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ABSTRACT

A continuous structure has several response characteristics that make it a candidate for a
sensor used to locate an acoustic source. Primary goals in developing such a sensor structure are
to ensure that the response is rich enough to provide information about the impinging acoustic
wave and to detect the direction of travel without being too sensitive to background noise. As
such, there are several factors that must be examined with regard to sensor configuration and
measurement requirements. This dissertation describes a set of studies that examine various
configuration requirements for such a sensor. Some of the parameters of interest include the size,
or aperture of the structure, boundary conditions, material properties and thickness. The response
of the structure to transient sinusoidal wave excitations will be examined analytically. The
time-domain response of an Euler–Bernoulli beam excited by a traveling sinusoidal excitation is
obtained based on modal superposition and verified by using a finite element method. Then, an
approach using simple basis functions will be applied to achieve the goal of more efficient
response and force identification. The moving force will be identified in the time domain by
extending previous inverse approaches. The Tikhonov regularization technique provides bounds
to the ill-conditioned results in the identification problem. Both simulated displacement and
velocity are considered for use in the inverse. To evaluate the method and examine various
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configurations, simulations with different numbers of sinusoidal half-cycles exciting the sensor
structure will be studied. Various levels of random noise are added to the simulated
displacements and velocities responses in order to study the effect of noise in moving wave load
identification. Such a new approach in acoustic sensing will have wide applications in the areas
of security and disaster recovery.
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Chapter 1 Introduction
Many acoustic sensors have been developed to date. Research regarding about acoustic
sensor applications can be seen in previous journal papers. These articles mainly cover areas
such as military and industry fields, for example, acoustic sensors are often employed to monitor
manufacturing lines and detect a breakdown of running machines.
Application of acoustic sensor technology can be traced back to the early 1900s for
military battlefield purposes [1], first to detect vehicles as target locations. This technology was
further developed for determining speed and detecting direction of moving objects so that people
could monitor the battlefield more easily. However, exposure to background noise and a strong
atmospheric environment, acoustic sensor system long-range detection capabilities were
discounted because they were strongly influenced.
Beside the above applications, acoustic sensor applications can be found for object
tracking due to their abilities for being deployed easily and quickly, they can be applied in
diverse fields such as submarine fields, through objects tracking, soldiers monitor targets in
surveillance systems. But disadvantages are obvious especially when acoustic sensors are applied
to track multiple objects, for example, noise background disturbance causing random effects on
measurement data has significant negative influence on acoustic sensor estimation performance.
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Furthermore, a large footprint is often required for microphone arrays.
With recent advances in force reconstruction, it has recently become feasible to consider
development of a wave sensor device capable of detecting the direction of a traveling acoustic
wave. With such a device, one could detect the direction of moving vehicles on the road. Such a
device could also be used to detect people locations and movements in dangerous threat
situations. Also the need to detect persons trapped in a collapsed building, such as after a natural
disaster like an earthquake, provides a motivation for the development of such a sensor.

As discussed above, microphone arrays can be employed to obtain acoustic wave
direction information. These arrays are composed of multiple microphones grouped to be a
single sensor. Their approaches can locate a source by using time of flight measurements.
Disadvantages, however, are obvious because the arrangement of a large number of sensors is
very tedious and inaccuracies can result from background noise disturbance and possible
reflections from nearby structures. At the same time, large footprints are required for these arrays.
As a result, there is a need to develop a compact or single sensor to detect acoustic wave
direction with a wide frequency range.

Attempts above have been made to develop methods for measuring wave propagation
direction and locating noise sources, but no ideal solution has been found. Although it is
currently not feasible to measure the continuous response of a traveling wave, it is possible to
characterize continuous mechanical vibration of a continuous structure, such as beam or plate
2

vibrations resulting from an acoustic excitation. From this point, we realize that continuous
structures have the potential to identify the direction of propagation of an impinging acoustic
wave, which can subsequently be used to locate a source of noise. Because of the availability of
methods for characterizing the response of beams and plates produced by traveling loads [2],
these structures make good candidates for the development of an acoustic sensor. The goal of
this work is to examine the configuration requirements for a continuous acoustic wave sensor as
well as develop the numerical methods needed to implement such a sensor.
There are many challenges that must be addressed when configuring a continuous
structure as a new acoustic sensor. First, the structure must be sensitive enough to respond to
passing acoustic loads. Because many materials, such as steel, are relatively stiff and heavy,
there are potential issues associated with the small response when using these materials. It is
equally important that the dynamic response of the structure should be sufficiently rich. A
dynamically rich response, as illustrated in Figure 1.1, is more likely to be able to provide
information about the impinging traveling acoustic wave. The manner in which the structure is
mounted can also be a concern. For example, using simple supports at the edges of the structure
is a very convenient method of support. Unfortunately, information provided at the instant when
the acoustic load moves onto the structure may be lost due to the restraints present at those edges.
As a result, alternative means of supporting the structure should be considered. One of the most
important considerations in configuring such a sensor, though, is the manner in which the
impinging acoustic wave loading is going to be measured from the structure’s response.
3

Figure 1.1 Acoustic sensor prototype expected
By measuring one or more types of mechanical response from the structure, it is
possible to use inverse methods to reconstruct the forces causing that response. These inverse
methods are often referred to as force reconstruction. There have been many developments and
applications of force reconstruction in engineering, particularly in civil and structural
engineering. S. S. Law [3], Tommy Chan [4] and L. Yu [5], for example, each used force
identification on a continuous bridge structure in an attempt to identify the presence and
characteristics of vehicles moving across a bridge. These studies were conducted in the time- and
frequency-domains. Although traveling like an acoustic wave, moving vehicles load the structure
at discrete points, identifying a distributed load, such as that caused by an acoustic wave,
provides additional challenges. While measuring the location and direction of travel of the
acoustic loading is certainly of interest, the general shape of the wave is also of interest. While
previous research has been conducted on the reconstruction of spatially distributed loads [6],
there has been no work to date on the development of distributed force reconstruction for
4

traveling loads. Furthermore, the accuracy of any reconstruction method can be particularly
sensitive to the presence of errors. These errors may arise from inaccuracies in the description of
the dynamic characteristics of the structure. Equally common are the errors that arise from errors
in the measurement of the structural response. Both of these errors must be considered before an
effective sensor used to reconstruct a traveling acoustic load can be implemented.
In order to evaluate potential structural configurations for such a sensor and methods for
reconstructing the transient and distributed forcing function, the proposed research will first
examine the response for a simple beam configuration using various simulation approaches. This
response can then be used as the input to the methods developed for traveling-wave force
reconstruction. Since the reconstructed forces may include large errors through the inversion of
an ill-conditioned matrix, regularization methods such as Tikhonov regularization and L-Curve
methods, as discussed previously by Liu [6], are considered in order to improve the extraction of
the sinusoidally-shaped wave loads from the beam’s response. The L-Curve method is an
approach which is used to select the regularization parameter at its curve corner. Various levels
of random noise are also considered to simulate issues associated with actually measuring a
response to examine the stability of this force inverse process. Once the analytical tools have
been developed, various structural parameters of interest like the beam dimensions, beam
material, and support conditions are studied in an attempt to develop a configuration suitable to
the problem being addressed.

5

Following the literature review chapter, a detailed description of the analytical tools
developed and utilized in the research will be presented. To predict the sensor’s response for a
given configuration, the classical Bernoulli-Euler theory is first applied to predict the response
for a beam with simple-supports. Note that this theory has some limitations when the frequency
increases and the wavelength in the structure decreases. These limitations are being overlooked
in this study as the goal here is to gauge the relative response of a structure. Also, with the use of
an inverse method, methods that include shear effects become more cumbersome. As such, these
shear effects will be neglected here.
In later sections of this dissertation, the force reconstruction methods and sample
analytical results are discussed. Then two alternative support conditions, intermediate supports
and an elastic foundation are discussed. The motivation for considering these configurations will
become more apparent in those sections. Conclusions that can be drawn from the present study
are also provided along with plans for future work, which will include an experimental
examination of a prototype structure.
To develop a beam structure suitable for use as a sensor, the proposed research will
involve the study of: 1) simple-supported beam structure subjected to moving wave loads, and
associated force inverse process 2) intermediate supported beam under moving loads excitation,
and 3) beam structure with elastic foundation and the associated force identification by using a
force reconstruction method. The remaining portions of this dissertation are organized as follows:
Chapter 2 provides a literature review of previous beam modeling as well as techniques for
6

identifying moving forces, which will be extended for use in sensor excitation identification.
Both analytical and experimental methods are discussed. Chapter 3 presents the development of
a simply-supported beam model, and then derives the formulation of a moving sine wave loads
based model on extensions of a previous model developed to solve bridge structure response
under the excitation of moving vehicle loads. In the development of the beam model, continuous
sinusoidal wave loads with a speed equal to the sound speed in air are taken into account. Such
moving load speeds have not been considered before. Chapter 4 examines the dynamic
characteristics of beams with intermediate supports under moving wave loads to ensure that it is
possible to determine traveling sound waves by using force reconstruction methods. By applying
the assumed-modes method, and relying on clamped-free beam vibration mode functions, the
vibration response of the intermediate supported beam subjected to various moving wave loads is
analyzed. By applying the assumed modes method, modified beam vibration functions will
satisfy the constraint conditions at the two intermediate supports as well as free boundary
conditions at both ends of the beam. Numerical results are given and then verified by comparing
special cases with simulation results in Fryba’s book [7] and newly obtained Finite Element
results. Chapter 5 discusses the responses of a free-free beam on an elastic foundation subjected
to various moving loads by the application of finite element method.

The Newmark integration

method is used for numerical simulation. Results are verified by using commercial ANSYS
package through modeling the beam with elastic foundation supports excited by moving point
load at a constant speed.

Chapter 6 discusses displacement and velocity response for a beam
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with an elastic foundation support and the associated inverse methods. Random noise is added to
the displacement and velocity responses to examine the stability of the reconstruction methods.
In order to optimize the design of this new acoustic sensor, some parameters of interests such as
material properties and geometry dimensions are also evaluated. Chapter 7 provides a summary
of the proposed work and future plans. This future work includes using basic functions to replace
traditional modal functions to describe the beam response, and then extending the modeling from
beam structures to plate structures. Future plan is that the establishment of prototype model
testing is needed in order to verify the force reconstruction tools developed for acoustic wave
load identification.
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Chapter 2 Literature review
In this chapter, force reconstruction methods available for use in developing a new
acoustic sensor for predicting moving acoustic wave loads will be reviewed. Until now, most
spatial acoustic sensors have been chemical based acoustic sensors which measure wave loads
from chemical principles rather than from vibration mechanisms. No current acoustic sensor
determines acoustic wave loads by using spatial force reconstruction methods. The goal of this
research is to explore a method for determining acoustic wave loads indirectly by using force
reconstruction methods with the mechanical vibration responses of a continuous sensor subjected
to wave loads that travel along the structure. A review of the published literature related to
moving load identification methods is presented. This review is useful in gauging the complexity
of the tasks at hand.
In force reconstruction, unlike direct force measurement, externally applied force loads
are identified from measured structural responses through a suitable inverse process [8]. The
method is useful to find the force load when this load is unknown. A brief review of the force
inverse process is presented here for completeness. As shown in Fig. 2.1, which is from Liu’s
work [6],

represents an initially unknown time-dependent spatial force load which

acts on the 3-D structure. The response

can be expressed by
9

[ ][

]

[

]

(2.1)

where [ ] represents the structural operator If the resulting responses
the force load

is measured,

can be mathematically obtained through a process which initially

appears to be a simple backward calculation process
[

]

[ ] [

]

(2.2)

Figure 2.1 Structures excited under distributed force

Although this process seems simple, there are many issues that must be addressed if an accurate
prediction of the input force is to be obtained. One issue relates to the uniqueness of the
prediction of the input force. Other issues arise if [ ] is a severely ill-conditioned matrix due to
complicated structure effects. Besides, the measured response
various levels of background noise . If the polluted ̃
resulting inverse force
level

may be polluted with
is applied in the inverse, the

can differ dramatically from the true value even if the noise

is small. Many previous studies have been performed to deal with force reconstruction

and inversion issues.
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Historically, inverse problems first appeared in the mid-19th century for use in railroad
design and building. Railway roadbed is a complicated structure which is subjected to train
loading. Vibration responses are generated by passing train loads. These responses can easily be
measured, but the force acting on the rail by the moving train load is more complicated and
sometimes different from the train weight itself. For example, a train may be moving on a
railway road with a slope through the mountains. Using the method for inferring moving loads
from railway road responses, the moving force on the railway can be predicted accurately. This
information is so important that railway road design criteria are based upon it.
As noted above, problems can occur when the force is calculated from backward
process due to the inverse of a matrix being severely ill-conditioned. In these cases, the
backward calculation does not provide accurate results. Inverse problems lead to the mathematic
model establishment and improved solution methods have been developed. The first person who
defined it in a mathematical sense was J.Madhard [9] in 1902. According to his view, if the
solution to the mathematic model is unique in any continuous set, this model will be considered
as a well-posed problem. Otherwise, if the solution is not unique for arbitrary input sets, this
problem will be ill-posed. Ill-posed problems have been studied for more than a century. Many
methods have been proposed to solve these problems, which have made very good progress in
this area. Initially, the least square method was applied to address this problem [10]. Because the
least square approach does not always provide satisfactory results, the Tikhonov regularization
method was then applied to better regularize the output through the selection of regularization
11

parameters. Various other methods, such as generalized cross validation [11] and L-curve [12],
can be applied to compute regularization parameters through numerical calculation to solve the
inverse problem. It should be noted that in the L-curve method, the optimized parameter is
chosen from the plot of the regularized solution against the squared norm of the regularized
residual [13]. Despite its severe limitation in solving large matrix ill-conditioned problems, the
method has received much attention in solving ill-posed problems. It is a simple method to use
and regularization results are normally accurate.
More progress has been recently made in the inverse problem area. For example, D.
Calvetti [14] applied the GMRES, RRGMRES and LSQR methods to solve large linear discrete
ill-posed problems. These methods might be a good application in solving the problems of
moving acoustic loads on beam structures, like the problem at hand. Yimin Wei [15] proposed a
weighted Tikhonov filter method to solve discrete ill-posed and rank-deficient linear problems.
Ailin Qian [16] tried to use a wavelet method to theoretically solve the ill-posed problem for an
elliptic equation, while J.F. Doyle [17] applied a wavelet reconvolution method to identify an
impact force using the measured responses. As can be seen, much work has been conducted in
the area of regularizing inverse problems with ill conditioning. All these methods are conducted
in either the time domain or the frequency domain.
A brief review of some of these reconstruction methods described above offers a good
opportunity to understand engineering inverse problems. An overview of force identification
problems on structures can be seen in [17]. The moving vehicle loads identification problem was
12

solved by using the approximated method of treating the vehicle load as simple moving-force
problem [18]. Continuing in this problem, researchers [19] gave four methods, one of which is
the interpretive method [19] used to obtain the moving forces directly by establishing a model
with lumped masses and massless elastic beam elements. The second method is a time domain
method [20] which identifies forces by using responses from a simply-supported Euler beam
under an external moving load. The equations of motion of the beam are obtained through a
modal coordinate transformation, and the resulting set of equations relating the Fourier
transforms of the responses and the moving forces are converted into time domain by a new
method proposed by the authors. The third method is a frequency-time domain method which is
the same as above, that is, the modal assume method is employed to decouple the beam partial
difference equation. The difference is that through the Fourier transformation approach, the
moving force in frequency domain is converted into time domain by the least-squares method
[21]. Another method is the Second Interpretive method [22], which reveals two-axle vehicle
loads completely based on the Euler beam theory and mode assume method. All methods above
could solve point load problems with generally reasonable acceptance.
But further research work in [23–25] indicated that although previous methods above
could identify moving point loads effectively, limits still existed. In particular, poor results or
incorrect estimations happened when these methods tried to identify force at certain time point or
certain excitation frequency. Main reasons for these issues were the measured response data
errors and matrix ill-conditioning problems [26]. In addition, different accuracies were obtained
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due to different approaches to solve the equation [27]. The reason was that the structure inverse
matrix is a pseudo-inverse (PI) matrix whose elements are sensitive to small perturbations of
input responses. For example, small noise pollutions in the response can yield output data with
large perturbations from the PI matrix. In this sense, by using the method of Singular Value
Decomposition (SVD), one can filter errors in the PI matrix and then reasonable estimate results
can be obtained [28]. The SVD technique, the common numerical inverse method within the last
35 years [29–31], is widely used in structural identification problems [32]. Hillary and Edwins
[33] studied beam structure inverse problems to find a reasonable force identification method.
Recently S.S. Law and Chan [34] applied Tikhonov and L-curve methods to identify single or
two vehicle loads moving on single span or multi-span bridges in the time and frequency
domains. Random noise of different levels was added to evaluate the stability of identification
methods. Yu and Chan [35] proposed the Single Value Decomposition (SVD) technique in the
frequency domain to identify single moving vehicle loads on the bridge. However, that method
involved a significant computational cost. Choi et.al.[36] found that the L-curve method is better
than ordinary cross validation and general cross validation methods even when background noise
was present in the measured responses. Huang [37] used CGM to predict the external force in a
damped system from measured responses. Chih-Kao Ma [38] extended the combined methods of
the Kalman filter and a recursive least-squares estimator, which was originally applied to the
linear system to identify the input forces in a nonlinear system. Dobson and Rider [39]
summarized previous works about force identification and pointed out further work.
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Olsson [40] tried to reveal moving load identification problem just by measuring static
loads. Other force identification problems through static equivalent axle loads could be found
[41–45]. Heavier vehicle static loads will increase damage to the road surface through repeated
application of vehicle static loads on the road [46], this will reduce the road use life. In order to
identify vehicle loads, Whittemore et al. [47] and Cantieni [48] both used instrumented vehicle
loads to determine dynamic loads on bridge structures.
Although the applications above have made great progress in force identification,
problems still exist. Namely, initial conditions should be known. For example, initial
displacement should be given to determine time-dependent response, which is taken as the input
variable to the inverse process for force reconstruction. But the problem is that in some cases,
initial conditions might be unknown. Sometimes, complicated structures are found to be difficult
in being represented by a definitive matrix in mathematic sense even when this matrix is severely
ill-conditioned.

In this work, force reconstruction methods will be developed and applied in order to
develop a new acoustic sensor for predicting moving acoustic wave loads based on a beam
structure. A comprehensive review of moving loads traveling on beam structures can be found in
Fyba's book: Vibration of Solids and Structures Under Moving Loads [7], which mainly dealt
with vehicle loads moving on structural components representing bridges. In his book, he
described the theoretical formulations of the structural response under various kinds of moving
loads. The work in that book belongs to the forward problem. By extending the work described
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in Fyba's book to obtain beam responses under moving loads, and applying force reconstruction
methods to the simulated response to infer force loads through the inverse process, a new
acoustic load sensor principle will be developed. The approach taken here will also allow the
effects of ill-conditioned and noise to be examined in detail.
It is quite challenging when moving force identification methods are applied to develop
an acoustic wave sensor. As it is well known, sound propagating onto a structure will generate a
vibration response in that structure. Differences from common moving loads are that sound
waves travel at a much higher speed. In addition, sound wave can propagate through air media
while common moving loads cannot. Finally, once the sound wave traveling along the structure
of a certain length touches the end with boundary constraints, it will generate a reflection wave
which will superimpose with incident waves, and make the problem solution more complex.
Some inverse methods above cannot filter background noise effectively. Besides, times of wave
load arrival and departure are uncertain. To examine this problem, sinusoidal loads moving at
sound speed will be used to mimic acoustic wave loads, then responses of the beam with
different boundary conditions subjected to these wave loads will be evaluated. Therefore, the
ability of inverse methods to reconstruct the forcing excitation can be examined.
To help understand the complexity of the acoustic wave load reconstruction method,
various methods for force identification used in structural engineering were briefly reviewed.
Recent development of inverse methods in mathematic field was also presented. These methods
can be extended to develop a method for determining acoustic load through a sensor structure.
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However, due to some limits, such as material properties and structural design parameters, not all
materials are suitable for an effective sensor structure. The following chapters provide a detailed
description of initial developments with regard to problems that will be addressed in this research
work. First, a beam with simple supports subjected to moving loads will be evaluated. Then,
responses of a beam with intermediate supports under moving loads will be determined. Finally
in Chapter 6, the reconstruction process for an elastic foundation beam will be developed to
make a basis for model prototype establishment.
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Chapter 3 Simple supported beam acoustic wave propagation

In this chapter, a description of the analytical tools needed to predict the response of a
simply supported beam sensor is provided. This is the forward problem which is an extension of
the work of Fryba [7]. Transient responses are obtained by using analytical solutions under
moving sinusoidal wave loads and they are verified by a finite element model excited by the
same moving wave loads. In addition, the assessment tools are discussed along with some
sample results. One of the primary goals is to examine changes to the responses of the beam as
various parameters are adjusted. In using this approach, a better beam configuration for use as an
acoustic sensor will be sought.

3.1 Simply supported beam model

In this section, an overview of the methods used to predict the sensor candidate
structure’s response when subjected to various transient pressure waves is presented. Because the
initial configuration considered here is one-dimensional, the pressure wave can be treated as a
distributed force. For a general transient force wave F(x,t) traveling across a simply supported
beam at speed c, the response will be denoted as W(x,t). This dynamic deflection of the beam is a
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function of position x and time t, as illustrated in Figure 3.1 for a beam of length L.

Figure 3.1 Arbitrary transient load F moving on to simply supported beam

3.2 Governing equation of a simple-supported beam under moving loads

The partial differential equation of a simply-supported beam under moving loads and its
analytical solutions are detailed in the work of Fryba [7]. Those results are summarized here.
Assuming a beam with small deformation is subjected to the moving loads which are parallel to
the symmetrical axis of the cross-section, the governing equation is
(3.1)
where
section,

is Young’s modulus of the beam,

is the constant moment of inertia of the cross

is the constant mass per unit length,

is the circular frequency of damping for the

beam, and F(x,t) is the wave force. The boundary conditions are given by W(0,t)=0 and
W(L,t)=0 for no motion at the ends and
|

|

for no moment at the ends. The initial conditions are given by W(x,0)=0and

(3.2)
|

,

where t = 0 is the instant just before the force moves onto the beam. Considering Eq.(3.1) and
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Eq.(3.2), and using a series-based solution with the jth mode shape of the beam, the response can
be expressed as
∑
where Vj(t),

(

)

(3.3)

are the presently unknown modal displacements. After substituting

Eq.(3.3) into Eq.(3.1), multiplying the resulting expression by the mode shape function
(

),

, and then integrating with respect to x between 0 and L, the resulting

equation is
∫
where

with

(3.4)

representing the circular frequency of the

mode. For Eq.

(3.4), when the right hand side is equal to zero, the homogenous solution (free response) is given
by
{
where

and

( √

*

( √

*}

(3.5)

are presently unknown constants. The desired solution for Eq. (3.4) will be

this homogenous solution plus the particular solution

caused by the applied transient

wave load. The response for this load will now be discussed. Since any applied force function
can be separated into a series of harmonic force functions, the forced vibration equation in
Eq.(3.4) can be expressed as
∑
where

is the force series amplitude,

is the circular frequency and

(3.6)
is phase. The size of

M is completely dependent on the nature of the term on the right hand side of Eq.(3.4). For the
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harmonic force term ∑

, the beam response that satisfies Eq. (3.6) is given

by
∑
where

and

[

]

(3.7)

are found by substituting Eq.(3.7) into Eq.(3.6) to get
(

)

(

)

(3.8a)

and
(3.8b)

By combining the homogenous solution from Eq.(3.5) with the particular solution from Eq.(3.7),
the general solution to Eq. (3.4) is
(

( √

*

( √

*+

(3.9)

Therefore, by substituting the coefficients found in Eq.(3.9) into Eq.(3.3), the beam structure’s
displacement response function under a moving sinusoidal load is
∑

(

( √

*

( √

*+
(3.10)

To complete the solution, it is necessary to utilize the forcing function and initial conditions,
both when the force enters and leaves the beam, to determine the unknown coefficients in
Eq.(3.10). Depending on its position, the specific motion caused by the distributed wave must be
determined by using one of four distinctly different regions. These regions are: 1) the load
stepping onto the beam, 2) the load completely on the beam, 3) the load stepping off the beam,
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and 4) the load entirely off the beam. The motion equations of these four regions are applied to
obtain the time dependent beam displacement. These analysis tools will now be used to solve the
forward problem, in which the structure’s response is computed for a known force input. Sample
results are shown in the following section. This predicted response will be used in the inverse
methods to determine the feasibility of using such a structure as an acoustic sensor.

3.3 Free response

The final region that needs to be considered is the free response when L/c + NT < t
denoted above as region 4. During this time period, there is no force load applied to the beam
structure, so F(x,t) = 0. Since only the free response occurs, there is no associated forcing
function or forced response. The motivation for using the analytical solution presented above is
the ability to change various parameters and yet also to obtain a solution quickly. For example,
the equations are not affected when L, N or T are changed.

3.4 Finite element method

In order to verify the results from this analysis, it is useful to compare the results to a
finite element solution. One might initially perceive the use of this alterative solution as entirely
redundant. However, use of FEM to provide an alternative solution approach serves two
purposes. First, it enables verification of the analytical approach, which is used for the initial
configuration study. Second, and possibly more important, is that the FEM can be used in later
research for more complex configurations that cannot be conveniently solved in the manner
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presented above. For example, the FEM is well suited to handling other boundary conditions as
well as two dimensional structures. To that end, the FEM used to verify the analytical solution is
presented. Then, some sample results for both the analytical and FEM are presented and
discussed. Finite element models of time-dependent problems can be developed in two alternate
ways: (a) a coupled formulation in which the time t is treated as an additional coordinate along
with the spatial coordinate x and (b) a decoupled formulation where time and spatial variations
are assumed to be separable. In the present work, the latter is used to solve this time-dependent
problem as previously described by Reddy [52].
To solve the problem by the finite element method, the governing equation should be
semi-discretized. In this issue, our beam problem is discretized into 32 nodal points and
interpolated by means of the shape functions and the weight functions, respectively. First of all,
local shape and weight functions are obtained from each element, then they will be assembled
into global shape and weight functions. So for the present structure, the beam is discretized into
15 elements, by assuming that beam damping is negligible, therefore the beam equation is
[ ][ ̈ ]

[ ][ ]

{ },

(3.15)

where [ ] denotes the system displacement vector, which contains all beam degrees of freedom,
[ ] is the corresponding force vector, and [ ]and [ ] represent the mass and stiffness matrices
of the system, respectively.

23

The system equations as given in Eq.(3.15) can be solved by the Newmark
of direct integration [52]. Consider a typical time step from

to

method

in the time-history,

these equations are
{ ̈}

{ }

{ }

{ ̇}

{ ̈} ,

(3.16)

,

(3.17)

and
{ ̇}

{ ̇}

{ ̈}

{ ̈}

where the coefficients are given by
,

,

,

In this study,

,
and

and

.

are selected, which implies a constant average

acceleration with unconditional numerical stability. Substituting Eq.(3.16) and Eq.(3.17) into the
system in Eq.(3.15), the following equivalent linear equation can be obtained
[ ̃] { }

{ ̃}

,

(3.18)

where [ ̃ ] represents the effective stiffness matrix and { ̃ } is the effective load vector, defined
as following
[ ̃]
{ ̃}

[ ]

{ }

[ ]

[ ],
{ }

(3.19)
{ ̇}

{ ̈} ,

(3.20)

where [ ] and [ ] represent the effective stiffness matrix and mass matrix of the system
evaluated at time . { ̃ }

denotes the external loads on the system at time

.This term

is used to describe wave load with constant speed

moving along the beam. The approach to

solve the system Eq.(3.15) at each time step

is as follows: 1) Use the system matrices
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[ ] and [ ] at time step
external force vector { ̃ }

to compute the effective stiffness matrix [ ] , 2) Calculate the
and effective load vector { }

Eq.(3.16) for the displacement { }

, 3) Solve the equivalent system

, 4) Update the system matrices [ ] and [ ] for the

next time step and repeat the procedure. Results from an FE approach will be compared later to
the analytical results for a few sample configurations which are now discussed.

3.5 Numerical analysis

The initial parameters of the beam structure used for the sample numeric study and
finite element analysis verification to be described here are listed in Table 3.1. The purpose of
these simulations is to examine the nature of the response in order to gauge if it is rich enough to
work as a sensor. As such, these parameter values can be modified to determine their effects on
the beam response. Some of these values will be modified later. When values are not specifically
provided, the values listed in Table 3.1 can be assumed. In this work, the damping ratio is
assumed to be 0.1 unless otherwise noted. Other material parameters to be considered will be
described later. The numeric analysis and finite element analysis were conducted using Matlab®.
Table 3.1 Parameter definitions
Item

Value

Units

Description

L

0.75

m

Beam length

B

0.05

m

Beam width

h

0.05

m

Beam thickness
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c

343

m/s

Wave speed

T

0.001

Sec

Half-cycle duration

7800

kg/m^3

Steel density

2.068e+11

N/ m^2

Steel Young’s modulus

0.29

-

Steel Poisson’s ratio

E

1

Number of half-cycles

3.5.1 Waveform effects
Figure 3.2 shows the beam structure response for different kinds of wave loads N = 1 to
N = 4 with a fixed T. T represents the time period of a single half wave load and N is the integer
number of half-cycles as shown in Figure 3.2(a). As a result, the total time period for the
excitation is NT. The forced and resulting free vibration responses are shown in each of the plots.
It is not difficult to recognize that there are several peaks in each of the four figures. The first
peak represents the displacement of the beam for Regions 1 through 3. The remaining peaks in
all the figures are for the free vibration once the wave load has left the beam. The damping
effects for the beam can clearly be seen. It is worth noting that the response as a function of
position does vary for each of the four wave loads considered. Generally speaking, when the
nature of the wave becomes more complicated for a higher N, the nature of the response as a
function of x also becomes more complicated. This behavior is certainly desirable if there is any
hope of eventually obtaining information about the incident acoustic wave. While the overall
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magnitude of the response does decrease as the negative force cycles are added onto the transient
excitation, the response is still in the same order of magnitude as for the purely positive N = 1
case. Such behavior will be important when it is desired to determine information about the
excitation, as the response will not have significantly decreased.
T
N=2

N=1

(b)

(a)

×
W(meters)

W(meters)

×

x(meters)

x(meters)

t(seconds)

t(seconds)

N=4

(c)

N=3

(d)

×

W(meters)

W(meters)

×

x(meters)

x(meters)

t(seconds)

t(seconds)

Figure 3. 2 shows structure response for different kinds of wave loads N = 1 to N = 4 with a fixed T
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3.5.2 Thickness and length effects
Figure 3.3 shows a comparison of three beams with different thicknesses, h = 0.1 m,
0.05 m and 0.005 m, for a single half-cycle excitation (N = 1). As indicated in the plots, the
thinner beam responds much more readily to the transient wave. This behavior is not surprising
as the decreased mass of the beam enables it to respond more quickly.

×

8

8

W(meters)

W(meters)

×

x (meters)

x (meters)

×

t (seconds)

W(meters)

t (seconds)

x (meters)

t (seconds)

Figure 3. 3 Beam displacement influenced by different thicknesses, N = 1, L = 0.75
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The ripples in Fig.3.3(c) for the thin beam indicate that the response for this beam
contains more dynamic information as the response is not as uniform over the width of the beam.
Obviously, focus on the further examination of a thinner beam is warranted.
In considering the sensitivity of the beam, it is useful to consider the response that
occurs for each configuration after some fixed amount of time. By fixing T at 0.001 seconds, the
half-cycle of N = 1 load will just become entirely on the beam when ct = 0.343 m, which
corresponds to t=T. This case will be true regardless of the length and thickness of the beam.
Figure 3.4 shows the normalized beam displacement for a range of beam thicknesses and lengths
at this fixed point in time. The response is normalized to a value of unity by its maximum value
for each individual configuration. Note also that the position along the beam length is normalized
via the length. This normalization allows different length beams to be compared more easily. The
presence of an inverted frontal wave also disappears quickly as the thickness decreases. While
the response is more localized for very long beams, there is still a reasonable degree of
localization even for some of the shorter beam lengths. It is also worth examining the
directionality of the beam response. A plot of the difference in the response of the beam for
waves coming from either end is shown in Fig.3.5. Although the thickness is relatively large for
this case, it is still apparent that at reasonable lengths it would be possible to determine the end
from which this wave load was entering the beam.
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c

Difference

c

ct = constant

Figure 3. 4 Impact of wave load direction of travel

(a)

(b)

(c)

(d)

Figure 3. 5 Normalized displacement of beam structure under different thicknesses for a range of length

3.5.3 Wavenumber spectrum
The wavenumber spectrum [53] is utilized here to gather information regarding the
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spatial content of the sensor’s response. For the simply-supported beam structure, the velocity
distribution can be expressed in terms of its spatial content [53] as
⁄

∫
where k is acoustic wave number and

,

(3.21)

represents beam structure vibration velocity amplitude

for each mode. This equation represents the transverse velocity of the finite length beam in terms
of infinitely long waves each with a corresponding wavenumber k. This relationship is analogous
to expressing a transient time wave in terms of a continuous spectrum of various frequency
components via the Fourier spectrum. By examining the wavenumber spectrum, it is possible to

(a)

×

(b)

×

×

(c)

Figure 3. 6 Wavenumber spectrum under different wave loads N
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obtain further insight into the spectral content of the response via these spatial terms. This
information supplements simply visualizing the response in three dimensions. Figure 3.6 shows
the wavenumber spectra for three identical beam sensors subject to a transient wave with
increasing numbers of half cycles N. The nature of the spectra as a function of time can clearly
be seen. For the N = 1 case of Fig.3.6(a), the beam velocity amplitude always increases and is
confined to a limited region of wavenumbers. Furthermore, the spectral content does not appear
to vary with time, at least for the range of time considered. When the number of half-cycles in
the transient wave load is increased to N = 2, the long-wavelength components (low wavenumber)
reach some value and then maintain a reasonably constant amplitude. As time increases, the
spectrum does start to become richer with a peak and a valley. As the number of half-cycles
increases further to N = 3, the spectrum appears to be a somewhat combined case for the first
N = 1 and N = 2 cases, though the spectrum is clearly not just a simple summation of the
previous two cases. The response appears to be spread out over a larger range of wavenumbers
than in the previous two cases, although the difference in that range is not clearly significant.
Still the presence of more peaks and valleys indicate that the energy is not as evenly distributed
over the range of wavenumbers. The impact of beam length on the resulting wavenumber
spectrum is shown in Fig.3.7, for 0 L  10 m. Each plot is for a different thickness for the case
of a half-cycle load (N = 1). From these results, it can be seen that velocity amplitude becomes
larger with the increases of the beam length. At the same time, it can be seen that the velocity
amplitude range also varies with thickness. That is, when the thickness is h = 0.05 m, the
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velocity amplitude variance range is primarily between wavenumbers -15 m-1 and 15 m-1. As
thickness is reduced to 0.001 m, the velocity amplitude expands to a larger range of
wavenumbers between -30 m-1 and 30 m-1. Furthermore, the spectrum shape for the thinner beam
sensor is more complicated than for the thicker case. Obviously, the thin beam structure is more
easily excited by the transient moving wave. In comparing Fig.3.6(a) to the other figures, it is
also clear that the amplitude of the spectrum increases significantly as the thickness decreases.

×

(b)

(a)

(c)

×

(d)

Figure 3. 7 Wavenumber spectrum for various beam sensor thicknesses
Again, this result is not surprising.

3.5.4 Material effects
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Thus far, the beam has been assumed to be made of steel. Depending on the thickness
desired, configuration and mounting requirements, it may be determined that steel does not
provide the best response for determining the nature of the incident pressure wave. As a result, it
is important to be able to consider alternative materials. Figure 3.8 shows two sets of
wavenumber spectrum. One set is for a steel beam and the other set is for a beam constructed of

(a)

(b)

(d)

(c)

Figure 3. 8 Wavenumber spectrum for different materials

Nylon material. When constructed of Nylon, the amplitude of the spectrum is clearly larger. The
approach outline here and other approaches will be used in the future to further assess Nylon and
other materials to determine their effectiveness in use as a sensor structure. In next section, the
transient-wave beam response for a simply-supported condition will be verified by a finite
34

element solution obtained using the solution approach described above. Due to the fact that FEM
model ignored damping effects, damping will also be neglected in the analytical solution for the
purposes of the verification. Some of the analysis conditions used here will enable comparison
with Fryba’s results as well.

3.6 Verification of analytical solutions by FEM

Figure 3.9 shows point load static displacements obtained from the finite element
method, the current analytical method, and Fryba’s results in [7]. It can be seen that the curves
are all similar to Fryba’s results. Despite slight deviations near the top of the curves, the errors
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Figure 3.9 Mid-beam displacements comparison for all three methods approximating
static conditions
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are quite small. Therefore, the analytical results agree reasonably well with other methods when
used under the conditions for which those methods were developed.
If the load now traverses the beam with speed

, the displacement for the

beam at mid-position under various wave loads are plotted in Fig.3.10. Figure 3.10(a) shows the
mid-beam displacement under a travelling half-cycle sine wave load. In comparing the results
from the analytical method with those from the FE method, it can be seen that only very small
errors exist during the time region when the load is leaving the beam. Those errors are on the
order of one percent or so. In the other time regions, the results are almost identical. Figure
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Figure 3. 10 Comparison of analytical and finite element solutions for mid-beam displacement with
various wave loads
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3.10(b) shows mid-beam displacement for a full-cycle sine wave load excitation. Again, the
results are almost identical. Figures 3.10(c) and 3.10(d) show mid-beam displacement for a three
half-cycle sine wave load and a four half-cycle wave load, respectively. Although it is clear that
the displacement matches well for both solution techniques, it is also beneficial to compare the
velocities for these same cases.
Velocities for the beam at mid-position under various types of wave loads are shown in
Fig.3.11. The mid-beam velocity under the same loading conditions as those used for Fig.3.11
are presented in the same order presented in Fig.3.10. It can be seen that all the solutions from
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Figure 3. 11 Comparison of analytical and finite element solution for transient
wave load mid-beam velocity with various wave loads
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analytical method agree very well with the velocities found using the FEM solution approach.
Based on these results, there is a strong confidence that the analytical method used for the initial
configuration study is accurate. Furthermore, the FE method seems suitable for use in future
research where more complex configurations and alternative support conditions might be
considered.
From the figure showing the velocities response on the beam, it can be observed that the
velocity curves under full wave loads seem to be like a sine curve when compared with other
figures. Besides, velocities under full cycle wave loads are lower than those under a half-cycle
wave load. The reason for this difference is that for a full cycle wave load, the pressure loads
positive and negative values changing with time reduce forced response values on the beam.
Furthermore, by comparison, velocity values under single half-cycle wave load are larger than in
the other three plots. It should be pointed out that all solutions from the analytical method show
high coincidence with FEM results for the beam response. Although there are slight deviations
between the two solutions obtained, the analytical results are considered acceptable for the
purpose to prove that the analytical method provides an accurate prediction of the beam response.
Figure 3.12 shows the beam forced response acceleration under a single half cycle sine wave
load, which will be used for force inverse together with velocity and displacement as the inputs.
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Figure 3. 12 Beam forced response acceleration under single half cycle sine wave load

3.7 Force inverse results

By referring to Eq.(3.4), since displacement amplitude
and acceleration amplitude

at each

, velocity amplitude

are known from analytical results,

these can now be used as inputs to the force reconstruction method in order to find the value
by using numerical terms in the right,
∑

(3.22)

Note that this approach is analogous to the experimental method that would be utilized for a real
sensor. Here, that approach is being mimicked using simulated responses, as opposed to
measured values. The approach of an analytical evaluation greatly simplifies the design approach.
More detailed procedures will be presented in Chapter 6.
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3.8 Summary

This chapter outlined the development of analytical tools to be used in the initial
configuration study for an acoustic sensor. In examining the response of the sensor to various
forms of transient excitations, the goal is to develop a continuous sensor that can be used to
determine the direction of an acoustic source. This study presented here considered a
simply-supported beam-like configuration. The response to various transient sinusoidal pressure
waves was determined for the Euler-Bernoulli beam through the extension of Fryba’s work.
Various configuration aspects, such as the wave load characteristics, simple supports, sensor
thickness, aperture (beam length), and material were examined, although results for each of these
was not presented for the sake of brevity. To gain additional insight, the wavenumber spectrum
was also utilized to decompose the response into spatial information. Results indicated that a
thinner beam made of a lighter material provides a response with a larger amplitude and greater
spectral content. It is also shown that with a relatively thin structure, it is possible to determine
the direction from which the wave is approaching without requiring a very long sensor. The
analytical solution was also verified by comparing it to a time-based finite element solution.
These results will be useful when more realistic two-dimensional structures are considered. The
following chapter will consider a beam with intermediate supports which seems more
appropriate for an acoustic sensor.
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Chapter 4 Intermediate supported beam acoustic wave propagation

In this chapter, a new beam shape function configuration method for determining
transient responses of the finite Euler-Bernoulli beam with two intermediate supports excited by
moving pressure wave loads is developed. To clarify this method, this beam structure is excited
by moving sinusoidal loads representing a moving pressure wave load. Relative transient
responses are investigated and verified by results obtained from the traditional finite element
method. This method can be used to solve transient response problems of any kind of moving
pressure load exciting the beam structure with two intermediate supports. The motivation for
considering this configuration is to speed the rate at which information is available from the
structure. By moving the supports inward, the beam responds more quickly when the excitation
enters the structure. As a result, a structure with intermediate supports may be a better candidate
for use as an acoustic sensor.
4.1. Introduction
Wide application of beams with various boundary conditions can be found in many branches of
engineering such as in bridge and railway design. Research work on these problems has been
ongoing for many years. In order to achieve a deep understanding of the dynamic response of
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these structures, it is necessary for us to first review previous publications in the literature.
Specifically, Fr ́ ba [7] contributed his initial work by studying transient responses of
simply-supported beams under a moving load or continuous random load with a constant
velocity. H.P.Lee [55] established the intermediate supported beam model through setting point
constraints to be linear springs of large stiffness. He applied the assumed mode method to
approximate the beam structure displacement solutions and then used these solutions to decouple
the beam partial differential equation established by the Euler beam theory. Finally, he obtained
transverse vibration response of the beam subjected to a moving load. Zhu and Law [56] applied
Hamilton's principle to study the vibration behavior of the Timoshenko beam with non-uniform
cross-section subjected to moving loads. The beam structure had multi-span supports with the
intermediate point constraints being simplified with very stiff linear springs. Hilal and Zibdeh[57]
studied the transverse vibration of an Euler-Bernoulli beam under different classical boundary
conditions excited by a constant force in various motions including acceleration, deceleration,
and constant velocity movement. Yu Tang [58] used hyperbolic sine and cosine functions as base
functions to model free-vibration normal modes of a uniform beam. Good accuracy of calculated
normal modes was achieved up to at least the 100th mode.
To investigate the dynamic behavior of a multi-span non-uniform bridge excited by a
moving vehicle, Law and Zhu’s efforts [59] were to model the bridge structure as a continuous
Euler-Bernoulli beam with multi-span linear large stiffness spring supports. Chan and Ashebo
[60] tried to identify moving forces on a continuous bridge through using the singular value
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decomposition method, assuming the bridge as an Euler-Bernoulli beam. In that model, exact
mode shape functions of the vibrating beam were obtained from the boundary conditions. Stăn
cioiu et.al.[61] theoretically and experimentally investigated the dynamic characteristics of a
four-span continuous beam under a moving mass. Good agreement between the theoretical and
experimental results was obtained. Francesco Ricciardelli and Carmelo Briatico [62] studied the
case of a supported beam excited by a sinusoidal harmonic load moving at a constant speed. The
approximated responses at and away from resonance were presented.
In this chapter, the configuration of shape functions for a beam with two intermediate
points is examined by adding a polynomial function to the mode functions of the assumed
constrained-free beam. The transverse vibration response of this intermediate- supported beam
subjected to moving sinusoidal loads, used to represent a moving pressure wave load, is obtained
by using the Lagrangian formulation to establish the structural dynamic equations first and then
it is solved with the help of the Newmark integration scheme. Results from the new method are
compared to those obtained using the transient finite element solution for a beam with
intermediate supports.
4.2. Theoretical model

Consider a finite-length Euler-Bernoulli beam with two intermediate supports under a
moving transient sinusoidal wave load as a moving pressure wave load. Illustrated in Fig.4.1,
represents two half-cycle sinusoidal wave loads and T is the single half-cycle period.
is the displacement from this beam structure and parameters
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and

are distances

from the two supports to both ends of the beam structure of L length, respectively. The pressure
load is moving across the beam at constant speed

f(x ,t)

.

c

W(x, t)

T

x

b

a
L

Figure 4.1 Beam with intermediate supports under moving load
.

For the beam with two free ends and two intermediate constraints, its boundary
conditions are
,

(4.1a)

,

(4.1b)

and
.

(4.1c)

To solve the dynamic response of a beam with intermediate constraints under moving wave loads,
the shape functions of this beam structure are configured based on mode functions of the
clamp-free beam structure. However the clamped-free beam’s boundary conditions are quite
different from a beam with intermediate supported conditions shown above. To that end, the
boundary constraints at the Euler-Bernoulli beam’s clamped end need to be released.
Furthermore, two constraint points need to be added to the initial clamped-free beam to simulate
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a beam with intermediate support conditions. To do this, a linear polynomial function is added to
the basis shape functions obtained from an initial beam with clamped-free boundary conditions
so that new intermediate supported beam shape functions can be realized. For a clamped–free
beam structure, its shape function [49] is

(4.2)
Based on the mode shape functions shown in Eq.(4.2), by adding a linear polynomial function,
the new shape function for beam with two intermediate constraints is
∑
where

and

(4.3)

are initial unknown constants, and

is the total number of truncated

terms. Suppose that the dynamic deflection of the intermediate-supported beam structure in free
vibration state can be expressed as
(4.4)
where

is the generalized coordinate. Based on Eq.(4.1c) and Eq.(4.4), the constraint

equations are
∑

(4.5a)

and
∑

(4.5b)

By rearranging Eq.(4.5a) and Eq.(4.5b), constants
∑

and

can be represented as
∑

and
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(4.6a)

∑

∑

∑

(4.6b)

By substituting Eq.(4.6a) and Eq.(4.6b) into Eq.(4.3), we get
∑

{

(

)
(

)}. (4.7)

The boundary conditions at both ends are free for the beam structure with intermediate supports
as indicated in Eq.(4.1a~b). From these conditions, we obtain

{

∑
∑

(4.8a)

∑
∑

(4.8b)

and
{
Due to the fact that

satisfies with the clamped–free conditions, it is not necessary to

consider the free end at

again. Besides, it is suitable to choose

, provided that

convergence in the dynamic response calculation is ensured. From Eqs.(4.8a~b) above, constants
and

can be represented by other constants, based on the consideration that

and

’s

second and third derivatives are not zeros, such that

{

(

)

(

)

(

)

(

)

(4.8c)

By substituting Eq.(4.8c) into Eq.(4.3), we get
∑
where
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,

(4.9)

(

)
(

(

)

(

)

(
(

)*
(

)

(

For the beam with two intermediate supports, strain energy

and kinetic energy

)*.

of an Euler

beam are obtained as
∫

(4.10a)

∫

(4.10b)

and

where subscripts

and

denote differentiation with respect to location and time, respectively.

In order to find natural frequencies

and mode shapes, a periodic transverse motion function is

assumed
(4.11)
By substituting Eq.(4.11) into Eq. (4.10b), one can obtain an expression for kinetic energy as
∫

∫

(4.12a)

Therefore, the maximum kinetic energy is
∫ ∑
Similarly, the potential energy is
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(4.12b)

∫ ∑

(4.12c)

and the maximum potential energy is
∫ ∑

(4.12d)

Finally
(4.13)
According to Eq.(4.12b) ， Eq.(4.12d) and Eq.(4.13),
2. Applying stationary conditions of
be zero), then an explicit relation for
∫

(∑

can be represented by

with regard to

(let partial derivatives to

will be expressed as
)

∑

∫

(4.14a)
By appropriately grouping terms and using matrix relation
∫

∫

[
∫

∫

∫
]

∫

∫

∫
×[

]

. (4.14b)

This equation can be summarized as
(4.15)
The structure’s with natural frequency of
̈

∫
(
∫

can be therefore obtained, using

̈

̈

∫

̈

̈

,
̈

∫
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̈

̈

∫

∫

(

,
∫

(4.16)

∫

and

[

]

In the following section, the dynamic equation of a beam with intermediate supports will be
established with the help of the Lagrangian formulation, based on the assumed beam shape
functions developed above.

4.3. Forced response of the beam structure with intermediate supports

The assumed basis function approach employed in this section is to determine the
forced response of the beam with intermediate supports. So the dynamic deflection of the beam
structure can be expressed as

where

∑

(4.17)

is the total number of truncated terms,

is the generalized coordinate, and

represents shape functions of the beam. Note that
Eq.(4.9). The kinetic energy
∫

(

)

, the bending potential energy
∑

∑

=∫

are obtained respectively, as

̇

∫

̇
∑

where

is obtained in

,and
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∑
̇

̇

(4.18)

∑

∫

∑

∫
∑

where

=∫

∑

(4.19)

.

The external force work

is
∑

∫

The beam Lagrangian function

(4.20)

is

, where

is the total

potential energy. It should be pointed out that in order to clarify our new analytical method,
damping is ignored in this work for equation simplification. Therefore the Euler-Lagrange
equation is expressed
(
̇

)

(4.21)

Substituting Eq. (4.18~4.20) into Eq. (4.21)
∑
where

∑
̈

∫

(4.22)

.

Using matrix form for Eq. (4.22),
̈
(

+[
̈

]

(

)[

]

[

]

(4.23)

Equation (4.23) can be summarized as,
[ ][ ̈ ]

[ ][ ]
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[ ]

(4.24)

̈
where, [ ]

+ [ ̈]

(

[ ]

[
̈

], [ ]

], [ ]

[

(

[

),

].

Transient responses can be calculated numerically in the time domain by using
Newmark’s integration scheme [52], used with the integration parameters

and

which lead to the constant-average acceleration approximation. Here parameters
and

are used to control the stability and accuracy of the Newmark method. By using this

approach in Eq.(4.24), the beam response displacement and velocity at each position for any time
can be obtained.
4.4. Numerical example
In this study, a finite set of traveling sinusoidal half-cycles as the force load to represent
a transient moving pressure wave load is considered. To explain this continuous wave load
traveling over the beam structure, three different time stages are described [51]. When
this distributed force load begins to progressively step on the beam until it is entirely on the
beam, it is expressed by
{
where
and

is the number of half-cycles,

}{

}

(4.25a)

is single half-cycle time period as shown in Fig.4.1,

is the Heaviside step function. The speed of the wave is denoted by c. Once the load is

completely on the beam, the force is expressed as
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{

}{

}(

)
(4.25b)

until it reaches the other end of the beam. Finally, the load begins to leave the beam as
{

}{

}(

)

(4.25c)

Initial parameters of the beam structure used for numeric study to be described below
are listed in Table 4.1.
Table 4.1 Parameter Definitions
Item

Value

Units

Description

L

0.75

m

Beam length

B

0.05

m

Beam width

H

0.05

m

Beam thickness

C

343

m/s

Wave speed

N

1

T

0.002

sec

Half-cycle duration

7820

kg/m^3

Beam density

2.068e+11

N/ m^2

Beam Young’s modulus

E

Number of half-cycles

Beam Poisson’s ratio

0.29
A

0.15

m

Left constraint

B

0.25

m

Right constraint

In this work, the aim is to exploit the general method for solving the transient response
of an intermediate supported beam subjected to various types of moving pressure wave loads. To
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simplify our problem, damping will be ignored. The analytical analysis and finite element
method are both conducted by using Matlab®.
4.4.1 Natural frequencies comparison
Table 4.2 shows the comparison results of first ten natural frequencies for an
intermediate supported beam between the finite element method (FEM) and the analytical
method. Relative errors of natural frequencies are based on FEM results. It can be noticed that
relative error is well less than one percent, and is therefore quite reasonable.
Table 4.2 Natural frequencies comparison (Hz)
No.

FEM results

Analytical results

Error(%)

1

370.2

370.0

-0.062

2

863.4

863.4

0.0055

3

1798.0

1797.2

-0.044

4

3402.1

3401.3

-0.0235

5

4981.3

4981.4

0.002

6

8626.1

8624.0

-0.0243

7

10219

10254

0.34

8

11686

11750

0.54

9

17187

17167

-0.116

10

21473

21321

-0.70

Comparisons of the first eight mode shapes found using each method are shown in
Figure 4.2 and Figure 4.3. It can be seen that there is excellent agreement in the first four mode
shapes. While there are some slight differences in the higher mode shapes of Fig.4.3,th e
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agreement is still good.
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Figure 4.2 First four mode shapes for corresponding frequencies in Table 4.2.
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Figure 4.3 Higher mode shapes for corresponding frequencies in Table 4.2.
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4.4.2 Transient response analytical solutions verification by FEM
In this section, transient responses are calculated numerically in the time domain by
using the Newmark’s integration scheme [52]. The beam response with intermediate supports is
verified by the finite element solutions with the same parameters. In the case, the transient load
moves along the beam with speed

. Displacements of the beam at mid-position are

obtained by using analytical and finite element methods. As seen in Fig.4.4~4.6 for displacement,
velocity, and acceleration respectively. These response solutions show high coincidence. Despite
very slight deviations, both solution results representing the beam response are almost the same.
Although not shown, transient responses from other beam locations show the same correlation as
at the mid-location. So the analytical results are considered acceptable to represent beam
transient responses under moving pressure wave load. This fact draws the conclusion that the
new analytical method based on this intermediate support model can be used to simulate beam
transient response with two intermediate supports under moving load excitation.
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Figure 4.4 Mid-beam location forced displacement vs time under sine wave loads
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Figure 4.5 Mid-beam location forced velocity vs time under sine wave loads
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Figure 4.6 Mid-beam location forced acceleration vs time under sine wave loads

4.5. Summary
This chapter focused on the development of analytical tools to be used in the shape
functions configuration study for transient responses of the beam with intermediate supports
under moving pressure wave loads. The responses to transient sinusoidal pressure wave as a
moving pressure wave load example are determined through shape function configuration
method based on clamped-free beam mode functions and a polynomial function. Analytical
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results obtained from the new method are well verified by the finite element method when the
beam is subjected to the same loads. The analytical method presented in this work can be useful
in application to solve the transient response of intermediate beam under any type of moving
pressure wave loads. These response values will be useful as input parameters in force loads
inverse process when considering intermediate beam as an acoustic sensor candidate. Although
the intermediate supported beam has the potential to provide more dynamic information for use
in the inverse process, there are still some potential issues. The main issue has to do with the lack
of dynamic information of the support locations. As a result, a beam that has no constrained
points seems a better candidate for an acoustic sensor, so such a configuration will be examined
in the next chapter. Although the development of inverse methods for the intermediate supported
beam will not be provided, the insight gained in considering this configuration was useful in the
research progress. Furthermore, the configuration may be reconsidered in the future research.
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Chapter 5 Transient responses of finite beam with elastic foundation
supports under moving wave load excitation

Based on the analysis of the two configurations under a sinusoidal moving load
excitation shown in previous chapters, the simple supported beam and the intermediate supported
beam are less than ideal when used for force inverse to predict acoustic wave loads. This
limitation is primarily due to the information that is removed at the locations of the constraint
points. In order to remove the constraints, a continuous beam supported by an elastic foundation
will be considered as an alternative candidate sensor structure. By using an elastic foundation, it
is expected that the structural response, which will be examined through modeling, will be rich
enough to provide more information about the impinging wave.
In this chapter, the responses of a beam supported on an elastic foundation when subjected to
various moving loads are studied by the application of finite element method. We apply the
Newmark integration method for numerical simulation. Results are verified by using commercial
ANSYS package through modeling the beam with elastic foundation supports excited by moving
point load at the constant speed. The effects of the following parameters on the dynamic
behavior of the beam under both moving point load and pressure wave load are evaluated, the
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traveling load speed, stiffness of the elastic foundation base, and viscous damping. This study
offers a good basis for research work on the beam sensor for identifying moving acoustic wave
loads in Chapter 6.
5.1 Introduction
Beam structures with elastic foundation supports have seen wide applications in
mechanical and aerospace engineering. Historical research work in these fields can be seen in the
literature of engineering mechanics. Most of these beam problems discussed issues about time
and space varying loads. Actually moving loads have considerable effects on the dynamic
behavior of the structures. In order to obtain a better understanding of dynamic responses from
moving loads on beam structure, it is necessary for us to review previous works from the
literature. Jaiswal and Iyengar [63] revealed the dynamics characteristics of the infinite beam on
a finite elastic foundation base when it was subjected to a moving load. Effects of loads, beam
structure parameters, and material properties on structure responses were evaluated.
Thambiratnam and Zhuge [64] conducted the dynamic analysis of beams on an elastic
foundation when subjected to moving point loads through simplifying the foundation with
springs of variable stiffness. The authors also investigated effects of some parameters the
response of the beam such as the speed of the moving load, the foundation stiffness and the
length of the beam. Chen et al. [65] studied the response of an infinite Timoshenko beam on a
viscoelastic foundation under a harmonic moving load. Kim, and Roesset [66] analyzed dynamic
response of an infinitely long beam on the frequency-independent linear hysteretic damping
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foundation base by using the constant amplitude or a harmonic moving load as an excitation
force. In the model developed by Kim [67], the vibration and stability of an infinite Euler Bernoulli beam on a Winkler foundation were investigated through applying a static axial force
and a moving load with either constant or harmonic amplitude variations to excite the system.
Some important results were obtained from the process of changing relative parameters. Roman
Bogacz et.al.[68] studied dynamical problems caused by a distributed load which was acting on a
beam on an elastic foundation at a moving velocity. The load was represented by the Heaviside
function(or its linear superposition) and by a moving load harmonically distributed in space. Lei
Shi et.al[69] established the mathematic model which was used to describe elastic foundation
beam with cantilevered support excited by the moving load speed. The transient response under
the moving load speed was obtained. Shahin and Mbakisya [70] studied the problem of a
simply-supported beam on an elastic foundation to repeated moving concentrated loads by means
of the Fourier sine transformation method in order to obtain the analytical forced responses.
The objective of this chapter is to develop a numerical procedure for evaluating the
dynamic response of the elastic foundation beam when subjected to transient sinusoidal moving
loads. Such a study has not been conducted before. The finite element method is used for
modeling beam elements. The Newmark integration method is used to obtain the dynamic
response. Effects of the following parameters on the dynamic behavior of the beam are evaluated:
the traveling speed of the load; the stiffness of the elastic foundation base and viscous damping.
This will make a good basis for developing a beam acoustic sensor with the help of a distributed
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force reconstruction method, which is used to identify moving acoustic loads through their
excitation process on the beam structure. The latter will be discussed in the next chapter.

5.2 Theoretical model

Consider a finite-length Bernoulli–Euler beam resting on an elastic foundation under
moving sinusoidal loads as illustrated in Fig. 5.1.
T

c=343m/s
N=3

Beam

𝐶𝑓

x
Figure 5.1 Elastic foundation beam subjected to moving wave loads

The equation of motion is [49]
,
where the beam flexural rigidity is
constant is

,

, the beam mass density is

is the damping circular modal frequency, and

(5.1)

, the foundation elasticity
represents moving

loads. Note that the mass and bending stiffness of the elastic foundation are being neglected. For
an elastically supported free-free beam illustrated in Fig.5.1 above, its boundary conditions are
,
and
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(5.2a)

.

(5.2b)

5.3. FE formulation for the beam under the moving point load
The Euler-Bernoulli beam theory is used for constituting the finite element matrices.
The beam illustrated in Fig.5.1 is modeled with 15 equally sized elements. A straight beam
element i with uniform cross section under a moving point load is shown in Fig.5.2

𝜓𝑒

𝑊𝑒

F

𝜓𝑒

c

𝑊𝑒

E I ρA

Element i

𝐿𝑒

x

Figure 5.2 Moving load on a straight beam element

The shape functions of element i are represented [52] as
( )

( )

( )

( )
(5.3)

( )
( )

{

( )
( )

Mass matrix of this beam element is

.
[

]
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(5.4)

Stiffness matrix of the beam element is

.
[

(5.5)

]

Supposing that the beam structure is on the Winkler's foundation base, the Winkler’s foundation
stiffness matrix for the element [52] is

.
[

(5.6)

]

The expression of the beam element deflection is

,

where

(5.7)

(i=1,2,3,4) are the interpolation functions shown in Eq. (5.3). After decouping

Eq.(5.1) by using Eq.(5.7), the equation of motion for a multiple degree of freedom damped
structural system is represented
[ ]{ ̈ }
where ̈ , ̇ and

[ ][ ̇ ]

[

]{ }

{

},

(5.8)

are the respective acceleration, velocity and displacement vectors for the

whole structure and {

} is the external force vector, which is depended on the moving point

load. For the case that the moving load is the pressure wave load rather than point load, the
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problem will be more complicated, but the solution procedure is similar.
5.4. Results and Discussion
5.4.1 Moving point load at a constant speed
Table 5.1 provides a list of the initial modeling parameters, including the geometry and
material properties for both the beam and elastic foundation. Here, E is the Young’s modulus of
beam material and EF is the Young’s modulus of foundation material. The foundation elasticity
constant can be obtained from

, where B is width of the beam and TH is the thickness

of the foundation base.
Table 5.1 Parameter Definition
Item

Description

Units

Value

L

Beam length

m

0.5

B

Beam width

m

0.03

h

Beam thickness

m

0.001

c

Moving load speed

ms-1

343



Beam density

kgm-3

2700

E

Beam young’s modulus

Nm-2

70GPa



Poisson’s ratio

-

0.33



Foundation thickness

m

1

EF

Foundation Young’s modulus

Nm-2

33.1MPa

The transverse point load

travels with a constant velocity . In the forced vibration

analysis, the constant-average acceleration approximation is needed for the implicit Newmark
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integration method [52] through setting the integration parameters
time step

is

during the transient response analysis, and

⁄

and

1/2. Here the

is the period of the

20th natural mode of the structure to ensure that all top 20 modes contribute to the dynamic
response. Response of the beam with elastic foundation under the moving point load is obtained
using Matlab software package and ANSYS simulation results. As shown in Fig.5.3 and Fig.5.4,
Matlab results show high agreement with ANSYS results.
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Figure 5.3 Response of beam end point when the moving load is leaving at 146m/s
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Figure 5.4 Response of beam end point when the moving load is leaving at 343m/s

For the beam with finite length under the static load, its displacement at the middle
location can be calculated as [72]
,

where

(

)

(5.9)

. The beam structure is under the point load of 10N, so the static

displacement at mid-location is

×

m under the point load moving at the

speed of 343m/s. Figure 5.5 shows the effect of the Rayleigh damping on mid-point displacement
of beam structure vs time. Displacements are decreased with increasing damping ratio. It should
be noted that

represents transient response at mid-point divided by the static displacement

mid-location. In this figure, we can find that with the decrease of foundation stiffness value,
the maximum transient displacement is increased.
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Figure 5.5 Rayleigh damping effect on transient displacement at the beam mid-location
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Figure 5.6 shows foundation base stiffness effect on transient displacement at the beam

Figure 5.6 Foundation base stiffness effect on transient displacement at the beam mid-location.
Figure 5.7 shows the deflection of the beam mid-location under a moving load for different load
speeds. With the increase of moving load speeds, the maximum deflection at the middle location
has increased.
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Figure 5.7 Deflection of the beam mid-location under a moving load for different load speeds

5.4.2 Moving sinusoidal load at a constant speed
In this study, a finite set of traveling sinusoidal half-cycles will be considered as the
loading on the structure. Continuous wave loads

traveling over the beam sensor

structure were previously described in Chapter 4 for details. By discretizing the elastically
supported beam structure with the finite element method, transient responses can be calculated
numerically in the time domain by using Newmark’s integration scheme [52]. Specifically the
elastically supported beam is discretized into 15 beam elements with 16 nodal points. Of course,
the response at any point can be interpolated by using the shape functions and the weight factors.
Although not specifically shown, 15 beam elements have been determined to be sufficient for
convergence of the FEM transient response calculations. When increasing the number of
elements from 15 to 30, no appreciable increase in the accuracy of the solution is obtained.
Because of the time T chosen for the excitation force, most of the frequency content of that
excitation is not that much greater than the fundamental frequency of the beam. In our work, the
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beam structure damping ratio is assumed to be very small and ignored initially. Damping will be
addressed in future work.
In addition to Table 5.1, Table 5.2 provides a list of the initial modeling parameters for
the beam structure under wave loads excitation, including the geometry and material properties
for both the beam and elastic foundation.
Table 5.2 Parameter definition
Item

Description

Units

Value

c

Moving load speed

ms-1

343

T

Half-cycle duration

Sec

0.0004

A

Force amplitude

N

10

N

The number of half-cycles

---

2

Figure 5.8~5.11 show the effect of foundation stiffness on beam transient responses under
sinusoidal wave loads. It can be seen that by reducing beam elastic foundation base stiffness,
beam transient responses under a given wave load increases.

Furthermore, the resulting

wavelength within the structure appears to be shorter with lower stiffness.
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Figure 5.8 Effect of foundation stiffness on beam transient responses under half-cycle wave load
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Figure 5.9 Effect of foundation stiffness on beam transient responses under full cycle wave load
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Figure 5.10 Effect of foundation stiffness on beam transient responses under half-cycle wave load.
𝐾𝑓
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Figure 5.11 Effect of foundation stiffness on beam transient responses under full cycle wave load.
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5.5. Summary
The response of a free beam on an elastic foundation to moving concentrated load and
sinusoidal wave load by means of the finite element method has been presented in this chapter.
Numerical results have been verified by corresponding results obtained from ANSYS
commercial codes. This technique is attractive for treating the problems of beams on an elastic
foundation under moving loads, which are extended to develop the acoustic wave sensor by
using the force identification method. The effect of some important parameters, such as the
foundation stiffness and the load travelling speed, has been studied. Numerical examples are
given in order to determine the effects of various parameters on the response of the beam.
Through general consideration, the conclusion can be drawn that an increase in velocity for
moving loads leads to the dramatic increase in response deflections. This fact is very important
because it will have useful contributions on moving loads problems regarding vehicle load
design and bridge structure analysis. It was also shown, not surprisingly, that a foundation with a
lower stiffness provided a greater beam response for a given excitation. The technique and the
findings in this chapter can offer a good basis in practical applications such as acoustic wave
beam sensor development by means of force reconstruction method, which is described next.
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Chapter 6 Beam elastic foundation acoustic load reconstruction

This chapter focuses on development of the inverse methods needed to reconstruct the
transient wave loads from measured vibration responses. As noted earlier, instead of using actual
measurements, the response is instead found using the simulation methods developed in earlier
chapters. In using such an approach, the amount of noise and errors can more easily be controlled.
The latter is important in assessing the effectiveness of this method.

6.1 Introduction

To develop a new kind of acoustic sensor used to locate acoustic sources, a beam
structure with elastic foundation supports acting as a sensor configuration is studied. By using an
elastic foundation, it is hoped that the structural response, which will be examined through
modeling, will be rich enough to provide sufficient information about the impinging wave. The
novelty of the work includes the reconstruction of spatially distributed pressures traveling across
a structure, and in particular a structure with elastic supports. A finite element method is applied
to solve the partial differential equations for this structure when subjected to sinusoidally-shaped
traveling wave loads. Velocities at the locations of interest can be obtained from this FEM time
response calculation. In order to evaluate methods for reconstructing the transient and distributed
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forcing function, the simulated response is then used as the input to the traveling-wave force
reconstruction methods. Regularization methods are applied to deal with numerical issues and
improve the accuracy in identifying the moving acoustic waves. Methods such as Tikhonov
regularization and L-Curve methods were discussed in Liu’s work [6]. Since the reconstructed
forces may include large errors through the inversion of an ill-conditioned matrix, Tikhonov
regularization is used to improve the conditioning of the matrix inversion. The L-Curve method
is used to choose the regularization parameter. This generates reasonable and practical results. In
addition, to verify results stability with these inverse methods, various levels of random noise are
added to simulate issues associated with actually measuring a response in this study. Also
various structural parameters of interest like the beam dimensions, beam material, and elastic
foundation material are considered in an attempt to develop a configuration suitable to the
problem being addressed.
In the following section, a description of the analytical tools used to predict the sensor’s
response for a given configuration is provided. In this study, the classical Bernoulli-Euler theory
is used to predict the response for a beam on an elastic foundation. Note that this theory has
some limitations when the frequency increases and the wavelength in the structure decreases.
These limitations are being overlooked in this initial study as the goal here is to assess the
relative response of a structure. Also, with the use of an inverse method, methods that include
shear effects become more cumbersome. As such, these effects will be considered in future
works where a more accurate prediction of the response is needed.
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Note that the intent of this

study is to demonstrate the feasibility of using such a structure for detecting the presence and
direction of a wave. In the approach demonstrated here, the inverse method is performed in an
offline manner in that the solution is determined after the response has been measured, not while
it is being measured. In later sections, the force reconstruction method and analytical results are
discussed. Conclusions that can be drawn from the present study are also provided along with
plans for future work, which will include an experimental examination of a prototype structure
and development of more direct online measurement and processing techniques.

6.2 Theoretical model
Consider a finite-length Bernoulli – Euler beam resting on an elastic foundation as
illustrated in Fig. 5.1, the equation of motion is [51,52]



 2W ( x, t )
W ( x, t )
W 4 ( x, t )

2


EI
 C f W ( x, t )  f ( x, t ) ,
b
t
t 2
x 4

(6.1)

where the beam flexural rigidity is EI , the beam mass density is  , the foundation elasticity
constant is C f , b is the damping circular modal frequency, and f ( x, t ) represents moving loads.
As noted in chapter 5, the mass and bending stiffness of the elastic foundation are being
neglected.
For the elastically supported beam in free vibration, namely f ( x, t )  0 , Eq.(6.1)
becomes



 2W ( x, t )
W ( x, t )
W 4 ( x, t )

2


EI
 C f W ( x, t )  0 .
b
t 2
t
x 4
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(6.2)

By using the method of separation of variables, Eq. (6.2) can be expressed as
EI

T "  2bT '  C f T
W (4) ( x)

,
W
T

(6.3)

where W ( x, t )  W ( x )T (t ) . Since the left side of Eq. (6.3) is only the function x and the right
side of this equation is only the function of t , both sides of this equation must be equal to a
constant of p . This equivalence yields
EI

dW 4
 pW  0 ,
dx 4

(6.4)

and

T   2bT   C f T  pT  0 .

(6.5)

The solution of Eq. (6.4) is

W ( x)  C1 cos( x)  C2 sin( x)  C3 cosh( x)  C4 sinh( x) ，
where  

4

(6.6)

p
and Ci (i  1, 2,3, 4) is constant. Based on Eq. (5.2), its boundary conditions are
EI

x0

W (0)  0
,

W (0)  0

(6.7a)

xL

W ( L)  0
.

W ( L)  0

(6.7b)

Eq. (6.7) and Eq.(6.6) give cos( n L)cosh( n L)  1 , where  1~5 L  4.730 , 7.853 , 10.996 , 14.137 ,

1
17.279 and  n L  (n  ) , (n  5) . Note that for the case  n L  0 , there are two shape solutions
2
for this beam structure with elastic foundation support, the shape functions are
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1  1


L
2  x  2

nL  0

( n  1,2) ,

(6.8a)

and for  n L  0 ( n  1,2,.. ), through setting n   n2  0 ( n  3,4,.. ),

n ( x)  cosh( n x)  cos( n x) 

cosh  n L  cos  n L
sinh(  n x)  sin(  n x)  , (n  2) .
sinh  n L  sin  n L

(6.8b)

It should be mentioned that the shape functions given in Eq.(6-8a~b) are not the mode shapes of
the beam structure with elastic foundation support corresponding to its natural frequencies.
However, these functions satisfy the boundary conditions above and they are orthogonal. As a
result, solutions for the displacement and velocity in Eq. (6-1) can be found by using an assumed
basis function approach, respectively, as


W ( x, t )   n ( x)qn (t ) ,

(6.9)

n 1

and


W ( x, t )   n ( x)q n (t ) ,

(6.10)

n 1

where qn (t ) is the n th amplitude and n ( x) is the corresponding shape function for the beam
structure given above. By applying this conventional expansion approach, the function
superposition in Eq. (6.9) is substituted into Eq. (6.1), and the result is multiplied by shape
functions and integrated between 0 and L. By using this set of orthogonal basis conditions, the
resulting equation of motion becomes
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d 2 q n (t )
dq (t )
 2 b n  EI
2
dt
dt

L

 q (t ) 
i

i 1

( 4)
i

L

( x) n ( x)dx


0
L

   ( x)dx
2
n

Cf



q n (t ) 

 f ( x, t )

n

( x)dx

0

.

L

   ( x)dx
2
n

0

0

(6.11)
By substituting the shape functions used in Eq. (6.8) into Eq. (6.11) and applying the
orthogonality condition, the result is
L

d 2 q n (t )
dq (t )
 2 b n  EI
2
dt
dt

n



L

   ( x)dx
2
n

Cf

q n (t ) 



 f ( x, t )

n

( x)dx

0

,

L

(6.12)

   ( x)dx
2
n

0

0



L

L

i 1

0

0

where  n   qi (t )  i( 4) ( x) n ( x)dx  0 , ( n  1,2) and  n  q n (t )  n4   n2 ( x)dx , ( n  2) . The
displacement response amplitude from Eq. (6.12) can be solved by applying the convolution
integral in the following format
t

qn (t )   F ( )h(t   )d ,
0

(6.13)

L

where F ( )   f ( x, )n ( x)dx . The displacement response can be obtained by substituting
0

Eq.(6.13) into Eq. (6.9),


W ( x, t )  n ( x)
n 1

1

d
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t

 F ( )e
0

 nn ( t  )

sin(d (t   ))d ,

(6.14)

2
where d  n 1   n and  n is the damping ratio for n (  n 

b
). For the beam structure
n

with elastic foundation supports, the natural frequency n can be expressed as n2 
( n  1,2 ) and n2 



EI n4

W ( x, t )    n ( x)
n 1



1

d



Cf





( n  2 ). Eq. (6.14) can be written in discrete terms as



 e  
i

Cf

n

n t ( i 

j 0

j)



sin  d (i  j ) ( j )t (i  0,1,2..., N ) ，

(6.15)

where t is the sampling time interval and  (i  j ) represents the time increment of t   . From
the Composite Simpson's Rule for numerical integration, the term ( j ) in Eq. (6.15) can be
expressed as
( N /2) 1
h
( j )   f  0, j  n  0  dx  2  f  x2i , j  n  x2i  
3
i 1



4 f  x2i 1 , j  n  x2i 1   f  L, j  n  xN   .
i 1


N
2

(6.16)

This beam FEM model has 15 elements and each element is divided by 10, totaling 151 points
(division N=150). Note that h 

L0
L
and xi  0  i
. The residual error associated with the
N
150

approximation in Eq.(6.16) is

Error 

Lh4
(4)
 f ( x, t )n ( x)  1.9879 105 .
180
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(6.17)

From Eq.(6.17), it can be known that the residual error is very small, so using the Composite
Simpson role Eq.(6.16) to estimate the term  ( j ) is reasonable. The velocity response can be
obtained from directly differentiating Eq. (6.14)

1
W ( x, t )  n ( x)
n 1

t

 d 0

F ( )e  nn (t  ) [ n n sin  d (t   )   d cos d (t   )]d .

(6.18)

Similarly, Eq. (6.18) can be written in discrete terms as


W ( x, t )   n ( x)
n 1

1

d

i

e  


n n t ( i 

j)

j 0

  nn sin(d (i  j ))  d cos d t (i  j )  ( j )t

(i  0,1, 2..N ) . (6.19)

Arranging Eq. (6.15) and Eq. (6.19) into matrix form

a(0, 0), a( x1 , 0),..., a( xN , 0), a(0,1), a( x1,1),..., a( xN ,1),...., a(0, N ), a( x1, N ),..., a( xN , N )

T

 s0 
 s   s0 0
 0  s s

  0 1
A

n ...
   ...
n 1
 s0   s s
s   0 1
 0



0   B 0 ... 0 
... 0   0 B ... 0 


 ...

...
....


... sN   0 0 .... B 
...

 f (0, 0), f ( x1 , 0),..., f ( xN , 0), f (0,1), f ( x1 ,1),..., f ( xN ,1, ),...., f (0, N ), f ( x1 , N ),..., f ( xN , N ) ,
(6.20)
where for displacement
S j  e nnt (i j ) sin(d t (i  j )) ,

and for velocity
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(6.21)

S j  e nn t (i  j ) [ nn sin(d t (i  j ))  d cos(d t (i  j ))] ,

(6.22)

with
h
B
3

4h
3

2h
3

4h
3

2h
3

4h
3

2h ... ... h 
.
3
3 

(6.23)

Eq. (6.20) can be simplified as:

V[( N 1)( N 1)]1  G[( N 1)( N 1)][( N 1)( N 1)]  F[( N 1)( N 1)]1 ,

(6.24)

where, V[( N 1)( N 1)]1   a(0, 0), a( x1 , 0),..., a( xN , 0), a(0,1),..., a( xN ,1),..., a(0, N ),..., a( xN , N ). Here

a( xi , j ) is used as a dummy variable to represent displacement or velocity. The computation of
this a( xi , j ) will depend on a specific S j used for displacement or velocity and the other two
terms in Eq. (6.20) are given by

G( N 1)( N 1)( N 1)( N 1)

 s0 
 s   s0 0
 0  s s

  An  ...   0 1
   ...
n 1
 s0   s s
 s0   0 1

0   B 0 ... 0 
... 0   0 B ... 0 


 ...

...
...


... sN   0 0 ... B 

...

and F[( N 1)( N 1)]1   f (0,0), f ( x1 ,0),..., f ( xN ,0), f (0,1),..., f ( xN ,1),..., f (0, N ),..., f ( xN , N ) .
T

From Eq.(6.20) and Eq.(6.24), it is apparent that by distributing N fixed points on the beam, the
time dependent displacement or velocity at these locations can be determined. As a result, the
moving force load can be described through time dependent force information at each fixed point
regardless of arrival time for that wave. There is no need for a priori information regarding the
time of arrival of the acoustic wave during the force inverse process. This method has not been
seen in previous publications, but it is very practical in studying this acoustic wave sensor.
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6.3. Regularization of inverse solution

Once the response of the structure is predicted using the formulations above, that
response is then assumed as known and used in the inverse method to reconstruct the wave force
that caused that resulting response. By using this approach, it is possible to perform various
studies and quickly assess the impact of various structural configuration parameters on the
performance of the system without requiring multiple prototype testing. Note that the actual
means of measuring such a response will not be addressed until future work. The intent here is to
simply evaluate the initial configuration requirements for a sensor of this type. The following
section discusses the methods used to reconstruct the characteristics of the traveling transient
wave load from the known response computed using the above analysis tools.
When Eq. (6.24) is expressed as an inverse problem, F  G 1V an ill- posed matrix
problems may result. To solve this problem and find a useful and stable solution, a regularization
method such as the Tikhonov method must be used. The goal in Tikhonov regularization is to
incorporate a prior assumption about the size and smoothness of the desired solution. By
applying this principle to the traveling wave load reconstruction problem, one is able to get the
Tikhonov form from Eq. (6.24) as
F  G  F  V

2
2

 2 F 2 ,
2

(6.25)

where the regularization parameter is  . To select an optimum regularization parameter  , a
convenient graphical tool, the L-curve method, is applied. The L-curve method involves a plot of
the norm, F 2 versus the corresponding residue norm, G  F  V 2 , on a suitable scale. For more
2

2
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details on this regularization and the method in which it is applied, see the work of Liu [6] or
Hansen [13].

6.4. Numerical analysis

In order to check the ability of the identification method described above to identify the
shape of a distributed traveling wave load, a sample set of simulation results is provided. The
goal is to identify moving acoustic wave load from the structure response by using the force
reconstruction method. Since the damping ratio is very small in most materials, the damping
ratio is assumed zero. The equations used for the inverse are simplified, which improves
verification of the identification approach. Because most practical engineering systems have
damping, those affects should be considered later. In this study, a finite set of traveling
sinusoidal half-cycles will be considered as the loading on the structure. In modeling this
continuous wave load f ( x, t ) traveling over the beam sensor structure, three different time stages
must be considered [51]. More details about the wave load can be seen in Chapter 4. Note that
sinusoid wave loads traveling across the beam sensor structure must be at parallel direction to the
beam axial direction. Because the intent here is to demonstrate the validity of the proposed
approach, waves incident at oblique angles are not considered. Nevertheless, there is no
restriction in the approach to parallel traveling waves. The force reconstruction method works
well regardless of what angle the acoustic waves move across the beam sensor. Once
demonstrated as valid, this one-dimensional approach can be extended in future work to consider
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reconstruction along more than one axis. By discretizing the elastically supported beam structure
with the finite element method, transient responses can be calculated numerically in the time
domain by using Newmark’s integration scheme [52]. Specifically the elastically supported beam
is discretized into 15 beam elements with 16 nodal points. Of course, the response at any point
can be interpolated by using the shape functions and the weight factors. Although not
specifically shown, 15 beam elements have been determined to be sufficient for convergence of
the FEM transient response calculations. When increasing the number of elements from 15 to 30,
no appreciable increase in the accuracy of the solution is obtained. Because of the time T chosen
for the excitation force, most of the frequency content of that excitation is not that much greater
than the fundamental frequency of the beam. Note that the number of modal orthogonal
functions N f has a large effect on the accuracy of displacement calculation. In this work, it was
determined that N f  25 provides accurate results.
To examine the ability to implement the force reconstruction, various sinusoidal wave
loads moving across the beam structure will be studied numerically. As described above, the
inverse process is ill-posed. In addition to examining the impact of the regularization on this
problem, random noise will also be added to the simulated transient response to study the impact
of measurement errors on the force reconstruction. Table 6-1 provides a list of the initial
modeling parameters, including the geometry and material properties for both the beam and
elastic foundation. Here, E is the Young’s modulus of beam material and EF is the Young’s
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modulus of foundation material. The foundation elasticity constant can be obtained from

C f  EF

B
, where B is width of the beam and TH is the thickness of the foundation base.
TH
Table 6.1 Parameter Definition
Item

Description

Units

Value

L

Beam length

m

0.5

B

Beam width

m

0.01

h

Beam thickness

m

0.001

c

Wave speed

ms-1

343

T

Half-cycle duration

sec

0.0005



Beam density

kgm-3

2700

E

Beam young’s modulus

Nm-2

70GPa



Poisson’s ratio

-

0.33

TH

Foundation thickness

m

3

EF

Foundation Young’s modulus

Nm-2

2.3MPa

The number of half-cycles

---

1

Figure 6.1 shows the time trace for the sinusoidal wave loads with different numbers of
half-cycles used for evaluating the beam structure sensor. Figure 6.1(a) is a half-cycle wave load
with a half-cycle period of 0.0005s. Figure 6.1(b) is a full-cycle wave load with a half-cycle
period of 0.0005s. Figure 6.1(c) is a three half-cycle wave load with a half-cycle period of
0.0005s. The amplitude of the sinusoidal wave loads in each case is 1Nm-1. Because the actual
85

acoustic wave load amplitude will be smaller than the sinusoidal wave load considered here,
amplitude modification will be conducted when a prototype sensor model is developed for tests
in the future.
(a)

(b)

(c)

(d)

Figure 6.1 Exact wave loads on the beam with different half-cycle periods, a) N=1, T=0.0005s b) N=2,
T=0.0005s c) N=3, T=0.0005s d) N=4, T=0.0005s

Figure 6.2 shows the transient displacement response for an aluminum beam structure
with two different wave loads. These loads are a three half-cycle wave load and four half-cycle
wave load, respectively. Each figure shows the response as the wave travels across the beam.
Since every point on the beam with an elastic foundation support is subjected to motion, there is
a potential to gain more information than say, for a simply supported beam. For simply
supported beams, no information about the force can be obtained when the force is near the
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restraints. This behavior is not an issue with elastic foundation support. The dynamic response
from the beam contains information that will be useful when implementing the force
reconstruction method.
(b)

(a)

Figure 6.2 Transient beam displacements under different wave loads, a) N=3, T=0.0005s,b) N=4,
T=0.0004s

6.4.1 Displacement-based force reconstruction
To mimic the acoustic sensor used for predicting moving acoustic loads, the
displacement responses obtained above are applied as known input parameters in the inverse
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Figure 6.3 L-curve plot for selecting regularization parameter in displacement inverse
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process. Since this inverse process is an ill-posed problem, the regularization method described
above is implemented. The L-curve for Tikhonov regularization is plotted in Fig.6.3.
The optimum parameter of λ=8.7408×10-9 is computed from Eq.(6-25). Using this
optimum parameter in the Tikhonov method, the reconstructed force results are obtained, as
shown in Fig.6.4~Fig.6.5. These inverse results correspond to the moving three half-cycle and
four half-cycle loads, with their amplitudes at 1Nm-1. The inverse results are good, illustrating
that the force reconstruction method is practical and solvable.
(b)

(a)

Figure 6.4 Force reconstruction with no added noise, a) N=3 T=0.0005s δ=0.0 b) N=4 T=0.0004s δ=0.0

In order to fully evaluate the beam structure sensor performance for predicting acoustic
wave loads, random noise is added to the displacements calculated above as
Wnoise ( x, t )  W ( x, t ) calculated (1   ) ,

(6.26)

where δ represents the random noise amplitude. Random noise levels of 5% and 10% are added
to the simulated responses and the inverse force values are obtained respectively, as illustrated in
Fig.6.5. When compared to the noise-free inverse results above, it can be seen that there is not
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much influence on the force load when the random noise level is very low. When the random
noise level is larger than 5%, there is some influence on the reconstructed force load amplitude
and wave shape. Although not shown, it was determined that if the noise level is larger than 20%,
the reconstructed wave shape will be indistinguishable from the background noise. Figure 6.6
shows the exact and reconstructed time histories for a four half-cycle wave load passing the
beam location at x=0.38m. Reconstructed force values are obtained for this case from
displacements with no noise pollution. As mentioned above, a noise level below 5% has almost
no influence on inverse results. Noise levels between 5% and 10% will have slight effects on
reconstruction results. The results in the figure can be considered typical for the force
reconstruction method discussed above. It can be seen that although there is some deviation
between these two curves, they are almost coincident in time. Figure 6.7 shows a comparison of
exact and reconstructed force values at the time t=0.0021s.This plot indicates that identified
values have some deviations from the exact forces although the identified curve has a definite
trend approaching the true curve. Now that the displacement has been considered, emphasis is
shifted to the use of velocity response in the inverse problem.
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(a)

(b)

(c)

(d)

Figure 6.5 Force reconstruction with different random noise level, a) N=3 T=0.0005s δ=0.05 b) N=3
T=0.0005s δ=0.10, c) N=4 T=0.0004s δ=0.05 d) N=3 T=0.0004s δ=0.10
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Figure 6.6 Comparison of inverse load and its exact wave load at beam location, x=0.38m, N=4,
T=0.0004s Exact
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90

1.5
Inverse
Exact

Force load(Nm-1)

1

0.5

0

-0.5

-1
0

0.05

0.1

0.15

0.2

0.25

Time(s)

0.3

0.35

0.4

0.45

0.5

Figure 6.7 Identified and true wave load comparison at fixed time, t=0.0021s, N=4, T=0.0004s, δ=0.0,
Inverse
Exact

6.4.2 Velocity based force reconstruction
Figure 6.8 shows the transient velocity response from the aluminum beam under
different types of wave loads. Figure 6.9 shows the results under the same wave loads as Fig. 6.8,
but replacing aluminum with steel. It is obvious that the velocity amplitude of a steel beam is
smaller than that of an aluminum structure. Furthermore, an aluminum beam with a lower elastic
modulus shows more variances in velocity amplitude than what the steel structure does.
Therefore the trend for displacement is the same. Because of this, aluminum material appears to
be a better sensor structure. The inverse problem of finding the wave load when these velocities
are known is now of interest. It should first be pointed out that the displacement response inverse
in Eq.6.26 is easier than the velocity response inverse, the reason is that velocity is obtained from
the derivative of displacement, this will develop more ill-condition terms to the equation, and
make ill-posed issue in velocity inverse equation more severe than displacement inverse equation.
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Optimal regularization values obtained from L-Curve and Tikhonov methods seem to be not very
effective in accuracy improvement on inverse force results for velocity inverse issue. The
displacement inverse does have the disadvantage of smaller amplitudes when compared with
velocity. Compared with velocity, accurate displacement amplitudes are difficult to measure with
sensors. As a result, it is more practical to use the velocity inverse method when implementing
an acoustic sensor, particularly when considering possible instrumentation.
(b)

(a)

(c)

Figure 6.8 Velocities for aluminum beam under different wave loads, N=1 T=0.0005s, b) N=2 T=0.0005s,
c) N=3 T=0.0005s.
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(a)

(b)

(c)

Figure 6.9 Velocities for steel beam under different wave loads, a) N=1 T=0.0005s, b) N=2 T=0.0005s, c)
N=3 T=0.0005s.

To evaluate background noise effects on velocity inverse results, levels of random noise 2%, 5%,
and 10% are added to the simulated velocity responses, and the impact on the inverse force
values examined. To overcome the difficult inversion problem, the regularization method
described above is again implemented. The L-curve for Tikhonov regularization is plotted in Fig.
6.10. With a noise level of 5%, the optimum parameter of  =1.2813×10-7 is computed from
Eq.6.16, which is different from the optimal parameter obtained from the displacement inverse
and 10% are added to the simulated velocity responses, and the impact on the inverse force
values examined. To overcome the difficult inversion problem, the regularization method
described above is again implemented. The L-curve for Tikhonov regularization is plotted in Fig.
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6.10. With a noise level of 5%, the optimum parameter of  =1.2813×10-7 is computed from
Eq.6.16, which is different from the optimal parameter obtained from the displacement inverse
method discussed above. It should be mentioned that the optimum parameter in this case will not
be changed with noise level variance. Using this optimum parameter in the Tikhonov-based
enhanced method, the reconstructed force result with various noise levels is shown in Fig.6.11.
From these results, it can be seen that there is not much influence on the force load when the
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Figure 6.10 L-curve plot for selection of optimal regularization parameter λ
in velocity inverse

random noise level is very low, as shown in Fig. 6.11(a) and Fig.6.11(b). When the random noise
level is larger than 10%, there is some influence on force load amplitude and wave shape.
Furthermore, it has been determined that if the noise level is larger than 20%, the wave shape
will be poor and indistinguishable from the random noise background. The latter is illustrated in
Fig.6.12, which shows that comparison of exact force value and inverse results at the beam
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location 0.38m under the influence of different noise levels. Note that even if the noise level is
zero, the amplitude and shape of the reconstructed wave load does not exactly correspond with
the exact force. That error is primarily in the form of a phase shift with some amplitude errors. It
is ultimately desirable to improve the force identification results by choosing suitable beam
structure dimensions, material properties, and even elastic foundation properties.

(a)

(b)

(c)

(d)

Figure 6.11 Wave load inversed results under the influence of different noise levels, aluminum beam,
N=3,T=0.0005s, a) δ=0.0 b) δ=0.02 c) δ=0.05 d) δ=0.10.
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Figure 6.12 Comparison of exact and inverse results under noise levels at beam location, x=0.38m, N=3,
T=0.0005s

The effect of beam length on the inverse results is shown in Fig. 6.13, which indicates that for
some lengths, the inverse results are improved. Fig. 6.14 shows inverse results for different beam
thicknesses. It can be seen that by increasing beam thickness, the wave load amplitude is close to
the exact force solution in Fig. 6.1(c). Note that exact force results are obtained from
Eqs.(4.25a~c). This result is not surprising.
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Figure 6.13 Wave load inversed values under different beam length. a) N=3 T=0.0005s, δ=0.02 L=0.5m
b) N=3 T=0.0005s, δ=0.02 L=0.8m, c) N=3 T=0.0005s, δ=0.02 L=1.0m d) Comparison of exact and
inverse results at beam location x=0.38m.

(a)

(b)

(c)

(d)

Figure 6.14 Wave load inversed values under different beam thickness N=3, T=0.0005s, a) h= 0.2mm b)
h=0.5mm c) h= 1 mm d) h= 1.5mm.
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Figure 6.15 shows inverse results for different beam widths. It can be seen that by increasing the
beam width, the wave load amplitude is closer to the exact value shown in Fig. 6.1(a). It also can
be seen that by reducing beam width, the wave shapes will be closer to exact ones. Figure 6.16
shows wave load inverse values for different beam materials. All these inverse results come from
beam structures subjected to three half-cycle wave loads with the time period T=0.0005s and
noise level of 2%. It can be seen in Fig. 6.16 that results for some soft materials which have
lower Young’s modulus, like nylon, are worse than results for materials like steel and Titanium.
It seems that hard materials are not as sensitive to noise impact. It is obvious based on the results
shown that a soft material like nylon is the not best candidate material for the sensor. Common
materials such as steel and aluminum are suitable to be used for the current sensor configuration.
Note that any effects of elastic foundation inertia have been neglected. These interial effects may
become important with the lighter beam structures. The inverse results shown in Fig. 6.17 are
obtained by taking a rubber material as the elastic foundation, and changing the Durometer
parameters. From the results, it is seen that a lower Durometer material will have better
amplitude inverse results. However, extremely high Durometer materials also lead to better
inverse amplitudes. A Durometer material of 70A provides a case with a relatively low error.
Figure 6.18 shows wave load inverse values obtained under different elastic base thickness.
Obviously, inverse results remain almost the same good when elastic base thickness is changed.
This illustrated that our method is stable and effective to solve inverse results in application for
different base foundation structures.
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It should be pointed out that there are some limitations to this research work. The
optimal regularization parameter is the same for the cases with increasing noise levels. Therefore
errors in the identified force increases for cases with more noise. This indicates that the optimal
regularization values obtained from L-Curve and Tikhonov methods is not very effective to filter
noise, although the force inverse results are robust when the noise level is lower than 10%. This
behavior is indicated in Fig.6~Fig.11, where noise levels are shown to have some effects on the
reconstructed force magnitude. If the beam material or the elastic foundation properties change,
the regularization parameter will change.
There is one other characteristic of this study that is worth noting. Generally for the case
that half-wave period T is less than the fundamental frequency period for the beam, the force
identification accuracy is reduced. With T decreasing and making the force excitation frequency
far above the fundamental beam natural frequency, force identification accuracy increases within
some range. But to have constantly good force inverse results, other effects such as material
properties and beam structure geometry parameters need to be considered together. As a result,
there may not necessarily be a single optimum configuration.
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Figure 6.15 Wave load inversed values under different beam structure width, N=1, T=0.0005s, δ=0.02, a)
B=10mm b) B=30mm c) B=50mm,Comparison of exact and inverse results at beam location x=0.38m.

(a)

(b)

(c)

(d)

Figure 6.16 Wave load inversed values under different beam structure material
N=3 T=0.0005s, δ=0.02, a) Titanium b) Steel c) Aluminum d) Nylon.
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Figure 6.17 Wave load inversed values under different elastic base modulus, N=4 T=0.0008s, δ=0.02 a)
Durometer 10A b) Durometer 40A c) Durometer 70A d) Comparison of exact and inverse results at beam
location x=0.35m.
(a)

(b)

(c)

Figure 6.18 Wave load inversed values under different elastic base thickness, N=4 T=0.0004s, δ=0.02,a)
TH= 1mm b) TH=3mm c) TH= 5 mm
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6.5. Summary

To study continuous wave load reconstruction for developing a new type of acoustic
sensor, the dynamic response of a one-dimensional continuous structure subjected to moving
sinusoidal loads is studied. By applying the finite element method, a continuous wave load
reconstruction method is proposed and applied to solve moving load identification using both
clean and noise polluted displacement and velocity responses. Since inverse matrix methods can
be severely ill-conditioned, the Tikhonov and L-curve method are used to find the optimized
regularized parameter. Moderate noise levels, for example 10%, have a relatively small influence
on force identification results. As shown in the results, reconstructed force values are in good
agreement with true wave loads. In addition, beam structure dimensions and various materials
are studied. The elastic foundation base material and thickness are also discussed. It appears
from the results shown here that choosing a suitable elastic foundation base material and
selecting a beam structure with a lower elastic modulus material will be very helpful in
producing a practical sensor. It should be noted that in this research work the damping ratio is set
to be zero in order to simplify this initial study, despite the fact that most materials have some
damping. This research work provides a good basis for additional acoustic sensor prototype
configuration studies as well as future prototype testing.
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Chapter 7 Conclusions and plans

In this chapter, configuration study on acoustic sensor development based on the beam
structure with various boundary conditions is summarized and the main conclusions are
summarized. Recommendations for future work are also discussed. Future research work
includes the extension of time domain results to the frequency domain.

7.1 Conclusions

To our knowledge, the continuous structures such as beam and plate can be a good
candidate to identify moving acoustic wave loads because of their available transient responses
when subjected to moving loads. In order to develop the beam structure as the sensor, responses
with various boundary conditions must be examined. Some effects caused by beam structure
parameters such as beam geometries and beam material have been discussed. In this dissertation,
the beam theoretical models with various boundary conditions such as simple supported,
intermediate supported and elastic foundation have been developed. The responses of these
beams under different numbers of half-cycle sinusoidal wave loads, mimicking transient acoustic
waves have been determined under a range of configuration parameters. A beam with simple
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ends or intermediate supports, responses are zero at the boundary constraint points. The beam
with elastic foundation model does not have this issue. In order to satisfy the sensor requirement
in which the beam structure has a sufficient response for force loads to be well identified, the
beam on elastic foundation seems to be a good candidate. Force reconstruction methods,
originally applied to bridge structures for identifying moving vehicle loads have been discussed
and reviewed as they relate to the problem at hand. These methods can be applied to identify
moving acoustic wave loads in the sensor. Displacement and velocity responses will be used in
the force inverse methods in order to compute information about the impinging wave loads. As
stated earlier, one of the primary concerns is that the inverse matrix is normally ill-conditioned.
The force cannot always be calculated from the direct inverse process. To deal with this problem,
regularization methods such as Tikhonov method and L-curve method were used to find the
optimized regularized parameter. In addition, to evaluate the force reconstruction method’s
effectiveness and stability, random noise of different levels was added to responses before being
used in the inverse method. Then, the obtained force inverse values with noise input were
compared with the exact force values. Developing a good sensor requires further examination of
relative materials and beam sensor geometry. Their effects of these parameters on the force
inverse results were examined so that the most promising sensor configuration could be
identified. The inverse method in the time-domain has been well developed. The study suggests
the following conclusions: It is feasible to use beam responses to identify moving acoustic like
wave loads. Through using Tickhonov filtering tools, sufficient force identification results can be
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obtained from input response data even with normal noise pollution. Furthermore, these inverse
results are stable under the influence of noise levels of less than 20% amplitude increase in both
simulated displacement and velocity responses. Such conditions for an elastically supported thin
beam seem an ideal sensor structure for further consideration.

7.2 Recommendations for further studies

Naturally, such a study creates new ideas for further research. These new aspects are
summarized as:
(a) Although results in the time-domain have shown much promise, a study in the
frequency-domain is also warranted.
(b) The current method used to solve partial differential equation of foundation beam
has not considered damping. Since all materials have damping, it is necessary to examine the
effects of damping on force identified results. As a result, methods for including various levels of
damping should also be considered.
(c) In this work, a moving sinusoidal wave load was used to simulate acoustics loads.
This pressure wave load may be quite different from real acoustic loads as the latter has the
character of incident and reflection wave propagation. Considering more realistic acoustic wave
loads in the future work would improve acoustic wave sensor development.
(d) As with any development program, a suitable sensor prototype should be
constructed and various measurement approaches examined to fully evaluate the performance of
105

the proposed approach.
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