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ABSTRACT 
 

 This dissertation presents novel innovation within the field of powered prostheses 

with particular emphasis on the control of pneumatic actuators and the design and control of 

powered prostheses.   

 For the first work presented in Chapter 3, a pressure estimation algorithm is developed 

for a force controlled pneumatic cylinder. The algorithm provides the required chamber 

pressure information via the measurement of the actuation force and by establishing an 

average pressure derived from the inflow-outflow balance of the actuator. For the force 

controller design, the dynamic model of the entire system is presented, and the standard 

sliding mode control approach is applied to obtain a robust control law. The pressure 

estimation algorithm and the corresponding robust control approach have been implemented 

on an experimental system, and the effectiveness demonstrated by the sinusoidal and 

square-wave force tracking. 

Chapter 4 presents the simultaneous position and stiffness control of a pneumatic 

artificial muscle actuation system. In order to develop such a controller, the full nonlinear 

dynamic model of the system is developed in the work. Given the dynamic model, a robust 

multi-input-multi-output (MIMO) sliding mode controller is implemented to control the 

system.  The simultaneous position and stiffness controller is then implemented 

experimentally, and the effectiveness is demonstrated for sinusoidal tracking of both the 

position and stiffness. 
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 A modified design of the pneumatic artificial muscle in order to improve the force 

output and reduce the energy consumption of the muscle is presented in Chapter 5. 

Theoretical analysis of the force gains and the possible reduced energy consumption is 

given. The theoretical analysis of the improved force output and improved efficiency as well 

as the overall hypothesis of the work is then validated experimentally. 

Chapter 6 presents the design and control of a prosthetic elbow prototype using the 

modified pneumatic artificial muscle design presented in Chapter 5. The elbow was 

designed to provide adequate flexion torque of the elbow, while a set of rotary springs allow 

for extension of the joint. In order to control the prototype, the full nonlinear dynamic model 

of the system is developed. Given the model, a single-input-single-output robust sliding 

mode controller is implemented for the control of the system. The robust controller is then 

implemented experimentally and the effectiveness is demonstrated for a step input and 

sinusoidal tracking of the elbow joint angle. 

 The final chapter of this dissertation presents the design of a powered transfemoral 

prosthetic leg. The design of both the powered ankle and knee joint incorporates a new 

actuation design for each of the joints. Each of the joint actuation systems are fully 

optimized to provide adequate torque for various modes of ambulation of the prosthetic leg. 

Finally, the detailed design of the prosthesis prototype is given in Chapter 7. 
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CHAPTER 1:  INTRODUCTION 
 

  

1.1 MOTIVATION  

A 2005 study by Ziegler-Graham et al. showed that approximately 1.6 million Americans 

were living with the loss of a limb. Using projections from that study, it is estimated that the 

current number of amputees in the United States has risen to 1.8 million. This number is 

projected to increase to 3.6 million by the year 2050 with dysvascular diseases, such as diabetes, 

accounting for the majority of the increase [1]. Given the staggering number of people with limb 

loss, the demand for research within the area remains very high. 

The majority of the currently available prosthetic devices are passive devices, meaning 

the devices lack the ability to provide positive power and can only dissipate energy. Without the 

ability to generate power these devices cost the amputee a considerable additional amount of 

energy. One way of the measuring the extra energy cost is the measurement of oxygen 

consumption per kilogram of body mass at one meter per second given as 
mkg

mL O

∗
2 . In the paper 

by Waters and Mulroy, additional energy costs of 33%, 86%, and 120% were shown for 

unilateral traumatic amputees, unilateral vascular amputees, and bilateral above knee amputees 

respectively [2]. This extra energy consumption is for a normal walking gait, defined in that 

work as a walking speed of 1.0 to 1.67 m/s. Other more difficult activities such as stair-climbing 

are virtually impossible with the available passive prosthetics. These limitations give rise to the 
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research and development of powered prostheses, which aim to reduce or eliminate the 

limitations that amputees face with ambulation. This is accomplished by adding support and 

power at the missing joints. 

1.2 OBJECTIVES AND ORGANIZATION 

This dissertation consists of several distinct objectives within the scope of mobile 

powered prostheses.  The first objective addresses the development of a novel pressure 

estimation routine for pneumatic cylinders. This pressure estimation routine should be developed 

to the extent that it is capable of replacing pressure sensors in the force control of pneumatic 

cylinders. The second objective is to develop a simultaneous position and stiffness control of 

pneumatic muscle actuated system. The proposed controller should be able to make the system 

track and converge quickly to a desired position and stiffness command. The third objective is to 

modify pneumatic artificial muscle (PAM) in order to increase the force output and reduce the 

energy consumption of the muscle. The modification should be designed and fabricated in which 

all other functionality of the PAM remains the same. The fourth objective consists of the design 

and control of a prosthetic elbow prototype using the modified PAM. The design should provide 

adequate torque for flexion about joint, while the control should provide accurate and fast 

convergence to a desired elbow joint angle.   The final objective is the design of a novel 

combined powered knee and ankle prosthesis. The particular emphasis will be on the design of 

the powered ankle. The proposed prosthetic should be able to provide the user with the same 

power generation and range of motion as the biological knee and ankle during a normal walking 

gait.   
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This dissertation is divided into seven chapters, the remainder is organized as follows: 

Chapter 2 presents background information and a literature review of prostheses, pneumatic 

artificial muscles, and sliding mode control; Chapter 3 presents a novel pressure estimation 

routine utilized for pneumatic cylinder force control; Chapter 4 presents the modeling and 

control of the simultaneous position and stiffness control of a pneumatic artificial muscle 

actuated system; Chapter 5 presents modifications to the pneumatic artificial muscle in order to 

enhance the force output and reduce energy consumption of the actuator; Chapter 6 presents the 

design and control of a new prosthetic elbow prototype utilizing the modified pneumatic muscle 

presented in Chapter 5; and finally, Chapter 7 presents the detailed design of powered 

transfemoral leg prototype. 
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CHAPTER 2:  BACKGROUND AND LITERATURE REVIEW 

 

In this chapter the background and literature review is presented for lower-limb 

prostheses, pneumatic artificial muscles, modeling of pneumatic artificial muscles, and sliding 

mode control development. 

2.1 PROSTHESIS 

Lower-limb prosthetic devices will be the topic of discussion in this section, which will 

include the currently available prosthetic devices, as well as research in the area. 

2.1.1 CURRENT COMMERCIAL LOWER-LIMB PROSTHETICS 

There are several commercial lower-limb prosthetic devices currently available. This sub-

section consists of both above-knee and below-knee prosthetic devices. First, above-knee 

prosthetics will be discussed followed by below-knee prosthetics. These devices range from 

simple mechanical joints to powered joint devices. Each device has its own strengths and 

weaknesses, which, to a large degree, depends on the user’s activity and fitness level. Tang et al. 

provided a very thorough review of the currently available lower-limb prosthetics and prosthetic 

technology [1]. Most of the devices discussed in this sub-section are attributed to that work to the 

extent of, if not specifically referenced, credit goes to that work. 

The simplest form of available above-knee prosthetics consists of a single degree of 

freedom mechanical knee joint. With this device, flexion and extension occur around a single 

axis. The advantages of these devices are their simplicity, reliability, low maintenance, and low 
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cost, all are due to the device containing fewer components. The addition of an adjustable 

friction pad advanced the simple device, which is used to regulate the swing speed of the device. 

These devices also may consist of an elastic or spring loaded mechanism, in order to ensure full 

knee extension before heel strike during walking. The major drawback of these devices is that 

they only work well for a single walking speed and become difficult to use on irregular walking 

surfaces, thus limiting the patient’s mobility.  

Advancements beyond the simple friction-based swing control devices include the 

development of fluid swing-phase dampened joints. These devices use either compressed air or a 

hydraulic cylinder to effectively dampen the swing-phase, thus providing a non-linear force 

during walking, allowing the user to maintain a broader range of walking speeds. The pneumatic 

devices are better suited for slower to moderate ambulation, and are not as susceptible to changes 

in ambient conditions; however, these devices don’t function as well at higher walking speeds. 

Hydraulic dampers are more suitable at faster walking speeds, making them suitable for more 

active amputees. 

Recent advancement to the previously mentioned hydraulic joint involves controlling of 

the hydraulic joint via a microprocessor. A stepper motor is incorporated into the device in order 

to vary the orifice size depending on the speed of walking measured via a knee joint sensor.  This 

allows for dynamic dampening, which allows for wider range of activities.  Several 

commercially available microprocessor-controlled knees exist including: OttoBock C-Leg® [2], 

the Ossur RHEO Knee® [3], and the Freedom Innovations Plié® MPC Knee [4].  The OttoBock 

C-Leg® is shown in Fig. 2-1. 



7 

 

Figure 2-1: OttoBock C-Leg® 

 

 

Figure 2-2: Ossur PowerKnee™ 

 

All of the aforementioned knee prosthetic devices are passive devices, meaning the 

devices lack the ability to provide positive power at the joint. Currently, and to the author’s 

knowledge, only one commercially available device exists that has the capability of providing 

positive power at the knee joint, the Ossur PowerKnee™, pictured in Fig. 2-2. The positive 

power is applied to the knee joint using an electric motor, which assists users during all phases of 

walking, and also allows for other activities such as stair climbing. Control of the knee is 



8 

achieved using an orthosis under the prosthetic foot to measure the amount of pressure on the 

leg, while an accelerometer is attached to the ankle of the sound leg, which allows for a 

technique referred to as echo control. There are some drawbacks to the PowerKnee™, which 

include: weight, battery life, and cost. The weight of the device is approximately three times 

larger than devices such as the C-Leg® and the battery only allows for about 4 hours of 

continuous usage. Finally, and perhaps the biggest drawback is that of the cost of the 

PowerKnee™, approximately $120,000, is five to six times larger than the cost of the OttoBock 

C-Leg®.  This makes the device largely unavailable to the majority of amputees. 

Like prosthetic knee joints, prosthetic feet range from simple to more advanced energy 

storing mechanical devices. Below-knee prosthetic devices or prosthetic feet provide the primary 

purpose of serving as the anatomic foot and ankle for the amputee thus providing joint 

simulation, shock absorption, weight support, muscle simulation, and cosmesis. Basically, four 

different designs of passive prosthetic feet exist. The first and the most widely used is the solid 

ankle cushioned heel or SACH foot, shown in Fig. 2-3 (a). This device consists of solid support 

structure covered with semi incompressible foam and a synthetic heel wedge. When weight is 

applied to the heel, the cushioned heel compresses allowing the forefoot to move towards the 

floor, thus simulating plantar flexion of the foot. The amount of flexion depends on the material 

of the cushioned heel as well as the weight of the amputee. Due to the rigidity of the SACH foot, 

dorsiflexion of the foot cannot be achieved. The next types of prosthetic foot designs incorporate 

articulation of the ankle joint. These designs are broken into two categories: single and multiple 

axes. Single axis designs, like the one in Fig. 2-3 (b), allow for both plantar flexion and 

dorsiflexion of the foot, giving the person more stability during the stance phase of walking. 

Multiple axis designs, as shown in Fig. 2-3 (c), permit movement about the ankle joint in any 
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direction. This type of prosthetic foot helps to accommodate for more uneven terrain and helps to 

reduce the amount of stress on the limb, due to the device absorbing the torsional force created 

on the leg during walking. This increased motion may however cause instability to amputee 

patients with marginal coordination.   

 
Figure 2-3: (a) The SACH foot (Courtesy of Ohio Willow Wood); (b) Single-axis foot 

(Courtesy of Ohio Willow Wood); (c) Multi axis foot (Courtesy of Blatchford Endolite);                             
(d) LP Vari Flex Foot™ (Courtesy of Ossur) 

 

The aforementioned devices are more for users who are less active. Active amputees have 

expressed the need for more enabling prosthetics leading to the development of energy storing 

feet. These devices, such as the one in Fig. 2-3 (d), use a flexible support structure that acts as a 

shock absorber that stores energy during the stance phase of walking. This stored energy is 

released during push-off of the foot, which aids in propelling the limb forward. 

The most advanced passive prosthetic foot currently available is the Ossur Proprio 

Foot®, shown in Fig. 2-4 [3]. This device uses an electric motor to adjust the orientation of the 

foot during the swing phase of walking in order to clear the ground and adjust to irregular terrain 
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to avoid tripping. Although the device is powered during the swing phase, the device is locked 

during the stance phase and subsequently during push off, which requires the largest positive 

torque of the ankle joint, thus basically making the Proprio Foot® equivalent to a passive 

prosthetic device. 

 One powered prosthetic foot device has recently become commercially available, the 

PowerFoot BiOM produced by iWalk [5]. The prosthetic, which is shown in Fig. 2-5, is the 

culmination of the work by Au, Herr et al. [6-8]. This prosthetic foot utilizes an electric motor in 

series with a spring to provide a positive net power at the ankle during the stance phase of a 

walking cycle, thus as stated in the prosthetic literature [5], the device returns 100% of the 

energy of the biological limb to the amputee. By providing power to the ankle Au, Herr, et al. 

showed an average metabolic energy reduction of 14% of amputee subjects for normal walking 

at self-selected walking speeds in comparison to conventional foot and ankle prosthetic devices 

[8].  The major drawback of the device is the current price of $50,000 or more [9], which 

eliminates most potential users. 

 

Figure 2-4: Ossur Proprio Foot® 

 

Figure 2-5: iWalk PowerFoot BiOM 
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2.1.2 CURRENT LOWER-LIMB PROSTHETICS RESEARCH 

There exists an extensive amount of research in the development of powered prostheses 

of both the knee and ankle joints. Multiple actuation methods have been used, which include: 

electric motors, hydraulics, and pneumatics. First, the research involving powered knee 

prosthetics will be presented, followed by powered ankle prosthetics, and then finally combined 

knee and ankle prosthetics are presented. 

A knee joint powered by an AC servo motor was developed in the works by Hata and 

Hori [10-11]. A complex model to simulate human walking gait was developed. Also, a variable 

stiffness mechanism to reduce the torque requirements while the leg is in static position was 

proposed. The design is capable of producing approximately 100 N-m of torque at the knee joint, 

however the design is limited due to the large size of the electric motor used, and also the fact 

that a DC/AC converter would be needed to make the device mobile.   

A 2007 work by Fite et al. developed a powered knee using a DC motor. This design 

incorporated a ball-screw in a slider-crank configuration to activate the joint, thus eliminating 

heavy gearboxes [12]. The authors report that the design has the capability to produce enough 

torque for stair climbing and walking for users up to 85 kg. In utilizing a DC motor, the design 

allows for direct usage of battery power; however a large quantity of batteries would be required 

to give a suitable operating time. 

The work by Waycaster presented a prosthetic knee using pneumatic artificial muscles to 

actuate the knee joint [13]. The design presented is capable of producing a maximum torque of 

150 N-m at the knee joint, and allows for variable stiffness about the joint, due to two muscles 
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being used to power the joint. Effective position tracking and walking tests with the device were 

demonstrated in the work. 

Lambrecht and Kazerooni developed a semi-active prosthetic knee [14]. The device is 

referred to as semi-active due to the fact that during the majority of the walking gait cycle, the 

device functions as a passive energy storing device, similar to the aforementioned C-Leg®. An 

additional hydraulic pump is included in the design to ensure a normal walking gait and to offer 

short-term power assistance for activities such as stair climbing. 

A couple of works exist in addition to the powered prosthetic foot developed by Herr et 

al. mentioned in section 2.1.1.  The first set of works by Sugar et al. is the development of the 

Spring Ankle with Regenerative Kinetics or what the authors refer to as SPARKy [15-17], which 

is currently in its third iteration called SPARKy 3.  The goal of the research is to allow wounded 

military personnel to return to active duty, if so desired. This would require that the user be able 

to run and jump with the device. The current design involves the use of a ball screw actuated by 

a set of electric motors to provide a positive net torque at the ankle joint. Two actuators are used 

due to the additional ankle joint torque required for running and jumping. The current design also 

involves two-degrees of freedom: plantar flexion and dorsiflexion and rotation of the ankle about 

the sagital plane, which is the vertical plane of the body dividing it into left and right sections.   

The next work is a study presented by Versluys et al. in which a powered foot prosthetic 

was developed using pleated pneumatic artificial muscles [18]. The muscles are arranged in a 

slider-crank configuration and the device has a reported peak torque of 200 N-m. The design was 

tested by an amputee of 65 kg, however only qualitative data from the user was obtained, such as 

the subject felt the provided ankle torque helped to propel them forward.   
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To the author’s knowledge, only two prostheses consisting of both a powered knee and 

ankle have been designed and tested. The first developed by Sup et al. uses pneumatic cylinders 

in slider-crank configurations to power both the knee and ankle [19]. A picture of the device is 

shown in Fig. 2-6. The design is capable of mimicking the torque curve of a 75 kg user, and joint 

compliance can be achieved by varying the pneumatic pressures within the cylinders. Sup et al. 

later go on to produce another combined knee-ankle prosthesis in which the pneumatic cylinders 

in [19] are replaced with motor-ball screw actuators [20]. The new design also incorporated a 

compression spring on the ankle actuator to assist with force generation during the push off 

portion of the walking gait cycle. 

 

 

 

Figure 2-6: Pneumatic 2 Degree of Freedom prosthesis from Sup et al 
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2.2 PNEUMATIC ARTIFICIAL MUSCLES 

Pneumatic artificial muscles (PAMs), used extensively throughout the dissertation, are 

actuators that contract under pressure while simultaneously exerting a pulling force in the axial 

direction. Several different types of pneumatic muscles exist, however the most common and 

researched is the McKibben muscle, named after its namesake J.L McKibben. McKibben created 

the muscle in the 1950’s to be used as an actuator for orthotics [21]. The McKibben muscle, 

which will be referred to as a PAM for the remainder of this work, consists of an inflatable 

membrane surrounded by a meshed braid of inextensible fibers, a schematic for which is given in 

Fig. 2-7 (a). When inflated, the inextensible fibers resist the expansion and stretch out over the 

inflatable membrane, causing the muscle to shorten. This functioning mechanism is represented 

by the schematic given in Fig. 2-7 (b). As shown in the diagram, as the PAM shortens the angle 

of the braided fibers change, while the braided fiber lengths remain constant. 

 
(a) 

 
(b) 

Figure 2-7: (a) Schematic of the PAM structure (b) Functioning mechanism of the PAM 

  

Commercially available PAMs are capable of generating axial forces as high as 6000 N, 

and have been shown to have a power density between 1.5 kW/kg and 10 kW/kg [22,23]. In 

comparison with pneumatic cylinders, which have reported power densities of 0.4 kW/kg, and 
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electric motors, which have power densities of approximately 0.1 kW/kg, the PAM exhibits an 

order of magnitude higher power density [24]. This comparison however does not account for 

the energy density of the power source, which has long been the limiting factor in pneumatic 

powered devices, due to the heavy weight of needed compressors or air tanks. One promising 

potential power source is that of monopropellants, which contains a much higher energy density.  

In the work by Christ and Shen, decomposed Hydrogen Peroxide was used to power two PAMs 

set up in an antagonistic pair configuration, while maintaining accurate position tracking of the 

muscles [25]. 

 Another important characteristic of the PAM is its similarity to biological muscles. Like 

biological muscles, PAMs are contractile elements that generate forces proportional to the 

muscle length. The force-length of the PAM is very close to that of a biological muscle [26], 

which makes it a logical choice for actuation of prosthetic devices. 

 Although PAMs possess the advantageous characteristics above, there are some 

drawbacks in using the device. The first is the power source problem mentioned before, but as 

also mentioned previously, current promising research is being conducted to alleviate this 

problem. The other difficulty comes from the non-linear force versus contraction length 

relationship of the muscle, which makes modeling and control of the PAM difficult.   

2.3 PAM FORCE MODELING 

As stated previously, the PAM exhibits a nonlinear relationship between the muscle force 

and contraction length. A couple of works have been presented to model this phenomenon, but 

the most widely used model is the one presented by Chou and Hannaford [27], which is 

duplicated here due to its use throughout the remainder of this dissertation.   
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First, consider the theoretical conservation of energy of the muscle. 

   (2.1) 

An amount of work is needed in order to inflate the internal bladder of the muscle, given as: 

  (2.2) 

P is the absolute pressure within the muscle, Patm is the atmospheric pressure, while dV is the 

change of the internal volume of the muscle. The PAM produces work when it shortens, which is 

associated with the internal volume change, and given by: 

   (2.3) 

where F is the force output of the muscle and dL is change in length of the muscle. Substituting 

Eq. (2.2) and Eq. (2.3) into Eq. (2.1) and solving for the muscle force gives: 

    (2.4) 

In order to estimate dV/dL, the middle of the muscle is modeled as a perfect cylinder, therefore 

the volume is given as: 

  (2.5) 

L is the length of the muscle while D is the diameter of the muscle. Referring back to Fig. 2-7 

(b), the muscle length and diameter can be expressed by the following two equations: 

  (2.6) 

  (2.7) 

where b is the fixed thread length, θ is the angle between a braided thread and the muscle 

lengthwise axis, and n is the number of turns of a thread. The volume is now redefined as: 
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From this equation, is calculated as: 

  (2.9) 

Eq. (2.9) is substituted back into Eq. (2.4) to give the muscle force equation as: 

  (2.10) 

Equation (2.6) can be rearranged to give: 

  (2.11) 

which is subbed back into Eq. (2.10) to give the final form of the PAM force equation as: 

  (2.12) 

As seen from this equation, the generated force is linearly proportional to the muscle pressure, 

and is a function of the muscle length. 

2.4 SLIDING MODE CONTROL 

Sliding mode control is used extensively throughout this dissertation. Therefore, rather 

than presenting the control development for each work, the development is presented here, and 

referenced for each given work. This dissertation centers on the control and innovation of 

pneumatic actuators in use with powered prostheses. Inherent in the dynamic modeling of these 

actuators is a good deal of model inaccuracy, especially modeling of the PAM. Sliding mode 

control provides robust control performance and stability in the presence of such modeling 
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uncertainty. The derivation of sliding control is presented in the textbook by Slotine and Li [28], 

which is duplicated here for convenience.  

In the derivation of the control, consider the general single-input-single-output dynamic 

system represented by: 

 𝑥(𝑛) = 𝑓(𝒙) +  𝑏(𝒙)𝑢  (2.13) 

where x is the scalar output of system, such as position of the system, n is the order of the 

system, u represents the system control input, and x is the state vector of the system given by: 

 𝒙 = [𝑥  𝑥 ̇ �̈�  ⋯𝑥(𝑛−1)]𝑇  (2.14) 

Finally the functions f(x) and b(x) represent a function of the state vector and the control gain 

respectively. In general, the task of the controller is to get the state x to track a desired state xd 

given as: 

 𝒙𝒅 = [𝑥𝑑  �̇�𝑑 �̈�𝑑  ⋯𝑥𝑑(𝑛−1)]𝑇  (2.15) 

Now the tracking error is defined as the difference between the state vector x and the desired 

state xd given as: 

 𝒆 = 𝒙 − 𝒙𝒅 = [𝑒 𝑒 ̇ �̈�  ⋯  𝑒𝑛−1]𝑻 (2.16) 

Next, the general sliding surface )(tS  is defined as: 

 𝑠(𝒙; 𝑡) = �
𝑑
𝑑𝑡

+  𝜆�
𝑛−1

𝑒 (2.17) 

where λ is a strictly positive constant known as the control bandwidth.  For example, given n=3 

in Eq. (2.13), the sliding surface will be equal to the following: 
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 𝑠(𝒙; 𝑡) = �̈� +  2𝜆�̇� +  𝜆2𝑒 (2.18) 

It is worth noting that Eq. (2.17) can be expanded to incorporate integral control, given as: 

 𝑠(𝒙; 𝑡) = �
𝑑
𝑑𝑡

+  𝜆�
𝑛

� 𝑒 𝑑𝜏
𝑡

0
 (2.19) 

For sliding control, a robust control law is obtained by combining an equivalent control 

component ueq with a robustness control component urb: 

 𝑢 =  𝑢𝑒𝑞 +  𝑢𝑟𝑏 (2.20) 

The equivalent component of the control law is used to achieve the desired motion on the sliding 

surface. The dynamics while in sliding mode are given as: 

 �̇� = 0 (2.21) 

As such, given Eq. (2.21), the control input u to the system is recovered, which can be solved for 

to obtain the equivalent control form. For example, consider the example sliding surface in Eq. 

(2.18). As such, the representative system dynamics given in Eq. (2.15) would equate to 

 𝑥 = 𝑓(𝒙) +  𝑏�(𝒙)𝑢  (2.22) 

where )x(f̂  and )(ˆ xb  are the nominal values of )x(f and )(xb , respectively. Correspondingly, 

the equivalent component of the control law will be given as: 

 𝑢𝑒𝑞 =  
𝑥𝑑 −  2𝜆�̈� −  𝜆2�̇� − 𝑓(𝒙)

𝑏�(𝒙)
 (2.23) 

The robust component of the control law urb is used to accommodate for model uncertainties and 

disturbances. Specifically, assume that the variation of the model parameters is bounded, as 

expressed by the following conditions: 

 𝛽−1 ≤ 𝑏�

𝑏
 ≤  𝛽 (2.24) 
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and 

 �𝑓(𝒙)−  𝑓(𝒙)�  ≤ 𝐹(𝒙) (2.25) 

where β  is the gain margin of the controller design, and )x(F  is a boundary function that limits 

the uncertainty associated with )x(f . In order to satisfy the sliding condition 

 
1
2
𝑑
𝑑𝑡
𝑠2 ≤ −𝜂|𝑠| (2.26) 

where η is the rate of convergence to the sliding surface) the robustness component, urb is chosen 

as:  

 𝑢𝑟𝑏 = −𝐺 ∙ 𝑠𝑔𝑛(𝑠) (2.27) 

The robustness gain G is chosen such that 

 𝐺 ≥ 𝛽(𝐹(𝒙) + 𝜂) + (𝛽 − 1) ∙ �𝑏�(𝒙) ∙ 𝑢𝑒𝑞� (2.28) 

In the implementation of the sliding mode controller, the robustness component Eq. (2.27) is 

slightly modified to incorporate a thin boundary layer neighboring the sliding surface, with the 

purpose of eliminating chatter and smoothing out the control discontinuities: 

  𝑢𝑟𝑏 = −𝐺 ∙ 𝑠𝑎𝑡 �𝑠
Φ
� (2.29) 

where Φ is the boundary layer thickness and the saturation function sat is defined as: 

 𝑠𝑎𝑡 �𝑠
Φ
� = �

𝑠𝑔𝑛 �𝑠
Φ
� , 𝑖𝑓𝑎𝑏𝑠 �𝑠

Φ
� ≥ 1

�𝑠
Φ
� , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

� (2.30) 
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CHAPTER 3:  FORCE CONTROL OF A PNEUMATIC CYLINDER MINUS THE NEED 
FOR PRESSURE SENSORS 

 

 

3.1  INTRODUCTION 

For robotic systems, especially those used in mobile robotic systems, a general 

requirement is that of high force and power density, or in other words, generating high force and 

power with a low weight and volume. Pneumatic actuators as compared to typical 

electromagnetic actuators provide a higher power density [1].  Typical pneumatic actuated 

systems, depicted in Fig. 3-1, consist of a pneumatic cylinder, a valve or valves, and sensors to 

measure the states of the system. The four-way proportional valve controls the mass flow in and 

out of each chamber of the cylinder, which in turn controls the force or power output of the 

cylinder. Note, in some robotic systems, the need to naturally interact with the surrounding 

environment requires that the cylinder be treated as a force generator [2]. Examples of such 

systems include: tele-operation, haptic interfaces, cooperative robots, and walking robots. Thus, 

the capability of precisely modulating the output force in the presence of external disturbances 

makes a significant research topic in the robotic application of pneumatic actuators. 
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Figure 3-1: Schematic of the pneumatic actuation system 

 

 The control of pneumatic systems is very challenging due to multiple nonlinearities 

present in such systems. Consequentially, a considerable amount of research has been performed 

on this topic. In the 1950’s, Shearer studied the thermodynamic and flow dynamic processes in 

the pneumatic systems, with the results forming a basis for the subsequent modeling and control 

of these systems [3-5]. For the control of pneumatic systems, several control techniques have 

been proposed, including but not limited to the linear controller developed by Ben-Dov and 

Salcudean [6], the adaptive position and force controller by Bobrow and Jabbari [7] and 

McDonell and Bobrow [8], and the sliding mode controllers by Arun et al. [9], Tang and Walker 

[10], and Richer and Hurmuzlu [11,12]. Inherent in the modeling of pneumatic systems is a 

significant amount of uncertainty, which makes the use of sliding mode control advantageous.  

Sliding mode controllers provide strict performance and stability in the presence of model 

uncertainties and disturbance. One drawback when using model based controllers, such as sliding 

mode controllers, is that full-state feedback is generally required which adds extra sensing and 

instrumentation to the process.  One such state required is that of the cylinder chamber pressures.  
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Therefore, pressure sensors that add extra volume, weight, and considerable cost (usually 

between $250 and $500) are required. 

 Due to the apparent benefits of eliminating pressure sensors in pneumatic control 

systems, researchers have investigated the possibility of providing pressure information without 

the use of pressure sensors. Bigras and Khayati [13] developed a pressure observer for which the 

connection ports to the cylinder are considerably restricted. The observer was based on the actual 

pressure measurement outside the cylinder, thus not completely eliminating the need for pressure 

sensors. Pandian et al. [14] presented two methods for pressure observation: the first method is a 

continuous gain observer, in which the pressure is measured in one chamber and observed in the 

other, reducing the number of pressure sensors from two to one; the second method is a sliding 

mode pressure observer, in which the error in the pressure observation is treated as a disturbance.  

Both of these methods are restrictive due to the assumption that the mass flow rate is choked, 

which under certain conditions is not the case. Gulati and Barth [15] presented a globally stable 

Lyapunov-based pressure observer, in which the Lyapunov function is defined based on the 

energy stored in the two chambers of the actuator. All of the approaches described previously are 

based on observer theory, which requires continuous integration in the operation. As such, these 

approaches require significant computational capability for the implementation. More 

importantly, according to a nonlinear observability analysis conducted by Wu et al. [16], the 

pneumatic system loses local observability at several points in the state space, posing a potential 

concern for the effectiveness of such pressure observers. 

 Unlike the observer-based approaches presented previously, the method presented in this 

chapter aims at obtaining the required pressure information from a set of simple algebraic 

equations. Specifically, with the actuation force measurement in a typical force-controlled 
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pneumatic system, an algebraic equation can be established based on the pressure-force 

relationship. Additionally, the second algebraic equation can be established based on the average 

pressure in the actuator chambers obtained through the mass flow balance of the actuator.  

Combining the two equations provides sufficient information for the estimation of the two 

chamber pressures, which can be utilized for the implementation of the robust force control 

algorithm for the pneumatic system.  

The remainder of the chapter is organized as follows: Section 3.2 presents the pressure 

estimation algorithm; Section 3.3 presents the derivation of the dynamic model of the force-

controlled pneumatic system; Section 3.4 presents the model-based robust control algorithm for 

the tracking of the desired actuation force; Section 3.5 presents the experimental results; and 

Section 3.6 contains the conclusions of the chapter. 

3.2 PRESSURE ESTIMATION ALGORITHM 

For a typical pneumatic system, like the one in Fig. 3-1, the force output of the cylinder 

can be expressed as a function of pressure within the cylinder chambers: 

       ratmbbaa APAPAPF −−=                     (3.1) 

where F is the force of the pneumatic cylinder, Pa and Pb are the absolute pressures in chambers 

a and b, respectively; Patm is the atmosphere pressure; Aa and Ab are the effective areas of each 

side of the piston; and Ar is the cross-sectional area of the piston rod. Note, for this work, the 

force output is measured; hence Eq. (3.1) gives a relation for the chamber pressures utilizing the 

force measurement. Therefore, mathematically, another relation is needed in order to 

independently solve for each of the chamber pressures. This relation comes from the previously 

mentioned average pressure throughout the cylinder, derived from the mass flow balance of the 
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actuator. Considering a sufficiently long period of operation, and neglecting the small amount of 

air mass stored in the cylinder, the cumulative mass flowing into the cylinder is equal to the mass 

flowing out of the cylinder. As such, the following equation can be obtained on the balance of 

the average air inflow rate aveinm ,  and outflow rate aveoutm , : 

  aveoutavein mm ,,  =  (3.2) 

 The above equation can be further expanded by incorporating the relationship between 

the mass flow rate and the corresponding valve opening area. Modeling the flow through the 

valve as the flow of an ideal gas through an orifice undergoing an isentropic process, the mass 

flow rate can be expressed as a function of the corresponding valve area [17]: 

  ( ) ( )duevdu PPAPPm ,, , Ψ=  (3.3) 

where, 
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Av,e represents the effective valve opening area, Pu and Pd are the upstream and downstream 

pressures, respectively, R is the universal gas constant of the gas, T is the gas temperature, Cf is 

the discharge coefficient of the valve (which accounts for irreversible flow conditions), and Cr is 



28 

the pressure ratio that divides the flow regimes into unchoked (sub-sonic) and choked (sonic) 

flow through the orifice.  Substituting Eq. (3.3) into Eq. (3.2), 

  ( ) ( )atmaveoutvavesinv PPAPPA ,, ,, Ψ=Ψ  (3.5) 

where invA ,  and outvA ,  are the average valve areas for pressurizing and exhausting, respectively; 

Ps is the supply pressure; and Pave is the average pressure in the actuator chambers. Due to the 

use of a four-way proportional valve, it is assumed the valve area for pressurizing is equal to that 

of the exhausting area.  Thus, Eq. (3.5) is reduced to the following: 

 

 

Ψ Ps,Pave( )= Ψ Pave,Patm( )  (3.6) 

Equation (3.6) is used to estimate the average pressure. If the supply pressure is held constant, 

the left and right sides of Eq. (3.6) can be expressed as functions of the average pressure Pave, 

thus Pave is determined by the intersection of two curves, as represented in Fig. 3-2.  As such, it 

can be deduced that, for reciprocating motion, after the system reaches steady state, the average 

pressure in the actuator will remain close to a constant value with minimal fluctuation.  The 

experimental verification of this hypothesis is presented later in the section of Experimental 

Results.  Based on this hypothesis, the second condition in the pressure estimation can be 

expressed by the following equation: 

 
constant≈

+
+

=
ba

bbaa
ave VV

VPVPP
 

(3.7) 

This equation calculates the average pressure as a function of the corresponding volumes of each 

chamber at a given state. The volume in each chamber is a geometric function of piston 

displacement x (with the mid-stroke position as the origin), given by: 
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 aa AxLV )2( +=     (3.8) 

  bb AxLV )2( −=  (3.9) 

where L is the stroke of the cylinder, and x is the displacement of the piston (with the mid-stroke 

position as the origin).  Finally, the individual chamber pressures can be calculated by combining 

Eqs. (3.7-3.9) with Eq. (3.1), given as: 

  ( ) 













 −++






 −+






 += xLAPFxLAPxLAP

LA
P ratmbaveaave

a
a 222

1  (3.10) 

  ( ) 













 ++−






 −+






 += xLAPFxLAPxLAP

LA
P ratmbaveaave

b
b 222

1  (3.11) 

 

Figure 3-2: Determination of the average pressure by balance of the inflow and outflow 
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3.3 FORCE-CONTROLLED MODELING OF THE PNEUMATIC SYSTEM 

 Given the pressure estimation algorithm developed in the previous section, a robust 

model-based controller can be developed and implemented for the nonlinear pneumatic system.  

First, however, the dynamic model of the system must be developed. The complete dynamic 

model, from the valve command (opening area) as the input to the actuation force as the output, 

will be presented as a basis for the following robust controller design. 

 The derivation of the model begins by differentiating Eq. (3.1), given by: 

     bbaa APAPF  −=                (3.12) 

Assuming air is an ideal gas undergoing an isothermal process, the rate of change of the pressure 

inside each chamber of the cylinder can be expressed as: 
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ba
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V
P
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V

RTP  γγ
−=  (3.13) 

where ),( bam  is the mass flow rate into (positive) and out of (negative) each side of the cylinder, 

and ),( baV  is the volume of each cylinder chamber, the equations for which are given in Eq. (3.8) 

and Eq. (3.9). Differentiating the chamber volume equations, the volumetric rate change within 

each chamber is given as: 

  aa AxV  =  (3.14) 

  bb AxV  −=  (3.15) 

where x  is the velocity of the piston. The mass flow rate in Eq. (3.13) is expressed as a function 

of the valve area corresponding to Eq. (3.5). Note, as previously mentioned, a single four-way 
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proportional valve is used, thus one of the two chambers is connected to the supply while the 

other chamber is connected to the exhaust. Hence, the valve opening area to each chamber is 

related by the following: 

             vbvav AAA =−= ,,  (3.16) 

where Av is the valve command. According to this equation, a positive valve command 

corresponds to pressurizing chamber a while chamber b is exhausted; the opposite is true for a 

negative valve command. Thus the mass flow rates for each chamber can be expressed as: 

 ava Am Ψ=  (3.17) 

where 
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and bvb Am Ψ−=  (3.19) 

where 
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Substituting Eqs. (3.8, 3.9, 3.13-3.15, 3.17, 3.19) into Eq. (3.12), the following equation for the 

force differential is given as: 
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This equation can be further converted to the control canonical form in order to facilitate the 

controller design in the subsequent section: 

  vApfF )()( xx +=  (3.22) 

where 
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Finally, the state vector x of the system consists of the pressures in each chamber of the actuator, 

along with the position and velocity of the piston: 

  [ ]Tba PPxx =x  (3.25) 

3.4 ROBUST CONTROLLER DESIGN 

 Based on the nonlinear model developed in the previous section, the standard sliding 

mode control approach is applied in order to obtain a robust force controller. As given in Section 

2.4, first the sliding surface )(tS  is selected as: 

  0=−= dFFs  (3.26) 

where Fd is the desired actuation force. The sliding mode controller is expressed as:  

  rbveqvv AAA ,, +=  (3.27) 
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where vA is the desired input to the system. The equivalent control component eqvA ,  is used to 

achieve the desired motion on the sliding surface 

  0=s  (3.28) 

which gives the following expression: 

  
)(ˆ
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fFA d
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 (3.29) 

where )(ˆ xf  and )(ˆ xp  are given by Eq. (3.23) and Eq. (3.24), respectively. The robustness 

component rbvA ,  is used to accommodate for model uncertainties and disturbances. Again 

referring back to Section 2.4, the robustness component is selected as: 

  







Φ
⋅−=

s
p
GA rbv sat

)(ˆ, x
 (3.30) 

where again G is the robustness gain and Φ is the boundary layer thickness. The saturation 

function is again used to eliminate chattering and smooth control discontinuities. 

3.5 EXPERIMENTAL RESULTS 

 Tests were conducted in order to implement and check the accuracy of the pressure 

estimates developed via the sliding mode controller developed in the prior section. The 

experimental setup, shown in Fig. 3-3, incorporated a double-acting pneumatic cylinder 

(Numatics model 0750D02-04A) connected to a linear stage. In order to limit the resultant 

motion to the allowed range, four extension springs (two on each side) were connected to the 

stage and acted as the load on the actuator. A four-way proportional spool valve (FESTO MPYE-

5-M5-010-B) was used to control the airflow in and out of the actuator. The system was supplied 
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with compressed air at an absolute pressure of 653 kPa (94.7 psi), while the actuation force was 

measured with a tension/compression load cell mounted at the end of the piston rod 

(Measurement Specialties model ELPF-T3E-100L). In order to implement the control law, the 

components of the system state, given by Eq. (3.25), needs to be measured, including the 

pressures in the two chambers of the cylinder. Note, given the pressure estimation routine 

developed in Section 3.2, pressure sensors are not required for the implementation of the control 

law. However, in order to characterize the performance of the pressure estimation algorithm, the 

pressure of each chamber was measured via a pair of pressure transducers (FESTO model SDET-

22T-D25-G14-U-M12). In addition, a linear potentiometer (Midori model LP-100F) was utilized 

to measure the position (x), while the velocity ( x ) was obtained via filtered differentiation of the 

measured position with a cut-off frequency at 25 Hz. The pressure estimate and controller was 

implemented via Mathworks Real Time Workshop operating at a frequency of 1000 Hz.  The 

model and control parameters are listed in Table 3-1. 

 

Figure 3-3: Experimental setup for the demonstration of the proposed pressure estimation 
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Table 3-1.  Model and controller parameters for implementation of the proposed force 
controller 

Parameter Description Value Unit 

Ps Supply pressure 653 kPa 

Patm Atmosphere pressure 101 kPa 

Pave Average pressure 460 kPa 

Aa 
Piston area facing 
Chamber a 285 mm2 

Ab 
Piston area facing 
Chamber b 253 mm2 

Ar Piston rod area 32 mm2 

L Cylinder stroke 101.6 Mm 

γ  Ratio of specific heats 1.4  

R Universal gas constant 0.287 kJ/kg·K 

T Gas temperature 293 K 

Cf Discharge coefficient 0.294  

Cr Pressure ratio 0.528  

Av,MAX Maximum valve area 6.28 mm2 

G Robustness gain 1000 N/sec 

Φ Boundary layer width 0.5 N 

  

The performance of the pressure estimation algorithm and the corresponding force controller 

were characterized in the tracking experiments of sinusoidal and square-wave functions. These 

experiments also served the purpose of testing the constant average pressure hypothesis as 

described in Section 3.2.  In the experiments, the chamber pressures were measured with the 

aforementioned pressure sensors, and the average pressure was calculated based on the measured 

chamber pressures with Eq. (3.7).  On the other hand, the estimated constant average pressure 
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was also calculated based on the current supply pressure with Eqn. (3.6), and compared with the 

measured average pressure.  The typical results are shown in Fig. 3-4.  As can be observed in 

these figures, the measured average pressure quickly rose to the level of steady state, and 

fluctuated only slightly afterwards.  Furthermore, the difference between the measured and 

estimated average pressures is very small, which verifies the validity of the constant average 

pressure hypothesis in the real-life control applications. 

  

 
(a) 

 
(b) 

Figure 3-4: Comparison of the measured average pressure versus the constant average 
pressure calculated with Eq. (3.7) in 1.0 Hz sinusoidal tracking (a) and 3.0 Hz sinusoidal 

tracking (b). 
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 The typical force tracking and pressure estimation performances are shown in Figs. 3-5 

through 3-7. As shown in Figs.3-5a, 3-6a, and 3-7a, the actual force trajectory quickly converges 

to the desired force trajectory, displaying a fast dynamic response. Also, at steady state, the 

tracking error is very small, demonstrating the performance of the proposed robust force 

controller. In the corresponding pressure estimation performance plots (Figs. 3-5(b), 3-6(b), 3-

7(b)), the estimated pressure also converges to the measured pressure quickly, with a very small 

amount of steady-state error. As demonstrated in these experiments, the proposed pressure 

estimation algorithm displays good performance in the operation of the robust force controller, 

thus eliminating the need for bulky and expensive pressure sensors. 

 
(a) 

 
(b) 

Figure 3-5: Force control performance (a) and the corresponding pressure estimation 
performance in Chamber b (b) for sinusoidal force tracking at 1.0 Hz. 
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(a) 

 
(b) 

Figure 3-6: Force control performance (a) and the corresponding pressure estimation 
performance in Chamber b (b) for sinusoidal force tracking at 3.0 Hz. 

 
(a) 

 
(b) 

Figure 3-7: Force control performance (a) and the corresponding pressure estimation 
performance in Chamber b (b) for square-wave force tracking. 
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3.6 CONCLUSION 

 This work presents a model-based robust force control approach for pneumatic actuation 

systems that does not require pressure measurement for the implementation. By eliminating the 

bulky and expensive pressure sensors, the cost and complexity of the pneumatic system can be 

significantly reduced. In order to provide the necessary pressure information, a new pressure 

estimation algorithm was developed. In this algorithm, the average chamber pressure is estimated 

based on the inflow-outflow balance of the actuator. The estimated average chamber pressure, in 

combination with the measured actuation force, provides a set of simultaneous conditions for the 

determination of the two chamber pressures. Utilizing the estimated chamber pressures, a robust 

force control law was developed.  As the basis of this controller, the dynamic model of the force-

controlled pneumatic system was developed. Based on this nonlinear model, the standard sliding 

mode control approach was applied, providing robust control in the presence of model 

uncertainties and disturbances. The experimental results demonstrated the effectiveness of the 

pressure estimation algorithm and the corresponding robust force control approach. 
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CHAPTER 4:  SIMULATING BIOLOGICAL MOTOR CONTROL VIA              
SIMULTANEOUS POSITION AND STIFFNESS CONTROL OF THE PNEUMATIC 

ARTIFICIAL MUSCLE ACTUATION SYSTEM 
 

 

4.1 INTRODUCTION 

Presented in this chapter is the simultaneous position and stiffness control of a PAM 

actuation system set up in an antagonistic configuration. The work was performed in order to 

enhance the level of lower-level control strategies of PAM actuated systems, especially those of 

powered prosthetic joints. Simultaneous position and stiffness control is needed in powered 

prosthetic development where the user needs to interact with the surrounding environment. This 

work presents the full nonlinear model of the system for the subsequent control development. 

The performance of the system and control are then demonstrated via a set of independent 

position and stiffness tracking experiments. 

Motor control strategy, especially human motor control strategy, has long been an 

interesting topic in biological research [1,2].  With the development of bio-robotics, 

understanding and simulating biological motor control strategy is gaining increasing interest 

from the robotics community.  In spite of a slow reaction time (150 ms to 250 ms) and the 

corresponding time delay in the feedback control loop, humans achieve stable and robust 

interaction with a wide variety of environments.  In comparison, the typical feedback control 

loop for robotic manipulators is significantly faster (1 kHz or higher, i.e., 1 ms or less per cycle).  

However, robotic manipulators usually suffer from stability issues in the interaction, which 

require special treatment [3]. 
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From a robotic point of view, the biological muscle not only functions as a source of 

controllable power, but also serves as a source of controllable impedance.  Theories on the 

biological motor control, especially the widely-accepted equilibrium position hypothesis [1], 

support this intuitional observation with physiological evidence.  With the agonist-antagonist 

musculoskeletal structure, in which a pair of muscles drive the same joint in opposite directions, 

the stiffness of the joint can be controlled independently of the torque applied to the joint; the 

stiffness is determined by the sum of the muscle activations, while the output torque is 

determined by the difference in the muscle activations.  Research has shown that such capability 

is critical in stabilizing humans’ interaction with the environment [4,5]: humans can adapt to the 

environment such that the open-loop reaction (free of time delay) will dominate the closed-loop 

reaction (with significant time delay), minimizing the destabilizing effects. 

To simulate the human motor control strategy, researchers have investigated different 

technical routes to obtain actuators with controllable stiffness.  One major approach was to use 

two electric motors to drive a single joint through nonlinear springs, with a layout similar to the 

agonist/antagonist musculoskeletal structure [6,7,8,9,10].  To achieve energy-efficient dynamic 

walking, Hurst et al. proposed a variable-stiffness actuator that enables energy storage and reuse 

[11].  Essentially a series elastic actuator, their design also incorporates two motors, but unlike 

the agonist/antagonist approaches, one of the two motors is dedicated to the modulation of 

equilibrium position, while the other is dedicated to the modulation of stiffness.  Tonietti et al. 

also proposed a variable-stiffness actuator with a similar concept for the purpose of improving 

safety in human/robot interactions [12].  With the complicated mechanical structure involved, the 

actuators in the previous works are usually heavy and bulky, which may affect their practicality 

in robotic applications. 
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An alternative approach that offers a more compact package with less mechanical 

complexity is leveraging the compressibility of gas in pneumatic actuators, including cylinder-

type actuators [13] and PAMs [14,15,16]. Referring back to Section 2.2, the PAM exhibits light 

weight, high initial force, and similar force output to biological muscles, making it an ideal 

prosthetic actuator.  The typical layout of a PAM variable stiffness actuator is shown in Fig. 6-1.  

Note that the pressure in each PAM can be regulated independently through a control valve, 

providing two control degrees-of-freedom. With this layout, Tonietti and Bicchi developed an 

adaptive control algorithm to simultaneously control the position and stiffness of a robot arm 

[15]; Vanderborght et al. proposed a control strategy that combines a trajectory tracking 

controller and a compliance controller to reduce energy consumption and valve switching in 

biped walking [16].  Both approaches demonstrate the capability of stiffness/impedance 

modulation independent of joint position.  However, their approaches essentially treat the 

pressures in the PAM’s as the inputs (or inputs to the high-level controller) and, as such, ignore 

the dynamics involved in the pressure variation, which constitute significant nonlinear behavior 

in the pneumatic systems.  

 

(a) 
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(b) 

Figure 4-1:  Configurations of pneumatic artificial muscle actuation system for 
independent control of position and stiffness: (a) rotational configuration; (b) translational 

configuration. 

Unlike the prior works, this work presents the independent stiffness and position control 

of PAM actuated systems, based on the full nonlinear model of the system.  Specifically, the 

pressures in the PAMs are treated as system states, and the modeling of the whole system 

incorporates all the major nonlinearities, especially those involving pressure variation, such as 

the pressure dynamics in the PAM, and the flow dynamics through the control valves.  The 

resulting two-input-two-output dynamic model uses the mass flow rates as the inputs, and 

calculates the derivatives of the actuation position and stiffness as the output.  Based on this 

model, a standard MIMO sliding mode control approach is applied to obtain robust control of 

stiffness and position simultaneously.  

The remainder of the chapter is organized as follows: Section 4.2 presents the full 

nonlinear model of the multi-input system load and stiffness dynamics; Section 4.3 details the 

development of the robust controller in order to control the stiffness and position of the system; 

Section 4.4 presents the experimental results; finally, Section 4.5 contains the conclusions of the 

chapter. 
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4.2 SYSTEM MODELING 

For the PAM actuation system presented in this work, there are two variables to be 

controlled: the position and stiffness of the system. As such, two control degrees-of-freedom are 

required, which are provided by the control valves shown in Fig. 4-1. For this system, the 

structure of the dynamic model is two-input-two-output, from the valve commands as the inputs, 

to the position and stiffness as the system outputs. This section presents the dynamic model of 

the system. The translational system, shown in Fig. 4-1b, is implemented in order to simplify the 

system analysis. However, the methodology presented can easily be extended to the rotational 

system presented in Fig. 4-1a.  

4.2.1 LOAD DYNAMICS  

Based on the system presented in Fig. 4-1b, the load dynamics of the system are given as: 

 ab FFxBxM −=+   (4.1) 

where M is the mass of the system, B is the viscous friction coefficient, and Fa and Fb are the 

actuation forces produced by the PAMs. Equation (4.1) can be re-arranged into the standard form 

and given as: 
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The force model of the PAM was presented in Section 2.3; as such Fa and Fb are given as: 
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where  La and Lb are defined as: 
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L0 is the initial length of the muscles. Substituting Eqs. (4.3-4.5) into Eq. (4.2), the load dynamics 

become: 
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Equation (4.6) is then differentiated in order to incorporate the pressure dynamics and to 

ultimately recover the mass flow rates to the muscles, given as: 
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Assuming air is an ideal gas undergoing an adiabatic process in the PAM, the pressure dynamics 

can be expressed as a function of the mass flow rates: 
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where γ  is the ratio of specific heats, R is the universal gas constant, T is the gas temperature, 

),( bam  is the mass flow rate into or out of each PAM, and ),( baV  is the volume inside each PAM. 

Recall from Section 2.3, the volume of the PAM is given as: 

 θθ
π

cossin
4

2
2

3

n
bV =  (4.9) 



48 

where again b is the fixed muscle thread length, θ is the angle between a braided thread and the 

muscle lengthwise axis, and n is the number of turns of the braided threads. Also recall from 

Section 2.3 that the muscle thread angle and length are related by the following equation: 
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Substituting Eq. (4.10) and Eq. (4.11) into Eq. (4.9), the volume of each muscle is given as: 
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The rate of volume change is obtained by differentiating Eqs. (4.12 and 4.13): 
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Substituting Eqs. (4.8, 4.14, and 4.15) into Eq. (4.7) gives the following form for the load 

dynamics. 
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and 
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4.2.2 FORMULATION OF THE STIFFNESS DYNAMICS 

In order to derive the stiffness dynamics of the system, first the total force output of the 
system is defined as: 

 𝐹 = 𝐹𝑏 − 𝐹𝑎 (4.20) 

Given Eqs. (4.3 and 4.4), Eq. (4.20) can be expanded as: 
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The standard output stiffness of an actuator is defined as: 
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dFK −=

 

(4.22) 

Substituting Eq. (4.21) into Eq. (4.22) for the actuation force and differentiating with respect to 

the displacement x gives: 
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Again assuming air is an ideal gas undergoing an adiabatic process in the PAM, represented as: 

 constant=γPV  (4.24) 

Differentiating Eq. (4.24) with respect to x gives 
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01 =+ −

dx
dVPVV

dx
dP γγ γ  (4.25) 

or 
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(4.26) 

Substituting Eqs. (4.12 and 4.13) into Eq. (4.26) gives: 
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In order to get the total expression for the output stiffness, Eqs. (4.27 and 4.28) are substituted 

into Eq. (4.23), giving: 
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Comparing Eq. (4.19) and Eq. (4.29), the equation for the stiffness K and Cx are exactly the 

same, which is to be expected. Therefore, the stiffness term K will be substituted for the term Cx 

throughout the rest of the chapter. In order to recover the control inputs and derive the 

mathematical model for the stiffness dynamics, Eq. (4.29) is differentiated with respect to time. 

 
xCPCPCK ba  ⋅+⋅+⋅= 321  (4.30) 

where 
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The terms aP  and bP  can be expanded by substituting (4.12-4.15) into (4.8) to give: 
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and 

 xCmCP bb  ⋅+⋅= 76  (4.37) 

where 
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Substituting Eqs. (4.34 and 4.37) into Eq. (4.30) gives the final model for the stiffness dynamics. 

 xCCCCCmCCmCCK ba  ⋅+++⋅+⋅= )( 725136241  (4.40) 
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4.3 SLIDING MODE CONTROLLER DESIGN 

Referring back to Section 2.4, the standard sliding mode controller can easily be extended 

from the single-input-single-output system SISO to the MIMO system needed for this particular 

work. Therefore a standard sliding mode control approach can be utilized to design a robust 

control law for the independent control of the output position and stiffness of the PAM actuation 

system. By defining the control vector u  as: 

 𝒖 = [�̇�𝑎 �̇�𝑏]𝑻 (4.41) 

,and the output vector x  as  

 𝒙 = [�̈�   𝐾]𝑇 (4.42) 

,Eq. (4.16) and Eq. (4.40) can be rearranged into control canonical form given by Eq. (2.13). As 

such f and b are given as: 

 𝒇 =  � − 𝐵
𝑀
�̈� − 𝐾

𝑀
�̇�

(𝐶1𝐶5 + 𝐶2𝐶7 + 𝐶3)�̇�
� (4.43) 

and 

 𝒃 = �−
𝐶𝑎
𝑀

𝐶𝑏
𝑀

𝐶1𝐶4 𝐶2𝐶6
� (4.44) 

For this work the tracking error vector is given and designated as: 

 𝒆 = �
𝑒𝑥
𝑒𝐾� = �

𝑥 − 𝑥𝑑
𝐾 − 𝐾𝑑� (4.45) 

where xd and Kd are the desired system position and stiffness, respectively. An integral sliding 

surface was chosen for S(t) 
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 𝒔 =  �
𝑠𝑥
𝑠𝐾� = �

𝑒𝑥 + 3𝜆𝑥�̈�𝑥 + 3𝜆𝑥
2�̇�𝑥 + 𝜆𝑥

3 ∫ 𝑒𝑥 𝑑𝜏𝑡
0

𝑒𝐾 + 𝜆𝐾 ∫ 𝑒𝐾 𝑑𝜏𝑡
0

� (4.46) 

An integral sliding surface was chosen in order to eliminate the large amount of steady-state 

error seen in the initial testing of the controller. The control law was developed by expanding the 

SISO control law given in Section 2.4, given as: 

 𝒖 =  𝒃−𝟏 �𝑿𝑹 − 𝒇 − 𝒌𝑠𝑎𝑡 �𝒔
𝚽
�� (4.47) 

where 𝒌𝑠𝑎𝑡 �𝒔
𝚽
� is the saturation vector and is given by �𝑘𝑥𝑠𝑎𝑡 �

𝑠𝑥
Φ𝑥
�     𝑘𝐾𝑠𝑎𝑡 �

𝑠𝐾
Φ𝐾
��
𝑇
, and the 

vector XR is defined as:  

 𝑿𝑅 = �
𝑿𝑅,𝑋
𝑿𝑅,𝐾

� = �
𝑥𝑑 − 3𝜆𝑥�̈�𝑥 − 3𝜆𝑥2�̇�𝑥 − 𝜆𝑥3𝑒𝑥

�̇�𝑑 − 𝜆𝐾𝑒𝐾
� (4.48) 

The mass flow rates of the two muscles can be calculated from Eq. (4.47), and given by the 

following equations: 

 �̇�𝑎 = �
�𝑿𝑅,𝑋 + 𝐵

𝑀
�̈� + 𝐾

𝑀
�̇� − 𝑘𝑥𝑠𝑎𝑡 �

𝑠𝑥
Φ𝑥
� � 𝐶2𝐶6 −

�𝑿𝑅,𝐾 − (𝐶1𝐶5 + 𝐶2𝐶7 + 𝐶3)�̇� − 𝑘𝐾𝑠𝑎𝑡 �
𝑠𝐾
Φ𝐾
�� 𝐶𝑏

𝑀

� ∙ (−𝐶2𝐶6𝐶𝑎−𝐶2𝐶6𝐶𝑎)−1 (4.49) 

and 

 �̇�𝑏 = �
− �𝑿𝑅,𝑋 + 𝐵

𝑀
�̈� + 𝐾

𝑀
�̇� − 𝑘𝑥𝑠𝑎𝑡 �

𝑠𝑥
Φ𝑥
� �𝐶1𝐶4 −

�𝑿𝑅,𝐾 − (𝐶1𝐶5 + 𝐶2𝐶7 + 𝐶3)�̇� − 𝑘𝐾𝑠𝑎𝑡 �
𝑠𝐾
Φ𝐾
�� 𝐶𝑎

𝑀

� ∙ (−𝐶2𝐶6𝐶𝑎−𝐶2𝐶6𝐶𝑎)−1 (4.50) 
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Finally, the valve commands can be calculated from the values of am  and bm , according to the 

algebraic relationship defined by: 

 𝐴𝑣,𝑎 = ��̇�𝑎  Ψ(𝑃𝑠,𝑃𝑎)⁄      , 𝑖𝑓 �̇�𝑎 ≥ 0
�̇�𝑎  Ψ(𝑃𝑎 ,𝑃𝑎𝑡𝑚)⁄ , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

� (4.51) 

 𝐴𝑣,𝑏 = � �̇�𝑏  Ψ(𝑃𝑠,𝑃𝑏)⁄      , 𝑖𝑓 �̇�𝑏 ≥ 0
�̇�𝑏  Ψ(𝑃𝑏 ,𝑃𝑎𝑡𝑚)⁄ , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

� (4.52) 

where the function Ψ is defined by : 
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 (4.53) 

Pu and Pd are the upstream and downstream pressures, respectively, Cf is the discharge 

coefficient of the valve (which accounts for irreversible flow conditions), and Cr is the pressure 

ratio that divides the flow regimes into unchoked (sub-sonic) and choked (sonic) flow through 

the orifice. Equation (4.53) is derived assuming the mass flow through the valve is the isentropic 

flow of an ideal gas through an orifice. 

 

4.4 EXPERIMENTAL RESULTS 

 The effectiveness of the developed controller was tested using the setup shown in Fig. 4-

2. As shown in the figure, the setup consists of two PAMs (FESTO DMSP-20-150N-RM-CM) in 
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an antagonistic configuration connected to a sliding linear stage. A set of four-way proportional 

spool valves (FESTO MPYE-5-M5-010-B) were used to control the airflow in and out of the 

PAMs. The system was supplied with compressed air at an absolute pressure of 653 kPa (80 

psig). Due to the use of sliding mode control for the work, the entire state space, which consists 

of the system position, velocity, acceleration, and the pressure within each pneumatic muscle, 

must be measured. The position (x) was measured with a linear potentiometer (Midori model LP-

100F), while the velocity (�̇�) and acceleration (�̈�) was obtained via filtered differentiation of the 

measured position with a cut-off frequency at 25 Hz. The pressure of each muscle Pa and Pb was 

measured with a pair of pressure transducers (FESTO SDET-22T-D25-G14-U-M12). The model 

and control parameters of the system are given in Table 4-1. 

 

Figure 4-2: Experimental setup for proposed controller 
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Table 4-1. Model and controller parameters for implementation of the proposed MIMO 
controller 

Parameter Description Value Unit 

M Mass of the load 7 Kg 

B Damping coefficient 131 kg-sec 

Ps Supply pressure 653 kPa 

Patm Atmosphere pressure 101 kPa 

L0 PAM initial length 150 mm 

b PAM thread length 163.5 mm 

n Number of turns of the thread 1.04  

γ  Ratio of specific heats 1.4  

R Universal gas constant 0.287 kJ/kg·K 

T Gas temperature 293 K 

Cf Discharge coefficient 0.294  

Cr Pressure ratio 0.528  

Av,MAX Maximum valve area 6.28 mm2 

λx Position control bandwidth 62 rad/sec 

λK Stiffness control bandwidth 50 rad/sec 

kx Position control robustness gain 0.8 mm/sec3 

kK Stiffness control robustness gain 0.05 N/m-sec 

Φx Position boundary layer width 0.25 mm/sec2 

ΦK Stiffness boundary layer width 0.015 N/m-sec2 
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The performance of the controller was characterized by sinusoidal tracking of both the 

system position and stiffness for varying frequencies and amplitudes. Representative plots of the 

position and stiffness tracking are given in Fig. 4-3 and Fig. 4-4. For the plots given, the position 

tracking was varied from 0.5 Hz to 1 Hz, while the stiffness tracking was varied from 1 Hz to 2 

Hz. As shown in each of the figures, the proposed controller shows effective tracking, with 

minimum steady-state error and phase lag. Comparing Fig. 4-3 (a) to Fig. 4-4 (a), the position 

tracking performance degrades with increasing frequency. This is most likely due to choked flow 

through the valve, essentially limiting the amount of power delivered by the muscles, and also 

increasing the amount of friction within the muscle. Also in each of the figures is the 

corresponding pressure response for each of the simultaneous position and stiffness tests, which 

for each shows a very smooth response. 
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(a) 

 
(b) 

 

(c) 

Figure 4-3: Plot for simultaneous 0.5 Hz Position Tracking (a), 1 Hz Stiffness Tracking (b), 
and corresponding pressure plot (c) 
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(a) 

 
(b) 

 
(c) 

 
Figure 4-4: Plot for simultaneous 1 Hz Position Tracking (a), 2 Hz Stiffness Tracking (b), 

and corresponding pressure plot (c) 
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4.5 CONCLUSION 

This chapter presents a control approach capable of providing independent control of 

both the position and stiffness of a pneumatic muscle actuated system. Based on the two-input-

two-output model developed, a standard MIMO sliding mode controller was used to develop a 

robust controller. The proposed controller was implemented on an antagonistic translation 

experimental setup, and the effectiveness was demonstrated for varying sinusoidal position and 

stiffness tracking. 
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CHAPTER 5:  IMPROVING FORCE OUTPUT AND ENERGY CONSUMPTION OF   
THE PNEUMATIC MUSCLE VIA MODIFICATION 

 

5.1 INTRODUCTION 

Presented in this chapter is a modification to the PAM in order to amplify the amount of 

force generated by the muscle as well as reduce the amount of energy consumed by the muscle.  

As discussed in Section 2.2, the PAM is composed of an air-tight tube surrounded by an 

inextensible braided mesh.  As the internal volume is pressurized, the tube expands radially and 

shortens in the axial direction, which generates a pulling force in the axial direction.  This makes 

the PAM a very simple and light-weight device, and gives it a considerable higher power density 

than other traditional actuators.  Also, as was shown with the force modeling of the PAM 

presented in Section 2.3, the amount of force generated by the PAM decreases with the 

contraction of the muscle, a similar characteristic to that of biological muscles.  Thus, due to the 

high power density coupled with similar function of biological muscles, the PAM has been 

utilized frequently in mobile robotics, but more specifically with humanoid robotics [1-3] as well 

as robotic rehabilitation [4,5]. 

 Compressed air powers the PAM, making it a pneumatic actuator.  It is different, 

however, to the traditional pneumatic cylinder actuator in that it contains no internal moving 

parts, such as a moving piston or vane to generate power. Without these moving elements, the 

PAM contains an initial unutilized dead volume, characterized in Fig. 5-1, equal to the initial 

volume of the PAM before pressurizing.  Thus, it is hypothesized that removing the dead volume 
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would allow the PAM to generate more force and consume less energy, due to the working fluid 

of air not having to fill up the dead volume before any work can be produced by the PAM.  

Limited work exists for utilizing the dead volume within the PAM.  Davis and Caldwell 

proposed that the valves and sensors needed in a pneumatic power generation system be 

integrated within the PAM [6], however the potential benefits associated with the idea were not 

discussed nor demonstrated.  Christ et al. demonstrated the possible energy savings by occupying 

a fraction of the dead volume, but with limited results; also, the possible force gains were neither 

discussed nor demonstrated [7].  Thus, this chapter presents the theoretical force gains and 

energy conservation associated with modification to the PAM, and then demonstrates the 

benefits through experimentation. 

 

Figure 5-1: Schematic of the PAM dead volume 

 

 The remainder of the chapter is organized as follows: Section 5.2 presents the theoretical 

force amplification associated with occupying the dead volume of the muscle; Section 5.3 

presents the potential energy savings associated with modification; Section 5.4 demonstrates the 

force gain and reduced energy consumption of the modified PAM; finally, the conclusions are 

presented based on the results in Section 5.5. 
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5.2 THEORETICAL FORCE GAINS 

 In order to realize the potential gains of the PAM force output, consider the PAM force 

model introduced by Chou and Hannaford given in Section 2.3. 

 dL
dVPPF atm )( −−=

 
(5.1) 

From Eq. (5.1), the force output of the muscle varies with muscle pressure and the volume 

change of the muscle with respect to the muscle length.  Referring back to Fig. 5-1, the muscle 

volume can be broken into two distinct volumes: what is referred to as the muscle dead space, or 

insert volume, and the space between the dead space and the muscle shell.  Therefore, the total 

volume of the modified muscle can be written as the difference in volume between the original 

muscle and the muscle insert: 

 InsertMusMod VVV −=   (5.2) 

VInsert refers to the insert occupying the dead space volume within the muscle, VMus is the volume 

of the original unmodified PAM, and VMod  is the total modified muscle volume.  For this work, a 

cylindrical bar is used to occupy the dead space within the PAM, therefore the volume is given 

as: 

 
MuscleInsertInsert LDV 2

4
π

=  (5.3) 

where DInsert is the diameter of the insert and LMuscle is the length the insert occupies within the 

PAM.  Recalling from Section 2.3 that the volume of the unmodified muscle varies with the 

change in the muscle braid angle, and then combining this with Eq. (5.3), Eq. (5.2) is re-written 

as: 
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(5.4) 

Recalling that θ is a function of the muscle length, Eq. (5.4) can be differentiated with respect to 

the muscle length.  Substituting the differentiation back into Eq. (5.1), the modified muscle force 

becomes: 
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Recalling back to Sec. 2.3, the force equation for the unmodified muscle is given as: 
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where the subscript ‘Org’ refers to the original unmodified muscle.  Therefore, comparing Eq. 

(5.5) and Eq. (5.6), the actual force gain of the modified muscle compared to the original muscle 

is equal to the cross-sectional insert area multiplied times the gauge pressure )( atmPP − within the 

muscle expressed as: 

 2
, 4

)( InsertatmGainMod DPPF π
−=

 
(5.7) 

Given Eq. (5.7) the percentage of force gain as compared to the original PAM at an equivalent 

pressure is equal to:  
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Equation (5.8) shows that as the muscle shortens the percentage of force gain increases, which is 

represented graphically by the plot in Fig. 5-2. 

 

Figure 5-2: Theoretical percentage of increase of modified muscle force versus original 
muscle force as a function of muscle contraction 

 

5.3 POTENTIAL ENERGY-SAVINGS 

 For pneumatic systems, especially those that utilize a tank or reservoir to supply the 

pressurized gas, the amount of air or gas the system consumes directly affects the performance 

and duration of operation of the system.  For this particular work, modifying the PAM in order to 

occupy the dead space within the muscle gives a potential energy savings due to the effective 

volume reduction of the muscle that needs to be pressurized and depressurized.  In order to 

quantify the potential savings, consider both the original unmodified PAM and the proposed 

modified PAM generating the same force trajectory over a given period of time: 

( ) TttFFF ModOrg ~0, ===         (5.9) 

As a result of the increased force capacity presented in the previous section, the modified muscle 

requires a lower pressure to generate the same contraction force. This can be seen in Fig. 5-3, 

which displays the theoretical internal pressure, as a function of percentage of shortening, 
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required to generate the same contracting force. As shown in the figure, the modified muscle 

always requires a lower internal pressure than the original pneumatic muscle.  Furthermore, 

although both curves rise with contraction, the rise of pressure curve for the modified muscle is 

significantly less steep than that of the original pneumatic muscle.  As such, the effect of 

pressure reduction is especially significant in the large-contraction region, as indicated by the 

decreasing pressure ratio between the modified muscle and the original pneumatic muscle 

 

Figure 5-3: Comparison of required internal pressures to generate the same force output. 

 

 For a conceptual analysis, consider the pressurization of each of the pneumatic muscles to 

generate a given contraction force. The amount of energy consumed by the muscle is equal to 

mass consumed multiplied by the enthalpy of the air at the given state. Each of the muscles are 

analyzed under the same conditions, therefore the enthalpy of each of the muscles will be the 

same, and subsequently the enthalpy of each can be neglected. As such, the energy consumption 

is expressed as the increase of the air mass within the muscles. For simplicity, the air mass at 

atmospheric pressure is neglected, and the consumption can be expressed as a function of the 

pressure and volume: 

 RT
PVm =

 
(5.10) 
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The ratio of the energy consumption of the modified muscle versus the original muscle can be 

expressed as: 
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indicating that the ratio of energy consumption is essentially the product of the pressure ratio 

Org

Mod

P
P and the volumetric ratio 
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V
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.  As indicated by Fig. 5-3, in order to generate the same 

force, the modified muscle always requires a lower pressure: 
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Furthermore, as shown in Fig. 5-3, the pressure ratio always decreases with muscle contraction. 

 In order to estimate the volumetric ratio, the volume of the original pneumatic muscle is 

first presented as: 
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where d is the inner diameter of the muscle. For the modified muscle, the volume occupied by 

the insert is given in Eq. (5.3), thus the volume of the modified muscle can be written as: 

 
( ) MusInsMusInsMusMod LDdLDLdV 2222

444
−=−=

πππ

 
(5.15) 



70 

As such the volumetric ratio can be expressed as 
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From Eq. (5.16), the volumetric ratio is obviously always less than one. Moreover, when the 

shortening of the muscle is small, and subsequently the expansion of the flexible membrane is 

also small, the outer diameter of the muscle insert is very close to the inner diameter of the 

muscle, resulting in a very small volumetric ratio. On the other hand, as the muscle shortens, the 

flexible membrane expands radially, thus increasing the volumetric ratio, and subsequently 

reducing the amount of energy savings. As an example, when the inner diameter of the muscle 

expands by 100% where d=2DIns, the volumetric ratio increases to 75%. 

 Based on the previously given analysis, it can be concluded that the modified pneumatic 

muscle always consumes less energy than that of the original muscle. This is represented by the 

energy consumption ratio given by Eq. (5.11), which from the analysis presented will always be 

less than one. Also as presented in the analysis, when the shortening of the muscle is small, the 

energy consumption reduction is due primarily to the small volumetric ratio. With the increase in 

contraction, the volumetric ratio increases, while simultaneously the pressure ratio decreases. In 

order to characterize the amount of energy savings, comparative experiments were conducted on 

both the original and modified muscles, which is given in Section 5.5.2. 

5.4 MODIFIED PNEUMATIC MUSCLE DESIGN 

 As discussed and shown in the previous two sections, the goal of the design of the 

modified PAM is to occupy the maximum amount of dead space within the muscle while 
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avoiding any interference and providing the same functionality as the unmodified muscle.  Given 

the geometry of the PAM itself, it was decided that the most effective modification to the PAM 

would be to simply insert a cylindrical bar spanning the resting length of the muscle.  In order to 

avoid interference and deliver the same functionality, the modified PAM was designed to slide 

over the cylindrical insert. Following, the detailed design of the modified PAM is given. 

 The type of muscle used for this study is the FESTO fluidic muscle.  There are three 

different muscle diameters provided by FESTO: 10 mm, 20 mm, and 40 mm, while the length of 

the muscle comes in a wide range of sizes.  In order to ease the machinability and assembly of 

the modified PAM, the 40 mm diameter muscle was chosen with a length of 180 mm.  For the 

initial prototype design more consideration was given to machinability and 

assembly/disassembly of the modified muscle as opposed to factors such as weight and material 

selection. 

 In order to discuss the modifications to the original unmodified PAM itself, it is pertinent 

to first discuss the construction of the unmodified PAM as produced by FESTO.  The original 

PAM used for this work is shown in Fig. 5-4. As shown in the figure and as presented previously 

the muscle consists of a braided rubber shell and two end caps that hold the shell.  The muscle 

shell consists of two aramid fiber layers that are embedded into chloroprene rubber.  The end 

fittings are used to hold the rubber shell in place and are critical for ensuring maximum muscle 

force and life.  The fittings consist of an inner barbed plug and an outer ring, both of which are 

shown in Fig. 5-5.  The outer ring is compressed to hold the shell against the plug using a 

swaging process [8].  
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Figure 5-4: Picture of 40 mm diameter 180 mm length FESTO muscle 

 

 

Figure 5-5: Barbed plug and outer ring of PAM 

 

Due to the complexity of attaching the end fittings to the rubber shell, it was necessary to 

limit the amount of modification made to the end fittings. The modified PAM consists of four 

parts labeled as: muscle insert, end-cap, socket, and modified muscle.  Each of these parts are 

shown and labeled in Fig. 5-6.   
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Figure 5-6: Parts of the modified PAM 

 

From the force amplification and energy consumption analysis given in Sect. 5.2 and Sect. 5.3, it 

was desired to design the insert to occupy the maximum amount of the dead space volume as 

possible.  The insert along with its auxiliary components is shown in Fig. 5-7.  

 

Figure 5-7: Modified PAM insert 
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As mentioned previously, the muscle insert was designed as a cylinder spanning the length of the 

PAM. Due to the length of the insert, when the modified PAM is to be pressurized, the end of the 

muscle not affixed to the insert must slide over the insert to ensure shortening of the muscle.  

Therefore, the end coinciding with the shortening end of the muscle was polished in order to 

minimize the amount of friction during sliding.  Also, as shown and labeled in Fig. 5-7, on the 

non-polished end of the insert are a machined o-ring groove, tapped bolt holes, a tapped air 

supply port, and a male-threaded end fitting.  Also shown near the center of the insert is the air 

outlet port.  The o-ring groove was machined into the insert to accept an o-ring, which is used to 

seal off and prevent leakage on the coinciding end of the modified muscle.  The four tapped bolt 

holes of the insert are used in order to affix the modified muscle to the insert, while the male-

threaded end fitting is used for mounting of the modified PAM.  Finally, the air supply port is 

used to supply pressurized air to the muscle, and is connected to the air outlet port via a drilled 

chamber between the two.  The air outlet port was machined to coincide with the center of the 

muscle at maximum contraction; therefore it was offset from the center of the insert a distance 

approximately equal to the length of maximum shortening.  This reasoning comes from the fact 

that as the muscle shortens, the maximum diameter of the muscle shell occurs at the muscle 

center, and also as the muscle shortens it becomes more and more difficult to expand the muscle 

shell.  Thus in theory, to most efficiently pressurize the muscle, the air outlet port should be as 

close to the center of the muscle as possible.  However to ensure this reasoning, a detailed 

analysis of the pressurization process would have to be conducted, which would most likely need 

to be carried out using computational fluid dynamics, which is beyond the scope of this work. 

 A view of the modified muscle in comparison to the original muscle is shown in Fig. 5-8.  

The original muscle was modified in order to accommodate the designed insert discussed 
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previously.  In comparison to the original muscle, the first modification was to cut off the 

threaded end-fittings along with the existing air supply port.  The next step was to drill the four 

holes on the end to be affixed to the muscle insert.  Opposite of the affixed end, or the sliding 

end, four bolt holes were drilled and tapped in order to connect the end-cap and socket to the 

muscle.  The final step in modifying the muscle was to bore out each end of what was left of the 

end fittings to the same diameter as the muscle insert.  The sliding end of the muscle was then 

smoothed and polished in order to minimize the amount of friction between the insert and the 

modified muscle. 

 
Figure 5-8: Comparison of the Original and Modified muscles 

 

 
Figure 5-9: End-cap and auxiliary components 
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 The end-cap with the accompanying u-cup and face seal ring is shown in Fig. 5-9.  The 

end-cap was designed with redundant sealing in order to prevent air leakage between the sliding 

end of the modified muscle and the insert.  As shown in the figure, a groove was cut into the end-

cap in order to hold a u-cup.  The u-cup provides a sealing and nearly frictionless surface as the 

muscle and end-cap slide along the muscle insert. Also on the inside of the end-cap another 

groove was cut to the diameter of the rubber face seal in order to prevent leakage along the sides 

of the end-cap.  Finally, four holes along the outside diameter of the end-cap were drilled in 

order to attach the end-cap to the rest of the assembly. For the end-cap minus the face seal ring, 

these holes were drilled in line with the drilled and tapped holes of the modified muscle.  This 

was done in order to ensure that the face seal ring would need to be compressed for assembly, 

providing a proper sealing surface. 

 The final part designed for the modified PAM was that of the socket, shown in Fig. 5-6.  

The socket was designed as a means to attach the modified PAM to other systems in order to 

continue to use it as an actuator.  The socket was also designed to attach to the modified muscle 

while avoiding interference with the muscle insert during muscle shortening. 

 

5.5 EXPERIMENTAL RESULTS 

Upon completion of the design and fabrication of the modified PAM parts, the modified 

PAM was assembled, shown in Fig. 5-10.  After assembly, experiments were conducted to test 

the proposed force gains and energy conservation of the modified PAM discussed in sections 5.2 

and 5.3. 
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Figure 5-10: Assembled modified PAM 

 

5.5.1 FORCE GAIN EXPERIMENTAL SETUP AND RESULTS 

A testing apparatus was set up to measure the force produced by the modified PAM for 

varying muscle contraction and pressure.  Both the original PAM and modified PAM were tested 

under the same conditions in order to obtain a comparison between the two actuators.  The 

experimental setup for each, shown in Fig. 5-11, consisted of the particular PAM being tested, a 

load cell, a potentiometer, a pressure transducer, supply valve, and a mounted cable winch. 

 

Figure 5-11: Force gain testing experimental setup 
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Both the original and modified PAMs were tested at different supply pressures ranging 

from 20 psig (239.225 kPa) to 60 psig (515 kPa) incremented by 10 psig for each pressure 

increase. For each supply pressure step, the force generated by the muscle was statically 

measured at various fixed muscle contractions. As shown in the figure, the winch was used to 

hold the original or modified PAM at a constant length while the force produced by the muscles 

was measured via a load cell (Measurement Specialties model ELHS-T1-1KL) and the amount 

of contraction of the muscle was measured with a linear potentiometer (Midori model LP-100F).  

A pressure transducer (FESTO model SDET-22T-D25-G14-U-M12) was utilized to ensure the 

pressure of the system remained constant for each pressure step, while a solenoid valve (SMC 

model VQ1200-5B1) was used to pressurize and depressurize the particular PAM being tested. 

 The generated muscle force was allowed to reach a steady-state value before releasing 

tension, via the winch, on the muscle allowing it to contract to a new contraction length where 

subsequently the force and position were again measured. These steps were repeated until either 

the muscle force equaled zero or until the muscle reached maximum contraction. Once either of 

these conditions was reached, the muscle was depressurized and the supply pressure was 

increased by 10 psig (170.3 kPa) ; then the steps explained beforehand were repeated. This 

procedure was carried out until the supply pressure was equal to 60 psig (515 kPa). Note, the 

maximum operating pressure of the original PAM is approximately 80 psig (652.9 kPa), however 

the pressure supply was limited to 60 psig in order to ensure the generated force remained within 

the 1000 lbf (4448 N) linear range of the load cell. 

 The original PAM was tested first under the conditions and steps listed previously in 

order to ensure legitimacy of the testing procedure. The data was compared to the generated 

force data provided by FESTO, which is reproduced in Fig. 5-12 [9]. FESTO provides force data 
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for the PAM at pressures ranging from 1 Bar to 6 Bar. The force of the original PAM data 

generated as compared to the FESTO data is shown in Fig. 5-12. 

Figure 5-12 shows that for the muscle tested the force generated versus contraction 

follows the trend shown by the FESTO data, thus confirming legitimacy of the tests performed. 

The same steps performed for the testing of the original PAM were taken to test the force gains 

produced by the modified PAM. Figures 5-13 and 5-14 show the comparison between the 

modified PAM and the original PAM for varying contraction lengths. Also, shown in these plots 

is the predicted force output of the modified PAM using the theoretical analysis presented in 

Section 5.2 and given by Eq. (5.7). Figure 5-13 represents the force gains produced for a pressure 

supply of 30 psig (308.2 kPa), while Figure 5-14 shows the force gain results for a 60 psig (515 

kPa) pressure supply. Similar results as those in Fig. 5-13 and Fig. 5-14 were seen for the other 

pressure supplies tested. From the results shown, the modified PAM generates a noticeable 

amount of force greater than that of the original PAM for a specified contraction. Also the results 

show good agreement between the measured force gains of the modified PAM and the 

theoretical predicted force gains, thus proving the analysis presented in Section 5.2 



80 

 

Figure 5-12: Plot of force versus contraction for the original PAM as compared to data 
produced by FESTO corporation 

 

Figure 5-13: Modified PAM force gain results for 30 psig (308.2 kPa) pressure supply 

 

Figure 5-14: Modified PAM force gain results for 60 psig (515 kPa) pressure supply 
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5.5.2 ENERGY CONSUMPTION EXPERIMENTAL SETUP AND RESULTS 

In order to demonstrate the amount of energy savings provided by the modified PAM, the 

experimental setup show in Fig. 5-15 was assembled and tested. Due to the single-acting nature 

of the muscle actuator, two extension springs are connected in the opposite direction to allow for 

reciprocating motion.  For the position control of the slider, a four-way proportional valve 

(FESTO MPYE-5-M5-010-B) was used to modulate the gas flow into or out of the muscle 

actuator, while a linear potentiometer (Midori LP-100F) provided position feedback signal.  To 

simplify the control implementation, a proportional controller was utilized, and the gain was 

tuned to provide acceptable tracking performance. To measure the cumulative energy 

consumption, a 3.785 L (1 gallon) air tank was utilized as the pneumatic supply, which was 

pressurized to 552 kPag (70 psig) before running each experiment.  During the experiment, the 

pressure in the tank was measured as an indication of the cumulative energy consumption.  

Specifically, assuming the air in the supply tank is an ideal gas undergoing an isothermal 

process, the energy in the fixed-volume tank is proportional to the mass, which is in turn 

proportional to the pressure in the tank.  As such, the pressure drop in the supply tank (measured 

by the aforementioned pressure transducer) is proportional to the cumulative energy supply in 

the experiment, and thus serves as a real-time measurement of the cumulative energy 

consumption. 
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Figure 5-15: Energy consumption experimental setup to track a desired position 

 

For the tests, both the original and modified muscle energy consumption was tested over 

a range of 2% to 22% contraction of the original muscle length. The typical tracking 

performance for both of the muscles is shown in Fig. 5-15 (a), with the corresponding muscle 

pressures for the tracking given in Fig. 5-15 (b). The tracking performance between the two is 

essentially the same, thus the modification to the PAM shows no adverse effects on the dynamic 

performance. As shown in Fig. 5-15 (b), the modified muscle pressure is less than the original 

muscle pressure, thus the muscle consumes less energy. The pressure difference was expected 

due to the analysis given in Section 5.3. The associated pressure drop within the tank is given in 

Fig. 5-17.  
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(a) 

 
(b) 

Figure 5-16: (a) Controller tracking performance for 10% muscle contraction (b) 
Corresponding muscle pressure 

 

Figure 5-17: Tank pressure drop measurement for 10% contraction position control 

 

Figure 5-17 clearly shows that the tank pressure drop associated with the original muscle is 

greater than that of the modified PAM, which shows a reduction in mass consumption, and 
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furthermore a reduction in the amount of energy consumption. Similar results were seen for each 

amount of contraction. Figure 5-18 gives the percentage of energy savings that was measured for 

each contraction length.  The maximum energy saving occurs in the small-contraction range 

(37% energy saving at 3% contraction).  With the increase of the contraction, the energy saving 

percentage reduces until it reaches a minimum value of 20% at 12% contraction, after which it 

starts to increase.  As described previously, the energy consumption ratio 
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trend, and thus the energy saving decreases with contraction.  In the large-contraction region, the 

change in 
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 is more significant.  Since 
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 decreases with contraction, 
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the same trend, and thus the energy savings increases with contraction.  Combining these two 

trends, the total energy saving effect displays a minimum at approximately the middle point in 

the range of contraction.  Note that at the minimum, the energy savings still reaches 20%.  As 

such, it can be concluded that the sleeve muscle prototype is able to generate a considerable 

amount of energy savings in comparison with the traditional pneumatic muscle.  Furthermore, 

the energy savings are expected to be more significant for a custom-designed sleeve muscle by 

further reducing the gap between the insert and the flexible membrane at the equilibrium state. 
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Figure 5-18: Energy savings for varying amounts of contraction 

5.6 CONCLUSION 

Presented in this chapter is the proposed modified design of the pneumatic artificial 

muscle in order to increase the amount of force generated by the muscle and also reduce the 

amount of energy consumption associated with the muscle. Also presented in the chapter is the 

theoretical analysis of the generated force gains, as well as the energy savings possible with the 

modification. Experiments were conducted in order to demonstrate the accuracy of the 

theoretical analyses presented, and also characterize the amount of additional force generated 

and the potential energy savings of the modified muscle. The amount of additional force 

produced by the modified PAM was shown to correlate very well with the theoretical force 

gains. The maximum amount of energy savings associated with the modified PAM was 

measured to be 37%, while the minimum was measured to be 20%, both of which are a 

considerable amount.  These energy savings have the potential to considerably affect the 

operation and duration of operation of the pneumatic muscle, thus potentially making the PAM a 

much more practical option for the design of mobile robotics, specifically that of powered 

prostheses. 
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CHAPTER 6:  THE DESIGN AND CONTROL OF A PROSTHETIC ELBOW 
PROTOTYPE UTILIZING THE MODIFIED PAM 

 

6.1 INTRODUCTION 

This chapter presents the design and control of a novel elbow prosthetic prototype using 

the modified pneumatic muscle presented in Chapter 5. Specifically, the insert used to modify 

the PAM was taken advantage of and used as the support structure of the arm for the work. The 

elbow joint was designed to provide comparable torque and range of motion to that of the human 

elbow. Upon completing the design and fabrication of the elbow, the full nonlinear model of the 

system was developed. After developing the model, the standard sliding mode controller was 

applied to obtain robust control of the angular position of the joint. 

Unlike the lower limb prosthetics discussed in Chapter 2, upper limb prosthetics have 

received much less attention, and as a result have remained considerably underdeveloped. In fact, 

in the article by Adee [1], upper limb prostheses have remained basically the same since the U.S. 

Civil War. Body powered upper limb prostheses are the most commonly commercially available 

prostheses. These prostheses are generally the lightest and most durable, however only 50% of 

the users who own them use them regularly [2,3]. Subjects reported that the burdensome 

prosthetic was not justified by the small amount of assistance provided [1]. 

The need for more control and degrees of freedom than traditional prosthetics could 

provide led to the development of electronic prosthetics. In 2005 DARPA began the 

Revolutionizing Prosthetics program, which provided nearly $100 million by 2009. This project 
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focused on creating a prosthetic arm with the most functionality and largest amount of human 

integration today’s technology could provide. Despite the advancement in prosthetic arm 

technology, the prototype from the project uses electric motors for actuation, which as discussed 

beforehand has a limited amount of strength compared to pneumatic muscles. 

Therefore, in order to provide comparable functionality of the human elbow flexion and 

extension back to the amputee, this work uses a PAM to power the elbow joint, specifically the 

modified PAM presented in Chapter 5.  In that chapter an insert was used to occupy the empty 

volume inside the PAM to improve the force output and energy consumption of the PAM. The 

unique structure however presents a challenge in incorporating it into a given prosthetic, due to 

the fixed length insert, possible interference with an external load could occur. As such, special 

consideration in the design is needed in order to address the issue. To overcome this issue, the 

insert is given dual purpose. Along with occupying the empty volume within the muscle, it acts 

as the load bearing structure support for the joint. 

The remainder of this chapter is organized as follows: first, Section 6.2 presents the 

detailed design of the prosthetic elbow; next, Section 6.3 presents the full nonlinear model of the 

system; given the nonlinear model, Section 6.4 provides the development of a sliding mode 

controller in order to provide control of the angular position of the joint; Section 6.5 

demonstrates the effectiveness of the controller; finally, the conclusions to the chapter are 

presented in Section 6.6. 

6.2 ELBOW DESIGN 

The main objective for the design is to match the maximum torque and range of motion 

requirements for flexion of the elbow joint. The general design of the elbow joint, as represented 
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by the schematic in Fig. 6-1, consists of cable-pulley mechanism to translate the linear motion of 

the modified PAM to rotary motion. For the human elbow joint, the torque about the joint is 

asymmetric; specifically the torque for flexion of the joint is much greater than that of extension. 

As such, the modified PAM is used to drive flexion of the joint, while a set of rotary springs are 

employed for extension of the joint. Therefore, in order to provide the proper range of motion 

and torque for extension, the sizing of the pulley is the most critical design constraint. 

 
Figure 6-1: Schematic of the elbow joint prototype 

 

In order to properly size the pulley, first the range of motion and torque requirements of 

the joint are needed. In the book by Luttgens and Hamilton [4], the range of motion of the elbow 

joint is given as 140°. The amount of desired torque of the elbow is taken from the work by 

Christ [5], which is ultimately gathered from the work by Khalaf and Parnianpour [6]. In the 

work by Christ, 75% of the required torque is used for the design due to smaller pneumatic 

muscles being used.  This work uses a larger pneumatic muscle, and thus is capable of providing 

the full range of desired flexion torque. As given in the work by Christ, the peak torque of the 

elbow joint occurs at approximately 60° of flexion of the joint. Therefore, a peak torque of 47 N-

m at an angle of 60° is used as the torque design requirement. 
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As given in Chapter 5, the length of the modified PAM is 180mm. Given the 25% 

maximum contraction of the muscle, the maximum shortening of the muscle is 45mm. Given the 

desired range of motion of the joint and maximum contraction of the muscle, the pulley radius is 

solved for with following equation. 

 ∆𝐿𝑀𝑎𝑥 = 𝑅𝑃𝑢𝑙𝑙𝜙𝑀𝑎𝑥 (6.1) 

Solving Eq. (6.1), the desired pulley radius is calculated to be 18.4mm. Once obtaining the 

pulley radius, next the amount of possible torque produced about the joint needs to be 

determined in order to ensure the given configuration produces an adequate amount of torque. 

The amount of torque produced is equal to the force produced by the modified PAM multiplied 

by the pulley radius, given by: 

 𝜏𝐸𝑙𝑏𝑜𝑤 = 𝐹𝑀𝑢𝑠 ∙ 𝑅𝑃𝑢𝑙𝑙 (6.2) 

To ensure the peak torque of the joint is met, first the amount of force produced by the muscle 

corresponding to an angle of 60° needs to be determined. Referring to the muscle force data 

given by the manufacturer [7] and adding the additional force gain due to modifying the muscle, 

the force is determined to be approximately 4150 N. As such, the amount of torque the system 

can provide at 60° of flexion is approximately 76 N-m, a considerable amount greater than the 

requisite peak torque of 47 N-m.  

For the actual selection of the pulley, preference was given to an off-the-shelf pulley as 

opposed to custom designing and fabricating the pulley. In fact, this methodology was carried 

out throughout the design process. This was done in order to ease the design and assembly of the 

system as well as minimizing the initial cost of the prototype. For the pulley, the closest ready-
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made pulley to the desired radius of 18.4mm was a 19.05mm (0.75in) radius pulley. Given the 

larger radius of the pulley, the range of motion of the elbow is slightly reduced to 135º, while the 

already adequate torque is slightly increased. 

Upon completing the sizing and selection of the joint pulleys, the remainder of the elbow 

design was carried out. The complete design of the prototype is depicted by the solid model in 

Fig. 6-2. The sub-assemblies of the design are labeled in the figure. As can be seen from the 

figure, rotation of the joint is achieved through the cable-pulley mechanism. As the muscle 

shortens, it pulls the attached cable along with it, which subsequently drives the pulley system 

attached to the lower arm swing, thus rotating the lower arm. The lower arm functions as the 

forearm of the design, and is used to attach a load during testing of the prototype. 

As mentioned beforehand, the insert of the modified PAM is given dual purpose. It 

occupies the dead volume within the modified PAM, and also acts as the load bearing support of 

the elbow joint below it. The modified PAM is connected to the elbow joint as shown by the 

exploded view shown in Fig. 6-3. Given the dual purpose of the insert, the major drawback of 

increased system weight, and thus reduced power density of the muscle is negated. If the insert 

was not used for the joint support, both the weight and volumetric profile of the design would be 

considerably larger, due to an additional required support structure that does not interfere with 

the muscle actuation would be required. 
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Figure 6-2: Solid model of the complete prosthetic arm design 

 

 

Figure 6-3: Exploded view of modified PAM connected the elbow joint support 

 

The detailed design of the elbow joint is shown in Fig. 6-4. Both the compact (a) and 

exploded (b) views of the assembly are shown. As shown in the figure, the joint is comprised of 

the shaft, pulleys, joint support, lower arm swing, torsional springs, and also the accessory 

components of the joint. The joint support part is locked to the shaft via a keyway cut into both 
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the shaft and joint support. The pulleys are connected to the lower arm swing, which both freely 

rotate about the shaft, providing rotation of the full assembly. Bushings are incorporated into the 

lower arm swing in order to provide smooth rotation about the shaft. As mentioned beforehand, 

the PAM only provides motion in one direction, which in this case is flexion of the joint. As 

such, in order to provide extension of the joint, a set of torsional springs are utilized. Like the 

selection of the pulleys, the torsional springs were selected from ready-made springs as opposed 

to custom designing the springs. Also shown in Fig.6-4 is a potentiometer holder, which holds a 

rotary potentiometer used to measure the angular position of the joint.  

 
 

 
 

(a) 
 

(b) 

Figure 6-4: Elbow joint assembly (a) and elbow joint exploded view (b) 

 

For each of the parts selected and designed for the prototype, analysis was carried out 

using finite element analysis (FEA). For each of the analyzed parts, care was taken to ensure a 

minimum factor of safety against yield of 1.5. For each of the custom designed parts, including 

the muscle insert, joint support, lower arm swing, and lower arm, aluminum 6061 was used for 
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the material selection. Aluminum was used in order to minimize the amount of weight of the 

design as well as ease the fabrication of the prototype. For the shaft selection, a steel shaft with a 

0.5 in (12.7mm) diameter was chosen in order to ensure the shaft would be able to withstand the 

maximum amount of possible torsional stress applied to the joint. Also, as shown in the figures 

of the design, the joint shaft was modified in order to incorporate the previously mentioned 

rotary potentiometer. Finally, for the cable selection, steel cables with a diameter of 3
32

in were 

chosen to ensure the cables could withstand the maximum tension of more than 3000N in each 

cable. 

6.3 SYSTEM MODELING 

The development of the elbow dynamic model begins with the free-body diagram about 

the joint, shown in Fig. 6-5. As shown in the diagram, the forearm is shown as a simple lever 

rotating about the joint of the elbow. The muscle in the prototype along with spring return 

mechanism introduce a set of moments about the joint, while the weight of the arm and the load 

at the end of the arm also produces moments about the joint.   

 

Figure 6-5: Free-body diagram of the elbow joint 
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From the figure, the sum of the moments about the joint is given as: 

 𝐽𝐸�̈� = 𝑇𝐹𝑙𝑒𝑥 − 𝑇𝑆𝑝𝑟𝑖𝑛𝑔 − 𝐵�̇� − (𝑚𝐴𝐿𝐶.𝑀 + 𝑚𝐿𝐿𝐴)𝑔 sin𝜙 (6.3) 

where JE is the mass-moment of inertia about the elbow, mA is the mass of the arm, mL is the 

mass of the load at the end of the arm, LC.M is the length from the elbow to the center of mass of 

the arm, LArm is the length of the arm, TFlex is the flexion torque about the joint produced by the 

PAM, TSpring is the torque produce by the torsion springs, B is the damping coefficient of the 

system, and g is the gravity constant. The amount of torque produced by the modified PAM is 

given by: 

 𝑇𝐹𝑙𝑒𝑥 =  𝐹𝑀𝑢𝑠 ∙ 𝑅𝑃𝑢𝑙𝑙 (6.4) 

where FMus is the force produced by the PAM, and RPull is the radius of the  pulleys of the design. 

The force produced by the modified PAM is given by Eq. (5.5) in the previous chapter, which is 

reproduced here.  

 𝐹𝑀𝑢𝑠 =  (𝑃𝑀𝑢𝑠 − 𝑃𝑎𝑡𝑚) ∙ �
3𝐿𝑀𝑢𝑠2 − 𝑏2

4𝜋𝑛2
+
𝜋
4
𝐷𝐼𝑛𝑠𝑒𝑟𝑡2 � (6.5) 

 

The length of muscle can be written as function of the elbow joint given as: 

 𝐿𝑀𝑢𝑠 =  (𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙) (6.6) 

where L0 is initial length of the PAM. Next the torque produced by the torsion springs is given 

as:  

 𝑇𝑆𝑝𝑟𝑖𝑛𝑔 = 𝑘𝑆𝑝𝑟𝑖𝑛𝑔𝜙 (6.7) 
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In the equation kSpring is the stiffness of the rotary spring. Substituting Eq. (6.4) through Eq. (6.7) 

into Eq. (6.3) gives the equation for the system dynamics as: 

 �̈� =
(𝑃𝑀𝑢𝑠 − 𝑃𝑎𝑡𝑚) ∙ �

3(𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)2 − 𝑏2

4𝜋𝑛2
+
𝜋
4
𝐷𝐼𝑛𝑠𝑒𝑟𝑡2 � ∙

𝑅𝑃𝑢𝑙𝑙
𝐽𝐸

−
𝐵
𝐽𝐸
�̇� −

𝑘𝑆𝑝𝑟𝑖𝑛𝑔
𝐽𝐸

𝜙 − (𝑚𝐴𝐿𝐶.𝑀 + 𝑚𝐿𝐿𝐴)
𝑔
𝐽𝐸

sin𝜙
 (6.8) 

In order to recover the pressure dynamics and ultimately the mass flow rate to the system, Eq. 

(6.6) is differentiated and given as: 

 𝜙 =
�̇�𝑀𝑢𝑠 �

3(𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)2 − 𝑏2

𝐽𝐸4𝜋𝑛2
𝜋
4
𝐷𝐼𝑛𝑠𝑒𝑟𝑡2 �

𝑅𝑃𝑢𝑙𝑙
𝐽𝐸

− (𝑃𝑀𝑢𝑠 − 𝑃𝑎𝑡𝑚) �
3(𝐿𝑀𝑢𝑠 − 𝑅𝑃𝑢𝑙𝑙𝜙)

𝐽𝐸2𝜋𝑛2
�𝑅𝑃𝑢𝑙𝑙2 �̇�

𝐵
𝐽𝐸
�̈� −

𝑘𝑆𝑝𝑟𝑖𝑛𝑔
𝐽𝐸

�̇� − (𝑚𝐴𝐿𝐶.𝑀 + 𝑚𝐿𝐿𝐴)
𝑔
𝐽𝐸

cosϕ �̇�
 (6.9) 

Assuming the working fluid air is an ideal gas undergoing an adiabatic process in the PAM, the 

pressure dynamics can be expressed as a function of the mass flow rates: 

 �̇�𝑀𝑢𝑠 =  
𝛾�̇�𝑅𝑇
𝑉𝑀𝑢𝑠

− 𝛾𝑃𝑀𝑢𝑠 ∙
�̇�𝑀𝑢𝑠
𝑉𝑀𝑢𝑠

 (6.10) 

The volume of the modified muscle is defined as: 

 𝑉𝑀𝑢𝑠 =
(𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)[𝑏2 − (𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)2]

4𝜋𝑛2
−
𝜋
4
𝐷𝐼𝑛𝑠𝑒𝑟𝑡2 (𝐿0 − 𝑅𝜙) 

          

(6.11) 

Equation (6.11) is then differentiated to recover the volumetric flow rate in and out of the 

muscle, given as: 

 �̇�𝑀𝑢𝑠 =  𝑅𝑃𝑢𝑙𝑙�̇� �
3(𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)2 − 𝑏2

4𝜋𝑛2
� +

𝜋
4
𝐷𝐼𝑛𝑠𝑒𝑟𝑡2 𝑅�̇� (6.12) 
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Substituting Eq. (6.10) through Eq. (6.12) back into Eq. (6.9), the full nonlinear model of the 

elbow joint angle is given as: 

 𝜙 =  𝐶𝑀𝑢𝑠�̇� − 𝐶𝜙�̇� −
𝐵
𝐽𝐸
�̈� −

𝑘𝑆𝑝𝑟𝑖𝑛𝑔
𝐽𝐸

�̇� − (𝑚𝐴𝐿𝐶.𝑀 + 𝑚𝐿𝐿𝐴)
𝑔
𝐽𝐸

cosϕ �̇�   (6.13) 

where, 

 𝐶𝑀𝑢𝑠 =
𝛾𝑅𝑇𝑅𝑃𝑢𝑙𝑙

𝐽𝐸
�

3(𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)2 − 𝑏2 + 𝜋2𝐷𝐼𝑛𝑠𝑒𝑟𝑡2 𝑛2

(𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)[𝑏2 − (𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)2 − 𝜋2𝐷𝐼𝑛𝑠𝑒𝑟𝑡2 𝑛2]� (6.14) 

 

 𝐶𝜙 =
(𝑃𝑀𝑢𝑠 − 𝑃𝑎𝑡𝑚) �

3(𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)
𝐽𝐸2𝜋𝑛2

�𝑅𝑃𝑢𝑙𝑙2

+ 𝑃𝑀𝑢𝑠𝑅𝑃𝑢𝑙𝑙2 �
[3(𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)2 − 𝑏2 + 𝜋2𝐷𝐼𝑛𝑠𝑒𝑟𝑡2 𝑛2]2

4𝜋𝑛2𝐽𝐸(𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)[𝑏2 − (𝐿0 − 𝑅𝑃𝑢𝑙𝑙𝜙)2 − 𝜋2𝐷𝐼𝑛𝑠𝑒𝑟𝑡2 𝑛2]�
 

  

(6.15) 

 

6.4 CONTROL DESIGN 

Based on the nonlinear system model developed in the previous section, the standard 

sliding mode controller is applied in order to control the angular position of the elbow joint. 

Referring back to Section 2.4, first the sliding surface needs to be defined, which for this case is 

given as: 

 𝑠 = �̈� + 3𝜆�̇� + 3𝜆2𝑒 + 𝜆3 ∫ 𝑒 𝑑𝜏𝑡
0  (6.16) 

A standard integral sliding surface is chosen in order to eliminate the steady state error in the 

tracking control of the system. The error in Eq. (6.16) is defined as the difference between the 

actual and desired angular position of the joint, given as: 
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 𝑒 = 𝜙 − 𝜙𝑑 (6.17) 

Next the control law is defined as: 

 �̇� = �̇�𝑒𝑞 + �̇�𝑟𝑏 (6.18) 

Referring back to Section 2.4, the equivalent component is solved for by differentiating the 

sliding surface and equating it to zero. This is again done in order to recover the system control 

parameter �̇�. As such, the equivalent mass flow rate is solved for and given as: 

 �̇�𝑒𝑞 =
𝑥𝑟 − 𝑓(𝒙)
�̂�(𝒙)

 (6.19) 

where 

 𝑥𝑟 = 𝜙𝑑 − 3𝜆�̈� − 3𝜆2�̇� − 𝜆3𝑒 (6.20) 

 𝑓(𝒙) = −𝐶𝜙�̇� −
𝐵
𝐽𝐸
�̈� −

𝑘𝑆𝑝𝑟𝑖𝑛𝑔
𝐽𝐸

�̇� − (𝑚𝐴𝐿𝐶.𝑀 + 𝑚𝐿𝐿𝐴)
𝑔
𝐽𝐸

cosϕ �̇� (6.21) 

And �̂�(𝒙) is equal to CMus. Next, the robustness component of the control needs to be defined. 

Again referring back to Section 2.4, the robust control component is given as: 

 �̇�𝑟𝑏 = −
𝐺

�̂�(𝒙)
𝑠𝑎𝑡 �

𝑠
Φ
� (6.20) 

Once again recall the saturation function is incorporated in order to reduce chattering and to 

smooth out the control discontinuities. The robustness gain G is determined from the definition 

in Section 2.4, and the boundary layer Φ is chosen to smooth out the tracking performance of the 

system. 
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6.5 EXPERIMENTAL RESULTS 

The performance of the design and control development was tested using the experimental setup 

shown in Fig. 6-6 (a). As shown in the figure, a four-way proportional valve (FESTO MPYE-5-

M5-010-B) was used to modulate the airflow in and out of the modified PAM. The system was 

supplied with compressed air at an absolute pressure of 653 kPa (94.7 psi), while the pressure of 

the system was measured via a pressure transducer (FESTO model SDET-22T-D25-G14-U-

M12). In order to implement the developed sliding mode controller, the remainder of the system 

state space, beyond the pressure, needs to be measured. This includes the angular position, 

velocity, and acceleration. The angle of the elbow joint was measured using a rotary 

potentiometer (ALPS RDC503013A), while the angular velocity �̇� and acceleration �̈� was 

measured via filtered differentiation of the measured angle with a cut-off frequency at 25 Hz. 

The model and control parameters of the system are given in Table 6-1.  

The range of motion of the elbow joint was the first performance criteria of the system 

tested. Figure 6-6a shows the elbow prototype fully extended, while in Fig. 6-6b, full flexion of 

the prototype is shown. The fully flexed joint angle is approximately 110°, which is less than the 

expected 135° range of motion. The smaller range of motion is due to the lower arm swing 

contacting the joint support structure part. Therefore, the next iteration of the design should 

ensure the range of motion is not limited by interference within the mechanical design. 
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Table 6-1: Model and control parameters for the implementation of the proposed angular 
position controller 

Parameter Description Value Unit 

ML Mass of the load 4.5 Kg 

MA Mass of the lower arm 0.6 Kg 

B Damping coefficient 25314 kg-sec 

JE Elbow mass moment of inertia 9735 kg-mm2 

LA Length of the lower arm 269.875 Mm 

LC.M 
Length from elbow joint to arm 
center of mass 104.648 Mm 

kSpring 
Stiffness of the combined torsion 
springs 28.2 N-mm/deg 

Ps Supply pressure 653 kPa 

Patm Atmosphere pressure 101 kPa 

L0 PAM initial length 180 Mm 

b PAM thread length 203 Mm 

n Number of turns of the thread 0.63  

γ  Ratio of specific heats 1.4  

R Universal gas constant 0.287 kJ/kg·K 

T Gas temperature 293 K 

Cf Discharge coefficient 0.294  

Cr Pressure ratio 0.528  

Av,MAX Maximum valve area 6.28 mm2 

λ Control bandwidth 47 rad/sec 

G Robustness control gain 1.0 rad/sec3 

Φ Boundary layer width 0.5 rad/sec2 
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(a) 

 
(b) 

Figure 6-6: Experimental setup of elbow prototype in full extension (a) and full flexion (b) 
 

The effectiveness of the controller was tested via a step response and sinusoidal tracking 

of the elbow joint angle. First, in order to tune the controller, the system was tested for a 90º step 

response. The corresponding performance is shown in Fig. 6-8.  As shown in the figure, the step 

response shows fast convergence to the desired angle with no overshoot and minimum steady-

state error.  
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Figure 6-7: 90° step response of the elbow 

 

Next, the performance of the system tracking was characterized for varying frequencies 

and amplitudes of sinusoidal tracking. Representative plots of the sinusoidal tracking for 0.5 Hz 

and 1 Hz are shown in Fig. 6-9 (a) and (b). Also, the corresponding pressure plots for the 

sinusoidal tracking tests are given in Fig. 6-10 (a) and (b). As shown in the figures for sinusoidal 

tracking, the controller shows effective tracking performance with minimum steady-state error. 

In each of the tracking plots, it can be seen that the tracking performance for extension of the 

joint compared to flexion is somewhat degraded. This is due to only being able to passively drive 

the joint with the torsion springs in this direction. Also, comparing the two tracking plots, the 

tracking performance degrades with increasing frequency, especially where the motion of the 

joint changes direction near zero velocity. This is most likely due to choked flow through the 

valve which decreases the amount of power delivered by the muscle and increases the amount of 

friction/stiction of the muscle. Finally, in the corresponding pressure plots smooth responses are 

seen in each, which is desired. 
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(a) 

 
(b) 

Figure 6-8: Sinusoidal tracking performance of the elbow joint for 0.5 Hz (a) and 1 Hz (b) 

 
(a) 

 
(b) 

Figure 6-9: Corresponding pressure plots for sinusoidal tracking of 0.5 Hz (a) and 1 Hz (b) 
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6.6 CONCLUSION 

This chapter presented the detailed design and control of a new prosthetic elbow using 

the modified PAM presented in Chapter 5. The elbow was designed to produce an amount of 

torque comparable or greater than that of a human elbow. Utilizing the insert used to modify the 

PAM, the volume and weight of the design were reduced due to dually using the insert as the 

support for the elbow joint.  A robust controller was developed using sliding mode control. In 

order to develop the controller first the full nonlinear model was developed and presented in the 

chapter. Finally, in order to characterize the performance of the design and control of the elbow, 

the controller was implemented and tested experimentally. Finally, the experimental results 

showed effective performance of both the elbow design and controller. 
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CHAPTER 7:  THE DESIGN OF A TRANSFEMORAL PROSTHESIS PROTOTYPE 
 

7.1 INTRODUCTION 

This chapter presents the detailed design of a transfemoral prosthesis with particular 

emphasis placed on the design of the ankle joint. As mentioned in Section 2.1, the biggest issue 

with today’s currently available transfemoral prosthetics is the passive nature of such devices. 

This poses a serious limitation to their performance in restoring locomotive functions, especially 

those requiring significant power output, such as walking upstairs/up slope, running, and 

jumping [1-5].  Furthermore, even during level walking, transfemoral amputees fitted with 

traditional passive prostheses exhibit asymmetric gait, expend more metabolic energy (up to 60% 

more) [6], and require a significantly higher amount of hip power and torque (up to three times 

higher) [1] in comparison with healthy subjects. 

In order to obtain a transfemoral prosthesis with active power output, developing a 

compact and powerful actuation system is a key challenge. Leveraging the benefits of the PAM 

mentioned in Section 2.2, such as high power density and its similarity to biological muscles, 

makes the PAM an ideal candidate for such actuation. However, as mentioned before, there a 

couple of unique challenges to overcome in using the PAM for actuation such as: the nonlinear 

relationship between the muscle’s force output and contraction length, and that the PAM is a 

single-acting actuator. In order to overcome these challenges, a new actuation design to power 

both the knee and ankle joints of the transfemoral prosthesis is presented in this chapter. In order 

to achieve bi-directional motion, typically two actuators in an antagonistic configuration are 
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used, which increases the complexity, weight, and volume of the system. To overcome this issue, 

a new actuation method is proposed in which the pneumatic muscle is combined with a spring 

return mechanism for each of the transfemoral joints. 

This work also presents another step forward in transfemoral prosthetic design: 

incorporation of a powered ankle joint. Past biomechanical studies for human locomotion show 

the important energetic role of the ankle joint. Specifically during level walking, the ankle 

produces a significant amount of work greater than the knee and hip [6]. Compared to the knee 

and hip joints for level walking, the energetic behavior of the ankle is clearly and significantly 

positive, meaning that integration of the power data for a cycle is significantly positive [1]. 

According to Riener et al. [4], stair ascension requires a similar amount of power. Despite the 

important energetic role played by the ankle, the majority of existing powered transfemoral 

devices only contain a powered knee, due primarily to the increased complexity and 

weight/volume needed for the powered ankle joint. 

The remainder of this chapter is organized as follows: Section 7.2 presents the pertinent 

design specifications needed to design the powered transfemoral prosthesis; following in Section 

7.3, the optimization of the design parameters of the ankle and springs are presented; Section 7.4 

presents the detailed design of the transfemoral prosthesis; finally, Section 7.5 presents the 

chapter conclusions.  

7.2 DESIGN SPECIFICATIONS 

This section details the design specifications that need to be met in the design of a 

transfemoral prosthesis. First, the specifications of both the knee and ankle joints are presented, 
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which is followed by the general specifications of the prosthesis as a whole.  For the knee and 

ankle joints, emphasis is placed on the amount of torque required to power each joint. 

7.2.1 KNEE JOINT CHARACTERISTICS 

As previously stated, meeting the torque required to power the knee joint is the primary 

objective in designing the knee joint. In order to quantify the amount of required torque, the 

standard body-mass normalized data presented by Winter [1] and Riener [4] is adopted. These 

works present the normalized torque data for various speeds of level walking and stair climbing. 

Figure 7-1 presents the combined data from each of the studies. In the figure, positive torque 

values represent extension of the knee joint, while negative values represent flexion of the joint. 

As shown in the Figure 7-1, the amount of torque required for extension of the knee joint is 

significantly greater than that of flexion of the joint. Also shown in the figure is the overall range 

of motion needed for the knee joint. Finally, the figure shows that the maximum torque required 

correlates to stair climbing. 

7.2.2 ANKLE JOINT CHARACTERISTICS 

As with the knee joint, the primary objective in designing the ankle joint is to meet the 

required torque to power the joint. Normalized torque data for the ankle joint was also published 

in the works by Winter and Riener, which is combined and reproduced in Figure 7-2. In the 

figure, positive torque represents plantar flexion of the ankle while negative torque represents 

dorsiflexion of the ankle. Plantar flexion of the ankle refers to the same motion as depressing a 

gas pedal, while dorsiflexion is the reverse of the plantar flexion motion. As shown in the figure, 

the amount of torque required for plantar flexion of the ankle is significantly larger than that of 

dorsiflexion. Also shown is the overall range of motion of the ankle joint. Finally, unlike the 

knee joint, the maximum amount of torque required correlates to walking at a fast pace. 
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Figure 7-1: Normalize knee torque for various modes of ambulation 

 

Figure 7-2: Normalized ankle torque for various modes of ambulation 
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7.2.3 GENERAL DESIGN CHARACTERISTICS 

First, all of the design considerations for the prosthesis were based on an 85 kg user. As 

such the mass, inertia, and volumetric profile of the prosthesis should be restricted to the 

particular size of the user, such that special accommodations will not have to be made. In order 

to maintain proper balance while walking, the prosthesis mass should be approximately equal to 

that of a sound leg. The transfemoral part of the average leg equates to approximately 6.1% of 

the total body mass of the person. The volumetric profile of a sound leg was given in the work by 

Waycaster [7] , which gave the volumetric envelope of a 50% male user. From that work, it is 

assumed the prosthesis should maintain a cross-sectional area of approximately 125 mm x 125 

mm. A summary of all the design requirements is given in Table 7-1. 

Table 7-1: Prosthesis design characteristics 

Characteristic Value 

Subject Mass 85 kg 

Prosthesis Mass ≤ 5.1 kg 

Leg Cross-sectional Area 125mm x 125mm 

Knee Joint Range of Motion 100º 

Peak Torque of Knee Joint Extension 148 N-m 

Peak Torque of Knee Joint Flexion 28 N-m 

Ankle Joint Range of Motion 45º 

Peak Torque of Ankle Joint Plantar flexion 197 N-m 

Peak Torque of Ankle Joint Dorsiflexion 14.28 N-m 
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7.3 DESIGN OPTIMIZATION 

As stated previously, the new actuation method used for each joint is a PAM actuator in 

combination with a spring return. As such, in order to match the torque required for each joint, 

both the configuration and parameters of the PAM and springs need to be optimized.  The 

optimization of the knee joint was carried out in the work by Wu [8]. The spring return 

optimization of each joint and the ankle joint optimization is detailed in this work. 

For each of the optimization procedures carried out, the optimization toolbox from 

Matlab was utilized. For each optimization, the Matlab optimization solver “fmincon” was used. 

The solver serves as a local optimizer, therefore steps need to be taken in order to assure that a 

global optimization has been reached.  As such, the global optimization method MultiStart was 

employed. The MultiStart method generates a user specified number of randomly distributed 

points within the system constraints, and each of the points is used as a starting point for the 

“fmincon” solver. Each solution from the solver is then compared and the minimum of all the 

solutions is the local global minimum. Due to the dependency of the start point, this method does 

not ensure that an overall global optimum is reached. Therefore in order to do so, the MultiStart 

method was carried out multiple times, until convergence of all the optimized parameters was 

shown.  

Initially in optimizing the springs and the ankle joint, the objective function to be 

minimized needs to be defined. In each case, the error is defined as the difference between the 

actual torque and the desired torque. The desired torque curve of each joint was created by 

combining the torque curves in Fig. 7-1 and Fig. 7-2. The error objective function is then defined 

as the summation of the error values at each given angle of rotation. In order to ensure adequate 
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torque is supplied, a penalty function is employed if the actual torque is less than the torque 

required, which defines the error objective function in each case as: 

 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 = ∑�
𝑇𝑎𝑐𝑡(𝜃) − 𝑇𝑑𝑒𝑠(𝜃), 𝑖𝑓 𝑇𝑎𝑐𝑡(𝜃) >  𝑇𝑑𝑒𝑠(𝜃)
𝑃𝑒𝑛𝑎𝑙𝑡𝑦 ∗ �𝑇𝑎𝑐𝑡(𝜃) − 𝑇𝑑𝑒𝑠(𝜃)�, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

� (7.1) 

 

7.3.1 SPRING OPTIMIZATION 

For the total actuation system of each joint, the spring must be chosen and designed for 

before the actuator design. This is due to the spring constantly acting against the torque supplied 

by the actuator. Utilizing the low torque requirements for flexion of the knee joint and 

dorsiflexion of the ankle joint, shown in Fig. 7-1 and Fig. 7-2, a spring system can be used to 

drive the joints in each of these directions. Coupling the PAMs with the spring configurations 

provide bi-directional actuation of the joints. Two configurations were considered for the spring 

return of each joint. The first configuration is a rotary spring; the equation for the actual torque 

of the configuration is given as: 

 𝜏𝑆𝑝𝑟𝑖𝑛𝑔 = 𝑘𝑟𝑜𝑡𝜃 + 𝜏0 (7.2) 

where τ0 is the spring offset torque, krot is the stiffness of the spring, and θ is the rotation angle of 

the spring. 

  The other configuration considered was a linear spring in a slider-crank configuration. A 

schematic of the configuration is given in Fig. 7-3. Each of the variables, Ly, Lx, r, and γ, given in 

the configuration, are optimization parameters. 
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Figure 7-3: Linear spring in slider-crank configuration 

The actual torque of the configuration is given as: 

 𝜏𝑆𝑝𝑟𝑖𝑛𝑔 = 𝐹𝑆𝑝𝑟𝑖𝑛𝑔(𝜃) ∙ 𝑟𝑒𝑓𝑓(𝜃) (7.3) 

where F(θ) is the force produced by the spring, and reff(θ) is the effective radius of the 

configuration. For a linear spring the force is given as:  

 𝐹𝑆𝑝𝑟𝑖𝑛𝑔 = 𝑘𝐿𝑖𝑛Δ𝑥 + 𝐹0 (7.4) 

where kLin is the stiffness of the linear spring, Δx is the amount of deflection of the spring and is 

related to the rotational angle θ, and F0 is the initial pre-tensioning of the spring. The deflection 

of the spring Δx is defined as difference between the length of the spring at a given rotation angle 

and the initial length of the spring. 

 Δ𝑥 = 𝑥(𝜃) − 𝑥(𝜃0) (7.5) 

Referring back to the slider-crank configuration in Fig. 7-3, the length of the linear spring at a 

given angle can be solved for using the law of cosines, given as: 
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 𝑥(𝜃) = �𝐿𝑥2 + 𝐿𝑦2 + 𝑟2 − 2𝑟�𝐿𝑥2 + 𝐿𝑦2 ∙ cos(𝛾 − 𝜃) (7.6) 

Given Eq. (7.6), the effective radius can now be solved for and given as: 

 𝑟𝑒𝑓𝑓(𝜃) = �𝐿𝑥2 + 𝐿𝑦2 sin(𝛽) (7.7) 

The angle β can be solved for by again using the law of cosines, and given as: 

 β = cos−1

⎝

⎛𝑥(𝜃)2 + 𝐿𝑥2 + 𝐿𝑦2 − 𝑟

2 ∙ 𝑥(𝜃)�𝐿𝑥2 + 𝐿𝑦2 ⎠

⎞ (7.8) 

Comparing the two spring options presented, there a couple of benefits and disadvantages 

to using each of the springs. First of all, the rotary spring provides a more compact package than 

the linear spring. If a linear spring is used, the PAM needs to be designed and configured such 

that it does not interfere with the linear spring, and thus adding complexity to the design. 

However, the advantage with the linear spring is that when placed in a slider-crank 

configuration, it allows for a non-linear relationship of the spring torque and angle relationship. 

This is opposed to the rotary spring, as given in Eq. (7.2), where the amount of torque produced 

by the spring is a linear function of the joint angle. As such, given the two configurations, the 

linear spring configuration is able to more closely mimic the required torque curve of the given 

joint.  

 As stated previously, the objective of the optimization is to match the actual torque given 

in Eq. (7.2) and Eq. (7.4) with the desired torque for flexion of the knee joint and dorsiflexion of 

the ankle joint. Upon running the optimization for each of the spring return designs, it was seen 

that two symmetrical springs for each joint would not be able to withstand the amount of stress 
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applied to each spring through the entire range of motion. Therefore, a combination of two 

springs on each side of the center of the leg is used for each spring return configuration, which 

will be discussed in more detail in the subsequent Section 7.4. 

For dorsiflexion of the ankle joint, a combination of two torsional springs on each side of 

the leg was shown to provide an adequate amount of torque. The benefit associated with using 

torsional springs is that they are more compact and occupy less space in comparison with a linear 

spring. This makes the design of the joint much easier, due to not having to configure the PAM 

so as to not interfere with the spring. The plot for the optimization is given in Fig. 7-4. In the 

plot, the desired torque is compiled as a combination of the dorsiflexion torques encompassing 

all the modes of ambulation presented in Fig. 7-2. As shown in Fig. 7-4, the combination of 

rotary springs is able to provide adequate torque for dorsiflexion of the joint. 

As stated previously, a single spring on each side of the center of the prosthetic was 

shown to be unable to withstand the amount of stress applied over the entire range of motion. 

Also, for the large range of motion for flexion of the knee joint, it was seen that a combination of 

two rotary springs on each side of the leg was also unable to withstand the amount of stress 

applied. Therefore, for the knee joint, the spring mechanism was optimized to be comprised of a 

rotary spring in combination with a linear spring in a slider-crank configuration in order to 

provide an adequate amount of flexion torque at the joint. The rotary and linear spring 

combination was used, as opposed to a single linear spring, due to the spring would then be too 

bulky for the system, and would exceed the cross-sectional boundary of the system restricted to 

125 mm x 125 mm. The plot for the optimization of the rotary and linear spring combination is 

shown in Fig. 7-5.  As shown in the figure, the spring configuration is able to supply an adequate 

amount of torque to power flexion of the knee joint. 
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Figure 7-4: The available torque produced by the set of optimized springs compared with 
torque requirements for dorsiflexion of the ankle joint. 

 

Figure 7-5: The available torque produced by the set of optimized springs compared with 
torque requirements for flexion of the knee joint. 

 

The optimization parameters from each of the spring configurations detailed in the 

previous paragraphs are summarized in Table 7-2. The design of the springs is detailed following 

in Section 7.4. 
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Table 7-2: Optimization parameters for each of the spring configurations 

Parameter Description Value 

kAnkle Combined stiffness of ankle torsion springs 0.47 N-m/deg 

τ0,Ankle 
Initial pre-tensioning of ankle torsion springs 3.18 N-m 

kKnee,rot Desired stiffness of knee torsion spring 0.0835 N-m/deg 

τ0,Knee,rot Initial pre-tensioning of knee torsion spring 1.67 N-m 

kKnee,lin Desired stiffness of knee linear spring 10.18 N/mm 

Ly 
Vertical offset of linear spring mount relative 

to knee joint 210.5mm 

Lx 
Horizontal offset of linear spring mount 

relative to knee joint 32.25 mm 

r 
Radius between knee joint and linear spring 

mount 38 mm 

γ Initial rotation of ankle radius relative to 
support structure 45° 

 

7.3.2 ANKLE PLANTAR FLEXION OPTIMIZATION 

This sub-section details the optimization of the ankle joint for plantar flexion. A PAM is 

used to power the joint. The work by Waycaster [7] showed that the PAM in a slider-crank 

configuration is best suited to accurately mimic the desired torque curve for plantar flexion of the 

ankle. The schematic of the PAM powered slider-crank configuration is given in Fig. 7-6. 
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Figure 7-6: The PAM in a slider-crank configuration in order to provide plantar flexion of 
the ankle joint 

 

 As shown in the figure, the configuration consists of four parameters to be optimized: x0, y0, r, 

and γ. The configuration also consists of an additional optimization parameter Lmus,0, defined as 

the initial length of the PAM. For the optimization, like the spring optimization, first the actual 

torque of the PAM slider-crank configuration is defined and given as:  

 𝜏𝐴𝑛𝑘𝑙𝑒 = 𝐹𝑀𝑢𝑠 ∙ 𝑟𝑒𝑓𝑓(𝜃) (7.9) 

The particular PAM used for this work is the pneumatic muscle produced by FESTO with a 

diameter of 40 mm. The force profile of the muscle as a function of muscle contraction is 

represented in Fig. 7-7, and the equation for the force is given as a polynomial curve fit of the 

data in Eq. (7.10). In the equation, the variable h represents the amount of contraction of the 

muscle. 

 𝐹𝑀𝑢𝑠 = 2.85 ∙ ℎ2 − 271.14 ∙ ℎ + 5992.9  (7.10) 
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Figure 7-7: Typical force-length relationship of a PAM under maximum internal pressure 

 

Next the effective radius given in Eq. (7.9) needs to be defined, which is derived in the same 

manner as the slider-crank configuration given for the spring optimization process. As such, the 

length of the actuator side of the configuration is given by Eq. (7.6). Given x(θ), the effective 

radius is defined as: 

  𝑟𝑒𝑓𝑓(𝜃) = �𝐿𝑥2 + 𝐿𝑦2 sin(𝛽) (7.11) 

where the angle β is given by Eq. (7.9). Also given x(θ), the percentage of contraction h in Eq. 

(7.10) is given as:  

 ℎ =
𝑥(𝛾) − 𝑥(𝜃)

𝐿𝑀𝑢𝑠,0
 (7.12) 

 

where x(γ) is the initial actuator side length in which θ is equal to zero, and again Lmus,0 is the 

initial length of the PAM. In addition to the equations given for the optimization of the ankle 

joint, the contraction of the PAM is constrained to not exceed the maximum contraction of 25% 

specified by the manufacturer. 
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For the optimization of plantar flexion, the desired torque given in Eq. (7.1) was 

increased by 20%. This was done in order to ensure that the configuration is able to truly produce 

the amount of torque required for the ankle, due to the possible decreased force output of the 

PAM, which can be as great as 10%, and the possible decreased torque due to friction as well as 

possible machining and assembly error. Also for the optimization of the ankle joint, an additional 

constraint was introduced: the ankle PAM must not interfere with knee PAM. Therefore, each set 

of parameters produced by the optimization of the ankle joint was checked for collisions with the 

knee PAM. The set of parameters satisfying the given constraint and simultaneously minimizing 

the objective function given by Eq. (7.1) is given in Table 7-3. The resulting torque curve 

compared to the required torque for plantar flexion of the ankle joint is given in Fig. 7-8. 

Table 7-3: Optimization parameters for plantar flexion of the ankle joint 

Parameter Description Value 

LMus Initial optimized muscle length 141 mm 

Ly 
Vertical offset of muscle mount relative 

to ankle joint 292.5mm 

Lx 
Horizontal offset of muscle mount 

relative to ankle joint 64.5 mm 

r 
Radius between ankle joint and 

pneumatic muscle mount 45 mm 

γ Initial rotation of ankle radius relative to 
support structure 110° 
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Figure 7-8: The available torque supplied by the optimized ankle joint compared to the 
required torque of the joint for plantar flexion 

 

7.4 DETAILED DESIGN OF THE PROSTHESIS 

This section provides the detailed design of the full transfemoral prosthesis using the 

optimized parameters given in the previous section. Specifically, the detailed design of the 

critical actuation components are given, which include: all of the rotary springs, the variable 

radius knee pulley, the radius component of the slider-crank configuration for flexion of the knee 

joint, and finally the radius component of the slider-crank configuration for plantar flexion of the 

ankle joint. The details of the linear spring are not given since it did not have to be custom 

designed. After the detail design of the critical components, the complete prosthetic design is 

presented. 

7.4.1 TORSION SPRING DESIGN 

One of the more difficult tasks to overcome in designing the leg prosthesis was the design 

of the springs given the minimal amount of space. The space limiting factor for the torsional 

springs is the distance between the muscle mounts in the center of the two joint shafts and the 

outsider support frame of the leg. This issue is the main reason two springs in combination are 

used on each side of the center of both joints. Given the optimized spring stiffness of the rotary 
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springs presented in the previous section, the pertinent empirical equations, given in the book by 

Carlson [9], for the spring wire diameter and the number of coils of the spring are given below.  

 𝑑 = �
10.18 𝑇
𝑆𝑦

3
 (7.13) 

 𝑁 =
𝐸 𝑑4 𝐹°

4000 𝑇 𝐷
 (7.14) 

In the two equations T is maximum torque applied by the spring, while d is the wire diameter of 

the spring. The remaining parameter in Eq. (7.13) Sy is the yield stress of the given spring 

material, which for this particular design is steel music wire. In Eq. (7.14), N is the number of the 

coils of the given spring, E is the Young’s Modulus of the spring material, Fº represents the 

angular range of motion of the spring, and D is the outside diameter of the spring. For both 

equations, the maximum torque of the spring is given by multiplying the given spring stiffness 

by the angular range of motion of the spring plus the offset torque of the spring. As stated before, 

the limiting factor with the torsional springs is the minimal amount of space between the muscle 

mount of the PAMs in the center of each joint shaft and the support frame of the prosthetic leg. 

As such, the body length of the spring is given as: 

 𝐿𝐵𝑜𝑑𝑦 = (𝑁 + 1) ∙ 𝑑 (7.15) 

With the limited space given, the objective is to minimize the body length of the spring and 

ultimately the number of coils of the spring. From Eq. (7.14), the number of coils of the spring is 

a function of both the spring wire diameter, which is ultimately a function of the spring stiffness, 

and the spring outside diameter. In initially designing the torsion springs, it was seen that just 

one spring required a large number of spring coils, which ultimately made the body length of the 
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spring too long.  Therefore as stated before, it was decided to use a combination of two springs 

per side of the center of each joint. For the ankle torsional springs, one spring per side was 

designed to provide approximately 62% of the designed torque, while the other spring was 

designed to provide the remaining 38%. For the knee joint torsion spring, the spring was 

designed to provide a small amount of the designed torque in order to allow the accompanying 

linear spring to provide the remaining torque and be able to withstand the stress applied. The 

spring design parameters were then determined using Eq. (7.13) through Eq. (7.15). The 

pertinent design parameters such as the wire diameter, number of coils, and inside diameter of 

each of the rotary springs are given in Table 7-4. 

Table 7-4: Design parameters for ankle and knee torsion springs 

Spring Wire Diameter Number of Coils Inside Diameter 

Outside Ankle 
Spring 

4.1 mm (Gauge 8) 2.75 31.75 mm 

Inside Ankle 
Spring 

3.4 mm (Gauge 10) 4 15.875 mm 

Knee Torsion 
Spring 

3.35 mm 7.17 21.1 mm 

 

 

7.4.2 VARIABLE RADIUS KNEE PULLEY DESIGN 

As previously mentioned, the knee pulley optimization was not within the scope of this 

particular work. However, the actual design, given the pulley optimization, is a part of the work. 

As such, Fig. 7-9 represents the optimized torque of the nonlinear knee pulley compared to the 

desired torque for extension of the knee joint.  
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Figure 7-9: The available torque provided by the optimized knee joint (red), in comparison 
with the torque requirements for knee extension 

 

In the work by Wu [9], a predefined shape as opposed to a general polynomial function, was 

chosen as the fundamental pulley shape. The particular shape used by Wu was a super-ellipse, 

which is defined by the following equation.  

 

�𝑥
𝑎
�
𝑚

+ �𝑦
𝑏
�
𝑛

= 1;𝑚,𝑛 > 0

⇒ �𝑥
(𝜃) = |cos(𝜎)|

2
𝑚  ∙ 𝑎 𝑠𝑔𝑛(cos𝜎)

𝑦(𝜃) = |cos(𝜎)|
2
𝑛  ∙ 𝑏 𝑠𝑔𝑛(cos𝜎)

�
 (7.16) 

In the equation a, b, m, and n are parameters of the shape, and σ is the rotation of the center of 

the pulley. The PAM used for the knee actuation was placed in a slider-crank configuration, 

which adds the slider-crank configuration parameters to the optimization, giving a total of seven 

parameters to be optimized. The optimized parameters for the knee joint extension are given in 

Table 7-5. 
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Table 7-5: Optimization parameters for knee joint extension 

Parameter Description Value 

LMus Initial optimized muscle length 153 mm 

Ly Vertical offset of muscle mount relative to knee joint 330.2 mm 

Lx Horizontal offset of muscle mount relative to knee joint 24.2 mm 

Σ Pulley Center Rotation Angle 89.99° 

M Super-ellipse Parameter 3.4818 

N Super-ellipse Parameter 1.5 

A Super-ellipse Parameter 29.86 mm 

B Super-ellipse Parameter 6.68 mm 

 

Given the pulley parameters in Table 7-5, the super-ellipse shape can be drawn, which 

provides the basic shape of the knee pulley. The detailed design of the knee pulley is given in 

Fig. 7-10. The super-ellipse shape is highlighted in the figure.  

 

(a) 

 

(b) 

Figure 7-10: Variable radius knee pulley design (a) and knee pulley assembly (b) 
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The pulley is designed to attach to two side plates on each side of the pulley, shown in Fig. 7-10 

(b), which are used to attach the pulley assembly to the knee joint shaft. As for the material 

selection, alloy steel was chosen in order to withstand the bearing stress applied by the cable 

connecting the knee joint PAM to the pulley.  

7.4.3 KNEE SPRING RADIUS DESIGN 

Given the optimization parameters for the linear knee spring configuration, the design of 

the knee spring radius is given in Fig. 7-11. The design of the radius incorporates both the radius 

parameter and the initial offset angle of the spring configuration. The part is designed to lock the 

radius to the shaft, and then also connect the knee linear spring to the part. In order to lock the 

part to the knee joint shaft, a key-way is cut into the part, as shown in the figure. The part is 

made of Aluminum Alloy 6061 in order to reduce the part weight and ease the machinability. 

7.4.4 ANKLE RADIUS DESIGN 

The ankle radius, like the knee spring radius, was designed to incorporate the radius and 

offset initial angle of the ankle slider-crank configuration. The detail design of the part is shown 

in Fig. 7-12. The part is designed to connect the actuation of the muscle to the ankle joint, and 

then the ankle joint to the prosthetic foot. In order to lock the part to the ankle joint, a key-way is 

cut into the part. Also shown in figure, the part was designed to attach the rotary springs of the 

ankle to the part. Next, the part was designed with space between the ankle shaft mounts in order 

to limit the amount of lateral rotation, and subsequent stress on the part.  The material of the part 

was chosen based on the finite element stress analysis of the part. From the analysis, aluminum 

alloy 2024 was chosen, due to it having a comparable yield stress to mild steel with a density that 

is a third of the mild steel.   
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Figure 7-11: Radius of linear spring slider-crank configuration 

 

 

Figure 7-12: Radius of ankle slider-crank configuration 

 

7.4.5 COMPLETE PROSTHETIC DESIGN 

The complete design of the transfemoral prosthesis is given in Fig. 7-12. Special 

consideration was given to each part of the design in order minimize the weight of the prosthesis, 

while at the same time making sure each part will withstand the maximum stresses present 

within the prosthesis. The prosthesis design shown in the figure has an approximate mass of 3 

kg, which is considerably less than the maximum 5.1 kg allowed for the design. Each part of the 

prosthesis was also designed to minimize the efforts in fabricating and assembling the prosthetic.  

Considering the volumetric constraints of the design, first an open-frame structure is 

chosen for the support of both joints, as opposed to the traditional central-support structure. This 

is due to the significant increase of the muscle radius during normal operation. In this structure, 
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two supporting bars in the lateral positions are used, thus leaving the space in the center open to 

allow for expansion of the pneumatic muscles. 

All of the critical components detailed in the previous sub-sections are labeled in the 

figure. The other critical components of the prosthesis are also labeled in the figure. Such 

components include the standard interface of pyramid adapters in order to make the prosthetic 

prototype compatible with standard commercial prosthetics, like a prosthetic foot. In order to 

provide for future control of the device, sensors in addition to the load cells shown in the figure 

will have to be incorporated. Such sensors include: rotary potentiometers for measurement of the 

angular motion about the knee and ankle joints; force-sensing resistors, similar to those used in 

[10] and shown in Fig.7-13, to measure the ground reaction forces on the device; and also a 

control valve and pressure sensor for each muscle will need to be included in order to provide 

lower-level torque control of the device. These additional sensors are not included in the 

estimated weight of the device. 
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Figure 7-13: The complete design of the transfemoral prosthesis 
 

 

Figure 7-14: Force resistors attached to the prosthetic foot in order to measure the ground 
force contact on the device 
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7.5 CONCLUSION 

This chapter presented the design of a novel transfemoral prosthesis designed to meet the 

power and torque requirements for common modes of locomotion of an 85 kg user. The design 

includes a powered knee and ankle joint, both of which were optimized to mimic the torque 

requirements of both joints. The ankle joint is generally excluded due to the added complexity, 

weight, and volume to incorporate the joint. The problem is alleviated in this design by utilizing 

high-power density pneumatic artificial muscles to power each of the joints. Also, a novel 

actuation method is presented in order to power each of the joints. The novel method consists of 

a pneumatic muscle with a spring return to provide bi-directional movement of each joint, which 

ordinarily requires two pneumatic muscles in an antagonist configuration to provide movement 

about the joint.  
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