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ABSTRACT

The difficulty in accurately treating systems in which electron-electron interactions are

the dominant physics has plagued condensed matter physics for decades. Currently, there

exist many different computational techniques designed to improve upon density func-

tional theory to varying degrees of accuracy. To date, no unified, parameter-free method

exists that is guaranteed to yield the correct answer for all materials. Consequently,

proper treatment of such systems often requires a combination of several methods, allow-

ing one to check them against one another when their regions of validity overlap and to

expand one’s reach when a single method cannot reliably describe all of the physics at

work.

In this dissertation, I present discussion and, when appropriate, brief derivations of sev-

eral of the most prominent electronic structure methods currently in use—from the local

density approximation through LDA+DMFT. I then present several investigations into

the electronic and magnetic structure of materials of potential interest for information

technology that also illustrate the current state of affairs in computational condensed mat-

ter physics. I explore the intersite exchange interactions in CrO2 within density functional

theory (with and without Hubbard “+U” corrections) and evaluate these results through

analytic and numerical means. I study the dependence of the mysterious magnetization

of Fe16N2 on crystal and electronic structure and employ a wide range of techniques in an

attempt to bring greater rigor and deeper understanding to the widely-varying reports

on this material. In conjunction with others’ careful experimental analysis, I provide

a picture of the band structure of the magnetic insulator NiFe2O4 that reveals a novel

hierarchy in its band gaps and suggests applications in spintronics and possibly other

areas. Finally, I employ dynamical mean-field theory to study the behavior of impurity

states in elemental semiconductors, using H impurities in Ge as a base system.
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Chapter 1

Introduction

Although the situation is not as dire as was the case 30–40 years ago, the proper

treatment in real materials of the physics emerging from electron-electron interactions

remains one of the most important fundamental problems in condensed matter physics.

This problem has remained despite the great success of the local density approximation

to density functional theory [1, 2] due to the its famous (or perhaps infamous) failure to

correctly describe the electronic structure of materials for which such interactions are the

dominant physics. Consequently, these systems were (and indeed are) frequently treated

on the model level, often allowing the exact (to within numerical accuracy) solution of

the model problem. These model studies have provided much insight into real physical

problems and allow for the study of the effects of the variation of parameters across wide

ranges, but they are nevertheless only as good as the model itself. If one does not know

exactly what physical processes or what energy scales will be relevant to the problem,

there is no reason to believe that one’s model calculations will correspond to any physical

reality.

In a sense, it is here that the shortcomings of the LDA become useful. We know what

we do not know, and so if we can employ supplementary methods that will accurately de-

scribe what the LDA cannot, we should have a complete picture. This idea provides (for

somewhat variable definitions of accurately) the impetus for most or all of the methods

that will be discussed in the rest of this chapter and employed in the work that follows.

Section 1.1 covers density functional theory (DFT), which, as I have already stated, will

provide the material-specific contribution to the other model-driven methods for treat-

ing electron-electron correlations. The following section covers LDA+U , a mean-field

treatment of on-site Coulomb repulsion that allows one to obtain reasonable electronic
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structures for Mott insulators while sacrificing accuracy for more weakly correlated mate-

rials. While general analytic expressions for electron-electron interactions cannot usually

be directly incorporated into the Kohn-Sham potential, the exact exchange term is the

exception. In Section 1.3, I discuss the some of the various hybrid-functional methods, all

of which mix part of this exchange term with the DFT value in order to better describe

certain classes of semiconductors and small-gap insulators. Section 1.4 discusses the GW

approximation, in which the quasiparticle self-energy replaces the KS potential and is

written as the following set of diagrams

-iΣ = U

〈n〉

+
G

W

(1.1)

or often, omitting the Hartree term, simply as Σ = iGW . Unlike its cousin Hartree-Fock

(on which the hybrid functional method is based), the GW approximation uses a screened

Coulomb W and a dressed Green’s function G, in principle leading to a highly accurate

description of the physics up to first order in W . The section also discusses the differences

between and relative merits of the different approaches to the GW approximation found

in modern applications (e.g. G0W0, GW0, and scQPGW ). Finally, Section 1.5 contains

a brief introduction to the fundamentals of dynamical mean field theory, a discussion of

the hybridization-expansion continuous-time quantum Monte Carlo impurity solver, and

a presentation of several of the necessary considerations when implementing a DMFT or

LDA+DMFT code.

In Chapter 2, I calculate the intersite Heisenberg exchange coupling in CrO2 within

the GGA and the LSDA+U using both supercell and spin-spiral methods. I calculate the

anisotropic spin-wave stiffness constants and employ a classical Metropolis Monte Carlo

method in order to determine the accuracy of the computed energies. Although DFT

seems accurately to describe many of the fundamental properties of CrO2, it is difficult
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to judge whether emergent properties such as exchange interactions and Curie tempera-

ture are accurate without turning to additional methods, such as those presented in that

chapter. Chapter 3 contains a thorough investigation of the spin and orbital moment of

Fe16N2 within PBE, PBE+U, HSE06, and GW. In performing parameter-free GW (and

fixed-parameter hybrid-functional) calculations and in computing the LDA+U interaction

parameters from cRPA, I attempt to remove the dependence on assumptions and models

that has characterized past attempts to treat possible electron-electron correlation effects

in this material. This chapter provides a good example of a situation in which a lack of

firm experimental evidence necessitates highly accurate computational theory. Next, in

Chapter 4, I present a combined experimental and theoretical-computational study of the

band gap in the ferrimagnetic insulator NiFe2O4, in which both the optical measurements

and my LSDA+U and HSE06 calculations show a set of three band gaps (in increasing

order: indirect minority channel, direct minority channel, direct majority channel) that

may be able to be selectively excited by tuning the energy of incident optical photons.

Although complicated by the presence of multiple transition-metal species, NiFe2O4 is

typical of the insulators that LDA completely fails to treat properly. The final chapter

contains an empirical tight-binding + DMFT study of single-orbital hydrogen-like impu-

rities in the symmetric tetrahedral position in germanium-like semiconductors. Although

seemingly a simple problem, we found a systematic variation in the local electronic and

magnetic properties of the impurity as a function of interaction strength, impurity-bath

hybridization, and impurity energy level. Although still somewhat removed from the

goal of a fully-first-principles LDA+DMFT study, this chapter gives a glimpse into what

can be accomplished with a nearly-exact approach. In each of these somewhat disparate

investigations, one can see the value (and indeed, often the necessity) of combining first-

principles and model-based methods when studying how exchange and correlation affect

observable properties. The level of accuracy and rigor afforded by combined approaches

such as those presented here will likely prove integral in the description and design of

new materials exhibiting coupling between electronic, magnetic, and structural ordering.

Such materials are currently at the forefront of both fundamental and technology-driven
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research and will likely soon find their way into a variety of applications. Note that

Chapters 2–4 originally appeared in other published forms, although some small changes

in format and content have been made.

§1.1 Density Functional Theory

In principle, it is not difficult to write down the many-body Schrödinger equation for

an arbitrary crystal. If we define electron positions ri and nuclei positions Ri and their

Laplacians ∇2
ri

and ∇2
Ri

, we can write

T̂ ({Ri, ri}) = − ~2

2me

∑
i

∇2
ri
− ~2

2Mnuc

∑
i

∇2
Ri

(1.2)

V̂ ({Ri, ri}) =
1

2

∑
i 6=j

e2

4πε0 |ri − rj|
−
∑
i,j

Zie
2

4πε0 |ri −Rj|
+

1

2

∑
i 6=j

ZiZje
2

4πε0 |Ri −Rj|
, (1.3)

where Zi is the atomic number of the ith nucleus, and ε0 is the permittivity of free space.

Fortunately, this can be simplified somewhat by assuming that the nuclei positions are

fixed on the relevant time scales, and we can rewrite this as

T̂ ({ri}) = − ~2

2me

∑
i

∇2
ri

(1.4)

V̂ ({ri}) =
1

2

∑
i 6=j

e2

4πε0 |ri − rj|
+
∑
i

vext(ri) (1.5)

where vext(ri) is the external potential due to the nuclei (in the following, I will generally

use atomic units in analytical expressions rather than carry around the necessary factors of

~, me, 4πε0, etc.). Of course, even with this simplification, the many-body problem cannot

be solved exactly. One of the most successful solutions to this obstacle came in the 1960s

with the advent of Kohn-Sham (KS) density functional theory [1]. In 1964, Hohenberg

and Kohn [2] showed that the kinetic energy, external potential, and correlation energy

are all functionals of the electron charge density. Moreover, they showed that (assuming

a non-degenerate ground state), choosing the correct charge density for a system would
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necessarily lead to the minimum energy calculated via the functional

E[n(r)] =

∫
drv(r)n(r) +

1

2

∫∫
drdr′

n(r)n(r′)

|r− r′|
+G[n], (1.6)

where G[n] is a universal functional (one whose form does not depend on the system in

question) of the density n(r).

Subsequently, Kohn and Sham further developed this formalism, dividing the func-

tional G[n] into its components: the kinetic energy T [n] (a unique functional of n ac-

cording to Hohenberg and Kohn) and the exchange-correlation functional Exc[n]. This

has the advantage of isolating the terms about which the least is known. The local den-

sity approximation (LDA) consists of assuming that the exchange-correlation energy per

electron is that of an interacting homogeneous electron gas, giving:

Exc[n(r)] =

∫
drn(r)εxc[n(r)] (1.7)

The generalized gradient approximation (GGA) employs a semi-local xc energy that

depends also on the gradient of the charge density (in fact there are multiple GGAs, each

giving a different form for the εxc); this generally improves the accuracy of, among other

things, total energies and structural parameters but does not resolve the band gap issues

discussed below. Consequently, when discussing these issues I will generally refer to pure

DFT as the LDA for simplicity (following as well the common but perhaps not completely

desirable convention of conflating the LDA with its spin-dependent form LSDA). KS then

showed that, if one defines the potential φ(r) + µxc[n(r)], where φ(r) is the sum of the

external and Coulomb potentials and µxc(n(r)) = d(nεxc)/dn is the exchange-correlation

contribution to the chemical potential, one can write the one-particle KS equations

[
−1

2
∇2 + φ(r) + µxc(n(r))

]
ψi(r) = εiψi(r), (1.8)

where n(r) =
∑N

i |ψi(r)|2. These equations are then solved self-consistently until the

correct charge density is obtained. The approximation in Eq. 1.7 leads to an exact
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solution if the Wigner-Seitz radius rs is much less than the typical distance over which

the charge density varies r0 (slowly varying density) or if it is much less than the Bohr

radius a0 (high density).

In other cases, it performs with varying (but often impressively high) degrees of suc-

cess, failing most noticeably when localized electron-electron correlations become more

important than kinetic energy effects.

§1.2 LDA+U

One of the most obvious and highly-publicized failures of the local density approxima-

tion is its inability to reproduce the Mott-Hubbard insulating state. Conveniently, this

failure can be seen in the simplest example: a lattice of H atoms. In the non-interacting

limit, any partially-filled states, such as the half-filled H 1s orbitals in our example, will

form metallic bands, and the LDA, though not completely non-interacting, will produce

the same conclusion. However, if the onsite Coulomb repulsion U is greater than the

kinetic energy gained from hybridization between the sites t, the 1s state will split into

upper and lower Hubbard bands, leaving a gap in between of size ∼ U − t. Further

perturbative considerations reveal that the H atoms will acquire paramagnetic moments

that prefer antiferromagnetic alignment.

The same problem arises in more complicated systems as well, and the need to accu-

rately treat such materials without resorting to fully many-body methods—essentially out

of the question for real materials given the computing resources of the time—led to the

development of the LDA+U method [3] (in keeping with precedent, I will not distinguish

between L(S)DA+U and GGA+U at this level of discussion, although such distinctions

will be made in the following chapters). It has been noted [4] that LDA+U is, in a sense,

a group of several related methods differentiated by their model for the correlation energy

and double-counting correction. Ignoring for now the non-spin-dependent variants, the

two primary models are called the “around mean field” (AMF) and “fully-local limit”
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(FLL) [5] or atomic limit and lead to energy contributions of the form

ELDA+U =
1

2

∑
mσ 6=m′σ′

(Umm′ − Jmm′δσσ′)nmσnm′σ′ − Edc (1.9)

with double counting corrections for the AMF and FLL limits

Edc =


1
2
UN2 − U+2lJ

2l+1
1
2

∑
σN

2
σ , AMF

1
2
UN(N − 1)− 1

2
J
∑

σ [Nσ(Nσ − 1)] , FLL
(1.10)

where l is the angular momentum quantum number, nmσ is the occupation of orbital m

in spin channel σ, N is the total occupation of all of the correlated orbitals, and Nσ is

the total occupation of spin σ. The lack of indices on U and J in Eq. (1.10) reflects the

reality that LDA+U implementations do not generally allow for the definition of orbitally-

dependent parameters (i.e. one defines a single U and J for the 3d orbitals rather than

five separate ones). As demonstrated in Ref. [4], the AMF correction represents an

energy penalty opposing the formation of moments, while the FLL model favors integer

occupation of the orbitals. As such, the FLL is most appropriate in the treatment of

Mott insulators, while some debate exists over the relative validity of the two models

when treating correlated metals. Petukhov et al. [6] proposed a method that combines

the two models for semi-correlated magnetic metals, yielding better agreement at the cost

of an additional empirical parameter in the mixing of the two methods. Apart from these

concerns, it must be noted that the exact form of the correlations in the LDA is not known

due to the use of the homogeneous electron gas Exc. As a result, the double counting

corrections can only be approximated (for example, by assuming the presence of Hartree-

like terms in the LDA correlation energy), and while the success of LDA+U suggests

that these corrections are reasonable, the exact form remains an open question. Finally,

although techniques exist for computing the U and J parameters from first principles

(see, for example, the discussion of constrained RPA in Chapter 3), most authors choose

parameters that yield the desired results or by comparing with known systems, and these

addition degrees of freedom detract somewhat from the fully-ab initio character of the
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LDA. Despite these issues, the LDA+U method provides a computationally inexpensive

method for obtaining reasonable descriptions of the effective single particle electronic

structure of strongly correlated materials in the Mott insulating phase without sacrificing

the simplicity of the LDA.

§1.3 Hybrid Functionals

As the available computational resources increase, more costly methods can be consid-

ered. Much of the current development in improving DFT-based methods revolves around

incorporating exact expressions for the exchange part of the xc energy. All methods that

fit under the umbrella term “hybrid functional” share in common their inclusion of a por-

tion of the Hartree-Fock (HF) exchange into the Exc expression (actually, it is simply the

Fock exchange; the “Hartree” part of Hartree-Fock is a correlation term already included

in the LDA). The (non-local) HF exchange potential is given by

V HF
x (r, r′) = −1

2

∑
kn

fkn
ψ∗kn(r′)ψkn(r)

|r− r′|
(1.11)

and the energy by

EHF
x = −1

2

∑
kn,qm

fknfqm

∫∫
drdr′

ψ∗kn(r)ψ∗qm(r′)ψkn(r′)ψqm(r)

|r− r′|
(1.12)

where m and n are band indices, k and q are k-points, ψkn(r) is a Bloch state, and

fkn is the occupation of orbital n at k. Although this expression is exact, it uses the

unscreened Coulomb potential 1
|r−r′| and consequently greatly overestimates band gaps in

real materials. Furthermore, Hartree-Fock is known to fail completely in metallic systems,

yielding vanishing densities of states at the Fermi level. Finally, on a more practical level,

the sum over all bands and all k can become extremely time-consuming for large systems.

The goal of the hybrid functional methods is to address one or more of these short-

comings, with the emphasis being placed on the band gap problem. Three of the most

widely-used are the PBE0 (sometimes called PBEh) [7], B3LYP [8], and HSE [9, 10]

methods. B3LYP is named for its use of the Becke exchange functional [11] and the
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Lee, Yang, and Parr correlation functional [12] and for its dependence on three fitting

parameters a0, ax, and ac [13], yielding

EB3LY P
xc = ELDA

xc + a0(EHF
x − ELDA

x ) + ax(E
GGA
x − ELDA

x ) + ac(E
GGA
c − ELDA

c ) (1.13)

where the LDA xc functional of Vosko, Wilk, and Nusair is used [14] and a0, ax, and ac

are 0.20, 0.72, and 0.81, respectively.

Compared to B3LYP, the PBE0 and HSE expressions are rather simple. In both, the

one quarter of the Fock exchange is mixed with the PBE [15] exchange and correlation

to yield the new xc energy. However, the HSE methods (HSE03 and HSE06) introduce

a static screening length µ that divides the exchange term into short-range and long-

range parts. HSE will be discussed in greater detail in Chapter 3. By incorporating a

static screening term, the HSE method is able to increase the computational efficiency

of the method and to retain a finite DOS at the Fermi level in metals. It has been

shown [16, 17] that the HSE method produces good agreement with experiment in the

optical and electronic properties of semiconductors and small-band-gap insulators but

becomes less accurate in large-gap insulators. Like LDA+U, hybrid functional methods

can provide access to reasonable electronic structures for materials in which LDA fails to

find a gap without straying too far from the LDA formalism (albeit at a much greater

computational cost than LDA+U). Additionally, the free parameters are fixed within a

given hybrid functional method (i.e. choosing HSE06 sets all free parameters) without

considering the material in question. Even so, the presence of fitting parameters, even

fixed ones, detracts from the theoretical rigor and predictive power of the method.

§1.4 The GW Approximation

The LDA+U and hybrid functional methods expand the reach of DFT-based methods

without greatly increasing the computer time required to perform calculations. How-

ever, more a priori trustworthy results can be obtained by employing the parameter-free

GW approximation, albeit with substantially greater computational effort. The GW
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approximation begins with the quasiparticle (QP) wave equation [18]

[
−1

2
∇2 + vext(r) + vH(r)

]
ψi +

∫
dr′Σ(r, r′; εi)ψi(r

′) = εiψi(r), (1.14)

where vext is the external potential as defined in Section 1.1, vH is the Hartree potential,

and ψi and εi are the ith QP wave functions and eigenvalues. The nonlocal self-energy Σ

takes into account the exchange and correlation effects contained within vxc in DFT. In

the 60s, Hedin proposed a way to express the self-energy in such a way that this equation

becomes soluble [19]. One can construct the non-interacting Green’s function G0, given

by

G0(r, r′;ω) =
∑
i

ψi(r)ψ∗i (r
′)

ω − εi + iδsgn(εi − µ)
, (1.15)

where µ is the chemical potential, 0 < δ � 1, sgn is the signum function, ω is the energy

(recall that we are using ~ = 1), and ψi and εi are now the one-particle wave functions and

eigenvalues (often obtained from an initial DFT calculation). The full interacting Green’s

function G can then be obtained through the Dyson equation G = G0ΣG. Given these

quantities, Hedin’s equations allow for the self-consistent computation of the self-energy

Σ. In the following, note that derivations of the GW approximation involve many sets

of position, spin, and time variables (xi, σi, ti), and it is customary in the literature to

abbreviate these variables such that G(1) ≡ G(x1, σ1, t1) and G(1+) ≡ G(x1, σ1, t1 + δ):

Γ(12; 3) = δ(12)δ(13) +

∫
d(4567)

δΣ(12)

δG(45)
G(46)G(75)Γ(67; 3), (1.16)

P (12) = −i
∫
d(34)G(23)G(42+)Γ(34; 1), (1.17)

W (12) = v(12) +

∫
d(34)W (13)P (34)v(42), (1.18)

Σ(12) = i

∫
d(34)G(14)W (1+3)Γ(42; 3), (1.19)

where Γ is the vertex function containing higher-order corrections to the first-order per-

turbation expansion, P is the polarizability, v is the unscreened Coulomb interaction, and

W is the screened Coulomb interaction. Unfortunately, the functional derivative in the

expression for Γ is not, in general, numerically soluble, and so the GW approximation is

10



obtained by setting Γ = 1. This leaves Σ = iGW , giving the method its name. Stated

more carefully, the Hedin equations become

Γ(12; 3) = δ(12)δ(13) (1.20)

P (12) = −iG(12+)G(21) (1.21)

W (12) = v(12) +

∫
d(34)W (13)P (34)v(42), (1.22)

Σ(12) = iG(12)W (1+2) (1.23)

There are several time-saving shortcuts that are often taken when performing calcu-

lations within the GW approximation. These will be discussed in Chapter 3. However,

there is a recent improvement to GW that is not discussed in that chapter: self-consistent

quasiparticle GW (scQPGW ) [20, 21]. As written above, the self-energy is both energy-

dependent and non-Hermitian, making accurate computation of the quasiparticle energies

quite difficult. Within scQPGW , the self-energy is approximated as a static Hermitian

quantity Σ̃ given by

〈ψi|Σ̃|ψj〉 ≡
1

2
H [〈ψi|Σ(εi)|ψj〉+ 〈ψj|Σ(εj)|ψi〉] , (1.24)

where H is an operator that takes the Hermitian part of an expression. Unlike the full

self-energy, Σ̃ is diagonal and yields purely real quasiparticle energies and orthogonal

quasiparticle wave functions. Ref. [20] reports that this method yields a large improve-

ment in the accuracy of calculated bands gaps compared to G0W0. However, this method

is not widely implemented in the existing electronic structure codes and has therefore

seen limited use.

§1.5 Dynamical Mean-Field Theory

The GW approximation, particularly the self-consistent quasiparticle GW method,

has been quite successful in accurately describing the electronic structure of semiconduc-

tors and insulators. However, it is still only a first-order method; problems involving

higher-order terms or multiple energy scales require a more sophisticated treatment. The

11



dynamical mean-field theory (DMFT) (see Refs. [22, 23, 24] and the excellent review in

Ref. [25]) has arisen as the most promising candidate for the role of all-purpose compu-

tational method. The theory is “dynamical” in that it does not require that correlations

be local in time. By construction, the method is accurate to all perturbation orders and

is exact in the limit of infinite dimensions (or infinite coordination number), where the

approximation that all correlations are local becomes exact. This approximation is equiv-

alent to picturing the correlated states as all existing on a single site. These single-site

correlations are treated exactly (depending on the quantum impurity solver), while the

rest of the lattice is fitted with a k-independent and thus spatially-invariant self-energy

Σ. The approximation lies in assuming that the Green’s function of the local single-site

correlated impurity Gimp can be set equal to the Green’s function for the larger crystal

lattice Gcrys. Fortunately, this approximation is reasonable in most three-dimensional

systems; 8 or 12 neighbors is sufficiently “infinite” for the results to remain trustworthy.

However, in systems with lower dimensionality or in the case of correlated dimers or other

multi-site objects, one must use one of the extensions to the DMFT exist that allow for a

k-dependence in the self energy and thus better treatment of these cases. These include

the dynamical cluster approximation (DCA) [26, 27] and cluster DMFT (CDMFT) [28],

as well as up-and-coming methods such as the dynamical vertex approximation (DΓA)

[29]. A full discussion of these methods is beyond the scope of this document, but it

is likely that one or more of these will be necessary for a truly complete, one-method

approach.

For a multiorbital problem, the crystal Green’s function can be written

Gcrys
mm′(z) =

∑
k

1[
z + µ− Σm(z)

]
δmm′ −H0

mm′(k)
(1.25)

where z is a complex variable, and all sums over k should be assumed to be properly

normalized. H0 is the non-interacting Hamiltonian. If starting from a model system,

this is simply the band structure of that model. If one is starting from a first-principles

Hamiltonian (as in LDA+DMFT, see Section 1.5.3), we replace the LDA Hamiltonian
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with

H0(k)→ HLDA(k)−Hdc. (1.26)

As in LDA+U, there is some uncertainty in the choice of double-counting correction. The

Hartree term (corresponding to the FLL limit) is the most commonly-used correction,

but the same considerations apply here as were discussed previously.

If one considers times and frequencies (which is to say, energies) along the real axis,

z = ω ± iη where η is an infinitesimal shift off of the real axis corresponding to the

advanced (−) or retarded (+) solution. When treating the non-zero-temperature case

with inverse temperature β (as is the case when using a quantum Monte Carlo-based

solver for the impurity Green’s function), z = iωn, where ωn is the nth Matsubara

frequency given by

ωn =


2nπ
β
, bosons

(2n+1)π
β

, fermions
(1.27)

This imaginary-time formalism is introduced to simplify expressions involving both

interaction-picture operators (with their factors of e−iHt) and thermodynamic weights

(giving factors of e−βH). This is accomplished through the Wick rotation it→ τ , where

τ , the imaginary time, is anti-periodic with period β (meaning that imaginary time and

inverse temperature use the same units).

Figure 1.1 contains a flow-chart describing the DMFT self-consistency cycle. Step 2 is

responsible for the majority of the computational effort and also for the accuracy of the

eventual solution. Several methods based on quantum Monte Carlo (QMC) exist that pro-

vide “numerically exact” solutions to the impurity problem. Earlier work mostly used the

discretized-time Hirsch-Fye QMC algorithm [30]. This method exhibits the well-known

“sign problem” common to QMC implementations except at high temperature. The sign

problem arises due to the anti-commutativity of fermions; attempting to calculate the

partition function and impurity Green’s function requires summing over an oscillatory

function of the interacting states (due to the changing fermionic sign). Except for special
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cases, this will result in significant cancellation, spoiling the numerical solution. Addi-

tionally, the discretization of the imaginary time requires an ever-increasing number of

time points as temperature is reduced. Recently, however, continuous-time formulations

have arisen that remedy both of these concerns. In the DMFT implementation discussed

in Chapter 5, we use the hybridization expansion solver [31, 32].

Construct Gij
0 = [(iωn + µ)δij −Hij

0 ]−1 Solve the impurity problem to obtain Gimp

Σ = G−1
0 −G

−1
impΣ converged?

Stop

yes

no

Figure 1.1: Simplest self-consistency cycle for DMFT.

§1.5.1 Continuous-Time Hybridization Expansion QMC

The goal of a QMC solver is to sample the multi-fermion-variable path integral used

to calculate the partition function of the interacting system. Following Ref. [31], we see

that, in the hybridization expansion, one assumes that the Hamiltonian can be written

as a sum of terms:

H = Hloc +Hbath +Hhyb (1.28)

Hloc =
∑
i

(εi − µ)c†ici +
∑
ijkl

Uijklc
†
jc
†
kcicl (1.29)

Hbath =
∑
p

εpb
†
pbp (1.30)

Hhyb =
∑
ip

(ciVipb
†
p +H.c.) (1.31)

where c and b are fermion annihilation operators for the interacting orbital and non-

interacting bath, respectively, i, j, k, and l run over the interacting states, p is an index in

which the non-interacting bath is diagonal (such as k), and V is the hybridization matrix
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between the interacting states and the bath. It is also assumed that the hybridization

matrix V and the bath Hamiltonian can be simultaneously diagonalized and written as

Hhyb +Hbath =
∑
a

(
Ha
hyb +Ha

bath

)
. (1.32)

Given the above, the partition function can be written as a product of the non-

interacting and the interacting partition functions:

Z = ZbathTrc

〈
Tτe

−
∫ β
0 dτHloc(τ)+Hbath(τ)+

∑
a[Ha

hyb(τ)+H.c.]
〉
b

(1.33)

Zbath = Trbe
−βHbath (1.34)

〈. . .〉b =
Trb[. . .]

Zbath
, (1.35)

where Trc is the trace over the c operators and Tτ is the imaginary time-ordering operator

placing the “earliest” imaginary times on the right. The key observation is that, if one

expands in the cV b† and bV ∗c† hybridization terms, the interacting partition function

can be written as a sum over configurations (in which a configuration is defined by the

number ka of ca and c†a operators it contains). As a result, the partition function can now

be written

Z = ZbathTrc

〈
Tτe

−
∫ β
0 dτHloc(τ)+Hbath(τ)

∏
a

∑
ka

Zka

〉
b

(1.36)

Zka =
∑

p1...pkap
′
1...p

′
ka

V a
p1
V ∗ap′1 . . . V

a
pka
V ∗ap′ka

∫ β

0

dτ1

∫ β

τ1

dτ2 . . .

∫ β

tka−1

dτka

∫ β

0

dτ ′1 . . .

×
∫ β

t′ka−1

dτ ′kaca(τ1)b†ap1(τ1)bap′1(τ
′
1)c†a(τ

′
1) . . . ca(τka)b

†a
p1

(τka)b
a
p′ka

(τ ′ka)c
†
a(τ
′
ka) (1.37)

Werner and Millis go on to show that, because the primed and unprimed p indices always

appear in pairs, taking the trace over the bath states gives factors of

Fa(τ) =


∑

p |V a
p |2 e

εp(β−τ)

e−βεp+1
, τ > 0∑

p−|V a
p |2 eεp(−τ)

e−βεp+1
, τ < 0

(1.38)
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In practice, the hybridization function is obtained from G0 via

Fa(−iωn) = iωn + µ− εa −G−1
0,a(iωn), (1.39)

where a diagonal hybridization function is assumed.

Taking the expectation value over the bath states is equivalent to taking the determi-

nant of the matrix M−1
a :

M−1
a (i, j) = Fa(τi − τ ′j) (1.40)

Finally, then, one has an expression for the partition function suitable for QMC eval-

uation:

Z = ZbathTrc

[
Tτe

−
∫ β
0 dτHloc(τ)

∏
a

∑
ka

Z̃ka

]
sTτ (1.41)

Z̃ka =

∫ β

0

dτ1 . . .

∫ β

τka−1

dτka

∫ β

0

dτ ′1 . . .

∫ β

τ ′ka−1

dτ ′kadet(M−1
a )saca(τ1)c†a(τ

′
1) . . . ca(τka)c

†
a(τ
′
ka)

(1.42)

where sa and sTτ hold the signs due to permutation of the operators into alternating

annihilation and creation operators and due to time-ordering, respectively. If the local

Hamiltonian is of the density-density type (i.e. if all terms are of the form Umm′nmnm′),

creation and annihilation operators of the same spin-orbital will always appear in suc-

cession in the expansion, and the simpler “segment” picture [32] can be used. In this

case, the QMC procedure proceeds as follows: k segments are drawn on each of the a

imaginary-time segments (running from 0 to β), representing occupation of the a orbitals

at various times. All possible hybridization lines connecting the start and end points of

the segments are drawn (possibly including segments from other orbitals if non-diagonal

hybridization functions are allowed). These hybridization lines F (τ endi − τ startj ) are then

collected into the matrix M−1
a (i, j). The impurity Green’s function can now be expressed
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in terms of this matrix thus:

Ga(τ) =
1

β

〈
ka∑
i,j=1

Ma(j, i)∆(τ, τ ei − τ sj )

〉
(1.43)

∆(τ, τ ′) =

 δ(τ − τ ′), τ ′ > 0

−δ(τ − τ ′ − β), τ ′ < 0
(1.44)

Acceptance or rejection of the drawing/erasing of a segment or the drawing/erasing

of an “antisegment” (a segment with the creation and annihilation operators reversed

in imaginary time) is determined by a Metropolis algorithm with acceptance probability

ratio in a configuration s between inserting the segment and undoing the move

pins(snew)

prem(snew)
=
Zk+1(sk+1)

Zk(sk)

βlmax
k + 1

el̃µ (1.45)

where lmax is the maximum possible length of the new segment given the existing segments

and β and l̃ is the chosen length of the new segment. The ratio of partition functions

contributes a factor that depends on the interaction energy (from onsite Coulomb U or

some other form of interaction) change due to the new/removed segment or antisegment.

For example, if the local Hamiltonian contains only terms of the form Un↑n↓, this ratio

gives e−Uo, where o is the overlap between the segments in the two spin channels of a

given orbital. The probability ratio for the third kind of move (shifting of the endpoint

of a segment) from configuration s to s̃ is given by

p(s→ s̃)

p(s̃→ s)
=
Zk(s̃)

Zk(s)
e(l̃−l)µ (1.46)

Further technical details can be found in the original literature [31, 32] and in Ref. [33].
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§1.5.2 Numerical Difficulties in the Hybridization Expansion and their
Solutions

Once the non-interacting and impurity Green’s functions have been calculated, the self-

consistency loop is closed via the Dyson equation:

Σ = G−1
0 −G−1 (1.47)

However, readers familiar with computational science will likely notice that this equation

will run into difficulties when G0 and G become small. This becomes especially problem-

atic when the error (from Monte Carlo noise) is on the same order as — or even larger

than — the actual data. One might hope that the noise would cancel through subtrac-

tion, but the two Green’s functions are computed from different Monte Carlo simulations

and so the total error remains proportional to the absolute error in the two functions,

which will often be much greater than their values at high frequency. Although the high-

frequency properties are often not the most important, the noise is generally sufficiently

bad to prevent the calculation of quantities like the orbital occupation that depend on

the Green’s function across all frequencies (as will be discussed in Section 1.5.3.2). Fig-

ure 1.2 shows a comparison (for a relatively short QMC run) of the unmodified case with

the two methods discussed in the following. Although the noise in the self energy plot

is exaggerated by the short simulation, this only further emphasizes the advantages of

using the improved methods.

§1.5.2.1 Improved Estimator for the Self Energy

One can imagine two paths toward remedying the self energy noise problem; one can

either derive a new expression for the self energy that allows for better error cancellation

or reduce the noise in the results such that the error no longer dwarfs the data (or,

of course, one can do both). Hafermann and coworkers recently published a method

for accomplishing the first goal [34]. Another correlation function F can be defined in
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Figure 1.2: A comparison of the results of a short (∼ 100 sweeps ≡ ∼ 500000 attempted
MC steps, 3 minutes of CPU time) DMFT iteration for G(τ) (left), G(iωn) (middle), and
Σ(iωn) (right). In the left two panels, the ability of the Legendre measurement technique
to reduce the Monte Carlo noise (with no apparent loss of accuracy) in the calculation of
the Green’s functions can be clearly seen. In the right panel, one can see the full extent
of the noise problem in the self energy. The Dyson’s equation measurement is all noise,
while the “improved estimator” [34] gives reasonable results at low frequency (the result
would be greatly improved in a longer MC run). The Legendre technique [35] gives nearly
noise-free results even in such a brief run (although the small deviations at low frequency
would improve with more MC time).

analogy with the Green’s function G:

Gab(τ − τ ′) ≡ −
〈
Tτca(τ)c†b(τ

′)
〉

(1.48)

Gcf
kab(τ − τ

′) ≡ −
〈
Tτca(τ)b†kb(τ

′)
〉

(1.49)

F j
ab(τ − τ

′) ≡ −
〈
Tτca(τ)c†b(τ

′)nj(τ
′)
〉

(1.50)

where a, b, and j run over the spin-orbital indices (and j 6= a, b). One can write the

noninteracting Green’s function G0(iωn) as

G−1
ab,0(iωn) = (iωn + µ− εa)δab −∆ab(iωn), (1.51)

where ∆(iωn) is the hybridization function. If we use the commutator [H, c†b] of the

density-density Anderson impurity Hamiltonian (1.31),

[H, c†b] = εbc
†
b +

1

2

∑
j

(Ujb + Ubj) c
†
bnj +

∑
kj

b†kjV
∗
kjb (1.52)
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we have the frequency-space equation of motion

Gab(iωn) = Gab,0(iωn)−
∑
ij

Gai(iωn)∆ij(iωn)Gjb,0(iωn) +
∑
kij

Gcf
kai(iωn)V ∗kijGjb,0(iωn)

+
1

2

∑
ij

(Uji + Uij)F
j
ai(iωn)Gib,0(iωn)

(1.53)

Hafermann et al. note that the correlation function Gcf
kab(iωn) can be written

Gcf
kab(iωn) =

∑
i

Gai(iωn)
Vkib

iωn − εkb
, (1.54)

which means that the term in (1.53) containing ∆(iωn) cancels with the term containing

Gcf , leaving the familiar-looking

Gab(iωn) = Gab,0(iωn) +
1

2

∑
ij

(Uji + Uij)F
j
ai(iωn)Gib,0(iωn) (1.55)

We note that the Dyson equation can also be written G = G0 + GΣG0, and one can

therefore write the following identity:

Σab(iωn) =
1

2

∑
ij

G−1
ai (iωn)(Ujb + Ubj)F

j
ib(iωn) (1.56)

This is the central result of Ref. [34], giving a way to express the self energy as a quotient

rather than a difference. Consequently, the fundamental computational issues inherent in

subtracting the inverse of small numbers are eliminated. Further, the remaining noise is

proportional only to the relative error in the Green’s function (rather than the absolute

error). As can been seen in Figure 1.2, the noise, although still nontrivial in short

calculations, is orders of magnitude smaller than that obtained from the unmodified

Dyson equation.

20



§1.5.2.2 Legendre Measurement Method

In addition to reducing the numerical errors inherent in the computation of the self

energy, it is possible to filter out the Monte Carlo noise in the measurement of the Green’s

functions. Ordinarily, one measures the impurity Green’s function using Eq. (1.43) in

imaginary time (or perhaps in the Matsubara frequencies through a Fourier transform).

However, Boehnke et al. showed that one can also measure in a basis of orthogonal

Legendre polynomials Pl(x(τ)) [35], where −1 ≤ x(τ) = 2τ
β
− 1 ≥ 1. Within this basis,

we can write

G(τ) =
∑
l≥0

√
2l + 1

β
Pl(x(τ))Gl (1.57)

Gl =
√

2l + 1

∫ β

0

dτPl(x(τ))G(τ) (1.58)

The value of the Legendre coefficients Gl decays rapidly with l, and so one generally needs

fewer than 100 coefficients to accurately represent the impurity Green’s function in the

imaginary time or Matsubara bases, compared to the hundreds or thousands of imaginary

time slices or frequencies needed in traditional measurements. In addition to speeding

up the Monte Carlo steps, the primary benefit of measuring in a basis of orthonormal

Legendre polynomials is that, by cutting off the expansion at a certain lmax, one can

remove the relatively noisy data while keeping all of the useful values where the noise is

less problematic. For well-chosen lmax, the only data one eliminates in this truncation

would have been overwhelmed by the Monte Carlo noise, and so no useful information is

lost.

In addition to the above expression for G(τ), one can also write the Matsubara Green’s

function in terms of the Legendre coefficients Gl:

G(iωn) =
∑
l≥0

Gl

√
2l + 1

β

∫ β

0

dτeiωnτPl(x(τ)) (1.59)

=
∑
l≥0

TnlGl (1.60)

21



where

Tnl = (−1)nil+1
√

2l + 1jl

(
(2n+ 1)π

2

)
(1.61)

where jl is the spherical Bessel function.

Ref. [35] gives an extended derivation of the expression for the Legendre coefficients Gl

in terms of the inverse hybridization matrix M(i, j) as defined in Section 1.5.1 that will

not be reproduced here. Given time indices i and j, spin-orbital indices a and b, and if

the orbitals on which ending point τ ei and starting point τ sj lie are λei and λsj , respectively,

one can write

Gab;l =

√
2l + 1

β

〈
n∑

αβ=1

Mab(α, j)P̃l(τ
e
α − τ sβ)δλeα,aδλsβ ,b

〉
(1.62)

where

P̃l(τ) =

 Pl(x(τ)), τ > 0

−Pl(x(τ + β)), τ < 0
(1.63)

This technique is also amenable to the improved estimator. The expression for the

Legendre coefficients corresponding to F j
a is

F j
ab;l =

√
2l + 1

β

1

2

∑
i

(Uib + Ubi)

〈
n∑

αβ=1

Mab(α, β)P̃l(τ
e
α − τ sβ)njαδλeα,aδλsβ ,b

〉
(1.64)

Performing the Monte Carlo measurements as described above gives dramatic improve-

ments in the quality of the Green’s functions and the self energy (where the improved

estimator only reduces the error in the self energy). As can be seen in Figure 1.2, there is

no noise remaining in any of the three plots, even in such a short simulation. There are,

however, some irregularities in the self energy plot at moderately-low frequency. This is

likely a result of a combination of an imperfect choice of lmax and the relatively few MC

iterations. Even so, it is possible to drastically reduce the time required to obtain good

QMC results using this technique.
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§1.5.3 LDA+DMFT

From a materials physics perspective, the power and success of the DMFT approach is

marred only by its lack of first-principles predictive power. When treating model systems

with model Hamiltonians, the answer—however exact it may be—is only as good as the

model itself. Moreover, the LDA is quite sufficient to describe a wide array of structural,

magnetic, and (with modifications) relativistic properties of real materials. It is therefore

desirable to combine these methods to produce a unified approach for the treatment of, in

principle, any material without having to guess ahead of time what the most important

properties or interactions might be.

§1.5.3.1 Obtaining the LDA Hamiltonian

In one sense, grafting the two methods together is quite simple. As see in Eq. (1.25),

the LDA Hamiltonian, with appropriate corrections, can be introduced into the crystal

Green’s function rather easily. However, even this step requires additional care. If the

DFT method used does not work within a tight-binding basis, or if the basis is too large

to be useful, it can be desirable to transform the Hamiltonian into a more convenient local

basis. Frequently, a basis of Wannier orbitals is chosen. Such a choice is advantageous

in that the Wannier orbitals wnR(r) centered at lattice site R can be directly calculated

from the Bloch wave functions ψmk(r) using

wnR(r) =
V

(2π)3

∫
BZ

dkU (k)
mnψmk(r)e−ik·R (1.65)

where V is the unit cell volume, BZ is the full Brillouin zone, and U (k) is a unitary

matrix that defines the mixing of the Bloch functions at each k point. This matrix is

not uniquely-defined, and so the unitary transformation U (k) is generally chosen such

that the spatial extent of the Wannier functions is minimized. Such functions are known

as maximally-localized Wannier functions (MLWFs) [36]. Another advantage of the use

of Wannier functions is that many DFT software packages include an interface with the

Wannier90 library [37], greatly simplifying the process of generating the desired orbitals

and Hamiltonian.
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It is often preferable to focus on a certain energy range when constructing the new

Hamiltonian, perhaps the most relevant portion of the valence (and possibly low-lying

conduction) states near the Fermi energy (not necessarily limited to the correlated states,

although only these will receive the full DMFT treatment). If the bands of interest are

separated from the rest at all k-points, the Wannier projection can proceed straightfor-

wardly. Additional care is needed if the desired subset of states is “entangled” with the

rest. Therefore, it may be desirable to choose the smallest non-entangled set of bands to

form the Wannier basis (in transition metal oxides, this would often include the O p and

TM d states).

§1.5.3.2 Maintaining Charge Neutrality

At the end of the DMFT step, once a new self energy has been calculated, it is necessary

to compute the new chemical potential that gives an orbital occupation consistent with

the physical number of electrons in the system. The impurity solver can and generally

will change the occupation of the correlated orbitals, and so an additional convergence

condition (µold = µnew) must be introduced. Although, in principle, finding the chemical

potential that gives an arbitrary total electronic occupation might seem to be a difficult

task,one can make the simple observation that the occupation is a monotonic function of

µ. Consequently, we can employ one of a variety of root-finding techniques to compute

the new chemical potential with relative ease.

Before briefly discussing some reasonable choices, it will be useful to first discuss how

the total and partial density matrix (and thus also the occupation) can be obtained from

the Matsubara crystal Green’s function. It can be easily seen from the definition of the

imaginary time Green’s function G(τ) = −〈Tτc(τ)c†(0)〉 that the average value of the

occupation n = c†c is given by limτ→0+ G(τ). G(τ) is antiperiodic in β:

G(τ → β) = −1−G(τ → 0), (1.66)

24



so if we want to write the above limit in the Matsubara frequencies, we must use

ρab =
1

β

∞∑
n=−∞

Gab(iωn)eiωn0+ (1.67)

=
1

β

∞∑
n=−∞

Gab(iωn) +
1

2
I (1.68)

where I is the identity matrix. The second term accounts for the fact that the Fourier

transform of an antiperiodic function gives

∑
n

G(iωn) =
1

2

[
G(τ → 0+) +G(τ → 0−)

]
(1.69)

We can simplify the implementation of equation (1.68) in two ways. First, we note that

G(iωn) = G∗(−iωn), so we can write

∞∑
n=−∞

Gab(iωn) = 2
∞∑
n=0

ReGab(iωn) (1.70)

Second, it is not generally desirable to use enough Matsubara frequencies to guarantee

that (1.68) has converged to within numerical precision, and so it is desirable to replace

part of the sum with the analytical form for the high-frequency tail. The crystal Green’s

function is proportional to 1
ω2
n

for large n, and so we can use the infinite series identity

∞∑
n=−∞

1

ω2
n

= 2
∞∑
n=0

β2

[(2n+ 1)π]2
=

1

4
β2 (1.71)

In the high-frequency limit, the Matsubara Green’s function can be written

ln
∣∣ReG(iωn)

∣∣→ A+B lnωn (1.72)

We can obtain A and B from a linear fit to the above expression at high frequency. If

B differs significantly from −2, either more Matsubara frequencies are needed or one is

extending the fit to points that are not sufficiently “high-frequency.” At this point, we
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can rewrite (1.68) in the following form

ρ =
2

β

∞∑
n=0

ReG(iωn) +
1

2
I +

A

4β
− 2

A

β

Nωn∑
n=0

1

ω2
n

(1.73)

where Nωn is the number of Matsubara frequencies used in the calculation, and the last

term removes the contribution from the analytic expression in the range where we have

calculated ρ directly from G(iωn). It should be noted that both the Green’s function and

the analytic terms can and generally will have off-diagonal elements that should not be

ignored if the full density matrix is desired. As long as a reasonable number of Matsubara

frequencies are used, the contribution from the high-frequency tail correction is rather

small but nevertheless should be included. Once the density matrix has been calculated

in this way, the occupation of a given orbital can be obtained from the corresponding

diagonal entry, or the total number of electrons can be obtained from the sum of the

diagonal elements.

The bisection method is the simplest root-finding method and one of the slowest,

but it has the advantage that, assuming one has correctly bracketed the true solution,

it is guaranteed to converge. Given the monotonicity of N(µ), it is trivial (although

potentially time-consuming) to find a suitable bracket. Within the bisection method, the

new chemical potential is given by

µnew =
1

2
(µlow + µhigh) (1.74)

The world of numerical analysis provides many more sophisticated methods for obtain-

ing a new chemical potential. In my code, I have chosen the bisection method to guarantee

convergence, but, considering that the calculation of the Green’s function scales as N3

(where N is the number of orbitals) a faster method (with appropriate checks to detect

if convergence problems arise) may be more appropriate for systems with a large number

of orbitals.
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§1.5.3.3 Charge Self-Consistency

Until very recently, most researchers have considered closing the LDA+DMFT self-

consistency loop by requiring ρLDA = ρDMFT to be infeasible due to the exceptional

computational cost. However, the correlation effects obtained from DMFT will, in gen-

eral, rearrange the charge density throughout the unit cell, leading to new Kohn-Sham

wave functions (and Wannier functions) and a new non-interacting LDA Hamiltonian. It

is therefore quite likely that a single DMFT cycle will not produce the correct solution for

real materials. Two recent papers [38, 39] present a method for calculating the DMFT

correction to the LDA charge density within a general projected local orbital basis (as

well as the specific method for a Wannier basis).

The new self-consistency loop, now containing the charge density as well as the self

energy and chemical potential, can be found in Figure 1.3.

Within DFT method, obtain non-interacting
wave functions and eigenvalues from ρ Construct Wannier orbitals and Hamiltonian

Construct GijKS =
[
(iωn + µ)δij −Hij

KS

]−1
Solve the impurity problem to obtain Gimp

Σ = G−1
KS − G−1

impΣ converged?

Calculate new µ and ρ

Σ, µ, ρ converged? Stop

yes

no

yes

no

Figure 1.3: Charge self-consistency loop for LDA+DMFT. GKS and HKS are the Kohn-
Sham Green’s function and Hamiltonian, respectively.
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The outer LDA+DMFT loop begins with the calculation (or recalculation) of the Kohn-

Sham potential, wave functions, and eigenvalues from the charge density ρ(r). Initially,

this charge density will simply be that obtained from LDA. In subsequent iterations,

the charge density will have been changed by the electron-electron correlations described

by DMFT. As described in Ref. [38], ∆ρDMFT(r) can be computed by first defining an

operator ∆N̂ through the Dyson-like equation

∆N
(k)
αα′ =

1

β

∑
n,m,m′

GKS
αm(k, iωn)Σmm′(iωn)Gm′α′(k, iωn) (1.75)

where α runs over the entire Wannier basis and m runs over the correlated subspace. In

order to directly compare this density-matrix correction to the density matrix D(k)(r),

one must project ∆N back into the Bloch basis (with band index ν) via

∆N
(k)
νν′ =

∑
α,α′

U (k)
να ∆N

(k)
αα′U

(k)∗
α′ν′ (1.76)

We can write D(k)(r) as a simple product of Kohn-Sham wave functions

D
(k)
ν′ν(r) = ψkν(r)ψ∗kν′(r) (1.77)

Finally, if we consider that, given the density matrixD and an operatorO, 〈O〉 = Tr(DO),

we can express the DMFT correction to the charge density ∆ρDMFT(r) as

∆ρDMFT(r) = Trν
(
D(k)(r) ·∆N (k)

)
, (1.78)

and we can now write

ρ(r) =
∑
k,ν,ν′

D
(k)
ν′ν(r)∆N

(k)
νν′ +

∑
ν

Θ(µ− εkν)D(k)
νν (r) (1.79)

where εkν is the Kohn-Sham eigenvalue of band ν at k. This charge density can now be fed

back into the DFT code, which will calculate a new KS potential, new wave functions, and

new eigenvalues, starting the next iteration. It should be noted that the Wannier basis
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is recalculated each time the Bloch functions are updated, ensuring full self-consistency

between the LDA and DMFT cycles. Generally, a single DMFT run will converge in no

more than 10 iterations (fewer if one need not recalculate µ to enforce charge neutrality,

e.g. when a system is constrained to half-filling), and so it is no surprise that only with

the current ready availability of massively-parallel computational resources and relatively

efficient solvers have researchers begun to tackle this more complete solution.
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Chapter 2

Exchange Interaction in CrO2 from Density Functional Theory

H. Sims, S. J. Oset, W. H. Butler, J. M. MacLaren, and M. Marsman, Phys. Rev. B 81,

224436 (2010). Copyright (2010) by the American Physical Society.

§2.1 Abstract

We report a study of the anisotropic exchange interactions in bulk CrO2 calculated

from first principles within density functional theory [8]. We determine the exchange

coupling energies, using both the experimental lattice parameters and those obtained

within DFT, within a modified Heisenberg model Hamiltonian in two ways. We em-

ploy a supercell method in which certain spins within a cell are rotated and the energy

dependence is calculated and a spin-spiral method that modifies the periodic boundary

conditions of the problem to allow for an overall rotation of the spins between unit cells.

Using the results from each of these methods, we calculate the spin-wave stiffness con-

stant D from the exchange energies using the magnon dispersion relation. We employ

a Monte Carlo method to determine the DFT-predicted Curie temperature from these

calculated energies and compare with accepted values. Finally, we offer an evaluation of

the accuracy of the DFT-based methods and suggest implications of the competing ferro-

and antiferromagnetic interactions.

§2.2 Introduction

CrO2 is one of only a few known ferromagnetic oxides and is predicted to be a half-

metal by first-principles calculations [1]. In fact, it is the only material which has been

experimentally shown to be a ferromagnetic half-metal [2, 3], a material that is a metal

for one spin channel and an insulator for the other. CrO2 crystallizes in the rutile crystal

structure (Figure 2.1), as do TiO2, VO2, MnO2, RuO2, and SnO2. The existence of
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isostructural oxides with a variety of different electronic and magnetic properties makes

the rutile system interesting for theoretical investigations of spintronics because one can

envisage the growth of layered devices with the same crystal structure throughout. Since

CrO2 offers such special opportunities for understanding oxide spintronics, it is important

to establish how well our standard electronic structure tools work in dealing with the

electronic and magnetic structure of this material. It is well known that they encounter

difficulties in dealing with many transition metal oxides, including the very similar oxide

VO2, which DFT also predicts to be a half-metal at 0K [4], but is observed to be an

insulator. An additional motivation for understanding exchange interactions in CrO2

is the fact that its Curie temperature (Tc = 386.5 K) [5, 6] is sufficiently close to room

temperature that its magnetic properties are significantly degraded at room temperature,

hindering potential spintronics applications. A better understanding may point the way

to improvement.

In this work, we investigated the magnetic structure of CrO2 by considering three near

neighbor Cr-Cr exchange interactions: the interaction between corner and body center

atoms mediated through a single oxygen atom, the interaction between a Cr and the

Cr directly “above” it in the (001) direction, and the interaction between a Cr and its

neighbor in the (100) direction. The interactions were calculated by rotating the moments

of one or more of the Cr ions while constraining the others to remain parallel. We then fit

the resulting energy vs. angle data to the Heisenberg model and extracted exchange energy

parameters with a least-squares method. We also calculated the exchange interactions

using a “spin-spiral” technique, in which a relative angular displacement was imposed

upon Cr moments in adjacent cells. Similar results were obtained with both approaches.

The calculated T = 0 K exchange interactions were subsequently used to determine the

magnetization as a function of temperature via low-T spin-wave dispersion and a Monte-

Carlo method.

§2.3 Electronic Structure of CrO2 Within Density Functional Theory

In the following, the electronic structure and density of states of CrO2 were calculated

using DFT and the generalized gradient approximation [9] (GGA) using GGA-relaxed
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lattice parameters (see Table 2.2). Our calculated density of states is similar to previous

calculations [1, 10]. For a detailed discussion of the electronic structure of the rutiles,

we refer the reader to the work of Sorantin and Schwarz [10]. Additionally, the lattice

structure is presented in Figure 2.1.

Figure 2.1: Rutile structure projected onto the x-z plane. For CrO2, we use a = 4.42
Å and c

a
≈ 0.670 (experimental parameters). The oxygen octahedra can be clearly seen

surrounding each Cr ion. The terms “corner” and “body-center,” used throughout this
work, refer to the Cr ions at the corner and center of the rectangular cells seen here.

It is straightforward to show that if we treat this system in a tight-binding approxima-

tion in which the TM atoms only interact directly with the oxygen atoms (i.e. hopping

matrix elements only connect nearest neighbors), there will be an energy gap separating

the oxygen p-states and the TM d-states. The gap extends from the O-p onsite energy

to the TM-d onsite energy. This gap is apparent in TiO2, for which the oxygen p-states

are filled and the Ti d-states are empty (Fig. 2.2). When an energy gap occurs at the

Fermi energy, it contributes significantly to reducing the energy of the structure, because

all occupied states are pushed down in energy, while all unoccupied states are pushed up.

In CrO2, there are two additional electrons per TM atom compared to TiO2, so some of

the d-states above the gap must be occupied.

Comparing the energies of the possible magnetic configurations (FM, AF, or paramag-

netic) using total-energy GGA DFT calculations (with GGA-relaxed lattice parameters),

it is not surprising that we find that the ferromagnetic state has the lowest energy (with

the DOS seen in Figure 2.3), the paramagnetic state the highest (1.02 eV above fer-

romagnetic) with the anti-ferromagnetic intermediate between the two (0.30 eV above
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Figure 2.2: Density of States for rutile TiO2 calculated within DFT using the GGA (with
GGA-relaxed lattice parameters).

ferromagnetic). Thus, the tendency to form a moment in CrO2 is very strong, and the

energy associated with the ferromagnetic alignment of moments based on this initial test

is moderately large within DFT. It should be recognized that other more complicated

spin arrangements (e.g. different antiferromagnetic states) may have lower energy than

the simple one calculated here.

Figure 2.3: Density of States for Ferromagnetic CrO2 calculated within DFT using the
GGA (with GGA-relaxed lattice parameters).

§2.4 Exchange Interactions in CrO2

In order to investigate interatomic exchange interactions in CrO2 in more detail, we

have calculated the near-neighbor exchange interactions along the (100), (001), and (111)

directions by rotating moments within specially-constructed supercells. We fit the re-

sulting relationship between the energy of the system and the angle of rotation to the
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Heisenberg model

H = −
∑
i,j

Jijµi · µj (2.1)

where |µ| = g e~
2me

S = 2µB is the spin moment, g is the electron spin g-factor, S = 1

is the spin number, and µB is the Bohr magneton. To make contact with the standard

Heisenberg model, we can pull the magnitude of the spin moment (2µB) into the value

of J and treat the spins as unit vectors.

In addition to this supercell approach, we have taken advantage of a recently developed

feature in the Vienna Ab-initio Simulation Package [7] (VASP) to calculate a so-called

helimagnetic state in which the moment in the nth magnetic layer is canted by an angle

nφ with respect to the 0th layer. In so doing, we are able to calculate several orders of

Jn of the form

E = E0 +
∑
n

Jn cosnφ (2.2)

via Fourier analysis. The relationship between the Jn and the Jij will be made explicit

in Section 2.4.2.

§2.4.1 Near Neighbor Exchange Using Supercells

All of the calculations in this study were performed within DFT in the GGA and in

the local (spin) density approximation with onsite Coulomb interactions (LSDA+U) [11]

using the Dudarev method [12]. for which we use Ueff = U − J = 2.1 eV, in agreement

with the U and J values seen in other works [13]. We perform all calculations using the

VASP software and pseudopotentials generated by Kresse et al. [14]. To calculate the

near-neighbor exchange interactions, we created a supercell containing two rutile unit cells

(using both experimental and DFT-relaxed lattice parameters), stacked in either the (100)

(Fig. 2.4) or (001) (Fig. 2.5) direction as appropriate. In all of the following calculations,

we use an energy cut-off of 500 eV. For cells stacked along the (100) direction, we use a

5×9×15 Monkhorst-Pack [15] grid of k-points, a 9×9×7 grid for supercells stacked along

(001), and a 9 × 9 × 15 grid for the 6-atom cell used in the spin-spiral calculations. We

also make use of the spin interpolation method of Vosko-Wilk-Nusair [16]. Each of the 12-

atom supercells has four Cr ions, whose magnetic moments we can individually constrain
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within the calculation. We chose three distinct magnetic configurations designed to probe

the exchange coefficients. In the first configuration, we rotated the moment of a corner

Cr atom and held all other moments fixed using the constraining field method in VASP.

In the second, we rotated the two Cr moments in the centers of their respective unit cells,

and in the third we rotated a corner atom and its nearest center atom. A summary of

the configurations can be found in Table 2.1.

Figure 2.4: The (100) supercell projected onto the x-z plane, with Cr ions numbered for
comparison to Table 2.1.

Figure 2.5: The (001) supercell projected onto the x-z plane, with Cr ions numbered for
reference.

Cr1 Cr2 Cr3 Cr4

Case 1 fixed rotated fixed fixed
Case 2 rotated rotated fixed fixed
Case 3 rotated fixed rotated fixed

Table 2.1: Magnetic configurations used to calculated exchange coupling. The numbers
are as indicated in Figures 2.4 and 2.5.

To ensure that we can accurately apply our modified Heisenberg model to these systems,
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we rotated the moments through small angles (up to 60◦). We fit the energy vs. angle

data to A(1 − cos θ) + B, where A is the contribution to the exchange energy from all

rotated moments and B is simply the angle-independent component of the energy. The

fits can be seen in Figures 2.6 - 2.8.

Figure 2.6: Energy vs. angle between rotated and fixed moments for Case 1. The curve
is the fit to A(1− cos θ) +B.

Figure 2.7: Energy vs. angle between rotated and fixed moments for Case 2. The curve
is the fit to A(1− cos θ) +B.

For each choice of supercell orientation, we have the following system of equations:

ACase 1 = 8J111 + 2J100/001 (2.3)

ACase 2 = 16J111 (2.4)
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Figure 2.8: Energy vs. angle between rotated and fixed moments for Case 3. The curve
is the fit to A(1− cos θ) +B.

ACase 3 = 8J111 + 4J100/001 (2.5)

Using a least-squares technique for overdetermined systems of equations [18], we can write

AJ = b (2.6)

ATAJ = AT b (2.7)

J = (ATA)−1AT b (2.8)

σ =
∣∣AJ − b∣∣ (2.9)

where J is the calculated J column vector, σ is the error in the fit, and

A =


8 2

16 0

8 4

 J =

 J111

J100/001

 (2.10)
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We summarize the calculations performed within GGA and LSDA+U for experimental

and relaxed lattice parameters using the supercell method in Table 2.2. Throughout this

work, the terms “experimental” and “relaxed” (in the sense used in Table 2.2) denote

structures with the experimental and the GGA- or LSDA+U -relaxed lattice parameters,

respectively.

GGA LSDA+U (U − J = 2.1 eV)

Experimental Relaxed Experimental Relaxed

a (Å) 4.421 4.4495 4.421 4.3775
c (Å) 2.917 2.9470 2.917 2.8758
J100 (meV) −11.8± 2.5 −10.4± 0.7 −2.0± 1.0 −2.4± 0.8
J001 (meV) 33.8± 5.6 33.8± 5.0 35.6± 1.5 33.1± 1.0
J111 (meV) 23.2± 6.1 22.9± 5.0 24.2± 1.5 24.4± 1.0

Table 2.2: Definition of “experimental” and “relaxed” lattice parameters and summary of
all calculated exchange energies obtained using the supercell method. Uncertainties given
arise from the error in the least-squares fit. Additionally, in J111, there is some (usually
negligible) contribution to the error from the standard deviation of the values obtained
through (100)- and (001)-stacked supercells. Note that the (100) and (010) directions are
equivalent and are referred to as (100) throughout this work.

The results of the calculations for the three cases are summarized as follows: in each

case, we find a near-perfect fit to the cosine function, provided that we restrict the fit

to small angles (less than or equal to 60◦), as we did with the original calculations.

We can see the anisotropic nature of the exchange clearly in Table 2.2, which is to be

expected given the shape of the cell. Most interestingly, we find that the interaction

between Cr neighbors along the (100) or (010) directions (parallel to the a or b axes)

is antiferromagnetic. However, the strength and multiplicity of the other interactions is

sufficient to lead to a ferromagnetic ground state. Considering the dependence on lattice

parameter, we notice that the (001) and (111) interactions seem to be almost unchanged

with the small (0.6%) change in lattice constant. Somewhat surprisingly, however, the

(100) interaction (calculated within the GGA) increases (becomes more positive) by more

than an meV under this small expansion of the lattice. We also note that the LSDA+U

calculations predict a smaller (in magnitude), though still negative, J100.
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§2.4.2 Helimagnetism

Helimagnetism is a noncollinear magnetic state in which the spins in adjacent layers

along a certain direction are rotated with respect to one another by a fixed angle. Rutile

MnO2, for example, has been shown to exhibit helimagnetic ordering in the ground

state [19]. We do not suspect that CrO2 is a helimagnetic material, but by setting up

a helimagnetic spin state, we can investigate the exchange using a different approach.

The recently-added spin spiral capabilities of VASP [17] allow us to calculate arbitrarily

long-range exchange interactions within bulk CrO2.

The spin spiral method modifies the periodic boundary conditions of the supercell

approach, imposing helimagnetic order on the magnetic structure as determined by the

propagation vector q. The vector q and the angle φ between any two spins are given by

φ = q · rj (2.11)

q =
2π

ai
ξêi (2.12)

where the polar angle θ is restricted to π
2

(µz = 0). Thus, the moment of an ion is given

by

µri
(q) = êxµ cos(q · ri) + êyµ sin(q · ri) (2.13)

where µ = 2µB and r0 = 0.

In defining q, we choose the unit vector êi to be either the (100) or (001) direction,

and allow ξ to vary between 0 and 1. Clearly, when ξ = 0, we recover the ferromagnetic

state.

Because the unit cell contains two magnetic ions, varying the angles between neigh-

boring CrO2 cells requires that one modify both ξ and the orientation of the magnetic

moments in the 0th cell. For example, to obtain a system in which neighboring magnetic

“layers” (one half of a unit cell) are oriented at an angle of π
4

from one another, we use

ξ = 1
4
, so that each cell after the initial one is rotated by π

2
. We then set up the moments

in the initial cell such that the corner and body-centered Cr moments are oriented at the
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desired angle of π
4
, leading to a smooth spin wave in the desired direction. This can be

seen schematically in Figure 2.9.

Figure 2.9: A schematic representation of a spin spiral setup. The left-most cell is all that
is needed for the calculation; the others merely illustrate the propagation of the spiral
throughout the lattice.

In this work, we choose a relatively short spin wavelength in order to simplify the

analysis, although the method allows for more general configurations as well. Using

different values of q, and thus different values of θ, we create a q spectrum. We then

use Fourier analysis to extract the Jn. These Jn differ in meaning from the Js calculated

using the supercell method; they are given by

J1 = 8J111 (2.14)

J2 = 2J100/001 (2.15)

To calculate the helimagnetic state, we used a supercell composed of a single rutile unit

cell. The angle of each subsequent Cr ion with respect to the first is given by (2.13). After

acquiring N = 5 points (including the zero-frequency point q=0) of the E(q) curve, we

performed a discrete Fourier transform to obtain the first 4 Jn. We used a discrete cosine

transform of the first kind (appropriate when the data are even about the end-points),

given by

Jn =
1

4
(E0 + (−1)nEN−1) +

1

2

N−2∑
j=1

Ej cos

(
π

N − 1
jn

)
(2.16)

where the Jn are the exchange energies and the Ei are the calculated E(qi).

We find good agreement between the J1 calculated with (100) and (001) spin spirals,

as expected. We also find a difference in sign between J2 in the (100) and (001) cases,

in agreement with the larger supercell calculations. Moreover, this method yields the
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additional parameters J3 and J4, corresponding to 8J211/112 and 2J200/002, respectively.

These higher-order energies are smaller than the first- and second-order exchange energies,

and will be neglected in further analysis. The results of the calculations are summarized

in Table 2.3.

GGA LSDA+U

Experimental Relaxed Experimental Relaxed

J100 (meV) -12.0 -12.2 -6.9 -6.8
J001 (meV) 27.5 29.8 32.6 28.4
J111 (meV) 20.8 20.7 26.0 25.9

Table 2.3: Summary of calculated exchange interactions (in meV) using the spin spiral
method (compare with Table 2.2). Errors in these numbers would arise from errors in the
VASP total energy calculations, which are on the order of 1 meV. Note that the effect
of the change in lattice parameter is smaller in the spin spiral method. Using GGA, the
spin-spiral J100, J001, and J111 fall inside or nearly inside the error bars for the super cell
calculations. In LSDA+U , however, the J100 are about three times larger (more negative).

§2.5 Comparison with Experiments

§2.5.1 Spin Wave Stiffness

To compare our calculations against known experimental results, we have calculated

the spin wave stiffness constant for CrO2 using expressions similar to those derived by

Schlottmann [20]:

D100 = 2(J111 + J100)Sa2 (2.17)

D001 = 2(J111 + J001)Sc2 (2.18)

where a and c are the lattice spacings in the appropriate directions and S is the spin

number (1 for CrO2). These expressions can be easily understood as anisotropic exten-

sions of results obtained for magnons in a one-dimensional chain (for which D = 2JSa2).

In his work, Schlottmann considers the spins as quantum operators, and he keeps the

value of Si · Sj separate from J . Additionally, he neglects J100 in his expression for D100.

However, we use classical spins of magnitude 2µB (although the units are collapsed into

the exchange constant J as previously explained). Consequently, we must scale our Js

41



by 1/ |µ|2 = 1/4 in order to apply this expression. Further, our calculations indicate

that J100 is not negligible when compared to J111 and J001, so we have included it in our

analysis. Using this model, we calculate D100 and D001 for the various cells, exchange-

correlation approximations, and methods considered throughout this work. Table 2.4

reviews the values we obtained. Examining the experimental literature, we find several

values (in good agreement with one another) for the spin wave stiffness obtained through

different methods. All of the experimental values assume an isotropic stiffness constant.

Ji et al. [22] fit the M(T) curve in order to obtain the coefficient on the T 3/2 term, from

which they determine D = 1.8×10−40 Jm2. Zou et al. [23] used magnetic force microscopy

to determine the length and width of domain walls in CrO2, from which they were able

to calculate D = 2.62× 10−40 Jm2. Further, Rameev et al. [24] used ferromagnetic reso-

nance to measure the bulk magnon modes and obtained DB = 3× 10−10 Oe cm2, which

is equivalent to D = 0.57 × 10−40 Jm2 via the relation DB = 2A/µ0Ms [25], which is

smaller than but of the same order as the other reported values.

GGA LSDA+U

Experimental Relaxed Experimental Relaxed

Supercell D100 (×10−40 J m2) 1.81 1.96 3.48 3.38
D001 (×10−40 J m2) 3.91 3.87 4.08 3.81
Davg (×10−40 J m2) 2.34 2.46 3.67 3.52

Spin Spiral D100 (×10−40 J m2) 1.38 1.35 3.00 2.94
D001 (×10−40 J m2) 3.29 3.46 3.99 3.67
Davg (×10−40 J m2) 1.84 1.84 3.30 3.17

Table 2.4: Comparison of the calculated spin stiffness constants D for different methods

of first-principles calculation. Here, Davg =
(
D100

√
D001

)2/3
.

Using our calculated Ds, we can predict the low-temperature spin-wave contribution

to the magnetization as a function of temperature. The relatively straight-forward gen-

eralization of the argument found in Kittel [21] for a cubic system that we used above to

calculate the spin stiffness also allows one to write the spin-wave dispersion relation for
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small excitations and long wavelengths as

ω(k, kz) = Dk2 +Dzk
2
z (2.19)

k2 = k2
x + k2

y (2.20)

D = D100 (2.21)

Dz = D001 (2.22)

Integrating over a surface of constant ω in k-space, one obtains a density of states given

by

N(ω) =
1

4π2

1

D
√
Dz

√
ω (2.23)

Using this expression and the Planck distribution, we can calculate the coefficient B in

the T 3/2 model

M(T ) = M(0)(1−BT 3/2) (2.24)

B =
0.0587

SQ

1

2S(J100 + J111)

1√
2S(J001 + J111)

k
3/2
B =

0.0587

SQ

V

D
√
Dz

k
3/2
B (2.25)

where Q is the number of magnetic ions per unit cell (2, in this case), V is the volume

of the cell, and kB is Boltzmann’s constant. Fitting the experimental [22] M(T) curve

yields B = 5 × 10−5 K−3/2. Using the spin-wave stiffnesses shown in Table 2.4, we

have, for supercells, Bexpt
GGA = 2.40 × 10−5K−3/2, Brel

GGA = 2.27 × 10−5 K−3/2, Bexpt
LSDA+U =

1.22 × 10−5 K−3/2, and Brel
LSDA+U = 1.26 × 10−5 K−3/2. For the spin spiral approach,

Bexpt
GGA = 3.43 × 10−5 K−3/2, Brel

GGA = 3.48 × 10−5 K−3/2, Bexpt
LSDA+U = 1.43 × 10−5 K−3/2,

and Brel
LSDA+U = 1.47× 10−5 K−3/2. Thus, the coefficient obtained from GGA is within a

factor of two, while that derived from LSDA+U is off by about a factor of four. Assuming

that DFT overestimates each exchange energy equally, this implies that our calculated

values of J may differ from experimental values by about 50% for GGA and a factor of

about 2.5 for LSDA+U (with U − J = 2.1 eV). In each case, the spin spiral numbers

are closer to experiment. Figure 2.10 shows the low-T M(T) curves from the calculated

spin-wave dispersion compared to that from a fit to the experimental M(T) curve.
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Figure 2.10: The low-temperature M(T) curve. The GGA Spin Spiral and LSDA+U
Supercell curves represent the extremes of the range of calculated M(T) curves. We
compare against the actual experimental data [5] and a low-T fit to these data.

§2.5.2 Curie Temperature

In light of the favorable agreement between calculated and experimental spin stiffness,

we subsequently attempted to calculate the magnetic ordering temperature of CrO2,

comparing a mean field prediction to Monte Carlo simulations. A mean-field model using

the calculated exchange parameters yields a Curie temperature several times larger than

the measured value of 386.5 K [5, 6]. The mean-field expression is given by

kBT =
3

2
Jtot (2.26)

where Jtot is equivalent to half of the energy difference between a ferro- and an anti-

ferromagnetic configuration in a 6-atom (2-Cr) cell. Using this expression, we obtain a

mean-field Curie temperature for CrO2 of 1160 K or 1240 K for the experimental and

DFT-relaxed lattice parameters in the supercell method, respectively. This is somewhat

surprising given the above analysis of our estimation of the exchange. However, it is

not sufficient to consider only the low-temperature behavior. In order to gain a sim-

ple yet illuminating picture of the temperature dependence, we utilized a Monte Carlo

simulation using the Metropolis-Hastings algorithm [26] with random numbers generated

using the Mersenne Twister method [27]. For this simulation, we used a cubic grid of

10× 10× 10 unit cells (L=10), where a unit cell consists of a corner and body-centered
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Cr ion. Only Cr ions are considered, and they are treated as simple constant-magnitude

magnetic moments. Our first-principles calculations indicate that the constant-magnitude

approximation should be valid as long as the angle between adjacent moments is less than

100◦.

We begin with a random spin configuration with the spin vectors chosen to be uniformly

distributed on the unit sphere. In the Metropolis method, an iteration consists of a

randomly-chosen Cr ion being assigned a magnetic moment in a random direction. This

will result in a change in energy ∆E from the old configuration. If ∆E is negative,

meaning the new energy is lower, the new direction for that moment is kept. Otherwise,

the new direction still has a probability of e−∆E/kBT of being kept in its new orientation to

simulate thermal agitation. If neither condition for keeping the moment’s new direction

is met, then the change is undone, and the lattice of spins remains unmodified until

the next iteration. Following a “burn-in” period to remove any artifacts of the initial

configuration, we take averages of the magnetization at regular intervals to allow for the

computation of thermodynamic quantities.

The calculation of ∆E at each step considers all nearest neighbors along (100), (010),

(001), and (111) directions, using a Heisenberg interaction between moments with the cal-

culated exchange constants for GGA and LSDA+U with experimental and DFT-relaxed

lattice parameters. Figure 2.11 shows the simulated results for the magnitude of the net

magnetization versus temperature compared to reported values [5]. When interpreting

these data, one must must be cognizant of the fact that the Monte Carlo simulations

exhibit several shortcomings—namely, that it will necessarily not be able to predict the

correct low-temperature T-dependence (as it uses a classical model), that there exists

an unphysical tail on the curve arising from finite-size effects in the lattice, and that we

assume that exchange remains constant with temperature, likely leading to an overesti-

mation of the Curie temperature. The errors in the shape of the curve at low temperature

should not have an impact in the accuracy of the result, as each value of kBT is run in-

dependently. Further, the high-temperature tail can be accounted for by calculating the
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Binder cumulant [28] instead of the raw magnetization. The Binder cumulant is given by

U4 = 1− 〈m4〉
3〈m2〉2

(2.27)

By calculating U4 as a function of temperature for a range of L, we can find the true

calculated critical temperature at the intersection of the resulting curves (Figures 2.12

and 2.13). The remaining discrepancy, that the exchange will reduce in strength as tem-

perature rises, is a limitation of exploring this behavior with first-principles calculations.

Figure 2.11: The calculated M(T) behavior using the Monte Carlo method. We present
supercell (SC) results using experimental lattice parameters within GGA, spin spiral re-
sults using GGA-relaxed lattice parameters, and supercell results using LSDA+U -relaxed
lattice parameters to indicate the range of results obtained. We also compare these data
with experiment [5].

§2.6 Summary

We have calculated the near neighbor exchange interactions for bulk CrO2 in the (100),

(001), and (111) directions. From our calculated spin stiffness parameters and the results

of our classical Heisenberg Metropolis method, we obtain some confidence that DFT and

VASP can describe the exchange coupling in CrO2 (to within 15% using the GGA-spin-

spiral method). However, the agreement is not in all cases impressive (for example in

the LSDA+U calculations). One should understand that, although DFT is well-suited to

determine the structural parameters of such a system (less than 1% error in the determi-

nation of the lattice parameters), it is known to underestimate band gaps (such as that in
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Figure 2.12: Plots of the Binder cumulant vs. simulation temperature for (a) supercell
(b) spin spiral calculations for L = 4, 6, and 8. Both plots were obtained using the
exchange coupling values for the GGA-relaxed lattice. The point of intersection of the
three curves gives the true Curie temperature for the simulation.

the minority channel of CrO2), and it is possible that the exchange coupling (particularly

the double exchange between Cr-O-Cr neighbors) may arise from correlation effects that

DFT is ill-suited to handle. Given such considerations, an error as low as 15% (in one

case) could be considered a modest success.

Examining the calculated exchange parameters, we find that the sign of J100, both

in the supercell and the equivalent spin spiral calculations, indicates the possibility of

non-collinear behavior in CrO2 if the exchange parameters are modified. Thus, a mixed

interface between CrO2 and another material (such as RuO2) might lead to non-collinear

spins if the ratio between nearest and next-nearest neighbor interactions is pushed into

a “favorable” zone. We investigate this possibility explicitly for CrO2-RuO2 interfaces in

an upcoming paper. Non-collinear spins in the neighborhood of a spacer material would
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Figure 2.13: Plots of the Binder cumulant vs. simulation temperature for (c) supercell
(d) spin spiral calculations for L = 4, 6, and 8 using LSDA+U -relaxed lattice parameters.

eliminate the expected GMR effect in such a system.
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Concluding Remarks

The foregoing exemplifies the difficulties inherent in applying density function theory

to materials that are on the border between less and more strongly-correlated systems.

In terms of electronic structure and more emergent properties such as Curie tempera-

ture, the GGA results seem to be in reasonable agreement with experiment. However,

the agreement is not perfect and would be difficult to assess in a situation in which the
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correct answer is not known. Moreover, simply determining what our computed interac-

tions predicted for observable quantities was somewhat non-trivial, requiring additional

analytical and numerical analysis.

In the following chapter, one can see the somewhat small difficulties encountered here

writ large. In Fe16N2, the experimental literature is contradictory and difficult to evaluate,

making the need to go beyond plain density functional theory all the more apparent.
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Chapter 3

Theoretical Investigation into the Possibility of Very Large Moments in
Fe16N2

. H. Sims, W. H. Butler, M. Richter, K. Koepernik, E. aolu, C. Friedrich, and S. Blgel,

Phys. Rev. B 86, 174422 (2012). Copyright (2012) by the American Physical Society.

§3.1 Abstract

We examine the mystery of the disputed high-magnetization α′′-Fe16N2 phase, em-

ploying the Heyd-Scuseria-Ernzerhof screened hybrid functional method, perturbative

many-body corrections through the GW approximation, and onsite Coulomb correla-

tions through the DFT+U method. We present, for the first time, a first-principles

computation of the effective on-site Coulomb interaction (Hubbard U) between localized

3d electrons employing the constrained random-phase approximation (cRPA), finding

only somewhat stronger on-site correlations than in bcc Fe. We find that the hybrid

functional method, the GW approximation, and the DFT+U method (using parameters

computed from cRPA) yield an average moment of 2.9 µB, 2.6-2.7 µB, and 2.7 µB per

Fe, respectively.

§3.2 Introduction

Though discovered in 1951 by Jack [1], α′′-Fe16N2 (with crystal structure pictured

in Figure 3.1) first drew the attention of the magnetics community in 1972. It was

then, 20 years later, that Kim and Takahashi [2] reported polycrystalline, mixed-phase

Fe-N films with a saturation magnetization exceeding that of both α-Fe and Co35Fe65

(∼ 2 × 106 A/m). However, it took another 20 years for the result to be reproduced

(and, in fact, surpassed) by Sugita et al. [3, 4]. Throughout the 1980s and ’90s, other

measurements of Fe16N2 thin films were reported that generally did not find this large

magnetic moment [5, 6, 7, 8].
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Figure 3.1: Crystal structure of Fe16N2, belonging to space group I4/mmm. We use the
PBE-relaxed structure in all calculations with a = 5.72 Å, c = 6.29 Å, x = 0.243, and
z = 0.294. We will frequently refer to the three inequivalent Fe Wyckoff sites: 4d (red),
4e (green), and 8h (blue) (the N sites are black).

Concurrently, density-functional theory (DFT) electronic structure calculations were

performed [9, 10, 11, 12, 13, 14]. finding the moment per Fe ion to be modestly increased

with respect to bulk bcc Fe but far short of the 3.5 µB reported by Sugita et al. It was

shown [15] that LSDA+U [18] calculations could yield an average moment comparable

to that of some experiments (∼ 2.8µB per Fe), but the parameters (U ≈ 3.94, 1.0, and

1.34 eV on the 4d, 4e, and 8h sites, respectively, with J = U/10) were obtained via

an embedded-cluster method with a small screening constant and were not calculated

from first principles. Additionally, the J parameter is smaller than usually considered

appropriate for transition metals (typically one chooses either an atomic-like J of about

0.9 eV or else a more screened J of about 0.6–0.7 eV).

Recently, further experimental evidence for the large magnetization has arisen [16],

as well as a companion theoretical paper [17] reporting enlarged Fe moments achieved

using LSDA+U (using U = 1.0 eV for the 4d site, 4.0 eV for the 4e and 8h sites, and

J = U/10). Ji et al. motivate their parameters by proposing that the Fe sites in the

N-Fe octahedra form strongly correlated clusters in a metallic Fe environment, choosing

a small U for the (within their model) more metallic 4d sites and a large U (chosen to
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be intermediate between that of FeO and Fe) for the 4e and 8h sites. They suggest that

this model is supported by XMCD spectra that show additional features at the Fe sites

not seen in bcc Fe or other Fe-N phases [19]. One of the purposes of our computation of

the Hubbard model parameters is to provide a method of evaluating the “atom+cluster”

model proposed in these recent reports.

In the present work, we perform an extensive search for the proposed large magneti-

zation; we calculate the hyperfine field at the three Fe sites and compare with published

Mössbauer spectra; we search for additional energy minima at moments away from the

theoretical prediction as a function of tetragonal distortion; we apply the HSE06 hybrid-

functional method [20] and the GW approximation [21] as implemented in VASP [22] to

α′′-Fe16N2, testing the two methods on bcc Fe to ensure that any enhancement of the

moment we obtain is genuine. Further, we compute the screened Coulomb matrix via

constrained RPA [23, 24, 25] (as implemented in the SPEX [26] extension of the FLEUR [27]

code), allowing us to provide for the first time first-principles predictions for the U and

J parameters. Finally, we present new PBE+U [28] calculations using these parameters

and discuss their implications for existing models.

§3.3 Computational Details

The hyperfine field calculation and the study of the dependence of the total energy on

cell moment (fixed spin moment or FSM) and tetragonal distortion were performed using

the FPLO code [30]. We implemented the full relativistic expression for the hyperfine field

BHF =
~2

ecme

∑
ν

〈
ν
∣∣∣α · (µ̂n × r

r3

)∣∣∣ ν〉 (3.1)

as given in Ref. [29] and references therein into FPLO. Note that here we give the general

prefactor to accommodate for proper units. The |ν〉 are the solutions of the Kohn-Sham-

Dirac equation, while α =

 0 σ

σ 0

, with σ being the vector of the Pauli matrices and

µ̂n the direction of the nuclear spin moment. The wave functions Ψν are expanded in

local atom centered orbitals in FPLO. The effective integrand 1
r2

leads to a damping factor
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for matrix elements between orbitals from different sites, which allows us to introduce

the approximation that only terms with orbitals belonging to the atom at which the

nuclear spins sits will be taken into account. The scalar relativistic hyperfine field only

contains the Fermi contact term, while the full relativistic version contains all terms

(including Fermi contact, orbital and spin dipole-nuclear dipole), due to the intrinsic

four-component formulation of Eq. (3.1) and the use of four-spinors. A nonrelativistic

limit of this expression reveals all of the separate terms. The major contributions come

from the s orbitals, for whom only the Fermi contact term contributes. Although the core

states contribute a large amount to the hyperfine field it has been shown [31] that valence

contributions can be sizable. The core contribution depends on the spin polarization of

the core wave functions including the effects of the crystal exchange potential and hence

should be influenced and scaled by the local spin moment. In FPLO the semicore (Fe

3s,3p) states are treated like valence states. For this reason we include the valence and

semicore contributions via the on-site approximation as explained above.

The FSM calculation was carried out within the PBE approximation using a 8× 8× 8

k-point mesh in a linear tetrahedron method with Blöchl corrections. Our VASP PBE+U

(using the fully-local double-counting term), HSE06 and GW calculations used a plane-

wave cut-off of 400 eV (29.4 Ry or 5.42 a−1
0 ). The PBE+U (HSE06 and GW) calculations

used an 8 × 8 × 8 (6 × 6 × 6) Γ-centered Monkhorst-Pack k mesh, employing a smaller

3×3×3 mesh for the exact-exchange sums. All of our VASP calculations use the projector

augmented-wave [32] pseudopotentials of Kresse and Joubert [33], and all VASP moments

are calculated within a sphere of radius 1.3 Å on the Fe sites.

To calculate the Hubbard U parameter we employ the constrained random-phase

approximation (cRPA) [23] within the full-potential linearized augmented-plane-wave

(FLAPW) method using maximally localized Wannier functions (MLWFs) [25, 34]. The

cRPA approach offers an efficient way to calculate the effective Coulomb interaction

U and allows to determine individual Coulomb matrix elements, e.g. on-site, off-site,

inter-orbital, intra-orbital, and exchange as well as their frequency dependence. We use
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the FLAPW method as implemented in the FLEUR code [27] with the PBE exchange-

correlation potential for ground-state calculations. A dense 16 × 16 × 16 k-point grid

is used. The MLWFs are constructed with the Wannier90 code [35, 36]. The effective

Coulomb potential is calculated within the recently developed cRPA method [23] imple-

mented in the SPEX code [26] (for further technical details see Refs. [24] and [25]). We

use a 3× 3× 3 k-point grid in the cRPA calculations. In all of the calculations presented

in the following, we use the PBE-relaxed internal atomic positions with a = 5.72 Å

and c = 6.29 Å (except in the FSM survey in which a and c are varied) and internal

parameters x = 0.243 and z = 0.294.

§3.4 Results and Discussion

§3.4.1 Hyperfine Field

The hyperfine field provides a picture of the local magnetic structure that, unlike

measurements of the saturation magnetization, does not require accurate estimation of

the volume of a sample or its component phases. Mössbauer spectroscopy has been

performed in many previous works [3, 4, 8, 38, 39, 40, 41], and the hyperfine field has

been calculated [9, 12, 13, 42] from DFT. Our calculated Bhf (found along with our

calculated Fe moments in Table 3.1) agrees well with these past results; we find that the

Fe sites with N nearest-neighbors exhibit approximately the same field (-23 T and -22 T),

while Bhf = −31 T for the 4d sites. If we note, as previous authors have [9], that DFT

underestimates the hyperfine field by a substantial, though nearly static, amount (∼ 8

T in this case), then we also find reasonable agreement with some of the experimental

reports. Particularly, we agree well with Refs. [8], [39], and [38]. Although our hyperfine

fields agree numerically with those of Moriya et al. [38], they claimed that the largest

hyperfine field was to be found in the 8h site, a claim that is difficult to reconcile with

the predicted relative magnitudes of the moments and the similar environment of the 4e

and 8h sites. We note, however, that this assignment of the hyperfine fields agrees better

with the moments in the recent LSDA+U study of Ji et al. [17]. We cannot offer any new

explanation for Sugita et al.’s larger 46 T field [3] nor the presence of only one Mössbauer
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sextet in their later single-phase sample [4].

Site Spin Moment (µB) Bhf (T) (sca.-rel.) Bhf (T) (full-rel.)

4d 2.85 -34 -31
4e 2.17 -25 -23
8h 2.36 -25 -22

Table 3.1: Spin moments and hyperfine fields (both fully- and scalar-relativistic) for each
Fe site calculated within PBE using the FPLO code.

§3.4.2 Fixed Spin-Moment Survey

Generally, expansion of the lattice may not be an efficient means of increasing the

magnetization of a material, as the enhancement of the spin moments may not outpace

the increase in volume. However, it is known that fcc Fe, while ordinarily paramagnetic,

enters a high spin state upon expansion of the cell volume [43]. Therefore, we have

explored the energy landscape as a function of total (spin) cell moment and c
a
, allowing

the former to range from 34 – 48 µB (corresponding to average spin moments of 2.12 –

3.0 µB per Fe) and the latter from 1.0 – 1.5 (holding a fixed in one set of calculations

and volume fixed in another). We only constrain the total spin moment of the cell and

not the magnitude of the individual moments. In principle, the moments of the three

inequivalent Fe sites could be arranged in many ways to obtain the same total spin

moment; however, we simply accept the converged result for each structure and total

moment without seeking out other possible minima.

The results may be seen in Figure 3.2. We note that no additional local energy minima

were observed apart from the PBE-relaxed structure and moment. Although the energy

minimum does tend to shift to higher moments with the increase of the volume through

c
a
, the enhancement is not sufficient to produce an increase in the magnetization. With a

held fixed at aexpt = 5.72 Å, the average spin moment per Fe reaches 2.81 µB at c
a

= 1.5,

giving a magnetization of 1.49×106 A/m, compared to 1.77×106 A/m at the experimental

c
a

and 1.75 × 106 A/m in bcc Fe. If the volume is held fixed, the average moment does

not depend strongly on c
a
, remaining close to the PBE value throughout and decreasing

to about 2.25µB at c
a

= 1.5. This supports the standard understanding of the LSDA- or
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GGA-predicted increase in the moment as arising from increased cell volume.

Figure 3.2: Energy landscape of Fe16N2 as a function of tetragonal distortion and average
moment per Fe with a) a held fixed and b) volume held fixed. Each contour represents
an increase of a) 10 mHa (0.27 eV) or b) 5 mHa (0.14 eV). There are no additional local
energy minima in the parameter space examined. For fixed a, c

a
= 1.5 gives µavg = 2.81µB.

Although the average moment is higher at this point, it does not overcome the increase
in volume, and the magnetization is only 84% of the magnetization of the PBE structure.
For fixed volume, the average moment remains close to the PBE value, decreasing slightly
as c increases above ∼ 1.1a.

§3.4.3 HSE06 and GW

It is possible that DFT cannot fully account for the physics that would give rise to

greatly enhanced magnetization in α′′-Fe16N2, so we have also considered methods that

have arisen since the last wave of theoretical investigation into this material subsided.

The HSE06 screened hybrid functional method entails only a moderate increase in com-

putational time with respect to PBE, and the inclusion of a static screening parameter

for the exact exchange term allows for the treatment of metallic systems—unlike the
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parent Hartree-Fock method—as well as speeding up calculation further. HSE06 follows

PBE0 [44] in its formulation of the exchange-correlation energy, given by

Exc =
1

4
EHF,SR
x +

3

4
EPBE,SR
x + EPBE,LR

x + EPBE
c (3.2)

The aforementioned screening parameter µ = 0.2 Å−1 partitions the exchange term into

a short-range and a long-range component, achieved by appending erfc(µr) (the comple-

mentary error function) to the short-range terms and erf(µr) to the long-range term [20].

The GW approximation improves upon Hartree-Fock by treating electrons as dressed

quasiparticles interacting via a screened Coulomb operator W . This replaces the purely

real exchange-correlation potential with a complex self energy Σ = −iGW . In the ini-

tial step, the Green’s function G and the screened Coulomb operator W are calculated

from the wave functions obtained from a converged DFT calculation. The computation

of W via the RPA is time-consuming, and consequently some shortcuts are sometimes

employed. So-called “one-shot” GW or G0W0 is performed by calculating the quasipar-

ticle energies using only these initial quantities and yields improved results compared to

LSDA [45, 46]. Nevertheless, the “one-shot” method still underestimates band-gaps due

to the inaccuracies inherent in using an LSDA-obtained W , and sometimes improvement

can be obtained by iterating G and W to self-consistency (although in fact G0W0 can be

more accurate in the computation of band gaps). We present results from G0W0, GW0,

and GW in this work.

Figure 3.3 shows the partial density of states (pDOS) of each Fe site in HSE06 and

GW. For comparison, we include the PBE-calculated pDOS for Fe16N2 and a fictitious

“Fe16N0” structure obtained by removing the N atoms without relaxing the structure.

This latter case shows that, within PBE, Fe approaches the strong ferromagnetic state,

with the majority d states nearly fully occupied, upon the N-induced volume expansion,

yielding an average moment of 2.56 µB per Fe and a magnetization of 1.84 × 106 A/m,

about a 5% increase over bcc Fe. The HSE06 pDOS shows a greatly enhanced exchange

splitting with respect to PBE-Fe16N0 and GW-Fe16N2, leading to an average moment of

2.86 µB per Fe (M = 2.06 × 106 A/m), whereas GW yields a more moderate 2.57-2.70
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Method 4d Site (µB) 4e Site (µB) 8h Site (µB) Average (µB) bcc Fe (µB)

PBE 2.84 2.19 2.38 2.44 2.23
PBE+U 3.08 2.62 2.74 2.71 2.67
HSE06 3.06 2.83 2.91 2.86 2.85
G0W0 2.90 2.31 2.49 2.57 2.33
GW0 2.95 2.35 2.53 2.64 2.62
GW 2.96 2.41 2.57 2.66 2.65
GW (s, p val.) 3.00 2.50 2.64 2.70 2.59

Table 3.2: Calculated spin moments for all methods presented in this work. The PBE+U
results were obtained using the cRPA-obtained interaction parameters U = 3.99, 3.12,
and 3.52 eV for the 4d, 4e, and 8h sites, respectively (J = 0.64, 0.59, and 0.61 eV), except
for bcc Fe, for which we used U = 3.16 eV and J = 0.68 eV as in Ref. [25]. GW (s, p
val) denotes a VASP-GW calculation in which the Fe 3s and 3p electrons are treated on
the same level as the 3d and 4s.

µB per Fe (M = 1.85 − 1.95 × 106 A/m). The calculated spin moment at each site can

be found in Table 3.2.

In the absence of experimental photo- or x-ray-emission data to which to compare, we

must test the validity of the calculated moments by calculating the moments of better

established materials. The last column in this table shows the calculated spin moment

for bcc Fe from PBE, PBE+U (which will be discussed in detail in the following sec-

tion), HSE06, and GW. Our HSE06 result for bcc Fe agrees with previous work [47]

and demonstrates that, although the screened hybrid functional method improves on the

Hartree-Fock treatment of metallic systems, it can overestimate the strength of the ex-

change and yield un-physical high spin states. However, we also note that the calculated

bcc Fe spin moment is not necessarily directly proportional to the calculated moments in

α′′-Fe16N2, so it is possible that the bcc Fe moment does not completely determine the

accuracy of a method in this case.
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Figure 3.3: s and d Partial density of states and spin moments (in µB) for the 4d, 4e, and
8h Fe sites (left, middle and right columns) for a) a fictitious Fe16N0 structure (within
PBE) in which the Fe atoms retain their α′′ positions. Here, we see that the majority
channel is already nearly fully occupied due to the volume expansion induced by the N
atoms. (b) PBE pDOS showing the effect of Fe – N hybridization: increasing the moment
of the second-neighbor 4d site at the expense of the 4e and 8h sites. (c-e) PBE+U , HSE06,
and GW0, respectively (the reader should note the difference in the scale of the x axis in
the HSE plots): PBE+U and HSE06 each give large moments at each site, but predict
an average moment only slightly larger than in bcc Fe (for which they also give very large
moments). The pDOS for all VASP-GW methods considered in the text are in agreement
with those displayed.
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§3.4.4 cRPA and PBE+U

Previous attempts to explain the experiments that find high magnetization have turned

to LDA+U to describe the correlation effects that may be present in α′′-Fe16N2. However,

as no first-principles calculations of the interaction parameters existed, it was necessary

to motivate the choice of U (and J) by analogy with other systems or by applying a

model. In particular, the explanation for the enhanced magnetization proposed by Ji et

al. [16, 17] and Wang et al. [19] requires that the Fe sites with N nearest-neighbors be

more strongly-correlated than the 4d sites, which have no N neighbors. Without a set of

firmly-established parameters, it is difficult to progress in understanding this system, as

the calculated moment is directly dependent on U and J (see, e.g. Figure 3 in Ref. [17]).

Recently, the constrained RPA has been proposed as a first-principles method of obtain-

ing the screened Coulomb matrix within a Wannier basis [23, 24, 25]. The noninteracting

polarizability P can be written

P (r, r′, ω) =
occ∑
n

unocc∑
m

[
ψ∗n(r)ψm(r)ψ∗m(r′)ψn(r′)

ω − εm + εn + iδ
− ψn(r)ψ∗m(r)ψm(r′)ψ∗n(r′)

ω + εm − εn − iδ

]
, (3.3)

where the ψi and εi are the DFT wave functions and their eigenvalues. If one separates

P into Pd, containing the correlated orbitals, and Pr, containing the rest, and if one

considers the unscreened Coulomb operator v, one can write [23, 25]

U = [1− vPr]−1v (3.4)

Ũ = [1− UPd]−1U (3.5)

URn1n3;n4n2(ω) =

∫∫
d3r d3r′w∗n1R

(r)wn3R(r)U(r, r′;ω)w∗n4R
(r′)wn2R(r′), (3.6)

where wnR(r) is the MLWF at site R with orbital index n and U(r, r′;ω) is calculated

within the cRPA.

In our Spex-cRPA calculation, we choose the Fe d orbitals as our correlated subspace

and compute the interaction parameters found in Table 5.1. Quantities with tildes are
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obtained from the fully screened Coulomb operator Ũ , while plain symbols are the sp-

screened quantities that enter into the PBE+U calculations. The U , U ′, and J (and their

fully-screened counterparts) are averaged at each site as follows:

UPBE+U = F 0 =
1

25

∑
m,n

Umnmn (3.7a)

U =
1

5

∑
m

Ummmm (3.7b)

U ′ =
1

10

∑
m<n

Umnmn (3.7c)

J =
1

10

∑
m<n

Umnnm (3.7d)

Site UPBE+U U U ′ J Ũ Ũ ′ J̃

4d 3.99 5.02 3.74 0.64 1.80 0.71 0.53
4e 3.12 4.14 2.95 0.59 1.56 0.55 0.49
8h 3.52 4.50 3.27 0.61 1.68 0.62 0.51

Table 3.3: The calculated on-site interaction parameters (all in eV) from cRPA for α′′-
Fe16N2, showing a small increase in correlation with respect to bcc Fe. Quantities with
a tilde are computed from the fully-screened Coulomb potential, while plain quantities
are computed from the partially screened potential (omitting d− d screening). UPBE+U

is the U parameter that enters into the PBE+U calculations.

We note that these parameters differ both quantitatively and qualitatively from pre-

viously proposed models, particularly those that suggest large differences in correlation

strength between Fe sites. The spin moments from PBE+U , for Fe16N2 as well as bcc

Fe, can be found in Table 3.2. The PBE+U spin moment for bcc Fe was calculated using

the interaction parameters computed in Ref. [25]—U = 3.16 eV and J = 0.68 eV. We

use the fully local (FLL) double counting correction in the calculation of both the bcc

Fe and the Fe16N2 moments. Although this choice may seem strange in metallic systems,

the around-mean-field (AMF) term opposes the formation of moments in general [48] and

here produces moments ∼ 1 µB below the expected value in bcc Fe. It should be noted,

however, that the choice of the double counting term in PBE+U is not unique and thus

leaves an ambiguity in the calculated moments even if U and J were computed with a

well-defined method.
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§3.4.5 Orbital Moment

In solids, the orbital moment is typically nearly quenched, but in some extreme cases

(such as UN [49]), the orbital moment can be comparable to the spin moment. PBE

calculations give an orbital moment per Fe of only 0.05 µB in bcc Fe (Table 3.4), but

this may be increased somewhat in Fe16N2. To explore this possibility, we calculated the

orbital moment within PBE, PBE+orbital polarization correction (OPC) [50], PBE+U

(using the cRPA parameters), and “one-shot” G0W0 using FPLO (for the OPC calculation)

and VASP (for the rest). Each method shows a small increase in orbital moment compared

to bcc Fe, yielding about 0.1 – 0.2 µB per Fe atom and an increase of 0.01 – 0.05 µB over

bcc Fe. This cannot account for the claims of moments well in excess of 3 µB but, when

combined with the PBE+U or GW results, does raise the possibility of a total (spin +

orbital) moment of 2.65 - 2.9 µB per Fe.

Method 4d Site (µB) 4e Site (µB) 8h Site (µB) Average (µB) bcc Fe (µB)

PBE 0.06 0.06 0.05 0.06 0.05
PBE+U 0.20 0.16 0.16 0.17 0.12
PBE+OPC 0.09 0.11 0.10 0.10 0.09
G0W0 0.06 0.06 0.05 0.06 0.05

Table 3.4: Calculated orbital moments in Fe16N2 within PBE, PBE+U , PBE+OPC, and
G0W0. The orbital moment is increased by only 0.01 - 0.05 µB per Fe with respect to
bcc Fe.

§3.5 Summary

We have examined the electronic and magnetic structure of α′′-Fe16N2 within PBE,

PBE+U , HSE06, and GW . Within PBE, we find spin moments and hyperfine fields that

agree with past results, and we do not find that any high-magnetization state arises as

c
a

changes from the experimental value. We have provided, for the first time for this

material, screened Coulomb interaction parameters calculated via constrained RPA and

have used them in our PBE+U calculations. We find that PBE+U and HSE06 gives

average spin moments per Fe of 2.71 and 2.86 µB but also greatly overestimate the

moment of bcc Fe (experimentally about 2.2 µB). GW gives smaller moments, about

2.57 µB - 2.70 µB per Fe, a slight increase over the PBE moment. G0W0, GW0, and
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GW all overestimate the bcc Fe spin moment by different amounts despite their similar

predictions for Fe16N2. In all cases, we find that the 4e and 8h sites have smaller moments

than that on the 4d site.

We have also presented calculations of the orbital moment on the Fe sites calculated

within PBE, PBE+OPC, PBE+U , and G0W0. We find that the orbital moment is not

completely quenched and may add 0.1 – 0.2 µB to the average total moment per Fe, a

small increase over bcc Fe.

In order to evaluate the varying results found above, one must understand the purposes

of and approximations inherent in the methods presented. In addition to the shortcomings

of the mean-field-like treatment of correlations within PBE+U , there are two notable

avenues for error in this method: the need to choose the U and J parameters and the

lack of a priori justification for the double-counting corrections. Dependence on the

choice of interaction parameters is not a fundamental problem and can be alleviated as

we have done here by computing them through some appropriate first-principles method.

The choice between the FLL or AMF double-counting corrections, while straightforward

when treating insulators, can be less obvious in semilocalized magnetic systems, and

furthermore no method exists for determining the exact form of the correction. The

hybrid functional method’s dependence on parameters is fundamental to the approach,

although it is mitigated somewhat by the use of predetermined parameters such as in

HSE06. However, these parameters were primarily chosen to produce reasonable band

gaps and may need to be altered to properly treat metallic systems. In principle, the

GW approximation should be the most accurate of those presented here. The G0W0

and GW0 methods maintain good contact with the PBE results while incorporating first-

order exchange and correlation effects. However, some care must still be taken; we have

shown that the results do depend on which electrons are treated as valence and which are

absorbed into the core pseudopotential. Last, we note the need for additional, repeatable

experiments that probe the electronic structure of the material in order to provide a

better basis for comparison with theory.
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Concluding Remarks

Fe16N2 continues to pose an interesting challenge to both those who wish to grow it

and measure its properties and those who wish to understand it from a computational-

theoretical perspective. This work represents both a first effort toward guiding future

understanding and an effort to constrain the expectations from the material based on

careful calculations with strong first-principles roots.

In the absence of observable quantities other than the magnetization, which proves ill-

suited to the role of primary metric-of-reasonableness, it is necessary to push the available

theoretical machinery as far as it can reliably go in order to improve our understanding of

semi- and strongly-correlated materials. However, in the next chapter, one sees an exam-

ple of how direct collaboration with experimentalists can greatly enhance the predictive

power of even somewhat less rigorously-defined approaches.
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[24] E. Şaşıoğlu, A. Schindlmayr, C. Friedrich, F. Freimuth and S. Blügel, Phys. Rev. B.
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Chapter 4

Novel optical band gap hierarchy in a magnetic oxide: electronic structure
of NiFe2O4

Q.-C. Sun, H. Sims, D.Mazumdar, J. X. Ma, B. S. Hollinsworth, K. R. ONeal, W. H.

Butler, A. Gupta, and J. L. Musfeldt, Phys. Rev. B 86, 205106 (2012). Copyright (2012)

by the American Physical Society.

§4.1 Abstract

We combined first principles calculations with optical spectroscopy and variable tem-

perature film growth techniques to comprehensively investigate the electronic structure

of NiFe2O4. We find this system to be an indirect gap material in the minority chan-

nel, with two higher energy direct gap structures in the minority and majority channels,

respectively. An analysis of states near the band edge simultaneously exposes both the

charge transfer and Mott limits of the Zaanen-Sawatzky-Allen classification scheme. The

gap hierarchy is well-suited for spintronics applications.

§4.2 Introduction

One of the many attractive features of complex oxides is their unique and tunable func-

tionalities. Magnetic insulators are garnering particular interest in this regard [1]. Apart

from their traditional usage in microwave devices, many newer paradigms are emerging,

especially in the area of spintronics, where magnetic insulators can play a central role

in generating highly spin-polarized currents [2, 3, 4]. It has also been proposed that the

split-band nature of ferromagnetic insulators can help realize an ON/OFF ratio large

enough for logic operations [5, 6]. Moreover, by virtue of their insulating nature, spin-

bearing thermal magnons have been predicted to improve spin-transfer torque device

efficiencies [7]. Eventual realization of these ideas is inherently linked with a quantita-

tive understanding of bulk and interfacial electronic properties. Due to their high Curie
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temperatures, spinel ferrites like NiFe2O4 are attractive candidate systems [8, 9]. Under-

standing the role of electron correlation in these and other oxides is, however, a major

challenge [10, 11, 12, 13, 14, 15, 16, 17, 18]. Previous work demonstrated that an on-

site Hubbard U parameter is needed to correctly describe the insulating ground state

of NiFe2O4 within the local density approximation (LDA) of density functional theory

(DFT) [19]. Magneto-structural and cation inversion effects have also attracted atten-

tion [20, 22]. Moreover, there is no consistent experimental data on the optical band

gap of NiFe2O4 with values as low as 0.33 eV and as high as 3.7 eV reported in the

literature [23, 24, 25, 26, 27]. These discrepancies make elusive a consistent view of the

electronic structure.

In this work, we synergistically combine first principles calculations with optical spec-

troscopies and epitaxial thin film growth techniques to resolve this controversy. To treat

electron-correlation effects, we reached beyond LDA techniques by adopting LDA+U and

hybrid functional approaches [13, 14]. the consistency of which reveals the microscopic

nature of the observed optical excitations. Our measurements show NiFe2O4 to be an

indirect band gap system (2∆indir = 1.6 eV), which theory assigns to the minority (spin-

down) channel. The optical response also displays two different direct gaps belonging to

the minority and majority channels, respectively. Taken together, our work reveals states

near the band edge that display both charge transfer and Mott character, a hierarchy of

charge gaps that overlaps well with the solar spectrum, and a framework for understand-

ing the electronic structure of spinel ferrites that advances the use of these materials in

spintronics applications.

§4.3 Methods

Electronic band structure calculations were performed with the Vienna ab-initio simula-

tion package (VASP) [28, 29] on a relaxed 14-atom primitive NiFe2O4 cell using LDA+U

and Hybrid functionals (HSE06) [13, 14, 30]. We performed calculations within both

LSDA+U (applying the fully-local double counting term and using Ueff = 4.5 eV for Fe

and 4.0 eV for Ni, which agree with the values used in Ref. [19] and are close to those ob-

tained from constrained LDA [31]) and the Heyd-Scuseria-Ernzerhof (HSE06) [13, 14, 30]
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Figure 4.1: (a, b) Density of states of NiFe2O4 calculated according to the LSDA+U and
the screened hybrid functional HSE06 methods. The enhanced gap in the latter method
is clearly seen. (c) HSE06 energy bands along Γ – X – W for majority (left) and minority
(right) channels. The minority channel exhibits an indirect gap between X and Γ. In
both channels, the lowest conduction band is nearly flat over a wide region, possibly
leading to many nearly-degenerate transitions (both direct and indirect). (d) Dielectric
constant ε2(E) as a function of energy. Red curve: experimental spectrum; green curve:
theoretical result in the ab plane; blue curve: theoretical result in the c direction. The
agreement between calculated and experimental responses is reasonable. Inset: effective
number of electrons neff as a function of energy. The various gaps are indicated.

screened hybrid exchange functional approximation to the DFT. We use the projector

augmented wave (PAW) [32] pseudopotentials from Kresse and Joubert [28, 29]. In all

cases, we employed a plane wave cutoff of 400 eV. We use a Γ-centered 8× 8× 8 k mesh

in all calculations, with a coarser 4× 4× 4 mesh for the computation of the Hartree-Fock

exchange energy.

A series of epitaxial NiFe2O4 thin films with thicknesses between 150 and 270 nm were

prepared on (001)-orientated MgAl2O4 substrates at growth temperatures of 690, 550,
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Band gap HSE06 LSDA+U Experimental gaps

Indirect 2∆min(X → Γ) 2.7 1.6 1.6 (from (α·E)0.5 vs. E plot)

Direct
2∆min(X → X) 2.7 1.6

2.4
(from (α·E)2 vs. E plot)2∆min(Γ→ Γ) 3.0 1.6

2∆maj(Γ→ Γ) 3.3 1.9 2.8

Table 4.1: Theoretical and measured optical band gap values of NiFe2O4 (in eV). These
gaps overlap well with the solar spectrum.

400, and 250◦C using the pulsed laser deposition technique. Oxygen pressure during

growth was kept at 10 mtorr mixed with 5-10% of ozone and a laser fluence of 2 J/cm2.

The base pressure of the depostion chamber was 2×10−7 Torr. Detailed characterization

of these samples is reported in earlier work [33].

300 K transmittance and reflectance measurements on NiFe2O4 thin films [33] pre-

pared at different temperatures as well as the independent substrate were carried out

using a Perkin-Elmer Lambda-900 spectrometer (3000-190 nm; 0.41-6.53 eV). The opti-

cal properties were determined by combining Glover-Tinkham and Kramers-Kronig tech-

niques [34, 35]. The gap analysis and color rendering calculation employed the absorp-

tion [36, 37], whereas the imaginary part of the dielectric function was compared with

our calculations.

§4.4 Results and discussion

Figure 4.1(a, b) displays the density of states as obtained with LSDA+U and HSE06.

There is good qualitative agreement between both methods, and NiFe2O4 is insulating in

both cases. The gap from the top of the valence band to the bottom of the conduction

band is 2.2 eV (1.1 eV) within HSE06 (LSDA+U). The LSDA+U gap value is in good

agreement with Refs. [19], [20], and [22]. Further, the majority and minority channels

are spin-split in both the valence and conduction bands as expected for a magnetic

insulator, and we predict that the gap is larger in the majority channel than in the

minority. The band gap from HSE06 (LSDA+U) is close to 3.3 eV (1.9 eV) for the

majority band and 2.7 eV (1.6 eV) for the minority band, giving a 0.5 eV (0.3 eV)

difference in the majority and minority band gaps. These findings are summarized in
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Table 4.1. As expected, the exact numerical values depend on the screening length

(in HSE) and Ueff (in LSDA+U) chosen in the calculation. For instance, increasing

Ueff on the Ni and Fe sites diminishes and eventually eliminates the indirect gap in

the minority channel of LSDA+U density of states, as the O p states remain fixed with

respect to the Ni and Fe d states. Increasing or decreasing the screening length rigidly

shifts the conduction bands without altering the qualitative structure. Both methods

also predict that in the lowestenergy configuration, the octahedral sites (Ni and Fe) are

aligned antiferromagetically to the tetrahedral sites (Fe only), yielding fully compensated

Fe moments with the net moment arising from the Ni centers [21, 22]. The net unit

cell moment is 2.0µB per formula unit is consistent with this magnetic structure and the

nominal valence states of Ni2+ and Fe3+.

The LSDA+U and HSE partial density of states (DOS) (Fig. 4.1(a) and (b)) indicate

that the narrow conduction band states belong to majority Fe d states and minority Fe

and Ni d states. Despite the complexity of the material, the valence band can be neatly

partitioned into deep and strongly localized Fe states (8 eV below Fermi level, not shown

here) and predominantly Ni and O states near the Fermi level. In close analogy with

the case of NiO [38, 39], hybridization smears the Ni and O states across the valence

band, resulting in the highest occupied bands having both Ni d and O p character. The

minority Ni and O states, however, are more separated and, particularly in HSE06, the

top of the valence band is dominated by a sharp Ni d peak, which is also found in NiO.

The Fe states return to play a larger role in the conduction band, defining the size of

the gap in both spin channels and thus reducing the gap compared with the NiO parent

compound.

The charge transfer (U>∆>W ) and Mott regimes (∆>U>W ) are well-known limits

of the Zaanen-Sawatzky-Allen classification scheme for insulating oxides [40]. Here, U

is the on-site Coulomb repulsion, ∆ is the ligand to metal charge transfer energy, and

W is the bandwidth. Analysis of the states near the band edge reveals that NiFe2O4

displays both charge transfer (p-d) and Mott-Hubbard (intersite d-d) character. In other

words, it does not fall neatly into either limiting regime, a finding that makes this spinel

74



interesting from the electronic structure point of view.

Following the arguments of Ref. [40], this suggests that the Ni on-site d-d interaction

U is roughly equal to the difference between the unoccupied Ni minority eg and occupied

O p energy levels. In NiFe2O4 or any similar material, the relevant quantities for deter-

mination of the charge-transfer gap are the unoccupied Fe d energy levels (both minority

and majority) and occupied O p levels, while the correlation-induced gap depends on the

magnitude of Fe on-site d-d and off-site O-Fe p-d, Fe-Fe d-d, and Ni-Fe d-d interactions.

To further investigate the nature of the gap, we plot the HSE06 bands (Fig. 4.1(c))

along the lines Γ – X – W for the majority (red, left) and minority (blue, right) channels.

Both LSDA+U and HSE06 show a nearly flat conduction band in the majority channel

exhibiting a direct gap at Γ (3.27 eV for HSE06, 1.90 eV for LDA+U). All indirect gaps

in the majority channel lie higher in energy. The picture in the minority band is more

complicated with both indirect and direct gaps lying very close in energy. There is at

least one indirect gap candidate in the minority channel as the conduction band minimum

lies at Γ while the valence band maximum is at the X point (k = 2π
a

[100]), the difference

in energy being 2.70 eV (1.60 eV) in HSE06(LSDA+U). Notable direct gaps just above

the indirect gap are at X (2.73 eV for HSE06) and Γ (3.01 eV) (Table 4.1).

Figure 4.2 displays the 300 K optical absorption of two NiFe2O4 thin films prepared

at different growth temperatures. There are only modest differences, so we focus our

analysis on the highest quality film grown at 690 ◦C. NiFe2O4 has a number of impor-

tant dipole-allowed excitations in the optical response. Based on a comparison with the

aforementioned electronic structure calculations, we can analyze the features in the opti-

cal data in terms of p-d and metal-to-metal intersite d-d charge-transfer-like excitations.

We assign the strong band above 3 eV to a combination of majority channel d-d Ni2+

→ Fe3+(Td) and p-d O2− → Fe3+(Td) features. The edge of this band determines the

majority channel direct gap, as discussed below. We attribute the 2.6 eV peak to the

Γ-centered minority channel O2− → Fe3+(Oh) and Ni2+ → Fe3+(Oh) charge transfer be-

low the valence band maximum. The edge of this band (composed of O2− → Fe3+(Oh))

determines the minority channel direct gap. Likewise, the absorption tail below 2.3 eV
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determines the minority channel indirect band gap as discussed below. It is also a com-

bination of p-d and d-d charge transfer processes. We assign the weak spectral features

near 2.2, 1.9, and 1.7 eV as on-site excitations of the metal centers [41, 42]. It is these

excitations along with the indirect edge, the 2.6 eV excitation, and the strongly rising

edge near 3 eV that determine the color properties of this material. As shown the lower

inset of Fig. 4.2, the rendered color (calculated from the measured spectrum) [36] is in

excellent agreement with a photo of the same film.
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Figure 4.2: 300 K absorption spectrum of NiFe2O4. Upper left inset: optical band gap
analysis for the film grown at 690 ◦C. Lower left inset: the rendered color [36] for the film
grown at 690 ◦C compared to a photograph of the same film. Right inset: dependence of
the direct and indirect optical band gaps on growth temperature.

The theory of band gap analysis is well established for traditional semiconductors [37]

and is commonly extended to oxides although under less rigorous conditions [43, 44].

The upper left inset of Fig. 4.2 summarizes our tests for indirect and direct band gap

character in NiFe2O4. Importantly, we find evidence for both indirect and direct gaps in

this material. Moreover, there is more than one direct gap. The consequences of these

findings are discussed below.

NiFe2O4 is an indirect band gap system. A plot of (α·E)0.5 vs. energy (top left inset,

Fig. 4.2) places the 300 K indirect optical band gap in our film at 1.64±0.08 eV. We

extract a coupling phonon energy [37] of ∼50 meV (400 cm−1), which corresponds the
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infrared active O–Fe–O bending mode [23]. This (α·E)0.5 vs. energy curve is fairly linear

and displays a more characteristic shape than that of the 16 nm mesoporous sample

measured by Haetge et al. [26], likely because the tubular character of the sample disrupts

the phonons and disallows this gap. In other words, the 16 nm pores break the periodicity

required to give the phonon coherent character, and a coupling phonon is required to have

an indirect gap. Theoretically, the best candidate for this gap is in the minority channel

(from the valence band X point to the conduction band Γ point, Table 4.1).

NiFe2O4 also has direct gaps. A plot of (α·E)2 vs. energy (left inset, Fig. 4.2) places

the 300 K direct optical band gaps in our film at 2.36±0.05 and 2.77±0.05 eV, which we

assign to both minority and majority channel features from our first principles results

(see Table 4.1). The direct band gaps are also similar to the values of 2.2 eV on a sintered

bulk sample reported by Balaji et al. [24], 2.5 eV on nanoparticles by Dolia et al. [25],

and 2.7 eV on a 16 nm mesoporous sample reported by Haetge et al. [26]. The values

reported in Refs. [23] and [27] are outliers, probably due to sample quality issues.

Importantly, our analysis reveals that NiFe2O4 displays both indirect and direct band

gaps. This is similar to the situation in Si and GaAs, which are well-known components

of microelectronic devices [23, 37]. The charge gap hierarchy and the overlap of these

features with the solar spectrum suggests an additional application. Specifically, the

difference between 2∆indir and 2∆dir,maj could provide an opportunity to obtain spin-

polarized carriers via the excitation in the 1.64–2.77 eV energy range [3, 4]. Such carriers

could be photo-generated or injected and would presumably reside in the minority chan-

nel.

To quantify the strength of the various charge transfer excitations, we calculated the

effective number of electrons involved in each transition, neff , using the partial sum rule:

neff =
∫ E2

E1
Eε2(E)/(4π2h2ε0)dE/(2π2ω2

p), where ε2(E) is the dielectric constant data of

Fig. 4.1(d), ωp =
√
e2/V0mε0 is the plasma frequency, e and m are the charge and mass

of an electron, ε0 is the vacuum dielectric constant, V0 is the unit cell volume, and E1

and E2 are the limits of integration [35]. As shown in the inset of Fig. 4.1(d), neff is

small below the indirect band gap because there are no electric dipole allowed transitions
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in this range. Above 2∆indir = 1.64 eV, neff increases gradually, a process that depends

on the coupling phonon density of states as discussed above. The effective number of

electrons increases more rapidly above 2∆dir,min = 2.36 eV, and the slope of neff is even

larger above 2∆dir,maj = 2.77 eV as the absorbed photons activate various charge transfer

processes. Photoconductivity experiments could test this proposal.

The main effect of decreasing growth temperature is that the features are smeared

out and the spectrum is more diffuse. The right inset of Fig. 4.2 summarizes the growth

temperature dependence of the indirect and direct band gaps of NiFe2O4. The gradual red

shifts with decreasing film growth temperature are consistent with a simple structural

decoherence picture [18, 33]. The trends also correlate with the finding that the low

temperature film is more strained than the high temperature film [18, 20], although there

is no dramatic strain dependence. The limited effect of growth temperature on the various

gaps suggests that if main goal is to maintain the gap values, one can sacrifice structural

fidelity for easier processing.

§4.5 Summary

To summarize, we combined first principles calculations, optical spectroscopy, and

film growth studies to comprehensively investigate the electronic band gap of NiFe2O4.

This spinel oxide is an indirect band gap material which theory assigns to the minority

spin channel, with two higher-lying direct gaps in the minority and majority channel,

respectively. This series of gaps emanates from the flatness of the bands. Analysis of the

states near the band edge reveals a combination of p-d and d-d charge transfer character

in both channels, with transitions into and between the correlated bands of the Ni2+

and Fe3+ sites. This leads to a system that is not easily classified within the Zaanen-

Sawatsky-Allen scheme.
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Concluding Remarks

LSDA+U and HSE06 are both methods that trade the full predictive power of a

parameter-free approach for better band gaps in Mott insulators (in the former) and

other small-gap semiconductors and insulators (in the latter). Nevertheless, examining

the results obtained from these two methods can be quite enlightening, particularly when

one can compare with optical data such as those reported above. In particular, we were

able to identify not only a set of hierarchically-arranged band gaps but indications that

the majority and minority gaps arise from different energy scales (the ∆ of a charge

transfer gap compared to the U of a Mott-Hubbard gap) and thus may be able to be in-

dependently tuned. Certainly, the importance of frequent and detailed interactions with

experimentalists is of inestimable value to the condensed matter theorist.

However, as one repeatedly observes in this and the previous chapters, direct observa-

tions of the quantities one wishes to study are not always available or even possible. Such

is the case for H impurities in Ge, which have not been studied as directly or carefully

as H complexes or other impurities in the semiconducting material. The desire for an

essentially exact treatment of this problem and the ambiguity of the LDA result combine

to suggest a treatment by one of the most sophisticated computational methods available:

dynamical mean-field theory.
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Chapter 5

The Effect of Local Electron-Electron Correlation on H Impurities in Ge

HS, E. R. Ylvisaker, E. aolu, C. Friedrich, S. Blgel, and W. E. Pickett, submitted to

Phys. Rev. B, 2013

§5.1 Abstract

We have studied the electronic and local magnetic structure of the hydrogen interstitial

impurity at the tetrahedral site in diamond-structure Ge, using an empirical tight binding

+ dynamical mean field theory approach because within the local density approximation

(LDA) Ge has no gap. We first establish that within LDA the 1s spectral density bifur-

cates due to entanglement with the four neighboring sp3 antibonding orbitals, providing

an unanticipated richness of behavior in determining under what conditions a local mo-

ment hyperdeep donor or Anderson impurity will result, or on the other hand a gap state

might appear. Using a supercell approach, we show that the spectrum, the occupation,

and the local moment of the impurity state displays a strong dependence on the strength

of the local on-site Coulomb interaction U , the H-Ge hopping amplitude, and the depth

of the bare 1s energy level εH . We address to some extent the impurity concentration

dependence. In the isolated impurity, strong interaction regime a local moment emerges

over most of the parameter ranges indicating magnetic activity, and spectral density

structure very near (or in) the gap suggests possible electrical activity in this regime.

§5.2 Introduction

Due to their importance in electronics technology, isolated defects in semiconductors

and insulators have a long history. Low doping levels, arising from isolated shallow de-

fects, provide the carriers that make semiconductors a dominant technology in today’s

pervasive electronics environment. The primary shallow defects in the more important
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semiconductors for most applications (Si, GaAs, Ge) have been extensively studied, and

research turned to the study of deep levels (states with energies well away from the

edges, deep within the gap). An exploration by Haldane and Anderson [1] demonstrated,

considering intra-atomic repulsion using the multi-orbital Anderson impurity in a model

semiconductor treated in mean field, how multiple charge states can arise and be con-

fined within the semiconducting gap. These charge states will, except accidentally, be

deep levels, and when providing a carrier to the conduction band through thermal or

electromagnetic excitation, they become deep donor levels.

One of the suspected deep donor impurities in semiconductors, and seemingly the

simplest, is interstitial H in an elemental semiconductor. Ge and Si can be prepared

ultra-pure, and H possibly is the most common remaining impurity. In work that will be

discussed in more detail later, Pickett, Cohen, and Kittel [2] (PCK) provided evidence

that interstitial H produces a hyperdeep donor level in Ge, with the H 1s donor state

lying not within the gap but perhaps located as deep as 6 eV below the gap, near the

center of the valence bands. Their hands-on, self-consistent mean field treatment in the

spirit of correlated band theory (LDA+U) methods leaves much yet to be decided.

PCK provided a synopsis of the earlier models that had been applied to this H impurity

question. Several H-related defects have been observed [3, 4, 5, 6, 7] in Ge, and most seem

to be defect complexes in which H is involved, rather than simply isolated H impurities.

However, local vibrations were observed for isolated H, identified as (near) bond-centered

and in the antibonding or tetrahedral sites [8, 9], which is the impurity of interest here.

Similar questions exist for H impurities in the isovalent semiconductors Si (Ref. [10]) and

diamond.

Since that early work, a few model studies have addressed the effects of local inter-

actions at a single orbital impurity in a semiconducting host. Yu and Guerrero inves-

tigated a one-dimensional Anderson model with an impurity using the density matrix

renormalization group approach [11]. The strength of the hybridization compared to the

semiconducting gap determined whether the doped-hole density remained localized near

the impurity or instead spread over many sites (25 sites in their study). Additional holes
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were found to be spread throughout the system, avoiding the impurity region. The H

in Ge problem is a physical realization of the gapped Anderson impurity model (GAIM)

studied by Galpin and Logan [12, 13]. They addressed the GAIM with a self-consistent

perturbation theory extended to all orders, and concluded that for the half-filled case

such as we are in interested in here – neutral H in undoped Ge – for any non-zero gap

the interacting system is not perturbatively connected to the non-interacting system.

This broad claim calls to mind the classic result of Kohn and Majumdar – separate but

related, and with different connotations – that the properties of such a system (in the

non-interacting case) are analytic in the strength of a local potential that drives a bound

gap state across the gap edge to become a resonant state in the continuum [14].

From the earliest electronic structure studies involving H impurities in Ge, most of the

focus has been on defect complexes incorporating H with vacancies and other impurities.

Model studies [15, 16] gave way to a number of density functional theory (DFT) based

studies; see Refs. [6] and [7] for representative work. DFT studies of isolated H in Ge and

other semiconductors have also been reported [7, 17, 18, 19], giving indications that H

provides in Ge a shallow donor or shallow acceptor depending on its position (see above),

or that it is an example of a negative-U system because of instability of its neutral

state. These scenarios, formulated within a quantum theory of energetics (DFT) but a

one-electron picture of the spectrum, contrast strikingly with the deep donor possibility

posed by PCK. Most of the existing studies confine their focus to energetics of the H-in-Ge

system and on “energy level” positions, without an exposition of the spectral distribution

of the H 1s weight.

While the H impurity in an elemental semiconductor is the most primitive realization

of the impurity problem, this type of system has not seen a material-specific treatment

of the dynamical correlations that will influence its electronic structure and excitation

spectrum. In this paper we provide results of a dynamical mean-field theory (DMFT)

treatment [20, 21, 22] that sheds light on several of the primary issues.

84



§5.3 Method of Calculation

§5.3.1 Supercells; host electronic structure

Interstitial H in the intrinsic semiconductor Ge presents a seemingly simple system: a

single half-filled 1s orbital hybridized with a semiconducting bath. A neutral H impurity

(our interest here) adds one electron that is expected to be accommodated in an additional

“state” within the gap or the valence band and most likely the latter, since there has

been no signature of an electrically and magnetically active gap state.

Anticipating the disturbance (in density, in screened potential) in an insulator to be

localized, we adopt a supercell representation of the impurity. We consider a single

interstitial hydrogen atom in the tetrahedrally-symmetric antibonding position in Ge,

both in a single (periodic) conventional cubic diamond-structure supercell (containing 8

Ge atoms, denoted HGe8) and in a 2 × 2 × 2 supercell of conventional cells (containing

64 Ge atoms and denoted HGe64). There is vibrational evidence [8, 9] that H sits off

the tetrahedral site along a [111] direction, thus closer to one of the four Ge ions than

the others, giving it only one Ge nearest neighbor. We do not treat that possibility here,

though the methods we use can be applied to that case. Due to a number of uncertainties

about materials parameters (and the local density approximation [LDA] gap problem due

to the small gap of Ge), we vary the parameters that are not well established, with the

goal of obtaining a more general picture of the behavior of a “H-like” interstitial in an

elemental tetrahedral semiconductor.

One challenge is to deal with the gap underestimation in LDA. In Ge, the LDA gap

is slightly negative, in contrast to the observed gap of 0.8 eV. Since our objective is an

initial investigation of dynamical correlations at the H site, we adopt the simplest repre-

sentation of the Ge electronic structure. Semiconducting Ge will be modeled here using

an empirical nearest-neighbor Slater-Koster (S-K) tight-binding model (eTB) consisting

of four Wannier orbitals (one s and three p orbitals) per Ge with parameters obtained

from the work of Newman and Dow [23]. The H-Ge hopping parameters are taken from

the work of Pandey [24].
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§5.3.2 DMFT parameters

There are, inevitably for the current stage of DMFT theory, two parameters that are

not known a priori: the Coulomb interaction U and the bare on-site 1s energy εH with

respect to the Ge band gap. For the single orbital problem there is no Hund’s rule

JH interaction to be concerned about, nor multiplet effects. In fact, for the isolated

H interstitial the DMFT result is exact to within numerical uncertainties. While H-Ge

hybridization amplitudes could be extracted from first-principles DFT calculations, since

the gap problem in LDA leads us to use an eTB model of the Ge electronic structure, we

use eTB hopping amplitudes that were derived in the same spirit.

The hydrogen on-site energy εH is varied as part of this investigation, guided somewhat

by the LDA calculations reported in Sec. III. Within LDA, where there are no parameters,

the 1s spectral density for H in the tetrahedral site unexpectedly bifurcates, so there is

no clear point of reference for fixing εH . This splitting is a result of the rather strong

hybridization of the 1s orbital with the sp3 antibonding orbitals of the four surrounding

Ge atoms. LDA includes, for a localized state such as a weakly hybridized 1s orbital,

a spurious self-interaction that raises the LDA site energy above what is presumed in a

LDA+DMFT calculation, providing an extra challenge for determining εH . The H 1s

orbital likely is not a really strongly localized state in Ge, but we expect that εH = -4

eV should be regarded as upper bound of the bare 1s level. We use the two values -5 eV

and -8 eV to span the reasonable range of this parameter. Throughout this paper we use

the bottom of the gap at the zero of energy.

The bare (i.e. unscreened) on-site repulsion U0 (equivalently, the Slater integral F 0) for

an isolated H 1s orbital is 5
4

Ry = 17.01 eV. This is perhaps surprisingly small for what

might seem to be a very small orbital: the 1s orbital of the smallest atom. However, it

becomes reasonable once it is recognized that the 1s radial density 4πr2ρ(r) peaks at 1

a0 (the Bohr radius), whereas the comparable quantity in 3d cations peaks at 0.6–0.9 a0,

and the corresponding U0 is 25–30 eV. Screening at a large interstitial site in a small gap

insulator is hard to estimate, with no comparable values in the literature. We investigate

screened values U=7 eV and U=12 eV to span the likely range. U = 12 eV is not much
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smaller than the unscreened, isolated H value and should allow the examination of the

strong interaction regime. The choice of 7 eV has specific interest: PCK argued [2] that

a lone H 1s state would have a bare correlation energy on the order of 1 Ry (our analytic

value is actually 17 eV), and that reduction by screening in an insulator would leave a

substantial interaction strength of 6–7 eV. This amount of reduction, and more, has over

the intervening years become commonplace in understanding the effective values of U in

transition metal oxides.

§5.3.3 Constrained Random-Phase Approximation

Although we vary both parameters in our impurity Hamiltonian (see Sec. 5.3.5), as

well as the H–Ge hybridization, it is still beneficial to understand the physical value

of the interactions in order to both analyze the validity of our range of considered U

and of the predictions of PCK and to motivate and guide future material-specific stud-

ies. We do this by employing the constrained random-phase approximation (cRPA) [25],

performed within the full-potential linearized augmented-plane-wave (FLAPW) method

using maximally localized Wannier functions (MLWFs) [26, 27]. We use the FLAPW

method as implemented in the FLEUR code [28] with the PBE exchange-correlation po-

tential [29] for the ground-state calculations. MLWFs are constructed with the Wannier90

code [30, 31]. The effective Coulomb potential is calculated within the recently devel-

oped cRPA method implemented in the SPEX code [32] (for further technical details see

Refs. [26], [33], and [34]). We use a grid of 6× 6× 6 k-points in our HGe8 cRPA calcu-

lations.

The cRPA consists of first writing the polarizability

P (r, r′, ω) =
∑
σ

occ∑
n

unocc∑
m

[
ψ∗σn(r)ψσm(r)ψ∗σm(r′)ψσn(r′)

ω − εσm + εσn + iδ
−ψσn(r)ψ∗σm(r)ψσm(r′)ψ∗σn(r′)

ω + εσm − εσn − iδ

]
,

(5.1)

where the ψi and εi are the DFT wave functions and their eigenvalues, and σ runs over

both spin channels. If one separates P into Pl, containing the correlated orbitals, and

Pr, containing the rest, and if one considers the unscreened Coulomb operator v, one can
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write [25, 26]

U = [1− vPr]−1v (5.2)

The matrix elements of the effective Coulomb potential U in the MLWF basis are given

by

URn1n3;n4n2(ω) =

∫∫
d3r d3r′w∗n1R

(r)wn3R(r)U(r, r′;ω)w∗n4R
(r′)wn2R(r′), (5.3)

where wnR(r) is the MLWF at site R with orbital index n and U(r, r′;ω) is calculated

within the cRPA.

In our calculations, we choose the Ge 4s4p and the H 1s orbitals as our correlated

subspace. This is motivated by several considerations. First, we note that, although

only the H 1s orbital is treated within DMFT, an interacting picture of the Ge orbitals

is necessary to give the correct gapped band structure. In our DMFT calculations,

this is accomplished through the eTB Hamiltonian, but here it is necessary to exclude

the screening from the Ge sp orbitals in order to get the most accurate picture. The

LDA electronic structure (Fig. 5.1) in Section 5.4.1 makes clear another reason for the

necessity of treating the entire Ge sp + H s subspace within the cRPA: the H 1s state

is thoroughly entangled in the Ge 4s and 4p background. In fact, it appears to be split

across two bands, frustrating attempts to isolate and manipulate it. Naturally, excluding

the Ge sp screening increases the resulting value of the H 1s Hubbard U , which can be

considered as an upper limit, and so the value of U most appropriate for our HGe8 DMFT

calculations (in which we only treat the dynamical correlations on the H 1s orbital) is

likely smaller than the 11.2 eV we report in Table 5.1. Due to the difference in correlated

subspaces considered and the many varied parameters in the DMFT treatment, it is most

appropriate to view this cRPA analysis as a separate method for understanding the H

impurities and as a way to check the reasonableness of our DMFT approach. We note

that the bare (unscreened) value Ub = 16.9 eV is satisfyingly close to the analytic result

for U0 for an isolated H atom (5/4 Ry = 17.01 eV), reflecting the accuracy of the codes.
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Orbital U J Ub Jb

H (1s) 11.2 16.9
Ge (4s) 7.6 11.9
Ge (4p) 5.7 0.3 9.2 0.4

Table 5.1: cRPA parameters screened Hubbard U and Hund’s rule J (U = F 0 =
1

(2l+1)2

∑
m,n Umn;mn and J = 1

2l(2l+1)

∑
m6=n Umn;nm, where l = 0 and 1 for s and p orbitals,

respectively) calculated for H 1s and Ge 4s, 4p orbitals in HGe8, when all sp transitions
were excluded. When all transitions are excluded we obtain the bare (unscreened) value
Ub and Jb.

Es Ep Vssσ Vspσ Vppσ Vppπ

Ge -5.8 1.61 -1.695 -2.03 2.65 -0.67
H–Ge * — -3.30 2.16 — —

Table 5.2: Ge S-K empirical tight-binding parameters (in eV) obtained from Newman
and Dow [23], with H-Ge eTB parameters taken from Pandey [24]. The H s on-site
parameter is varied in this study, as are the H-Ge hopping parameters; see the text.

§5.3.4 Atomic solver

We employ a hybridization-expansion continuous-time (CT-HYB) quantum Monte

Carlo impurity solver [35], taking advantage of the segment picture [36] to simplify the

computations. Our solver is based upon that of the ALPS project [37]; we also make use

of the ALPS parallel Monte Carlo scheduler [38]. Although the CT-HYB solver has many

advantages compared to the interaction-expansion method (CT-INT), the one-electron

self energy calculated from CT-HYB is highly sensitive to Monte Carlo noise. The Dyson

equation gives the difference between Green’s functions obtained from different Monte

Carlo simulations, preventing the error from canceling. Indeed, the error in the self-

energy is proportional to the absolute error in the Monte Carlo simulation [39], becoming

much larger than the actual data even at relatively low frequencies. Moreover, one can-

not accurately determine other quantities that are sensitive to the Green’s function and

self-energy at all frequencies (such as the occupation of the orbitals). Recently, two com-

plementary solutions to this problem have arisen. Boehnke et al. [40] showed that, by

measuring the Green’s functions in an orthogonal Legendre basis (limited to a relatively

small number of polynomials), one can filter out the Monte Carlo noise without losing

any accuracy in the computation of the Green’s functions and self-energies. Hafermann et
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al. [39] derived an expression for the self-energy involving a quotient of Green’s functions

rather than a difference. In this formulation, the error in the self-energy is proportional

to the relative Monte Carlo error, leading to greatly reduced error. One can combine

these methods for further reduction in the error, and we have implemented both.

§5.3.5 eTB+DMFT Hamiltonian

Our Hamiltonian is that of the Anderson impurity model with a multiorbital “bath,”

which becomes 256 orbitals for our large cell. It can be represented by the following

matrix

Hk =

 Hk
Ge V k(

V k
)†

Himp

 (5.4)

where Hk
Ge is the supercell Hamiltonian for Ge obtained from the tight-binding model with

no additional interaction parameters included, V k is the H-Ge hybridization strength, and

Himp = (εH − µ)(n̂1s,↑ + n̂1s,↓) + Un̂↑n̂↓ (5.5)

is the hydrogen Hamiltonian. There is only a density-density type interaction for a

single non-degenerate correlated orbital, as required by the segment formulation of the

CT-HYB method. Real frequency spectra are obtained using the maximum entropy

(MaxEnt) method [41] as implemented in the ALPS package. Static observables such as

the average occupation 〈n〉, double occupation 〈n↑n↓〉, and square of the z component

of the spin magnetic moment 〈m2
z〉 were measured during the Monte Carlo simulation

(mz ≡ n↑ − n↓).

§5.4 Results and Discussion

We present here results relating to a H-like impurity in Ge as a function of the interac-

tion strength U , the magnitude of the H–Ge S-K hopping amplitude, and εH , at both a

1:8 and a 1:64 H to Ge ratio. We have considered temperatures ranging from β = 5 eV−1

(T ≈ 2300 K) to β = 40 eV−1 (T ≈ 290 K). One general observation is that the structure

of the spectra that we obtain does not depend very significantly on temperature, so we
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will neglect temperature dependence in our discussion. In principle, the existence and

character of gap states could show significant temperature dependence.

§5.4.1 LDA and U = 0

Figure 5.1: Left panels: fatbands from LDA emphasizing the H 1s character, indicated
by the width of the band. Right panels: H 1s projected density of states from the same
calculation. For the HGe8 cell (top panel) seemingly two 1s bands appear, with a total
width of nearly 6 eV. The dispersion that is easy to follow reflects H-H interaction within
this small cell. In the 64 Ge cell (lower panels), the 1s spectral density is expelled from
the large Ge DOS region (-4 eV to -1 eV), giving a bifurcation into two peaks separated
by 4-5 eV.

As presented in the LDA electronic structure of Fig. 5.1 obtained with the FPLO

code [42], the bands with predominantly H 1s character can be readily identified. In

both the HGe8 and HGe64 supercells, the H 1s local DOS bifurcates into two peaks,

one in and just below the gap and the other around −5 eV. Whereas these peaks are

effectively separate in the larger cell, they form the boundaries of a broad but bifurcated

1s bandwidth of bandwidth W ≈ 5–6 eV. The H spectral density is strongly expelled by

the hybridization V k from the large Ge DOS region between these peaks, leaving no clear

way to identify an on-site H 1s energy εH .

The HGe8 cell result is anomalous in that H appears to introduce two new bands (the

system is spin-degenerate) in the system, whereas there is but a single 1s orbital. The
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substantial dispersion of both bands indicates that H interstitials at this concentration

are strongly coupled, representing an ordered alloy rather than an isolated impurity. The

band structure is in fact metallic, with the upper 1s band partially filled. The occurrence

of strong 1s character in two bands is clarified by the results of the HGe64 cell: some of

the 1s character (∼25%) of the character lies 4-5 eV below the gap, with the remained

spectral density lying just below the gap and slightly straddling it. The H spectral density

within LDA is, as noted above, repelled from the region of large Ge 4p DOS, with part

going just below and the majority being pushed near the gap region. This bifurcation

of spectral density may account for the fact that correlated band theory (the LDA+U

method) was unable to produce a single magnetic hyperdeep state [43] around ∼ -5 eV

as would be anticipated from the LDA+U method. The HGe64 results suggest this large

cell is effectively in the isolated impurity limit.

We next survey the non-interacting spectrum (Fig. 5.2) within our eTB+DMFT picture

(using the S-K parameters displayed in Table 5.2). We emphasize that this method is not

equivalent to the LDA results just presented; most notably, at full hopping, it contains

a gap whereas the LDA bands do not. The gap in fact is larger than the observed value

for Ge, but this allows us to assess more confidently the tendency toward formation of a

gap state in the type of system we are studying: a H-like interstitial impurity in a Ge-

like semiconductor, rather than specifically H in Ge. At reduced H–Ge hybridization the

spectrum is dominated by a single Gaussian-like peak centered at εH , illustrating that the

reduced hopping case indeed strongly reduces band structure signatures. At full hopping,

the spectrum is substantially spread, with more of the weight appearing above the gap

and well below εH . As anticipated, when εH is more shallow (-5 eV) the spectral density

shows more weight and structure near the gap. Note that, without magnetic order or

strong correlation effects (viz. in LDA) the Fermi level must fall within the bands, because

our supercells contain an odd number of electrons which cannot be insulating with spin

degeneracy.

Tables 5.3 and 5.4 provide the mean occupancy 〈n〉, double occupancy 〈n↑n↓〉 and
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the mean-square moment 〈m2
z〉 (which is also the local susceptibility) for all cases stud-

ied. The 1s occupation approaches two electrons in the absence of on-site Coulomb

interactions, with the occupation increasing when the impurity level lies deeper and the

hybridization is reduced. When 〈n〉 > 1, all Ge states cannot be occupied as just men-

tioned above, so slight hole-doping will occur leading to a weak acceptor picture. Van de

Walle and Neugebauer obtained this type of result [18] in their LDA studies of isolated

H in Ge. In the smaller cell, the additional electron density is drawn from all Ge atoms.

In the large cell, charge neutrality is accommodated by relatively small re-organization

of electron density on the nearby Ge sites.

Figure 5.2: The H 1s spectral density resulting from eTB+DMFT with U = 0, i.e.
before turning on the interaction. Results are shown for the the two supercells (HGe8,
top panels; HGe64, bottom panels), and for εH = -8 eV (left panels), and -5 eV (right
panels). Reducing the H–Ge hybridization from its full value (full line) leaves a spectrum
(dashed line) that is dominated by a Gaussian-like peak centered on εH . The insets
provide an enlargement of the -2 eV to +2 eV regions. In most cases the gap survives
(with the exception of the reduced-hopping HGe8 spectra), providing a test of the MaxEnt
procedure.

§5.4.2 U = 7 eV

In the absence of guidance from past work, it seemed reasonable to choose interaction

strength U values (reduced from the bare value) that highlight likely points of interest
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in the relationship between impurity energy level, hybridization strength, and on-site

interactions. Choosing U = 7 eV probes the behavior when εH + U < 0 as well as when

εH + U > 0, given our two choices for the 1s level. Note that in a mean-field treatment

of the interaction, the effective (not bare) H 1s level would be at εH +U〈n〉/2 (since 〈n↑〉

= 〈n↓〉 = 〈n〉/2).

Figure 5.3 shows the spectral functions at U = 7 eV, characterized by a large transfer

of the spectral weight from εH at U = 0 toward the gap region. The gap clearly survives

only in the εH=-8 eV, large cell case. This dominant effect of U contrasts the modest

dependence on the H-Ge hopping strength, though the spectral distribution away from

the gap does depend somewhat on Vk. This spectrum shift is accompanied by reduced

1s occupation as expected (see Tables 5.3 and 5.4).

At full hybridization strength the H orbital occupation approaches half-filling, particu-

larly when εH = −5 eV, but double occupation remains substantial, leaving only a small

local moment. For reduced hybridization the picture is different. In the εH=-8 case, a

small increase in 1s occupation is accompanied by an increase in 〈m2
z〉. With a shallower

H 1s level, however, the orbital remains close to half-filling, and the 1s spectra are largely

unchanged. Although the structure of the spectrum remains similar, the local moment

grows much larger, tending to form a nearly fully-spin-polarized paramagnetic state.

In the HGe64 cell, where H-H interaction through the Ge states is negligible, the local

moment appears at εH = −5 at both full and reduced hybridization. In the small cell,

the onset of a local moment is accompanied by a large increase in the local DOS near or

in the gap brought about by a shift in the sharp low energy peak. However, the large cell

shows a reduction or near-vanishing of spectral weight at ω − µ = 0 irrespective of the

magnitude of the local moment.

§5.4.3 U = 12 eV

Increasing the interaction strength to U = 12 eV, which is near and in fact slightly

greater than the cRPA value, prompts some further spreading of the spectral weight and

additional sharpening of the spectral peak in the gap region. The 1s orbital tends toward

half-filling for all parameter values reflecting the strong coupling limit. Qualitatively,
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Figure 5.3: The introduction of an on-site Coulomb U = 7 eV shifts most of the spectral
weight to the vicinity of the Ge gap. For εH = −8 eV (left), two spectral peaks are almost
completely occupied, with the higher one overlapping a gap state (actual, or incipient)
at 0 eV. The peak is more dramatic near the isolated impurity limit (lower left) and
contains almost all of the 1s density. The εH = −5 eV spectra (right) are characterized
by a transfer of spectral weight to the Hubbard “bands” (now located on either side of
the gap). (inset) A view of the same MaxEnt spectra between -2 and 2 eV.

we find that the spectrum is not affected greatly by the near-doubling of the interaction

strength. 〈m2
z〉 does increase somewhat for the full value of hybridization. In contrast,

reducing the H-Ge hybridization brings about a transition into the local moment state

for εH = −8 eV while leaving the moment on the shallower impurity state about the

same as when U = 7 eV.

The 1s spectrum of the HGe64 cell begins to differ more strongly from that of the

smaller cell when the interaction becomes strong. A gap is restored for both values of

the H energy level (Fig. 5.4). Further, the sharp peak now just above the gap begins to

dissipate, only just surviving in the εH = −8 eV spectra at full hopping, while nearly

disappearing for reduced hopping in the εH = −5 eV spectra. This behavior suggests

that a Mott-Hubbard insulating character of the 1s spectrum should arise as the impurity

limit is approached or as the interaction continues to increase.
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HGe8 εH = −5 eV εH = −8 eV
Full Hopping Reduced Hopping Full Hopping Reduced Hopping

U = 0 eV 〈n〉 1.66 1.89 1.79 1.94
〈n↑n↓〉 0.69 0.89 0.80 0.94
〈m2

z〉 0.01 0.00 0.00 0.00

U = 7 eV 〈n〉 1.04 1.04 1.30 1.60
〈n↑n↓〉 0.21 0.12 0.38 0.60
〈m2

z〉 0.07 0.58 0.04 0.10

U = 12 eV 〈n〉 0.90 0.99 1.06 1.06
〈n↑n↓〉 0.11 0.04 0.18 0.08
〈m2

z〉 0.13 0.67 0.14 0.67

Table 5.3: Local quantities measured during the CT-HYB simulation for the HGe8 su-
percell. “Reduced” hopping signifies a tight-binding Hamiltonian in which the H–Ge S-K
hopping parameters have been reduced to 50% of the value taken from Ref. [24]. The
double-occupation and local moment show a strong dependence on the magnitude of the
H–Ge hopping and the position εH of the 1s level. At half hopping, a large local moment
arises for U = 7 eV in the shallower state and has nearly saturated by U = 12 eV regard-
less of hopping amplitude. In contrast, the local moment is greatly reduced at all U at
full H–Ge hopping.

Figure 5.4: For strong interactions (U = 12 eV), the low-energy quasiparticle-like peak
diminishes with respect to the states centered at εH and in the conduction band. This
effect is most dramatic in the 64-Ge cell, where the dominant peak at U = 7 is almost
completely transferred to higher energy opening or nearly opening a clear gap. In all
cases, the 1s orbital approaches half-filling and develops a local moment. (insets) A view
of the same MaxEnt spectra between -2 and 2 eV.
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HGe64 εH = −5 eV εH = −8 eV
Full Hopping Reduced Hopping Full Hopping Reduced Hopping

U = 0 eV 〈n〉 1.94 1.97 1.94 1.74
〈n↑n↓〉 0.94 0.97 0.94 0.76
〈m2

z〉 0.00 0.00 0.00 0.01

U = 7 eV 〈n〉 1.08 1.09 1.61 1.80
〈n↑n↓〉 0.14 0.10 0.62 0.81
〈m2

z〉 0.57 0.80 0.11 0.09

U = 12 eV 〈n〉 0.99 1.00 1.08 1.02
〈n↑n↓〉 0.05 0.01 0.11 0.02
〈m2

z〉 0.72 0.94 0.66 0.93

Table 5.4: As in Table 5.3, but for the HGe64 supercell. Compared to the smaller cell,
the local moment state persists even at full H–Ge hybridization and emerges at smaller
values of U .

§5.4.4 Transition into the Local Moment State

Transitions to a paramagnetic local moment state 〈m2
z〉 ∼ O(1) occur at different

interactions strengths for different values of εH and H–Ge hopping, and not occurring at

all for εH= -8 eV in the large cell. To shed further light on this transition, we performed

a more detailed set of calculations. We varied U between 4 and 12 eV, εH between -5

and -8 eV, and the H-Ge hopping between 50% and 100% of the eTB value, with all

calculations performed in the HGe8 cell. The results are summarized in Figure 5.5.

As indicated in Table 5.3 (i.e. for the small cell), the paramagnetic local moment is

suppressed at full hopping across all U that we consider. The dashed and dotted curves

(3
4

and 1
2

hopping, respectively) in Figure 5.5, however, show much larger moments, with

near-complete spin polarization in the H orbital at half hopping. This behavior can be

understood both as a direct result of the hybridization and the increase in interaction

strength. Within each set of curves, it can be observed that, until relatively large U ,

the local moment increases with decreasing H level depth. Both this trend and its trend

toward reversal at very large U arise from the orbital’s proximity to half-filling. Clearly

an orbital at half-filling is able to support a larger moment than one well away from half

filling. Below U ≈ 8 eV, only the shallower states are able to push their upper “Hubbard

bands” above the gap. At large U , on the other hand, the orbital approaches half-filling

regardless of εH , although for the shallowest 1s level, filling falls below unity accompanied
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Figure 5.5: Monotonic increase of the 1s moment on interaction strength U , for a range
of 1s level positions εH , at full H–Ge hopping amplitude (solid), 3

4
hopping (dashed),

and 1
2

hopping (dotted). Reduction in H-Ge hybridization results, as expected, in greater
spin-polarization in the impurity orbital, but the effect becomes pronounced for reduction
below 75% hopping amplitude where the dependence on εH also becomes strong.

by a smaller moment. This tendency to form moments at low effective hybridization (that

is to say, low H-Ge hybridization and/or large U) is consistent with the infinite-U , HGe54

mean-field treatment of PCK, and with lore accumulated in the interim. In addition,

this behavior bears some resemblance to that predicted by Li et al. [44] for impurities

on graphene, where there is a vanishing gap and the environment is two- rather than

three-dimensional.

§5.5 Summary

We have employed dynamical mean field theory using the CT-HYB solver to study the

electronic structure of one of the simplest, but still important conceptually and possibly

technologically, impurity systems: an interstitial H-like impurity in the antibonding in-

terstitial site in a diamond-structure covalent semiconductor representative of Ge. The

non-degenerate 1s orbital precludes any necessity of considering Hund’s rule magnetic

couping or multiplet effects, so DMFT is the exact solution to the impurity problem in

the limit of large supercell. Because Ge within LDA has no gap, the non-interacting

98



system was represented by an empirical tight-binding model with parameters based on

previous H-Ge studies.

The H 1s spectrum shows a rich but systematic behavior as the on-site interaction

parameter U , the H-Ge hopping amplitude V k, and the H on-site energy εH are varied,

with some parameter ranges possibly giving some insight into Si or diamond hosts as well

as Ge. The dependence on temperature was studied but found to be minor, and therefore

has not been presented. Our results demonstrate that electron-electron correlations can

play a role in determining the properties of the isolated H impurity in such a system. If

εH + U/2 > 0, which naively puts the upper “Hubbard band” above the gap, the on-site

Coulomb repulsion is sufficient to prevent the H orbital from acquiring electrons from the

surrounding Ge as is the case within LDA.

The behavior of this system is enriched by the bifurcation, at the LDA level, of the

1s spectrum, with much of the weight in and just below the gap and the rest around

4-5 eV binding energy. Within the extended tight-binding model we use and with U=0,

which is not exactly the same as within LDA but is closely related, the 1s occupation is

1.7–1.8 reflecting donor character (hole-doping) of Ge before the interaction is turned on.

The distributed spectrum primarily through the valence region may be interpreted as the

hyper-deep donor character that was envisioned by PCK. Increasing U and/or reducing

the hybridization moves the 1s occupation toward unity – Anderson impurity character

– with the rate of approach affected by the choice of the bare 1s site energy εH .

To contribute to a more specific study of H in Ge, we have computed the interaction

parameters U and J in HGe8 for the Ge sp and H s orbitals within the constrained RPA

formalism. The H 1s Hubbard U is, as expected, much larger than those associated with

the Ge 4s or 4p states, and is coincidentally similar to the largest interaction parameter

we considered in our DMFT approach. Further studies are necessary to pin down the

behavior of a real H atom in Ge, which will involve optimization of the energy versus

H position together with relaxation of the Ge positions. In Si, for example, H more

commonly assumes a bond-center position, although the tetrahedral interstitial in not
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far above in energy [10]. The methods needed for those calculations require accurate to-

tal energy capability with charge self-consistency, and must include the weak correlation

within the Ge sp bands that gets the band gap correct as well as the potentially moder-

ately strong correlation associated with the H impurity. As such, this H in Ge problem

poses a strong challenge for the future.
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Concluding Remarks

In this final chapter, one sees that although DMFT is capable of treating problems

such as these at a high level of accuracy, significant work is required, both on the part

of those interested in performing such calculations and of those who do the more basic

work in developing the method, to enable treatment of such a seemingly simple material

in a fully satisfying way. However, what the present study lacks in direct applicability, it

makes up in scope. It is likely that the range of parameters considered is relevant not only

to H in Ge but to similar H-like impurities in tetrahedral semiconducting environments.

Further work will not only improve the connection with the real material but also explore

these other related problems.
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Chapter 6

Summary

The problem of treating strongly-correlated materials in a rigorous, fully first-principles

approach is a difficult and on-going one and, today no less than in the past, is one of

the central open problems in theoretical condensed matter physics. Until recently, model

studies have provided much of our understanding of correlated metals, high-Tc super-

conductors, and other exotic states not amenable to study within the local density ap-

proximation. However, recent advances in computational methods and in the computers

needed to run them give cause for hope that the problem will not go unsolved forever.

The work presented in this dissertation serves a dual purpose. Each of these inves-

tigations contains the scientific and possibly technological implications of the original

work. However, each also provides a way to resolve difficulties in understanding materi-

als with confusing, conflicting, or absent experimental evidence through the application

of methods beyond the standard density-functional-theory treatment.

In Chapter 2, I presented a direct computation of the interatomic exchange interactions

in the half-metallic ferromagnet CrO2. The results suggested an explanation of the per-

plexing lack of GMR in seemingly-ideal CrO2–RuO2 multilayered heterostructures. As

a test of the validity of these computed values, I made extensive comparisons with the

experimental literature through additional analytical and numerical techniques, finding

reasonable though imperfect agreement—enough to suggest that the findings should be

taken seriously. As such, this chapter provides an example of how one can approach a

system in which DFT seems to be sufficient. Although most of the properties of the

material as obtained from DFT seem to be in qualitative agreement with experiment, it

is necessary to obtain further confirmation of one’s results, particularly when calculating

quantities only indirectly related to the fundamental electronic structure properties of

the material.
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The situation presented in Chapter 3 is far more complicated. Fe16N2 has been a

seemingly-intractable problem for decades, and the current state of affairs makes it unclear

to which experiments the theorist should compare his or her results. Even given some

choice, there is a dearth of observable quantities with which to compare, and one of the

key results of the work presented in this chapter is that the magnetic moment cannot be

relied upon to distinguish between the “right” and “wrong” approach or explanation (even

if it is the most relevant quantity to the material’s mystique). In addition to possibly

providing upper bounds to the magnetization in this system through careful comparison

of several methods, this work constrains previous speculation about the nature of the

interactions through the computation of Hubbard model and DFT+U parameters within

the cRPA. The latter will likely form an increasingly important part of the computational

theorist’s toolkit as the need to accurately treat correlated materials continues.

Although the complexity of the material and the lack of accord among past experimen-

tal measurements provides an added challenge, Chapter 4 is a nearly textbook case of the

shortcomings of the local density and generalized gradient approximations. However, we

found that what one might assume is a relatively simple Mott-Hubbard insulator actually

exhibits a hierarchical band gap structure (both direct and indirect) beyond that which

is expected from a magnetic insulator. This, in addition to the smallest band gap of

about 1.6 eV, opens the possibility of interesting technological applications in spintronics

or solar cells. Although simply opening band gaps is well within the realm of the stan-

dard extensions of DFT, our close collaboration with experimentalists enabled us to draw

distinctions between the two computational approaches used and, more importantly, to

identify and understand features in both the computational and experimental results that

may not otherwise have been clear.

Chapter 5 is in a sense a glimpse into what I argue is the future of computational

electronic structure theory in real materials. Our dynamical mean-field theory approach

(based on the quantum solvers provided by the ALPS project) is state-of-the-art, although

not completely connected to the real system in a first-principles way, reveals a richness

of electronic and magnetic structure not expected from the simplicity of a single H 1s
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orbital in an elemental Ge lattice. Due to the current difficulty in directly interpreting

and manipulating the LDA result, we start from an empirical Slater-Koster tight-binding

model of the Ge Hamiltonian and vary all parameters in the local H Hamiltonian as

well as the H-Ge hybridization in the course of the study. Although doing so makes

the predictions for the physical impurity problem more tentative, it does allow us to

study the complex electronic restructuring in the H orbital and its surroundings as a

function of interaction strength. We also explore the formation of a paramagnetic local

moment in certain regions of our parameter space. Studies such as this, together with

their more sophisticated off-shoots, can provide a trustworthy solution to, in principle,

any correlated-electron problem. However, as is noted in the conclusion to this chapter,

more work is needed, both in my code and in the general community, to achieve a fully-

functional all-purpose computational theory for condensed matter systems.
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