average *  is approximated by the time average of the quantity over a sufficiently long period 
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of time. The critical value of scalar component Jk at crack initiation is related to the fracture 

toughness of the material, where the subscript k denotes Cartesian components of the J vector 

(k=1, 2, 3) in three-dimensions and these components are related to, but are not the same as the 

three primary fracture modes. Specifically, 1   I II IIIJ J J J and  2 2  I IIJ J J , where subscripts 

imply Cartesian components of the J-vector, and the superscripts imply standard fracture modes 

(Rigby et al., 1993). In the absence of Mode III, i.e., for purely in-plane deformation, the above 

equations can be solved to obtain the individual fracture modes from the Cartesian components 

of the J vector as given by,
2 2

I 1 1 2J J J
J

2

 
 , and II I

1J J J  . Therefore, the Cartesian 

components of the J-integral can be  used as a suitable metric for estimating the crack driving 

force as well as the fracture toughness of a material as the crack begins to initiate, for Mode I, 

Mode II and for mixed mode fracture processes undergoing proportional loading. However, for 

the conventional macroscale definition of the J-integral to be valid at the nanoscale in terms of 

the continuum stress and displacement fields (and their spatial derivatives) requires the 

construction of local continuum fields from discrete atomistic data, and using these data in the 

conventional contour integral expression for J, as given by Eq. (4.1) (Jones et al., 2010; 2011). 

One such methodology was proposed by Hardy (Hardy, 1982), that allows for the local 

averaging necessary to obtain the definition of free energy, deformation gradient, and Piola-

Kirchoff stress as fields (and divergence of fields) and not just as total system averages. The 

formulae used for evaluating each term on the R.H.S. in Eq. (4.1) from MD simulations are 

given below. The energetic component of total J (JU) is computed using the formula,   

Ω

( U )



 
T

U H P dAJ N N                                                   (4.2) 
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              In order to facilitate J-integral computation using discrete atomistic data, localization 

boxes (as shown in Figure 4.2) are constructed along the integral contour the position of an atom 

with respect to the box determined the value of localization function. The localization function has 

to satisfy the following conditions: 0  and
Ω

1dV  . The localization function used in this work 

is given by Eq. (4.3).  
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X X                                      (4.3) 

where, xL  , yL and zL are the dimensions of the localization box and IX , IY and IZ are the 

coordinates of the centroid, as illustrated in Figure 4.2. The terms required for computation of JU 

can now be defined as, 

 
 

Figure 4.2.  Illustration of a localization box  



50 

 

     
1 1

, ( ) ( )

 

  
M

I I I

K

R

I

U t N t U 




 X X X X X                                 (4.4) 

       
1 1

, , ( )

 

    
M

I I I

I

K

H t t N t




 α
x xX u X X X X u                             (4.5) 

   
1

1
,

2
 

  
M M

P t B  

  

X f X X                                       (4.6) 

      In Eq. (4.4), α  is atomistic potential of atom  , ( )RU X  is the reference potential energy 

density of atom   at 0 K,   is the Hardy localization function, M  is the number of atoms in the 

localization box and IN ( )X are interpolation functions, with I=1,K, where K is the total number 

of nodes. In Eq. (4.5),  , tu X  is the displacement vector. In Eq. (4.6), 
f is the vector 

representing the force between atoms  and  , 
X is the vector representing the difference in 

their positions, and B  is the bond function defined by Hardy (Hardy, 1982). Detailed 

derivation of Eq. (4.4), Eq. (4.5) and Eq. (4.6) follows. 

4.2.1 Evaluation of Energy Density Field (U): 

The energy density for the atoms inside a localization box is defined in terms of atomistic 

potentials as, 
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  X X X                                      (4.7) 
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  X X X X                                       (4.8) 

where, α is atomistic potential, X
  is the reference potential energy density of at 0 K,  is the 

localization function, ( )RU X  is the reference potential energy density of atom   at 0 K. 

Defining 
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where,  IN X  are the interpolation functions (discussed later). Substituting Eq. (4.9) and Eq. 

(4.10) in Eq. (4.7), 
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where, M  is the number of atoms in the localization box and IN ( )X are interpolation functions, 

with I=1,K, where K is the total number of nodes. 

4.2.2 Evaluation of Displacement Gradient ( H ): 

Displacement gradient for the atoms inside a localization box is defined as, 
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where,  , tu X  is the displacement vector of atom , M  is the number of atoms in the 

localization box and IN ( )X are interpolation functions.  

4.2.3 Evaluation of First Piola-Kirchhoff Stress: 

The bond function is used to account for the interatomic forces where one atom is inside 

the localization box and the other one is outside. In such cases, only the fraction of the bond 

length inside the localization box is used for force computations. The bond function can be 

defined as,  
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1

0

  1B d         α βX X X X                         (4.14) 

where, λ goes from 0 to 1 if β is inside the box. Otherwise only till the fraction of 
X inside the 

box. Setting          r X X X dr dX and taking derivative of      X X X  with 

respect to λ, 

   .
r

r X

     
 

 

       
           

       
xX X X X X             (4.15) 

Integrating the above equation with respect to λ from 0 to 1, 

 
1 1

0 0

.d d  
   




    

 xX X X X                              (4.16) 

     . B         xX X X X X X                           (4.17) 

From the definition of momentum density, 

     0

1 1

M Md d
m m

dt dt


     

 

  
 

     
V V

X X f b X X        (4.18) 

From internal force term, 

       
1 1 1

1

2

M M M M M
      

      

   
    

       
   f X X f X X f X X X X  (4.19) 

Substituting Eq. (4.17) & Eq. (4.19) in Eq. (4.18), 

   0

1

1
.

2

M Md
B m

dt

     

  

 
 

  
       

  
  x

V
f X X b X X            (4.20) 

   0

1 1

1
.

2

M M Md
X m

dt

     

   

 
  

  
     

  
 x

V
f X B b X X            (4.21) 

From momentum balance equation,  
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0 0.
d

P
dt

  x

V
b                                                (4.22) 

Comparing Eq. (4.21) and Eq. (4.22), 

   
1

1
,

2

M M

P t B  

   

  X f X X                                  (4.23) 

             The expression for bond function is defined as follows. Considering a localization box as 

shown in Figure 4.3 with one atom ( ) inside the box and another atom (  ) outside the box. In 

order to scale the influence of the atom outside the box, a new position of atom  is determined 

as, 

If 11
2

I XL
X X   then 11

2

N I XL
X X    else 1 1

NX X   

If 11
2

I XL
X X      then 11

2

N I XL
X X    else 1 1

NX X   

If 22
2

I YL
X X      then 22

2

N I YL
X X      else 2 2

NX X   

If 22
2

I YL
X X    then 22

2

N I YL
X X    else 2 2

NX X   

If 33
2

I ZL
X X    then 33

2

N I ZL
X X    else 3 3

NX X   

If 33
2

I ZL
X X     then 33

2

N I ZL
X X    else 3 3

NX X   

where the superscript ‘N’ denotes the new value of the position and xL , yL , zL  are the dimensions 

of the localization box and I is the centroid of the localization box. Now, 

If 31  0i iX X     then 1iR   else 
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1

11

NX X
R

X X
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If 1 2R R , then 1R R , else 2R R . If 3R R  then 3R R  

Then, bond function is given by 

X Y z

R
B

L L L

                                                             (4.24) 

                        

4.3 Atomistic J-integral at Finite Temperature 

From statistical mechanics, the Helmholtz free energy density is given by (Weiner, 

1983), 

Ψ U T      Bk T
Log Z

V
                                                   (4.25) 

 where U is the internal energy density, T  is the temperature,  is the entropy density, V is the 

volume of the ensemble, Bk is Boltzmann’s constant  and Z is the partition function of the atoms 

 
 

Figure 4.3.  Illustration of a localization box with one atom inside and 

another outside the box 



55 

 

occupying the region. Note that the general definition of free energy density   includes the 

entropy term and therefore is valid for finite temperature applications of the atomistic J-integral. 

The conventional definition of J-integral under isothermal condition does not take into account 

the entropic contribution to the free energy, and consequently, may lead to significant over-

estimation of the J-integral at the atomistic level at elevated temperature. As alluded to in Eq. 

(4.1), total J-integral at a finite temperature is given by 

 UTJ J J                                                           (4.26) 

                 In Eq. (4.25), JU is the value of J-integral without considering entropic contribution 

and is given by Eq. (4.2) and J  is the entropic contribution. It is evident that at 0 K, the T  in 

Eq. (4.25) is absent and hence, the equation for JU can be used to compute JT. However, at higher 

temperatures, T  term can have significant contribution due to thermal excitation of the atoms 

leading to a reduction in JT. Entropic contribution J  
can be quantified for a defect free 

crystalline material using the local harmonic (LH) approximation and is given by given by Eq. 

(4.27) (Jones et al., 2011).  

3

log det



  
  
   

 
B

LH
B

J
k T

D NdA
V k T

                                       (4.27) 

            In Eq. (4.27), Bk  is Boltzmann’s constant, is Planck’s constant, V is volume of the 

atom, T is the absolute temperature, and DLH is the dynamical matrix based on the LH 

approximation of atoms vibrating within a defect-free crystal lattice. The LH approximation is 

essentially an Einstein model of the vibrational frequencies and has been used extensively in 

MD-continuum coupling. As shown in Eq. (4.27), computation of the dynamical matrix is 

necessary to quantify the entropic contribution to J-integral. At elevated temperatures, there is 

significant random thermal vibration of the atoms about their mean position (not to be confused 
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with the motion of atoms due to propagating stress waves) and the vibrational modes of the 

lattice are given by the eigenvalues of the dynamical matrix. The procedure to compute 

dynamical matrix is discussed in the next section.  

4.3.1 Evaluation of Dynamical Matrix (DLH) 

      From statistical mechanics, the dynamical matrix required for quantifying entropic 

contribution to J-integral is given by (Jones at al. (2011)), 

2
0

LH 02
00 0 0

r1 1
D '(r )

m u m u r





 

  
  

 
                                         (4.28) 

where, 
N N

0

1
(r )

2V


 

   ,  where r   is the interatomic distance between atoms  and , 

0u is the displacement vector, m is the atomic mass,  (r) is the pairwise potential, V is the 

volume, 0r is the position vector of the atom measured from the origin of the MD box. Using 

the chain-rule of differentiation, Equation (4.28) can be expressed as, 

0 0 0 0

LH 0 0

0 0 0 0 0 0

r r r r1 1
D ( ''(r ) '(r ) [I ])

m r r r r r

   

 

     

                              (4.29) 

where, I is identity tensor. Using data from MD simulations in Eq. (4.29), the dynamical matrix 

can be evaluated which can then be used to compute the entropic contribution to J-integral using 

Eq. (4.27). For example, consider a pairwise potential given by,   

2

0(r) k(r r )                                                            (4.30) 

where, k is the energy constant and 0r  is the equilibrium interatomic distance. 

Position vector and its magnitude for an atom  are given by,  

ˆr x i y j z k                                                            (4.31) 
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2 2 2 2r x y z                                                             (4.32) 

The terms required for evaluation of DLH can then be written as,  

2

2 2 2

2

2 2 2

2

2 2 2

x x y x z

r r r

r r x y y y z

r r r r r

x z y z z

r r r

    

  

      

    

    

  

 
 
 
 
  
 
 
 
 
 

                                         (4.33)                                         
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                                      (4.34)                                         
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                                      (4.35)                                         
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Substituting Eq. (4.35) and Eq. (4.36) in Eq. (4.29), the final for evaluation of DLH can 

then be written as,  

 

2 2

2 2 2 2 2 2

2 2

0

LH 2 2 2 2 2 2

2 2

2 2 2 2 2 2

2kx 2kx y 2kx z x x y x z
1

r r r r r r

2kx y 2ky 2ky z 2k(r r ) x y y y z1
D 1

m r r r r r r r

2kx z 2ky z 2kz x z y z z
1

r r r r r r

         

     

          

      

         

     

   
    

  
  


      
  
  
  

    
   

0

 
 
 
 
 
 
 
 
  
 

    (4.37) 

Defining k=469 (Kcal/(mole. Å2), 0r =1.40 Å, valid for OPLS potential for a single 

graphene sheet at 300 K, a sample numerical value for computation of DLH is shown below. 

7

LH

4.5956 4.3837 0

D 4.3837 4.2034 0 x10

0 0 0.0114

 
 


 
  

                                  (4.38)                                              

4.4 Cohesive Contour based Approach for J-integral  

 As mentioned earlier, entropic contribution (due to T  term in Eq. (4.25)) can have a 

significant effect on the computed J-integral value, because that portion of the free energy goes 

into thermal expansion and, therefore, is not available for crack growth.  As defined in Eq. 

(4.26), total atomistic J-integral at finite temperature (JT) is given by JT=JU-Jη, where JU is the 

contribution to J-integral due to internal energy (U) computed from Eq. (4.2), and Jη is the 

entropic contribution (Eq. (4.27)). As discussed in (Jones et al., 2011), this methodology is only 

applicable to a defect-free crystalline structure and hence cannot be applied to amorphous 

polymers.    
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 However, the path independence of J-integral facilitates the use of a cohesive-contour 

based technique to compute J-integral (Klein et al. (1998)). A J-integral contour in the shape of a 

narrow strip encompassing the thin cohesive-contour ahead of the crack tip is constructed, as 

illustrated in Figure 4.4. Because of the way the contour is designed, it can be shown that by 

making the contour width (h) sufficiently small, the Helmholtz free energy term can be ignored 

from the J-integral equation for Mode I as well as for mixed mode loadings. If we consider the 

scalar (indicial) form of the expression for total J-integral,   

( ) kj ij ikT k jP NJ H d



                                                         (4.39) 

where,   is the Helmholtz free energy density, δkj is the Kronecker delta, and repeated indices 

imply summation. If we set k= 1 to obtain (JT)1, and j =2 to define  the normal N2 along the 

narrow cohesive-contour in Figure 4.3, the first term on the RHS of Eqn. (4.39) vanishes because 

δ12 = 0 by definition. Therefore, the only terms that need to be evaluated along the narrow 

cohesive-contour are the Cartesian components of the first Piola-Kirchhoff stress tensor (Pi2), 

and components of the displacement gradient tensor (Hi1), using Eqns. (4.6) and (4.5) 

respectively, giving  

2 11 2( )



  i iT P H N dJ                                                      (4.40) 

 
 

Figure 4.4.  J-integral contour for the cohesive-contour based technique 
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       This approach is especially useful for thermoset polymers since the LH approximation 

based approach in Eq. (4.27) cannot be used for quantifying entropic contribution for amorphous 

(disordered) thermoset polymers. It should be noted that the expression in Eq. (4.40) is an 

approximation to the analytical value for JT, and convergence studies will need to be carried out 

to determine how narrow the width of the cohesive contour, h, needs to be to provide a 

sufficiently accurate value of J for an amorphous polymer with and without nanographene (See 

chapter 5).                        

4.5 Numerical Evaluation of Atomistic J-integral 

       Numerical integration through Gaussian quadrature was employed to evaluate atomistic 

J-integral using the equations given in previous sections. The J-integral contour around the crack 

is divided into segments and each segment is further divided into localization boxes, as shown in 

Figure 4.5. The discrete atomistic values of potentials and displacement gradients obtained from 

MD simulations were converted into field quantities using the finite element type interpolation 

functions for a nine node element (given by Eq. (4.41), in terms of local co-ordinates   and  ) 

(i.e., set K=9 in Eq. (4.5) and Eq. (4.6)). The results obtained for J-integral are discussed in 

Chapter 5.  

 

  
Figure 4.5: Gaussian quadrature points along the integration contour depicting localization 

boxes on one side 
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Figure 4.6. Schematic of the interpolation nodes in one localization box 
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J-integral for the side AB is given by  

ˆ ˆ( )

b

T
AB

a

h UN H PN dY J                                             (4.42) 

Referring to Figure 4.6, assuming, 1 2Y C C   and applying boundary conditions, 

 1 21a C C    and  1 21b C C  , which leads to 1
2

b a
C


 and 2

2

b a
C


  

1
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dY C d d 
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 J  

where, 1 2k kY C C  . 

J-integral can be calculated using this procedure at all Gaussian quadrature points. 

Referring to Figure 4.5, sample values of J-integral computed for a graphene sheet at 0 K for 

each section of the path are shown in the table. Details regarding the graphene sheet used, 

simulation parameters and more results are presented in later sections.   
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Table 4.1. Sample values of J-integral computed along one path for graphene at 0 K with OPLS 

potential 

K  

(MPa.m1/2) 

JI (J/m2) 

AB CD FG BC GA Total 

0 0 0 0 0 0 0 

1.22 1.2369 0.6075 0.778 -0.4306 -0.4305 1.7613 

2.44 5.0363 2.526 2.7425 -1.8107 -2.1275 6.3666 

3.67 11.0652 5.7634 6.087 -4.2981 -4.3981 14.2194 
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CHAPTER 5 

ATOMISTIC J-INTEGRAL COMPUTATION RESULTS 

5.1 Introduction  

 In this research, di-functional EPON 862 epoxy with DETDA curing agent was used as 

the polymer and graphene platelets were used as nanoscale reinforcement. EPON 862 is a widely 

used epoxy in a variety of applications because of its good balance of properties as well as 

chemical resistance. The advantages and properties enhancement achieved by addition of 

graphene have been discussed in detail in Chapter 2. The atomistic J-integral methodology 

discussed in Chapter 4 was used to study fracture behavior of the polymer system and the results 

are presented in this chapter. In order to validate the J-integral computation methodology, it was 

first applied to a single nanographene with a center crack for model validation. Once the 

methodology was verified, it was applied to the baseline polymer system and to the polymer with 

nanographene reinforcement.  

5.2 Atomistic J-integral Calculation for a Center-cracked Nanographene Platelet  

 A single nanographene platelet with a center-crack was modeled using MD (LAMMPS 

software) and was subjected to a far field uniaxial stress in the Y-direction (pure Mode I 

loading). The atomistic J-integral was computed on concentric contours as shown in Figure 5.1.  

In this example, the graphene platelet was modeled using harmonic style for bonds and angles, 

and OPLS style for dihedrals. The graphene platelet, measuring 10.5 nm x 10 nm x 0.34nm, was 

made up of 4420 carbon atoms in armchair configuration. The initial length of the pre-existing 

(starter) crack was 2.2 nm in the graphene platelet as shown in Figure 5.1. The coarse time-step 
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for this simulation (Δt) was set equal to 0.1 femtoseconds and the applied strain rate was 2x1011 

per second. 

             

 In order to establish proof-of-concept for atomistic J-integral computation, the initial MD 

simulations were carried out at temperature T = 0 K, that is, when there is no entropic 

contribution to the free energy due to thermal motion in accordance with Eq. (4.25). Pressure 

barostatting was not used in these simulations. A convergence study was conducted on the effect 

of localization box size on the computed values of stress in the graphene sheet away from the 

crack tip. The computed value of stress becomes box-size independent for box sizes greater than 

2 nm (~20 Å), as shown in Figure 5.2. The atomistic J-integral results are shown as a function of 

applied Mode I stress intensity factor (KI) in Figure 5.3 for a graphene platelet and compared 

with linear elastic fracture mechanics (LEFM) predictions. The plot shows computed values for 

the three paths around the crack for a localization box-size of 27 Å. The figure shows that the 

quadratic dependence of the atomistic J-integral on Mode I stress intensity factor (KI) is in good 

agreement with plane-stress LEFM predictions for pure Mode I loading, i.e., 2
IJ /IK E , where E 

  

Figure 5.1. Graphene sheet with nanoscale crack and contours for J-integral 

computation 



66 

 

is the Young’s modulus (E= 0.85 TPa) of nanographene at 0 K obtained from our MD 

simulations. The stress intensity factor can be computed from the virial stress values obtained 

from MD output. The equation for computation of stress intensity factor (K) can be written in 

terms of virial stress (), half crack length (a) and geometry factor (f) as, 

IK f a                                                        (5.1) 

 The figure also verifies that J is identically zero in the absence of a singularity within the 

integration contour, as depicted by the “no crack” line in the figure. More importantly, it is clear 

from Figure 5.3 that the calculated value of JI is reasonably path-independent for the graphene 

platelet, even at the nanoscale. This result facilitates the use of calculating J-integral at finite 

temperatures using a cohesive-contour technique discussed in Chapter 4.  

                 

  

Figure 5.2. Influence of localization box size on computed stress values 
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5.3 Atomistic J-integral Calculation for a Center-cracked Nanographene Platelet at Finite 

Temperature (T=300K) 

 Atomistic J-integral was computed for a center-cracked graphene platelet at temperatures 

of 0.1 K, 100 K, 200 K and 300 K to verify the model at finite temperatures and quantify the 

entropic contribution to J. The center-cracked graphene platelet used is the same as the one used 

for 0 K computations as shown in Figure 5.1. The system was elevated to the desired temperature 

and was allowed to equilibrate at that temperature and at a pressure of zero atmospheres using 

NPT fix in LAMMPS. Poisson’s effect was considered in this simulation and a value of 0.22 was 

used for the Poisson’s ratio, which is in good agreement with literature (Zhao et al., 2011). The 

graphene platelet was stretched under Mode I tension, as was the case for 0 K, and the resulting 

data from the MD simulation was used to compute atomistic J-integral. Three different box sizes, 

22 Å, 27 Å and 32 Å were used to compute J-integral at 0.1, 100, 200 and 300 K (averaged over 

5 concentric paths) using the techniques discussed in Chapter 4. The results of these 

computations are shown in Figures 5.4-5.15, with the symbols representing the mean value and 

 

Figure 5.3. Atomistic JI vs. KI for a graphene platelet at 0 K compared with 

LEFM 
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the error bar representing the standard deviation based on averaging over five concentric 

contours. JU is the portion of the atomistic J-integral which includes only internal energy 

contribution, (that is, without entropic contribution) averaged over 5 concentric paths. As one 

might expect, it shows good agreement with strain-energy based LEFM results except at low 

temperatures. JT is the total computed J-integral including both energetic and entropic 

contributions (again, averaged over 5 paths) and it is evident that it is significantly (~50%) lower 

than LEFM predictions, in accordance with Eq. (4.25). The figures also show Jcohesive computed 

using the novel cohesive-contour technique discussed in Chapter 4, and it is in good agreement 

with JT at higher temperatures (T>100K). The reduction in total J (JT) due to entropic 

contribution can be clearly observed in these figures. 

                      

 

Figure 5.4. Atomistic JI vs. KI for a graphene platelet at 0.1 K with 

harmonic potential and 22 Å localization box size 

0 1 2 3 4 5 6

0

10

20

30

40

50

60

70

K
I
 (MPa-m1/2)

J
I (

J
/m

2
)

 

 

J
LEFM

J
U

J
T

J
Cohesive

J
No Crack



69 

 

                     

                        

 

Figure 5.5. Atomistic JI vs. KI for a graphene platelet at 100 K with 

harmonic potential and 22 Å localization box size 
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Figure 5.6. Atomistic JI vs. KI for a graphene platelet at 200 K with 

harmonic potential and 22 Å localization box size 
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Figure 5.7. Atomistic JI vs. KI for a graphene platelet at 300 K with 

harmonic potential and 22 Å localization box size 
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Figure 5.8. Atomistic JI vs. KI for a graphene platelet at 0.1 K with 

harmonic potential and 27 Å localization box size 
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Figure 5.9. Atomistic JI vs. KI for a graphene platelet at 100 K with 

harmonic potential and 27 Å localization box size 
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Figure 5.10. Atomistic JI vs. KI for a graphene platelet at 200 K with 

harmonic potential and 27 Å localization box size 
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Figure 5.11. Atomistic JI vs. KI for a graphene platelet at 300 K with 

harmonic potential and 27 Å localization box size 
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Figure 5.12. Atomistic JI vs. KI for a graphene platelet at 0.1 K with 

harmonic potential and 32 Å localization box size 
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Figure 5.13. Atomistic JI vs. KI for a graphene platelet at 100 K with 

harmonic potential and 32 Å localization box size 
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Figure 5.14. Atomistic JI vs. KI for a graphene platelet at 200 K with 

harmonic potential and 32 Å localization box size 
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 It can be observed from Figures 5.4-5.15, localization box size does not have significant 

effect on the computed J-integral values, as long as the box is larger than 20 Å, which is in 

agreement with the observations made from Figure 5.2. Since most experiments are conducted at 

room temperature, results for 300 K case will be discussed in detail. Figure 5.16 shows the 

atomistic J-integral comparison compared with LEFM prediction using a localization box size of 

(27 Å). As before, JU is the portion of the atomistic J-integral which includes only internal 

energy contribution, (that is, without entropic contribution) averaged over 5 concentric paths. As 

one might expect, it shows good agreement with strain-energy based LEFM results. JT is the total 

computed J-integral including both energetic and entropic contributions (again, averaged over 5 

paths) and it is evident that it is significantly (~50%) lower than LEFM predictions, in 

accordance with Eq. (4.25). Figure 5.16 also shows Jcohesive computed using the novel cohesive-

contour technique discussed in Chapter 4, and it is in good agreement with JT. This is an 

 

Figure 5.15. Atomistic JI vs. KI for a graphene platelet at 300 K with 

harmonic potential and 32 Å localization box size 
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important benchmark result, as it potentially enables the use of cohesive-contour based technique 

for computing J-integral at the nanoscale for the case of amorphous polymers, where direct 

computation of entropic contribution using the LH approximation approach is not feasible.                   

                    

5.4 Atomistic J-integral Calculation for a Center-cracked Nanographene Platelet using 

ReaxFF 

 Optimized Potentials for Liquid Simulations (OPLS) based on harmonic force field was 

employed in all of the molecular dynamics (MD) simulations presented in the previous section. 

While the OPLS force field works well for evaluating mechanical properties, it cannot simulate 

the phenomena such as bond forming and breakage. In order to better understand the fracture 

behavior of the material, it is important to be able to simulate crack initiation and propagation. 

For that purpose, a new force field, ReaxFF, was necessary. ReaxFF is a bond order based force 

field which allows for continuous bond formation/breaking (van Duin et al. (2001)). Bonded 

 

Figure 5.16. Atomistic JI vs. KI for a graphene platelet at 300 K with 

harmonic potential  
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interactions are generated on-the-fly, based on distance-dependent bond order functions. A 

detailed discussion about ReaxFF is presented in Chapter 3. 

 As a benchmark case study, MD simulations were carried out on a center-cracked nano-

graphene sheet using ReaxFF force field. The potential parameters used in this simulation were 

obtained from (Chenoweth et al., 2008). The nano-graphene sheet consists of 4398 atoms and is 

similar in dimensions to the one used in OPLS simulations i.e. 105 Å x 100 Å, in armchair 

configuration. An initial central crack of approximately 20 Å was generated by deleting the 

atoms at the center of the graphene sheet. All the finite temperature simulations were done using 

NPT fix in order to fully account for Poisson’s effect. A timestep of 0.1 femtosecond and a strain 

rate of 3x1011/second were used for the simulations. A total tensile strain of approximately 25% 

was gradually applied on the MD simulation box in the direction perpendicular to the crack to 

simulate mode I loading. The ReaxFF force field was able to successfully simulate the initiation 

and propagation of the center crack in the nano-graphene sheet, as depicted in Figure 5.17. For 

preliminary benchmarking, atomistic J-integral was evaluated at 0.1 K and 300 K. Based on the 

results obtained for harmonic OPLS simulations for nanographene, it was established that for a 

computation box size above 20 Å, the J-integral computations are fairly independent of 

localization box size. Hence a box size of 27 Å was selected for consistency between OPLS and 

ReaxFF computations.  
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Figure 5.18 shows the comparison of atomistic J-integral values computed at 0.1 K using 

various  methods (discussed in Chapter 4) compared to the values from linear elastic fracture 

mechanics (LEFM) for a localization box size of 27 Å (for one contour).  Figure 5.19 shows the 

comparison of atomistic J-integral values computed at 300 K using different methods compared 

to the values from linear elastic fracture mechanics (LEFM) for a localization box size of 27 Å 

(averaged over 3 contours). In these plots, JU is the portion of the atomistic J-integral which 

includes only internal energy contribution, (that is, without entropic contribution), and it shows 

good agreement with purely strain-energy based LEFM results. JT is the total computed J-

integral including both energetic and entropic contributions, calculated using the partition 

function approach, as discussed in Jones et al. (Jones et al., 2011). JCohesive is the J-integral value 

computed using the narrow cohesive contour approach discussed in Chapter 4. There is good 

agreement between LEFM, the energetic J-integral (JU), and the total J-integral (JT) at 0.1 K as 

depicted in Figure 5.18, because at 0.1 K the entropic contribution is insignificant as described 

by Eqn. (4.25). However, using the classical definition of J (i.e., JT=JU) does not account for the 

               
Figure 5.17. Center-cracked graphene at the beginning and end of the simulation 

using ReaxFF 
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entropic contribution that becomes significant at higher temperatures, as underscored by the 

difference between the total J-intergal (JT) and the energetic J-integral (JU) computed at 300K as 

shown in Figure 5.19.  As the temperature increases, the entropic contribution becomes more 

significant leading to greater than 50% error in the predicted value of total J (JT), as illustrated in 

Figure 5.19. The classical J-integral evaluation scheme cannot account for this discrepancy, but 

the “exact” partition function method (JT) and the “approximate” cohesive-contour based 

approach (JCohesive) are able to account for entropic contribution and are in good agreement with 

each other as can be seen from Figure 5.19. The y-axis on the right hand side of the plots also 

depicts the variation in bond order between the atoms just ahead of the crack tip. It can be 

observed that as the sheet is stretched in tension, the atomic bond gets stretched, and accordingly 

the bond order decreases as a function of loading (KI). When the bond order becomes zero the 

bond breaks, providing a critical value of JT (JIc) at crack initiation. Interestingly, as shown in 

Fig. 5.19, the slopes of the JT and JCohesive curves change as the bond order goes to zero, and this 

critical value (JIc = ~18 J/m2) agrees reasonably well with its value published in the literature (JIc 

=~ 16 J/m2, Zhang et al. (2014)) for nanographene at 300 K. The oscillations in the bond order 

value at 300 K are possibly because of thermal excitation of atoms at elevated temperature. The 

results indicate that the event of bond breakage corresponds fairly well with when the value of 

computed J-integral deviates from LEFM predictions. This change of slope of J vs. K could be 

considered as the point of crack initiation and could directly be related to the fracture toughness 

of the material system in a predictive sense.  
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Figure 5.18. J-intergral computation for graphene as a function of KI using ReaxFF at 

0.1 K; also shown is change in bond-order with loading (27 Å localization box size) 

 
Figure 5.19. J-intergral computation in graphene as a function of KI using ReaxFF at 300K; 

also shown is change in bond-order with loading (27 Å localization box size) 
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5.5 Atomistic J-integral Calculation for a Center-cracked EPON 862 Model  

 The atomistic J-integral computation methodology discussed in Chapter 4 was 

successfully verified for a nanographene platelet. Since it is now established that ReaxFF is more 

effective in determining crack initiation compared to OPLS, all the MD simulations of the 

polymer were conducted using ReaxFF potential. A ReaxFF based EPON 862 model with 

around 4200 atoms (35 Å x 35 Å x 35 Å) and 85% crosslinking was provided by Dr. Gregory 

Odegard’s research group at Michigan Technological University. The ReaxFF parameters used 

for this model are available in literature (Liu et al., 2011). The initial 4000 atoms system was 

found to be too small for simulating crack propagation and computing J-integral. Hence, a larger 

system was constructed by replicating the original system. The new EPON model consists of 

16806 atoms with dimensions of 70 Å x 35 Å x 70 Å. Before introducing a crack, the system was 

subjected to tension and the stress strain response along with a cubic polynomial fit, as shown in 

Figure 5.20, was found to be in agreement with literature (Odegard et al., 2013). The density of 

the model was also verified to be around 1.17 gm/cc, which is also in agreement with literature 

(Odegard et al., 2013). 

                                 

 
Figure 5.20. Stress vs. strain response of EPON 862 at 300K  
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In LAMMPS, regions of specified shape and dimensions can be created. Using that 

functionality, four “prism” regions were created in the model so that the intersection of those 

four regions formed a region shaped like a sharp crack. By deleting the atoms present in the 

intersecting region, a central crack of approximately 28 Å length was introduced in the epoxy 

model and was subjected to mode I tension. A total strain of 50% was gradually applied to the 

epoxy polymer block at a temperature of (300 K). Although the applied strain was extremely 

high, no significant propagation of crack was observed initially. In order to overcome this 

problem, the top half atoms and bottom half atoms of the model were grouped as “top” and 

“bottom” and a force was applied on those atoms in opposite direction, similar to a CT test. At 

higher timesteps, the model breaks into two at the crack. Hence, in order to observe a proper 

crack propagation, a timestep of 0.005 femtoseconds was used, which successfully simulated 

crack propagation. The resultant strain rate was 25x1012s-1. The simulations were conducted 

using NVT ensemble.  

 

    
Figure 5.21. Center-cracked EPON 862 at the beginning and end of the 

simulation using ReaxFF at 300 K  
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Figure 5.21 shows the EPON model at the beginning and end of the simulation and crack 

extension can be clearly observed. Similar to nanographene computations, influence of 

localization box size on the computed values was studied and is presented in Figure 5.22.  From 

the figure, it is evident that though there is some inconsistency for smaller box sizes, the 

computed stress values were fairly independent of the localization box size for box size above 25 

Å. Hence, a 27 Å box size was selected for J-integral computation in order to be consistent with 

the results obtained for the nanographene model.  

          

J-integral was then computed for the neat EPON 862 model in order to determine the 

fracture toughness. Three paths were selected around the crack and using a box size of 27 Å, in 

order to be consistent with graphene computations. Figure 5.23 shows the values of computed J-

integral for EPON 862 at 300 K. From the figure, it is evident that JU is in good agreement with 

LEFM predictions. Also, it is clear that when computed J-integral starts deviating from LEFM 

predictions, the half crack length suddenly starts increasing, indicating crack propagation. Hence, 

 

Figure 5.22. Influence of localization box size on computed stress values at 300 K 
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the computed J-integral can in fact be used to predict fracture toughness. There is a lot of 

fluctuation in the computed values. It can probably be attributed to thermal vibrations at 300 K. 

Also, although the values of J-integral are in the ball park of experimental values, the agreement 

is not very good. 

 

 The change in modulus of the EPON model with applied strain was also studied. The plot 

is shown in Figure 5.24. As seen in the figure, the modulus decreases significantly with applied 

strain. This is possibly an indication that the ReaxFF parameters used are not well calibrated for 

fracture simulation. 

 
Figure 5.23. J-intergral computation for neat EPON 862 as a function of KI using ReaxFF at 

300K; also shown is change in half crack length (27 Å localization box size) 
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5.6 Atomistic J-integral Calculation for a Center-cracked EPON 862 Reinforced with 

Nanographene  

 In order to study the effect of nanoscale reinforcement in polymers, an EPON 862 model 

with 3 wt% nanographene was generated and subjected to mode I tension. 3 wt% was chosen so 

that results from MD simulations could be compared with experimental fracture test data 

available for EPON 862 in our research group. Simulating 0.1 or 0.5 wt% nanographene would 

require a really big MD model, which is computationally expensive. Hence 3 wt% was chosen. 

Figure 5.25 shows the polymer model with graphene reinforcement at the beginning and end of 

the MD simulation. Similar to the neat case, 50% strain was applied at a strain rate of 25x1012s-1. 

The timestep was 0.005 femtoseconds using NVT ensemble. It is evident from the figure that 

there is no crack propagation in the reinforced EPON model. This clearly illustrates the 

resistance provided by nanographene towards crack propagation which is a possibly explanation 

of increased fracture toughness. The crack has to propagate around the nanoparticle, which 

manifests as increased fracture toughness.  

 
Figure 5.24. Change in modulus of neat EPON 862 with applied strain 
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Figure 5.25. Center-cracked EPON 862 reinforced with 3 wt % nanographene at 

the beginning and end of the simulation using ReaxFF at 300 K  

 
Figure 5.26. J-intergral computation for 3 wt% nanographene reinforced EPON 862 as a 

function of KI using ReaxFF at 300K (27 Å localization box size) 
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The values of J-integral for the neat EPON 862 model with 3 wt% nanographene 

reinforced polymer model were computed and are shown in Figure 5.26. Again, the values are 

not in good agreement with experiments and there is significant fluctuation in the values, which 

is possibly an indication of a problem with ReaxFF parameters. The change in half crack length 

is not shown since there is no crack extension observed.  
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CHAPTER 6 

CONCLUSIONS AND FUTURE WORK 

6.1 Conclusions 

This dissertation involves the study of fracture properties of nanoparticle reinforced 

polymers. A methodology for computing atomistic J-integral was derived, the critical value of 

which could be used as a metric for fracture toughness of a material. A novel cohesive contour 

technique to capture the effect of entropy at elevated temperatures was also developed. The 

methodology was verified by applying it to a single nanographene sheet using OPLS and ReaxFF 

potentials. Due to its inherent ability to model bond breakage, ReaFF potential was used to 

successfully model crack propagation in a graphene sheet. The J-integral values obtained from 

the methodology discussed in this dissertation were found to be in good agreement with the 

values available in literature. After verifying the applicability of J-integral to predict fracture 

toughness of a graphene sheet, the methodology was then applied to a neat EPON 862 polymer 

model and a polymer model with 3 wt% nanographene reinforcement. Although ReaxFF was 

able to model crack propagation in the polymer, even at a high strain of 50%, only a small crack 

extension was observed. The computed J-integral values, although in the ballpark of 

experiments, could be in better agreement. Hence, a better parameter set for ReaxFF is required. 

The ability of nanographene to prevent crack extension was visually observed using MD 

simulations. 
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6.2 Future Work 

As mentioned in previous section, the parameterization of ReaxFF potential does not 

seem to be particularly suitable for fracture simulation. A better parameter set could be 

developed so that the simulated fracture is representative of the actual physical phenomenon. The 

fracture toughness prediction methodology discussed in this dissertation could be applied to 

other polymer systems with appropriate potential functions. The change in values of J-integral 

with crack propagation could be used to develop resistance curves (R-curve) for polymers with 

nanoscale reinforcements. The data obtained from these nanoscale studies can be used in 

multiscale analysis of materials. One such multiscale model is illustrated in Figure 6.1. Data 

from nanoscale MD simulations can be used for microscale analysis using techniques like 

generalized method of cells (GMC) and that data can then be used for macroscale analysis of 

structures using finite element analysis. 

 

 

 

Figure 6.1. Schematic of a hierarchical multiscale model for analysis of structures 
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